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THE SPECTRAL SEQUENCE RELATING
ALGEBRAIC K-THEORY TO MOTIVIC COHOMOLOGY

BY ERIC M. FRIEDLANDER 1 AND ANDREI SUSLIN 2

ABSTRACT. – Beginning with the Bloch–Lichtenbaum exact couple relating the motivic cohomology of a
field F to the algebraicK-theory ofF , the authors construct a spectral sequence for any smooth schemeX
overF whoseE2 term is the motivic cohomology ofX and whose abutment is the QuillenK-theory ofX.
A multiplicative structure is exhibited on this spectral sequence. The spectral sequence is that associated to
a tower of spectra determined by consideration of the filtration of coherent sheaves onX by codimension
of support.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Partant du couple exact de Bloch–Lichtenbaum, reliant la cohomologie motivique d’un corps
F à saK-théorie algébrique, on construit, pour tout schéma lisseX surF , une suite spectrale dont le terme
E2 est la cohomologie motivique deX et dont l’aboutissement est laK-théorie de Quillen deX. Cette
suite spectrale, qui possède une structure multiplicative, est associée à une tour de spectres déterminée par
la considération de la filtration des faisceaux cohérents surX par la codimension du support.

 2002 Éditions scientifiques et médicales Elsevier SAS

The purpose of this paper is to establish in Theorem 13.6 a spectral sequence from the motivic
cohomology of a smooth varietyX over a fieldF to the algebraicK-theory ofX :

Ep,q
2 =Hp−q

(
X,Z(−q)

)
=CH−q(X,−p− q) ⇒ K−p−q(X).(13.6.1)

Such a spectral sequence was conjectured by Beilinson [2] as a natural analogue of the Atiyah–
Hirzebruch spectral sequence from the singular cohomology to the topologicalK-theory of
a topological space. The expectation of such a spectral sequence has provided much of the
impetus for the development of motivic cohomology (e.g., [3,34]) and should facilitate many
computations in algebraicK-theory.

In the special case in whichX equalsSpecF , this spectral sequence was established by
Bloch and Lichtenbaum [5]. Our construction depends crucially upon the main result of [5], the
existence of an exact couple relating the motivic cohomology of the fieldF to the multirelative
K-theory of coherent sheaves on standard simplices overF (recalled as Theorem 5.5 below).
A major step in generalizing the work of Bloch and Lichtenbaum is our re-interpretation of
their spectral sequence in terms of the “topological filtration” on theK-theory of the standard
cosimplicial scheme∆• over F . We find that the spectral sequence arises from a tower of

1 Partially supported by the N.S.F. and the N.S.A.
2 Partially supported by the N.S.F. grant DMS-9510242.
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774 E.M. FRIEDLANDER AND A. SUSLIN

Ω-prespectra

K(∆•) =KC0
(∆•)←KC1

(∆•)←KC2
(∆•)← · · ·

Thus, even in the special case in whichX equalsSpecF , we obtain a much clearer understanding
of the Bloch–Lichtenbaum spectral sequence which is essential for purposes of generalization.

Following this re-interpretation, we proceed using techniques introduced by Voevodsky in
his study of motivic cohomology. In order to do this, we provide an equivalent formulation
of K-theory spectra associated to coherent sheaves onX with conditions on their supports
which is functorial inX . We then verify that the homotopy groups of these spectra satisfy
almost all of the conditions of a pretheory in the sense of Voevodsky. This enables us to apply
Voevodsky’s machinery to identify the homotopy fibers of the tower forK(∆• ×X) for X the
spectrum of a semi-localF -algebra. We then globalize this result to an arbitrary smooth, quasi-
projective varietyX overF using Brown–Gersten techniques for simplicial sheaves. (In [16],
Levine constructs the spectral sequence (13.6.1) by starting with our results forSpec F and then
proceeding by alternate methods.)

We conclude this introduction with a brief summary of the various sections of this paper. The
first four sections of the paper are dedicated to proving for a simplicial prespectrumX• that
the homotopy fiberfib(cuben(X•)) of the associatedn-cube of prespectra maps naturally to the
(n− 1)-st loopsΩn−1|X•| of the geometric realization inducing an isomorphism in homotopy
groups in a specified range of degrees. The relevance of this purely topological result for our
purposes is that the multirelativeK-theory considered by Bloch and Lichtenbaum is easily
identified as the homotopy groups of such a homotopy fiber. The proof of this general topological
result for simplicial prespectra proceeds in several steps. In Section 2, we show the existence of a
natural map from the homotopy cofibercofib(cuben(X•)) to Σ|X•| which induces a homotopy
equivalence in a specified range. This is proved using the special case of a simplicial abelian
group considered in Section 1. Sections 3 and 4 then present a comparison of (iterated) homotopy
fibers and cofibers for maps of prespectra.

In Theorem 6.2, we present our topological interpretation of the Bloch–Lichtenbaum exact
couple (forX equal toSpec F ). Having observed in Theorem 5.7 that the derived exact couple
of the Bloch–Lichtenbaum exact couple has a pleasing interpretation in terms ofK-theory of
cosimplicial schemes, the verification of this topological interpretation is relatively straight-
forward. Section 7 establishes the homotopy invariance of theK-theory prespectraKCq(∆•×X)
which is required for our modification of theK-theory spectraKCq(∆• × X) given in the
following section. This modification in the caseX = SpecF , replacing coherent sheaves
with support of codimension� q on ∆n by coherent sheaves on∆n × A

q with support
quasi-finite over∆n, is shown in Theorem 8.6 to yield a prespectrumKQ,Aq (∆•) weakly
equivalent toKCq (∆•). Section 10 introduces “pseudo pretheories”, a slightly less rigid structure
than Voevodsky’s pretheories and Corollary 11.4 shows that our modified prespectra yielding
K-theory with support conditions determine pseudo pretheories.

The work of earlier sections establishes the necessary tower of fibrations forX equal toSpecR
whereR is the semi-local ring associated to a finite collection of points on a smooth schemeX of
finite type overF . After stipulating our formulation of motivic cohomology of smooth schemes
in Section 12, we employ in Section 13 the techniques of simplicial sheaves developed by Brown
and Gersten [9] to globalize the requisite tower of fibrations and thereby the Bloch–Lichtenbaum
spectral sequence. We observe in Theorem 13.12 that our spectral sequence for smooth varieties
easily yields a similar spectral sequence for an arbitrary schemeX of finite type overF
(converging to theK-theoryK ′

∗(X) of coherent sheaves onX). After discussing multiplicative
structures on exact couples and spectral sequences in Section 14, we establish in Section 15 the
expected natural multiplicative structure for the spectral sequence for smooth varieties. Finally, in

4e SÉRIE– TOME 35 – 2002 –N◦ 6



THE SPECTRAL SEQUENCE RELATING ALGEBRAICK-THEORY TO MOTIVIC COHOMOLOGY 775

Section 16, we observe that our spectral sequence yields similar multiplicative spectral sequences
forK-theory with finite or rational coefficients.

In five apendices, we discuss products in cohomology of unbounded complexes, prespectra and
Ω-prespectra, constructions leading to a functorial definition ofK-theory, the Brown–Gersten
techniques for simplicial sheaves, and closed cofibrations of topological spaces.

1. Iterated cofibers for simplicial abelian groups

In this first section, we investigate the relationship between the total complex of ann-cube
cuben(A•) of abelian groups associated to a simplicial abelian groupA• with the associated
chain complex ofA•. Our conclusion in Theorem 1.2 is that there is a natural quasi-isomorphism
fromTot(cuben{A•}) to (σ�n−1(M(A•))[1], the naive truncation of the Moore complex ofA•
shifted “to the left”. The refinement of this to simplicial spaces in the next section will provide the
key link between multirelativeK-groups (defined in terms of the homotopy fibre of a multi-cube
associated to applying theK-functor to a cosimplicial variety) andK-groups of the cosimplicial
variety (defined as an associated total space).

By ann-cube in a categoryC we mean a commutative diagram inC indexed by vertices (and
edges) of ann-dimensional cube. To be more precise, ann-cubeY•,...,• in C consists of the data
of objectsYi0,...,in−1 ∈ C (for eachn-tuple of indices(i0, . . . , in−1) ∈ {0,1}×n) and the data of
arrows

dk = d
i0,...,ik−1,ik+1,...,in−1
k :Yi0,...,1

k

,...,in−1 → Yi0,...,0
k

,...,in−1 ,

such that fork < l all diagrams of the form

Yi0,...,1
k

,...,1
l

,...,in−1
dk

dl

Yi0,...,0
k

,...,1
l

,...,in−1

dl

Yi0,...,1
k

,...,0
l

,...,in−1
dk Yi0,...,0

k

,...,0
l

,...,in−1

commute. The same concept may be described in slightly different terms. Note that to give an
n-tuple of indices(i0, . . . , in−1) ∈ {0,1}×n is the same as to give a subsetS = {k: ik = 1}
of [n − 1] = {0,1, . . . , n − 1}. One checks immediately that then-cubeY•,...,• is nothing but
a contravariant functor toC from the category whose objects are subsetsS ⊂ {0,1, . . . , n− 1}
and whose mapsS→ T are inclusions. We often use the notation∂l :YS → YT for the structure
morphism corresponding to the embedding of the subsetT = {s0, . . . , ŝl, . . . , sk−1} into the set
S = {s0 < · · ·< sl < · · ·< sk−1} (thus∂l = dsl ).

To anyn-cubeY = Y•...• one can associate two(n− 1)-cubes, which we usually denoteY1

andY0. These cubes are defined via the formulas

(Y1)i0,...,in−2 = Yi0,...,in−2,1 (Y0)i0,...,in−2 = Yi0,...,in−2,0.

Assume that the categoryC has a final object∗ and letX• be a simplicial object inC. For any
n� 0 we define an-cubeY = cuben(X•) setting

Yi0,...,in−1 =Xi0+···+in−1−1
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776 E.M. FRIEDLANDER AND A. SUSLIN

(here we use conventionX−1 = ∗) and taking the map

dk :Yi0,...,1
k

,...,in−1 → Yi0,...,0
k

,...,in−1

to be∂i0+···+ik−1 . Note that with these definitions the arrow∂l :YS =X|S|−1 → YT =X|S|−2

as defined above coincides with the face operator∂l of the original simplicial objectX•. Another
useful general remark is that for anyn we have a natural identification{

cuben(X•)
}

0
= cuben−1(X•).

We start with the following auxiliary construction. Letr < n be a pair of integers. We consider
partially defined non-decreasing surjective mapsφ : [n − 1] → [r] with domain of definition
Dom(φ) consisting ofr + k + 1 elements. Denote byCk = Ck(n, r) the free abelian group
generated by such maps. Define the differentiald :Ck →Ck−1 by the formula

d(φ) =
r+k+1∑
i=1

(−1)i−1∂i−1(φ),

whereDom(∂i−1(φ)) is obtained fromDom(φ) by deleting theith element, and∂i−1(φ) is the
restriction ofφ toDom(∂i−1(φ)) in case this restriction is surjective and∂i−1(φ) = 0 otherwise.
One checks easily that in this way we get a complex

C• = (C0 ←C1 ← · · ·← Cn−r−1).

LEMMA 1.1. – The obvious augmentation mapC0 → Z defines a quasi-isomorphism
C• =C•(n, r)→ Z.

Proof. –We proceed by induction onr. In caser = 0 our complex coincides with the
standard complex computing homology of an− 1 simplex and the statement is obvious. Denote
by C0

• ⊂C• the subcomplex generated by those functionsφ for which φ−1(0) = {0}. This
subcomplex is canonically isomorphic toC•(n − 1, r − 1) and hence is a resolution ofZ
according to the induction hypothesis. Define further a homotopy operators :Ck → Ck+1 via
the formula

s(φ) =
{
0 if 0 ∈Dom(φ),
the unique extension ofφ to 0∪Dom(φ) if 0 /∈Dom(φ).

A straightforward verification shows that the operatorp= 1− ds− sd is given by the formula

p(φ) =
{
0 if |φ−1(0)|> 1,
φ0 if |φ−1(0)|= 1.

HereDom(φ0) = (Dom(φ)\φ−1(0))∪{0} andφ0 coincides withφ on the setDom(φ) \ φ−1(0)
whereasφ0(0) = 0 (in particularφ0 = φ in caseφ−1(0) = {0}). Thusp defines a homomor-
phism of complexesp :C• → C0

• which is inverse (up to homotopy) to the obvious embed-
ding i :C0

• ↪→ C•. This shows that the embeddingi is a quasi-isomorphism and concludes the
proof. ✷

Recall (see [20]) that the category of simplicial abelian groups is naturally equivalent to the
category of non-negative complexes of degree−1. The complex corresponding to the simplicial
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THE SPECTRAL SEQUENCE RELATING ALGEBRAICK-THEORY TO MOTIVIC COHOMOLOGY 777

abelian groupA• is its Moore complex

M(A•) =
(
Mo

∂0←M1
∂0←M2 ← · · ·

)
.(1.1.1)

HereMn ⊂An is the intersection of kernels of the face operations∂i :An →An−1 (i= 1, . . . , n)
and the differential of the Moore complex coincides with the face operation∂0. We shall use also
a slightly different description of the complexM(A•): namely, the complexM(A•) is naturally
isomorphic to the quotient of the complex obtained fromA• by taking the alternating sum of
all face operations as a differential (we keep the same notationA• for this complex) modulo the
subcomplex consisting of degenerate elements.

To each simplicial abelian groupA• (and eachn � 0) we may associate then-cube in the
categoryAb: cuben{A•} ≡ Y•,...,•. Note further thatn-cubes in the categoryAb are the same
asn-complexes bounded in all directions between0 and1. ThusY•,...,• may be viewed as a
n-complex. Denote byT• =Tot(Y•,...,•) the corresponding total complex.

For a complexA∗ of abelian groups with differential of degree−1 (i.e., a homological
complex), we define the complexA[k], settingA[k]n =An−k and taking the differential ofA[k]
to be the differential ofA• (shifted byk to the “left” or “up”).

THEOREM 1.2. – The complexTot(cuben{A•}) ≡ T• is naturally quasi isomorphic to
(σ�n−1M(A•))[1]. Hereσ�n−1 denotes the naive truncation of the complexM(A•), that is

{
σ�n−1M(A•)

}
j
=
{
Mj for j < n,
0 for j � n,

and the shiftC•[1] of a complexC• satisfies(C•[1])j =Cj−1.

Proof. –We first construct a homomorphism of complexesT• → (σ�n−1A•)[1], where we
keep the same notationA• for the complex with termsAk and the differential equal to the
alternating sum of the face operations. The groupTr is a direct sum of

(
n
r

)
copies ofAr−1

(0� r � n), which are indexed byr-element subsetsS ⊂ {0,1, . . . , n−1}. The total differential
of T•, restricted to the summandAS

r−1 corresponding to the subsetS = {s1 < · · ·< sr} is given
by the formula

d
(
aS
)
=

r∑
i=1

(−1)i−1∂i−1(a){s1,...,ŝi,...,sr}.

We mapTr to Ar−1, taking the identity map on each copyAS
r−1 of Ar−1 in Tr. The above

formula for the differential shows immediately that in this way we get a homomorphism of
complexesT• → A•[1], which factors through(σ�n−1A•)[1] since the complexT• is zero in
degrees> n. We compose this homomorphism with the natural projection

(σ�n−1A•)[1]→ (σ�n−1M•)[1].

We proceed to show that the resulting map of complexes is a quasi-isomorphism. To do so we
recall that eachAj is a direct sum of copies ofMk (k � j) indexed by the setΦ(j, k) of non-
decreasing surjective mapsφ : [j]→ [k] – see [20]

Aj =
j⊕

k=0

⊕
φ∈Φ(j,k)

Mk,
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778 E.M. FRIEDLANDER AND A. SUSLIN

where the copy ofMk, corresponding toφ∈Φ(j, k), is mapped toAj by means of the simplicial
operationφ∗ :Ak →Aj . Each of the face maps respects this direct sum decomposition and does
not increase the corresponding indexk. Thus we may filter the complexT•, takingFl(T•) to
be the direct sum of termsMj with j � l. We take a similar filtration onM• (which happens
to be just the canonical filtration). The homomorphism fromT• to (σ�n−1M•)[1] obviously
respects the above filtrations, so to prove our claim it suffices to show that the induced map on
quotient complexesFr/Fr−1 is a quasi-isomorphism for each0� r � n− 1. In other words we
have to verify that if we leave onlyMr terms in the complexT•, then the resulting complex is a
resolution ofMr[r+1]. Denote the complexFr/r−1(T•)[−r− 1] byD•. This is a non-negative
complex with the following terms:

Dk =
⊕

S⊂{0,1,...,n−1}
|S|=r+k+1

⊕
φ∈Φ(r+k,r)

Mr.

The above total sum may be re-indexed using partially defined non-decreasing surjective maps
φ : [n − 1]→ [r] with domain of definitionDom(φ), consisting ofr + k + 1 elements. Thus
Dk = Ck(n, r) ⊗Z Mr. Moreover one checks easily that the differential ofD• coincides with
that ofC•(n, r)⊗ZMr, i.e.,D• ∼=C•(n, r)⊗ZMr. Thus, it suffices to apply Lemma 1.1.✷

COROLLARY 1.3. – The homomorphisms in homology induced by the homomorphism of
complexesT• →A•[1] is an isomorphism in degrees� n− 1 and an epimorphism in degreen.

Proof. –This follows immediately from the fact that the natural projectionA• →M(A•) is a
quasi-isomorphism. ✷

2. Iterated homotopy cofibres for simplicial spaces

In this section, we relate the homotopy cofibre of ann-cube associated to a simplicial space
to the suspension of the Segal realization of the simplicial space. This should be viewed as a
“non-abelian” extension of the results of Section 1.

DEFINITION 2.1. – LetX• be a simplicial space. TheSegal realization‖X•‖ of X• is the
following quotient space of

∐∞
n=0Xn ×∆n,

‖X•‖ ≡
( ∞∐
n=0

Xn ×∆n

)/〈(
δ∗(x), t

)
∼
(
x, δ∗(t)

)〉
wheren� 0, x∈Xn, t ∈∆m, andδ : [m]→ [n] is strictly increasing. The geometric realization
ofX• is the quotient space of‖X•‖ defined by

|X•| ≡
( ∞∐
n=0

Xn ×∆n

)/〈(
θ∗(x), t

)
∼
(
x, θ∗(t)

)〉
wheren� 0, x∈Xn, t ∈∆m, andθ : [m]→ [n] is non-decreasing.

Although it is customary to consider the geometric realization|X•| of a simplicial spaceX•,
we shall find it convenient to use the Segal realization on many occasions. The following theorem
of Segal tells us that the canonical quotient map is a homotopy equivalence in most cases of
interest.
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DEFINITION 2.2.0. – (1) A simplicial spaceX• is called good, provided that all degeneracy
mapsXn →Xn+1 are closed cofibrations. For example a level-wise geometric realization of a
bisimplicial set is obviously a good simplicial space.

(2) A pointed simplicial spaceX• is called good if in addition all distinguished points∗ ∈Xi

are non-degenerate (i.e.∗ ↪→Xi is a closed cofibration).

PROPOSITION 2.2 (Segal, [26, A.1]). – (1)Let X• be a good simplicial space. Then the
canonical quotient map

‖X•‖→ |X•|

is a homotopy equivalence.
(2) LetX• be a good pointed simplicial space. Then the canonical quotient map

‖X•‖red = ‖X•‖/‖ ∗ ‖→ |X•|

is a homotopy equivalence.

Proof. –The first part of the proposition is proved in [26, A.1]. To prove the second we note
that, according to the first part the space‖ ∗ ‖ is contractible. Furthermore one checks easily that
the embedding‖∗‖ ↪→‖X•‖ is a closed cofibration. These two facts imply that the quotient map
‖X•‖→ ‖X•‖red is a homotopy equivalence and hence the quotient map‖X•‖red → |X•| is a
homotopy equivalence as well.✷

Let X• be a pointed simplicial space. Then‖X•‖ has a canonical distinguished point
∗ ∈X0 ⊂ ‖X•‖.

By definition the space‖X•‖ is a quotient of
∐

n�0Xn × ∆n. Since the unit intervalI is
compact, we conclude that the corresponding map

∞∐
n=0

Xn ×∆n × I =

( ∞∐
n=0

Xn ×∆n

)
× I→‖X•‖ × I

is again a quotient map. Since the obvious map‖X•‖ × I → Σ‖X•‖ is also a quotient
map, we conclude thatΣ‖X•‖ is a quotient of

∐∞
n=0Xn × ∆n × I modulo an appropriate

equivalence relation. Note further that the canonical mapXn×∆n× I→ Σ‖X•‖ factors through
Xn × (∆n × I/∆n × 0). The space∆n × I/∆n × 0 may be identified with∆n+1 via the map

∆n × I
(t0,...,tn)×t�→(tt0,...,ttn,1−t)−−−−−−−−−−−−−−−−−−−→∆n+1.

Furthermore since this quotient map∆n × I→∆n+1 is proper, we conclude that for anyX the
corresponding mapX ×∆n × I→X ×∆n+1 is still a quotient map. The above remarks show
that for eachn the resulting map

Xn ×
(
∆n × I/∆n × 0

)
=Xn ×∆n+1 →Σ‖X•‖

is continuous and moreoverΣ‖X•‖ is a quotient of
∐

n�0Xn ×∆n+1 modulo an appropriate
equivalence relation.

Since set-theoretically the description ofΣ‖X•‖ does not present any difficulties. we have
proved the following (presumably well known) proposition.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



780 E.M. FRIEDLANDER AND A. SUSLIN

PROPOSITION 2.3. – For any pointed simplicial spaceX• the topological spaceΣ‖X•‖ is
canonically homeomorphic to the quotient space

∞∐
n=0

Xn ×∆n+1/∼

where∼ is an equivalence relation generated by the following identifications
(1) For any strictly increasing mapθ : [m]→ [n], anyx ∈Xn and anyv ∈∆m+1 we have:

θ∗(x)× v ∼ x× (θ̃)∗(v).

Here θ̃ : [m + 1] → [n + 1] is the strictly increasing map takingm + 1 to n + 1 and
coinciding withθ on [m].

(2) For anyx ∈Xn and anyv = (v0, . . . , vn) ∈∆n

x× (v,0)∼ x× (0, . . . ,0,1)∼ ∗.

(3) ∗× v ∼ ∗ for anyv ∈∆1. Here∗ on the left denotes the distinguished point ofX0.

LetY•,...,• be an-cube of pointed spaces. We define the (iterated) cofibreof then-cubeY•,...,•

using induction onn. A 1-cube is just a morphismY1
d0→ Y0 of pointed topological spaces and

we define the cofibercofib(Y•) as the (reduced) mapping cone ofd0. In the general case the
n-cubeY•,...,• defines two(n − 1)-cubesY1 = Y•,...,•,1 and Y0 = Y•,...,•,0 and a morphism
dn−1 :Y1 → Y0 of (n− 1)-cubes, so that we may definecofib(Y•,...,•) as the (reduced) mapping
cone of the corresponding morphismcofib(dn−1) : cofib(Y1)→ cofib(Y0). One checks easily
that the iterated cofiber may be also described directly as the quotient space

cofib(Y•,...,•)≡
∨
S

YS ∧ I∧|S|/∼,

whereS runs through all subsets of[n− 1] and the equivalence relation∼ is generated by the
identification

y ∧
(
t0 ∧ · · · ∧ 1

l
∧ · · · ∧ tk−1

)
∼ ∂l(y)∧

(
t0 ∧ · · · ∧ 1̂∧ · · · ∧ tk−1

)
y ∈ YS , k = |S|.

The above description of the iterated cofiber is equivalent to the following universal mapping
property.

LEMMA 2.4. – Let Z be a pointed topological space. To give a pointed continuous
map p : cofib(Y•,...,•) → Z is the same as to give a family of continuous pointed maps

pS :YS ∧ I∧|S| →Z (S ⊂ [n− 1]) which satisfy the following compatibility property.
For everyS and every0 � l � |S| − 1 the following diagram(in whichT denotes the subset

of S obtained by deleting thelth element) commutes:

YS ∧ I∧(|S|−1)

y∧(t) �→y×(t0∧···∧1
l

∧···∧tk−2)

∂l∧1

YS ∧ I∧|S|

pS

YT ∧ I∧|T | pT
Z.
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Let Y•,...,• be a n-cube of pointed topological spaces and letZ be a compact pointed
topological space. In this case(i0, . . . , in−1) �→ Yi0,...,in−1 ∧ Z is a newn-cube of pointed
topological spaces. For eachS ⊂ [n− 1] we have a pointed continuous map

(YS ∧Z)∧ I∧|S| ∼→
(
YS ∧ I∧|S|)∧Z→ cofib(Y•,...,•) ∧Z.

These maps are obviously compatible in the sense of Lemma 2.4 and hence define a continuous
mapcofib(Y•,...,• ∧Z)→ cofib(Y•,...,•)∧Z . Induction onn leads easily to the following result.

LEMMA 2.5. – Assume that the spaceZ is compact. Then for anyn-cube of pointed spaces
Y•...• we have a natural identification

cofib(Y•,...,• ∧Z) = cofib(Y•,...,•)∧Z.

In particular, we have a natural identification

cofib
(
ΣkY•,...,•

)
=Σk cofib(Y•,...,•).

Moreover, letf•...• :X•...• → Y•...• be a morphism ofn-cubes of pointed spaces. LetCi0,...,in−1

denote the cone of the mapfi0,...,in−1 :Xi0,...,in−1 → Yi0,...,in−1 . Then the spacesC•...• form a
n-cube, and we have a natural identification

cofib(C•...•) = cone
(
cofib(X•...•)→ cofib(Y•...•)

)
.

As in Section 1, we associate ann-cube of spaces

cuben(X•)≡ Y•,...,•

to a simplicial spaceX•. We now assume that the simplicial spaceX• is pointed and proceed to
construct a natural map

ηX : cofib
(
cuben(X•)

)
→ Σ‖X•‖/Σ‖ ∗ ‖=Σ(‖X•‖red).

Since the spacecofib(cuben(X•)) is built out of cubes whereas the suspensionΣ(‖X•‖red)
is built out of simplices, we start the construction of the map

ηX : cofib
(
cuben(X•)

)
→Σ
(
‖X•‖red

)
by defining appropriate mapsηk : Ik →∆k (0� k � ∞).

LEMMA 2.6. – There exists a sequence of continuous mapsηk : Ik →∆k (0� k <∞) with
the following properties.

(1) For each0� l� k− 1 the mapηk takes the(k− 1)-dimensional subcube ofIk, given by
the equationtl = 0 to the facetk = 0 of∆k.

(2) For each0� l� k− 1 the following diagram commutes

Ik−1

(t) �→(t0,...,1
l

,...,tk−2)

ηk−1

Ik

ηk

∆k−1

δl : (t) �→(t0,...,0
l

,...,tk−1)

∆k.
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Moreover this sequence of maps is unique up to homotopy. More precisely, ifηk andη′k are two
families of maps with the above properties then there exists a family of mapsFk : Ik+1 → ∆k

such that
(1) Fk|tk=0 = ηk, Fk|tk=1 = η

′
k.

(2) For each0� l� k− 1 the mapFk takes thek-dimensional subcube ofIk+1, given by the
equationtl = 0 to the facetk = 0 of∆k.

(3) For each0� l� k− 1 the following diagram commutes

Ik
(t) �→(t0,...,1

l

,...,tk−1)

Fk−1

Ik+1

Fk

∆k−1

δl : (t) �→(t0,...,0
l

,...,tk−1)

∆k.

Proof. –Both the existence and the uniqueness are essentially obvious. For example given two
familiesηk andη′k as above one can define the homotopyFk using the formula

Fk(t0, . . . , tk) = (1− tk)ηk(t0, . . . , tk−1) + tkη′k(t0, . . . , tk−1). ✷
To be absolutely precise we fix one familyηk, which we will use in the sequel, by setting

ηk(t0, . . . , tk−1) =
(
1− t0, t0(1− t1), . . . , t0 . . . tk−2(1− tk−1), t0 . . . tk−1

)
.

Remark2.7. – Letηk be the family of maps as above. According to the definition, the mapηk
takes the boundary∂Ik to the boundary∂∆k and hence defines a mapηk : Ik/∂Ik →∆k/∂∆k,
which is independent (up to homotopy) of the choice ofηk. The spacesIk/∂Ik and∆k/∂∆k are
both homeomorphic to the sphereSk. Moreover one checks easily that with our particular choice
of ηk the corresponding mapηk : Ik/∂Ik →∆k/∂∆k is a homeomorphism, which we choose to
identify these two models of the sphere.

Having fixed a sequence of mapsηk as above and using Proposition 2.3 and Lemma 2.4, we
immediately obtain the desired natural morphismsηX : cofib(cuben(X•))→Σ(‖X•‖red).

PROPOSITION 2.8. – For any pointed simplicial spaceX• and anyn� 0 there exists a unique
continuous mapηX : cofib(cuben(X•))→ Σ‖X•‖/Σ‖ ∗ ‖ such that for any subsetS ⊂ [n− 1]
(containingk elements) the following diagram commutes.

YS × Ik =Xk−1 × Ik
1X×ηk

Xk−1 ×∆k

cofib(cuben(X•))
ηX

Σ‖X•‖red .

The preceding preliminaries provide the technical basis for the following extension of the
results of Section 1 to simplicial spaces.

THEOREM 2.9. – LetX• be a pointed simplicial space. Assume that all distinguished points
∗ ∈Xi are non-degenerate(i.e.∗ ↪→Xi is a closed cofibration). Assume further that eachXi is
N -acyclic for some fixedN � −1. In this case the natural map

ηX : cofib
(
cuben(X•)

)
→Σ‖X•‖red
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is an(N +n+1)-homology equivalence of(N +1)-acyclic spaces, i.e. it induces isomorphisms
in singular homology up to degreeN + n and an epimorphism in degreeN + n+ 1.

Proof. –Denote then-cubecuben(X•) by Y•,...,•, the spacecofib(cuben(X•)) byC, and the
spaceΣ‖X•‖/red byΣ. Consider the following filtrations of these spaces

C(k) ≡ Im
{ ∐

|S|�k

YS × I|S| → C = cofib(Y•,...,•)
} (

C(k) = ∗ for k � 0
)
.

Σ(k) ≡ Im
{∐

j�k

Xj−1 ×∆j →Σ=Σ‖X•‖red

} (
Σ(k) = ∗ for k � 0

)
.

One checks easily thatΣ(k) (respectivelyC(k)) is closed inΣ (respectively inC) and that
topology ofΣ(k) (respectively ofC(k)) is coinduced by the obvious projection∐

j�k

Xj−1 ×∆j →Σ(k)

(respectively
∐

|S|�k YS × I|S| → C(k)). Using these remarks one concludes further that the

spaceΣ(k) is obtained fromΣ(k−1) by attachingXk−1 ×∆k along a continuous map

Xk−1 × ∂∆k ∪ ∗×∆k →Σ(k−1),

so that we have a cocartesian square

Xk−1 × ∂∆k ∪ ∗×∆k Xk−1 ×∆k

Σ(k−1) Σ(k).

In the same wayC(k) is obtained fromC(k−1) by attaching
∐

|S|=kXk−1 × Ik along a

continuous map
∐

|S|=k(Xk−1 × ∂Ik ∪ ∗× Ik)→C(k−1), so that we have a cocartesian square

∐
|S|=k(Xk−1 × ∂Ik ∪ ∗× Ik)

∐
|S|=kXk−1 × Ik

C(k−1) C(k).

Note that in both cases the top horizontal arrow is a closed cofibration and hence the bottom
horizontal arrow is also a closed cofibration. The above filtrations of spaces define induced
filtrations on the corresponding singular complexes. In the case of the spaceC the filtration
is obviously finite. In the case ofΣ one checks easily – see Lemma 2.9.0 below, that every
continuous map from a compact space toΣ factors through one ofΣ(k) and hence the singular
complex ofΣ coincides with the direct limit of singular complexes ofΣ(k). Thus in both cases we
get a spectral sequence converging to the reduced homology of the total space and withE1-term
consisting of relative homology groups. SinceΣ(k−1) ↪→ Σ(k) (and alsoC(k−1) ↪→ C(k)) is a
closed cofibration we conclude that theE1-term of the spectral sequence, corresponding to the
filtration ofΣ looks as follows:

E1
pq =Hp+q

(
Σ(p),Σ(p−1)

)
= H̃p+q

(
Σ(p)/Σ(p−1)

)
= H̃p+q

(
Xp−1∧(∆p/∂∆p)

)
= H̃q(Xp−1).
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In the same way we compute theE1-term of the spectral sequence corresponding to the filtration
of the spaceC

E′1
pq =Hp+q

(
C(p),C(p−1)

)
= H̃p+q

(
C(p)/C(p−1)

)
= H̃p+q

( ∨
|S|=p

Xp−1 ∧
(
Ip/∂Ip

))
=
⊕
|S|=p

H̃p+q

(
Xp−1 ∧

(
Ip/∂Ip

))
=
⊕
|S|=p

H̃q(Xp−1).

A straightforward computation shows that the differentiald1 in the spectral sequenceE

d1pq :E
1
pq = H̃q(Xp−1)→ H̃q(Xp−2) =E1

p,q−1

coincides with the alternating sum of maps in homology induced by face operations
∂l :Xp−1 → Xp−2 (0 � l � p − 1). In other words theqth row E1

∗q coincides with the stan-

dard complex of the simplicial abelian group̃Hq(X•) shifted by one. In the same way theqth
row ofE′1 coincides with the complexTot(cuben(H̃q(X•))). Clearly the mapηX respects the
above filtrations and hence defines a homomorphism of spectral sequences

E′1
pq =⊕|S|=pHq(Xp−1) =⇒ Hp+q(C)

↓ (ηX)∗
E1
pq =Hq(Xp−1) =⇒ Hp+q(Σ).

Remark 2.7 shows that the homomorphism of complexesE′1
∗q → E1

∗q is nothing but the map
considered in Section 1 applied to the simplicial abelian groupH̃q(X•). Corollary 1.3 implies

now that the homomorphismE′2
p,q

(ηX )∗−−−→E2
p,q is an isomorphism forp < n and an epimorphism

for p = n (with q arbitrary). SinceE2
p,q = E′2

p,q = 0 for q � N andp arbitrary, we conclude

that the mapE′2
p,q

(ηX )∗−−−→ E2
p,q is an isomorphism forp + q � n + N and an epimorphism for

p+q= n+N+1. The standard comparison theorem for spectral sequences implies immediately
that the map on abutments

(ηX)∗ :Hi

(
cofib
{
cuben(X•)

})
→Hi

(
Σ‖X•‖red

)
is an isomorphism in degrees� n+N and an epimorphism in degreen+N +1. ✷

LEMMA 2.9.0. – In conditions and notations of the previous proof every continuous map
f :Z→Σ from a compact spaceZ toΣ factors through one ofΣ(k).

Proof. –SetZ(k) = f−1(Σ(k)) and assume thatZ(k) �= Z for all k. Choose a pointzk ∈
Z \Z(k). Since the spaceZ is compact the sequence{zk}∞k=1 contains a convergingsubsequence.
To simplify notations we assume that the sequence{zk}∞k=1 converges itself and denote byz ∈ Z
its limit: z = limk→∞ zk. Fix an integern such thatf(z) ∈ Σ(n). Sincef is continuous we
conclude thatf(z) = limk→∞ f(zk). Now we are going to construct an open neighborhood
f(z) ∈ U ⊂ Σ, such thatf(zk) /∈ U for k � n which would obviously give a contradiction and
thus complete the proof. To do so we construct using induction onN � n an open neighborhood
UN of f(z) in Σ(N) such thatf(zk) /∈UN for k � n andUN ∩Σ(N−1) = UN−1 for N > n. We
start with any open neighborhoodUn of f(z) in Σ(n) and note that according to our choice
f(zk) /∈ Σ(n) for k � n and, in particular,f(zk) /∈ Un for k � n. Assume now thatUN−1

with the desired property is already constructed. Start with an open subsetV ⊂ Σ(N) such that
V ∩ Σ(N−1) = UN−1. Note next that the only members of the sequencef(zk) (k � n) which
could be inV aref(zn), . . . , f(zN−1) and moreover these possibly bad members lie in
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V \UN−1 ⊂Σ(N) \Σ(N−1) = (XN−1 \ ∗)×
(
∆N \ ∂∆N

)
.

Note finally that every closed cofibration is a zero set – see [23], thus there exists a continuous
functionu :XN−1 → I such thatu−1(0) = ∗. This readily implies that there exist closed subsets
A⊂XN−1,B ⊂∆N such that∗ /∈A,B ∩ ∂∆N = ∅ and{f(zn), . . . , f(zN−1)} ∩ V ⊂ A×B
Now it suffices to setUN = V \A×B. ✷

We keep the same notationηX for the composition map

cofib
(
cuben(X•)

)
→Σ‖X•‖red →Σ|X•|.

Combining the Theorem 2.9 with the Theorem of Segal (Proposition 2.2 above) we get easily the
following corollary.

COROLLARY 2.9.1. – LetX• be a good pointed simplicial space. Assume that eachXi is
N -acyclic for some fixedN � −1. In this case the natural map

ηX : cofib
(
cuben(X•)

)
→Σ|X•|

is an(N + n+ 1)-homology equivalence of(N + 1)-acyclic spaces.

We recall that a continuous mapf :X → Y between connected pointed spaces is said to be
ann-equivalence (or, equivalently,n-connected) provided that the induced map on homotopy
groupsπi(X)→ πi(Y ) is injective for i < n and surjective fori � n. In particular, a pointed
spaceX is said to ben-connected provided that the map from the base point toX isn-connected
(i.e., provided thatπi(X) = 0 for i� n).

COROLLARY 2.10. – LetX• be a good pointed simplicial space. Assume further thatN � 0
and eachXi isN -connected, then the natural map

ηX : cofib
(
cuben(X•)

)
→Σ|X•|

is an(N + n+ 1)-equivalence of(N + 1)-connected spaces.

Proof. –One checks easily (using the van Kampen Theorem) that under our assumptions both
domain and range ofηX are simply connected so that our statement follows from Theorem 2.9
and the Whitehead Theorem.✷

We finish this section by observing in Corollary 2.12 that construction of the canonical
map ηX : cofib(cuben(X•)) → Σ(|X•|) admits a natural extension from simplicial spaces to
simplicial prespectra. Such an extension requires the following observation which follows from
the associativity of the smash product.

LEMMA 2.11. – Let X• be any simplicial space. Then the following diagram of pointed
spaces commutes

Σ(cofib(cuben(X•)))
Σ(ηX )

=

Σ(Σ(|X•|))
∼=

cofib(cuben(Σ(X•)))
ηΣ(X)

Σ(|Σ(X•)|) = Σ(Σ(|X•|)),

where the right vertical arrow interchanges the two suspensions.
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COROLLARY 2.12. – LetX• be a simplicial prespectrum. The family of maps

ηX
i

: cofib
(
cuben(X i

•)
)
→Σ
(
|X i

•|
)

is a morphism of prespectra. Moreover the following diagram of homotopy groups(in which the
vertical arrows are suspension homomorphisms) commutes up to a sign

πi(cofib(cuben(X•)))
ηX∗

Σ

πi−1(|X•|)

Σ

πi+1(cofib(cuben(Σ(X•))))
ηΣX
∗

πi(|Σ(X•)|) = πi(Σ(|X•|)).

3. Comparison of iterated homotopy fibres and cofibres

As we saw in Corollary 2.10, the iterated cofibrecofib(cuben(X•)) of then-cube associated
to a simplicial spaceX• is closely related to the suspension of the geometric realizationΣ|X•|.
On the other hand, techniques developed for the study of algebraicK-theory have utilized
the iterated homotopy fibre; namely, multi-relativeK-theory can be interpreted as an iterated
homotopy fibre of ann-cube of spaces obtained by applying theK-functor to ann-cube of
schemes. The purpose of this section is to prove in Proposition 3.4 a comparison between iterated
fibres and iterated cofibres ofn-cubes of spaces. Although the material we present here may well
be known to experts, we work through the proofs for want of a suitable reference.

We proceed by induction onn to definefib(Y•,...,•), the homotopy fibre of then-cubeY•,...,•

of pointed spaces. Forn = 1, we definefib(Y•) as the homotopy fiberfib{Y1
d0→ Y0} of the

structure mapd0 :Y1 → Y0. Having defined the iterated fibre for(n−1)-cubes of pointed spaces,
we proceed as in Section 2 to definefib(Y•,...,•) for then-cubeY•,...,•. Namely, we consider two
(n− 1)-cubesY1 = Y•,...,•,1 andY0 = Y•,...,•,0 and the structure mapdn−1 :Y1 → Y0 and we
definefib(Y•,...,•) as the homotopy fiber of the induced mapfib(dn−1) :fib(Y1)→ fib(Y0).

One can easily provide an explicit description offib(Y•,...,•) similar to the description of the
iterated cofiber given in Section 2, which presentsfib(Y•...•) as a subspace in the product space
of function spaces

fib(Y•...•)⊂
∏

S⊂[n−1]

(YS)(I
n−|S|).

Namely, for anyS ⊂ [n− 1] denote byInS ∼= In−|S| the subcube ofIn given by equationsti = 0
(i ∈ S). The subspacefib(Y•...•) ⊂

∏
S⊂[n−1](YS)

(In−|S|) consists of families of continuous
mapsω = {ωS : InS → YS}S⊂[n−1] which satisfy the following compatibility properties

(1) ωS(t) = ∗ if at least one of the coordinates oft equals1.
(2) LetT be obtained fromS by deleting thelth element (0� l� |S|−1). Then the following

diagram commutes

InS
ωS

YS

∂l

InT
ωT

YT .
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Proceeding in the same way as in Section 2, one proves easily the following result dual to
Lemma 2.5.

LEMMA 3.1. – For anyn-cube of pointed spacesY•...• we have a natural identification

fib
(
Ωk Y•,...,•

)
=Ωk fib(Y•,...,•).

Moreover, letf•...• :X•...• → Y•...• be a morphism ofn-cubes and letFi0,...,in−1 denote the
homotopy fiber of the map

fi0,...,in−1 :Xi0,...,in−1 → Yi0,...,in−1 .

Then the spacesF•...• form an-cube and moreover we have a natural identification

fib(F•...•) = fib
(
fib(X•...•)→ fib(Y•...•)

)
.

We next proceed to define a mapfib(Y•...•)→Ωn(cofib(Y•...•)). We start with the casen= 1,
in which case we have to define a map from the homotopy fiber to loops on the homotopy cofiber
for an arbitrary continuous map of pointed spacesf :X→ Y .

We define a map

Ωf :Q(f)→P(cofib(f))

by sending(x ∈ X,τ : I→ Y ) to the pathω defined by sendingt ∈ I to the image ofx ∧ 2t
in cofib(f) for 0 � t � 1/2 and toτ(2t − 1) for 1/2 � t � 1. We readily verify thatΩf is
continuous and determines a commutative diagram

fib(f) i

ωf

Q(f)
ε1

Ωf

Y

j

Ωcofib(f) P(cofib(f)) cofib(f)

(3.2.0)

wherei :fib(f)→Q(f), j :Y → cofib(f) are the structure embeddings.
In the general case we use induction onn and define the mapfib(Y•...•)→ Ωn(cofib(Y•...•))

as the composition

fib(Y•...•) = fib
{
fib(Y1)→ fib(Y0)

}
→ fib

{
Ωn−1

(
cofib(Y1)

)
→Ωn−1

(
cofib(Y0)

)}
=Ωn−1

(
fib
{
cofib(Y1)→ cofib(Y0)

})
→Ωn−1

(
Ω
(
cofib
{
cofib(Y1)→ cofib(Y0)

}))
=Ωn

(
cofib(Y•...•)

)
.

We denote the resulting mapfib(Y•...•)→Ωn(cofib(Y•...•)) by ρ or ρY . We use the notation
ρY :Σn(fib(Y•...•))→ cofib(Y•...•) for the adjoint ofρY .

The preceding explicit description ofωf in the casen= 1 easily yields the following explicit
formula

ρY (ω)(t) = ωS( 2t− 1 ) ∧ (2ti0 ∧ · · · ∧ 2tik−1).

HereS = {i0 < · · · < ik−1} = {i ∈ [n − 1]: ti � 1/2}, and the point2t− 1 is obtained from
2t− 1 replacing all negative coordinates by0.

Using (for example) this formula one establishes immediately the following fact.
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LEMMA 3.2. – For any (n + 1)-cubeY = Y•...• of pointed spaces the following diagram
commutes up to(base point preserving) homotopy

Ωfib(Y0) fib(Y )

ΩΩn(cofib(Y0))∼=ΩnΩ(cofib(Y0)) = Ωn+1(cofib(Y0)) Ωn+1(cofib(Y )).

Lemma 3.2 immediately gives us the following useful fact relating the boundary mapδ in

the long exact sequence for the fibration sequencefib(Y )→ fib(Y1)
dn→ fib(Y0) to the map on

homotopy groups of iterated cofibres induced by the lower horizontal map of the above square.

COROLLARY 3.2.1. – The following diagram of homotopy groups commutes up to a sign
(−1)n.

πi(fib(Y0))
δ

(ρY0 )∗

πi−1(fib(Y ))

(ρY )∗

πi+n(cofib(Y0)) πi+n(cofib(Y )).

We will also need the following result, which is an easy application of Corollary 3.2.1.

COROLLARY 3.2.2. – Letf :X→ Y be a morphism ofn-cubes. LetF =F•...• (respectively
C = C•...•) denote then-cube of homotopy fibers(respectively cofibers) of f . The following
diagram of homotopy groups commutes up to a sign

πi(fib(Y )) πi+n(cofib(Y )) =
πi+n(cofib(Y ))

πi−1(fib(F)) πi+n−1(cofib(F)) πi+n(cofib(C)).

Here the last arrow at the bottom line is the composition of the suspension homomorphism
πi+n−1(cofib(F))→ πi+n(Σ cofib(F)) = πi+n(cofib(ΣF)) and the homomorphism in homo-
topy groups induced by the morphism ofn-cubesΣF →C.

Proof. –LetZ denote the(n+1)-cube such thatZ0 =X,Z1 = Y and the structure morphism
dn coincides withf . Lemmas 3.1 and 2.5 provide us with canonical identifications

fib(F) = fib(Z), cofib(C) = cofib(Z).

Now it is easy to see that the composition of the bottom row of our diagram coincides with the
map induced byρZ :fib(F) = fib(Z)→Ωn+1(cofib(Z)) = Ωn+1(cofib(C)). ✷

Our main objective in this section is to show that the resulting map

fib(Y•...•)→ Ωn
(
cofib(Y•...•)

)
is an equivalence up to a certain degree. As always we start with the casen= 1.
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PROPOSITION 3.3. – Let f :X → Y be a map ofN -connected, pointed spaces. Assume
that distinguished points inX and Y are non-degenerate. Then the spacecofib(f) is also
N -connected and the map of(3.2.0)

ωf :fib(f)→Ωcofib(f)

is a 2N -equivalence(i.e., the induced map onπi is an isomorphism in degrees< 2N and an
epimorphism in degree2N ) of (N − 1)-connected spaces.

Proof. –In casesN = −1,0 there is nothing to prove, so assume thatN � 1. The Theorem
of van Kampen readily implies that in this case the spacecofib(f) is simply connected. Since
its homology groups are related to homology groups ofX andY by a long exact sequence we
immediately conclude that it isN -acyclic and hence alsoN -connected in view of the Hurewitz
Theorem. The spacefib(f) is obviously(N − 1)-connected so it suffices to show thatωf is a
2N -equivalence; in other words, we must show that the induced map in homotopy groups

πi
(
fib(f)

) (ωf )∗−−→ πi
(
Ω(cofib(f))

)
= πi+1

(
cofib(f)

)
is an isomorphism in degrees< 2N and an epimorphism in degree2N . To do so we set
F = fib(f), C = cofib(f) and denote further byZ the reduced mapping cylinder off , so that
C = cofib(f) is obtained fromZ by collapsing the subspaceX×0 to a point. Since all the spaces
in question are simply connected, the pair(Z,X × 0) is N -connected and the spaceX × 0 is
N -connected as well, the Blakers–Massey Homotopy Excision Theorem (cf. [40]) shows that
the canonical map

p∗ :πs(Z,X × 0)→ πs(C)

is an isomorphism in degreess � 2N and an epimorphism in degree2N + 1. Moreover the
above exhibited mapωf :F → ΩC corresponds to a mapF × I → C, which has an obvious
lifting to a mapωf :F × I→ Z such thatωf ((x, τ),0) = (x,0). The mapωf defines canonical
homomorphisms(ωf )∗ :πi(F)→ πi+1(Z,X × 0) and the compositionp∗ ◦ (ωf )∗ coincides
with (ωf )∗. Finally the homomorphisms(ωf )∗ :πi(F)→ πi+1(Z,X × 0) are isomorphisms in
all degrees as one sees comparing the long exact sequence of the fibrationF →X → Y to the
long exact sequence of the pair(Z,X × 0). ✷

We now extend Proposition 3.3 in the evident way ton-cubes of pointed spaces.

PROPOSITION 3.4. – Let Y•...• be a n-cube ofN -connected spaces with non-degenerate
distinguished points. Then the spacecofib(Y•...•) is alsoN -connected and the natural map

fib(Y•...•)→Ωn
(
cofib(Y•...•)

)
is a (2N − n+ 1)-equivalence of(N − n)-connected spaces.

Proof. –We proceed by induction onn. The casen = 1 was settled above. Assume that
n > 1 and denote byY1 = Y•,...,•,1, Y0 = Y•,...,•,0 the corresponding(n − 1)-cubes. The
mapsfib(Y1)→ Ωn−1(cofib(Y1)), fib(Y0)→ Ωn−1(cofib(Y0)) are(2N − n+ 2)-equivalences
according to the induction hypothesis. This implies that the induced map on the homotopy fibers

fib(Y•...•) = fib
(
fib(Y1)→ fib(Y0)

)
→ fib

(
Ωn−1

(
cofib(Y1)

)
→Ωn−1

(
cofib(Y0)

))
=Ωn−1

(
fib
(
cofib(Y1)→ cofib(Y0)

))
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



790 E.M. FRIEDLANDER AND A. SUSLIN

is a(2N−n+1)-equivalence. Furthermore the spacescofib(Y1), cofib(Y0) are stillN -connected
according to the induction hypothesis and hence the map

fib
(
cofib(Y1)→ cofib(Y0)

)
→Ωcofib

(
cofib(Y1)→ cofib(Y0)

)
=Ωcofib(Y•...•)

is a2N -equivalence according to Proposition 3.3. Thus the induced map on loop spaces

Ωn−1
(
fib
(
cofib(Y1)→ cofib(Y0)

))
→Ωn cofib(Y•...•)

is a(2N − (n− 1))-equivalence. ✷
4. Iterated fibers for simplicial prespectra

In this section, we extend the results of the previous sections from simplicial spaces to
simplicial prespectra (i.e., simplicial objects in the category of prespectra as discussed in
Appendix B). The need to pass to spectra (or their more rigid formulation as prespectra) can
be seen in the formulation of Proposition 3.4. In applications, the connectivity (designatedN in
Proposition 3.4) of pointed spaces constituting ann-cube will be fixed (typically,N = −1) but
we shall wish to consider arbitrarily largen-cubes. Another advantage of this extension is that
it permits us to consider negative homotopy groups (in applications, we shall considerπ−1). In
Theorem 4.3, we present the extension to simplicial prespectra of the investigation of the map on
homotopy groups

πi
(
fib(cuben(X•))

)
→ πi+n−1(|X•|)

provided by Corollary 2.10 and Proposition 3.4.
We refer the reader to Appendix B for our conventions concerning prespectra. In particular,

distinguished points in all spaces constituting a prespectrum are always assumed non-degenerate,
and a prespectrumX = (X0,X1, . . .) is said to beN -connected ifXk is (N + k)-connected for
eachk � 0. We recall that thenth homotopy group of the prespectrumX is defined as

πn(X) = lim−→
k�−n

πn+k

(
Xk
)

(−∞<n<∞).

A map of prespectraf :X → Y is said to be a weak equivalence provided thatf induces
isomorphismsf∗ :πj(X)

∼→ πj(Y ) for all j.
Let Y•...• be an-cube in the category of prespectra. We denote the spaces constituting the

prespectrumYi0,...,in−1 by Y k
i0,...,in−1

(k = 0,1, . . .). For eachk the spacesY k
i0,...,in−1

give us a

n-cube in the category of pointed spaces and hence we may consider the spacescofib(Y k
•...•) and

fib(Y k
•...•). Moreover the structure mapsΣ(Y k

•...•)→ Y k+1
•...• give us a morphism ofn-cubes and

hence we get the induced map on cofibers

Σ
(
cofib
(
Y k
•...•
))
= cofib

(
Σ
(
Y k
•...•
))

→ cofib
(
Y k+1
•...•
)

In this way we get a prespectrum

cofib
(
Y•...•

)
=
(
cofib
(
Y 0
•...•
)
, cofib

(
Y 1
•...•
)
, . . .
)
.

In the same way we verify that the spacesfib(Y k
•...•) constitute a prespectrum which we denote

fib(Y•...•). The following lemma sums up some of the elementary properties of these operations.
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LEMMA 4.1. – (a)Assume thatY•...• is an n-cube in the category ofΩ-prespectra. Then
fib(Y•...•) is also aΩ-prespectrum.

(b) Assume that the prespectraYi0,...,in−1 areN -connected. Then the prespectrumfib(Y•...•)
is (N − n)-connected and the prespectrumcofib(Y•...•) isN -connected.

(c) The family of mapsfib(Y k
•...•)→Ωn cofib(Y k

•...•) is a morphism of prespectra.

Proof. –To prove (a), it suffices to establish that the homotopy fiber of a morphism of
Ω-prespectra is again aΩ-prespectrum, which is straightforward from definitions. Assertion (b)
follows immediately from Proposition 3.4. To prove (c), it suffices (in view of the inductive
definition of the map in question) to consider the casen = 1, in which case our statement is
straightforward. ✷

The following prespectrum analogue of Proposition 3.4 has the strong conclusion of a weak
equivalence rather than an equivalence in a range bounded by the connectivity.

PROPOSITION 4.2. – LetY•...• be ann-cube in the category ofN -connected prespectra. Then
fib(Y•...•) is an (N − n)-connected prespectrum,cofib(Y•...•) is anN -connected prespectrum
and the natural morphisms

fib(Y•...•)
ρY−→Ωn

(
cofib(Y•...•)

)
Σn
(
fib(Y•...•)

) ρY−→ cofib(Y•...•)

are weak equivalences of prespectra.

Proof. –For eachk, we may apply Proposition 3.4 to the maps of pointed spaces

fib
(
Y k
•...•
) ρY k−→Ωn

(
cofib
(
Y k
•...•
))

associated to then-cubeY k
•,...,• of N + k-connected spaces to conclude thatρY

k

induces
isomorphisms in homotopy groups up to degree2N + 2k − n. Passing to the limit onk we
see immediately that the map in homotopy groups induced by the morphism of prespectraρY is
an isomorphism in all degrees. SinceρY∗ on πi equalsρY∗ on πi+n, the fact thatρY is a weak
equivalence immediately implies thatρY is also a weak equivalence.✷

LetX• be a simplicial prespectrum. Assume that all the simplicial pointed spacesXk
• are good

and all the prespectraXi areN -connected. Then the prespectrumΣ|X•| is (N + 1)-connected,
according to Corollary 2.10 and henceπi(Σ|X•|) = πi−1(|X•|).

For everyn� 0 we get a natural morphism of prespectra

fib
(
cuben(X•)

) ρ→Ωn
(
cofib
n
(X•)
) η→Ωn

(
Σ(|X•|)

)
and the induced homomorphism on homotopy groups

πi
(
fib(cuben(X•))

) ∼→ πi
(
Ωn
(
cofib(cuben(X•))

))
= πi+n

(
cofib(cuben(X•))

)
→ πi+n(Σ|X•|) = πi+n−1(|X•|).

THEOREM 4.3. – Let X• be a simplicial prespectrum. Assume that all the simplicial
pointed spacesXk

• are good and all the prespectraXi are N -connected. Then the natural
homomorphism

(η ◦ ρ)∗ :πi
(
fib(cuben(X•))

)
→ πi+n−1(|X•|)

is an isomorphism in degreesi�N (and an epimorphism in degreeN + 1).

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



792 E.M. FRIEDLANDER AND A. SUSLIN

Proof. –Since the spacesXk
i are(N + k)-connected we conclude from Corollary 2.10 that

the homomorphism

πi+n+k

(
cofib
(
cuben

(
Xk

•
)))

→ πi+n+k

(
Σ
∣∣Xk

•
∣∣)

is an isomorphism in degrees� N + k + n (i.e., for i � N ) and an epimorphism in degree
N + k+ n+ 1 (i.e., for i=N + 1). ✷

Proposition 4.2 and Theorem 4.3 easily imply the following useful result (whose last statement
is certainly well known).

COROLLARY 4.4. – Let f• :X• → Y• be a morphism ofN -connected simplicial prespectra.
Assume that all the simplicial pointed spacesXk

• , Y
k
• are good. Assume further that each

morphism of prespectrafi :Xi → Yi is a weak equivalence. Then
(1) For any n � 0 the induced morphismfib(cuben(X•)) → fib(cuben(Y•)) is a weak

equivalence.
(2) For anyn � 0 the induced morphismcofib(cuben(X•))→ cofib(cuben(Y•)) is a weak

equivalence.
(3) The induced morphism|X•| → |Y•| is a weak equivalence.

Proof. –The first statement is proved using immediate induction onn. The second follows
from the first one and Proposition 4.2. The last statement follows from the first one and
Theorem 4.3. ✷

Once again, letf• :X• → Y• be a morphism ofN -connected good simplicial prespectra.
Denote byF• (respectivelyC•) the homotopy fiber (respectively cofiber) off•. Denote further

byF the homotopy fiber of the morphism|X•|
|f•|−−→ |Y•|. Note that we have obvious morphisms

of prespectra

|F•| → |X•|, |F•| ∧ I = |F• ∧ I| → |Y•|
which are compatible and hence define a morphism

|F•| → F .

Here we considerI as a pointed space with distinguished point1 ∈ I.
LEMMA 4.5. – The above defined morphism|F•| → F is a weak equivalence.

Proof. –Note that the simplicial spectraΣ(F•) and C• consist of good pointed simplicial
spaces – see Corollary E.3. Our statement follows now from the commutativity of the diagram

|Σ(F•)|=Σ(|F•|) Σ(F)

|C•| = cofib(|X•| → |Y•|)

since both vertical arrows are weak equivalences, according to Corollary 4.4 and Proposition 4.2
respectively. ✷

One might restate Lemma 4.5 by saying that the sequence

|F•| → |X•| → |Y•|
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is a homotopy fibration sequence. In particular we get canonical connecting homomorphisms

δ :πi(|Y•|)→ πi−1(|F•|).

The following compatibility property will be essential in Section 6.

PROPOSITION 4.6. – Let f• :X• → Y• be a morphism ofN -connected good simplicial
prespectra. Then the following diagram commutes(up to a sign) for anyn.

πi(fib(cuben(Y•)))
δ

(ηρ)Y∗

πi−1(fib(cuben(F•)))

(ηρ)F∗

πi+n−1(|Y•|) δ
πi+n−2(|F•|).

Proof. –To prove the statement we compose both mapsπi(fib(cuben(Y•)))→ πi+n−2(|F•|)
with the isomorphismπi+n−2(|F•|) ∼→ πi+n−1(|C•|). Using the above description of the
connecting homomorphismδ :π∗(|Y•|)→ π∗−1(F•|) one easily checks that the composition

πi+n−1(|Y•|) δ→ πi+n−2(|F•|) ∼→ πi+n−1(|C•|)

is induced by the obvious embeddingY• ↪→ C• and hence the composition ofδ(ηρ)Y∗ with the
above isomorphism may be also decomposed as

πi
(
fib(cuben(Y•))

) ρ∗−→ πi+n

(
cofib(cuben(Y•))

)
→ πi+n

(
cofib(cuben(C•))

)
η∗−→ πi+n−1(|C•|).

On the other hand the commutative (up to a sign) diagram (see Corollary 2.12)

πi−1(fib(cuben(F•)))

ρ∗

πi+n−1(c(cuben(F•)))
Σ

η∗

πi+n(c(cuben(ΣF•)))

η∗

πi+n(c(cuben(C•)))

η∗

πi+n−2(|F•|) Σ
πi+n−1(|ΣF•|) πi+n−1(|C•|)

(here we had to abbreviatecofib to c in the middle row) shows that the composition of
(ηρ)∗δ with the isomorphismπi+n−2(|F•|) ∼→ πi+n−1(|C•|) coincides (up to a sign) with the
composition

πi
(
fib(cuben(Y•))

) δ→ πi−1

(
fib(cuben(F•))

)
→ πi+n−1

(
cofib(cuben(F•))

)
Σ→ πi+n

(
cofib(cuben(ΣF•))

)
→ πi+n

(
cofib(cuben(C•))

)
→ πi+n−1(|C•|).

The proposition follows from these computations and Corollary 3.2.2.✷
Finally we mention the following result which follows immediately from Corollary 3.2.1.
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LEMMA 4.7. – LetX• be aN -connected simplicial prespectrum. Then the following diagram
commutes up to a sign

πi(fib(cuben(X•)))
δ

(ηρ)∗

πi−1(fib(cuben+1(X•)))

(ηρ)∗

πi+n−1(|X•|) =
πi+n−1(|X•|).

5. MultirelativeK-theory with supports

A difficult theorem of Spencer Bloch and Steven Lichtenbaum, Theorem 5.5 below, asserts
the exactness of a long exact sequence of multirelativeK0-groups associated to theK-theory
of an arbitrary fieldF . This theorem is the starting point of our investigations. Bloch and
Lichtenbaum’s exact sequence provides them with an exact couple and thus a spectral sequence,
the special case of a field of the spectral sequence we seek to construct. In Theorem 5.7, we
provide a particularly useful interpretation of the derived exact couple of this exact couple in
terms of homotopy groups of naturally defined simplicial prespectra.

As recalled in Appendix C.6, multirelativeK-theory is essentially by definition the homotopy
groups of appropriate iterated homotopy fibres of cubes of prespectra. We begin this section by
recasting the Bloch–Lichtenbaum context of multirelativeK-theory into our context of simplicial
prespectra and associated iterated homotopy fibres. For example, Proposition 5.4 asserts thatπ0

of an appropriate iterated homotopy fibre is the Moore complex associated to the Bloch complex,
the complex whose homology groups are Bloch’s higher Chow groups.

We fix a field F and denote by∆• the standard cosimplicial scheme overF with ∆n

the standard algebraicn-simplexSpec F [T0, . . . , Tn]/(T0 + · · · + Tn − 1). If X is a smooth,
irreducible scheme overF , we denote by∆• ×X =∆• ×k X the corresponding cosimplicial
scheme overX .

For anyj, n � 0, we let Cj(X,n) denote the family of closed subschemesY ⊂ ∆n × X
which meet every face of∆n×X in codimension� j (and in particular are of codimension� j
themselves). We shall employ the notation

KCj(∆n ×X
)
≡KCj(X,n)

(
∆n ×X

)
(5.0.1)

for the algebraicK-theory prespectrum of coherent sheaves on∆n × X with supports
in Cj(X,n) (cf. Appendix C.6). Since each structure morphism of∆• is a composition of
a flat surjective morphism and a regular embedding, the inverse image of anyY ∈ Cj(X,n)
under any structure morphism∆m × X → ∆n × X belongs toCj(X,m). As discussed in
Appendix C.6, this implies thatn �→ KCj (∆n × X) is a simplicial prespectrum, which we
denote byKCj (∆• ×X). Whenever this can not lead to confusion, we use the same notation
KCj (∆• ×X) for the geometric realization of this simplicial prespectrum:

KCj (∆• ×X)≡
∣∣n �→ KCj (∆n ×X

)∣∣.(5.0.2)

Following Bloch and Lichtenbaum, we consider multirelativeK-theory. The key object of
study is multirelativeK0 (with supports) of∆n with respect to all faces. Observe that the
(n + 1)-cube corresponding to the multirelativeK-theory prespectrum of∆n with respect to
all faces and with supports inCj ≡ Cj(Spec F,n) is nothing butcuben+1(KCj (∆•)). Denoting
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this (n+1)-cube byY•...•, one sees further that then-cube corresponding to the prespectrum of
multirelativeK-theory of∆n with respect to all faces but the face given by the equationtn = 0
(and with supports inCj) coincides withY1 = Y•,...,•,1. Thus, denoting the family of all faces
(of codimension one) of∆n by ∂ and the family of all faces except for the face given by the
equationtn = 0 byΛ, we see that

KCj
0

(
∆n, ∂

)
= π0

(
fib
(
cuben+1

(
KCj (∆•)

)))
,

KCj
0

(
∆n,Λ

)
= π0

(
fib
({

cuben+1

(
KCj (∆•)

)}
1

))
.

An easy but useful observation of Bloch and Lichtenbaum is that the multirelativeK-theory
of ∆n with respect to all faces but one injects into the absoluteK-theory and hence is easy to
understand. Our first proposition recalls this result in slightly greater generality.

PROPOSITION 5.1. – Let X• be a simplicial prespectrum. SetY•...• = cuben+1(X•) and
define then-cubeY1 = Y•,...,•,1 in the usual way. The homomorphisms of homotopy groups
induced by the obvious projectionfib(Y1)→ Y1,...,1,1 =Xn are injective.

Proof. –For any1� k � n+ 1 define the(n+ 1− k)-cubeYk by the formula

Yk = Y•,...,•,1, . . . ,1︸ ︷︷ ︸
k

.

ThusYk+1 = (Yk)1 and we have a homotopy fibration sequence

fib(Yk)→ fib(Yk+1)→ fib
(
(Yk)0

)
and hence an exact sequence of homotopy groups

πi+1

(
fib(Yk+1)

)
→ πi+1

(
fib((Yk)0)

)
→ πi
(
fib(Yk)

)
→ πi
(
fib(Yk+1)

)
.

We will see in a moment that the morphismfib(Yk+1)→ fib((Yk)0) has a section and hence
induces epimorphisms in homotopy groups. This together with the above exact sequence
of homotopy groups implies that all homomorphismsπi(fib(Yk)) → πi(fib(Yk+1) are (split)
injective. Sincefib(Yn+1) =Xn, our claim follows. The section in question is induced by the
morphism of(n− k)-cubes(Yk)0 → Yk+1

Yi0,...,in−k−1,0,1,...,1 =Xi0+···+in−k−1+k−1

si0+···+in−k−1−−−−−−−−−→ Yi0,...,in−k−1,1,1,...,1

=Xi0+···+in−k−1+k

(heres• are the degeneracy operators of our simplicial prespectrum), which is left inverse to
dn−k :Yk+1 → (Yk)0. ✷

Proposition 5.1 has the following important corollary.

COROLLARY 5.2. – With hypotheses and notation as in Proposition5.1 the image of the
canonical monomorphism

πi
(
fib
({

cuben+1(X•)
}

1

))
↪→ πi(Xn)

coincides with thenth term of the Moore complexM(πi(X•)) corresponding to the simplicial
abelian groupπi(X•). In particular the prespectrumfib({cuben+1(X•)}1) is N -connected
provided that all prespectraXi areN -connected.
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Proof. –We show more generally that (in the notation of the proof of Proposition 5.1) for
any k the image ofπi(fib(Yk)) → πi(Xn) coincides with the intersection of the kernels of
face operations∂s (0 � s � n − k) of the simplicial abelian groupπi(X•). The statement is
obvious fork = n + 1. Proceeding by decreasing induction onk, we note that the image of
πi(fib(Yk))→ πi(fib(Yk+1)) coincides with the kernel of the endomorphism ofπi(fib(Yk+1))
induced by the endomorphism of the cubeYk+1:

Yk+1
dn−k−−→{Yk}0

sn−k−−→ Yk+1.

Since the endomorphism ofY1,...,1 =Xn defined by the above endomorphism of the cubeYk+1

equalssn−k∂n−k, the statement follows. ✷
We easily identify the differential in the Moore complexM(πi(X•)).

COROLLARY 5.3. – With the identifications of Corollary5.2, the homomorphism in homotopy
groups induced by the following composition of morphisms of prespectra

fib
(
{cuben+1(X•)}1

)
→ fib

(
{cuben+1(X•)}0

)
= fib
(
{cuben(X•)}

)
→ fib

(
{cuben(X•)}1

)
coincides with the differential∂n of the Moore complex.

Proof. –This follows immediately from the commutativity of the diagram

fib({cuben+1(X•)}1) fib({cuben(X•)}) fib({cuben(X•)}1)

Xn
∂n

Xn−1
=

Xn−1. ✷
We next recall the definition of the higher Chow groups of Bloch [3]. LetX be an

equidimensional scheme of finite type over a fieldF . Let zq(X,n) be the free abelian group
generated by closed integral subschemesZ ⊂ ∆n × X of codimensionq which intersect all
faces of∆n×X properly. One checks easily thatzq(X,•) is a simplicial abelian group and one
defines Bloch’s higher Chow groups asCHq(X,n) = πn(zq(X,•)).

Another useful application of Proposition 5.1 is the following.

PROPOSITION 5.4 (cf. [5]). – The prespectrumfib({cuben+1(KCq (∆•))}1) is (−1)-con-
nected. The groupπ0(fib({cuben+1(KCq (∆•))}1)) =KCq

0 (∆n,Λ) coincides with thenth term
of the Moore complexMq(F,•) =M(zq(F,•)) corresponding to the simplicial abelian group
zq(F,•).

Proof. –In view of Corollary 5.2 it suffices to establish thatKCq
0 (∆n) is canonically

isomorphic tozq(F,n) via the map which sends a coherent sheaf on∆n to its support. This
is proved in [15, §1] (see also [5]); the essential point is that the natural map

KCq+1

0

(
∆n
)
→KCq

0

(
∆n
)

is 0. ✷
Here is thefundamental exact sequenceestablished by Bloch and Lichtenbaum which plays

the central role in what follows.
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THEOREM 5.5 [5]. – The following sequence is exact

· · · →KCq+1

0

(
∆n, ∂

) i→KCq
0

(
∆n, ∂

) j→KCq
0

(
∆n,Λ

)
=Mq(F,n) k→KCq

0

(
∆n−1, ∂

)
i→KCq−1

0

(
∆n, ∂

)
→ · · · .

Here the first arrow is induced by the obvious embedding of the families of supportsCq+1 ⊂ Cq,
the second and the third arrows come from the long homotopy sequence corresponding to the
fibration

fib
(
cuben+1

(
KCq (∆•)

))
→ fib

({
cuben+1

(
KCq (∆•)

)}
1

)
→ fib

({
cuben+1

(
KCq (∆•)

)}
0

)
= fib
(
cuben

(
KCq (∆•)

))
.

Theorem 5.5 gives immediately an exact couple

D1 i
D1

j

E1

k

withD1
p,q =KCq

0 (∆p+q , ∂) andE1
p,q =Mq(F,p+ q) and hence a spectral sequence converging

to the algebraicK-theory ofF . The differential of the complexMq(F,•) is the standard one by
Corollary 5.3 and hence the Bloch–Lichtenbaum spectral sequence has the form

E2
p,q =CH

q(F,p+ q)⇒Kp+q(F ).(5.6.0)

Changing signs, we may re-index this spectral sequence cohomologically as follows:

Ep,q
2 =CH−q(F,−p− q)⇒K−p−q(F ).(5.6.1)

The key to our generalization of this spectral sequence to smooth varietiesX over F is
the following observation which identifies the derived exact couple of the Bloch–Lichtenbaum
exact couple in a useful way. Recall that the termD2 of an exact couple equals the image of
i :D1 →D1 and hence is naturally isomorphic to the cokernel ofk :E1 →D1. Thus

D2
p,q =Coker

(
KCq+1

0

(
∆p+q+1,Λ

) k→KCq+1

0

(
∆p+q, ∂

))
.

To compute the above cokernel we consider the exact homotopy sequence of the fibration

fib
(
cubep+q+2(KCq+1

(∆•))
)

→ fib
({

cubep+q+2

(
KCq+1

(∆•)
)}

1

)
→ fib

({
cubep+q+2

(
KCq+1(∆•)

)}
0

)
= fib
(
cubep+q+1

(
KCq+1

(∆•)
))

whose relevant part is

KCq+1

0

(
∆p+q+1,Λ

) k→KCq+1

0

(
∆p+q, ∂

) δ→ π−1

(
fib
(
cubep+q+2

(
KCq+1

(∆•)
)))

→ 0.

(The exactness at the far right is a consequence of Corollary 5.2.) Theorem 4.3 (withN = −1,
i = −1, n = p + q + 2) now identifies the cokernel ofk, thereby establishing the following
statement.
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THEOREM 5.7. – We have a natural identification

D2
p,q =K

Cq+1

p+q (∆
•)≡ πp+q

(∣∣KCq+1
(∆•)
∣∣).

6. Topological filtration for theK-theory of ∆•

LetX be an irreducible smooth scheme of finite type overF . The homotopy invariance of al-
gebraicK-theory implies readily that the obvious morphism of prespectraK(X)→K(∆• ×X)
is a weak equivalence (cf. Proposition B.1). In generalizing the spectral sequence (5.6.0) from the
special caseX = SpecF to such a smoothX , we shall employ the spectral sequence associated
to the following tower of prespectra (see Proposition 6.1 below)

K(∆• ×X) =KC0
(∆• ×X)←KC1

(∆• ×X)←KC2
(∆• ×X)← · · · .(6.0)

Our eventual goal is to show that the spectral sequence associated to this tower strongly converges
to theK-theory ofX and hasE2

p,q-groups given by the higher Chow groups ofX . To prove this,

we must identify the homotopy fiber of each morphismKCq (∆• ×X)←KCq+1
(∆• ×X).

In this section, we begin this task by investigating the special case in whichX = SpecF , the
case in which the Bloch–Lichtenbaum Theorem (Theorem 5.5) provides us with the strongly
convergent spectral sequence (5.6.0). The import of Theorem 6.2 is that it shows that the Bloch–
Lichtenbaum spectral sequence (5.6.0) arises as the spectral sequence of the tower (6.0) (for
X = SpecF ).

PROPOSITION 6.1. – Consider a sequence of pointed maps of connected spaces with abelian
fundamental groups

· · · fq+2−−→Xq+1
fq+1−−→Xq

fq−→ · · · f1−→X0 =X.

Assume further that for eachq we are given a pointed mappq :Xq → Bq with Bq connected
such that the compositionXq+1 → Xq → Bq is trivial and the associated map fromXq+1 to
the homotopy fiber ofXq →Bq is a weak equivalence. Assume further that for eachi� 0 there
existsn� 0 such thatXq is i-connected forq � n. In this case there exists a strongly convergent
spectral sequence

E2
pq = πp+q(Bq) =⇒ πp+q(X).

Proof. –SetD2
pq = πp+q(Xq), E2

pq = πp+q(Bq). Considering long exact homotopy se-
quences corresponding to the homotopy fibration sequences

Xq+1 →Xq →Bq,

we conclude that(D2,E2) is an exact couple (with mapsi, j, k of bidegrees(1,−1), (0,0),
(−2,1) respectively) and hence defines a spectral sequence. The assumption concerning high
connectivity ofXq implies that the exact couple is bounded below (i.e., for anyn there
existsf(n) such thatD2

pq = 0 wheneverp < f(p + q)). Since the exact couple is obviously
bounded above we conclude that the spectral sequence converges toHn = lim−→pD

2
p,n−p = πn(X)

– see [38, §5.9]. ✷
The previous proposition admits an obvious generalization to the case of prespectra
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COROLLARY 6.1.1. – Consider a sequence of maps of prespectra

· · · fq+2−−→Xq+1
fq+1−−→Xq

fq−→ · · · f1−→X0 =X.

Assume further that for eachq we are given a map of prespectrapq :Xq → Bq such that the
compositionXq+1 → Xq → Bq is trivial and the associated map fromXq+1 to the homotopy
fiber ofXq → Bq is a weak equivalence. Assume further that for eachi� 0 there existsn� 0
such thatXq is i-connected forq � n. In this case there exists a strongly convergent spectral
sequence

E2
pq = πp+q(Bq) ⇒ πp+q(X).

Assume in addition that allXi andBi are (−1)-connectedΩ-prespectra. Then for everyn� 1
the tower of connected spaces with abelian fundamental groups

· · ·
fnq+2−−→Xn

q+1

fnq+1−−→Xn
q

fnq−→ · · · fn1−→Xn
0 =X

n

and mapspnq :X
n
q → Bn

q satisfy the conditions of Proposition6.1 and hence define a spectral
sequence, which coincides(up to a shift of degrees) with the spectral sequence defined by the
original tower of prespectra.

Hence, to obtain a useful spectral sequence from the tower (6.0) we must identify the
homotopy fibres of the maps

KCq+1
(∆• ×X)→KCq (∆• ×X).

The following theorem achieves such an identification forX = SpecF .

THEOREM 6.2. – For anyq � 0 the sequence of maps ofΩ-prespectra

KCq+1
(∆•)→KCq (∆•)→

∣∣B(zq(F,•))∣∣
is a homotopy fibration sequence. Here,KCq (∆•)→ |B(zq(F,•))| is the canonical morphism
of prespectra of(C.1.1), and the canonical map fromKCq+1

(∆•) to the homotopy fiber of
KCq(∆•)→ |B(zq(F,•))| comes from the fact that the composition morphism

KCq+1
(∆•)→KCq(∆•)→ B

(
zq(F,•)

)
is trivial.

Proof (depending upon Lemma 6.3 and Propositions 6.5, 6.6 below). – Let Fq(∆n) denote
the homotopy fiber of the map of prespectraKCq(∆n)→ B(zq(F,n)),

Fq
(
∆n
)
≡ fib
(
KCq(∆n

)
→ B
(
zq(F,n)

))
.(6.2.0)

The prespectraFq(∆n) obviously form a simplicial prespectrum. Lemma 4.5 implies that the
canonical morphism of prespectra∣∣Fq(∆•)

∣∣→ fib
(∣∣n �→ KCq(∆n

)∣∣→ ∣∣n �→ B
(
zq(F,n)

)∣∣)
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is a weak equivalence. Thus, the sequence∣∣Fq
(
∆•)∣∣→KCq(∆•) =

∣∣n �→ KCq(∆n
)∣∣→ ∣∣n �→ B

(
zq(F,n)

)∣∣(6.2.1)

is a homotopy fibration sequence.
For eachn the composition morphism

KCq+1(
∆n
)
→KCq(∆n

)
→ B
(
zq(F,n)

)
is trivial and hence defines a canonical morphism of prespectraKCq+1

(∆n) → Fq(∆n). We
proceed to show that the resulting map on geometric realizations

KCq+1
(∆•) =

∣∣n �→ KCq+1(
∆n
)∣∣→Fq(∆•) =

∣∣n �→ Fq
(
∆n
)∣∣(6.2.2)

is also a weak equivalence. To do so we compare the exact sequence of the derived exact couple
(D2,E2) with the long exact sequence of homotopy groups for the homotopy fibration (6.2.1).
Thus we consider the diagram (in whichn= p+ q)

E2
p+1,q

k′

=

πn(|KCq+1
(∆•)|) =D2

p,q
i′

D2
p+1,q−1

j′

=

πn+1(B(zq(F,•)) δ
πn(|Fq(∆•)|) πn(KCq (∆•))

(6.2.3)

In the remainder of this section, we verify the commutativity of (6.2.3) which will, by the
5-Lemma, imply that (6.2.2) is a homotopy equivalence.

To prove the commutativity of the above diagram we identify the homomorphismsi′, j′, k′

appearing in the derived exact couple and check the commutativity of each of the three types of
squares in this ladder. This is achieved in Lemma 6.3, Proposition 6.5, and Proposition 6.6.

The naturality of our identification in Theorem 5.7 immediately implies the following lemma
identifying i′ and proving part of the required commutativity of (6.2.3).

LEMMA 6.3. – The homomorphism

i′ :D2
p,q =K

Cq+1

p+q (∆
•)→D2

p+1,q−1 =K
Cq
p+q(∆

•)

is induced by the canonical morphism of prespectraKCq+1
(∆•)→KCq (∆•).

Next we identify the homomorphism

j′ :D2
p+1,q−1 = πp+q

(
KCq(∆•)

)
→E2

p,q =CH
q(F,p+ q) = πp+q

(
B(zq(F,•))

)
.

Before doing so we discuss a certain general construction which applies to any(−1)-connected
good simplicial prespectrum and of which the homomorphismj′ is a special case. So letX• be
a (−1)-connected good simplicial prespectrum. Consider the diagram whose column is exact by
Corollary 5.2
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0

π−1(fib(cuben+1(X•)))
∼

πn−1(|X•|)

π0(fib(cuben(X•))) π0(fib({cuben(X•)}1))

π0(fib({cuben+1(X•)}1))

(6.3.1)

The isomorphism in (6.3.1) is a consequence of Theorem 4.3. Start with an element in
πn−1(|X•|), lift it to π0(fib(cuben(X•))) and then take the image of the lifting in
π0(fib({cuben(X•)}1)) =Mn−1(π0(X•)). One checks immediately that the resulting element
is a cycle of the complexM(π0(X•)) and the homology class of this cycle is independent of
the choice of the lifting. Thus for any(−1)-connected good simplicial prespectrumX• we get a
canonical homomorphism, which we denotej′X

j′X :πn−1(|X•|)→Hn−1

(
M(π0(X•))

)
= πn−1

(
π0(X•)

)
.

This homomorphism is obviously functorial with respect to morphisms of(−1)-connected good
simplicial prespectra and the homomorphism

j′ :D2
p,q = πp+q

(
KCq(∆•)

)
→E2

p,q =CH
q(F,p+ q) = πp+q

(
zq(F,•)

)
from the exact couple(D2,E2) is exactly this homomorphism applied to the simplicial
prespectrumKCq(∆•).

One function of the isomorphism established in the following lemma is to make explicit the
identification betweenE2

p,q = πp+q(zq(F,•)) andπp+q(B(zq(F,•))).

LEMMA 6.4. – LetA• be a simplicial abelian group and letX• = B(A•) be the correspond-
ing simplicial prespectrum. The corresponding homomorphism

πn−1(|X•|)
j′X−−→ πn−1

(
π0(X•)

)
is an isomorphism for anyn.

Proof. –Note thatπi(Xn) = 0 for all n and alli �= 0. In view of Proposition 5.1 this readily
implies thatπi(fib(cuben+1(X•)1)) = 0 for all n and all i �= 0. Using now an easy induction
onn we conclude that

πi
(
fib(cuben(X•))

)
= 0, ∀n, i > 0,(6.4.1)

This vanishing of homotopy groups in positive degrees implies further the injectivity (for alln)
of the homomorphism

π0

(
fib(cuben(X•))

)
→ π0

(
fib({cuben(X•)}1)

)
=Mn−1

(
π0(X•)

)
.(6.4.2)

Next we extend the middle row of (6.3.1) to the exact sequence
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0 = π1

(
fib({cuben(X•)}0)

)
→ π0

(
fib(cuben(X•))

)
→ π0

(
fib({cuben(X•)}1)

)
→ π0

(
fib({cuben(X•)}0)

)
.

The above remarks together with Corollary 5.3 show that cycles in degreen− 1 of the Moore
complexM(π0(X•)) coincide with the kernel of the last map. This implies the surjectivity ofj′X .
Injectivity of j′X follows immediately from the injectivity of

π0

(
fib(cuben(X•))

)
→ π0

(
fib({cuben(X•)}1)

)
. ✷

Lemma 6.4 enables us to identify the homomorphismj′ and verify another portion of the
commutativity of (6.2.3).

PROPOSITION 6.5. – The homomorphism

j′ :D2
p+1,q−1 = πp+q

(
KCq (∆•)

)
→E2

p,q =CH
q(F,p+ q) = πp+q

(
B
(
zq(F,•)

))
coincides with the canonical map in homotopy groups induced by the morphism of simplicial
prespectraKCq(∆•)→ B(zq(F,•)).

Proof. –We use the isomorphism of Lemma 6.4 to identifyE2
p,q = πp+q(zq(F,•)) with

πp+q(B(zq(F,•))). Then, our statement follows from the commutativity of the diagram

πp+q(|KCq(∆•)|)
j′
KCq

can

πp+q(zq(F,•))

=

πp+q(|B(zq(F,•))|)
j′

B(zq)
πp+q(zq(F,•))

together with the verification achieved prior to Lemma 6.4 thatj′ = j′KCq . ✷
Finally we need to identify the homomorphism (where as alwaysn= p+ q)

k′ :E2
p,q = πn

(∣∣B(zq(F,•))∣∣)→D2
p−1,q = πn−1

(∣∣KCq+1
(∆•)
∣∣)

or rather its composition with the homomorphism

πn−1

(∣∣KCq+1
(∆•)
∣∣)→ πn−1

(∣∣Fq(∆•)
∣∣).

PROPOSITION 6.6. – The following diagram commutes(up to a sign)

E2
p,q = πn(z

q(F,•)) k′

∼= (j′
B(zq))

−1

D2
p−1,q = πn−1(|KCq+1

(∆•)|)

can

πn(|B(zq(F,•))|) δ
πn−1(|Fq(∆•)|).

Hereδ is the connecting homomorphism from the long exact homotopy sequence corresponding
to the homotopy fibration sequence∣∣Fq(∆•)

∣∣→ ∣∣KCq(∆•)
∣∣→ ∣∣B(zq(F,•))∣∣.
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Proof. –The homomorphismk′ originates from the diagram

πn−1(|KCq+1
(∆•)|)

π−1(fib(cuben+1(KCq+1
(∆•))))

δ

(ηρ)∗ ∼=

π0(fib(cuben(KCq+1
(∆•))))

δ

i

π0(fib({cuben+1(KCq (∆•))}1))
k

π0(fib(cuben(KCq (∆•))))

j

π0(fib({cuben(KCq (∆•))}1))

(6.6.0)

Namely, we start with an-cyclex of the complex

π0

(
fib
({

cube∗+1(KCq (∆•))
}

1

))
=M

(
zq(F,∗)

)
.

Sincej ◦ k(x) = 0 we can findy ∈ π0(fib(cuben(KCq+1
(∆•)))) such thati(y) = k(x) and we

setk′([x]) = (ηρ)∗δ(y). To compute the image ofk′([x]) in πn−1(|Fq(∆•|) we may take the
imagez of y in π0(fib(cuben(Fq(∆•)))) and then apply the homomorphism

π0

(
fib
(
cuben

(
Fq(∆•)

))) δ→ π−1

(
fib
(
cuben+1

(
Fq(∆•)

))) (ηρ)∗−−→ πn−1

(∣∣Fq(∆•)
∣∣)

to z.
We denote the simplicial prespectrumKCq(∆•) by X•, the simplicial prespectrum

(n �→ B(zq(F,n))) byB•, and the simplicial prespectrumFq(∆•) by F•.
To simplify matters slightly we make a few remarks.

(6.6.1). – The kernel of the homomorphismj coincides with the kernel of the homomorphism

π0

(
fib(cuben(X•))

)
→ π0

(
fib
(
cuben

(
B
(
zq(F,•)

))))
.

This follows immediately from (6.4.2) and the identification

π0

(
fib({cuben(X•)}1)

)
= π0

(
fib({cuben(B•)}1)

)
.

(6.6.2). – The homomorphismπ0(fib(cuben(F•))→ π0(fib(cuben(X•)) is injective.
This follows immediately from (6.4.1) and the definition ofF• =Fq(∆•) (cf. (6.2.0)).

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



804 E.M. FRIEDLANDER AND A. SUSLIN

Thus (6.6.0), refined by (6.6.1) and (6.6.2), leading to the computation of the image ofk′([x])
in πn−1(|Fq(∆•|), has the following form

πn−1(|Fq(∆•)|) 0

π−1(fib(cuben+1(F•)))

(ηρ)∗ ∼=

π0(fib(cuben(F•)))
δ

i

π0(fib({cuben+1(X•)}1))
k

π0(fib(cuben(X•)))

π0(fib(cuben(B•)))

We consider the following commutative diagram (in which we dropped the notationfib
everywhere so that it would fit the page), each of whose rows and columns are fibration
sequences

cuben+1(F•) cuben+1(F•)1 cuben(F•)

cuben+1(X•) cuben+1(X•)1 cuben(X•)

cuben+1(B•) cuben+1(B•)1 cuben(B•).

(6.6.3)

Note thatπ1(fib(cuben(B•)) = 0 according to (6.4.1) and hence the sequences obtained by
applying the functorπ0 to both the rightmost column and the bottom row are left exact. We
start with an elementx in the kernel of

π0

(
fib(cuben+1(X•)1)

)
→ π0

(
fib(cuben(B•))

)
apply to it the diagram chase which may be described as “first go right, then up, then applyδ”.
We can equally consider the diagram chase described as “first go down, then left, then applyδ”.

(6.6.3). – Both diagram chases give the same result(up to a sign).

Namely, the elementx comes from the (unique) elementx0 ∈ π0(F ′), where

F ′ = fib
(
fib(cuben+1(X•)1)

)
→ fib

(
cuben(B•)

)
.

There are two canonical mapsp :F ′ → fib(cuben+1(B•)) andq :F ′ → fib(cuben(F•)) and the
results of the two diagram chases are equal toδq∗(x0) andδp∗(x0) respectively. Our statement
now follows from the usual relationship relating boundary maps in long exact sequences in
homotopy groups associated to fibration sequences in (6.6.3).
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Furthermore, we have a commutative (up to a sign) diagram (see Proposition 4.6 and
Lemma 4.7), in which we again omitted the notationfib in the top row

π−1(cuben+2(B•))

(ηρ)∗ ∼=

π0(cuben+1(B•))
δ δ

(ηρ)∗

π−1(cuben+1(F•))

(ηρ)∗

πn(|B•|) πn(|B•|)= δ
πn−1(|F•|).

Finally, the diagram chase in which one goes down, then left, and then applies

π0

(
fib(cuben+1(B•))

) δ→ π−1

(
fib(cuben+2(B•))

) ∼→ πn(|B•|)

establishes the isomorphism(j′)−1 :E2
p,q

∼→ πn(|B•|) used to identify these two groups.✷

7. The homotopy invariance of the prespectrum KCq (∆• ×X)

The main result of this section, Theorem 7.6, asserts for any smooth schemeX over our fixed
field F that flat pull-back

KCq (∆• ×X)→KCq(∆• ×X ×A
1
)

is a weak equivalence. As we see in Proposition 7.2 below, this “homotopy invariance” would be
elementary ifKCq(∆• × −) were a well-defined contravariant functor on smooth schemes. To
overcome the lack of functoriality ofKCq(∆• ×−), we use a technique developed by Bloch by
showing that suitable functoriality can be arranged on finite subcomplexes.

We start with the following elementary observation.

LEMMA 7.1. – Let X �→ M(X) be a contravariant functor from the categorySm/F of
smooth schemes of finite type over a fieldF to the category of pointed spaces. For any
X ∈ Sm/F the two continuous maps

∣∣M(∆• ×A
1 ×X

)∣∣ i∗0

i∗1

∣∣M(∆• ×X)
∣∣

induced by the embeddingsX
i0 : x �→0×x

i1 : x �→1×x
A

1 ×X are homotopic and hence induce the same

homomorphisms in homotopy groups.

Proof. –Let I• denote the simplicial set corresponding to the poset{0< 1} (i.e.,n-simplices
of I• are non-decreasing sequencesj0 � j1 � · · · � jn (jk ∈ {0< 1})). We construct explicitly
a simplicial homotopy

I×
∣∣M(∆• ×A

1 ×X
)∣∣= ∣∣I• ×M(∆• ×A

1 ×X
)∣∣ H→ ∣∣M(∆• ×X)

∣∣
settingHn(j ×m) = (fj × 1X)∗(m) (j ∈ In, m ∈M(∆n ×A

1 ×X)), where

fj :∆n →∆n ×A
1

is the linear morphism sending thekth vertexvk ∈∆n to vk × jk ∈∆n ×A
1. ✷
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Remark7.1.1. – The explicit form of the above homotopy shows immediately that its

composition with the map|M(∆• × X)| p∗−→ |M(∆• × A
1 × X)| (wherep :A1 × X → X

is the obvious projection) is the constant homotopy relating the identity endomorphism of
|M(∆• ×X)| to itself, in particular the above homotopy respects the distinguished points.

Lemma 7.1 easily implies the following proposition.

PROPOSITION 7.2. – LetX �→M(X) be a contravariant functor from the categorySm/F
of smooth schemes of finite type over a fieldF to the category of prespectra. Then for any
X ∈ Sm/F the obvious morphism

M(∆• ×X) =
∣∣n �→M

(
∆n ×X

)∣∣ p∗−→M
(
∆• ×A

1 ×X
)

=
∣∣n �→M

(
∆n ×A

1 ×X
)∣∣

induced by the projectionA1 ×X p→X is a weak equivalence of prespectra.

Proof. –The embeddingi :X x �→0×x−−−−→ A
1 × X is right inverse top and hence the induced

morphism of prespectrai∗ is left inverse top∗. The compositioni ◦ p :A1 ×X → A
1 ×X is

algebraically homotopic to the identity endomorphism, i.e., there exists a morphism

H :A1 × (A1 ×X) s×t×x �→st×x−−−−−−−−−→ A
1 ×X

such that the restrictionH0 ofH to 0× (A1×X) equalsi◦p, whereas the restrictionH1 ofH to
1× (A1×X) equals the identity. Thus, Lemma 7.1 implies that the homomorphism in homotopy
groups induced byi ◦ p equals the identity. ✷

Proposition 7.2 does not apply to the prespectrumKCq (∆•
X) since the assignment

X �→ KCq (∆•
X) is contravariant functorial only for flat morphisms. To prove the homotopy in-

variance of the prespectrumKCq(∆•
X) we use a modification of a method developed by Bloch

[3].
To simplify notation, we letS{Xi}

• (X) denote the bisimplicial set

S
{Xi}
• (X)≡wS•

(
CP{Xi}(X)

)
.(7.2.1)

Here,CP{Xi}(X) is the Waldhausen category of complexes of big vectors bundles onX acyclic
outside of the family of closed subschemes{Xi ⊂X} andwSn(CP{Xi}(X)) is the subcategory
of weak equivalences of the category onn-filtered objects ofSP{Xi}(X). The geometric
realization of this simplicial set is the first term (i.e., the first delooping of the K-theory space) of
theΩ-prespectrumK{Xi}(X), so that we can write

Ω−1K{Xi}(X) =
∣∣S{Xi}

• (X)
∣∣.(7.2.2)

We extend this in the evident fashion to apply to cosimplicial varieties such as∆• ×X . We refer
the reader to Appendix C for a brief discussion of these matters.

For anya ∈ A
1(F ), we let

Cqa
(
∆n ×A

1 ×X
)

(7.2.3)

denote the family of supports consisting of all closed subschemes of∆n×A
1×X which for any

face∆m ⊂∆n intersect in codimension� q the subschemes∆m ×A
1 ×X and∆m × a×X .
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Since, according to the definition, the inverse image of anyY ∈ Cqa(∆n × A
1 ×X) under the

closed embedding

ia :∆n ×X v×x �→v×a×x−−−−−−−−−→∆n ×A
1 ×X

is in Cq(∆n ×X) we have canonical morphisms of spaces and prespectra (specialization ata)

sa = i∗a :
∣∣SCqa•
(
∆• ×A

1 ×X
)∣∣→ ∣∣SCq

• (∆• ×X)
∣∣.(7.2.4)

Assume now that we have two elementsa, b ∈ A
1(F ). Denote byCqa,b(∆n × A

1 ×X) the
family of supports consisting of all closed subschemesZ ∈ Cq(∆n × A

1 ×X), whose inverse
image under each of the morphisms

∆n ×X fj×1X−−−−→∆n ×A
1 ×X v×λ×x �→v×(1−λ)a+λb×x−−−−−−−−−−−−−−−−−→∆n ×A

1 ×X

is in Cq(∆n × X). Here j = (j0 � j1 � · · · � jn), jk ∈ {0 < 1} and fj is the morphism
considered in the proof of Lemma 7.1; the second arrow is induced by the linear automorphism
of A

1, taking0 to a and1 to b. Note that

Cqa,b
(
∆n ×A

1 ×X
)
⊂ Cqa
(
∆n ×A

1 ×X
)
∩ Cqb
(
∆n ×A

1 ×X
)

and hence both specialization mapssa, sb are defined on|SCq
a,b

• (∆• ×A
1 ×X)|. Using the same

simplicial homotopy as in the proof of Lemma 7.1 we get immediately the following result.

LEMMA 7.3. – For anya, b ∈ A
1(F ), the specialization maps of(7.2.4)

∣∣SCq
a,b

•
(
∆• ×A

1 ×X
)∣∣ sa

sb

∣∣SCq
• (∆• ×X)

∣∣
are homotopic.

The following lemma is easily proved by observing thatY ∈ Cq(∆n × A
1 × X) is not in

Cqa(∆n × A
1 ×X) if and only if Y satisfies at least one of a finite number of proper, closed

conditions (of improper intersection with some∆m × a×X). We leave the proof to the reader.

LEMMA 7.4. – (1)Assume thatY ∈ Cq(∆n ×A
1 ×X). ThenY ∈ Cqa(∆n ×A

1 ×X) for all
but finitely manya ∈ A

1(F ).
(2) Assume thatY ∈ Cqa(∆n × A

1 ×X). ThenY ∈ Cqa,b(∆n × A
1 ×X) for all but finitely

manyb ∈ A
1(F ).

Lemmas 7.3 and 7.4 easily imply the following corollary.

COROLLARY 7.5. – Let T ⊂ SCq
• (∆• × A

1 × X) be a simplicial subset with only finitely

many non-degenerate simplices. ThenT ⊂ SCqa• (∆• × A
1 ×X) for all but finitely manya, and

hence for all but finitely manya we have a well defined specialization map

sa : |T | →
∣∣SCq

• (∆• ×X)
∣∣.

Moreover, ifF is infinite and if

sb : |T | →
∣∣SCq

• (∆• ×X)
∣∣

is another specialization map defined onT , then these two maps are homotopic.
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Proof. –The first statement is obvious from Lemma 7.4. To prove the second, observe that
sinceF is infinite there are elementsc ∈ A

1(F ) for which

T ⊂ SCqa,c
•
(
∆• ×A

1 ×X
)
∩ SCq

b,c
•
(
∆• ×A

1 ×X
)

and hencesa|T $ sc|T $ sb|T according to Lemma 7.3.✷
We can now prove the main result of this section.

THEOREM 7.6. – Assume that the fieldF is infinite. For anyX ∈ Sm/F and anyq � 0, the
canonical morphism of prespectra

KCq(∆• ×X) p
∗

→KCq(∆• ×A
1 ×X

)
,

induced by the(flat) projectionA
1 ×X p→X , is a weak equivalence, whereKCq (∆•×X) is the

Ω-spectrum of(5.0.2).

Proof. –We have to show that the induced homomorphisms of homotopy groups

p∗ :πi
(∣∣SCq

• (∆• ×X)
∣∣)→ πi

(∣∣SCq
•
(
∆• ×A

1 ×X
)∣∣)(7.6.1)

are isomorphisms. Corollary 7.5 shows that we have well-defined specialization homomorphisms
on homotopy groups

s= sX :πi
(∣∣SCq

•
(
∆• ×A

1 ×X
)∣∣)→ πi

(∣∣SCq
• (∆• ×X)

∣∣),
and the composition

πi
(∣∣SCq

• (∆• ×X)
∣∣) p∗→ πi

(∣∣SCq
•
(
∆• ×A

1 ×X
)∣∣) s→ πi

(∣∣SCq
• (∆• ×X)

∣∣)
is obviously the identity. To show that the other composition is also the identity it suffices
to consider elements coming fromπi of an appropriate|SCqa• (∆• × A

1 × X)|. Making if
necessary a translation we may even restrict our attention to elements coming fromπi(|T |),
whereT ⊂ SCq0• (∆• × A

1 ×X) is a finitely generated simplicial subset. SetY = A
1 ×X and

consider the flat morphism

m :A1 × Y =A
1 ×A

1 ×X a×b×x �→ab×x−−−−−−−−−→ Y =A
1 ×X.

A straightforward verification shows that the exact functorm∗ takesSCq
• (∆• × A

1 × X) to

S
Cq1• (∆•×A

1×Y ) and takesS
Cq0• (∆•×A

1×X) toS
Cq0• (∆•×A

1×Y ). Moreover the following
diagrams of spaces commute

|SCq
• (∆• ×A

1 ×X)| m∗

=

|SCq1• (∆• ×A
1 × Y )|

sY1

|SCq
• (∆• ×A

1 ×X)| = |SCq
• (∆• × Y )|
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|SCq0• (∆• ×A
1 ×X)|

m∗

sX0

|SCq0• (∆• ×A
1 × Y )|

sY0

|SCq
• (∆• ×X)|

p∗

|SCq
• (∆• × Y )|.

Applying Corollary 7.5 toY and using the above commutative diagrams we conclude that the
restriction ofp∗ ◦ sX0 to |T | is homotopic to the identity map which concludes the proof.✷

Theorem 7.6 implies in particular the following extension of Theorem 6.2.

COROLLARY 7.7. – For anyn, q � 0 the following sequence ofΩ-prespectra is a homotopy
fibration sequence

KCq+1(
∆• ×A

n
)
→KCq(∆• ×A

n
)
→ B
(
zq(An,•)

)
.(7.7.1)

More precisely the composition of the above maps is trivial and the induced map

KCq+1(
∆• ×A

n
)
→ fib

(
KCq(∆• ×A

n
)
→ B
(
zq(An,•)

))
is a weak equivalence.

Proof. –Observe that the projectionp :An → SpecF gives us a commutative diagram all
vertical arrows of which are weak equivalences,

KCq+1
(∆•)

p∗

KCq (∆•)

p∗

B(zq(F,•))

p∗

KCq+1
(∆• ×A

n) KCq (∆• ×A
n) B(zq(An,•)).

Since the top row is a homotopy fibration sequence by Theorem 6.2, the bottom row is a
homotopy fibration sequence as well.✷

We conclude this section with few further remarks concerning the situation discussed above.

For anya ∈ A
1(F ) denote byla :A1 t�→t+a−−−→ A

1 the automorphism “translation bya”.

LEMMA 7.8. – The associated map of spaces

l∗a :
∣∣SCq

•
(
∆• ×A

1 ×X
)∣∣→ ∣∣SCq

•
(
∆• ×A

1 ×X
)∣∣

is homotopic to the identity map.

Proof. –Set Y = A
1 × X and denote byl :A1 × Y = A

1 × A
1 × X → A

1 × X the
morphism takinga × b × x to (a + b) × x. A straightforward verification shows thatl∗ takes

|SCq
• (∆•×A

1×X)| to |SCq0,a
• (∆•×A

1×Y )|. SincesY0 l
∗ = id, sYa l

∗ = l∗a our statement follows
from Lemma 7.3. ✷

One derives easily from the above proof an explicit simplicial homotopy relatingl∗a and the
identity map.

Hn(j ×m) = (fj × 1X)∗(m)
(
j ∈ In,m ∈

∣∣SCq
•
(
∆n ×A

1 ×X
)∣∣)(7.8.1)
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where this timefj :∆n ×A
1 →∆n ×A

1 is an automorphism given by the formula

(t0, . . . , tn)× t �→ (t0, . . . , tn)× (t0j0 + · · ·+ tnjn)a+ t.

The same simplicial homotopy may be used to prove the following result.

LEMMA 7.9. – The map

l∗a :
∣∣SCq0,a

•
(
∆• ×A

1 ×X
)∣∣→ ∣∣SCq0•

(
∆• ×A

1 ×X
)∣∣

is homotopic to the natural embedding.

Applying Corollary 7.5 and Lemma 7.9, we conclude the following.

COROLLARY 7.10. – Assume that the fieldF is infinite. Then the natural embedding

|SCq0• (∆• ×A
1 ×X)| ↪→ |SCq

• (∆• ×A
1 ×X)| is a weak equivalence.

Proof. –For any finitely generated simplicial subsetT ⊂ SCq
• (∆• × A

1 ×X) one can find

a ∈ A
1(F ) such thatT ⊂ SCqa• (∆• ×A

1 ×X) and consider the composition

|T | ↪→
∣∣SCqa•
(
∆• ×A

1 ×X
)∣∣ l∗a−→

∣∣SCq0•
(
∆• ×A

1 ×X
)∣∣.

Lemma 7.9 implies that this map is (up to homotopy) independent of the choice ofa (cf. the
proof of Corollary 7.5) and that the composition

|T | →
∣∣SCq0•
(
∆• ×A

1 ×X
)∣∣ ↪→ ∣∣SCq

•
(
∆• ×A

1 ×X
)∣∣

is homotopic to the geometric realization of the given simplicial inclusion. In this way we get

canonical homomorphismsπi(|SCq
• (∆• ×A

1 ×X)|)→ πi(|S
Cq0• (∆• ×A

1 ×X)|) inverse to the

homomorphisms induced by the embedding|SCq0• (∆• ×A
1 ×X)| ↪→ |SCq

• (∆• ×A
1 ×X)|. ✷

Remark7.11. – We will show below (in Theorem 9.6) how to eliminate the assumption that
the fieldF be infinite in the results of this and the next section.

8. The Ω-prespectrum KCq(∆• ×A
q) and sheaves with quasifinite support

For schemesX,S ∈ Sm/F , we denote byKQ,S(X) theK-theory prespectrum of the scheme
X × S with family of supportsQ(X × S) consisting of all closed subschemes quasi-finite
overX ,

KQ,S(X)≡KQ(X×S)(X × S).(8.0)

The purpose of this section is to demonstrate that theΩ-prespectraKCq(∆•) can be replaced up
to weak equivalence by theΩ-prespectraKQ,Aq (∆•). A major advantage of such a replacement
is thatX �→ KQ,Aq (∆• ×X) is a well defined contravariant functor on the categorySm/F by
the discussion of Appendix C.

The technique we employ is borrowed from [29] where it is shown that if Bloch’s condition on
codimensionq cycles on∆n×X that the cycles have good intersection with all faces is replaced
(for q less than or equal to the dimension ofX) by the stronger condition that the cycles be equidi-
mensional over∆n then the resulting complex is weakly equivalent to Bloch’s complexzq(X,•).

Throughout this section the fieldF is assumed to be infinite.
We begin by recalling the key technical “moving” result which permits such a replacement.
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THEOREM 8.1 [29]. – Let S be an affine scheme, let furtherV be a closed subscheme in
∆n×S and lett be a non-negative integer with the propertydimV � n+ t. Assume that we are
given an effective divisorZ ⊂∆n and anS-morphismψ :Z × S→∆n × S. Then there exists
anS-morphismφ :∆n × S→∆n × S such that

(1) φ|Z×S = ψ.
(2) The fibers of the projectionφ−1(V )→∆n over points of∆n \Z are of dimension� t.

Let φ• :∆• × A
q → ∆• × A

q be a family of A
q-morphisms such that for every strictly

increasing mapθ : [m]→ [n] the diagram

∆m ×A
q

φm

θ∗×1

∆m ×A
q

θ∗×1

∆n ×A
q

φn
∆n ×A

q

commutes. In this situation we will say thatφ• is a pseudo endomorphism of the cosimplicial
scheme∆• ×A

q (overAq). Denote byφCq respectivelyφQ the family of supports on∆n ×A
q

consisting of thoseY ∈ Cq(∆n × A
q) (respectivelyY ∈ Q(∆n × A

q)) whose inverse image
underφn still belongs toCq(∆n×A

p) (respectively toQ(∆n×A
q)). For eachn, the morphism

φn defines a map

φ∗n :
∣∣SφCq•

(
∆n ×A

q
)∣∣→ ∣∣SCq

•
(
∆n ×A

q
)∣∣.

These maps are compatible with the maps induced by the strictly increasingθ : [m]→ [n] and
hence give a map on Segal realizations

∥∥n �→ ∣∣SφCq•
(
∆n ×A

q
)∣∣∥∥ φ∗

−→
∥∥n �→ ∣∣SCq

•
(
∆n ×A

q
)∣∣∥∥.

In the same way we get a map

∥∥n �→ ∣∣SφQ• (∆n ×A
q
)∣∣∥∥ φ∗

−→
∥∥n �→ ∣∣SQ

•
(
∆n ×A

q
)∣∣∥∥.

Using Theorem 8.1, we establish the existence of pseudo endomorphisms transporting a finite
family {Y n

i } ⊂ Cq(∆n ×A
q) to a family of subschemes quasi-finite over∆n.

PROPOSITION 8.2. – Assume that we are given an integerN � 0 and for each0� n�N
a finite subfamily {Y n

i } ⊂ Cq(∆n × A
q). Then there exists a pseudo endomorphism

φ• :∆• ×A
q →∆• ×A

q such that

φ−1
n

(
Y n
i

)
∈Q
(
∆n ×A

q
)

∀ 0� n�N, ∀i

and, in particular,Y n
i ∈ φCq(∆n ×A

q).

Proof. –We may assume obviously that for any strictly increasing mapθ : [m] → [n]
(0�m� n�N) and for anyi the scheme(θ∗× 1Aq)−1(Y n

i ) is a member of the family{Y m
j }.

We proceed to constructφn :∆n ×A
q →∆n ×A

q which satisfy the following properties:
(1) The following diagrams commute (in whichδi : [n− 1]→ [n] (0 � i � n) is the strictly

increasing map missingi)
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∆n−1 ×A
q

φn−1

(δi)∗×1

∆n−1 ×A
q

(δi)∗×1

∆n ×A
q

φn
∆n ×A

q.

(8.2.0)

(2) If n�N thenφ−1
n (Y n

i ) ∈Q(∆n ×A
q) ∀ i.

Assume that we have already constructedφ0, . . . , φn−1 which satisfy the above proper-
ties. Commutativity of diagrams (8.2.0) determines the morphismφn on each of the faces
∆n

i × A
q ⊂ ∆n × A

q (∆n
i ⊂ ∆n is the divisor given by the equationti = 0). Moreover the

inductive assumption implies that these data are compatible one with another and define a mor-
phism

ψ :∂∆n ×A
q →∆n ×A

q,

where ∂∆n ⊂ ∆n is the divisor given by the equationt0 · · · · · tn = 0. According to
Theorem 8.1 we may extendψ to a morphismφn :∆n × A

q →∆n × A
q, so that the projection

φ−1
n (Y n

i )→∆n is quasifinite outside∂∆n. However, over∂∆n the above projection is
quasifinite according to the induction assumption. Thusφ−1

n (Y n
i ) is quasifinite over∆n. ✷

The following is an immediate corollary of Proposition 8.2.

COROLLARY 8.3. – For any compact subsetK ⊂ ‖n �→ |SCq
• (∆n × A

q)|‖, there exists a
pseudo endomorphismφ• such that

K ⊂
∥∥n �→ |SφC

q

• (∆n ×A
p)|
∥∥ and φ∗(K)⊂

∥∥n �→ |SQ
• (∆

n ×A
q)|
∥∥.

Our next objective is to show that the embeddings ofK andφ∗(K) in Corollary 8.3 above are
homotopic. To do so, we repeat the argument of Proposition 8.2 to construct a homotopy.

By a homotopy betweenφ• and the identity endomorphism we mean a pseudo endomorphism

Φ• :∆• ×A
1 ×A

q →∆• ×A
1 ×A

q

of the cosimplicial scheme∆• ×A
1 ×A

q (overAq) such that the following diagrams commute
(in which i0 andi1 denote closed embeddings defined by points0,1∈ A

1)

∆• ×A
q

φ•

i0

∆• ×A
q

i0

∆• ×A
1 ×A

q
Φ•

∆• ×A
1 ×A

q

∆• ×A
q =

i1

∆• ×A
q

i1

∆• ×A
1 ×A

q
Φ•

∆• ×A
1 ×A

q.

For a homotopyΦ• as above letΦCq(∆n×A
1×A

q) (respectivelyΦQ(∆n×A
1×A

q)) be a fam-
ily of supports on∆n×A

1×A
q, consisting of those closed subschemesY ∈ Cq(∆n ×A

1 ×A
q)

(respectively,Y ∈Q((∆n ×A
1)×A

q)) whose inverse image under any morphism of the form

Φn ◦ (fj × 1Aq) :∆n ×A
q →∆n ×A

1 ×A
q
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belongs toCq(∆n × A
q) (respectively toQ(∆n × A

q)). Here,j = (j0 � j1 � · · · � jn) ji ∈
{0< 1} is a non-decreasing sequence andfj is a morphism defined in the proof of Lemma 7.1).

Let ΦCq(∆n × A
q) (respectivelyΦQ(∆n × A

q)) denote the family of supports on∆n × A
q ,

consisting of those closed subschemesY , whose inverse image under the projection

p :∆n×A
1 ×A

q →∆n ×A
q

is in ΦCq(∆n ×A
1 ×A

q) (respectively is inΦQ(∆n ×A
1 ×A

q)).

PROPOSITION 8.4. – Letφ• :∆• ×A
q →∆• ×A

q be a pseudo endomorphism of∆• ×A
q .

Assume that we are given an integerN � 0 and for each0 � n � N a finite subfamily
{Y n

i } ⊂ φCq(∆n ×A
q) (respectively{Y n

i } ⊂ φQ(∆n ×A
q)). Then there exists a homotopy

Φ• :∆• ×A
1 ×A

q →∆• ×A
1 ×A

q

betweenφ• and the identity endomorphism such thatY n
i ∈ ΦCq(∆n × A

q) (respectively
Y n
i ∈ ΦQ(∆n ×A

p)).

Proof. –We may assume obviously that for any strictly increasing mapθ : [m] → [n]
(0�m� n�N) and for anyi the scheme(θ∗× 1Aq)−1(Y n

i ) is a member of the family{Y m
j }.

We proceed to construct

Φn :∆n ×A
1 ×A

q →∆n ×A
1 ×A

q

which satisfy the following properties
(1) The following diagrams (in whichδi : [n− 1]→ [n] (0 � i� n) is the strictly increasing

map missingi) commute

∆n−1 ×A
1 ×A

q
Φn−1

(δi)∗×1

∆n−1 ×A
1 ×A

q

(δi)∗×1

∆n ×A
1 ×A

q
Φn

∆n ×A
1 ×A

q.

(8.4.0)

(2) The following diagrams commute

∆n ×A
q

φn

i0

∆n ×A
q

i0

∆n ×A
1 ×A

q
Φn

∆n ×A
1 ×A

q

∆n ×A
q =

i1

∆n ×A
q

i1

∆n ×A
1 ×A

q
Φn

∆n ×A
1 ×A

q.

(3) If n � N then for anyi the projectionΦ−1
n (Y n

i × A
1)→ ∆n × A

1 is quasifinite over
∆n × (A1 \ {0,1}).
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The construction ofΦ’s repeats essentially verbatim (with∂∆n × A
q replaced by(∂∆n ×

A
1 ×A

q) ∪ (∆n × {0,1}× A
q)) the construction ofφ’s in the proof of Proposition 8.2 and we

skip the obvious details.
In the case of the family of supportsQ, we can say moreover that the projection

Φ−1
n

(
Y n
i ×A

1
)
→∆n ×A

1

is quasifinite over all∆n × A
1 (over∆n × {0,1} it is quasifinite sinceY n

i ∈ φQ(∆n × A
p)).

This implies readily that the inverse image ofΦ−1
n (Y n

i ×A
1) under the morphism

fj × 1 :∆n ×A
q →∆n ×A

1 ×A
q

is quasifinite over∆n, i.e.,Y n
i ∈ ΦQ(∆n ×A

q), which finishes the proof in this case.
In the case of the family of supportsCq, one readily verifies that the inverse image of

Φ−1
n (Y n

i × A
1) under the morphismfj × 1 :∆n × A

q → ∆n × A
1 × A

q is of codimension
� q. Since the pull back of this scheme under the morphism

∆m ×A
q θ∗×1−−→∆n ×A

q

corresponding to the strictly increasing mapθ : [m]→ [n] may be obtained in a similar way from
((θ∗ × 1Aq)−1Y n

i )×A
1 we conclude that(

Φn ◦ (fj × 1)
)−1(

Y n
i

)
∈ Cq
(
∆n ×A

q
)

i.e.,Y n
i ∈ ΦCq(∆n ×A

q). ✷
Two maps between pointed spaces

(X,x0)
f

g
(Y, y0)

are weakly homotopic if their restrictions to any compact subspaceK ⊂ X containingx0 are
related by a (base point preserving) homotopy. Proposition 8.4 leads to the following important
result about pseudo endomorphisms.

PROPOSITION 8.5. – Letφ• be a pseudo endomorphism of the cosimplicial scheme∆•×A
q.

Then the morphisms∥∥n �→ ∣∣SφCq•
(
∆n ×A

q
)∣∣∥∥ φ∗

−−→
∥∥n �→ ∣∣SCq

• (∆n ×A
q)
∣∣∥∥,∥∥n �→ ∣∣SφQ• (∆n ×A

q
)∣∣∥∥ φ∗

−−→
∥∥n �→ ∣∣SQ

•
(
∆n ×A

q
)∣∣∥∥,

are weakly homotopic to the canonical inclusion maps.

Proof. –Let Φ• be a homotopy betweenφ• and the identity endomorphism. Associating to
every pairj ×m ∈ In × |SΦCq

• (∆n ×A
1 ×A

q)| the element(
Φn ◦ (fj × 1Aq)

)∗(m) ∈ ∣∣SCq
• (∆n ×A

p)
∣∣,

we get a sequence of maps

Hn : In ×
∣∣SΦCq

•
(
∆n ×A

1 ×A
q
)∣∣→ ∣∣SCq

•
(
∆n ×A

q
)∣∣
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which are compatible with maps of the corresponding spaces defined by strictly increasing
θ : [m]→ [n] and hence define a map on Segal realizations∥∥I• × (n �→ ∣∣SΦCq

•
(
∆n ×A

1 ×A
q
)∣∣)∥∥ H−→

∥∥n �→ ∣∣SCq
•
(
∆n ×A

q
)∣∣∥∥.

Since for any simplicial spaceZ• the obvious embeddings

‖Z•‖ ‖I• ×Z•‖

defined by points0 and1 are homotopic, we conclude the commutativity up to homotopy of the
following diagrams.

‖n �→ |SΦCq
• (∆n ×A

1 ×A
q)|‖

i∗0

i∗1

‖n �→ |SφC
q

• (∆n ×A
q)|‖

φ∗

‖n �→ |SCq
• (∆n ×A

q)|‖ = ‖n �→ |SCq
• (∆n ×A

q)|‖

‖n �→ |SΦQ
• (∆n ×A

1 ×A
q)|‖

i∗0

i∗1

‖n �→ |SφQ• (∆n ×Aq)|‖

φ∗

‖n �→ |SQ
• (∆

n ×A
q)|‖ = ‖n �→ |SQ

• (∆
n ×A

q)|‖.

Observe that the compositionsp ◦ i0 and p ◦ i1 coincide with the identity morphism.
Thus, we conclude thatΦCq(∆n × A

q) ⊂ φCq(∆n × A
q) and that the restriction ofφ∗ to

‖n �→ |SΦCq
• (∆n ×A

q)|‖ is homotopic to the inclusion map∥∥n �→ ∣∣ΦCq(∆n ×A
q
)∣∣∥∥ ↪→ ∥∥n �→ ∣∣Cq(∆n ×A

q
)∣∣∥∥.

Similarly, ΦQ(∆n × A
q) ⊂ φQ(∆n × A

q) and the restriction ofφ∗ to ‖n �→ |SΦQ
• (∆n × A

q)|‖
is homotopic to the inclusion map‖n �→ |ΦQ(∆n ×A

q)|‖ ↪→‖n �→ |Q(∆n ×A
q)|‖.

The proof is now completed by appealing to Proposition 8.4.✷
The preceding results in conjunction with Theorem 7.6 now provide us with the following

theorem.

THEOREM 8.6. – The embeddings ofΩ-prespectra

KQ,Aq (∆•) ↪→KCq(∆• ×A
q
)
←↩KCq(∆•)

are weak equivalences.

Proof. –Theorem 7.6 asserts that the right embedding is a weak equivalence. Corollary 8.3
and Proposition 8.5 show easily that the embedding of spaces∥∥n �→ ∣∣SQ

•
(
∆n ×A

q
)∣∣∥∥ ↪→ ∥∥n �→ ∣∣SCq

•
(
∆n ×A

q
)∣∣∥∥

is a weak equivalence. Since the natural projection from the Segal realization to the usual one is
also an equivalence, we conclude that the embedding
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•
(
∆n ×A

q
)∣∣∣∣= ∣∣SQ

•
(
∆• ×A

q
)∣∣ ↪→ ∣∣n �→ ∣∣SCq

•
(
∆n ×A

q
)∣∣∣∣

=
∣∣SCq

•
(
∆• ×A

q
)∣∣

is a weak equivalence as well.✷
Consistent with our notationKQ,S(X), we shall denote byZQ,S(X) the free abelian group

generated by closed integral subschemesZ ⊂X × S, which are quasifinite and dominant over
some connected component ofX . The presheafX �→ Z

Q,S(X) is a presheaf with transfers in the
sense of Voevodsky [34], and is also a sheaf in the etale topology as can be seen using faithfully
flat descent. This etale sheaf with transfers is a special case of the sheaf of equidimensional
cycles studied in [10], where it was writtenzequi(S,0)(X).

LEMMA 8.7. – (1)For anyX,S ∈ Sm/F there exists a natural surjective homomorphism
KQ,S

0 (X)→ Z
Q,S(X).

(2) In caseX =A
n the above homomorphism is an isomorphism.

Proof. –TheK-groupsKQ,S
∗ (X) coincide with theK-groups of an abelian categoryM,

consisting of coherent sheavesF on S ×X such thatSuppF ∈ QX(S ×X) – see [32]. Let
M′ denote the Serre subcategory ofM consisting of sheavesF ∈ M whose support is not
dominant over a component ofX . The quotient abelian categoryM/M′ may be identified
with
∐

zMfl(Oz), whereMfl stands for the category of modules of finite length andz in the
coproduct runs throughout the set of generic points of closed integral subschemesZ ⊂ S ×X ,
which are quasifinite and dominant over a component ofX . According to the devissage Theorem
[25] the groupK0(

∐
zMfl(Oz)) coincides withZQ,S(X), which immediately provides us with

the desired natural surjective homomorphism.
To show that this homomorphism is an isomorphism in caseX = A

n one has to show that
in this case the embeddingM′ ↪→M induces a zero map onK0-groups. The proof of this last
fact is based on the use of the linear version of Quillen’s trick and proceeds as follows (cf. proof
of [15, 1.2]).

Let M be a coherent sheaf onAn × S whose supportZ = SuppM is quasifinite but not
dominant overAn. Denote byY the closure of the image ofZ in A

n. SincedimY < n
there exists a non-zero polynomialP ∈ F [X1, . . . ,Xn] vanishing onY . Making a change of
variables we may even assume thatP is monic inXn. Denote byp :An × S→ A

n−1 × S the
projection onto the firstn−1 coordinates. Since a sufficiently high power ofP annihilatesM , we
conclude easily thatp∗(M) is a coherent sheaf onAn−1×S, with support quasifinite overAn−1.
Multiplication byXn determines an endomorphismα of p∗(M). Finally we use the well-known
characteristic exact sequence of an endomorphism (see [1], Chapter 12)

0→ p∗
(
p∗(M)

) Xn−p∗(α)−−−−−−→ p∗
(
p∗(M)

)
→M → 0

to conclude that[M ] = [p∗(p∗(M))]− [p∗(p∗(M))] = 0 ∈K0(M). ✷
LEMMA 8.7.1. – Let S,S′ ∈ Sm/F be equidimensional schemes withdimS′ < dimS. Let

furtherX ∈ Sm/F be a scheme andf :X × S′ →X × S be a quasifinite morphism overX .
Then the induced homomorphism

KQ,S
0 (X)

f∗

−→KQ,S′

0 (X)→ Z
Q,S′

(X)

is trivial.
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Proof. –We may obviously assume thatX is irreducible. As was noted above the group
KQ,S

0 (X) coincides withK0(M), whereM is the abelian category of coherent sheaves on
X × S with support quasifinite overX – see [32]. For anyM ∈M denote by[M ] its class in
KQ,S

0 (X) =K0(M). To compute the image of[M ] underf∗ one should consider a resolution

0←M ← P0 ← P1 ← · · ·← Pn ← 0

ofM by vector bundles, applyf∗ to P• and take the alternating sum of classes of the homology
sheaves off∗(P•). In other words the inverse image is given by the usualTor -formula

f∗([M ]) =
∞∑
i=0

(−1)i
[
TorOX×S

i (OX×S′ ,M)
]
.

Let Z ′ ⊂X × S′ be a closed integral subscheme quasifinite and dominant overX , let z′ be the
generic point ofZ ′ and letz = f(z′) denote the image ofz′ in X × S. The multiplicity with
whichZ ′ appears in the image off∗([M ]) in Z

Q,S′
(X) coincides with

∞∑
i=0

(−1)ilOX×S′,z′

(
TorOX×S

i (OX×S′ ,M)z′
)

= [F (z′) : F (z)]−1 ·
∞∑
i=0

(−1)ilOX×S,z

(
TorOX×S,z

i (OX×S′,z′ ,Mz)
)
.

The last expression is zero since

dimOX×S′,z′ +dimMz � dimX +dimS′ − dimZ ′ +dimSuppM − dimZ

=dimS′ +dimSuppM − dimX

� dimS′ < dimS = dimX +dimS − dimZ = dimOX×S,z

see [27], Chapter V(C.1), §3.✷
SinceX �→ KQ,S(X) is a contravariant functor fromSm/F to the category of prespectra, we

may define for any cosimplicial schemeX• the prespectrum

KQ,S(X•)≡
∣∣n �→ KQ,S

(
Xn
)∣∣.

In particular for anyX ∈ Sm/F ,we shall consider theΩ-prespectrum

KQ,Aq (X ×∆•)≡
∣∣n �→ KQ,Aq

(
X ×∆n

)∣∣.(8.7.2)

Note further that every quasifinite morphismS′ → S defines a natural (inX) morphism of
prespectra

KQ,S(∆• ×X)→KQ,S′
(∆• ×X)

In particular we have a natural (inX) morphism of prespectra

KQ,Aq+1
(∆• ×X)→KQ,Aq (∆• ×X),

corresponding to the embeddingi0 :Aq ↪→ A
q+1 =A

q ×A
1 defined by the point0 ∈ A

1.
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SettingCn(ZQ,S)(X) = Z
Q,S(∆n × X) we get a simplicial sheafC•(ZQ,S). In view of

Lemma 8.7, the construction of (C.1.1) provides us with a canonical morphism of prespectra

KQ,Aq (∆•)→ B
(
C•
(
Z
Q,Aq
)
(Spec F )

)
.

Lemma 8.7.1 shows that the composition

KQ,Aq+1
(∆•)→KQ,Aq (∆•)→ B

(
C•
(
Z
Q,Aq
)
(SpecF )

)
is trivial.

LEMMA 8.8. – LetQ0(∆n ×A
q+1) denote the family of supports on∆n ×A

q+1 consisting
of those closed subschemesY ∈ Q(∆n × A

q+1) whose intersection with∆n × A
q belongs to

Cq+1(∆n ×A
q). Then the natural morphisms of prespectra

KQ0,A
q+1

(∆•)→KQ,Aq+1
(∆•),

KQ0,A
q+1

(∆•)→KCq+1(
∆• ×A

q
)

are weak equivalences.

Proof. –Essentially the same argument as in the proof of Corollary 7.10 establishes that the
first embedding is a weak equivalence. To show that the second morphism is a weak equivalence,
we utilize the family of supportsCq+1

0 (Aq×A
1 ×∆n) as introduced in (7.2.3). Observe that this

second morphism coincides with the composition

KQ0,A
q+1

(∆•)→KCq+1
0
(
A
q ×A

1 ×∆•) s0−→KCq+1(
∆• ×A

q
)

where the first arrow is induced by the obvious inclusion of families of supports and the second
arrow is the specialization at0 morphism considered in Section 7. The first equivalence of the
present lemma together with Corollary 7.10 and Theorem 8.6 imply that the first arrow above
is a weak equivalence, whereas Theorem 7.6 in conjunction with Corollary 7.10 show that the
second arrow is an equivalence as well.✷

THEOREM 8.9. – The sequence of maps

KQ,Aq+1
(∆•)→KQ,Aq (∆•)→ B

(
C•(ZQ,Aq )(F )

)
is a homotopy fibration sequence.

Proof. –By Lemma 8.8, it suffices to show that the sequence

KQ0,A
q+1

(∆•)→KQ,Aq(∆•)→ B
(
C•
(
Z
Q,Aq
)
(F )
)

is a homotopy fibration sequence. Consider the following commutative diagram

KQ0,A
q+1

(∆•) KQ,Aq (∆•) B(C•(ZQ,Aq )(F ))

KCq+1
(∆• ×A

q) KCq (∆• ×A
q) B(zq(Aq,•)).
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By Lemma 8.8, the left vertical map is a weak equivalence, Theorem 8.6 implies that the middle
vertical arrow is a weak equivalence, and [29] verifies that the right vertical arrow is also a weak
equivalence. Since the bottom row is a homotopy fibration sequence by Corollary 7.7, the top
row is likewise a homotopy fibration sequence.✷

The embeddingAq ↪→ A
q+1, used above to define the morphism of prespectra

KQ,Aq+1
(∆•)→KQ,Aq (∆•)

is by no means essential for our construction. The following result shows that we can replace it
by any other coordinate embedding (i.e., embeddings of the form

(x1, . . . , xq) �→ (x1, . . . ,0
k
, . . . , xq)).

LEMMA 8.10. – Let i, i′ :Aq → A
q+1 be two coordinate embeddings. For any scheme

X ∈ Sm/F the corresponding morphisms of prespectraKQ,Aq+1
(∆• ×X)→KQ,Aq (∆• ×X)

are homotopic. Moreover the corresponding homotopy becomes constant when composed with
the morphismKQ,Aq (∆• ×X)→ B(C•(ZQ,Aq )(X)) and hence the resulting morphisms

KQ,Aq+1
(∆• ×X)→ fib

{
KQ,Aq (∆• ×X)→ B

(
C•
(
Z
Q,Aq
)
(X)
)}

are also homotopic.

Proof. –It suffices to consider the case when the corresponding indicesk differ by 1. In this
case one checks easily that the morphism

η(i, i′)× idA1 :Aq ×A
1 → A

q+1 ×A
1 (x, t) �→

(
t · i(x) + (1− t) · i′(x), t

)
is quasifinite and our statement follows from the following (more general) fact.

LEMMA 8.10.1. – Let i, i′ :Aq → A
q+1 be two quasifinite morphisms for which the above

morphism

η(i, i′)× idA1 :Aq ×A
1 → A

q+1 ×A
1

is quasifinite as well. Then for any schemeX ∈ Sm/F the corresponding morphisms
of prespectraKQ,Aq+1

(∆• × X) → KQ,Aq(∆• × X) are canonically homotopic and the
corresponding homotopy becomes trivial when composed with the morphism

KQ,Aq (∆• ×X)→ B
(
C•(ZQ,Aq )(X)

)
.

Proof. –Consider the following diagram of prespectra

KQ,Aq+1
(∆• ×X)→KQ,Aq

(
∆• ×X ×A

1
)→→KQ,Aq (∆• ×X).

Here the first arrow is induced by the morphismη(i, i′) :Aq×A
1 → A

q+1 and the last two arrows
are pull-backs corresponding to the closed embeddingsX→X×A

1 defined by the closed points
0,1 ∈ A

1. Now it suffices to note that the two morphisms in question coincide with the top and
bottom compositions of the above morphisms and use Lemma 7.1. The fact that the resulting
homotopy becomes trivial being composed withKQ,Aq (∆• ×X)→ B(C•(ZQ,Aq )(X)) follows
easily from the explicit form of the homotopy, using Lemma 8.7.1.✷
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Consider in particular the special case wherei= iq, i′ = iq−1 are two coordinate embeddings
(so thati∗ is the standard morphism used before). LetFt denote the homotopy relating the
morphismsi∗q andi∗q−1. In Section 14 we will need the following property of this homotopy.

LEMMA 8.10.2. – The homotopyFt becomes constant when composed with the morphism
KQ,Aq(∆• ×X)→KQ,Aq−1

(∆• ×X).

Proof. –Note that the composition

A
q−1 ×A

1 → A
q ×A

1 η(i,i′)−−−−→ A
q+1

coincides with the compositionAq−1 ×A
1 p→ A

q−1 ↪→ A
q+1 sincei= i′ onA

q−1. This implies
readily the commutativity of the diagram

KQ,Aq+1
(∆• ×X) KQ,Aq (∆• ×X ×A

1)
i∗0 ,i

∗
1 KQ,Aq (∆• ×X)

KQ,Aq−1
(∆• ×X)

p∗

KQ,Aq−1
(∆• ×X ×A

1)
i∗0 ,i

∗
1 KQ,Aq−1

(∆• ×X).

Our result follows now from Remark 7.1.1.✷

9. Transfers in homotopy groups of prespectra KCq(∆• ×X) and KQ,Aq (∆• ×X)

In this section we define transfers in the homotopy groups of the prespectra in the title of the
section corresponding to finite flat morphisms. This construction will be crucial in Section 11.
Here we use it to extend the results of the two previous sections to the case of finite fields.

Let p :D→ S be a finite flat morphism of schemes. Consider the functor

p∗ :P(Sch/D)→P(Sch/S)

on categories of “big vector bundles” (see Appendix C.4). This functor is defined uniquely up
to a unique isomorphism, but not quite uniquely as yet. To make it absolutely well-defined we
have to fix models for all schemesS′ ×S D (S′ ∈ Sch/S). As soon as these choices are made
the required big vector bundle is defined uniquely by the formula

p∗(P )(S′) = P (D×S S
′).

HereP :Sch/D→ Ab is a big vector bundle on the siteSch/D and the resulting sheaf ofO-
modules on the siteSch/S is a big vector bundle since the morphismp :D→ S is finite and
flat. Let nowS′ → S be a scheme of finite type overS. Proceeding in the same way as above
we may consider the functorp′∗ :P(Sch/D ×S S

′)→ P(Sch/S′). Note however that by now
we don’t need to make any choices, since for anyS′′/S′ the schemeS′′ ×S D already fixed
above may (and will) be chosen as the model for(D×S S

′)×S′ S′′. With this agreement we see
immediately that the following statement holds.
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LEMMA 9.1. – Consider a Cartesian diagram of schemes as above

D′ =D×S S
′

p′

D

p

S′ S.

Then the following diagram of functors strictly commutes.

P(Sch/D) res

p∗

P(Sch/D′)

p′∗

P(Sch/S) res P(Sch/S′).

Here the horizontal arrows are the inverse image(restriction of the domain) functors and the
vertical arrows are the direct image functors as fixed above.

We shall use the notationTrD/S ,TrD′/S′ for the functorsp∗, p′∗ introduced above.
Lemma 9.1 implies immediately the following corollary

COROLLARY 9.2. – Let θ : [m]→ [n] be a non-decreasing map and let the same letterθ be
used to denote the corresponding morphism of schemes∆m →∆n. For anyq � 0 the following
diagram of functors strictly commutes

P(Sch/∆n ×A
q ×D) θ∗

TrD/S

P(Sch/∆m ×A
q ×D)

TrD′/S′

P(Sch/∆n ×A
q × S) θ∗ P(Sch/∆m ×A

q × S).

Corollary 9.2 implies readily that for anyq � 0 we get natural morphisms of simplicial
prespectra (where in the second case we assume that the schemeS, and hence alsoD, is
equidimensional)

TrD/S :KQ,Aq(∆• ×D)→KQ,Aq (∆• × S),
TrD/S :KCq(∆• ×D)→KCq(∆• × S).

Moreover one checks easily that if we change the choices for the fiber products which were made
to produce the above map then the corresponding maps

TrD/S :KQ,Aq
(
∆n ×D

)
→KQ,Aq

(
∆n × S

)
,

TrD/S :KCq(∆• ×D
)
→KCq(∆• × S)

are replaced by homotopic ones and, in particular, the induced homomorphisms in homotopy
groups are independent of the choices made. We keep the same notationTrD/S for the maps in
homotopy groups of the above prespectra induced by the morphisms of prespectraTrD/S .

In the case of the prespectrumKQ,Aq(∆n ×X), which depends contravariantly functorially
onX (thanks to the functorial constructions of Appendix C), the transfer maps are compatible
with pull-backs. The following statement follows immediately from Lemma 9.1.
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LEMMA 9.3. – Let f :S′ → S be a scheme of finite type overS. Consider the Cartesian
diagram

D′ =D×S S
′ fD

p′

D

p

S′ f
S.

Then the following diagram of simplicial prespectra commutes

KQ,Aq (∆• ×D)
f∗
D

TrD/S

KQ,Aq(∆• ×D′)

TrD′/S′

KQ,Aq(∆• × S)
f∗

KQ,Aq(∆• × S′).

PROPOSITION 9.4. – Assume that the vector bundlep∗(OD) is a freeOS-module of rankn.
Then the compositions

πi
(
KQ,Aq(∆• × S)

) p∗−→ πi
(
KQ,Aq (∆• ×D)

) TrD/S−−−−→ πi
(
KQ,Aq(∆• × S)

)
,

πi
(
KCq(∆• × S)

) p∗−→ πi
(
KCq (∆• ×D)

) TrD/S−−−−→ πi
(
KCq (∆• × S)

)
coincide with multiplication byn.

Proof. –This follows easily from the Waldhausen Additivity Theorem [37] in view of the fact
that the composition functorp∗ ◦ p∗ is naturally isomorphic to the direct sum ofn copies of the
identity functor. ✷

As a first application of the existence of the transfer maps we show that the results of the
previous two sections remain valid over finite fields. To do this, we need one more elementary
technical result.

LEMMA 9.5. – LetE/F be an algebraic extension of fields. Then for any schemeX ∈ Sm/F
we have natural isomorphisms

KQ,Aq

i (∆• ×XE) = lim−→
L

KQ,Aq

i (∆• ×XL),

KCq
i (∆• ×XE) = lim−→

L

KCq
i (∆• ×XL),

whereL runs through all finite subextensions ofE/F .

THEOREM 9.6. – The results Theorems7.6, 8.6, 8.9are valid over finite fields.

Proof. –To show how to extend Theorem 7.6 to the case of finite fields letF be a finite field
and letX/F be a smooth scheme overF . We have to show that the homomorphisms

KCq
i (∆• ×X) p∗−→KCq

i

(
∆• ×A

1 ×X
)

are isomorphisms. We shall show that these maps are injective, surjectivity is proved similarly.
Assume thata ∈KCq

i (∆• ×X) is in the kernel ofp∗. For any infinite algebraic extensionE/F
the image ofa in KCq

i (∆• ×XE) is trivial in view of Theorem 7.6. We conclude further from

4e SÉRIE– TOME 35 – 2002 –N◦ 6



THE SPECTRAL SEQUENCE RELATING ALGEBRAICK-THEORY TO MOTIVIC COHOMOLOGY 823

Lemma 9.5 that there exists a finite subextensionF ⊂ L⊂E such thata dies inKCq
i (∆• ×XL)

and hence is killed by[L : F ] according to Proposition 9.4. Finally for any prime integer
l �= charF we can find an infinite extensionE/F with Galois groupGal (E/F ) = Zl, in which
case the degree[L : F ] is a power ofl (for any finite subextensionL). Thusa is killed by a
sufficiently high power of an arbitrary prime integer and hencea= 0.

Theorem 8.6 is proved in exactly the same way. Theorem 8.9 follows similarly, by observing
that its statement is verified by showing that the natural map fromKQ,Aq+1

(∆•) to the homotopy
fibre is a weak equivalence.✷

10. Pseudo pretheories

Vladimir Voevodsky has introduced the concept of a pretheory which has proved extremely
useful in the study of several problems. A pretheory on the categorySm/F is a contravariant
functor which has well-behaved transfers. A key property of a homotopy invariant pretheoryF is
the fact that the restriction mapF(S)→F(F (S)) is injective for any smooth affine irreducible
semilocal schemeS with field of rational functionsF (S); in particular,F vanishes on such
semilocal schemes whenever it vanishes on all fields.

In order to apply this to extend the fibration sequence of Theorem 6.1 from fields to semilocal
schemes, we need a minor modification of Voevodsky’s pretheories. Namely, the functors
X �→ πn(KQ,Aq (∆• ×X)) are not quite pretheories with the given transfersTrD/S because
Tr (D·D′)/S is not necessarily equal toTrD/S +TrD′/S . (Here, we are identifying an effective
Cartier divisorD with a codimension 1 subscheme, so thatD · D′ denotes the subscheme
associated to the product of Cartier divisors.) The purpose of this section is to introduce
the slightly weaker notion of a pseudo pretheory and to verify that minor modifications of
Voevodsky’s arguments imply that the above injectivity property remains valid for such pseudo
pretheories.

We say that a contravariant functorF from the category of smooth schemes over a given field
F to abelian groups is a pseudo pretheory ifF satisfies the following properties:

(1) F(X
∐
Y )∼=F(X)⊕F(Y ).

(2) For any smooth affine curveX/S and any effective Cartier divisorD ⊂ X finite and
surjective overS we have a canonical homomorphismTrD :F(X)→F(S). If D ⊂X
is the graph of some sectioni :S → X , then TrD = F(i). Moreover these transfer
homomorphisms are compatible with pull-backs.

(3) TrD +TrD′ =TrD·D′ whenever the restriction of the line bundleID toD′ is trivial.
If in addition F(X × A

1) = F(X) for anyX ∈ Sm/F , then we say thatF is a homotopy
invariant pseudo pretheory.

As always we extend canonically all functors defined on the categorySm/F to the wider
category of appropriate pro-schemes (which includes at least all semilocalizations of all smooth
schemes) by taking direct limits. The above properties obviously remain true after such extension
as well.

We denote byC0(X/S) the free abelian group generated by closed integral subschemes
D⊂X finite and surjective overS. Let c(D) ∈C0(X/S) denote the Weil divisor corresponding
to the Cartier divisorD. We shall also consider the corresponding singular homology group

H0(X/S)≡C0(X/S)/
〈{
D0 −D1, D ∈C0

(
X ×A

1/S ×A
1
)}〉

(cf. [30]).
Our first proposition verifies that the transfers on a pseudo pretheoryF are sufficiently well

behaved to give an action of relative0-cycles onF(S) for S semilocal.
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PROPOSITION 10.1. – Let F be a homotopy invariant pseudo pretheory and letS/F be a
smooth connected semilocal scheme. Let furtherX/S be a smooth affine curve overS. Then
there exists a natural pairing

F(X)⊗C0(X/S)
Tr−→F(S)

which is uniquely characterized by the formulaTr(f ⊗ c(D)) =TrD(f) for anyf ∈ F(X) and
any effective Cartier divisorD ⊂X finite and surjective overS. Moreover this pairing factors
through a pairing

F(X)⊗H0(X/S)→F(S).

Proof. –Observe that for the semilocal schemeS the assumptions of (3) are always satisfied,
since in this case the schemeD′ is also semilocal and hencePic(D′) = 0. This shows that

TrD·D′ =TrD +TrD′ :F(X)→F(S) ∀D,D′.

Thus the pairing(f,D) �→TrD(f) is bilinear and hence factors to define the pairing in question
(sinceC0(X/S) is precisely the group completion of the abelian monoid of effective Cartier
divisors finite and surjective overS). Assume now thatD ⊂ X × A

1 is an effective Cartier
divisor finite and surjective overS × A

1. Denote byD0,D1 ⊂X the effective Cartier divisors
(finite and surjective overS) obtained as pull-backs ofD under the two standard embeddings
i0, i1 :S ↪→ S ×A

1. Let f ∈ F(X) =F(X ×A
1) be an arbitrary element. The compatibility of

transfers with pull-backs shows that the pull-backs ofTrD(f) ∈ F(S × A
1) = F(S) under the

embeddingsi0 andi1 are equal toTrD0(f) andTrD1(f) respectively. In view of the homotopy
invariance of the functorF these pull-backs are the same. ThusTrD0(f) = TrD1(f), i.e., our
pairing kills elements of the formc(D0)− c(D1). Since such elements generate the kernel of the
surjectionC0(X/S)→H0(X/S), the statement follows. ✷

The next proposition is the analogue of [33, 4.17] for pseudo pretheories.

PROPOSITION 10.2. – LetX ∈ Sm/F be a smooth irreducible affine scheme overF and let
x = {x1, . . . , xn} be a finite number of points ofX . Denote byXx the semilocalization ofX
in x. Let finallyU �= ∅ be an open subscheme ofX . Then for any homotopy invariant pseudo
pretheoryF there exists a homomorphismϕ :F(U)→F(Xx) such that the following diagram
commutes

F(X) res

res

F(U)

ϕ

F(Xx)
= F(Xx).

Proof. –The proof essentially repeats the proof of the Proposition 4.17 [33] so we only sketch
the main points. The geometric part of the argument remains unchanged. We may obviously
assume that all the pointsxi are closed, we note also that we can always diminish bothX
andU if necessary. Proposition 4.9 [33] shows that upon diminishingX andU we may assume
that there exists a smooth affine morphismp :X → S of relative dimension one (i.e.,X is
a smooth curve over a smooth affineS) whose restriction toZ = X \ U is finite (cf. also
[25] Lemma 5.12). Moreover we may assume that there exists a proper morphism of relative
dimension onēp :X → S with X normal and integral and an open embeddingi :X ↪→X such
that p̄ ◦ i = p. Finally we may assume also that the following property holds (where we set
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X∞ = X \X): the closed subschemeZ
∐
X∞ ⊂ X admits an open affine neighborhood (in

other wordsX is a good compactification for bothX→ S andU → S – see [30] for the definition
of the good compactification). Consider now a smooth affine curveU ×S Xx →Xx. According
to Proposition 10.1 each elementD ∈H0(U ×S Xx/Xx) defines a homomorphism

F(U)→F(U ×S Xx)
TrD/Xx−−−−−→F(Xx),

where the first map is given by the contravariant functoriality ofF . In the same way each element

D ∈ H0(X ×S Xx/Xx) defines a homomorphismF(X) TrD−−→ F(Xx) and the restriction
homomorphismres :F(X)→ F(Xx) coincides withTrD0 whereD0 ⊂X ×S Xx/Xx is the
graph of the naturalS-morphismXx →X . Thus the statement would follow if we can show that
the homomorphism

H0(U ×S Xx/Xx)→H0(X ×S Xx/Xx)

induced by the open embeddingU ↪→ X is surjective. LetY be the normalization of the
disjoint sum of components ofX ×SXx considered as closed reduced subschemes. The relative
curveY → Xx is easily seen to be a good compactification for bothU ×S Xx → Xx and
X ×S Xx →Xx. Thus settingY∞ = Y \X ×S Xx we have the following computation of the
correspondingH0’s:

H0(U ×S Xx/Xx) = Pic
(
Y ,Y∞

∐
Z ×S Xx

)
,

H0(X ×S Xx/Xx) = Pic(Y ,Y∞),

see [30]. Finally we note that the schemeZ ×S Xx is semilocal and hence has trivial Picard
group. The short exact sequence (cf. [30, (1)]

Pic
(
Y ,Y∞

∐
Z ×S Xx

)
→ Pic(Y ,Y∞)→ Pic(Z ×S Xx) = 0

concludes the proof. ✷
The injectivity property we require is now an easy consequence.

THEOREM 10.3. – For any homotopy invariant pseudo pretheoryF and any smooth affine
irreducible semilocal schemeS, the restriction mapF(S)→F(F (S)) is injective, whereF (S)
is the field of rational functions onS.

Proof. –Assume thatS is the semilocalization of a smooth affine schemeX in the finite set of
pointsx= {x1, . . . , xn}. Since

F(S) = lim−→
x⊂U

F(U), F
(
F (S)

)
= lim−→

U �=∅
F(U),

it would suffice to show that if a certain element ofF(X) dies being restricted to some
non emptyU then it also dies being restricted toXx = S. However this is obvious from
Proposition 10.2. ✷

COROLLARY 10.4. – Assume that the homotopy invariant pseudo pretheoryF satisfies the
condition thatF(E) = 0 for any finitely generated separable extensionE/F . ThenF(S) = 0
for any smooth affine semilocalS.
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11. Extension from fields to semi-local rings

In Theorem 8.9, we exhibited homotopy fibration sequences

KQ,Aq+1
(∆•)→KQ,Aq(∆•)→ B

(
C•
(
Z
Q,Aq
)
(F )
)

which determine the first derived exact couple of the Bloch–Lichtenbaum exact couple and thus
the spectral sequence (5.6.0). Since the composition of the maps is easily seen to be trivial, the
fundamental result is the assertion that the induced map from the first space to the homotopy
fibre of the second map is a weak equivalence. Our approach to extending this result is straight-
forward: for more general smooth schemesS overF , consider the sequence of maps

KQ,Aq+1
(∆• ×F S)→KQ,Aq (∆• ×F S)→ B

(
C•
(
Z
Q,Aq
)
(S)
)

and show that the induced map from the first space to the homotopy fibre of the second map
is a homotopy equivalence or equivalently that the kernel and cokernel of the induced maps on
homotopy groups vanish.

In this section, we employ Voevodsky’s technique extended to pseudo pretheories as
formulated in Theorem 10.3 to obtain fibration sequences for smooth, affine semi-local
schemesS. To carry out this argument, we must verify that the functors

X �→ πi
(
KQ,Aq (∆• ×X)

)
,

X �→ πi
(
fib
(
KQ,Aq (∆• ×X) can−−→ B

(
C•
(
Z
Q,Aq
)
(X)
)))

are indeed pseudo pretheories.
Let S ∈ Sm/F be a smooth scheme and letX/S be a smooth affine curve overS. Let further

D ⊂X be an effective Cartier divisor (i.e., a closed subscheme whose defining sheaf of ideals
is a line bundle) onX , which is finite and surjective overS. SinceD is locally defined by a
single equation, which is a non-zero divisor in the fiber, the projectionpD :D→ S is also flat.
Thus according to the results of Section 9 we see that for anyq � 0 we get a natural morphism
of simplicial prespectra

TrD :KQ,Aq (∆• ×X)→KQ,Aq (∆• ×D)
TrD/S−−−−→KQ,Aq(∆• × S).

Here the first arrow is the obvious restriction map whereas the second arrow is the transfer
homomorphism (defined in Section 9) corresponding to the finite flat morphismD → S. As
was discussed in Section 9 the construction ofTrD/S depends on certain choices; however
the resulting morphism is well defined up to homotopy and in particular the corresponding
homomorphisms in homotopy groups are independent of the choices made.

The etale sheafZQ,Aq , which is a presheaf with transfers as mentioned prior to Lemma 8.7,
has transfer maps which are particularly easy to define in the context above:TrD/S is given by
pull-back of cycles toD, then push-forward of cycles toS.

Recalling the construction of the homomorphism

KQ,Aq

0 (∆n ×X) can−−→ Z
Q,Aq
(
∆n ×X

)
in Lemma 8.7, we verify easily the following lemma.

LEMMA 11.1. – As above, letS ∈ Sm/F be a smooth scheme, letX/S be a smooth affine
curve, and letD be an effective Cartier divisor which is finite and surjective overS.
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(1) For anyn, q � 0 the following diagram commutes

π0(KQ,Aq (∆n ×X)) can

TrD/S

ZQ,Aq (∆n ×X)

TrD/S

π0(KQ,Aq (∆n × S)) can
Z
Q,Aq(∆n × S).

Here the left vertical arrow is the map in homotopy groups induced by the morphism of prespectra
TrD :KQ,Aq (∆n × X) → KQ,Aq (∆n × S) and the right vertical arrow is the transfer map
corresponding to the presheaf with transfersZ

Q,Aq .
(2) We have a commutative diagram of simplicial prespectra

KQ,Aq (∆• ×X)
TrD/S

KQ,Aq (∆• × S)

B(C•(ZQ,Aq )(X))
TrD/S

B(C•(ZQ,Aq (S))

and hence the morphismTrD/S defines also a morphism of prespectra

TrD/S :fib
(
KQ,Aq (∆• ×X) can−−→ B

(
C•
(
Z
Q,Aq
)
(X)
))

→ fib
(
KQ,Aq (∆• × S) can−−→ B

(
C•
(
Z
Q,Aq
)
(S)
))
.

(3) The morphism of prespectra

KQ,Aq+1
(∆• ×X)→ fib

(
KQ,Aq (∆• ×X) can−−→ B

(
C•
(
Z
Q,Aq
)
(X)
))

is compatible with transfers.

The transfer maps defined by effective divisors finite and surjective overS are compatible with
pull-backs. The following result is an obvious corollary of Lemmas 9.3 and 11.1.

PROPOSITION 11.2. – Let f :S′ → S be a morphism inSm/F . Consider the Cartesian
diagram

X ′ =X ×S S
′ fX

p′

X

p

S′ f
S.

Let D be an effective Cartier divisor onX finite and surjective overS and let further
D′ =D×S S

′ be the corresponding Cartier divisor onX ′. Then the following diagram
commutes

πi(KQ,Aq (∆• ×X))
f∗
X

TrD/S

πi(KQ,Aq (∆• ×X ′))

TrD′/S′

πi(KQ,Aq (∆• × S))
f∗

πi(KQ,Aq (∆• × S′)).
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The same applies equally if we replace everywhere the prespectrumKQ,Aq (∆• × X) by the
prespectrumfib(KQ,Aq (∆• × X) can−−→ B(C•(ZQ,Aq )(X))). In other words transfer maps we
have defined are compatible with pull-backs.

As mentioned at the beginning of Section 10,S �→ πi(KQ,Aq (∆• × S)) together with the
transfer mapsTrD/S is not a pretheory in the sense of Voevodsky [33]. Nevertheless, these
transfers are sufficiently well behaved to determine the structure of pseudo pretheories.

PROPOSITION 11.3. – LetD andD′ be effective Cartier divisors onX which are finite and
surjective overS. Assume further that the restriction of the sheaf of idealsID (definingD onX)
to the schemeD′ is a trivial line bundle. ThenTrD·D′ =TrD +TrD′ .

Proof. –Denote byi :D ↪→ D ·D′, i′ :D′ ↪→ D ·D′ the corresponding closed embeddings.
One checks easily that we have the following short exact sequence of coherent sheaves onD ·D′

0→ i′∗(ID ⊗OX OD′)→OD·D′ → i∗(OD)→ 0.

Let f ∈ Γ(D′, ID ⊗OX OD′) be the trivialization of the line bundleID ⊗OX OD′ . Multiplica-
tion byf defines a short exact sequence of coherentOD·D′ -modules

0→ i′∗(OD′)
f→OD·D′ → i∗(OD)→ 0.

For any vector bundleP ∈P(X) the above exact sequence gives the following exact sequence

0→ i′∗(P ⊗OX OD′)
f→ P ⊗OX OD·D′ → i∗(P ⊗OX OD)→ 0.

Applying to the above exact sequence of coherent sheaves the exact functor(pD·D′)∗ we get an
exact sequence of vector bundles onS

0→ (pD′)∗(P ⊗OX OD′)→ (pD·D′)∗(P ⊗OX OD·D′)→ (pD)∗(P ⊗OX OD)→ 0.

Passing now from vector bundles onX to the equivalent category of vector bundles onSch/X
we conclude immediately that multiplication byf defines a homomorphism of functors (from
P(Sch/X) to P(Sch/S)) f :TrD′ →TrD·D′ and moreover the following sequence of functors
is exact

0→TrD′ → TrD·D′ → TrD → 0.

Now the statement follows easily from Waldhausen’s Additivity Theorem [37].✷
COROLLARY 11.4. – LetF denote either

X �→ πi
(
KQ,Aq(∆• ×X)

)
,

X �→ πi
(
fib
(
KQ,Aq (∆• ×X) can−−→ B

(
C•
(
Z
Q,Aq
)
(X)
)))
.

ThenF is a homotopy invariant pseudo pretheory(as discussed in Section10).

Proof. –Homotopy invariance follows from Proposition 7.2, since both constructions are
functorial onSm/F . The second and third defining properties of a pseudo pretheory are given
by Propositions 11.2 and 11.3.✷

Combining Theorem 8.9, Theorem 10.3 and Corollary 11.4, we now easily obtain the fibration
sequences we seek for smooth, affine semilocal schemes.
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THEOREM 11.5. – LetS/F be a smooth, affine, semilocal scheme. Then the sequence of maps

KQ,Aq+1
(∆• ×F S)→KQ,Aq (∆• ×F S)→ B

(
C•
(
Z
Q,Aq
)
(S)
)

is a homotopy fibration sequence.

Proof. –We have to show that the induced homomorphisms

πi
(
KQ,Aq+1

(∆• ×F S)
)
→ πi
(
fib
(
KQ,Aq (∆• ×F S)→ B

(
C•
(
Z
Q,Aq
)
(S)
)))

are isomorphisms for smooth affine semilocalS. By Corollary 11.4, the kernel and the cokernel
of the above homomorphism of functors is a homotopy invariant pseudo pretheory. Since these
pretheories vanish on fields according to Theorems 8.9 and 9.6, they vanish on all smooth affine
semilocal schemes according to Corollary 10.4.✷

12. Higher Chow groups and motivic cohomology

In this section we fix our definition of motivic cohomology and show that motivic cohomology
is naturally isomorphic to higher Chow groups of Bloch [3,4].

Recall the etale sheaf with transfersX �→ Z
Q,Aq(X) introduced in Section 8:ZQ,Aq (X)

is the free abelian group on the closed integral subschemesZ ⊂ X × A
q which are quasi-

finite and dominant over some connected component ofX . Applying to this sheaf the
singular complex construction (i.e., settingCn(ZQ,Aq )(X) = Z

Q,Aq (∆n × X)), we get a
simplicial sheafC•(ZQ,Aq ). We use the notationC∗(ZQ,Aq) for the corresponding complex
of sheaves with differential equal to the alternating sum of face operations. We set further
Ci(ZQ,Aq) =C−i(ZQ,Aq ), so thatC∗(ZQ,Aq ) is a non positive complex of degree+1. We define
the motivic complexZ(q) as a degree shift of the complexC∗(ZQ,Aq ):

Z(q) =C∗(
Z
Q,Aq
)
[−2q].

We define the motivic cohomologyH∗(X,Z(q)) ofX to be the (Zariski) hypercohomologyofX
with coefficients in this complex of sheaves.

The fact that this definition agrees with the definition given in [34] is proved in [10] whenever
F admits resolution of singularities and is proved in [35] for general fieldsF . It has the
advantage that the corresponding motivic cohomology groups always coincide with the higher
Chow groups.

PROPOSITION 12.1. – For any smooth schemeX ∈ Sm/F there is a natural isomorphism in
the derived category of complexes of sheaves on the small Zariski site ofX

C∗
(
Z
Q,Aq
)∼= zq(− ,∗),

wherezq(U,n) is the free abelian group generated by closed integral subschemesZ ⊂∆n ×U
of codimensionq which intersect all faces of∆n ×U properly.

Proof. –Consider the following complex of sheaves onXZar ,

U �→ zq
(
U ×A

q,∗
)
.
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The homotopy invariance of higher Chow groups implies that the natural homomorphism

zq(− ,∗)→ zq
(
−×A

q,∗
)

is a quasi-isomorphism. Furthermore we have an obvious embedding of complexes

C∗
(
Z
Q,Aq
)
↪→ zq

(
−×A

q,∗
)
.

The homomorphisms in homology induced by this embedding

Hn

(
Z
Q,Aq (X)

)
→Hn

(
zq
(
X ×A

q,∗
))
=CHq(X,n)

are isomorphisms in the case of fields according to [29]. Note further that both sides are
homotopy invariant presheaves with transfers. In the case ofHn(ZQ,Aq (X)) this is obvious
and in the case of the higher Chow groups this is verified in [36]. Since the displayed
homomorphisms are obviously compatible with transfers, we further conclude from [33, 4.20]
that these homomorphisms are isomorphisms for any smooth local schemeX , which shows that
the embedding

C∗
(
Z
Q,Aq
)
↪→ zq

(
−×A

q,∗
)

is a quasi-isomorphism.✷
COROLLARY 12.2. – For any smooth quasiprojective schemeX ∈ Sm/F we have natural

isomorphisms

Hp
(
X,Z(q)

)∼=CHq(X,2q− p).

Proof. –It suffices to note that higher Chow groups satisfy localization [4] and hence Zariski
descent (i.e., are determined locally in the Zariski topology; cf. Proposition 13.2 below). This
easily implies that the natural map fromCHq(X,−n) to thenth hypercohomology group of the
complexzq(− ,∗) (re-indexed cohomologically) is an isomorphism.✷

The symmetric groupΣq acts canonically on the schemeA
q which defines a (right) action

of Σq on the complex of sheavesC∗(ZQ,Aq ) and hence also an action ofΣq in motivic
cohomology. The next result will be needed in Section 14.

LEMMA 12.3. – The natural action ofΣq in Hp(X,Z(q)) is trivial.

Proof. –This follows immediately from the fact that both quasi-isomorphisms in the diagram

zq(− ,∗) ↪→ zq
(
−×A

q,∗
)
←↩ C∗

(
Z
Q,Aq
)

areΣq-equivariant, where the action ofΣq on zq(− ,∗) is trivial and that onzq(− × A
q,∗) is

induced by the natural action onAq. ✷
We conclude this section by a discussion of products in motivic cohomology. This discussion

is quite similar to that found in [39, 3.2] which uses somewhat different conventions. For any
schemesX,X ′ ∈ Sm/F , by taking the direct product of cycles we get a natural map (cf. [10,
§8])

Z
Q,Aq(X)⊗Z

Q,Aq
′

(X ′)→ Z
Q,Aq+q

′

(X ×X ′).
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Applying this product operation to the schemesX × ∆n andX ′ × ∆m, we get a natural
homomorphism of bisimplicial abelian groups

Z
Q,Aq (X ×∆•)⊗Z

Q,Aq
′

(X ′ ×∆•)→ Z
Q,Aq+q

′

(X ×X ′ ×∆• ×∆•).

Composing this external product operation with the homomorphism induced by

∆X :X→X ×X,

we get in the usual way for anyX ∈ Sm/F a natural homomorphism of bisimplicial abelian
groups

Z
Q,Aq(X ×∆•)⊗Z

Q,Aq
′

(X ×∆•)→ Z
Q,Aq+q

′

(X ×∆• ×∆•).

Consider now the homomorphism of the associated total complexes and utilize the fact that the

complexTot(ZQ,Aq+q
′
(X × ∆• × ∆•)) is canonically homotopy equivalent to the complex

Z
Q,Aq+q

′
(X ×∆•) (see [31] §0). Explicitly, the homomorphism

Z
Q,Aq+q

′

(X ×∆•)→ Tot
(
Z
Q,Aq+q

′

(X ×∆• ×∆•)
)

is induced by the projection onto the first copy of∆•, whereas the homotopy inverse map is
defined by the shuffle map

Z
Q,Aq+q

′ (
X ×∆n ×∆m

) ∑φ : [n+m]→[n]×[m]
ε(φ)φ∗

−−−−−−−−−−−−−−−−−→ Z
Q,Aq+q

′ (
X ×∆n+m

)
.

Here the sum is taken over all strictly increasing mapsφ : [n+m]→ [n]× [m] (which are in one
to one correspondence with(n,m) shuffles),ε(φ) denotes the sign of the corresponding shuffle
and we use the same letterφ to denote the linear isomorphism of schemes∆n+m →∆n ×∆m

which coincides withφ on the set of vertices.
The previous considerations imply that we have a canonical pairing of complexes of sheaves

Z
Q,Aq (X ×∆•)⊗Z

Q,Aq
′

(X ×∆•)→ Z
Q,Aq+q

′

(X ×∆•)

explicitly given by the formula

(Z,Z ′) �→
∑

φ=(φ′,φ′′) : [n+m]→[n]×[m]

ε(φ)
{
(φ′)∗(Z)×X×∆n+m (φ′′)∗(Z ′)

}
(12.4.0)

(cf. [39, 2.3]). Re-indexing, we get a pairing of complexes

Z(q)⊗Z(q′)→ Z(q + q′).

As discussed in Appendix A, this defines natural pairings in the hypercohomology groups

Hp
(
X,Z(q)

)
⊗Hp′

(
X,Z(q′)

)
→Hp+p′

(
X,Z(q+ q′)

)
.

The following properties of the product structure in motivic cohomology are straightforward
from the definitions and Lemma 12.3.
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LEMMA 12.4. – The bigraded ringH∗(X,Z(∗)) is associative and graded commutative with
respect to the cohomological index.

Remark12.5. – As shown in [39], if resolution of singularities holds, then the above product
structure coincides with the one introduced in [34,31].

13. The global spectral sequence

In this section, we complete the program described at the beginning of Section 11 to produce
homotopy fibration sequences and thus the globalization of the spectral sequence (5.6.0). As
we have seen, the task is to show that the kernel and cokernel of certain natural maps of
homotopy groups vanish. In Section 11, we verified this for smooth, affine semilocal schemesS.
To globalize this result, we employ the techniques of simplicial sheaves established by Brown
and Gersten [9] which are recalled in Appendix D.

For anyX ∈ Sm/F we denote byΩ−1Kq the simplicial sheaf onX associated to the presheaf
(U �→ SQ,Aq

• (∆• ×U)≡wS•(CPQ(∆• ×U ×A))):

Ω−1Kq :
(
U �→ SQ,Aq

• (∆• ×U)
)
Zar
.(13.0)

For everyq � 0 we have a sequence of simplicial sheaves

Ω−1Kq+1 →Ω−1Kq →B
(
C•
(
Z
Q,Aq
))

and Theorem 11.5 implies that the conditions of Proposition D.5 are satisfied.
Thus we obtain the following consequence of Lemma D.7.

PROPOSITION 13.1. – For anyX ∈ Sm/F and anyq � 0, we have a homotopy fibration
sequence

RΓ
(
X,Ω−1Kq+1

)
→RΓ

(
X,Ω−1Kq

)
→RΓ

(
X,B
(
C•
(
Z
Q,Aq
)))

and hence a long exact homotopy sequence

→ πn
(
RΓ
(
X,Ω−1Kq

))
→ πn

(
RΓ
(
X,BC•

(
Z
Q,Aq
))) ∂→ πn−1

(
RΓ
(
X,Ω−1Kq+1

))
→ · · ·→ π0

(
RΓ
(
X,Ω−1Kq

))
→ π0

(
RΓ
(
X,BC•

(
Z
Q,Aq
)))
.

Proposition 13.1 gives us a tower of homotopy fibration sequences

RΓ(X,Ω−1Kq+1) RΓ(X,Ω−1Kq) · · · RΓ(X,Ω−1K0).

RΓ(X,B(C•(ZQ,Aq)))

Our goal is to show that this tower satisfies the conditions of Proposition 6.1 and hence defines a
strongly convergent spectral sequence with limitK∗(X).

PROPOSITION 13.2. – For X ∈ Sm/F , πn(RΓ(X,Ω−1K0)) =Kn−1(X).

Proof. –Since algebraicK-theory is homotopy invariant, the bisimplicial presheaf

U �→ SQ,A0

• (∆• × U) = wS•(CP(∆• × U)) is pointwise weakly equivalent to the simplicial
presheafU �→ wS•(CP(U)). Moreover,wS•(CP(U)) is the first delooping of the space whose
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homotopy groups are theK-groups ofU . As seen in [9, Theorem 4], the Mayer–Vietoris property
for algebraic K-theory implies that the canonical morphism

Γ
(
X,wS•(CP(−))

)
→RΓ

(
X,wS•(CP(−))Zar

)
is a weak equivalence.✷

LEMMA 13.3. – LetI• be a simplicial abelian sheaf onX and letM∗ denote the non-negative
Moore complex of sheaves onX corresponding toI• (cf. (1.1.1)). The following conditions are
equivalent

(1) The simplicial sheafI• is flasque.
(2) All terms of the complexM∗ except possibly forM0 are flasque sheaves.

Proof. –The simplicial sheafI• is flasque if and only if for any openV ⊂ U the
homomorphism of simplicial abelian groups

I•(U)→ I•(V )

is a Kan fibration. However a homomorphism of simplicial abelian groups is a Kan fibration
if and only if the corresponding homomorphism of non-negative complexes is surjective in
positive degrees (see [38, 8.2.5]). ThusI• is flasque if and only if for anyV ⊂ U and anyi > 0
the restriction homomorphismMi(U)→Mi(V ) is surjective, i.e., if and only if the sheaves
Mi (i > 0) are flasque.

COROLLARY 13.3.1. –LetC• be a simplicial abelian sheaf onX . Denote byC∗ (respectively
byM∗) the complex of abelian sheaves with termsCi and differential equal to the alternating
sum of face operations(respectively the Moore complex corresponding toC•) and setCi =C−i,
Mi =M−i so thatC∗ (respectivelyM∗) is a non-positive complex of degree+1. Then for all
p� 0 we have canonical isomorphisms

H−p(X,C•) = πp
(
RΓ(X,C•)

) ∼−→H−p(X,M∗) =H−p(X,C∗).

Proof (cf. [9] Prop. 2). – The equalityH−p(X,C∗) = H−p(X,M∗) follows from Corol-
lary A.2. Since the functorR of Proposition D.6 commutes with products, we conclude imme-
diately that the flasque simplicial sheafR(C•) is actually a simplicial abelian sheaf. Moreover

the natural weak equivalenceC•
φ→ R(C•) is a homomorphism of simplicial abelian sheaves.

The corresponding homomorphism of non-positive complexesM∗ → M(R(C•))∗ is a quasi-
isomorphism and hence defines canonical homomorphisms

πp
(
RΓ(X,C•)

)
=H−p

(
Γ(X,M(R(C•))∗)

)
→H−p(X,M∗),

see Appendix A. Finally these homomorphisms are isomorphisms forp � 0 according to
Corollary A.4, since all terms of the complexM(R(C•))∗ in negative degrees are flasque.✷

LEMMA 13.4. – Let C• be a simplicial abelian sheaf and letBC• denote the classifying
simplicial abelian sheaf forC• (cf. following PropositionB.1). Then the associated complex
(BC•)∗ is naturally quasi-isomorphic to the complexC∗[1]. Hence, passing to the cohomologi-
cal notation, we get a canonical quasi-isomorphism(BC•)∗ ∼=C∗[1] and induced isomorphisms
in hypercohomology groups

Hp
(
X, (BC•)∗

)
=Hp+1(X,C∗).
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Proof. –This follows immediately from Lemma B.3.✷
COROLLARY 13.4.1. –The homotopy groups of the spaceRΓ(X,BC•(ZQ,Aq )) are given by

the formulas:

πp
(
RΓ
(
X,BC•

(
Z
Q,Aq
)))∼=H−p+2q+1

(
X,Z(q)

)
=CHq(X,p− 1).

Thus, in particular this space is connected and its fundamental group is abelian.

Proof. –This follows immediately from Corollary 13.3.1 and Lemma 13.4.✷
LEMMA 13.5. – The spaceRΓ(X,Ω−1Kq) is (q− dimX)-connected.

Proof. –Denote byπqn Zariski sheaf associated to the presheaf

U �→ πn
(
Ω−1Kq(U)

)
.

By definition, the stalk ofπqn at the pointx ∈X coincides with

πn−1

(
KQ,Aq(∆• ×F S)

)
whereS is the localization ofX at x. Theorem 10.3 and Corollary 11.4 show that this group
injects into

πn−1

(
KQ,Aq

(
∆• ×F F (X)

))∼= πn−1

(
KCq(∆• ×F F (X)

))
.

Note further that the prespectrumKCq(∆n ×F F (X)) is trivial provided thatq > n, which
implies that the prespectrumKFq(∆• ×F F (X)) is (q− 1)-connected (see B.1). Thus the sheaf
πqn is trivial provided thatn � q. Our statement is trivial in caseq < dimX . Thus we may
assume thatq � dimX . In this case,Hi(X,πqn) = 0 for i� n which allows us to use the spectral
sequence

Ei,j
2 =Hi

(
X,πqj

)
=⇒ πj−i

(
RΓ
(
X,Ω−1Kq

))
(see [9, Theorem 3]). This spectral sequence implies immediately thatπm(RΓ(X,Ω−1Kq)) = 0
form� q− dimX (sinceEi,j

2 �= 0 implies thatj > q, i� dimX). ✷
COROLLARY 13.5.1. – The spaceRΓ(X,Ω−1Kq) is connected for allq � 0. Moreover the

groupπ1(RΓ(X,Ω−1Kq)) is abelian.

Proof. –We prove the first statement using decreasing induction onq. Forq � dimX , our first
statement follows from Lemma 13.5. To pass fromq+1 to q, it suffices to use the exact sequence
of Proposition 13.1 together with Lemma 13.4.1. The second statement follows from the fact that
that the space|RΓ(X,Ω−1Kq)| is an infinite loop space; this is verified in Proposition 13.10.✷

The results established above together with Proposition 6.1 prove the following Main
Theorem.

THEOREM 13.6. – The tower of spaces

RΓ(X,Ω−1Kq+1) RΓ(X,Ω−1Kq) · · · RΓ(X,Ω−1K0)

RΓ(X,B(C•(ZQ,Aq )))
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yields a strongly convergent spectral sequence

Ep,q
2 =Hp−q

(
X,Z(−q)

)
=CH−q(X,−p− q)⇒K−p−q(X).(13.6.1)

In Section 15, we will need to know that the same spectral sequence may be obtained using
the delooping presheavesU �→ S• . . .S

Q,Aq

• (∆• × U). We proceed to establish this result (in
Proposition 13.10 below).

For any pointed simplicial setK , let P(K) denote the simplicial based path space ofK , so
that p-simplices ofP(K) are maps of simplicial sets∆p × I→ K which take∆p × 0 to the
distinguished point ofK . Evaluation at1 gives a canonical mapP(K) ε1−→K . The fiber ofε1
over the distinguished point ofK is the simplicial loop spaceΩK of K . Thusp-simplices of
ΩK are maps of simplicial sets∆p × I→K which take∆p × {0,1} to the distinguished point
of K . The functorΩ (as in the case of topological spaces) is right adjoint to the functorΣ: for
any pointed simplicial setL the set of pointed mapsL→ ΩK is in one to one correspondence
with the set of pointed mapsΣL→ K . Note further that for anyK we have canonical maps
|PK| → P(|K|), |ΩK| →Ω|K| and the following diagram commutes

|ΩK| |P(K)|
|ε1| |K|

=

Ω|K| P(|K|) ε1 |K|.

We skip the proof of the following elementary lemma.

LEMMA 13.7. – LetK → L be a Kan fibration of pointed simplicial sets. Then the obvious
mapP(K)→P(L)×L K is again a Kan fibration and hence the induced mapΩ(K)→ Ω(L)
is also a Kan fibration. In particular, for any Kan complexK the mapP(K) ε1−→K is a Kan
fibration and henceΩ(K) is also a Kan complex.

Since the space|P(K)| is contractible for anyK one concludes easily from Lemma 13.7 that
for a Kan complexK the natural map|ΩK| →Ω|K| is a weak equivalence.

For a pointed simplicial sheafK set(
P(K)

)
(U) = P

(
K(U)

)
,

(
Ω(K)

)
(U) = Ω

(
K(U)

)
.

One checks easily thatP(K) and Ω(K) are again pointed simplicial sheaves. Moreover
Lemma 13.7 implies that for a flasque simplicial sheafK the canonical morphism of simplicial
sheaves

P(K) ε1−→K

is a global fibration and hence that the simplicial sheavesP(K) andΩ(K) are also flasque.

LetK,K ′ be pointed simplicial sheaves. Assume we are given a morphismΣK
f→K ′ such

that for anyx∈X the induced map of topological spaces|Kx| →Ω|K ′
x| is a weak equivalence.

The morphismΣK = I×K/({0,1}×K ∪ I×∗)→K ′ defines a morphism

I×R(K)→R(I)×R(K) =R(I×K)→R(K ′)

(cf. Proposition D.6). The naturality ofR implies readily that the above morphism factors
throughΣR(K). Thus we get canonical morphisms of simplicial sheavesΣR(K)→ R(K ′)
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and of simplicial sets of sections overU ⊂X

ΣRΓ(U,K)→RΓ(U,K ′).

LEMMA 13.8. – With the above notations and assumptions, the induced maps of topological
spaces ∣∣RΓ(U,K)∣∣→ ∣∣Ω(RΓ(U,K ′)

)∣∣→Ω
∣∣RΓ(U,K ′)

∣∣
are weak equivalences for any openU ⊂X .

Proof. –Consider the commutative diagram

K

φK

P(K ′)
ε1

P(φK′)

K ′

φK′

R(K) P(R(K ′))
ε1 R(K ′),

whereK → Ω(K ′) ⊂ P(K ′) is adjoint to the givenΣK
f→ K ′. The top row satisfies the

conditions of Proposition D.5 and the vertical arrows are weak equivalences. This implies that the
bottom row satisfies conditions of Proposition D.5 as well. Since all simplicial sheaves appearing
in the bottom row are flasque we conclude from Corollary D.5.1 that the sequence of simplicial
sets

RΓ(U,K)→ Γ
(
U,P(R(K ′))

)
= P
(
RΓ(U,K ′)

)
→RΓ(U,K ′)

is a homotopy fibration sequence and hence the map|RΓ(U,K)| → |Ω(RΓ(U,K ′))| is a weak
equivalence. Finally the map|Ω(RΓ(U,K ′))| →Ω|RΓ(U,K ′)| is also a weak equivalence since
the simplicial setRΓ(U,K ′) is a Kan complex. ✷

Assume we are given a prespectrum of simplicial sheaves, i.e. a sequence of pointed simplicial
sheavesLq together with pointed mapsΣLq → Lq+1. Applying to this sequence the functorR,
we get a sequenceR(Lq) of fibrant simplicial sheaves and the associated sequence of sections
over an openU ⊂X

RΓ
(
U,Lq

)
=Γ
(
U,R(Lq)

)
.

Moreover, as we saw above, the structure morphismΣLq → Lq+1 defines canonical morphisms
of simplicial sheavesΣR(Lq)→R(Lq+1) and of simplicial sets of sections overU ⊂X

ΣRΓ
(
U,Lq

)
→RΓ

(
U,Lq+1

)
.

In other wordsRΓ(U,L∗) is a prespectrum of simplicial sets. The following result is an
immediate consequence of Lemma 13.8.

COROLLARY 13.9. – With the above conditions and notations, assume in addition that for
anyx ∈X the geometric realization of the prespectrum of stalksL∗

x at x is anΩ-prespectrum.
Then for any openU ⊂X , the prespectrumRΓ(U,L∗) is also anΩ-prespectrum.

Consistent with the notation (13.0), we denote byΩ−iKq the simplicial sheaf associated to the
presheaf sendingU to S• . . .S•︸ ︷︷ ︸

i

Q,Aq (∆• ×U)≡wS• . . .S•︸ ︷︷ ︸
i

(CPQ(∆• ×U ×A
q)).
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As seen in (C.1), the natural mapsΣΩ−iKq → Ω−i−1Kq have the property that for any point
x∈X the induced map of topological spaces∣∣Ω−iKq

x

∣∣→Ω
(∣∣Ω−i−1Kq

x

∣∣)
is a weak equivalence. Corollary 13.9 implies now the following result.

PROPOSITION 13.10. – For any open subsetU ⊂ X and any q � 0 the sequence
|RΓ(U,Ω−iKq)| is anΩ-prespectrum. In particular|RΓ(U,Ω−iKq)| is an infinite loop space
for everyq � 0, i� 1. Moreover the space|RΓ(U,Ω−i−1Kq)| is connected for anyU andi� 1
and hence is a connected delooping of the space|RΓ(U,Ω−iKq)|. The same conclusions also
apply to the prespectrum|RΓ(U,B• . . .B•︸ ︷︷ ︸

i

(C•(ZQ,Aq )))|.

Proof. –Only the connectedness of the above spaces remains to be proved.
Corollary 13.3.1 and Lemma B.3 give the following answer for the homotopy groups of
|RΓ(U,B• . . .B•︸ ︷︷ ︸

i

(C•(ZQ,Aq )))|:

πp
(∣∣RΓ(U,B• . . .B•

(
C•
(
Z
Q,Aq
)))∣∣=H−p+i

(
U,C∗(

Z
Q,Aq
)))

=CHq(U,p− i)

This computation implies that the space|RΓ(U,B• . . .B•(C•(ZQ,Aq )))| is connected and for
i > 1 even simply connected. We verify the connectedness of the space|RΓ(U,Ω−iKq)|
by induction onq. For q = 0, this follows from the explicit description ofπ0 arising from
Waldhausen’s construction showing that|wS• . . .S•(CP(U ×∆•)| is connected, together with
Mayer–Vietoris forK-theory, which implies (see [9] Theorem 4) that the canonical map

wS• . . .S•
(
CP(U ×∆•)

)
→RΓ

(
U,Ω−iKq

)
is a weak equivalence. To make the inductive step (fori > 1) we note that the same argument as
at the beginning of this section shows that for anyi� 1 the sequence

RΓ
(
Ω−iKq+1

)
→RΓ

(
Ω−iKq

)
→RΓ

(
B• . . .B•

(
C•
(
Z
Q,Aq
)))

is a homotopy fibration sequence and consider the corresponding long exact sequence in
homotopy. ✷

Denote byKq the prespectrum of simplicial sheaves onX with termsΩ−iKq . Proposi-
tion 13.10 shows that|RΓ(U,Kq)| is a (−1)-connectedΩ-prespectrum (for any openU ⊂X).
Moreover for everyq � 0 we have a homotopy fibration sequence of prespectra

RΓ
(
X,Kq+1

)
→RΓ

(
X,Kq

)
→RΓ

(
X,B
(
C•
(
Z
Q,Aq
)))

Corollary 6.1.1 implies now the following proposition.

PROPOSITION 13.11. – For anyi > 0, the tower of spaces

RΓ(X,Ω−iKq+1) RΓ(X,Ω−iKq) · · · RΓ(X,Ω−iK0)

RΓ(X,B• . . .B•︸ ︷︷ ︸
i

(C•(ZQ,Aq)))
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determines an exact couple and a strongly convergent spectral sequence, which coincides(after
appropriate re-indexing) with the spectral sequence

Ep,q
2 =Hp−q

(
X,Z(−q)

)
=CH−q(X,−p− q) ⇒ K−p−q(X)(13.6.1)

of Theorem13.6.

We finish this section with the following version of the spectral sequence (13.6.1) for non-
smooth schemes.

THEOREM 13.12. – Let Z be a (not necessarily smooth) equidimensional quasiprojective
scheme. Then there exists a strongly convergent spectral sequence

Ep,q
2 =CH−q(Z,−p− q) =⇒ K ′

−p−q(Z),

whereK ′
∗(X) denotes the QuillenK-theory of the exact category of coherent sheaves onZ .

Proof. –EmbedZ as a closed subscheme in a smooth irreducible schemeX and set
U =X \Z . For any simplicial sheafA• onX letRΓZ(X,A•) be the fiber over the distinguished
point of the Kan fibration

RΓ(X,A•) = Γ
(
X,R(A•)

)
→RΓ(U,A•) = Γ

(
U,R(A•)

)
Consider the following commutative diagram

RΓZ(X,Ω−1Kq+1) RΓZ(X,Ω−1Kq) RΓZ(X,B(C•(ZQ,Aq )))

RΓ(X,Ω−1Kq+1) RΓ(X,Ω−1Kq) RΓ(X,B(C•(ZQ,Aq )))

RΓ(U,Ω−1Kq+1) RΓ(U,Ω−1Kq) RΓ(U,B(C•(ZQ,Aq ))).

All columns of this diagram and all rows except possibly for the top one are homotopy fibration
sequences which implies that the top row is a homotopy fibration sequence as well. Thus we get
a tower of homotopy fibration sequences

RΓZ(X,Ω−1Kq+1) RΓZ(X,Ω−1Kq) · · · RΓZ(X,Ω−1K0).

RΓZ(X,B(C•(ZQ,Aq )))

Moreover the previous results imply immediately that the spacesRΓZ(X,Ω−1Kq) (and also
RΓZ(X,B(C•(ZQ,Aq )))) are connected infinite loop spaces and are at least(q − dimX − 1)-
connected. Thus Proposition 6.1 yields a strongly convergent spectral sequence. Quillen’s
Localization Theorem implies immediately that the limit of this spectral sequence coincides with
K ′

∗(Z) and Bloch’s Localization Theorem [4] implies that theE2-term consists of higher Chow
groups ofZ . ✷
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14. Multiplicative structure for the homotopy spectral sequence

The purpose of this section is to formulate an existence theorem, Theorem 14.4, for the pairing
of homotopy spectral sequences as in Proposition 6.1. The basis for such an existence proof is
a classical construction of Massey, recalled in Theorem 14.1. Since the multiplicative structure
of the motivic spectral sequence with finite coefficients is of particular interest, we are careful to
formulate Theorem 14.4 so that it is applicable to the finite coefficients analogue of the spectral
sequence of Proposition 6.1.

The following general result concerning the multiplicative properties of the spectral sequence
defined by an exact couple is an extraction from a paper of Massey [18].

THEOREM 14.1. – Let (D2,E2; i, j, k), (D′2,E′2; i′, j′, k′), (D′′2,E′′2; i′′, j′′, k′′) be three
exact couples(with degrees ofi, j, k being equal to(1,−1), (0,0), (−2,1) respectively). Assume
that we are given bilinear pairings(respecting bidegrees) E′2 ⊗ E′′2 → E2 and the following
condition is satisfied for alln� 0:

Conditionµn: For any bihomogenous elementsb′ ∈ E′2, b′′ ∈ E′′2 and any bihomogenous
elementsx′ ∈ D′2, x′′ ∈ D′′2 such thatk′(b′) = (i′)n(x′), k′′(b′′) = (i′′)n(x′′), there exists
x∈D2 for whichk(b′ · b′′) = in(x), j(x) = j′(x′) · b′′ + (−1)degb′b′ · j′′(x′′).

Then for allr � 2 we have natural pairingsE′r ⊗E′′r (y′,y′′) �→y′·y′′

−−−−−−−−→ Er, the differentialsdr
are “derivations” in the sense thatdr(y′ · y′′) = d′r(y′) · y′′ + (−1)deg y′

y′ · d′′r (y′′), and the
isomorphismsE′r+1 =H(E′r, d′r), E′′r+1 =H(E′′r, d′′r),Er+1 =H(Er, dr) are compatible
with pairings.

Assume further that all three exact couples are bounded(i.e., for anyn there existf(n) and

g(n) such thatD2
p,n−p = 0 for p < f(n) andD2

p,n−p
i→ D2

p+1,n−p−1 is an isomorphism for
p > g(n)). Then the spectral sequences converge strongly toH ′,H ′′ andH respectively, where
Hn = lim−→pD

2
p,n−p provided with the filtrationFpHn = Im(D2

p,n−p →Hn).
Assume finally that we are also given pairingsD′2 ⊗D′′2 →D2, which are compatible with

thej-maps, i.e., the following diagram commutes

D′2 ⊗D′′2

j′⊗j′′

D2

j

E′2 ⊗E′′2 E2

and the mapi is a transducer, i.e.,

i(a′ · a′′) = i′(a′) · a′′ = a′ · i′′(a′′).

In this case we get a canonical pairingH ′
∗ ⊗ H ′′

∗ → H∗ compatible with filtrations, i.e.,
Fp′(H ′

∗) · Fp′′ (H ′′
∗) ⊂ Fp′+p′′(H∗) and hence also the induced pairing on the associated

graded groups. Moreover the isomorphismsFp/p−1Hp+q
∼→E∞

pq are compatible with pairings.

Whenever the conditions of Theorem 14.1 are satisfied we shall say that we have a pairing
of exact couples. Thus, Theorem 14.1 may be restated in short by saying that a pairing of exact
couples defines a pairing of associated spectral sequences.

We shall apply Massey’s theorem above not only to spectral sequences which arise as in
Proposition 6.1 but also their analogue involving homotopy groups with finite coefficients. More
generally consider a finite pointedCW -complexM of dimensiond. For any pointed spaceX
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set

πi(X,M) =
[
Si−d ∧M,X

]
if i� d.

Thusπi(X,M) is defined only fori� d, πd(X,M) is only a pointed set,πi(X,M) is a group for
i > d, which is abelian provided thati > d+ 1 orX is anH-space. For any homotopy fibration
X ′ →X→B we get a long exact sequence of homotopy groups with coefficients inM

πi(X ′,M)→ πi(X,M)→ πi(B,M) ∂→ πi−1(X ′,M)→ · · ·
→ πd(X ′,M)→ πd(X,M)→ πd(B,M).

All terms of this sequence except the last three are groups and all the maps not involving these
three last terms are group homomorphisms. Note also thatπi(X,M) = 0 for all i� n provided
thatX isn-connected. With these remarks the proof of the following statement becomes identical
to that of Proposition 6.1.

PROPOSITION 14.2. – With the conditions and notations of Proposition6.1, assume further
thatM is a pointed finiteCW -complex such that

(1) [M,Xq] = [M,Bq] = ∗ for all q � 0.
(2) The groups[ΣM,Xq] and [ΣM,Bq] are abelian for allq � 0.

In this case, there exists a strongly convergent spectral sequence

E2
pq = πp+q(Bq,M) ⇒ πp+q(X,M).

The following standard homotopy result is useful for the computation of the map

∂ : [ΣM,B]→ [M,Y ]

in the case of a homotopy fibration. In what follows we identify the (reduced) suspensionΣM
with S1 ∧M , whereS1 = I/{0,1}. We considerI as a pointed space with a distinguished point
0∈ I and we denote byCM = I∧M the reduced cone overM , so thatΣM =CM/M .

LEMMA 14.3.0. – Let Y
f→ X

p→ B be a sequence of continuous maps of pointed spaces.
Assume that the composition mappf is trivial and the induced map fromY to the homotopy
fiber ofp is a weak equivalence. Let furtherM be a finite pointedCW -complex of dimensiond.

(1) Let w :M → Y , v :CM → X be continuous maps of pointed spaces such that,
v|M = f ◦w. Thenp ◦ v contractsM to the distinguished point∗ of B, thus defining

a map(which we still write asp ◦ v) ΣM p◦v−→B and∂([p ◦ v]) = [w] ∈ [M,Y ].
(2) Let b ∈ [ΣM,B], y ∈ [M,Y ] be elements such that∂(b) = y and letw :M → Y be a

representative ofy. Then there exists a pointed mapv :CM →X for whichv|M = f ◦w,
b= [p ◦ v].

In conditions and notations of Lemma 14.3.0 assume that we are given a map

u :Σk+lM = Sk ∧ Sl ∧M →B

and a lifting

v : (I∧ I) ∧Σk+l−2M = (I∧ Sk−1) ∧
(
I∧ Sl−1

)
∧M →X

for u. Assume finally that we are given a mapw :∂(I∧ I) ∧Σk+l−2M → Y such that

v|∂(I∧I)∧Σk+l−2M = f ◦w.
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In what follows we identify∂(I ∧ I) with S1. To do so we just need to fix the orientation of
∂(I ∧ I), which we do by requiring that we first go through1× I in the standard direction and
then go throughI× 1 in the reverse. Now we may identify∂(I∧ I)∧Σk+l−2M with Σk+l−1M
which we do positioning∂(I ∧ I) as thekth suspension coordinate. We leave the proof of the
following elementary Lemma to the reader.

LEMMA 14.3.1. – In the above conditions and notations we have the following formula

∂([u]) = [w] ∈ πk+l−1+d(Y,M).

Assume we are given three finite pointedCW -complexesM ′,M ′′ andM of dimensionsd′, d′′

andd respectively (withd′ + d′′ � d) and a pointed mapΣd′+d′′−dM →M ′ ∧M ′′. Assume
further that we have also three pointed spacesX ′,X ′′,X and a pairing of spacesX ′ ∧X ′′ →X .

In this case every pair of continuous pointed mapsΣi−d′
M ′ f ′

→X ′, Σj−d′′
M ′′ f

′′

→X ′′ (i � d′,
j � d′′) defines a pointed continuous map (which we denote byf ′ · f ′′)

f ′ · f ′′ :Σi+j−dM =Σi+j−d′−d′′
Σd′+d′′−dM →Σi+j−d′−d′′

(M ′ ∧M ′′)

= Σi−d′
M ′ ∧Σj−d′′

M ′′ f
′∧f ′′

−−−→X ′ ∧X ′′ →X.

A straightforward verification shows that the above pairing on maps respects homotopy and thus
we get pairingsπi(X ′,M ′) × πj(X ′′,M ′′)→ πi+j(X,M). Moreover the above pairings are
bilinear provided thati > d′, j > d′′.

As seen in the next proposition, this leads to pairings of spectral sequences converging to
homotopy groups with coefficients.

PROPOSITION 14.3. – Assume that we are given three finite pointedCW -complexesM ′,M ′′

and M of dimensionsd′, d′′ and d respectively(with d′ + d′′ � d) and a pointed map
Σd′+d′′−dM →M ′ ∧M ′′. Assume further that we are given three towers(X ′,B′), (X ′′,B′′),
(X,B) as in Proposition6.1 satisfying the conditions of Proposition14.2with respect toM ′,
M ′′ andM respectively. Assume finally that for allq′, q′′ � 0, we are given pairings of spaces

X ′
q′ ∧X ′′

q′′ →Xq′+q′′ , B′
q′ ∧B′′

q′′ →Bq′+q′′

which fit in commutative diagrams

X ′
q′+1 ∧X ′′

q′′ Xq′+q′′+1 X ′
q′ ∧X ′′

q′′+1

X ′
q′ ∧X ′′

q′′ Xq′+q′′ X ′
q′ ∧X ′′

q′′

X ′
q′ ∧X ′′

q′′ Xq′+q′′

B′
q′ ∧B′′

q′′ Bq′+q′′ .

Then the above pairings of spaces induce natural pairings of the associated homotopy exact
couples, and hence of the associated spectral sequences.
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Proof. –As was explained above, the given pairings of spaces induce pairings in homotopy
groups, thus defining productsD′2 ⊗ D′′2 → D2, E′2 ⊗ E′′2 → E2. Moreover these
products are obviously compatible with thej-homomorphisms and the homomorphismi is
obviously a transducer. Thus we only need to check the validity of the conditionµr (r � 0)
of Theorem 14.1. Letb′ ∈ πn(B′

q′ ,M
′), x′ ∈ πn−1(X ′

q′+r+1,M
′), b′′ ∈ πm(B′′

q′′ ,M
′′),

x′′ ∈ πm−1(X ′′
q′′+r+1,M

′′) (n > d′,m > d′′) be elements such that

∂(b′) = (i′)r(x′) = (f ′q′+2 ◦ · · · ◦ f ′q′+r+1)∗(x
′),

∂(b′′) = (i′′)r(x′′) = (f ′′q′′+2 ◦ · · · ◦ f ′′q′′+r+1)∗(x
′′).

Representx′ (respectivelyx′′) by

w′ :Σn−d′−1M ′ →X ′
q′+r+1

(respectively byw′′ :Σm−d′′−1M ′′ →X ′′
q′′+r+1). According to Lemma 14.3.0 there exist maps

v′ :CΣn−d′−1M ′ →X ′
q′ , v′′ :CΣm−d′′−1M ′′ →X ′′

q′′

such that

v′|Σn−d′−1M ′ = f ′q′+1 ◦ · · · ◦ f ′q′+r+1 ◦w′, b′ = [p′q′ ◦ v′],

v′′|Σm−d′′−1M ′′ = f ′′q′′+1 ◦ · · · ◦ f ′′q′′+r+1 ◦w′′, b′′ = [p′′q′′ ◦ v′′].

Denote the map

p′q′ ◦ v′ :Σn−d′
M ′ =CΣn−d′−1M ′/Σn−d′−1M ′ →B′

q′

(respectivelyp′′q′′ ◦v′′ :Σm−d′′
M ′′ =CΣm−d′′−1M ′′/Σm−d′′−1M ′′ →B′′

q′′ ) byu′ (respectively
by u′′), so that b′ = [u′], b′′ = [u′′]. The mapu = u′ · u′′ :Σn+m−dM → Bq′+q′′ is a
representative forb′ · b′′ and the mapv = v′ · v′′ : (I ∧ I) ∧Σn+m−d−2M →Xq′+q′′ is a lifting
of u. Consider the restriction ofv to∂(I∧I)∧Σn+m−d−2M . Observe that∂(I∧I) = 1×I∪I×1.
The restrictions ofv to (1× I) ∧Σn+m−d−2M and to(I× 1)∧Σn+m−d−2M are given by the
formulas:

v|(1×I)∧Σn+m−d−2M =
(
(f ′)r+1 ◦w′) · v′′ = f r+1 ◦ (w′ · v′′),

v|(I×1)∧Σn+m−d−2M = v′ ·
(
(f ′′)r+1 ◦w′′)= f r+1 ◦ (v′ ·w′′).

Define a map

w :Σn+m−d−1M =
(
∂(I∧ I)

)
∧Σn+m−d−2M →Xq′+q′′+r+1

requiring that

w|(1×I)∧Σn+m−d−2M =w′ · v′′, w|(I×1)∧Σn+m−d−2M = v′ ·w′′.

Note that the restrictions ofw′ · v′′ and ofv′ · w′′ to (1× 1)×Σn+m−d−2M are both equal to
f r+1 ◦ (w′ · w′′). Thus the above partial data forw are compatible one with another and hence
the mapw is well defined. Furthermore

fq′+q′′+1 ◦ · · · ◦ fq′+q′′+r+1 ◦w = (v′ · v′′)|∂(I∧I)∧Σn+m−d−2M .
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Lemma 14.3.1 implies that[fq′+q′′+2 ◦ · · ·◦fq′+q′′+r+1 ◦w] = ∂(b′ ·b′′), i.e.∂(b′ ·b′′) = ir([w]).
Moreoverj([w]) = [pq′+q′′+r+1 ◦w]. The restriction of the map

p ◦w :
(
∂(I ∧ I)

)
∧Σn+m−d−2M →Bq′+q′′+r+1

to (1× I)∧Σn+m−d−2M (respectively to(I× 1)∧Σn+m−d−2M ) coincides with(p′ ◦w′) · u′′
(respectively withu′ · (p′′ ◦w′′)). In particular this map contracts1× 1×Σn+m−d−2M to the
distinguished point∗ and hence may be factored in the form

∂(I∧ I)∧Σn+m−d−2M →
(
∂(I∧ I)/{∗,1× 1}

)
∧Σn+m−d−2M

=
(
S1 ∨ S1

)
∧Σn+m−d−2M = Sn+m−d−1M ∨ Sn+m−d−1M →Bq′+q′′+r+1.

Thus the class of this map inπn+m−1(Bq′+q′′+r+1,M) is a sum of two classes, one being
represented by a map(p′ ◦ w′) · u′′ and the second being represented by a map which we
previously wrote (not quite accurately) asu′ · (p′′ ◦ w′′), but which actually differs from this
product map by a cyclic permutation of the firstn− d′ + 1 suspension coordinates. Thus

[pw] = [p′w′] · [u′′] + (−1)n−d′
[u′] · [p′′ ◦w′′] = j′(x′) · b′′ + (−1)n−d′

b′ · j′′(x′′).

The pairings appearing inK-theory do not quite satisfy the conditions of Proposition 14.3.
However, theK-theory tower of fibrations(X,B) (and similarly forX ′,X ′′) has a much richer
structure described in the following proposition.

THEOREM 14.4. – Assume that we are given three finite pointedCW -complexesM ′,M ′′

andM of dimensionsd′, d′′ andd respectively(with d′ + d′′ � d) and a pointed map

Σd′+d′′−dM →M ′ ∧M ′′.

Assume further that we are given three towers(X ′,B′), (X ′′,B′′), (X,B) satisfying the
conditions of Proposition14.2with respect toM ′, M ′′ andM respectively. Assume also that
the tower(X,B) has the following additional structure.

(1) For eachq we haveq+1 maps

f0
q+1, f

1
q+1, . . . , f

q
q+1 :Xq+1 →Xq

which satisfy the simplicial relation

f iq ◦ f
j
q+1 = f

j−1
q ◦ f iq+1 :Xq+1 →Xq−1 (0� i < j � q).

The mapfq+1 :Xq+1 →Xq of the tower coincides withf qq+1.
(2) For eachq the groupΣq acts onXq andBq on the right. More precisely, for eachσ ∈Σq

we have automorphisms ofXq andBq (which we both denote by the same letterσ∗) such
that (στ)∗ = τ∗σ∗. The projectionpq :Xq →Bq isΣq-equivariant.

(3) The mapfq+1 = f
q
q+1 :Xq+1 →Xq isΣq-equivariant.

(4) For each0� i� q we have the following relation

f iq+1 = fq+1 ◦ τ∗i :Xq+1 →Xq,

whereτi = τ
q+1
i is the cyclic permutationτi = (i+1, i+ 2, . . . , q+1).
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(5) For each q we are given a homotopyHt betweenf q−1
q+1 , f

q
q+1 :Xq+1 → Xq with the

following properties
(i) The homotopyfq ◦ Ht betweenfqf

q−1
q+1 = f q−1

q f q−1
q+1 and fqf

q
q+1 = f

q−1
q f qq+1 =

f q−1
q f q−1

q+1 is constant.

(ii) The homotopypHt betweenpqf
q−1
q+1 = ∗ andpqf

q
q+1 = ∗ is constant.

(6) The induced action ofΣq in the homotopy groups ofBq with coefficients inM is trivial.
Assume finally that for eachq′, q′′, we are given pairings of spaces

X ′
q′ ∧X ′′

q′′ →Xq′+q′′ , B′
q′ ∧B′′

q′′ →Bq′+q′′

which fit in commutative diagrams

X ′
q′ ∧X ′′

q′′+1

1∧f ′′
q′′+1

Xq′+q′′+1

fq′+q′′+1

X ′
q′ ∧X ′′

q′′ Xq′+q′′

(14.4.0)

X ′
q′+1 ∧X ′′

q′′

f ′
q′+1∧1

Xq′+q′′+1

fq
′
q′+q′′+1

X ′
q′ ∧X ′′

q′′ Xq′+q′′

(14.4.1)

X ′
q′ ∧X ′′

q′′ Xq′+q′′

B′
q′ ∧B′′

q′′ Bq′+q′′ .

Then the above pairings of spaces induce natural pairings of the associated homotopy exact
couples and hence of the associated spectral sequences as well.

Proof. –The given pairings of spaces induce (as was explained above) pairings in homotopy
groups thus defining productsD′2 ⊗D′′2 →D2, E′2 ⊗ E′′2 → E2. Moreover these products
are obviously compatible with thej-homomorphisms. To see thati is a transducer it suffices (in
view of the commutativity of (14.4.0) and (14.4.1)) to show that all the mapsf iq+1 are homotopic
one to another.

SUBLEMMA 14.5. – For any0� i < j � q the mapsf iq+1, f
j
q+1 :Xq+1 →Xq are homotopic.

Moreover the corresponding homotopy becomes constant being composed withp :Xq →Bq and
with f◦(q−i) :Xq →Xi.

Proof. –It suffices to consider the casej = i + 1. For i = q − 1 the required homotopy
is already given. In the general case we show that there existτ ∈ Σq (not moving1, . . . , i)
andσ ∈ Σq+1 such thatf i = τ∗f q−1σ∗, f i+1 = τ∗f qσ∗. The above relations amount to the
following relations in the symmetric group

τi = στq−1τ, τi+1 = στ.

Thusσ = τi+1τ
−1 and we are left with one equationτ−1

i+1τi = τ
−1(q, q + 1)τ (= (τ−1(q),

q + 1)). An easy computation shows thatτ−1
i+1τi = (i + 1, q + 1) and hence we have only one
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requirement forτ : τ(i+ 1) = q. Having chosenτ andσ we get the homotopyτ∗Htσ
∗ relating

f i andf i+1. This homotopy obviously becomes constant being composed withp. To see that it
becomes constant being composed withf◦(q−i) it suffices to show that

f◦(q−i) ◦ τ∗ = f◦(q−i) :Xq →Xi

provided thatτ ∈Σq does not move the indices1, . . . , i. The last fact is proved by an easy inverse
induction oni starting with the observation that

f◦2 = f q−2
q−1 ◦ f q−1

q = f q−2
q−1 ◦ f q−2

q = f q−2
q−1 ◦ f q−1

q ◦ (q− 1, q)∗ = f◦2 ◦ (q − 1, q)∗. ✷
To complete the proof of Theorem 14.4, it thus suffices to check the conditionµr (r � 0).

We proceed in the same way as in the proof of the Proposition 14.3. Letb′, b′′; x′, x′′;
w′,w′′; v′, v′′; u′, u′′; u, v have the same meaning as in that proof. The restrictions ofv to
(I× 1)∧Σn+m−d−2M and to(1× I) ∧Σn+m−d−2M are given by the formulas:

v|(I×1)∧Σn+m−d−2M = v′ ·
(
(f ′′)◦(r+1) ◦w′′)= f◦(r+1) ◦ (v′ ·w′′),

v|(1×I)∧Σn+m−d−2M =
(
(f ′)◦(r+1) ◦w′) · v′′ = f q′q′+q′′+1 ◦ · · · ◦ f

q′+r
q′+q′′+r+1 ◦ (w′ · v′′)

= f◦(r+1) ◦ τ∗ ◦ (w′ · v′′),

where τ = τq
′+q′′+r+1

q′+r ◦ · · · ◦ τq
′+q′′+1

q′ ∈ Σq′+q′′+r+1. The restrictions ofv′ · w′′ and
τ∗ ◦ (w′ · v′′) to (1 × 1) × Σn+m−d−2M = Σn+m−d−2M do not agree and hence we cannot
patch them together to get a mapw : (∂(I× I)) ∧Σn+m−d−2M →Xq′+q′′+r+1 as was done in
the proof of Proposition 14.3. Fortunately they are at least homotopic so that we can patch them
together having modified one (or both) of them. In fact

v′ ·w′′
|Σn+m−d−2M =

(
(f ′)◦(r+1) ◦w′) ·w′′

= f q
′

q′+q′′+r+2 ◦ · · · ◦ f
q′+r
q′+q′′+2r+2 ◦ (w′ ·w′′) = f◦(r+1) ◦ α∗ ◦ (w′ ·w′′)

whereα= τq
′+q′′+2r+2

q′+r ◦ · · · ◦ τq
′+q′′+r+2

q′ ∈Σq′+q′′+2r+2.

τ∗ ◦ (w′ · v′′)|Σn+m−d−2M = τ∗ ◦ f◦(r+1) ◦ (w′ ·w′′) = f◦(r+1) ◦ τ∗ ◦ (w′ ·w′′).

Denote the mapα∗ ◦ (w′ · w′′) by w0. Thenτ∗ ◦ (w′ · w′′) = λ∗ ◦ w0 whereλ = α−1τ is an
order two shuffle permuting the blocks{q′ + q′′ + 1, . . . , q′ + q′′ + r + 1} and{q′ + q′′ + r +
2, . . . , q′ + q′′ + 2r+ 2}. Note that

f◦(r+1) ◦ λ= f q
′+q′′+1

q′+q′′+r+2 ◦ · · · ◦ f
q′+q′′+r+1
q′+q′′+2r+2.

Sublemma 14.5 implies that there exists a homotopyFt betweenf◦(r+1) ◦ λ and f◦(r+1)

such that the homotopyf◦(r+1) ◦ Ft is constant. Extend the homotopyFt ◦ w0 between
τ∗ ◦ (w′ · v′′)|Σn+m−d−2M and v′ · w′′

|Σn+m−d−2M to a homotopy Gt defined on

(1 × I) ∧ Σn+m−d−2M and starting withG0 = τ∗ ◦ (w′ · v′′). According to the construction
the mapv′ · w′′ on (I× 1) ∧ Σn+m−d−2M and the mapG1 on (1× I) ∧ Σn+m−d−2M agree
one with another and hence define a map

w :Σn+m−1M =
(
∂(I∧ I)

)
∧Σn+m−d−2M →Xq′+q′′+r+1.
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Note further that the mapsf◦(r+1) ◦ w and v|(∂(I∧I))∧Σn+m−d−2M coincide outside
(1 × I) ∧ Σn+m−d−2M and there restrictions to(1 × I) ∧ Σn+m−d−2M are related by a ho-
motopy constant on(1× {0,1})∧Σn+m−d−2M . Thus they are homotopic and hence

∂(b′ · b′′) = [f◦r ◦w] = ir([w]).

Finally the same reasoning as in the proof of Proposition 14.3 shows that

[p◦w] = (τ∗)∗
(
(j′(x′) ·b′′)

)
+(−1)n−d′

b′ ·j′′(x′′) =
(
j′(x′) ·b′′

)
+(−1)n−d′

b′ ·j′′(x′′). ✷

15. Multiplicative structure of the motivic spectral sequence

In this section we show that the spectral sequence (13.6.1) has a natural multiplicative
structure. This structure is induced in a natural way by products in theK-theory with supports,
corresponding to the tensor product operation on vector bundles (cf. (C.2)). To define the product
operation on theK-theory of the cosimplicial schemeX×∆•, we unfortunately need to assume
that the tensor product operation for (big) vector bundles is strictly functorial. Since it is not clear
whether this can be always achieved, we begin this section by replacing (in the case of an affine
scheme) the category of big vector bundles by an equivalent category of what may be called small
vector bundles. This new category has an advantage of having strictly functorial tensor products.

Let X be any scheme. SetA = Γ(X,OX). By a small vector bundle onX we mean a pair,
consisting of an integern � 0 and an idempotent matrixα ∈Mn(A). In casen = 0 the ring
Mn(A) is trivial (consists of zero only), so we shall dropα from the notation in this case. Since
we want our category to have only one zero object we assumeα �= 0 for n > 0. Define morphisms
of small vector bundles via the formula

HomOX
(
(n,α), (m,β)

)
=
{
γ ∈Mm,n(A): γ = γα, βγ = γ

}
.

Note further that to any small vector bundle(n,α) we may associate an actual vector bundle

Pn,α =Ker
(
On
X

1−α−−→On
X

)
= Im

(
On
X

α→On
X

)
⊂On

X .

Clearly,HomOX ((n,α), (m,β)) = HomOX (Pn,α,Pm,β). Thus the category of small vector
bundles onX is naturally equivalent to the category of those vector bundlesP which are direct
summands in someOn

X . In particular the category of small vector bundles is equivalent to the
category of vector bundles in caseX is affine.

Let f :Y →X be any morphism of schemes. For a small vector bundle(n,α) onX define

f∗(n,α) =
{
(n, f∗(α)), if f∗(α) �= 0,
0, if f∗(α) = 0,

wheref∗ on the right denotes the canonical ring homomorphismΓ(X,OX)
f∗

−→ Γ(Y,OY ). Note
that(fg)∗(n,α) = g∗(f∗(n,α)) for any pair of composable morphismsf, g. Thus associating to
a pair(n,α) the family of vector bundlesY �→ Pn,f∗(α) we get a big vector bundle onX . Once
again the natural functor from the category of small vector bundles to that of big vector bundles
is an equivalence provided that the schemeX is affine. Define the tensor product of two small
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vector bundles using the formula

(n,α)⊗OX (m,β) =
{
(nm,α⊗ β), if α⊗ β �= 0,
0, if α⊗ β = 0,

where(α⊗ β)k,l = αi,j · βi′,j′ provided thatk = (i′ − 1)n+ i, l = (j′ − 1)n+ j (1� i, j � n;
1 � i′, j′ �m). Note thatf∗((n,α) ⊗ (m,β)) = f∗(n,α)⊗ f∗(m,β) so that for small vector
bundles the tensor product is strictly functorial. Note also that the tensor product operation for
small vector bundles is strictly associative.

Replacing big vector bundles by small ones in the definition of the prespectrum
KQ,Aq(X ×∆•), we get anΩ- prespectrum

KQ,Aq

sm (X ×∆•) =
(
wS•CPQ,Aq

sm (X ×∆•)
)
,wS•S•CPQ,Aq

sm (X ×∆•), . . .),

whereCPQ,Aq

sm (Y ) stands for the category of bounded complexes of small vector bundles on
Y × A

q acyclic outside of the family of supports consisting of subschemes quasi-finite overY .
Moreover we have an obvious morphism of prespectraKQ,Aq

sm (X)→KQ,Aq (X) which is a weak
equivalence in the case of affine schemes.

LetX,X ′;S,S′ be any smooth schemes. The tensor product operation on complexes of (small)
vector bundles defines a functor

CPQ,S
sm (X)× CPQ,S′

sm (X ′)→CPQ,S×S′

sm (X ×X ′),

C∗ ×C′
∗ �→ p∗(C∗)⊗OX×X′×S×S′ (p′)∗(C′

∗),

whereX×S p←X×X ′×S×S′ p′→X ′×S′ are the canonical projections. This functor is exact
in each variable and preserves weak equivalences. Thus it defines a pairing of simplicial sets (see
Appendix C.2)

wS•CPQ,S
sm (X)∧wS•CPQ,S′

sm (X ′)→wS•S•CPQ,S×S′

sm (X ×X ′).

Composing this external pairing with the diagonal map we get internal pairings defined for any
X ∈ Sm/F , S,S′ ∈ Sm/F

wS•CPQ,S
sm (X)∧wS•CPQ,S′

sm (X)→ wS•S•CPQ,S×S′

sm (X ×X)
∆∗
−→wS•S•CPQ,S×S′

sm (X).

Since our tensor product operation is strictly functorial one checks immediately that the above
construction generalizes to cosimplicial schemes, i.e., for any (smooth) cosimplicial schemeX•

we have a natural pairing

wS•CPQ,S
sm (X•) ∧wS•CPQ,S′

sm (X•)→wS•S•CPQ,S×S′

sm (X•).

In particular we get canonical pairings

wS•CPQ,Aq

sm (X ×∆•)∧wS•CPQ,Aq
′

sm (X ×∆•)→wS•S•CPQ,Aq+q
′

sm (X ×∆•).

Returning to the notations and assumptions of Section 13, letX ∈ Sm/F be a smooth scheme
over a fieldF . For any integerq � 0 denote byΩ−1Kq

sm (respectivelyΩ−2Kq
sm) the simplicial
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sheaf onX associated to the presheafU �→ wS•CPQ,Aq

sm (∆• ×U) (respectively

U �→ wS•S•CPQ,Aq

sm (∆• ×U)).

The previous discussion shows that the natural maps

Ω−1Kq
sm →Ω−1Kq, Ω−2Kq

sm →Ω−2Kq

are weak equivalences and furthermore we have a natural pairing of simplicial sheaves
Ω−1Kq

sm ∧Ω−1Kq′

sm →Ω−2Kq+q′

sm .
For the remainder of this section we only consider small vector bundles, and we shall drop

the subscriptsm in the notations; also, we shall always use the canonical flasque resolution
R(L) when talking about the simplicial setRΓ(U,L), i.e., setRΓ(U,L) = Γ(U,R(L)) (cf.
Proposition D.6).

Generalizing the previous discussion slightly we come to the following conclusion.

LEMMA 15.1. – For anyX ∈ Sm/F , the tensor product pairings induce natural pairings of
simplicial sheaves onX

Ω−iKq ∧Ω−jKq′ →Ω−(i+j)Kq+q′

and thereby pairings of connected spaces

RΓ
(
X,Ω−iKq

)
∧RΓ

(
X,Ω−jKq′

)
→RΓ

(
X,Ω−(i+j)Kq+q′

)
.

We plan to verify that the pairings introduced above satisfy the conditions of Theorem 14.4
and hence induce products on the spectral sequence relating motivic cohomology toK-theory.

Note that for eachq we haveq + 1 coordinate embeddingsAq i0,...,iq−−−−→ A
q+1 given by

the formulasik : (x1, . . . , xq) �→ (x1, . . . , xk,0, xk+1, . . . , xq), which satisfy the cosimplicial
relationsik ◦ il = il ◦ ik−1 :Aq−1 → A

q+1 (0� l < k � q). Associated to these embeddings we
haveq + 1 morphisms of simplicial prespectraf0 = (i0)∗, . . . , fq = (iq)∗ :KQ,Aq+1 →KQ,Aq

which satisfy the corresponding simplicial relations. Note also that we chose the map
f = fq :Kq+1 →Kq as the preferred one in the tower of fibrations defining the spectral sequence
of Section 13.

LEMMA 15.2. – The tensor product pairings of Lemma15.1fit in commutative squares

RΓ(X,Ω−1Kq+1) ∧RΓ(X,Ω−1Kq′)

f∧1

RΓ(X,Ω−2Kq+q′+1)

fq

RΓ(X,Ω−1Kq) ∧RΓ(X,Ω−1Kq′) RΓ(X,Ω−2Kq+q′ )

RΓ(X,Ω−1Kq) ∧RΓ(X,Ω−1Kq′+1)

1∧f

RΓ(X,Ω−2Kq+q′+1).

f

4e SÉRIE– TOME 35 – 2002 –N◦ 6



THE SPECTRAL SEQUENCE RELATING ALGEBRAICK-THEORY TO MOTIVIC COHOMOLOGY 849

Proof. –This follows immediately from the commutativity of the following diagram of
schemes

A
q+1 ×A

q′
=

A
q+q′+1

A
q ×A

q′
=

iq×1

1×iq′

A
q+q′

iq

iq+q′

A
q ×A

q′+1
=

A
q+q′+1. ✷

For any (affine) schemeX the pairing of simplicial sets

wS•CPQ,Aq(X)∧wS•CPQ,Aq
′

(X)→ wS•S•CPQ,S×S′
(X)

induces a pairing onK0-groupsKQ,Aq

0 (X)⊗KQ,Aq
′

0 (X)→KQ,Aq+q
′

0 (X) and it’s clear from
the definitions that the following diagram commutes

KQ,Aq

0 (X)⊗KQ,Aq
′

0 (X) KQ,Aq+q
′

0 (X)

Z
Q,Aq(X)⊗Z

Q,Aq
′
(X) Z

Q,Aq×q
′
(X).

(15.3.1)

Here the vertical arrows are the canonical homomorphisms of Lemma 8.7, and the bottom pairing
sends the pair of cycles(Z,Z ′) to the cycle(∆X)∗(Z ×Z ′).

The pairingsZQ,Aq (X ×∆n)⊗Z
Q,Aq

′
(X ×∆n)→ Z

Q,Aq×q
′
(X ×∆n) determine a pairing

of simplicial abelian sheavesC•(ZQ,Aq )⊗C•(ZQ,Aq
′
)→ C•(ZQ,Aq×q

′
) and the induced pairing

of classifying simplicial sheaves (see discussion after Lemma B.3)

B
(
C•
(
Z
Q,Aq
))

⊗B
(
C•
(
Z
Q,Aq

′ ))
→B2

(
C•
(
Z
Q,Aq×q

′ ))
.

Thus we get, in particular, a pairing of simplicial sheaves

B
(
C•
(
Z
Q,Aq
))

∧B
(
C•
(
Z
Q,Aq

′ ))
→B
(
C•
(
Z
Q,Aq
))

⊗B
(
C•
(
Z
Q,Aq

′ ))
→B2

(
C•
(
Z
Q,Aq×q

′ ))
.

Given the discussion, the following result is now immediate from the definitions.

LEMMA 15.3. – The following diagram of simplicial sheaves commutes

Ω−1Kq ∧Ω−1Kq′ Ω−2Kq+q′

B(C•(ZQ,Aq ))∧B(C•(ZQ,Aq
′
)) B2(C•(ZQ,Aq×q

′
))
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and hence determines the following diagram of simplicial sets(cf. PropositionD.6)

RΓ(X,Ω−1Kq)∧RΓ(X,Ω−1Kq′) RΓ(X,Ω−2Kq+q′ )

RΓ(X,B(C•(ZQ,Aq ))) ∧RΓ(X,B(C•(ZQ,Aq
′
))) RΓ(X,B2(C•(ZQ,Aq×q

′
))).

LEMMA 15.4. –The maps of simplicial sheaves

Ω−1Kq+1
fq

fq−1
Ω−1Kq

are related by a simplicial homotopy which becomes constant when composed with the maps

Ω−1Kq f→ Ω−1Kq−1 andΩ−1Kq → B(C•(ZQ,Aq )). Hence the same conclusion holds for the
maps of simplicial sets

RΓ
(
X,Ω−1Kq+1

) fq

fq−1

RΓ
(
X,Ω−1Kq

)
.

Proof. –This follows immediately from Lemma 8.10, Lemma 8.10.2 and properties of the
functorR described in Appendix D.

THEOREM 15.5. – The tensor product operation on complexes of(small) vector bundles
induces a multiplicative structure on the spectral sequence of(13.6.1) (reindexed by changing
signs)

E2
p,q = πp+qRΓ

(
X,B
(
C•
(
Z
Q,Aq
)))

=⇒ Kp+q(X).

The product structure on the abutmentK∗(X) is the usual product structure onK-theory and
the product structure on theE2 term is the usual product structure in motivic cohomology(see
Section12).

Proof. –We have three towers of fibrations satisfying the conditions of Proposition 6.1:

X ′
q =X

′′
q =RΓ

(
X,Ω−1Kq

)
, Xq =RΓ

(
X,Ω−2Kq

)
,

B′
q =B

′′
q =RΓ

(
X,B
(
C•
(
Z
Q,Aq
)))
, Bq =RΓ

(
X,B2

(
C•
(
Z
Q,Aq
)))
.

Moreover we have pairingsX ′
q∧X ′′

q →Xq,B′
q∧B′′

q →Bq. The discussion prior to Lemma 15.2
together with Lemmas 15.2, 15.3, 15.4 and 12.3 shows that the conditions of Theorem 14.4
(with M ′ =M ′′ =M = S0) are satisfied and hence we get a pairing of the spectral sequences
defined by(X ′,B′) and(X ′′,B′′) to the spectral sequence defined by(X,B). However all three
spectral sequences coincide (after appropriate re-indexing) by Proposition 13.11. Thus we get a
multiplicative structure on our spectral sequence. The product structure on the limit is easily seen
to coincide with the usual multiplicative structure onK-theory.

To identify the multiplicative structure on theE2 term we need a few additional remarks before
proving this in Corollary 15.5.4.

Remark15.5.1. – LetA•,B• andC• be simplicial abelian sheaves. The data of a bilinear
pairing of simplicial abelian sheavesA• × B• → C• defines a homomorphism of complexes

of abelian sheavesA∗ ⊗ B∗
EZ−→ C∗ where EZ is obtained using the Eilenberg–Zilber
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homomorphismA∗ ⊗ B∗
EZ−→ (A• ⊗ B•)∗ – see Appendix B.1. Moreover applying this

construction to the pairingC•(ZQ,Aq )×C•(ZQ,Aq
′
)→C•(ZQ,Aq+q

′
) we get (after re-indexing)

the homomorphismZ(q)⊗ Z(q′)→ Z(q + q′) introduced in Section 12 which defines products
in motivic cohomology.

Return back to the case of an arbitrary bilinear pairing of simplicial abelian sheaves

A• ×B• →C•

and the associated homomorphism of complexes of abelian sheaves

A∗ ⊗B∗ EZ−→C∗.

Since the functorR preserves products we conclude immediately that the simplicial sheaves
R(A•),R(B•),R(C•) are actually simplicial abelian sheaves and the augmentation maps

A•
φA−→R(A•), . . . are homomorphisms of simplicial abelian sheaves. Furthermore applying the

functorR to the mapA• ×B• →C• we get a map of simplicial sheaves

R(A•)×R(B•) =R(A• ×B•)→R(C•)

which is easily seen to be bilinear. Taking finally global sections we get a bilinear pairing of
simplicial abelian groups

RΓ(X,A•)×RΓ(X,B•)→RΓ(X,C•)

and hence the induced pairing in homotopy groups

πp
(
RΓ(X,A•)

)
⊗ πq
(
RΓ(X,B•)

)
→ πp+q

(
RΓ(X,C•)

)
.

LEMMA 15.5.2. – After the identification of πp(RΓ(X,A•)) with H−p(X,A∗),
πq(RΓ(X,B•)) with H−q(X,B∗) and πp+q(RΓ(X,C•)) with H−p−q(X,C∗) (see Corol-
lary 13.3.1)the above pairing in homotopy groups coincides with the pairing

H−p(X,A∗)⊗H−q(X,B∗)→H−p−q(X,C∗)

defined by the homomorphism of complexesA∗ ⊗B∗ →C∗.

Proof. –The pairing in homotopy groups defined by the bilinear pairing

RΓ(X,A•)×RΓ(X,B•)→RΓ(X,C•)

coincides with the pairing in homology defined by the homomorphism of complexes (see
Proposition B.2)

Γ
(
X,R(A•)

)∗ ⊗Γ
(
X,R(B•)

)∗ =RΓ(X,A•)∗ ⊗RΓ(X,B•)∗ → Γ
(
X,R(C•)

)∗
=RΓ(X,C•)∗.

Furthermore the homomorphismsA∗ φA−→R(A•)∗, . . . are quasi-isomorphisms and hence define
canonical maps

Hp
(
Γ(X,R(A•))

)
→Hp(X,A∗)
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which are isomorphisms in non-positive degrees according to Corollary A.4. Finally we have a
commutative diagram of complexes of sheaves

A∗ ⊗B∗

φA⊗φB

C∗

φC

R(A•)∗ ⊗R(B•)∗ R(C•)∗

(15.5.2.0)

which according to Theorem A.6 yields a commutative diagram in cohomology

Hp(Γ(X,R(A•)))⊗Hq(Γ(X,R(B•))) Hp+q(Γ(X,R(C•)))

Hp(X,A∗)⊗Hq(X,B∗) Hp+q(X,C∗).

Here the bottom arrow is the product pairing in hypercohomology defined by the homomorphism
of complexes of sheavesA∗ ⊗B∗ → C∗, the top arrow coincides with the pairing in homotopy
groups we are studying and the vertical arrows are isomorphisms provided that bothp andq are
non-positive. ✷

Lemma 15.5.2 admits the following generalization which together with Remark 15.5.1
completes the proof of the Theorem 15.5.

LEMMA 15.5.3. – For any simplicial abelian sheafA• on a Noetherian topological space of
finite Krull dimension we have natural identifications

πi
(
RΓ
(
X,BkA•

))
=H−i+k(X,A∗) i� 0.

Moreover given a bilinear pairing of simplicial abelian sheavesA• ×B• → C•, the pairing in
homotopy groups defined by the bilinear pairing of simplicial abelian groups

RΓ
(
X,BkA•

)
×RΓ

(
X,Bk′

B•
)
→RΓ

(
X,Bk+k′

C•
)

coincides with the pairing in the hypercohomology groups induced by the pairing of complexes
A∗ ⊗B∗ → C∗.

Proof. –The homotopy groupπp(RΓ(X,BkA•)) coincides withH−p(X, (BkA•)∗). Fur-
thermore the complex(BkA•)∗ is canonically quasi-isomorphic toA∗[k] (using the usual ex-
plicit form of the Eilenberg–Zilber map given in Lemma B.3) and hence

H−p
(
X, (BkA•)∗

)
=H−p+k(X,A∗),

which proves the first statement. To prove the second one it suffices to establish the commuta-
tivity of the following diagram (where the vertical arrows are the canonical quasi-isomorphisms
introduced in Lemma B.3)

A∗[k]⊗B∗[k′]

gA⊗gB

C∗[k+ k′]

gC

(BkA•)∗ ⊗ (Bk′
B•)∗ (Bk+k′

C•)∗.

This is done by induction onk andk′ starting with Lemma B.4. ✷
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COROLLARY 15.5.4. – For any k, l � 0 the pairing in homotopy groups induced by the
bilinear pairing of simplicial abelian groups

RΓ
(
X,Bk

(
C•
(
Z
Q,Aq
)))

×RΓ
(
X,Bl

(
C•
(
Z
Q,Aq

′ )))
→RΓ

(
X,Bk+l

(
C•
(
Z
Q,Aq+q

′ )))
coincides(after re-indexing) with the product map in motivic cohomology.

16. The spectral sequence forK-theory with finite coefficients

In this final section, we discuss the natural version of our motivic spectral sequence (13.6.1) for
K-theory with finite coefficients (cf. Appendix C.3). In particular, we discuss the multiplicative
structure on the spectral sequence (16.2.1).

We recall the following facts concerning the existence and uniqueness of stable comultiplica-
tions on the mod-l Moore spaceM2

l .

PROPOSITION 16.1 (cf. [8,22]). – If l is odd, then up to homotopy there is a unique
comultiplication

Σ2M2
l

c→M2
l ∧M2

l

which is homotopy inverse on the right to the canonical mapM2
l ∧M2

l

p∧1
M2
l−−−−→Σ2M2

l .
If 4|l, then such a comultiplication exists; there are4 distinct stable homotopy classes of such

mapsMl ∧Ml →Ml. If 8|l, then only two of these have coboundary which is a derivation and
these two differ by the adjoint ofη2 :Ml ∧Ml → S1 ∧ S1 → S0 →Ml.

THEOREM 16.2. – As in Theorem13.6, the tower of spaces

RΓ(X,Ω−kKq+1) RΓ(X,Ω−kKq) · · · RΓ(X,Ω−kK0)

RΓ(X,B• . . .B•︸ ︷︷ ︸
k

(C•(ZQ,Aq )))

yields a strongly convergent spectral sequence for theK-theory with coefficientsZ/l

Ep,q
2 =Hp−q

(
X,Z/l(−q)

)
⇒ K−p−q(X,Z/l)(16.2.1)

which is independent of the choice ofk � 3.
Moreover, in casel �≡ 2 mod 4, a choice of comultiplicationΣ2M2

l
c→ M2

l ∧ M2
l as in

Proposition16.1determines a multiplicative structure on this spectral sequence. On the limit,
this multiplicative structure coincides with the multiplicative structure onmod-l K-theory using
the given comultiplication and on theE2-term coincides with the multiplicative structure on the
motivic cohomology with finite coefficients(and in particular is independent of the choice ofc).

Finally for any l we have a canonical pairing between the integral spectral sequence and the
spectral sequence with coefficientsZ/l.

Proof. –The existence of the spectral sequence follows from Proposition 14.2 and its
independence of the choice ofk � 3 follows by Corollary 6.1.1 from the fact thatRΓ(X,Kq)
andRΓ(X,B(C•(ZQ,Aq ))) are ((−1)-connected)Ω-prespectra.

For anyk, k′ � 3 we have a natural pairing of the tower determined by the simplicial sheaves
Ω−kKq and the tower determined by the simplicial sheavesΩ−k′Kq′ to the tower determined by
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the simplicial sheavesΩ−k−k′Kq+q′ . Moreover, as we saw in Section 15, the other conditions of
Theorem 14.4 are satisfied. Thus, takingM ′ =M ′′ =M =M2

l we get a natural multiplicative
structure on our spectral sequence (which is also independent of the choice ofk, k′). The
multiplicative structure on the limit obviously coincides with the usual multiplicative structure
on theK-theory with coefficientsZ/l.

Thus, once again, the only thing to verify is that the multiplicative structure on theE2-term
coincides with the usual multiplicative structure on motivic cohomology with finite coefficients
(and, in particular, is independent of the choice of comultiplication on the spaceM2

l ). This is
done in essentially the same way as in the proof of Theorem 15.5. We sketch the main steps
below.

LEMMA 16.3. – LetA• be a simplicial abelian sheaf on a Noetherian topological space of
finite Krull dimension. Then for anyp� 1,

πp
(
RΓ(X,A•),Z/l

)
=H−p

(
X,Cl(A∗)

)
,

whereCl(A∗) =C(A∗ l→A∗) is the cone of the multiplication byl onA∗. If the abelian sheaves
Ai areZ-flat, the above cohomology group may be further identified withH−p(X,A∗/l)

Proof. –According to Lemma C.3.1, we have a natural identification

πp
(
RΓ(X,A•),Z/l

)
=Hp

(
Cl(RΓ(X,A•))

)
=H−p

(
Γ
(
X,Cl(R(A•)∗)

))
.

As seen in Appendix A, the quasi-isomorphismCl(A∗) → Cl(R(A•)∗) gives us canonical
homomorphismsH−p(Γ(X,Cl(R(A•)∗)) → H−p(X,Cl(A∗)). Moreover, since all terms of
the complexCl(R(A•)∗) except possibly for the ones in degrees0 and−1 are flasque sheaves,
the above homomorphisms are isomorphisms in degreesp� 1 – see Corollary A.4.

The last part of the statement is obvious since for complexes ofZ-flat sheaves the natural map
Cl(A∗)→A∗/l is a quasi-isomorphism.✷

Let A• × B• → C• be a bilinear pairing of simplicial abelian sheaves on a Noetherian
topological spaceX of finite Krull dimension. This pairing induces a bilinear pairing of
simplicial abelian groups (see the discussion after Remark 15.5.1)

RΓ(X,A•)×RΓ(X,B•)→RΓ(X,C•),

and hence an associated pairing in homotopy groups with finite coefficients

πi
(
RΓ(X,A•),Z/l

)
⊗ πj
(
RΓ(X,B•),Z/l

)
→ πi+j

(
RΓ(X,C•),Z/l

)
.

On the other hand the pairingA• × B• → C• determines a pairing of complexes of sheaves
A∗ ⊗B∗ → C∗ (see Appendix B) and hence also a pairingCl(A∗) ⊗ Cl(B∗)→ Cl(C∗). The
last pairing determines further a pairing in hypercohomology groups

H−i
(
X,Cl(A∗)

)
⊗H−j

(
X,Cl(B∗)

)
→H−i−j

(
X,Cl(C∗)

)
.

LEMMA 16.4. – After the identification ofπi(RΓ(X,A•),Z/l) with H−i(X,Cl(A∗)),
πj(RΓ(X,B•),Z/l)withH−j(X,Cl(B∗)), andπi+j(RΓ(X,C•),Z/l)withH−i−j(X,Cl(C∗))
the pairing in homotopy groups

πi
(
RΓ(X,A•),Z/l

)
⊗ πj
(
RΓ(X,B•),Z/l

)
→ πi+j

(
RΓ(X,C•),Z/l

)
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coincides with the pairing in the hypercohomology groups

H−i
(
X,Cl(A∗)

)
⊗H−j

(
X,Cl(B∗)

)
→H−i−j

(
X,Cl(C∗)

)
.

Proof. –The proof is essentially identical to that of Lemma 15.5.2; we leave the details to the
reader. ✷

The bilinear pairing of simplicial abelian sheaves

C•
(
Z
Q,Aq
)
×C•

(
Z
Q,Aq

′ )
→C•

(
Z
Q,Aq+q

′ )
determines a homomorphism of complexes of sheaves

C∗(
Z
Q,Aq
)
⊗C∗(

Z
Q,Aq

′ )
→C∗(

Z
Q,Aq+q

′ )
which up to re-indexing coincides with the pairingZ(q) ⊗ Z(q′) introduced in Section 12.
According to Lemma 16.4, the pairing in homotopy groups

πi
(
RΓ
(
X,C•

(
Z
Q,Aq
))
,Z/l
)
⊗ πj
(
RΓ
(
X,C•

(
Z
Q,Aq

′ ))
,Z/l
)

→ πi+j

(
RΓ
(
X,C•

(
Z
Q,Aq+q

′ ))
,Z/l
)

coincides with the pairing in hypercohomology groups induced by the homomorphism of
complexes

Cl
(
C∗(

Z
Q,Aq
))

⊗Cl
(
C∗(

Z
Q,Aq

′ ))
→ Cl

(
C∗(

Z
Q,Aq+q

′ ))
and hence coincides (up to reindexing) with the product map in motivic cohomology with finite
coefficients.

To finish the proof of Theorem 16.2 it suffices now to establish the following lemma.

LEMMA 16.5. – For any simplicial abelian sheafA• on a Noetherian topological space of
finite Krull dimension we have natural identifications

πi
(
RΓ
(
X,BkA•

)
,Z/l
)
=H−i+k

(
X,Cl(A∗)

)
, i� 2.

Moreover given a bilinear pairing of simplicial abelian sheavesA• ×B• → C•, the pairing in
homotopy groups withmodl coefficients(with l �≡ 2 (mod 4)) defined by the bilinear pairing of
simplicial abelian groups

RΓ
(
X,BkA•

)
×RΓ

(
X,Bk′

B•
)
→RΓ

(
X,Bk+k′

C•
)

coincides with the pairing in hypercohomology groups induced by the pairing of complexes
Cl(A∗)⊗Cl(B∗)→ Cl(C∗).

Proof. –The proof is identical to the proof of Lemma 15.5.3.✷
Appendix A. Products in hypercohomology

The purpose of this appendix is to exhibit multiplicative pairings in hypercohomology of not
necessarily bounded complexes of sheaves on a Noetherian scheme of finite Krull dimension.
Since there are certain pitfalls one must avoid, we present the construction here.
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The easiest way to define these multiplicative pairings is via the Godement resolutions (cf.
[11], Chapter II.6.4). Recall that for an abelian sheafA on an arbitrary topological spaceX its
Godement resolutionG∗(A) is defined as follows. One first defines a sheafG(A) via the formula

Γ
(
U,G(A)

)
=
∏
x∈U

Ax.

In other wordsG(A) =
∏

x∈X(ix)∗(Ax). Note that the sheafG(A) is obviously flasque. Fur-

thermore we have a natural sheaf homomorphismA
iA−→G(A) and the induced homomorphisms

on stalksAx →G(A)x are canonically split by means of obvious mapspx :G(A)x →Ax. Note
also that the family of homomorphismspx defines a sheaf homomorphismp :G(G(A))→G(A).

Finally we set

Gn(A) =G ◦ · · · ◦G︸ ︷︷ ︸
n+1

(A)

(so thatG(A) =G0(A)) and define the coface operations

δi :Gn(A)→Gn+1(A) (0� i� n+ 1)

via the formulas

Gn(A) =Gi−1
(
Gn−i(A)

) Gi−1(iGn−i(A))−−−−−−−−−→Gi−1
(
Gn−i+1(A)

)
=Gn+1(A).

The codegeneracy operators are defined similarly using now the homomorphismsp. One checks

easily (see [11] Chapter II, §6) that the augmented cosimplicial sheafA
iA−→ G∗(A) is acyclic,

i.e., G∗(A) is a flasque resolution ofA. Moreover the homomorphismiA is a stalk-wise
homotopy equivalence by [11, 4.3.1]. Here, and below, “homotopy equivalence” means chain
homotopy equivalence of complexes.

If B∗,∗ is a bicomplex of abelian sheaves, then we denote by

Tot(B∗,∗), Tot(B∗,∗)n =
⊕

s+t=n

Bs,t

the associated total complex of sheaves. Note that we use direct sum and not direct product
operation to defineTot(B∗,∗). For example, we consider the total complexTot(G∗A∗) of the
bicomplex given by the Godement resolution of a complexA∗ of abelian sheaves. We observe
that the natural homomorphism

A∗ iA∗−−→Tot(G∗A∗)

is a stalkwise homotopy equivalence for any complexA∗ of abelian sheaves: eachAj →G∗(Aj)
is a homotopy equivalence of cosimplicial sheaves with natural homotopies compatible with re-

spect toAj →Aj+1. In particular,A∗ iA∗−→Tot(G∗A∗) a quasi-isomorphism. Moreover the com-
plexTot(G∗A∗) consists of flasque sheaves provided thatA∗ is bounded below or the topolog-
ical spaceX is Noetherian (in which case, an arbitrary direct sum of flasque sheaves is flasque).

Assume now thatX is a Noetherian topological space of finite Krull dimension. In this case
we can use the following elementary but useful result.

PROPOSITION A.1. – Let A∗ be an acyclic complex of abelian sheaves on a Noetherian
topological space of finite Krull dimension. Assume that the sheavesAi are acyclic(e.g. flasque)
for i� n− 1. Then the complexΓ(X,A∗) is acyclic in degrees� n+ 1.
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Proof. –SetZi =Ker(Ai d→Ai+1). Using the short exact sequences

0→Zi−1 →Ai−1 →Zi → 0

and acyclicity ofAi−1 for 0 < i � n we conclude immediately that for0 < i � n we have
isomorphisms

Hp
(
X,Zi

)
=Hp+1

(
X,Zi−1

)
= · · ·= 0

since the cohomological dimension of abelian sheaves onX is bounded bydimX . Thus the
sheavesZi (i� n) are also acyclic. This implies exactness of the following sequences

0→ Γ
(
X,Zn−1

)
→ Γ(X,An−1)→ Γ(X,Zn)→ 0,

0→ Γ
(
X,Zn

)
→ Γ
(
X,An

)
→ Γ
(
X,Zn+1

)
→ 0,

0→ Γ
(
X,Zn+1

)
→ Γ
(
X,An+1

)
→ Γ
(
X,An+2

)
and hence exactness ofΓ(X,A∗) in degrees� n+ 1. ✷

COROLLARY A.2. – LetA∗ →B∗ be a quasi-isomorphism of complexes of abelian sheaves
on a Noetherian topological space of finite Krull dimension. Assume further that the sheavesAi

andBi are acyclic for i � n − 1. Then the homomorphism of complexes of global sections
Γ(X,A∗)→ Γ(X,B∗) induces isomorphisms in cohomology in degrees� n.

Since the terms of the Godement resolution are flasque, Corollary A.2 justifies the following
definition of the hypercohomology ofX with coefficients in an arbitrary (not necessarily
bounded below) complex of sheavesA∗.

DEFINITION A.3. – LetA∗ be a complex of abelian sheaves on a Noetherian topological
space of finite Krull dimension. We define the hypercohomology ofX with coefficients inA∗ by
the formula

Hp(X,A∗) =Hp
(
Γ(X,Tot(G∗A∗))

)
=Hp

(
Tot(Γ(X,G∗A∗))

)
.

One verifies easily that all the usual properties of hypercohomology still hold. In particular for
any quasi-isomorphismA∗ → Ã∗ we get canonical homomorphisms

Hp
(
Γ(X, Ã∗)

)
→Hp(X,A∗)

which arise from the commutative diagram of complexes

Γ(X,A∗) Γ(X, Ã∗)

Γ(X,G∗A∗) Γ(X,G∗Ã∗),

the bottom row of which is a quasi-isomorphism.
Consequently, Corollary A.2 immediately yields the following result.

COROLLARY A.4. – LetA∗ → Ã∗ be a quasi-isomorphism of complexes of abelian sheaves
on a Noetherian topological space of finite Krull dimension. Assume that the sheavesÃi are
acyclic for i � n− 1. Then the associated homomorphismsHp(Γ(X, Ã∗))→ Hp(X,A∗) are
isomorphisms in degreesp� n.
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Corollary A.4 shows in particular that hypercohomology may be equally defined using the
Cartan–Eilenberg resolutions and hence we have the usual strongly convergent hypercohomology
spectral sequences – see [38, 5.7.10].

The following lemma often simplifies the computations. We say that a homomorphism
A∗ → Ã∗ is a resolution ofA∗ if it is a quasi-isomorphism.

LEMMA A.5 (cf. [11, II, 4.8.1]). – LetA∗ → Ã∗ be a resolution of the complexA∗ of abelian
sheaves. Assume further that we are given a homomorphism of resolutions,f : Ã∗ → G∗A∗.
Then the natural homomorphismsH∗(Γ(X, Ã∗))→H∗(X,A∗) =H∗(Γ(X,G∗A∗)) coincide
with the homomorphisms induced byf .

Proof. –The general case is reduced easily to the case whenÃ∗ =G∗A∗ andf = Id . In this
case we have to show that the following two homomorphisms of complexes

G∗A∗
G∗(iA∗ )

iG∗A∗
G∗G∗A∗

induce the same homomorphisms on homology of global sections. To do so we note that the
homomorphismG∗(iA∗)− iG∗A∗ is killed on the right by a quasi-isomorphismiA∗ and hence
is killed on the left by an appropriate quasi-isomorphismG∗G∗A∗ g→ B∗. ReplacingB∗ by
its flasque resolution we may even assume that the complexB∗ consists of flasque sheaves.
However in the latter case the homomorphismΓ(X,g) of complexes of global sections is a
quasi-isomorphism and our statement becomes obvious.✷

Assume now thatA∗ andB∗ are two complexes of abelian sheaves on a Noetherian topological

spaceX of finite Krull dimension. The homomorphismA∗ ⊗Z B
∗ iA⊗iB−−−→ G∗A∗ ⊗Z G

∗B∗

stalkwise is a tensor product of two homotopy equivalences and hence is a stalkwise homotopy
equivalence as well. In particulariA ⊗Z iB is a quasi-isomorphism. This gives us canonical
pairings

Hp(X,A∗)⊗Hq(X,B∗) = Hp
(
Γ(X,G∗A∗)

)
⊗Hq

(
Γ(X,G∗B∗)

)
→Hp+q

(
Γ(X,G∗A∗ ⊗ZG

∗B∗)
)
→Hp+q(X,A∗ ⊗Z B

∗).

Moreover we have a natural homomorphism of resolutionsG∗A∗⊗ZG
∗B∗ fA,B−−→G∗(A∗⊗ZB

∗)
– see [11] Chapter II, §6.4. Lemma A.5 shows now that the last arrow above coincides with the
homomorphism in homology of global sections induced byfA,B.

We now can formulate the naturality of pairings on hypercohomology. In the special case in
whichA∗ andB∗ are single sheaves, this is proved in [11], Theorem 6.6.1. We omit the proof of
the general case stated below, for it presents no new difficulties.

THEOREM A.6. – Let Ã∗, B̃∗, C̃∗ be resolutions of complexesA∗,B∗ andC∗ respectively.
Assume further that we are given homomorphismsA∗⊗B∗ →C∗, Ã∗⊗ B̃∗ → C̃∗ which fit into
a commutative diagram

A∗ ⊗B∗ C∗

Ã∗ ⊗ B̃∗ C̃∗.
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Then the following diagram of cohomology groups commutes

Hp(Γ(X, Ã∗))⊗Hq(Γ(X, B̃∗)) Hp+q(Γ(X, C̃∗))

Hp(X,A∗)⊗Hq(X,B∗) Hp+q(X,C∗).

Appendix B. Prespectra and Ω-prespectra

We recall the naive category of prespectra, which we shall call the category of prespectra,
which requires strictly commutative diagrams. For us, a prespectrum is a sequence of pointed
spacesX = (X0,X1, . . .) together with continuous pointed mapsφk :ΣXk → Xk+1 (or
equivalentlyψk :Xk → ΩXk+1). To simplify matters we always assume that all distinguished
points∗ ∈Xk are non-degenerate. A morphism of prespectra is a sequence of continuous pointed
mapsfk :Xk → Y k such that the following diagrams commute

ΣXk
φkX

Σfk

Xk+1

fk+1

ΣY k
φkY

Y k+1.

Equivalently one can require the commutativity of the diagrams

Xk
ψkX

fk

ΩXk+1

Ωfk+1

Y k
ψkY

ΩY k+1.

A prespectrum (X0,X1, . . .) is called an Ω-prespectrum provided that all maps
ψk :Xk → ΩXk+1 are homotopy equivalences (of pointed spaces). For each prespectrum
X = (X0,X1, . . .) we have canonical mapsπi(Xk)→ πi(ΩXk+1) = πi+1(Xk+1). The ho-
motopy groups of the prespectrumX = (X0,X1, . . .) are defined via the formula

πn(X) = lim−→
k�−n

πn+k

(
Xk
)

(−∞<n<∞).

Note that ifX is anΩ-prespectrum, thenπn(X) = πn+k(Xk) wheneverk � −n. A morphism
of prespectraf :X → Y is called a weak equivalence provided that it induces isomorphisms
on all homotopy groups. We will say that the prespectrumX = (X0,X1, . . .) is N -connected
provided that each spaceXk is (N +k)-connected. In the case ofΩ-prespectra, this requirement
is equivalent to the vanishing ofπi(X) for all i�N .

Let f :X → Y be a morphism of prespectra. Denoting the homotopy fiber (respectively
cofiber) offn :Xn → Y n by Fn (respectivelyCn) one checks immediately that the sequences
(F0,F1, . . .) and (C0,C1, . . .) have natural structures of a prespectra, which we denotefib(f)
(respectivelycofib(f)). Moreoverfib(f) is an Ω-prespectrum provided thatX and Y are
Ω-prespectra.
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Applying the previous remarks to the canonical morphismX → ∗ we get for any prespec-
trum X two new prespectraΩX = (ΩX0,ΩX1, . . .), ΣX = (ΣX0,ΣX1, . . .). Moreover the
prespectrumΩX is anΩ-prespectrum in caseX is anΩ-prespectrum, and its homotopy groups
are related to that ofX via an obvious formulaπn(ΩX) = πn+1(X). Note finally that for anyX
we have obvious suspension homomorphismsΣ:πn(X)→ πn+1(ΣX). The Freudenthal Sus-
pension Theorem implies that these maps are isomorphisms (in all degrees) provided thatX is
N -connected for someN .

Let X• be a simplicial prespectrum (i.e., a simplicial object in the category of prespectra).
Denote the spaces constituting the prespectrumXi by Xn

i . For everyn we get a simplicial
spaceXn

• and hence may consider its geometric realization|Xn
• | or its reduced Segal realization

‖Xn
• ‖red = ‖Xn

• ‖/‖ ∗ ‖. Moreover for eachn we have a canonical pointed map

Σ
(
‖Xn

• ‖red

)
=
∥∥ΣXn

•
∥∥
red

→
∥∥Xn+1

•
∥∥
red
.

Thus‖X•‖red = (‖X0
•‖red ,‖X1

•‖red , . . .) is a prespectrum. In the same way|X•|= (|X0
• |, |X1

• |,
. . .) is also a prespectrum.

The following well-known result (cf. [7, B.7] is of considerable importance for our purposes.
We implicitly use the fact that for any simplicial spaceX• the natural maps

‖X•‖←
∥∥n �→ ∣∣Sing•(Xn)

∣∣∥∥→ ∣∣n �→ Sing•(Xn)
∣∣

are weak equivalences, where{n �→ Sing•(Xn)} is the the bisimplicial set obtained by applying
the singular functor to eachXn.

PROPOSITION B.1. – LetX• be a simplicial object in the category ofΩ-prespectra. Then the
prespectrum‖X•‖red is anΩ-prespectrum. Moreover if allΩ-prespectraXi areN -connected
for an appropriate integerN , then‖X•‖red is alsoN -connected and there exists a spectral
sequence

E2
p,q = πp

(
πq(X•)

)
=⇒ πp+q(‖X•‖red).

Combining Proposition B.1 with the theorem of Segal (Proposition 2.2 above) we immediately
get the following corollary.

COROLLARY B.1.1. – Assume in addition that all pointed simplicial spacesX i
• are good.

Then conclusions of PropositionB.1 apply equally to the prespectrum|X•|.

The naturality of the construction associating the classifying spaceB•(A) (a simplicial abelian
group) to an abelian groupA leads to theΩ-prespectrum associated to any simplicial abelian
groupA•:

B(A•) =
(
|A•|, |B•(A•)|, |B•B•(A•)|, . . .

)
.

Here, thenth term of the spectrumB(A•) is the geometric realization of the resulting
(n+1)-fold simplicial abelian group.

To any simplicial abelian groupA• we may associate naturally three complexes – the
complexA∗ with termsAi and differential equal to the alternating sum of the face operations,
its Moore complexM∗(A•) with termsMi =Ker∂1 ∩ · · · ∩Ker∂i and differential equal to∂0
and finally its normalized complexKN,∗(A•) which is obtained fromA∗ by factoring out the
degenerate part. Moreover we have obvious homomorphisms of complexes

M∗(A•)→A∗ →KN,∗(A•)
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both of which are homotopy equivalences and whose composition is an isomorphism (so that the
complexesM∗(A•) andKN,∗(A•)may be canonically identified) – see [19,20]. Furthermore we
have natural identificationsπi(A•) =Hi(A∗) =Hi(M(A•)). LetA• andB• be two simplicial
abelian groups. The Eilenberg–Zilber Theorem shows that the complex(A• ⊗B•)∗ is naturally
homotopy equivalent toA∗ ⊗B∗. The corresponding homotopy equivalence

A∗ ⊗B∗
EZ−→ (A• ⊗B•)∗

is given by the so called shuffle map. Recall that the strictly increasing maps

[i+ j]
φ=(φ′,φ′′)−−−−−−→ [i]× [j]

are in one to one correspondence with(i, j)-shuffles – see [20]. For any such mapφ we denote
by ε(φ) the sign of the corresponding shuffle. With these notations the explicit formula for the
Eilenberg–Zilber map looks as follows (cf. [19], Chapter 8, §8):

EZ(ai ⊗ bj) =
∑

φ=(φ′,φ′′):[i+j]→[i]×[j]

ε(φ)(φ′)∗(ai)⊗ (φ′′)∗(bj).

Moreover the homomorphismEZ also defines homotopy equivalences on Moore subcomplexes
and on normalized quotient complexes.

For any simplicial abelian groupsA•,B• we get a canonical map of simplicial sets

A• ∧B• →A• ⊗B•

which defines a pairing in homotopy groups

πi(A•)× πj(B•)→ πi+j(A• ∧B•)→ πi+j(A• ⊗B•)

For anyx ∈ πi(A•), y ∈ πj(B•) we denote byx⊗ y ∈ πi+j(A• ⊗B•) the image ofx× y under
this pairing.

The following proposition is well known.

PROPOSITION B.2. – The following diagram commutes

πi(A•)⊗ πj(B•)

∼=

πi+j(A• ⊗B•)

∼=

Hi(A∗)⊗Hj(B∗)
EZ

Hi+j((A• ⊗B•)∗).

For any simplicial abelian groupA•, the bisimplicial abelian groupBA• may be canonically
identified with the tensor productA• ⊗ B•Z. Furthermore the complex(B•Z)∗ is canonically
homotopy equivalent toM∗(B•Z) = Z[1]. The Eilenberg–Zilber Theorem now shows that the
complex(BA•)∗ is canonically homotopy equivalent to the complexA∗[1]. Using finally the
explicit form of the Eilenberg–Zilber map we easily obtain the following result.

LEMMA B.3. – For any simplicial abelian groupA•. There is a natural homotopy equiva-
lenceA∗[1]

s→ (BA•)∗ given by the formula

a ∈An−1 �→
(
s0(a),−s1(a), . . . , (−1)n−1sn−1(a)

)
∈ (BAn)n.
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Assume thatA′
•,A

′′
• ,A• are simplicial abelian groups andA′

• ×A′′
•

φ→ A• is a bilinear map
of simplicial sets. The mapφ defines in an obvious way a homomorphism of simplicial abelian
groupsA′

• ⊗A′′
• →A• and hence a pairing in homotopy groupsπi(A′

•)× πj(A′′
•)→ πi+j(A•).

The mapφ defines further two new bilinear maps

BA′
• ×A′′

• →BA• (a′1, . . . , a
′
p)× a′′ �→

(
φ(a′1, a

′′), . . . , φ(a′p, a
′′)
)
,

A′
• ×BA′′

• →BA• a′ × (a′′1 , . . . , a
′′
p) �→

(
φ(a′, a′′1), . . . , φ(a

′, a′′p)
)
,

and hence two new pairings in homotopy groups

πi(A′
•)× πj(A′′

•) = πi+1(BA′
•)× πj(A′′

•)→ πi+j+1(BA•) = πi+j(A•),

πi(A′
•)× πj(A′′

•) = πi(A
′
•)× πj+1(BA′′

•)→ πi+j+1(BA•) = πi+j(A•).

LEMMA B.4. – Letφ :A′
• ×A′′

• →A• be a bilinear map of simplicial abelian groups. Then
the following diagrams of complexes commute

A′
∗[1]⊗A′′

∗

s⊗1

A∗[1]

s

(BA′
•)∗ ⊗A′′

∗ (BA•)∗

A′
∗ ⊗A′′

∗ [1]

1⊗s

A∗[1]

s

A′
∗ ⊗ (BA′′

•)∗ (BA•)∗.

Hence the pairings in homotopy groups defined by the pairings of bisimplicial abelian groups
BA′

•×A′′
• →BA•,A′

•×BA′′
• →BA• coincide(up to a sign) with pairings in homotopy groups

defined by the original pairingφ.

Proof. –The first statement may be verified directly, or deduced from the strict coassociativity
of the shuffle map. The second follows immediately from the first.✷

Appendix C. Functorial formulation of K-theory

We briefly review constructions of Waldhausen, Grayson, and Thomason which facilitate strict
functoriality ofK-theory spectra. We then make explicit our formulation of the definitions of
multirelativeK-theory and theK-theory of cosimplicial schemes.

C.1. Waldhausen’s S-construction

Let C be a category with cofibrations and weak equivalences in the sense of Waldhausen [37].
To each such category Waldhausen associates anΩ-prespectrumK(C) whose definition we recall
briefly. We shall assume for simplicity that the categoryC has a unique zero object0. First of
all, Waldhausen defines the categorySn(C) of n-filtered objects. The objects of this category are
chains of cofibrations

0 =X0 �X1 � · · ·�Xn
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together with the choice of subfactorsXi,j = Xj/Xi for all i < j. A morphism inSn(C)
from a filtered objectX to a filtered objectY is a morphism inC from Xn to Yn which
preserves filtrations. A morphismf :X→ Y is a cofibration (respectively equivalence) inSn(C)
provided that the induced morphisms on all subfactorsXi,j → Yi,j are cofibrations (respectively
equivalences) and for that it suffices that the morphismsXi,i+1 → Yi,i+1 be cofibrations
(equivalences) for alli. One checks immediately thatS•(C) is a simplicial category with
cofibrations and equivalences. Repeating this construction one gets a bisimplicial category with
cofibrations and weak equivalencesS•S•(C), etc. Denoting the category of weak equivalences
in S• . . .S•(C) bywS• . . .S•(C) and regarding each category as a simplicial set in the usual way
we get a sequence of spaces

K0(C) = |wC|, K1(C) = |wS•(C)|, K2(C) = |wS•S•(C)|, . . . .

SincewS1(C) =wC, the “1-skeleton in theS• direction” of|wS•(C)| is homeomorphic toΣ|wC|
and similarly forwS• . . .S•(C), we obtain canonical (pointed) maps

ΣKn(C)→Kn+1(C)

(i.e., a prespectrum). Moreover Waldhausen shows that the associated maps

Kn(C)→ΩKn+1(C)

are homotopy equivalences forn� 1, i.e.,K(C) is anΩ-prespectrum.
As always the groupK0(C) = π0(K(C)) may be identified with the abelian group with

generators[X ] (X ∈ C) which are subject to relations

[X ] = [Y ] + [X/Y ] for any cofibrationY �X,

[X ] = [Y ] for any weak equivalenceX
∼→ Y.

We finish this brief discussion with the construction of a canonical morphism of prespectra

K(C)→ B
(
K0(C)

)
.(C.1.1)

Associating to a filtered object0 = X0 � X1 � · · · � Xn an element([X1/X0], . . . ,
[Xn/Xn−1]) we get a functor from the categorywSn(C) to (K0(C))n (considered as a trivial
category). One checks immediately that this construction commutes with face and degeneracy
operators and thus provides us with a canonical map of bisimplicial sets

wS•(C)→B•
(
K0(C)

)
whereB•(K0(C)) is considered as a bisimplicial set trivial in theq-direction and hence gives us a
canonical pointed continuous map|wS•(C)| → |B•(K0(C))|. In the same way we get canonical
morphisms ∣∣wS• . . .S•︸ ︷︷ ︸

n

(C)
∣∣→ ∣∣B• . . .B•︸ ︷︷ ︸

n

(
K0(C)

)∣∣(C.1.2)

for all n� 0.
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C.2. Products inK-theory

Let C,C′,C′′ be categories with cofibrations and weak equivalences. Assume further that we
are given a bifunctor⊗ :C′ × C′′ → C which is exact in each variable with other variable fixed
(i.e., takes0 to 0, takes cofibrations to cofibrations and preserves the pushout diagrams involving
cofibrations) and also takes weak equivalences to weak equivalences. These properties show that
starting with ani-filtered objectX ∈ C′ and anj-filtered objectY ∈ C′′ we get an(i, j)-bifiltered
objectX ⊗ Y ∈ C, i.e.,⊗ defines a functor from the bisimplicial categoryS•(C′)× S•(C′′) to
the bisimplicial categoryS•S•(C′′). This functor takes weak equivalences to weak equivalences
and hence defines a map ∣∣wS•(C)∣∣∧ ∣∣wS•(C)∣∣→ ∣∣wS•S•(C)∣∣.
These maps define product pairings on homotopy groupsKn(C′) ×Km(C′′)→Kn+m(C). In
the same way one constructs canonical maps of simplicial sets

Kn(C′)∧Km(C′′)→Kn+m(C)

which fit (for allm,n > 0) into commutative diagrams

ΣKn−1(C′) ∧Km(C′′) ΣKn+m−1(C)

Kn(C′)∧Km(C′′) Kn+m(C)

Kn(C′) ∧ΣKm−1(C′′) ΣKn+m−1(C)

and hence induce the same (as above) pairings in homotopy groups

Ki(C′)×Kj(C′′) = πi+n

(
Kn(C′)

)
× πj+m

(
Km(C′′)

)
→ πi+j+n+m

(
Kn+m(C)

)
=Ki+j(C).

C.3. K-theory with finite coefficients

Fix an integerl � 2 and denote byM2
l the mod-l Moore space defined as the cone of

multiplication by l endomorphism ofS1. The homotopy groups with mod-l coefficients of a
pointed spaceX are defined via the formula

πi(X,Z/l) =
[
Si−2 ∧M2

l ,X
]

if i� 2.

and of a prespectrumX = (X0,X1, . . .) by

πi(X,Z/l) = lim−→
k�−i+2

πi+k

(
Xk,Z/l

)
(−∞< i <∞).

For a categoryC with cofibrations and weak equivalences we define theK-groups ofC with
finite coefficients as homotopy groups with finite coefficients of the corresponding prespectrum:

Ki(C,Z/l) = πi
(
K∗(C),Z/l

)
.
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Returning to the situation discussed in Section C.2, we note first that the pairing of spaces
Kn(C′) ∧ Km(C′′) → Kn+m(C) defines pairings in homotopy groups with coefficients (see
discussion after Proposition 14.2, where we takeM ′ = S0,M ′′ =M2

l ,M =M2
l )

πi
(
Kn(C′)

)
× πj
(
Km(C′′),Z/l

)
→ πi+j

(
Kn+m(C),Z/l

)
i� 0, j � 2,

πi
(
Kn(C′),Z/l

)
× πj
(
Km(C′′)

)
→ πi+j

(
Kn+m(C),Z/l

)
i� 2, j � 0.

These pairings define pairings inK-groups with coefficients

Ki(C′)×Kj(C′′,Z/l)→Ki+j(C,Z/l),
Ki(C′,Z/l)×Kj(C′′)→Ki+j(C,Z/l),

which are independent of the choice ofn,m� 2.
To define pairings on theK-groups with coefficients, we need to fix a comultiplication

Σ2M2
l

c→M2
l ∧M2

l as in Proposition 16.1, which is required to be homotopy right inverse
to the canonical mapM2

l ∧M2
l → S2 ∧M2

l =Σ2M2
l . It is known that such a map exists in case

l �≡ 2 mod 4 and is uniquely (up to homotopy) defined by the above requirement in casel is odd
– see [8]. Thus in casel �≡ 2 mod 4 we may define pairings inK-groups with finite coefficients

Ki(C′,Z/l)×Kj(C′′,Z/l)→Ki+j(C,Z/l).

However these pairings in general depend on the choice of the mapc. Finally we get really
well-defined product maps onK-groups with coefficientsZ/l for all oddl’s.

In the main body of the paper we need a few facts concerning products in homotopy groups
with finite coefficients in the case of simplicial abelian groups. We start with the following
elementary observation.

LEMMA C.3.1. – For any simplicial abelian groupA• we have natural isomorphisms

πi(|A•|,Z/l) =Hi

(
Cl(A∗)

)
,

whereCl(A∗) =C(A∗
l→A∗) is the cone of the multiplication byl homomorphism.

The correspondenceA∗ �→Cl(A∗) defines a functor from the category of complexes to itself.
Moreover for any complexesA∗,B∗ we have a natural homomorphism

Cl(A∗)⊗Cl(B∗)→ Cl(A∗ ⊗B∗).

Thus for any simplicial abelian groupsA• andB• we get a natural homomorphism of complexes

Cl(A∗)⊗Cl(B∗)→Cl(A∗ ⊗B∗)
Cl(EZ)−−−−→Cl

(
(A• ⊗B•)∗

)
.

LEMMA C.3.2. – For any simplicial abelian groupsA•,B• we have a commutative diagram

πi(A•,Z/l)⊗ πj(B•,Z/l)

∼=

πi+j(A• ⊗B•,Z/l)

∼=

Hi(Cl(A∗))⊗Hj(Cl(B∗)) Hi+j(Cl((A• ⊗B•)∗)).
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C.4. Big vector bundles

LetX be a Noetherian scheme. Consider the big Zariski siteSch/X of all schemes of finite
type overX . LetP :Sch/X→Ab be anO-module. For everyY ∈ Sch/X restrictingP to the
small Zariski site ofY gives anOY -modulePY . Following Grayson [12], we say thatP is a big
vector bundle onX provided that the following conditions hold

(1) For everyY ∈ Sch/X theOY -modulePY is a vector bundle onY (i.e., a locally free,
coherentOY -module).

(2) For every arrowf :Y → Z in Sch/X the induced homomorphismf∗(PZ) → PY is
an isomorphism (obviously it suffices to require that the above condition holds for the
structure morphismsY →X only).

In other words a big vector bundle onX is a family of vector bundlesPY (Y ∈ Sch/X) together
with a data of isomorphismsf∗(PZ)→ PY which satisfy appropriate compatibility conditions.
Denote byP(Sch/X) the category of big vector bundles considered as a full subcategory in
the category ofO-modules. Denoting the category of vector bundles onX by P(X), we have
an obvious functorP(Sch/X)→ P(X). One checks easily (cf. [12]) that this functor is an
equivalence. For every scheme of finite typef :Y →X we have an obvious restriction functor
P(Sch/X)→P(Sch/Y ) which we denotef∗. The main advantage of this construction is that

whenever we have a chain of arrowsZ
g→ Y

f→X the functors(f ◦ g)∗ andg∗ ◦ f∗ coincide (not
simply agree up to a canonical isomorphism).

C.5. The Ω-prespectra of algebraicK-theory

LetX be a Noetherian scheme. The categoryP(X) is an exact category in the sense of Quillen
[25] and hence one can apply Quillen’s Q-construction [25] or Waldhausen’s S-construction [37]
to get the correspondingK-theory prespectrum. However it will be more convenient for our
purposes to follow the approach developed by Thomason in [32] (replacing also the category
P(X) by the equivalent categoryP(Sch/X)).

Denote byCP(X) the category of bounded complexes of big vector bundles onX . The
categoryCP(X) may be considered as a Waldhausen category, in which cofibrations are degree-
wise split monomorphisms and equivalences are quasi-isomorphisms. We denote byK(X) the
Ω-prespectrum corresponding to the categoryCP(X). It is known [32] that thisΩ-prespectrum
is equivalent to the usualΩ-prespectrum of algebraicK-theory. Letf :Y →X be a scheme of
finite type overX . The exact functorf∗ :CP(Sch/X)→ CP(Sch/Y ) defines a morphism of
prespectraf∗ :K(X)→K(Y ). Furthermore ifg :Z→ Y is a scheme of finite type overY then
the diagram of prespectra

K(X) f∗

(fg)∗

K(Y )

g∗

K(Z) = K(Z)
strictly commutes.

Assume now that we are given a family of closed subschemes{Xi ⊂ X}i∈I . Denote by
CP{Xi}(X) the full subcategory ofCP(X) consisting of complexes acyclic outside of

⋃
i∈IXi.

The categoryCP{Xi}(X) is a Waldhausen category in its own right. We denote byK{Xi}(X)
the correspondingΩ-prespectrum (this is called the prespectrum ofK-theory with supports in
{Xi}i∈I ). The first term of thisΩ-prespectrum is the space|wS•(CP{Xi}(X))|, so that

Ω−1K{Xi}(X)∼=
∣∣wS•(CP{Xi}(X)

)∣∣.
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We usually use the abbreviated notation|S{Xi}
• (X)| for this space. Assume further that

f :Y → X is a scheme of finite type overX and{Yj}j∈J is a family of closed subschemes
of Y . The exact functorf∗ :CP(X)→ CP(Y ) takesCP{Xi}(X) to CP{Yj}(Y ) provided that
f−1(Xi) ⊂

⋃
j∈J Yj for all i ∈ I. In this case we get the induced morphism of prespectra

f∗ :K{Xi}(X)→ K{Yj}(Y ). Once again the formula(fg)∗ = g∗f∗ :K{Xi}(X)→ K{Zk}(Z)
holds whenever both sides make sense.

Since theΩ-prespectrum provided by the Waldhausen construction is always(−1)-connected
we conclude that theΩ-prespectraK(X) andK{Xi}(X) are(−1)-connected.

C.6. Relative and multirelativeK-theory

Let X be a Noetherian scheme andY ⊂ X a closed subscheme ofX . TheΩ-prespectrum
of algebraicK-theory ofX relative toY is defined as the homotopy fiber of the morphism of
prespectraK(X)→K(Y ):

K(X ;Y ) = fib
(
K(X)→K(Y )

)
and the relativeK-groups are defined as homotopy groups of this prespectrum:

Ki(X ;Y ) = πi
(
K(X ;Y )

)
.

More generally if we are given a family of closed subschemesY0, . . . , Yn−1 ⊂X one defines the
Ω-prespectrum of multirelativeK-theory inductively, setting

K(X ;Y0, . . . , Yn−1)

= fib
(
K(X ;Y0, . . . , Yn−2)→K(Yn−1;Y0 ∩ Yn−1, . . . , Yn−2 ∩ Yn−1)

)
.

One may rephrase the above construction in slightly different terms. The above data defines
a n-cube in the category of prespectraKS = K(

⋂
i/∈S Yi), which we might denote byK•,...,•.

Thus,

K(X ;Y0, . . . , Yn−1)≡ fib
{
cuben(K•,...,•)

}
(see Sections 3, 4 for a detailed discussion of this construction). Assume finally that each of the
intersection schemesYi0 ∩· · ·∩Yik is provided with a family of supportsF(Yi0 ∩· · ·∩Yik) such
that for anyZ ∈ F(Yi0 ∩ · · · ∩ Yik) and anyik+1 �= i0, . . . , ik the intersection ofZ with Yik+1

is contained inF(Yi0 ∩ · · · ∩ Yik ∩ Yk+1). In this case we can repeat the previous construction
replacing everywhere the prespectra ofK-theory by prespectra ofK-theory with supports. We
denote the correspondingΩ-prespectrum byKF (X ;Y0, . . . Yn−1). It follows immediately from
the definitions that theΩ-prespectrumKF (X ;Y0, . . .Yn−1) is (−n− 1)-connected.

C.7. K-theory of cosimplicial schemes

Let X• be a Noetherian cosimplicial scheme. TheΩ-prespectraK(Xn) form a simplicial
Ω-prespectrum and we define theΩ-prespectrumK(X•) as the geometric realization of this
simplicialΩ-prespectrum. Assume now that each of the schemesXn is provided with a family of
supportsF(Xn) in such a way that for anyY ∈ F(Xn) and any structure morphismXm →Xn

the inverse image ofY in Xm is in F(Xm). Then we can repeat the previous construction
replacing everywhereK(Xn) byKF(Xn)(Xn) thus getting theΩ-prespectrum ofK-theory with
supports inF :

KF (X•) =
∣∣n �→ KF(Xn)(Xn)

∣∣.
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Appendix D. Brown–Gersten techniques for simplicial sheaves

The globalization construction of Brown–Gersten involves the formulation of hypercohomol-
ogy of a Noetherian schemeX with coefficients in a pointed simplicial sheafK ,

Hq(X,K) = π−qRΓ(X,K).

Let X be a Noetherian scheme. Recall (see [9]) that a morphismp :E → B of simplicial
sheaves onX is said to be a global fibration provided that for any inclusionU ⊂ V of open sets
the map of simplicial sets

E(V )
(p(V ),res)−−−−−−→B(V )×B(U) E(U)

is a Kan fibration. Taking hereU = ∅ and noting thatE(∅) = ∗ for any simplicial sheafE, we

see in particular thatE(V )
p(V )−−→B(V ) is a Kan fibration for any openV ⊂X .

A simplicial sheafE is called flasque (or fibrant) if the natural morphismE→ ∗ is a global
fibration. In other wordsE is fibrant, provided that for any open subsetsU ⊂ V ⊂ X the
restriction mapE(V )→ E(U) is a Kan fibration. Taking hereU = ∅ we conclude in particular
thatE(V ) is a Kan complex for any openV ⊂X .

A morphismp :E→B of simplicial sheaves is said to be a weak equivalence provided that for
each pointx ∈X the induced map on stalkspx :Ex → Bx is a weak equivalence of simplicial
sets.

Finally a morphismp :E→B of simplicial sheaves is said to be a cofibration provided that it
is injective (the definition given in [9] is different but it is not hard to see that it amounts to the
same thing).

A morphism of simplicial sheaves which is both a global fibration (respectively cofibration)
and a weak equivalence is called a trivial (global) fibration (respectively a trivial cofibration).

THEOREM D.1 [9]. – The category of simplicial sheaves onX with the above notions of
(global) fibration, weak equivalence and cofibration is a closed model category in the sense of
Quillen [24]. In particular the following statements hold

(1) (The lifting property). For any commutative diagram of simplicial sheaves

K

i

E

p

L B

in whichi is a cofibration,p is a global fibration and eitheri or p is a weak equivalence
there exists a morphisms :L→E for which the resulting diagram still commutes.

(2) (The factorization property). Any morphismf :K → L of simplicial sheaves may be
factored asf = pi, wherei is a cofibration,p is a global fibration and eitheri or p
can be taken to be a weak equivalence.

If A is a simplicial set then we keep the same notationA for the corresponding constant
simplicial sheaf (i.e., the sheaf associated to the presheafU �→A). For a simplicial sheafK the
product sheafK × A coincides obviously with the simplicial sheaf associated to the presheaf
U �→K(U)×A. We use the notationI = I• for the standard simplicial interval (i.e.,I =∆1) and
also for the corresponding constant simplicial sheaf. We say that two morphisms of simplicial
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sheavesg0, g1 :K → L are homotopic provided there exists a morphismH :K × I→ L such
thatH|K×0 = g0,H|K×1 = g1. Note that in this case the induced morphisms of simplicial sets
g0(U), g1(U) :K(U)→ L(U) are homotopic for every openU ⊂X .

The following lemma, a standard consequence of Theorem D.1, will be used sufficiently often
that we provide a simple proof.

LEMMA D.2. – For any commutative diagram of simplicial sheaves

K
f

i

E

p

L
g

B

in whichi is a cofibration,p is a global fibration and eitheri or p is a weak equivalence, a lifting
s :L→ E (which makes the total diagram commutative) is defined uniquely up to a fiberwise
homotopy constant onK (i.e., a homotopyL× I→E whose composition withp is g composed
with the projectionL× I→ L, and whose restriction toK × I is given byf composed with the
projectionK × I→K).

Proof. –Let s0, s1 :L→E be two such liftings. Consider the following diagram

L
∐

K×0K × I
∐

K×1L
(s0,fp1,s1)

(i0,i×1,i1)

E

p

L× I
gp1

B.

This diagram obviously commutes, the right vertical arrow is still a global fibration and the left
vertical arrow is obviously a cofibration. Moreover the left vertical arrow is a trivial cofibration
in casei is a trivial cofibration. Thus the lifting property applies and gives us a morphism
H :L× I→E such thatH|L×0 = s0,H|L×1 = s1. ✷

Applying the factorization property to the canonical morphismK → ∗ we conclude that for
any simplicial sheafK there exists a trivial cofibrationi :K→ J fromK to a flasque simplicial
sheafJ . In this situation we say thatJ is a flasque resolution ofK . For any open subscheme
U ⊂X we define the simplicial setRΓ(U,K) via the formulaRΓ(U,K) = J(U) (whereJ is
a flasque resolution ofK). Note that according to the definition of a flasque sheaf the simplicial
setJ(U) is a Kan complex. One defines the hypercohomology ofX with coefficients in the
pointed simplicial sheafK using the formula

Hq(X,K) = π−qRΓ(X,K).

Note thatH0 in general is just a pointed set and the groupH−1 in general need not be abelian.
One important consequence of Lemma D.2 is the following proposition.

PROPOSITION D.3. – Let i :K→ J be a flasque resolution ofK and letf :K → L be any
morphism fromK to a flasque simplicial sheafL. Thenf extends to a morphismg :J → L and
moreover this extension is defined uniquely up to homotopy constant onK .

Consequently, the simplicial setRΓ(U,K) is defined uniquely up to(a unique up to a
homotopy) homotopy equivalence and depends functorially onK . Thus the hypercohomology
groups are defined uniquely up to a unique isomorphism and depend functorially onK .
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We recall from [9] the following property of a weak equivalence of flasque simplicial sheaves.

LEMMA D.4 [9]. – Let f :K→ L be a weak equivalence of flasque simplicial sheaves. Then

for any openU ⊂X the corresponding morphism of simplicial setsK(U)
f(U)−−→ L(U) is also a

weak equivalence.

PROPOSITION D.5. – Assume we are given a sequence of pointed simplicial sheaves

K ′ f ′

→ K
f→ K ′′ such that the compositionf ◦ f ′ mapsK ′ to the distinguished point ofK ′′

and for any pointx ∈X the corresponding sequence of stalks atx

|K ′
x| → |Kx| → |K ′′

x|

is a homotopy fibration sequence. Then there exists a commutative diagram

K ′ f ′

i′

K
f

i

K ′′

i′′

J ′ g′

J
g

J ′′.

(D.5.1)

such that the vertical maps are flasque resolutions,g is a global fibration and the composition
g ◦ g′ mapsJ ′ to the distinguished point ofJ ′′. In this case

|J ′(U)| g
′(U)−−→ |J(U)| g(U)−−→ |J ′′(U)|

is a homotopy fibration sequence for any openU ⊂X .

Proof. –Choose flasque resolutionsK ′′ i′′→ J ′′,K ′ i′→ J ′. Applying the factorization property

to the morphismK
f→ K ′′ i′′→ J ′′ we get a flasque resolutionK

i→ J and a global fibration
g :J → J ′′ such thatgi= i′′f . LetF denote the fiber ofg over the distinguished point. Applying

Proposition D.3 to the morphismK ′ →F we get a morphismJ ′ g′→ J such that the composition
g ◦ g′ is trivial and the diagram (D.5.1) commutes.

Since g is a global fibration we conclude thatg(U) is a Kan fibration and hence
|g(U)| : |J(U)| → |J ′′(U)| is a Serre fibration of topological spaces. This implies that the ho-
motopy fiber of|g(U)| is canonically weakly equivalent to the usual fiber, i.e., to|F(U)|. Thus

it would suffice to show that the map|J ′(U)| g
′(U)−−→ |F(U)| is a weak equivalence. However this

follows immediately from Lemma D.4. ✷
COROLLARY D.5.1. – In conditions and notations of PropositionD.5assume further that the

simplicial sheavesK ′,K,K ′′ are flasque. Then for any openU ⊂X the sequence

|Γ(U,K ′)| → |Γ(U,K)| → |Γ(U,K ′′)|

is a homotopy fibration sequence.

Proof. –This follows immediately from the presence of a commutative diagram

|Γ(U,K ′)| |Γ(U,K)| |Γ(U,K ′′)|

|Γ(U,J ′)| |Γ(U,J)| |Γ(U,J ′′)|
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whose vertical arrows are weak equivalences and whose bottom row is a homotopy fibration
sequence.

The following important result provides us with a canonical way to resolve simplicial sheaves.

PROPOSITION D.6 [13, 7.65], [21]. –For any Noetherian schemeX of finite Krull dimension
there exists a functorR :L �→ R(L) from the category of simplicial sheaves onX to itself and a

natural transformationId
φ→R with the following properties

(1) The functorR commutes with finite products and, in particular takes the trivial simplicial
sheaf to itself.

(2) Consequently, a pairingL′ ∧ L′′ → L of simplicial sheaves induces a pairing
R(L′) ∧R(L′′)→R(L).

(3) For any simplicial sheafL, the simplicial sheafR(L) is flasque and the morphism
φL :L→R(L) is a weak equivalence.

Proof. –The functorR is the compositionR = G ◦ Ex of the Kan’s functorEx with the
Godement resolution functorG (cf. discussion at beginning of Appendix A). Applying the
functorEx to L we get a simplicial sheafEx(L), whose stalks are Kan complexes and a weak
equivalenceL→Ex(L). The functorG takes a stalkwise fibrationE→ B (i.e., for allx ∈X ,
the map of simplicial setsEx → Bx obtained by taking the stalk atx is a Kan fibration) to a
global fibrationG(E)→ G(B); namely, for any inclusionU ⊂ V of open sets, the restriction
map

∏
v∈V

Ev
(p(V ),res)−−−−−→

∏
v∈V

Bv ×∏
u∈U

Bu

∏
u∈U

Eu =
∏

w∈V \U
Bw ×

∏
u∈U

Eu

is given by the natural projection and thus is a Kan fibration. In particular, the functor takes
every simplicial sheaf whose stalks are Kan complexes to a fibrant (= flasque) sheaf. Finally the
natural morphismL→G(L) is a weak equivalence for anyL provided that the cohomological
dimension of abelian sheaves onX is bounded above – see [21] or [13]. Thus it suffices now
to use the theorem of Grothendieck showing that cohomological dimension of abelian sheaves
onX is bounded bydimX . ✷

From this point on we assume thatX is a Noetherian scheme of finite Krull dimension and
we always use the canonical flasque resolutionR(L) when talking about the simplicial set
RΓ(U,L), i.e., setRΓ(U,L) = Γ(U,R(L)).

LEMMA D.7. – With the conditions and notations of PropositionD.5, the sequence

RΓ(U,K ′)→RΓ(U,K)→RΓ(U,K ′′)

is a homotopy fibration sequence for allU . In particular, we have a long exact homotopy
sequence

πi+1

(
RΓ(U,K)

) f∗→ πi+1

(
RΓ(U,K ′′)

) ∂→ πi
(
RΓ(U,K ′)

) f ′
∗→ πi
(
RΓ(U,K)

)
→ · · ·→ π0

(
RΓ(U,K)

) f∗→ π0

(
RΓ(U,K ′′)

)
.
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Proof. –This follows immediately from the commutative diagram

RΓ(U,K ′) RΓ(U,K) RΓ(U,K ′′)

RΓ(U,J ′) RΓ(U,J) RΓ(U,J ′′)

Γ(U,J ′) Γ(U,J) Γ(U,J ′′)

whose vertical arrows are weak equivalences according to Lemma D.4 and whose bottom row is
a homotopy fibration sequence according to Proposition D.5.✷

COROLLARY D.7.1. – Consider a commutative diagram

K ′

f ′

K

f

K ′′

f ′′

L′ L L′′

whose rows satisfy the conditions of PropositionD.5. Applying the functorRΓ to this diagram,
we get a commutative diagram whose rows are homotopy fibration sequences

RΓ(U,K ′)

RΓ(U,f ′)

RΓ(U,K)

RΓ(U,f)

RΓ(U,K ′′)

RΓ(U,f ′′)

RΓ(U,L′) RΓ(U,L) RΓ(U,L′′).

(D.7.2)

Thus, in particular, for any openU ⊂X the following diagram of homotopy groups commutes

πi+1(RΓ(U,K ′′)) ∂

(f ′′)∗

πi(RΓ(U,K ′))

(f ′)∗

πi+1(RΓ(U,L′′)) ∂
πi(RΓ(U,L′)).

Appendix E. Closed cofibrations

In this short appendix we gathered some of the facts about closed cofibrations of topological
spaces which are used in the main body of the paper.

Recall that a mapi :A ↪→ X is called a closed cofibration iff it is a closed embedding and
satisfies the homotopy extension property with respect to maps to all spaces or equivalently if
X × 0∪A× I is a retract ofX × I. The following easy observation (used in Section 2) is a part
of a Theorem proved by Puppe [23].

LEMMA E.1. – Every closed cofibrationA⊂X is a zero set inX , i.e. there exists a contin-
uous functionu :X→ I such thatA= u−1(0).
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PROPOSITION E.2. – Consider a commutative diagram of pointed spaces with non-degenerate
distinguished points

A
f

i

B

j

X
g

Y,

in whichi andj are closed cofibrations. Then the induced maps

fib(f)→ fib(g) and cofib(f)→ cofib(g)

are also closed cofibrations(and distinguished points offib(f), cofib(f), . . . are non-degenerate).

Proof. –An immediate verification shows that the mapsAI →X I andBI → Y I are still closed
cofibrations – see [28]. Consider next the commutative diagram

∗ B BI

∗ Y Y I

All the vertical arrows in this diagram are closed cofibrations and horizontal arrows on
the right are Hurewitz fibrations. Kieboom’s theorem [14] implies that the induced map
P(B) = ∗ ×B B

I → P(Y ) = ∗ ×Y Y
I is a closed cofibration. Applying finally the theorem

of Kieboom to the diagram

A B P(B)

X Y P(Y )

we conclude that the mapfib(f) = A ×B P(B) → fib(g) = X ×Y P(Y ) is also a closed
cofibration.

A similar argument works for cofibers, only instead of Kieboom’s theorem one should use this
time the union theorem of Lillig [17].

COROLLARY E.3. – Letf• :X• → Y• be a morphism of good pointed simplicial spaces. Then
the pointed simplicial spacesfib(f•) andcofib(f•) are also good.
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