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Tightness, Integral Equicontinuity and Compactness
for Evolution Problems in Banach Spaces

RICCARDA ROSSI — GIUSEPPE SAVARE

Abstract. Compactness in the space L?(0, T'; B), B being a separable Banach
space, has been deeply investigated by J.P. Aubin (1963), J.L.. Lions (1961, 1969),
J. Simon (1987), and, more recently, by J.M. Rakotoson and R. Temam (2001),
who have provided various criteria for relative compactness, which turn out to be
crucial tools in the existence proof of solutions to several abstract time dependent
problems related to evolutionary PDEs. In the present paper, the problem is ex-
amined in view of Young measure theory: exploiting the underlying principles
of “tightness” and “integral equicontinuity”, new necessary and sufficient condi-
tions for compactness are given, unifying some of the previous contributions and
showing that the Aubin - Lions condition is not only sufficient but also necessary
for compactness. Furthermore, the related issue of compactness with respect to
convergence in measure is studied and a general criterion is proved.

Mathematics Subject Classification (2000): 28A20, 46E30, 46N20.

1. — Introduction and main results

Let us consider a bounded family U/ of functions in L?(0, T; B), where B
is a separable Banach space and 1 < p < oo.

Compactness in finite dimension: a ‘strong integral equicontinuity” condition

When B is of finite dimension, then the celebrated theorem of Riesz-
Fréchet-Kolmogorov (see e.g. [4, Theorem IV.26]) says that ¢/ is totally bounded
in L?(0,T; B) if and only if

T—h
(1.1a) lhlil(}/ lu(t + h) — u(t)ll’édt =0 uniformly for u e U,
0
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i.e. there exists a (non-decreasing, concave) modulus of continuity w:[0,400) —
[0, +00) with limj g w(h) = 0 such that

T—h 1/p
(1.1b) (/0 ||u(t+h)—u(t)||’§dt) <wh) Vhe@©,T), uecl.

Usually, in several evolution problems, (1.1b) is provided by exhibiting a uni-
form estimate in W'?(0, T; B) for the functions in ¢/ (in that case, w(h) =
hsup, <, ||%u|| LP(0.T:B)), OF even in a Sobolev-Besov space of fractional order,
see e.g. [15], [16], [6]. Adopting a terminology which will appear more clear
in the sequel, we will refer to (1.1a,b) as the “strong integral equicontinuity”
condition.

The Aubin-Lions theorem in infinite dimensions: a first “tightness condition”

If the dimension of B is not finite, then condition (1.1a) is no longer
sufficient to ensure the relative compactness and some extra condition should
be imposed on U: roughly speaking, the idea is that the values of the functions
u € U should belong, in a suitable integral sense, to some compact set of B, a
property which we will call “fightness”, following a probabilistic terminology.
A general sufficient condition, which played a crucial role in the so called
“compactness method” for nonlinear evolution problems [15], was given by
J.L. Lions [14, Ch. IV, Section 4] (for Hilbert spaces) and J.P. Aubin [1]
(initially for reflexive Banach spaces) by assuming that there exists another
Banach space A C B such that

(1.2) the inclusion A C B is compact, I/ is bounded in L? (0, T; A).

REMARK 1.1. It should be remarked that, once (1.2) holds, in (1.1a) the
norm of B could be replaced by the weaker norm of any Banach space C in
which B is continuously contained.

It would be interesting to know if the Aubin-Lions criterion is also necessary
for the compactness of &/ C L?(0, T; B): since it is easy to see that a compact
set U satisfies (1.1a), one has to find a suitable Banach space A C B such
that the functions of I/ take their value in A and (1.2) holds. We shall give
an affirmative reply to this question; first we recall the “integral” approach
by Simon.

The integral characterization by Simon

J. Simon [24] provided a complete characterization of the compact sets in
L?(0, T; B), showing that it is necessary and sufficient for I/ to satisfy (1.1a) and

t
(1.3) {/ u(s)ds: :u e L{} is relatively compact in B V¢ € (0,T).
0
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Simon’s proof is a clever combination of the Ascoli-Arzela compactness theo-
rem in C°([0, T]; B) and of an approximation argument by convolution, which
inherits the integral compactness property of (1.3); the convexity of the norm
and the linearity of (1.3) play an important role. It is easy to see that (1.2) is
stronger than (1.3); on the other hand, (1.2) seems easier to handle in many
applications (see e.g. [15]), where it follows directly from a priori estimates
involving the values of u € U instead of their time integrals.

REMARK 1.2. Let us point out that compactness criteria for L” spaces (or
even general “Kothe” spaces) of vector-valued functions defined on an abstract
measure space (€2, M, v) with finite measure have been proved in the papers [5],
(71, [8].

On the other hand, our work is primarily motivated by the applications to
evolution equations in Banach spaces. Therefore, we will restrict our analysis to
L? spaces of vector-valued functions on a bounded interval (0, 7) (in general,
on a bounded open subset of a euclidean space R?, see Extension 3), in order
to obtain more directly applicable results, in the same spirit of [14].

A characterization of compactness through a more general
“tightness condition”

It is natural to wonder whether (1.3) can be replaced by another (necessary
and sufficient) condition closer to (1.2). In order to understand in what direction
we can generalize (1.2), let us rephrase it in a slightly different form: we
introduce the functional 7, 4 : B — [0, +0o0]

vllh ifve A,

(1.4) Fpav) = { too ifveB\A.

It is easy to see that the sublevels of F), 4
(1.5) {ve B: F,a(v) <c}, cel0,+00), are compact in B,

and therefore F, 4 is lower semicontinuous. (1.2) is then equivalent to

T
(1.6) sup/ Fp,a(u(t))dt < +o0.
ueld JO

A natural idea is to replace F, 4 by a general integrand F with compact
sublevels; more generally, we can consider a coercive normal integrand F :
(0,T) x B — [0,+4+0oc] explicitly depending on the time ¢ also. If £ and
B = B(B) denote the o-algebras of the Lebesgue-measurable subsets of (0, T)
and of the Borel subsets of B respectively, we recall that F is a normal
integrand if

(1.7a) F:(0,T) x B— [0,+00] isL ® B-measurable,
(1.7b) the maps v — F;(v) := F(¢, v) are Ls.c. for a.e.t € (0, T);
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F is also coercive if
(1.7¢) {v € B: F;(v) < c} are compact for any ¢ > 0 and for a.e.t € (0, T).

These conditions were introduced by E.J. Balder [2] in developing a Young mea-
sure framework for studying lower semicontinuity in optimal control problems;
like in [2, Section 2], we introduce the following notion:

DerInITION 1.3 (Tightness). We say that U/ is tight w.r.t. a normal coercive
integrand F satisfying (1.7a,b,c) if

T
(1.7d) S = sup/ F(t,u))dt < +oo.

ueld J0O
We say that U/ is tight in B if there exists a normal coercive integrand F for
which (1.7d) holds.

If we compare (1.7a,b,c,d) with the assumptions in (1.4, 1.5, 1.6), we can
see that there are no more convexity or homogeneity type constraints as those
yielded by the norm functional: actually, the link with (1.3) is no longer directly
available.

ReEmARk 1.4. If the functions u € U are a.e. valued in a Banach space
A C B with compact embedding and if for a nonnegative l.s.c. function G :
[0, +00] — [0, +00]

T
(1.8) sup G(llu(®))la) < +oo, with lim G(s) = 400,
ueld JO stoo

then it is easy to see that I/ is tight. Choosing, e.g., G(s) :=s7, 0 < g < +o00,
we see that boundedness in L?(0, T; A) always implies tightness.

REMARK 1.5 (Measure-theoretic formulation of tightness). Definition 1.3
is strictly related to Prohorov’s Compactness Theorem for probability measures
(see Theorem 2.8): we only remark that, at least in the case of a functional F
independent of t, (1.7d) yields

(1.9) Ve>0 3K, EB: |{te(0,T):u(t)¢Kg}|§8 Yuel.
In fact, we can choose
K. :={veB:F()<S/e},

which is compact by (1.7c). Thus, Definition 1.3 ensures that the functions
u € U are uniformly compact-valued in a measure-theoretic sense. Conversely,
if (1.9) holds, then it is possible to find a coercive integrand F : B — [0, +00]
such that (1.7d) holds. Let us comment that (1.7d) could be easier to check
than (1.9) in many applications, where it could be directly obtained by proving
integral a priori estimates on the elements of .

Our first result concerns a characterization of relative compact subsets in
L?(0, T; B) in which (1.3) can be replaced by (1.7d):
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THEOREM 1 (“Compactness = strong integral equicontinuity + tightness”).
A bounded family Y C L?(0, T; B) is relatively compact if and only if (1.1a) holds
and U satisfies (1.7d) for a normal coercive integrand F. Moreover, ifU is relatively
compact in L? (0, T; B), it is possible to choose an integrand

F independent of t, convex, and satisfying
(1.11) . F(v)
Ivlipt+oo [lv]|5

=400, F()=F,alv) VYveB,

where A is a Banach space compactly embedded in B and F, 4 is defined by (1.4).

REMARK 1.6. We remark in particular that if a bounded family U C
L?P(0,T; B) fulfils (1.1a) and

U is bounded in LI(O, T; A), for a Banach space A compactly embedded in B,

(this ensures that U/ is tight by Remark 1.4), then U is relatively compact in
L?(0,T; B). Thus we retrieve a compactness result [25, Theorem 13.2] due
to R. Temam.

ReEmark 1.7. Let us rephrase the second statement of Theorem 1: if
U C LP,T; B) is relatively compact, then (1.1a,b) hold and there exists a
Banach space A compactly embedded in B such that the functions of U take
their values (up to a negligible set) in A and

T
(1.12) sup/ lu(t)||4 dt < +oc.
ueld JO

This proves exactly the converse of the Aubin-Lions theorem.

The proof of Theorem 1 relies on the fundamental compactness and lower
semicontinuity result of parametrized (Young) measures theory: the idea is to re-
duce the problem of compactness in L?(0, T'; B) to the problem of compactness
with respect to the convergence in measure, via some extra uniform integrability
estimate, as suggested by Proposition 1.10 below. In this approach, the “tight-
ness” condition (1.7d) (which, as we said before, generalizes (1.2)) allows us to
extract from every sequence in I/ a convergent subsequence in the (very weak)
sense of Young measures. As we will show later, the integral equicontinuity
condition (1.1a) will provide a further “concentration” property for the limiting
Young measure, which yields the strong convergence in L”(0, T; B) when it is
combined with the uniform p-integrability estimate(!

(1.13) hm sup/ lu(t)||s dt = 0.

0yey

(Dwhere the limit is obviously restricted to Lebesgue measurable subsets J of (0, 7') and |/J|
denotes their Lebesgue measure.
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A different point of view: reinforcing weak convergence

The flexibility of the previous argument can be better understood by re-
calling the approach of reinforcing weak convergence recently proposed by Rako-
toson and Temam [19]: in order to guarantee the strong L” (0, T'; B) convergence
of the sequence U := {u"},cn, they assume the Aubin-Lions “tightness” condi-
tion (1.2) (in the particular case of p = 2 and of two Hilbert spaces A, B) and
the uniform integrability (1.13): they replace the “strong integral equicontinuity”
condition (1.1a) by a different one of weaker type

(1.14) Jw — limypyoou” (t) = u(t) for ae. t € (0, 7).

In this case, the combined effect of tightness (1.2) and of (1.14) provides
the convergence in measure: if one assumes (1.13), the strong convergence in
L?(0, T; B) can be deduced. Observe that in this framework (1.13) is no more
guaranteed by the other two assumptions.

It is then natural to wonder whether the extra assumptions (Hilbert structure,
p = 2) could be removed and replaced by the tightness condition (1.7d) and
if (1.14) could be weakened, too.

We will propose an answer to this question (see Theorem 4.7 in Section 4)
and the proof of (the “sufficiency part” of) Theorem 1 by providing a general
characterization of compactness with respect to the convergence in measure,
which is a subject of independent interest.

ReEmMARk 1.8. In the same spirit of Remark 1.2, we mention here the
papers [21], [22], where compactness with respect to convergence in measure
for functions defined on a probability space is investigated and general criteria
-which are anyway fairly different from our own one- are proposed. We also
quote [9], in which tools from Young measures theory have been employed for
proving weak compactness results in L' spaces.

1.1. — Compactness for the convergence in measure

The topology of the convergence in measure

Let us denote by M(0, T'; B) the space of strongly-measurable B-valued
functions; we recall that a sequence {u"},cy C M(0, T; B) converges in measure
tou € MO, T; B) as nt + oo if

(1.15) lTiJrrn [{re©T): |u"(t) —u@®)p=0c}|=0 Vo=>0.

It is well known that
(1.16) an a.e. converging sequence {u"},cy also converges in measure,
whereas from every sequence {u"},cy converging to u in M(0,T; B) it is

always possible to extract a subsequence {u"k};cy a.e. converging to the same
limit u.



TIGHTNESS, INTEGRAL EQUICONTINUITY AND COMPACTNESS 401

It can be shown that M(0, T'; B) is an F-space, i.e. its topology is induced
by a complete metric §, invariant by translations: e.g. if we set

(1.17) dp(v, w) ;== min{l, |[v—wl|g} Yv,weB,

an admissible metric § is given by
T
(1.18) (v, w) := / dp(v(®), w(t))dt Yv,we M(Q,T; B).
0

It is not difficult to show that the bounded distance § induces the convergence
in measure (see [11, IIL.2, IV.11]).

By the Chebychev inequality, it is easy to see that L? convergence (resp.
compactness) yields convergence (resp. compactness) in M(0, T; B). On the
other hand, the latter notion, though weaker, entails the stronger one if some
extra information of uniform integrability type is supplied.

Uniform integrability and weak L' compactness

We have already recalled that a subset &4 C LP(0,T; B) is p-uniformly
integrable (or simply uniformly integrable if p = 1) if (1.13) holds, or, equiva-
lently, if

1199 Ve>0 3F6>0: VJCOT) |J|<§ = sup ||u(t)||§dt§8.
ueld JJ

It is easy to see that, for any fixed ¢ > 0, boundedness in L?*¢(0, T; B) and
the Holder inequality entail p-uniform integrability. Conversely, it is clear that
uniform integrability implies boundedness in LY, T; B); furthermore, in the
case B := R, uniform integrability is equivalent to weak compactness in the
space L'(0, T), as stated by this fundamental result:

THEOREM 1.9 (Dunford-Pettis Criterion). Let V C L'(0, T). The following
conditions are equivalent:

1. Vis (sequentially) weakly relatively compact in L'(0, T);

2. V is uniformly integrable;

3. There exists a positive, convex and super-linearly increasing function G :
[0, 4+00) — R such that

T
(1.20) lim &9 _ oo sup/ G(jv(0)]) dt < 0.
0

§—>00 S vey

(See e.g. [10, Theorem 22, 25 Chap. III], [11, Corollary IV.8.11] and [12,
Theorem 4.21.2] for the proof).

The link between L? convergence, uniform integrability and convergence
in measure is stated in [11, Theorem III.3.6]:
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PROPOSITION 1.10. On p-uniformly integrable sets the topologies of L (0,T; B)
and of M(0, T; B) coincide. In particular, a set U C LP(0, T; B) is (relatively)
compact in LP(0, T; B) iff it is p-uniformly integrable and (relatively) compact in
M(0, T; B).

REMARK 1.11 (Strong integral equicontinuity yields uniform integrability). If
U C LP(0, T; B) is bounded and fulfils (1.1a), U is also p-uniformly integrable.
In fact, from (1.1a) we have

T—h p
limsup | |llutc + W) llp ~ he()ls| di =0,

h—0 ueld

which implies, by the Riesz-Fréchet-Kolmogorov criterion, that {||u| p},ecy iS
relatively compact in the strong topology of LP(0,7). Then it is easy to
see that {||u]|s},ey is relatively sequentially compact in the strong topology of
L'(0, T), hence uniformly integrable by the Dunford-Pettis criterion.

A ““weak integral equicontinuity” condition

We can now introduce our main result on compactness for the convergence
in measure; as we briefly said before, we will show that the right assumptions
are the tightness condition w.r.t. a normal coercive integrand as in Theorem 1
and an “integral equicontinuity” type condition substantially weaker than (1.1a).
Namely, we will replace (1.1a) by

T—h
(1.21a) 1h1?01/ g+ h),u())dt =0, uniformly foru € U,
0

where the function g : B x B — [0, +00], which plays the same role of the
distance induced by the norm || - ||, satisfies

(1.21b) g:BxB —[0,+00], g is lower semicontinuous,

and it should be connected to F by some sort of compatibility conditions. More
precisely, denoting by D(F;) the proper domain of F; (see (1.7b))

D(F;) :={v € B: F(t,v) < +o0},
we are assuming that
(1.21¢c) u,v € D(F;), gu,v)=0 = wu=v forae.re(0,T).

It is clear that, if g is actually a distance, then (1.21c) is always verified,
independently of F.
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THEOREM 2 (Compactness in measure = tightness + weak integral equicon-
tinuity). Let U be a family of measurable B-valued functions; if there exist a nor-
mal coercive integrand (/.7a,b,c) F : (0,T) x B — [0, 400] and a Ls.c. map
g : B x B — [0, +00] compatible with F in the sense of (1.21c), such that

T
U istightwrt F, i.e. S:= sup/ F(t,u(t))dt < +o0,
ueld JO

and

T—h
lim sup / g+ h),u(t))dt =0,
0 yey Jo

then U is relatively compact in M(0, T'; B).

Conversely, if U is relatively compact in measure, then U is tight w.r.t. a nor-
mal coercive integrand F independent of the variable ¢ and (1.23) holds for any
bounded continuous (semi-)distance g on B (thus inducing a weaker topology than
the strong one).

A few examples of the possible applications of Theorem 2 will be developed
in Section 4 later on; we hereby discuss some straightforward extensions of the
above results.

EXTENSION 1 (From Banach to Polish (metric) spaces). Convergence in
measure and Theorem 2 are of metric nature, i.e. the linear structure of B is
irrelevant: it is sufficient to replace each occurrence of terms like ||[v —w] g by
the distance dg(v, w); therefore, the statement of

(1.24) Theorem 2 also holds if (B, dp) is a complete, separable metric space,

a Polish space according to the probabilistic terminology. We will adopt this
more general metric point of view in the proofs.

ExTeENsION 2 (Unbounded intervals). Theorem 1 can be extended to un-
bounded intervals, e.g. for T = 400, simply by adding to (1.1a,b) and (1.7d)
a uniform “vanishing integral condition” at infinity as in the scalar case (see
e.g. [4, Corollary IV.27]), i.e.

+00
1.25 lim su / u||?dt = 0.
(1.25) /i Sup | llu(O]

ExtENsION 3 (Dependence on multiple variables). Theorems 1 and 2 can be
rephrased in the case of B-valued functions defined in a bounded open subset 2
of some euclidean space R?, simply by modifying the (weak or strong) integral
equicontinuity conditions in an obvious way. For instance, (1.1b) reads

(1.26) / lu(x +h) —u(x)||gdx <w(h]) VYheR? uecl,
Q)

where
Q = Q: inf — h|t.
n = {x € Jn lx — y| > ||}
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1.2. — Plan of the paper

As we mentioned before, the proof of Theorem 2 relies on some basic
results of infinite-dimensional Young measures theory. In order to make this
paper more readable and almost self-contained (at least for the statements of
the main properties we will use), we will present in the next section a brief
summary of this theory and of the related measure-theoretic results; of course,
the expert reader may skip this part without difficulty.

The proofs of Theorems 1 and 2 are developed in Section 3, while examples
and applications of our main result Theorem 2 are expounded in Section 4.
Finally, the last Section 5 contains the proofs of the applications: it relies on
the statement of Theorem 2 only and it is therefore independent of Sections 2, 3.

ACKNOWLEDGMENTS. We wish to thank Prof. A. Visintin for useful discus-
sions on this subject, as well as Prof. R. Temam and Prof. M. Valadier for their
careful reading of the paper and valuable suggestions.

2. — Preliminary results

NoraTioN. In the sequel, (B,dp) is a complete, separable metric space
(Polish space): in particular, a separable Banach space with the distance induced
by its norm. £ and B = B(B) denote the o-algebras of the Lebesgue measurable
subsets of (0, T') and of the Borel subsets of B, respectively, |J| is the Lebesgue
measure of a set J in L. The set of all Borel probability measures on B is
denoted by P(B).

L ® B is the usual product o-algebra in (0, 7) x B. Recall that if a real
function ¢ defined on (0, 7) x B is £ ® B-measurable, then each of its partial
mappings t — ¢(t,v), v — @(t, v) is measurable on the corresponding factor
space. Conversely, if ¢ : (0,7) x B — R is a Carathéodory map [3], i.e. it
satisfies

51 t — @(t,v)is L-measurable Vv € B

@1 v @(t, v) is continuous for a.e. t € (0, T)

then ¢ is L& B-measurable. As we have already recalled in the previous section,
a positive normal integrand is a

L ® B-measurable map ¢ : (0, T) x B — [0, 400] such that

(2.2) .
@(t,-)is Ls.c. on B for a.e.t € (0, T).

We will denote by C?(B) the Banach space of continuous and bounded real
functions defined on B.
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Parametrized measures

DEeFINITION 2.1 (Parametrized measures). A parametrized measure is a fam-
ily v = {v;}ic0,r) of probability measures in P(B), such that one of the
following two (equivalent) conditions holds

(2.3a) te(0,T)— v,(D) is L-measurable V D € B;
23b) t€(0,T)— / ¢(E)dv,(§) is L-measurable V ¢ € Cc’(B).
B

We denote by YV(0, T; B) the set of all parametrized measures.

The following is a (enhanced) version of Fubini’s theorem, adapted to
families of parametrized measures [10, p. 20-1I].

THEOREM 2.2. Let v = {v/};c(0.1) be a parametrized measure in B; there exists
one and only one measure (which we still denote by v) on L ® B such that

(2.4) v(l x A) = /v,(A)dt VIieLl, Aebh,
I

in particular

(2.5) v(IxB)y=|I| VIeL.

Moreover, for every L ® B-measurable function ¢ : (0,T) x B — [0, 4-00] the
function

(2.6) t / o(t,&)dv (&) is L-measurable,
B

and the following extension of Fubini’s formula holds:

T
2. _ t |
@7 /(O,T)XB ¢, §)dv(t, €) /0 (/B o(t,&)dv ($)> dt

REMARK 2.3. It is possible to associate to each measurable function u €
M(0, T; B) a unique parametrized measure {8, }:c0,7), Where for every w € B
we denote by &,, the usual Dirac’s measure concentrated on {w}

2.8 oAy =L Twed
(2.8) w(A) == 0 ifwgA C B.

Conversely, a parametrized measure v = {v;};¢(0,7) 1S associated to a measurable
function u if

(2.9) the support supp(v,) is a singleton {u(z)} for a.e. r € (0, T).
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Narrow convergence of parametrized measures

The identification of a parametrized measure {v;};c(0,7) With the measure v
on E := (0, T) x B given by (2.4) allows to introduce a topology on Y(0, T; B)
simply by considering the topology of the narrow® convergence of measures
in £ =(0,T) x B; we reproduce both definitions below.

DEeFINITION 2.4. Let E be a Polish (i.e. separable, complete) metric space
and let {v'},cn, v be finite Borel measures on E. We say that v" narrowly
converges to v if

: n _ b
@10 lim [ s@av© = [ s@ave) Yo

In particular, when E = (0, T) x B, we say that a sequence of parametrized
measures V" = {V/'}c0,1) € V(0, T; B) narrowly converges to v = {v;};c,1) if
Yo € CP((0, T) x B) (see (2.7))

(2.11) lim o, &)dv"(t, &) = /(0

nt+eo J0,T)xB

@(t,8)dv(1,§).
B

T)x

REMARK 2.5. In the literature of control theory and Young measures, the
space of bounded continuous real functions on (0, 7) x B is often replaced
by the space (of Carathéodory integrands) L'(0, T; C’(B)). Since these two
topologies coincide on parametrized measures, (as it is possible to verify using,
e.g., the approximation results contained in [3]), we prefer the previous simpler
definition, based on continuous test functions.

REMARK 2.6. Of course, when the measures v" = {§,n()}ic0,7) are the
Young measures associated to the sequence u" € M(0, T; B) as in Remark 2.3,
then we write u” — v in Y(0,T; B) and (2.11) simply means that for every
function ¢ € C?((0, T) x B)

T T
CRET Y /0 o1, (1)) di = /0 ( /B w(t,é)dvz(%')) dr.

Observe that (2.12) implies that for every ¢ € C?(B)

2.13) s~ [ 9@ an© in L¥0.7),
It is possible to show that this property is in fact equivalent to Definition 2.4.

Lower semicontinuous and normal integrands

The following property of narrow convergence plays a basic role for the
application of Young measures theory (see [26, Theorem 7]).

(@ Sometimes, the ambiguous term of “weak convergence” is also used.
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PRrROPOSITION 2.7. Let E be a Polish space and let V", v be finite measures such
that v — v narrowly. If ¢ : E — (—00, +00] is L.s.c. bounded from below, then

2.14) liminf [ $© '@ = [ p© ave).

Analogously, if E = (0,T) x Bwithv",v € Y(0,T; B) and v"* — v narrowly,
then for every nonnegative normal integrand ¢ : (0, T) x B — [0, +00] (see (2.2))

(2.15) lim inf o, E)dV"(t, &) > /
(©,

nt+00 J0,T)xB

@(t,8)dv(1,§).
B

T)x

Compactness

Let us first recall the fundamental Prohorov’s compactness result for a tight
family of measures [10, 72-1I]

THEOREM 2.8 (Prohorov). Let E be a Polish space and let V be a family of
finite Borel measures on E such that v(E) is independent of v € V. V is relatively
(sequentially) compact w.r.t. the narrow convergence iff V is tight, i.e.

(2.16) Ve>0 3IK.,€E: v(E\K;,) <e Vvel

Now we can state the related compactness result [2, Theorem 1], which
allows to associate (at least one) parametrized measure to each tight sequence
u" e M@O,T; B).

THEOREM 2.9 (Balder). Let u" € M(0, T; B) be tight w.r.t. a normal coercive
integrand (1.7a, b, c, d). Then there exists a subsequence u"*k and a parametrized
measure v = {v;};c0,1) € Y(0, T; B), which we call a Young measure associated
to u", such that u"* — v as k 1 oo in the sense of (2.12); in particular, for every
nonnegative normal integrand ¢ : (0, T) x B — [0, +o0]

T T
2.17) likrgicgf/o <p(t,u"k(t))dtz/0 </Bg0(t,§)dv,(§)> dt.

The link with the convergence in measure

LemMaA 2.10. Letu”,u € M(0,T; B), n € N, and let V", v be the associated
parametrized measures. Then

(2.18) u" — u inmeasure < V' — v narrowly.
In particular, if v = {v}ie0, 1) is the narrow limit of a sequence {u"},en C

M, T; B), then u" is convergent in measure iff v, is concentrated on a single-
ton fora.e. t € (0, 7).
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ReEmark 2.11. The statement above implies that if 4 C M(0,T; B) is
relatively compact in measure, the set of the associated Young measures V is
narrowly (sequentially) compact in E = (0, T') x B. The latter fact entails, (here
we refer to Theorem 2.8) that V is tight in the classical probabilistic sense,
i.e. it satisfies (2.16), which is equivalent to (1.9) in terms of U.

Tensor products of parametrized measures
The following lemma will be useful (see [26, Theorem 13]).

LEMMA 2.12. Let v! = {V‘S}SG(O,T) and V? = {vlz},e(oj) € Y(,T; B) be
parametrized measures on B; then the formula

2.19) v=v'®@v’ veni=v @V Y(s,1)e Q:=(0,T)x(0,7),

deﬁnes a parametrized measure in Y(Q; B X B). Moreover, if the sequences
{v"}en C YO, T; B) narrowly converge to v' as nt + oo fori = 1, 2, then

(2.20) V=@t > v=v'®@v?  narrowly as nt + .

3. — Proofs of the main theorems

3.1. — Proof of Theorem 2: sufficiency

Since M(0, T'; B) is metrizable, we can equivalently consider sequential
compactness; the tightness hypothesis and Theorem 2.9 allow us to extract
from every sequence {u"},ey C U a subsequence uk with generalized limit
v = {v/}c,1). Invoking Lemma 2.10, in order to prove that u"* converges in
measure, we simply have to show that {v,},c,r) is concentrated in a point mass
for ae. t € (0, 7).

Here are the main points to show this concentration property:

1. First of all, we show that the support of v, lies in the effective domain
D(F;) of F,

(3.1 D(F) :={v e B:F(t,v) <+oo},
i.e.
(3.2) v (B\ D(F)) =0 for ae. t€(0,T).

2. Starting from the “weak integral equicontinuity” property (1.21a) and dou-
bling variables we will end up with an integrated limiting form of (1.21a)
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1 h T—o
3.3) lhlil(’)lﬁ/o /0 (//BXB g, w)dviio(v) ® dv,(w)) dtdo = 0.

3. Then we will pass to the limit in (3.3) obtaining

(3.4) /OT (//BXBg(v, w) dv,(v)dv,(w)) =0.

4. Finally, we combine (3.2), (3.4) and the compatibility condition (1.21c) to
see that

3.5) supp v, ® v, is a singleton for ae. t € (0, 7).

This property entails the analogous one for v,, concluding the proof.

CLamm 1. We first apply (2.17) to the functional F yielding the tightness,
so that:

T T
/ (/ F(t, v)dv,(v)) dt < liminf/ F(t,u"k(t))dtr < § < +o0.
0 B k—=oo Jo

Then
/ F(t,v)dv,(v) < +oo for ae. t € (0,7T),
B

which implies that
F(t,v) < +oo for v,-ae. ve B, forae re(0,7),
ie. (3.2).

Craim 2. In order to show (3.3), let us set

T—o
t(h) := sup sup/ gw"(t 4+ o), u"())dt, with lhig)lr(h) =0,
0

0<o<h n

thanks to (1.23). Of course,

1 h T—o
(3.6) E/o (/0 gw"(t+o),u (t))dt) do <t(h) VneN;

on the other hand, Fubini’s theorem yields

h T—o
%/0 (/0 g(u"(l + o), u”([))dl) do = %//Q(h)g(un(s)’ Mn(l))dsdl‘
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where Q(h) is the strip

(3.7) Q(h) == {(s,1) € (0, T) x (0,T):t <s <t+h}.

Since by Lemma 2.12 the couple (u#"k(s), u"*(¢)) narrowly converges to {v; ®

Vr}s.regq» We can apply (2.15) to the normal integrand

G(s,t,v,w) ;== Xom(s,1)g, w)

% //Q(h) <//B><B g(v, wyd(vs ®v)(v, w)> ds dt

< liminf — // g (s), u™*(¥))ds dt < t(h).
Q(h)

obtaining

kt+oo h

A reverse application of Fubini’s theorem yields (3.3).

Cramm 3. (3.4) follows immediately, if we show that

h T—o
hmlnf / (// g, w)dviio(v) ® dv,(w)) dt do
hl0 BxB
> / (// 2, w)dw(v)dv,(w)) .
0 BxB
We fix ¢ > 0 and observe that Fatou’s lemma yields
T—0o
liminf — / / <// g, w)dvii,(V) ® dv,(w)) dtdo
hl0 BxB
T—¢
> liminf — / / <// g, w)dviis (V) ® dvt(w)) dtdo
hl0 BxB
T—¢
> 11m1nf/ / (// g, w)dviin, (V) ® dv[(w)> dtdo
hl0 BxB
T—¢
> / (hmmf (// g, w)dviin, (V) ® dv,(w)) dt) do
0 hi0  Jo BxB
We observe that, again by Fubini’s theorem,
T—¢
/ ( J[ swwanwe dw(w)) dr
0 BxB
T—e¢
=/ (/ </ g(v, w)dv,(w)) dvt+hg(v)) dt
0 B \JB
T—e
-/ ( | vt v)dvz+ho<v>> dr
0 B

(3.8)
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where
(3.9) ot v) = /B ¢ (v, wydv,(w),

is a nonnegative normal integrand, in view of Lemma 3.2 below. Thus, by
Lemma 3.1 below and Fatou’s lemma we get

T—¢ T—¢
lim inf (/ o(t, V)dViine (v)) dt 2/ lim inf (/ o(t, v)deh(,(v)) dt
rl0 - Jo B 0 hl0 B

> /OTs </B o(t, v)dvt(v)> dt:/OTs (//Bxs g, w)dv,(v) ®dv,(w)> dt

Since € > 0 is arbitrary, the monotone convergence theorem yields (3.8).

CrLam 4. Finally, we show that for a.e. t € (0, T) v, is a Dirac mass. First
of all, (3.4) reads that

/ gE Mdv, ®v,)(E,n) =0 forae. re(0,T), ie.
BxB
v @v){¢,n) eBxB:g,n)>0=0 forae. te(0,T7).

(3.10)

The point here is that, since v, is concentrated on D(F;) and g is “non-
degenerate” w.r.t. D(F;) for a.e. t € (0,T) (see 1.21c), v; ® v, is concentrated
on the diagonal set A of B x B, which allows us to conclude that the support
of v, is a singleton. As a matter of fact, let us suppose, by contradiction, that
supp(v;), which is obviously non-empty, contains two distinct elements x| # x;
then there exist two disjoint open neighborhoods N; > xj, N, > x; such that
that v; (N;) > 0 for i = 1, 2. Hence

(vr ® vy) (N1 X N2) = v (Ny) v, (N2) >0
On the other hand,
(v ®v) (N1 X N2) = (v, @) (N1 X NN A) = (v, ® vy) (W) =0.

which is absurd.

LeMMA 3.1. Let v := {v;};e0,1] be a parametrized measure on (0, T) x B,
and, for h > 0, let " be the measure with disintegration {Vith}ie©,7n), 1.€.

vh(JxA):/v,H,(A)dt YJC(O,T—h), JeLl, AchB.
J

Then v" — v narrowly as h | 0 on every interval (0, T'), T' < T. In particular,
for every nonnegative normal integrand ¢

T/ T/
eiy  dmint [ [ e odvn©di= [ [ pesan@ar
hl0 0 B 0 B
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Proor. For a fixed F € C?((0, T') x B) we have

. h . r
lim F(.6)dv" (1. €) = lim /0 ( /B F(t,s>dvt+h<5)> 1

140 J 0,7y B

T'+h d
:lhl?(} ’ (/B F(t—h,é)dv,(é)) dt =/0 (/3 F(t,é)dv,(é)) dt,

where the last limit easily follows from the continuity of F and the Lebesgue
Dominated Convergence Theorem. O

Lemma 3.2. Under the assumptions of Theorem 2, the function ¢ defined
by (3.9) is a normal integrand.

ProoF. Let us first consider the case of a bounded continuous function g;
then ¢ is a Carathéodory integrand (see (2.1)), since it is measurable w.r.t. ¢
(by definition of parametrized measure, (2.3b)) and continuous w.r.t. v (as it
is immediately checked by the Lebesgue Dominated Convergence Theorem); in
particular ¢ is £ ® B-measurable.

The general case of a l.s.c. function g can be easily retrieved, since (by
a well known approximation result) we can find a non decreasing sequence of
bounded continuous functions g, : B x B — [0, o) such that

(3.12) g&,n)= n%iinoogn(é, n) = suggn(é, n V(&,n eBxB.

By the monotone convergence theorem, V(¢,&) € (0,T) x B

0t.6) = [ g manin = lim [ g6 v =supg.)

neN

which gives the desired conclusion, since ¢, is £L& B-measurable and continuous
w.rt. & for ae. t € (0, 7). O

REMARK 3.3 (Proof of Theorem 1: sufficiency). One of the implications of
Theorem 1 follows directly from Theorem 2: if U/ satisfies (1.1a) then, taking
account of Remark 1.11, ¢/ is uniformly p-integrable and, by Proposition 1.10, it
is sufficient to prove its relative compactness in M(0, T'; B), which is supplied
by Theorem 2.

3.2. — Proof Theorem 2: necessity

Let Y Cc M(0,T; B) be a relatively compact subset. By Remark 2.11 we
know that there exists an increasing sequence of compact sets {Kn}:{zof) in B
such that

(3.13) {t €0, T):ut) € Ky}| <27" VYuel.
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We define

(3.14) F@):=min{neN:veK,}, with F()=+o0if v¢ U K,.

neN

F is Ls.c. and coercive, since its level subsets are exactly the compact sets K,;
moreover

400
F) = ZXK’/Z(U), where K| := B\ K,_.
n=1

Finally, if u € U then

T 400 +00
/ Fu@)de =Y |K)| <> 27" < +oc,
0 n=1 n=1

i.e. (1.22) is satisfied.
Let us now fix a continuous bounded distance g : B x B — [0, +00): we
want to show that (1.23) holds. As in (1.18) we set

T
(3.15) S, (v, w) 1= /0 gw@),w()dt Yv,we M@O,T; B)

and it is easy to see that &, is a continuous distance in M (0, T'; B); in particular,
U is relatively compact with respect to this metric. Let us fix vy € B; for a
given v € M(0,T; B) and h € (0, T) let us set

h . . B )
(3.16) { V() := v +h) if 1€ (0, T —h);

V(1) = vy ifte(—hT)
and

T

T—h
(B.17) o@; h) = 8,0", v) =/ g(v(t+h),v(t))dt+/ g(vo, v(2))dt.
0 h

An easy variant of the well known property for integrable functions (obtained
via approximation by continuous functions) shows that

(3.18) h+— w(v;h) 1is continuous in [0,T) Vve M(Q,T; B).
Moreover,

(3.19) |w(vi; h) — @(v2; h)| < 285(vi,v2) Y, v € MO, T; B),
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i.e. the functions v — w(v; k) are uniformly equicontinuous in M(0, T; B).
Since U is relatively compact and they pointwise converge to 0 as £]0, Ascoli-
Arzela’s theorem yields uniform convergence and we can conclude that

lhln(}ilelgw(u, h) =0.

REMARK 3.4. By checking the previous construction (3.13)-(3.14), when B
is a Banach space we can always find a coercive integrand F satisfying the
following additional properties:

(3.20) F)>F0) =0, F(—v)=F@w) VYveERB,
(3.21) {fve B:FW)<c} is convex Vc > 0.

In fact, if K, is a family of compact sets as in (3.13), we can consider the
new family

(3.22) I%n := closed convex hull of (K, U (—K},));

A

K, is still compact and satisfies (3.13): thus we can define F as in (3.14)
starting from K,,.

3.3. — Proof of Theorem 1: necessity

We are now supposing that B is a (separable) Banach space. First of all we
recall a useful application of the Lebesgue Dominated Convergence theorem [13,
p- 22].

LEMMA 3.5. Suppose that, for n, k € N, we are given Z, , Zy € B, 2k, 2k €
[0, 400) with

lim Z,, =2y stronglyin B, lim z,r =2z, |Zuill < zZnk-
nt+400 nt+o00
If
oo +oo +00 +00
(3.23) lim » z,4= Y zx <400 then lim Y Z,x =Y Z.

We need the following auxiliary result, which is well known when ¢ maps
B in a finite dimensional space [2].
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THEOREM 3.6. Let B be a separable Banach space, F: B — [0, +00] be a
coercive integrand (i.e. with compact sublevels) such that

F)

3.24 im =
( ) lvlt+oo ||V]|

If S C P(B) is a family of probability measures with

(3.25) S:=sup [ F(v)du(v) < +o0,
nes JB

then S is narrowly (sequentially) compact. For every continuous function : B— B
such that

IC|
2
(320 vk 1+ o =T
the map
(3.27) neSH Z(p) = / Cw)du(v)
B

is strongly continuous w.r.t. the narrow convergence in S.

PROOF. Since F has compact sublevels, S is tight according to (2.16) by the
Chebychev inequality: compactness of S then follows by Prohorov’s theorem
2.8. (3.24) and (3.26) yield

nes = /B 1@ di(v) < +oo,

so that (the Bochner integral) (3.27) makes sense.

Cram 1: if ¢ : B — R is continuous and at most linearly increasing, then

U / ¢(z)du(z) 1is continuous in S.
B

In particular, Z is weakly continuous. We fix a sequence w, € S narrowly
converging to 4 € S and we define for ¢ > 0

(W) = (V) + eF(V), ¢(v) == (V) — eF(v).

Thanks to (3.24), since ¢ is linearly increasing, ¢. is u.s.c. and bounded from
above, ¢° is L.s.c. and bounded from below. It follows from Proposition 2.7 that

liminf/ o) du,(v) > liminf/ d*(v)du,(v) — &S
nt+oo Jp nt+oo Jp

> /B 6°(v) du(v) — £S > /B ¢ () du(v) — &5,
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and analogously

timsup [ §)dp(w) < timsup [ 9.0)diaa(0) + &5
B B

nt+oo nt+oo

< /B¢g(v)du(v)+sS§/B¢(v)du(v)+85-

Being ¢ arbitrary, we conclude. Finally, choosing ¢ (v) := (w*, {(v)), w* € B*,
we deduce that Z is weakly continuous.

Cram 2: if € is bounded, then Z is strongly continuous. Let us suppose that

sup [[C()[| = C < +o0;

veB

we want to show that Z(S) is (strongly) relatively compact in B; by the previous
Claim, this would entail the strong continuity of Z.

Being B complete, it will suffice to show that Z(S) is totally bounded:
we fix ¢ > 0 and we choose

K.€B: wuB\K:,) <e/2C Yues.

Of course

(3.28) H /B C@) dp(v) — /K CW) dp)

<eg/2 VYues.
B

On the other hand, if H, is the closed convex hull of {(K.), H, is compact
and it is well known that

(3.29) /K Cwydu(w)e H, Yues.

Thus we can cover H; by a finite collection of balls {B;/>(x;)}i=1,..n of radius
¢/2; it follows from (3.28) that {B.(x;)};=1,. ~ is a finite covering of Z(S);
being ¢ arbitrary, we conclude.

CLAaM 3: Z is (strongly) continuous for every ¢ satisfying (3.26), i.e.if u, € S
is narrowly converging to |1 € S, then

(3.30) lim Z(u,) = Z(un) strongly in B.
nt—+oo

Let us fix a continuous partition of the unity {¢y (x)},f;xf on [0, 400) such that

+00
(3.31) suppepe C k=1, k+11,  ¢(x) 20, Y g(x) =1 Vuxel[0,400).
k=1
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We set

+00
¢ (v) := g(vID¢(w),  so that {(v) =D & (), ¢ is bounded on B.
k=1

Therefore
+o00
ZGu) =" Zi(ua),  with  Zi(y) = /B ) dpn(v) VneN.
k=1

Since by the previous Claim we have
lim Zi(n) = Zi (1),
nt+4o00

we simply have to show that it is possible to invert the order of the limit and
the summation in the formula

+00
Jim > Zi(un).
k=1
We apply Lemma 3.5, choosing Z,, x := Z;(u,) and

Znk :=/B¢k(llvll)llC(v)ll dpn(v), 2 :=/B¢k(llvll)IIC(v)ll dp(v).

Of course lTlJrrn Znk = 2k and, by Claim 1, in view of (3.26) as well, we have
n o0

+00 +oo
Jim 3= i [ 16w din@ = [ 1w v =3 a. o

The following lemma is a standard result of convex analysis:

LEmMMmA 3.7. Let p € [1,+4+00) be a fixed exponent and suppose that G :
[0, +00) — [0, 4+00) is a Ls.c. function satisfying the p-growth condition

G Gl/r
(3.32) fim € — fim ©) _ 4o
sttoo  §P st+oo Ky

There exists a convex super-linearly increasing function G : [0, 400) — [0, +00)
such that

(3.33) Lim GES) = +o0, G(s) > (G())" Vs el0,+00).
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Proor. Condition (3.32) is equivalent to

—G(a) = imS(Gl/”(s) —as) > —00 Va=>0.

Observe that, by definition,
(3.34) as — Gi(@) <G'P(s) Va,s>0;
thus we define

G(s) = sup (as — G;‘,(a))

a>0

which is clearly convex, (é(s))p < G(s) by (3.34), and

G as — G*(a
timint ) > limint r@ .y vaso.
st 400 Ky st+o0 K
so that (3.33) holds. O

Now we can conclude the proof of Theorem 1. Let us suppose that { is a
relatively compact subset of L?(0, T; B). Since (1.1a) is well known, we have
to show that there exists a Banach space A compactly embedded in B and a
convex functional F satisfying (1.11) such that ¢/ is tight w.r.t. F.

CramM 1: U is tight w.r.t. a coercive integrand FP: B — [0, +00] such that

1< ﬁ(O) = mig]:"(v) < 400, ﬁ(—v) = ]:"(v) Vv e B,
ve
(3.35) }z(v)
im =
lvlt+oo ||v]|

F@) > |vlg YveB,

Theorem 2 and Remark 3.4 provide an integrand G : B — [0, +00] with compact
sublevels such that

T
G0)=0, G(—v)=Gw) VYveB, sup GP(u(t))dr < +oc.
ueld JO

Moreover, since
{llull” :u eu} is compact in L'(0, T),

the Dunford-Pettis Theorem 1.9 and Lemma 3.7 yield an increasing convex
function G : [0, +00) — [0, +00) such that

. G T,
336) G@s)=s lim 29— oo sup/ GP (Jlu(0)llg) dr < +o0.
sttoo s ued JO
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The functional
(3.37) F) =G+ G (Ivllp) + 1

is coercive and satisfies the required condition (3.35).

CLamMm 2: U is tight w.r.t. FP, where F = Ls.c. convex envelope 0f.7:", is
coercive, convex, and satisfies (3.35)
More precisely, we set

(3.38) F) = inf{/Bf'(w) du(w) : u € P(B), /deu(w) = v}.

Observe that, whenever F(v) < 400, the infimum in (3.38) is in fact a mini-
mum, thanks to Theorem 3.6 applied to {(w) := w. It is then easy to show that
F is convex, symmetric with respect to the origin, and, by Jensen inequality,

G(lvllg) < Fv) < F(v) YveB,
so that F satisfies (3.35) and U is tight w.r.t. F as well. It remains to show

that the sublevels of F are strongly compact. Let us fix ¢ € [0, +00) and let
us set

S:= {,ueP(B):/Bﬁ(w)du(w) Sc}, Z(w) :=/deu(w).

Since
{fve B:F(w) <c}=2Z(S),
being S compact and Z strongly continuous, we conclude.

CLam 3: let us set
1
(3.39) lvlla = Ain(f) x}'()\v), A:={veB:|v|a < +oo}.

Then A is a normed vector space with norm || - || 4 continuously embedded in B and
.7:[,, A< F.

Let us first observe that if v € A\ {0}, the coercivity property of F ensures
that the infimum in (3.39) is attained. | - |4 is symmetric (being F symmetric)
and homogeneous of degree one:

1 1
lav|sa = rkn>151 Xf(akv) =« Ixn>1{)1 m}'(a)»v) =afvlla Ya>0;

moreover, since 0 € D(F) and F(v) > ||v| g,

(3.40) 10la =0, llvlla=llvilg YveB.
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Let us check the sub-additivity of ||-]|4: we are given v, vo € A\{0}, A1, Ap >0
with

1 .
lvilla = —Fv) i=1,2;
A

then, for
L S so that i—{—izl
: 20 Al A ’
we have
lor + valla < ~FO1 + 1) = ~ A du + S haw)
v 4 v — Vi + 1) = —F(—Av; + — v
ttulla = 1+ v R G vt sk
1 /A A
< - | —Fv) + —F(Av2) | = llvilla + llvz2lla.
x \ "
It follows that (A, | - [l4) is a normed vector space.

CraM 4: the unit ball of A is compact in B; in particular the map v +— ||v||a
is l.s.c. in B.
Let us take a sequence v, € A\ {0} and A, € [, +00) such that

1
(3.41) lvnlla = A—f()»nvn) =1

n

We can always extract a subsequence (still denoted by v,, A,) such that

3 lim A, = A € [1, +00].
nt+oo

We have now to distinguish two cases: if A < +o0, then

(3.42) sup F(A,v,) < +00

and therefore there exists subsequences vy, , A, such that

lim A = in B, that 3 li =v/A.
leJrrr;O ngUn, = U I so tha leJrrI;Ovnk v/

Moreover, by the lower semicontinuity of F,
<1]:(,\)<1' 'flf(,\ ) <1
[vlla < 57 () < limin g n Ung) = 1

If A =+o0, let us call £ :=liminf,; 1 |v.lg; if £ > 0, then

)\'n n ‘F A‘” n . . )\‘Vl n .
¢ = liming Prtelle Favn) o Mntalle o g I0lle
ntt+oo F(Anvn) A nt+oo F(Aun) ~ Juwlgt+oo F (W)

El
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which is absurd; therefore ¢ = 0, i.e. there exists a subsequence v,, converging
to v =0 in B.

CLamm 5: A is complete. Let {v,},eny € A be a Cauchy sequence w.r.t. the
norm | - |4, i.e.
lim |lv, — vulla =0, which in particular implies sup ||v, |4 < 400.
n,mt+00 n
Then v, is a Cauchy sequence in B and therefore it is strongly convergent to
some element v € B. Being v, bounded in A, the lower semicontinuity of ||| 4
yields v € A and

limsup ||v, — v||4 < limsupliminf|v, — v,ll4 < limsup ||v, — vulla = O.
nt+oo np+oo Moo n,mp+oo

4. — Examples and applications

ExawmpLE 1. Let B, C be separable Banach spaces, continuously embedded
in another Hausdorff topological vector space V; we suppose that the norm of
C is Ls.c. with respect to strong B-convergence, i.e.

v, € BNC, limypiellv, — vl =0

(4.1) lim inf,4 400 [[0allc < +00

f=veClvlle < liminfju,c.
nt+o00

The following result is an immediate corollary of Theorem 2, in the same spirit
of Remark 1.1.

THEOREM 4.1. If U C M(0, T; BNC) istight in B (Definition 1.3) and satisfies
the “strong integral equicontinuity” property in C, i.e.
T—h
4.2) lim sup lu(t +h) —u(t)|cdt =0,
m0 yey Jo
then U is relatively compact in M(0, T; B); if U is also p-uniformly integrable
(1.19), then it is relatively compact in LP (0, T; B).

ExampLE 2 (Transversality). Let L(t) : D(L(t)) C B — C, t € (0,T), be
a measurable family of (possibly multivalued) closed operators between B and
another Banach space C.

THEOREM 4.2. LetUd C M(0,T; B) andV C M(0, T; C) satisfy

(4.3a) Yueld FveV: v()eL®)u()ae in(0,T),
(4.3b) U is tight w.r.t. some coercive normal integrand F,

(4.3c) V is relatively compact inM(0, T; C).

If L and F fulfil a transversality condition, i.e. fora.e. t € (0, T)

(4.3d) ui,up € D(F), JweLBuiNLHt)u, = u; =uy,

then U is relatively compact in M(0, T; B).
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REMARK 4.3. Let us recall that L is measurable if the global graph in
0, Tyx BxC

H ={(t,u,v) €0, T)x BxC:veL®tu} is LXB(B)®B(C) measurable.
In fact we could assume the following weaker condition:

{t,u,v) € (0, Ty x Bx K : F(t,u) <c, veL)u}

4.4

44) is L® B(B) ® B(C) measurable, V ¢ € [0, +00), VK € C.

The closedness assumption on L(¢) could be relaxed, too: in fact it just suf-
fices that the “restriction” of L(¢) on each sublevel of F; be closed, i.e. for
ae.te (0,7)

4.5) (4, vy) — (u,v), supF(u,) < +oo, v, € L(Hu, = v e L(t)u.

Of course, if L(¢) is a continuous family of continuous maps the above as-
sumptions are satisfied.

If the operators L(t) are single-valued, then (4.3a,c) take the more readable
form

(4.6) the set V:={t +— L(t)u(t)},e, is relatively compact in M(O0, T; C).

As we shall see in Section 5, this result is a simple consequence of The-
orem 2 applied in the product space B x C.

REMARK 4.4. Theorem 4.2 and its “weak” version 4.13 considerably extend
the abstract theory developed in [18] and [23] in order to deal with some non-
trivial compactness problems arising in quasistationary phase field models. This
kind of questions arose from the pioneering paper of Luckhaus [17], who pro-
posed a direct method for solving the Stefan problem with the Gibbs-Thomson
law (see also [27]); the original ideas of Luckhaus can thus be seen as an
alternative way (with respect to the standard Aubin-Lions approach) to combine
tightness and integral equicontinuity principles to get compactness for evolution
problems. Nevertheless, Theorem 2 shows the common root of these apparently
different arguments. We refer to [23], [20], for other examples, applications,
and discussions of this and related subjects.

ExampLE 3. Here we present an application of Theorem 2 to the framework
considered by Rakotoson-Temam in [19].

DerINITION 4.5. Let S be a subset of the dual B* of the separable Banach
space B; we say that S separates the points of B (or S is a separating set) if

4.7 veEB, (wWHvy=0 Vw'eS = v=0.
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We say that S is a determining set for (the norm of) B if

4.8) lvllg = sup {(w*,v) :w* €S, |w*|lpx <1} VwveB.

REMARK 4.6. Of course, a determining subset is always separating; B* is
determining; if B = C* is the dual of another Banach space C, then C (or,
rather, the image of C in B* = C**) is a determining set. If B = L(E, F) is
the Banach space of all bounded linear operators between the Banach spaces
E, F, then

S:={t e L(E,F) : £(A) = (f*, Ae) for some ¢ € E, f* € F*}

is a determining set. D() is a determining set of L'(R), © being an open
subset of some Euclidean space. The Hahn-Banach Theorem shows that S € B*
is a separating set for B if and only if the vector space Bj := span(S) generated
by S is weakly* dense in B*.

We can now retrieve a variant of the result [21, Theorem 2].
THEOREM 4.7. LetUd C M(0, T; B) be tight (Definition 1.3) and let us suppose
that

(4.9) {{w*,u) :u eU} is relatively compact in M(0,T), VY w*e€S,

being S C B* a separating set as stated in (4.7). Then U is relatively compact in
M(0, T; B). In particular, if U is uniformly p-integrable, then U is compact in
L?P(0,T; B), too.

4.1. — Weak convergence

ExampLE 4. The previous Example 3 shows an interesting link between
strong and “weak” convergence in measure: here we want to investigate the
latter aspect more carefully.

First of all, since the topology of weak convergence is not metrizable, we
would have to extend the notion of convergence in measure a little bit; we fix

(4.10) a closed determining and strongly separable subspace By C B,

and in the sequel we will use the adjective “weak” referring to the weak topology
o (B, Bj) of B induced by Bj.

DerFiNITION 4.8. We denote by M, (0, T; B) the space of the functions
u:(0,T) — B which are o (B, Bj)-weakly measurable, i.e.

(4.11) t— (w*,u(t)) is measurable in (0,7) V w* € Bj.
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We say that a sequence {u"},eny o (B, Bj)-weakly converges in measure to
ue My, T; B) if

lim (w*,u") = (w*,u) in M(0,T) Vw*e Bj.
nt+o0

Accordingly, a set U C M, (0, T; B) is o(B, Bj)-weakly (sequentially) rela-
tively compact in measure if every sequence {u"},cny C U admits a subsequence
u"k weakly convergent in measure.

REMARK 4.9. If B is separable and Bj = B*, then we are speaking of the
usual weak convergence; observe that, by Pettis’ theorem, there is no difference
between weakly and strongly measurable functions.

The case B = C* and Bj = C corresponds to weak™ convergence (in this
case C should be separable).

Now we obviously extend the notion of tightness to weak topologies: for
simplicity, we are limiting our analysis to integrands independent of time.

DerINITION 4.10 (Weak tightness). We say that an integrand F : B —
[0, 400] is weakly coercive if for every ¢ > 0

(4.12) {ve B:F(v) <c}is o(B, Bj)-compact.

U is weakly tight (w.r.t. the weakly coercive integrand F) if

T
(4.13) sup/ F(u(t))dt < 4o0.
0

ueld

REMARK 4.11. If B is a separable reflexive space and Bj = B*, then a
functional F is weakly coercive iff

4.14) | }\ITT F() =400 forae. te(0,T7).

Correspondingly, U/ is weakly tight iff

(415) VYe>0 IM,>0: [{reOT):|lud)lp> M} <e Yuel.

THEOREM 4.12. Suppose that a subsetUd C M, (0, T; B) is o (B, By)-weakly
tight and

(4.16) {(w*, u):u € L{} is relatively compactin M(0,T), VY w" €S,

S C Bj being a separating set for B; then U is (sequentially) o (B, B§)-weakly
compact in measure.
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ExampLE 5 (Weak transversality and strong compactness). Let us consider
the framework of Example 2, but now we suppose that L(t) : D(L(t)) C B —
C, t € (0,7), is a family of (possibly multivalued) strongly-weakly closed
operators, for a fixed determining closed and separable subspace Cj of C*: more
precisely, for a suitable normal coercive integrand F : (0,7) x B — [0, +o00]
and a o (B, Bj)-weakly coercive integrand G : C — [0, +o00], for a.e. t € (0, T)

up, — u, sup, Fi(u,) < 400,

(4.17a) Uy —, sup,, G(v,) < +00

vn € LOu, = veL@u.

L is supposed to be measurable, in the sense that

(1.17b) {t,u,v) € (0,T) x BxC:F(t,u) <c,G(v) <c, veL(t)u)
. is £ ® B(B) ® B(C) measurable, Y ¢ € [0, +00).

The point here is that an integral equicontinuity condition of weak type yields
strong compactness.

THEOREM 4.13. Lettd C M(0, T; B) andV C M (0, T; C) satisfy

4.17¢) Yueld FveV: v@E) e L®)u) ae in(0,T),
(4.174d) U c M@,T; B) is tight wrt. F,
(4.17e)  V is weakly tight w.r.t. G and satisfies a condition like (4.16).

If L and F fulfil the transversality condition (4.3d), then U is strongly relatively
compact in M(0, T; B).

Here is a typical case of application of the above result when C is a
separable reflexive Banach space:

COROLLARY 4.14. Let F : B — [0, 400] a coercive integrand with superlinear
growth and L : D(F) — C be an injective operator weakly continuous on each
sublevel of F, C being reflexive. Assume that a given sequence {u"},cn of B-valued
measurable functions satisfies an a priori estimate (independent of n) of the type

T T
/ (Fa" (1)) + | Lu" (@) l¢) d < M < 400 / (L L (1), w*) | dt < C(w")
0 0

where w* is an arbitrary element of a separating set S C C*. Then there exists a
subsequence u"k strongly convergent in L' (0, T; B).
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5. — Proof of the examples

Theorem 4.1 is a direct consequence of Theorem 2; let us consider the
second example.

PrOOF OF THEOREM 4.2. Since V is relatively compact in M(0, T; C), it is
tight, i.e. there exists an integrand G : C — [0, +00] with compact sublevels,
such that

T

(5.1) sup/ Gv()dt < 400,
vey JO
and
T—h
(5.2) lim sup/ de(w(t 4+ h),v())dt =0.
hi0 ey Jo

We set

F(t, if veL()u,
53) Het . v) ::{ (t,u)+Gw) ifv : (t)u

+00 otherwise

which is a normal coercive integrand in (0, T) x B x C thanks to (4.4) and (4.5).
Let us now choose a sequence {u,},eny in U and a corresponding sequence
{v,}heny In V such that v,(t) € L(t)u,(t) for a.e. t € (0,T), and observe that
the sequence (u,,v,) is tight in B x C, since

T T T
| @ voydn = [ Feaodn+ [ Gwo)d
0 0 0

is uniformly bounded w.r.t. n. Moreover, setting

g((ur,v1), (U2, v2)) :=dc(vi,v2) V(ui,vy), (U2, v2) € Bx C,

g satisfies (1.21c) with respect to H and (1.21a) by (5.2). Therefore, we can
extract a subsequence u,, converging in M(0, T; B): we conclude that U/ is
relatively compact.

Proor oF THEOREM 4.7. First of all, let us observe that (4.9) holds if w*
belongs to the linear space span(S) generated by S as well, and, in particular,
if w* belongs the the intersection Sy of span(S) with the closed unit ball of
B*. It easy to check that Sy is a separating set, too.

Since the closed unit ball of B* endowed with the weak* topology is
compact and metrizable, Sy is totally bounded with respect to the distance
which induces the weak™* topology and it is also separable.
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Thus we can choose a countable set Sy := {w)}hen weakly™ dense in Sp:
again Sy separates the points of B. We set

+00
g(u,v) = 22*" min (1,

n=1

(wy,u—v)|).

g is a continuous and bounded distance on B; moreover, setting
T—h

(5.4) wp(h) = sup/ min (1, [(w}, u(r + h) — u(1))]) dt,
0

uel

the proof of the necessity statement of Theorem 2 shows that

wu(h) < T, lhlf%w"(h) =0.

Since

T—h 400
/ g+ h),u))dt < ZZ*"wn(h) Yuel,
0

n=I

the Lebesgue Dominated Convergence Theorem for series yields

T—h +0
lim su / u(®+h),u@)dt <lim» 27"w,(h) =0.
limsup | g(u(t +h).u(®) hw; (h)

Applying Theorem 2 again, we conclude.

REmARK 5.1. It is easy to check that Theorem 4.7 still holds if we know
that (4.9) holds for a set S which separates the points of the linear space
generated by D(F), where F is a coercive functional such that

T
sup/ F(u(t))dt < +oo.
ueld JO

Weak convergence

The key ingredient of the proofs of Theorems 4.12 and 4.13 relies on the
following result.

THEOREM 5.2. Let B a Banach space, let By a determining and strongly
separable closed subspace of B*, as in (4.10), and let S C B{ be a vector space

separating the points of B. Then there exists a separable Banach space B and a
(countable) subset So C S such that

(5.52) B is continuously and densely embedded in B,

(5.5b) bounded sets of B are totally bounded in B,

(5.5¢) o (B, Bj)-weakly compact sets are strongly compact in B,
(5.5d) So C B* separates the points of B,

(5.5€) My (0, T; B) C M(O, T; B).
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Proor. Let us call U the closed unit ball of B and U* the dual unit ball
of Bj; we choose a countable subset Dy C B which is strongly dense in U*
and a countable subset Sy of S which is strongly dense in SNU*: Sy separates
the points of B. Being Dy, Sy countable, we can order the elements of their
union in a sequence, so that

(5.6) D :=DyU Sy = {w)}men, So= {w;Zk Jken

for a suitable subsequence k — my; € N; we set

+00
(5.7) vl == 27" [{w},. v).
m=1
It is easy to check that || -||3 is a continuous norm on B: we denote by B the

completion of B w.r.t. this norm and we identify B with its continuous (dense)
image in B. Observe that

(5.8) uy,ueU, lim |lu, —ullz=0<« lim (w,,u,) = (w,,u) YmeN
nt+00 nt+o00

m?

so that the map

*

uelUr u:={ulney € [-1, 11", u, = (w},

u)
is an homeomorphism between U and u(U) with respect to the distance in U
induced by || - |l; and the topology of u(U) induced by the compact metric
space [—1, 1]". Being the image u(U) relatively compact, U is separable with
respect to || - || 35 since U,ennU is dense in B, we obtain that B is separable.
(5.8) shows that on B-bounded sets || - || ; is continuous with respect to the
o (B, Bi)-weak topology: therefore, since o (B, Bj)-weakly compact sets are
bounded, they are also strongly compact in B.
If w*= w,’;k e Sy for some k € N, then

[(w*, v)| < 2™|vll; VveB

so that w* can be uniquely extended by continuity to an element of B*.
If u e My, T; B), then (5.7) yields

t = |lu(t) — vl z is measurable Vv € B;

being B dense in B, then the previous map is measurable even if v € B, so
that u € M0, T; B). O
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CoROLLARY 5.3. With the same notation of the previous Theorem 5.2, let
us suppose that U C M, (0, T; B) is o (B, B§)-weakly tight w.rt. F; then it is
(strongly) tight in B w.rt. the Sfunctional
. F(@) ifveB,

F() = { a A

400 ifve B\ B.
If a sequence u" € U converges to u in M0, T; B) as nt + oo, then u(t) € B
for a.e. t and u" o (B, Bj)-weakly converges in measure to u. In particular, U
is o (B, B§)-weakly sequentially relatively compact if and only if it is (strongly)

(5.9

relatively compact in M(0, T; B).

Proor. The only non trivial part is the assertion about the convergence of
the sequence u". We know that

T T
sup / F"(t)dt = sup / F' @) dt < +o00.

Observe that the sublevels of F are strongly compact in B,ie. Fis strongly co-
ercive on B; therefore {u"},en is tight in B. We can find a suitable subsequence
u"k such that

(5.10) lim |lu"*(t) —u(®)|z =0 ae. in (0,T),
kt+oo
T T
(5.11) / Fu())dt < liminf/ F" (1)) dt < +o0.
0 kt+oco  Jo

(5.11) shows that
u(t)e B forae.te(0,7),

in particular, we can change u on a negligible set, so that its values belong to
B. (5.10), the density of Do in U* and the determining property of B yield

t— (w*u()), ¢+ |lu()llp are measurable V w* € B,
so that u € My (0, T; B). We want now to prove that
(w*, u"*) — (w*, u) in measure V w* € B.

For a fixed w* € Bj and an arbitrary element w) € D (to be chosen later on)
we observe that

[(w*, u"™ (1) —u@))| < |lw*—w g« (" @Ol p+lu@)l|8)+| (W), u™ (@) —u@))|.
For a given ¢ > 0 we can find M > 0 such that (| - | denoting the Lebesgue
measure)

{1 €O, 1) "™ @)l + lu®llp > M}| < /2
and m € N such that ||w* —w ||pgx < &/M; finally, by assumption, there exists
ko such that

[{t € (0, T): [(w, u"™ (1) —u@®)| > ¢&/2}| <e/2 Vk=ko
Combining all these estimates we conclude that for k > kg
{1 €O, T): (w*, u"™(t) —u(®)| > e}| <&,

which yields the convergence in measure. O
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ProoF oF THEOREM 4.12. It is not restrictive to suppose that S is a linear
space. We denote by F the functional yielding the tightness of U; let B, So
be defined as in the previous Theorem 5.2, F as in (5.9): by Corollary 5.3,
we have to show that U/ is relatively compact in M(0, T'; é). But now we can
apply Theorem 4.7, taking account of Remark 5.1.

PrOOF OF THEOREM 4.13. Let G : C — [0, +o0] be the (weakly) coercive
functional yielding the tightness of V), and let C, Sy be given by Theorem 5.2;
the extended functional G : C — [0, +0o0] is defined as in (5.9).

By Theorem 4.12 and Corollary 5.3, we know that V is relatively compact
in M(0, T; C). Then we can proceed as in the proof of Theorem 4.2, by setting

F(t,u) +G) if ve L{t)u,
H(t,u,v) = )
+00 otherwise;
(4.17a), (4.17b), the tightness of F and ¢ yield that H is a normal coercive
integrand on (0,7) x B x C.
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