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JACOBI SUMS AND EXPLICIT RECIPROCITY LAWS

David E. Rohrlich *

Compositio Mathematica 60: 97-114 (1986)
e Martinus Nijhoff Publishers, Dordrecht - Printed in the Netherlands

Let p be an odd prime and let q = pn, where n is a positive integer. We
write 03BCq for the group of q-th roots of unity, K for the cyclotomic field

Q(03BCq), 0 for the ring of integers of K, and p for the prime ideal of 0
lying above p. If 1 is a nonzero prime ideal of 0 different from ,p and x
is an element of 0 relatively prime to , then the q-th power norm
residue symbol (x/) is defined by the conditions

and

where N denotes the absolute norm. Note in particular that the value of
the symbol depends only on the residue class of x modulo 1. Now let r
and s be fixed rational integers; to avoid trivial cases we assume that

The Jacobi sum associated to these data is

where x runs over the residue classes of 0 modulo l, the classes of 0 and
1 being omitted. If a is an arbitrary fractional ideal of K relatively
prime to p, then we write a as a product over prime ideals

and put

* Partially supported by an N.S.F. grant.
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In this way J becomes a homomorphism from the group of fractional
ideals of K relatively prime to p into the multiplicative group K * of K.

The fundamental fact about this homomorphism, proved by Weil [9],
is that it is a Hecke character of K with conductor equal to a power of
p. The exact value of the conductor is not known in general. Weil’s proof
shows that the conductor divides q2, but subsequent work has provided
more precise information (cf. Hasse [3], Jensen [5], Schmidt [6]). In

particular, Hasse determined the conductor completely in the case n = 1
([3], p. 63, Satz 2) and Jensen proved that the conductor divides PP1P2,
where

([5], p. 95, Satz 3a). We shall prove the following.

THEOREM: The conductor of J divides p2

As we shall see, there is always a pair ( r, s ) for which the conductor is
precisely P21. Nevertheless, it is possible for the conductor to be a proper
divisor of .p i : thus the precise value of the conductor as a function of
( r, s ) remains to be determined. We return to this point at the end of the
paper.

1. Let G denote the Galois group of K over Q and Z[G] ] its integral
group ring; let O, be the completion of O at p and O/ the multiplica-
tive group of O, . What we need from Weil’s paper [9] can be summarized
in one sentence: There is an element (D of Z[ G ] and a continuous
homomorphism

such that for a ~ K * n O/ we have

(let ( a) denote the principal ideal generated by a). The key point here is
that the domain of E is O/ and that E is continuous: if we were to

suppress these features and view E simply as a homomorphism from
K * n O/ into 03BC2q, then we would be asserting nothing more than a
weak form of Stickelberger’s theorem (which in its strong form gives an
explicit formula for 03A6 in terms of rand s ). Thus from our point of view,
the essential content of Weil’s theorem is that E is trivial on some

subgroup of K * n Op* of the form
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or equivalently, that E extends to a continuous homomorphism from 0,,*
to J12q. Now let 03A9 be the group of roots of unity in O*P of order dividing
p - 1. In view of the decomposition

we may write E as a product

with continuous homomorphisms

and

It is easy to see that K is the Legendre symbol modulo p, but this fact
will not be needed. To prove the theorem stated in the introduction, we
must show that À is trivial on the subgroup 1 + P iop.

In order to accomplish this, we need two further properties of the
Jacobi sum. The first property is the equivariance of the Jacobi sum with
respect to the Galois group: for a prime to p and Q in G we have

as follows at once from the definitions. The second property is a

congruence for the Jacobi sum due to Hasse. Let 1 be a nonzero prime
ideal of 0 different from p. Since 1 - 03BE is in p for any 03BE ~ 03BCq, we have

where x runs over a set of representatives for the residue classes of 0
modulo 1, the classes of 0 and 1 being excluded. We write this con-
gruence in the form

and substitute the values
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(To obtain the latter value, observe that the norm residue symbol ( /1 )
defines a character of order q on the multiplicative group of O/1, and
recall our assumption r, s ~ 0 mod q.) Since q divides NI - 1 we find

It follows that

for arbitrary fractional ideals a prime to p. This is Hasse’s congruence
(cf. [3], p. 61).

From these two properties of the Jacobi sum we deduce correspond-
ing statements about À.

PROPOSITION 1: ( i ) For Q E G and a E K * rl (1 + POp) we have 03BB(a03C3) =
À( a )0’. 

(U) For 03B1 ~ K* ~ (1 + p2Op) we have 03BB(a)Pn-1 = 1.

PROOF: (i) Since J((03B103C3)) = J((03B1))03C3 and (03B103C3)03A6 = (03B103A6)03C3 we have 03B5(03B103C3) =
£(a)O’. But K * n (1 + ,pOp) is invariant under G and E coincides with À
on this subgroup.

(ii) Following Hasse, we observe that his congruence gives

for all a in K * n O*p. If a ~ 1 mod p, then 03B5(03B1) = 03BB(03B1). If in addition
a = 1 mod p2, then 03B103A6 = 1 mod p2, whence

Now if e is a generator of Fi., then 03B6 ~ 1 mod .p 2. Hence 03BB(03B1) is not a
generator of 03BCq.

2. We now focus on the local aspects of the argument and change our
notation accordingly, writing respectively K, 0, and p for the field

Qp(03BCq), the ring of integers of this field, and the latter’s maximal ideal.
Also, we identify G with the Galois group of K over Qp, so that

is a continuous G-equivariant homomorphism by Proposition 1 (i).
We define the Hilbert symbol
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as follows: Given a, 03B2 ~ K *, let ai/q denote an arbitrary q-th root of a,
and let

be the local Artin symbol attached to 13. Then

This is the normalization of the Hilbert symbol used by Iwasawa [4] (and
the inverse of the normalization used by Artin-Tate [1]). 

PROPOSITION 2: There are integers a and b, uniquely determined modulo q,
such that

PROOF: First we shall extend À to a continuous G-equivariant homomor-
phism

Fix a generator 03B6 of 03BCq, put 7r = 03B6 - 03B6-1, and let II be the infinite cyclic
group generated by 7r. Then K * decomposes as a direct product

were 9 is the group of roots of unity of order dividing p - 1. Given
03B1 ~ K* with

we define

We must check that  is equivariant. Now  is certainly equivariant on
0*, because the decomposition 0* = 03A9  (1 + p) is G-invariant. Thus it
suffices to check that

or in other words, that
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But

and ir’/7r belongs to O*, on which À is already known to be equi-
variant. Letting T E G be the automorphism which takes r to 03B6-1, we
have

and therefore

Since (03C003C3/03C0) is a q-th root of unity, it follows that (03C003C3/03C0) = 1, as
required.
We note in passing that the extension À is unique. Indeed, suppose

that X is another G-equivariant extension of À. Since 03A9 has order prime
to p, we see that  and X coincide on 0*, and in particular, that

Then the relation

shows that À(7r) is invariant under G, whence (03C0) = 1.
Now we apply local class field theory and Kummer theory: every

character K* ~ 03BCq has the form a H (03B1, 03B2) for some 03B2 E K *. Writing

and using the equivariance of Â, we find

whence (03B1, 03B203C3-1) = 1 for all 03B1 ~ K*. It follows that !3a-1 is a q-th
power in K *. Choosing Q to be a generator of G and writing

with y E K *, we see that
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where N denotes norm. Thus

Then y = 03B403C3-1 for some 8 E K *, so that

and

Since Q* is generated modulo q-th powers by the cosets of p and 1 + p,
we conclude that there are integers a and b such that

Finally, suppose that for some integers c and d we have

for all a ~ 1 + p. We must show that q divides c and d. From the

uniqueness of the extension , we deduce that the above equation holds
for all 03B1 ~ K*, whence pC(l + p)d is a q-th power in K *. Now the

natural map

is injective (the Galois cohomology group H1(G, 03BCq) is trivial), and p
and 1 + p represent multiplicatively independent elements of order q in

Q;/Q;q. Hence q divides c and d and the proposition is proved.

3. The following proposition completes the proof of the theorem.

PROPOSITION 3: ( i ) The conductor of the character 03B1 ~ ( a, 1 + p) divides
t’ l.

(ii) The conductor of the character 03B1 ~ ( a, P P) divides p 2
(iii) We have a ~ 0 mod p.

PROOF: (i) This statement is a step in the proof of Iwasawa’s explicit
reciprocity laws (see [4], p. 162, remark following Theorem 2).
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(ü) Let 03B6 be a generator of itq and put qr = 1 - 03B6 (note the change in
notation). We apply one of Iwasawa’s explicit reciprocity laws ([4], p.
162), according to which

for 03B1 ~ K* and 03B2 ~ 1 + p21. Here log is the p-adic logarithm and Tr
denotes the trace from to Qp . The derivative d03B1/d03C0 stands for g’(03C0),
where

is any formal Laurent series with the following properties:

Of course, the value of d03B1/d03C0 depends on the choice of g. Now if g is
an admissible power series for a = p, then

is an admissible power series for a = 1 + p, and g’(03C0) = h’(03C0). Hence
with a suitable interpretation of the derivatives we have

Applying Iwasawa’s formula, we see that for 03B2 E 1 + p21,

whence

Thus (ii) follows from (i).
(iii) Let 03B6 and qr be as in the proof of (ii). We make the preliminary

remark that (e, p ) = 1. This follows, for example, from the formula

which is one of the explicit reciprocity laws of Artin-Hasse (cf. [4], p.
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151). Indeed, since log 03B6 = 0, we have (03C0, 03B6) = 1, whence (03C0, 03B603C3) = 1 for
every (J E G (every conjugate of e is a power of e). Then

as claimed.
To prove (üi), we note that the character a - (a, p) on 1 + p has

order q (and not a proper divisor of q): this is implicit in the uniqueness
of a modulo q (Proposition 2). Hence there exists a E 1 + p such that
(a, p ) is a primitive q-th root of unity. Now for some j (1  j  p) we
have 03B6j03B1 ~ 1 + P 2, and in view of our preliminary remark, (03B6ja, p) is still
a primitive q-th root of unity. Hence without loss of generality, a E 1 +
p2.

By Proposition 1 (ü),

whence

Thus by (i) it suffices to show that

Write

with /3 in 0. Then

Since

we obtain

as desired.
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4. We would still like to show that there is a pair (r, s ) for which the
conductor is precisely p21. In preparation for this we prove the following
proposition.

PROPOSITION 4: If n  2, then the conductor of the character a - ( a, pp)
is p21.

PROOF: We shall prove the proposition by induction on n, and therefore,
for the duration of this proof only, we adjust our notation by adding a
subscript n. Thus for n  1, Kn is the extension of Qp obtained by
adjoining the p n-th roots of unity, On is the ring of integers of Kn , and
’0 n is the maximal ideal of On. The new meaning for p1 is essentially
compatible with the old, but to be completely consistent, we should
reformulate the proposition as follows: If n  2, then the conductor of
the character 03B1 ~ (03B1, pp)n is Pion.

Let 03B6n be a primitive p n-th root of unity and put 7rn = 1 - 03B6n. Since the
conductor of a H ( a, pp)n is already known to divide 1 n (Proposition
3 (ii)), it will suffice to show that for n  2 there exists f3 E On with

where exp is the p-adic exponential function. Equivalently, we must
show that there exists f3 E On with

The latter formulation is meaningful even for n = 1, and we begin by
proving it in this case.

Choose a E 1 + .p 1 so that (a, p)1 ~ 1. As in the proof of Proposition
3 (iii), after multiplying a by some p-th root of unity, we may assume
that « E 1 + p21. Let G1 be the Galois group of K1 over Qp, and let

be the character giving the action of Gi on p-th roots of unity:

Then

Therefore, if we put
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then we have

Hence after replacing a by 03B103B8, we may assume that ( a, p)1 ~ 1, that
03B1 ~ 1 + p21, and in addition, that

for (J E G1.
Now write

with j  2 and 03B3 ~ 0*. The last equation of the preceding paragraph
gives

whence

and

(Observe that y a = y mod p1 and that 03C003C31/03C01 = 1 + t1 + ··· + 03B6k-11,
where k is the smallest positive integer congruent to 03C9(03C3) modulo p.)
Choosing 0 to be a generator of G1, we deduce that j - 1 is a multiple
of p - 1, whence j  p. Thus if we put

then 03B2 E 01, and

So (exp(p03C0103B2), P)l ~ 1, as desired.
Before proving the inductive step, we make some observations. First

note that the relative different ideal of Kn+1 over Kn is generated by p :
indeed, the different is multiplicative in towers, and the different of K JI
over Qp is generated by p03BD/03C01. Now let Trn+1,n denote the trace from
Kn+1 to Kn. We claim that 
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Since p generates the relative different of Kn+1 over Kn, the left-hand
side is at least contained in On, and is therefore equal to an ideal of On.
If

then

and this contradicts the fact that p generates the relative different.
Hence Trn+1,n(On+103C0n03C0-1n+1p-1) is not contained in the maximal ideal of
On, and equality holds as claimed.
Now we assume the inductive hypothesis: for some integer n  1 there

exists /3 E On such that

Choosing y E On+1 so that

and writing Nn+1,n for the norm from Kn+1 to Kn’ we have

Therefore

as desired.

5. We return to global considerations and to the corresponding nota-
tional conventions. In order to indicate the dependence of J on the pair
(r, s) we write Jr,s instead of J.

PROPOSITION 5 : There is an integer s such that J1,s has conductor pi. If
n = 1 or 2, then s may be chosen to satisfy 1  s  p - 2, and if n  3, then
s may be chosen to satisfy 1  s  p - 1.
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PROOF: In the case n = 1, this was proved by Hasse ([3], p. 64). Hence we
assume that n  2. We shall deduce the proposition from a well-known
relation of Davenport-Hasse, which we write in the form

(cf. [2], formulas (0.6) and (0.92)). Here a is an arbitrary fractional ideal
of K relatively prime to p, and ( /a ) is the q-th power norm residue
symbol, defined for prime a as in the introduction and extended to

arbitrary a by complete multiplicativity. Now in the case where a is a

principal ideal (a), the reciprocity law for the norm residue symbol
shows that

(See [1], p. 172, Theorem 14. One consequence, incidentally, is that

(03B6, p) = 1, as we have already seen by a different method.) In particular,
it follows from Proposition 4 that the conductor of the Hecke character
a H (pp/a) is p21. On the other hand, the conductor of each JI s divides
p21. Hence we conclude from the Davenport-Hasse relation that for at
least one integer s satisfying

the conductor of Jl s is precisely pif. To complete the proof of the
proposition, it will suffice to show that the conductor of Jl,,p’-lk is a
proper divisor of p21, and that for n = 2, the conductor of J1,p-1 is also a
proper divisor of p21. Using an argument of Hasse, we shall prove instead
the following statement, which contains both of the preceding ones: If
one of the integers r, s and r + s is congruent to 0 modulo pn-1, then
the conductor of Jr s divides plp.

In proving this assertion we may assume, say, that s = 0 mod pn -1,
because Jr,s = Js,r and Jr,S = Jr,-s-r. (To verify these identities write

with a prime ideal 1, and make the substitutions x H 1 - x and x ~
- x/(1 - x ) respectively, noting in the latter case that (-1/) = 1.) Now
for s = 0 mod pn-l, the congruence of Hasse recalled in Section 1 takes
the stronger form
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(cf. [3], p. 61): the proof is the same as before, except that now

because (1 - x/)s is a p-th root of unity. In particular, for a principal
ideal a = (a) Hasse’s congruence gives

and if a ~ 1 mod p1p, then

Since 03BBr,s(03B1) is a q-th root of unity, it follows that 03BBr,s(03B1) = 1. Therefore
the conductor of Jr,s divides pl p, as claimed. 

6. In conclusion, we would like to draw attention to a problem which we
have not discussed so far: the calculation of the integers a and b modulo
q.

The calculation of b presents no difficulties. If j is an integer
relatively prime to q, let 03C3(j) be the element of G satisfying

and for any integer t, let ~t~ be the integer satisfying

Stickelberger’s theorem provides the following explicit formula for the
infinity type 4Y of J:

where j runs over a set of representatives for the invertible residue
classes modulo q. Let w be an integer satisfying

and let e be a primitive q-th root of unity. Since 03B6 generates the unit
ideal, we have J((03B6)) = 1; on the other hand,
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whence

Now we have already seen in the proofs of Propositions 3 and 5 that
(03B6, p ) = 1. We also have, either by the explicit formulas of Artin-Hasse
or by the global reciprocity law applied to the extension Q(ILq2) over
Q( IL q ),

(To derive this from the global reciprocity law, use the congruence

which is elementary.) Putting these facts together, we obtain

and thus we have calculated b modulo q.
The calculation of a modulo q probably depends on properties of the

curve

Here we shall treat only the special case r = s = 1. Let C be a smooth
model over Q of the hyperelliptic curve

and let A be the Jacobian variety of C; let A [2] be the group of points
on A which are annihilated by 2. If we identify A with the group of
divisor classes of degree 0 on C, then A [2] is the subgroup of A

generated by divisor classes of the form [P - Q ], where P and Q run
over the fixed points of the hyperelliptic involution of C. Now relative to
the equation yq = x(1 - x), the hyperelliptic involution of C has the
form (x, y) ~ (1 - x, y), and its fixed points are

Putting K = Q(03BCq) and L = K(21/q), we conclude that every point of
A[2] is rational over L.
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The next step is a standard application of 6adic representations. The
abelian variety A is of complex multiplication type, and therefore, for
every rational prime t, the Tate module T~(A) affords a representation

where Lab is an abelian closure of L. After choosing a basis for T~(A)
over Z~, we may view p. as a map

with g = ( q -1)/2. Since A[2] is pointwise rational over L, the image of
P2 is contained in the subgroup

{S E GL2g (Z2 ) : S = identity matrix mod 2},
and therefore the image of p2 is contained in the subgroup

(S e GL2g(Z2) : S ~ identity matrix mod 4}.
In particular, the image of p2 is torsion-free. On the other hand, since A
has potential good reduction ([7], p. 503), the image under p2 of the
inertia group of any prime above .p is finite, and therefore trivial (since
torsion-free). We conclude that p2 is unramified at the primes above .p .

Let us now retum to the Hecke character a H J( a ), with r = s = 1.
Since J is a Hecke character of K of type A0, it determines an ~-adic
representation of Gal( Kab/K ), and according to theorems of Daven-
port-Hasse [2] and Weil [8], this representation is a direct summand of
the representation of Gal( Kab/K ) on Q~~ T~(A). It follows that the
6adic representation of Gal( Lab/L ) determined by J - NL/K is a direct
summand of the representation p. considered above. In particular, the
Hecke character (J 0 NLIK )2 is unramified at every prime of L above p.
Let 13 be a prime of L above p, and let LB be the completion of L at
B. Then for every a E LB such that

we have

or in other words,
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At this point we observe that

(The group 1 + pZp is generated by 1 + p topologically.) Denoting the
norm from Kp((1 + p)1/q) to K, simply by N, we deduce that if

a E Kp((1 + p)1/q) satisfies

then

Now the kernel of the character 03B2 ~ (03B2, 1 + p) (viewed as a character of
1 + Poe) is

by the local reciprocity law. Hence the kemel of 03B2 ~ (03B2, pa(1 +p)b)
contains the kemel of 03B2 ~ (p, 1 + p ), and therefore the former character
is a power of the latter. On the other hand, the characters 03B2 ~ (,8, p)
and 03B2 ~ (p, 1 + p ) are multiplicatively independent modulo q-th powers:
this is implicit in the uniqueness of a and b modulo q (Proposition 2). It
follows that

and thus we have computed a modulo q in the special case r = s = 1.
It remains to compute a modulo q in general. Once this is accom-

plished, we will have a formula which expresses the value of a Jacobi
sum at a principal ideal explicitly in terms of Hilbert symbols. Questions
about the conductor will then reduce to questions about the explicit
reciprocity laws.
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Added in proof

A complete solution to the problem has been obtained by R. Coleman
and W. McCallum (to appear).


