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§1. Introduction

For any integer n larger than one let 03C9(n) denote the number of distinct
prime factors of n and let pen) denote the greatest prime factor of n.
For any set X let X) | denote the cardinality of X. In 1934 Erdôs and
Turàn [4] proved that if A is a finite set of positive integers with |A| = k
then, for k  2,

where CI is an effectively computable positive constant. By the prime
number theorem this implies that there exist integers al and a2 in A for
which

where, C2 is an effectively computable positive constant.
Erdôs and Turàn (cf. [3, p. 36] conjectured that for every w there is an

f(w) so that if A and B are finite sets of positive integers with
|A| = |B| = k  f(w) then

We shall prove this conjecture with f(w) = eC3W. Moreover, it suffices
that one set has at least k elements and the other at least two.

THEOREM 1: Let A and B be finite sets of positive integers with 1 A |  1 B |
 2. Put k = |A|. Then

where C4 is an effectively computable positive constant.

* The research of the second author was supported in part by Grant A3528 from the
Natural Sciences and Engineering Research Council of Canada.
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Note that Theorem 1 covers (1). For the proof of Theorem 1 we shall
make use of a result of Evertse [6] proved by applying a modification of a
method of Thue and Siegel involving hypergeometric functions. The
proof of Erdôs and Turàn of (1) is elementary. Stewart and Tijdeman [12]
have given an elementary proof of a weaker version of Theorem 1 where,
in (2), C4 log k is replaced by C5(log l)/log log 1 with l= |B|. This
suffices to establish the conjecture of Erdôs and Turàn with f(w) = wc6w.
On combining the prime number theorem with Theorem 1 we obtain

the following result. (In fact the n th prime exceeds n log n, see Rosser
and Schoenfeld [9], formula (3.12).)

COROLLARY 1: Let A and B be finite sets of positive integers with

|A|  |B|  2 and put 1 A = k. Then there exist a in A and b in B such
that

where C7 is an effectively computable positive constant.

We are able to improve upon (3) if there are sufficiently large terms of
the form a + b and the greatest common divisor of all such terms is one.

By adding the smallest term of B to the terms of A and subtracting it
from the terms of B we may suppose, without loss of generality, that the
smallest term of B is zero. We shall state our next theorem with this
observation in mind.

THEOREM 2: Let E be a positive real number, let k be an integer with k  2
and let al  a2  ...  ak and b be positive integers. If

then

for k &#x3E; k0(~), where k0(~) is a positive real number which is effectively
computable in terms of E and Cg is an effectively computable positive
constant. Further, if a,, a2, b run through positive integers such that
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then

For the proof of (5) we use estimates for linear forms in the logarithms
of algebraic numbers due in the complex case to Baker [1] and in the
p-adic case to van der Poorten [7]. For the proof of (6) we appeal to a
result of Evertse [5]; alternatively we could use a similar result of van der
Poorten and Schlickewei [8]. These results depend in turn on the work of
Schlickewei on the p-adic version of the Thue-Siegel-Roth-Schmidt theo-
rem.

We remark that it is possible to improve upon the estimates (3) and (5)
if A and B are dense subsets of NI for some integer N. For
example, Sàrkôzy and Stewart [11] have used the Hardy-Littlewood circle
method to prove that if 1 AI» N and 1 BI» N then there exist a in A
and b in B for which (P(a + b) &#x3E;&#x3E; N. Further, Balog and Sàrkôzy [2],
see also [10], have used the large sieve inequality to prove that if

|A| |B| &#x3E; 100 N(log N)2 and N is sufficiently large then there exist a
in A and b in B for which

The second author would like to thank the University of Leiden for
the hospitality he received during a visit in the fall of 1984, at which time
the greater part of this paper was written.

§2. Preliminary lemmas

Let al, ... , an be non-zero integers with absolute values at most A1, ... , An
respectively and let bl, ... , bn be integers with absolute values at most B.
We shall assume that A1, ... , An and B are all at least 3. Put

where, for any real number x, log x denotes the principal branch of the
logarithm of x. Further, put

LEMMA 1: If 039B ~ 0 then

where C9 is an effectively computable positive constant.
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PROOF: This follows from Theorem 2 of [1]. D

For any non-zero rational number x and any prime number p there is
a unique integer a such that p-ax is the quotient of two integers coprime
with p. We denote a by ordpx.

LEMMA 2 : Let p be a prime number. If af1 ... abnn - 1 ~ 0 then

where CIO is an effectively computable positive constant.

PROOF: This follows from Theorem 2 of [7]. ~

LEMMA 3: Let S be a finite set of prime numbers and let n be a positive
integer. There are only finitely many n-tuples ( xl, ... , xn) of rational
integers composed of primes from S such that

and

for each proper, non-empty subset

PROOF: This follows from Corollary 1 of [5], see also [8]. 0

Evertse [6] proved a result on the number of solutions of the equation
03BBx + p y = 1 in S-units x, y from any fixed algebraic number field. We
state and use this result for the rational number field only.

LEMMA 4: Let À, IL and v be non-zero integers. Let pl, ... , p,, be distinct
prime numbers. There are at most 3 X 72w+3 triples of relative prime
integers x, y, z each composed of p1,..., p,, such that Xx + ILY = iz.

§3. Proof of Theorem 1

Let al, ... , ak denote the elements of A and let bl, b2 be elements of B.
Let pl, ... , pw be the primes which divide



85

Each element a, yields a solution x = a, + bl, y = a + b2, z = 1 of the

equasion x - y = (b1 - b2)z. By Lemma 4, there are at most 3 X 72w+3
such triples (a, + bl, ai + b2, 1). Hence k  3 X 72w+3. Thus w &#x3E; C4 log k
for some effectively computable positive constant C4. 0

§4. Proof of Theorem 2

We shall establish (5) first. Let cl, c2, ... denote effectively computable
positive constants and denote P(a1... ak(a1 + b ) ... (ak + b )) by P for
brevity. We shall assume that P is at most the k - 1 st prime since
otherwise, by the prime number theorem, P &#x3E; (1 - ~) k log k for k &#x3E;

k0(~) and (5) holds. Let p1,...,pw be the distinct prime factors of
al ... ak(al + b)... (ak + b). Then

Further, by the prime number theorem,

First, we shall estimate b from below in terms of ak + b. Since log(1 +

and, since ak and ak + b are composed of primes from {p1,..., pw 1,

where ml, ... , mw are integers of absolute value at most 2 log(ak + b). By
Lemma 1,

Thus, by (8)

Therefore, from (9) and (10)
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and, since either

Next, we shall estimate ord pl b from above for i = 1,..., w. Accord-
ingly, assume that ord plb is positive. By (4), there exists an integer t with
1  t  k such that a, or at + b is coprime with p,. Since ordplb is

positive both at and a t + b are coprime with p,. Thus 

We may write

where the integers lm, m = 1,..., W, m =1= i, are of absolute value at most
2 log( ak + b ). Then, by Lemma 2,

for i = 1, ... , w. Certainly (12) also holds if ord p 1 b is not positive.
To each integer a. + b with 1  j  k we associate a prime p = p (i)

such that

as is possible since at most w distinct primes divide aj + b. The primes
p(j) f or j = 1,..., k are elements of { p1,..., pw} and so, by (7), there are
two integers ar + b and as + b with 1  r  s  k which are associated to
the same prime. Denote that prime by p,. By (13),

Therefore, by (8) and (11),

Since ord n
, we also have
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Observe that if ordpl(ar + b ) &#x3E; ordplb then ordplar = ordplb and simi-
larly if ordpl(as + b ) &#x3E; ordplb then ordplas = ordplb. Thus, by (12) and
(14), ordplar = ordplas = ordplb provided that 

We may assume that (16) holds since otherwise

hence

as required. Therefore

and we may employ Lemma 2 as before to estimate ordp¡(ar/as - 1).
Combining this estimate with (12) we obtain 

A comparison of the above estimate with (15) reveals that

and this completes the proof of (5).
To prove (6) we shall suppose that there is an integer h and there are

infinitely many triples (a1, a2, b ) of positive integers with g.c.d.
(al, a2, b) = 1 for which

and we shall show that this leads to a contradiction. Let S be the set of

prime numbers smaller than h. For each triple (al, a2, b) as above we
put xl = a,, X2 = - a2, X3 = - (al + b) and X4 = a2 + b. By (17), XI, X2,
X3 and X4 are composed only of primes from S and since g.c.d.
(al, a2, b) = 1 we have g.c.d. (xl, X2, x3, X4) = 1. Further, XI + X2 + x3
+ X4 = 0 and no non-empty sum of three or fewer terms from

{x1, X2, X3, x4} is zero. There are infinitely many quadruples
(x1, x2, x3, x4) as above. However, by Lemma 3 with n = 4, there are
only finitely many such quadruples and this contradiction establishes (6).
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