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UNRAMIFIED COHOMOLOGY OF CLASSIFYING
VARIETIES FOR CLASSICAL SIMPLY CONNECTED

GROUPS✩

BY ALEXANDER MERKURJEV

ABSTRACT. – Let F be a field andG ⊂ SLn,F an algebraic closed subgroup ofSLn,F . Denote by
BG the factor varietySLn/G. The stableF -birational type ofBG is independent on the choice of an
embeddingG ⊂ SLn. The points ofBG classify principal homogeneous spaces ofG. We compute the
degree three unramified Galois cohomology with values inQ/Z(2) of the function field ofBG for all
classical semisimple simply connected groupsG. As an application, examples of groupsG (of typesAn

andDn) with stably non-rational overF varietiesBG are given.
 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – SoientF un corps etG ⊂ SLn,F un sous-groupe algébrique fermé deSLn,F . NotonsBG
la variété quotientSLn/G. Le typeF -birationnel stable deBG ne dépend pas du plongementG ⊂ SLn.
Les points deBG classifient les espaces principaux homogènes sousG. Pour tout groupeG semi-simple
simplement connexe de type classique, nous calculons le troisième groupe de cohomologie non ramifiée, à
valeurs dansQ/Z(2), du corps des fonctions deBG . Cela nous permet de donner des exemples de groupes
G (de typeAn et de typeDn) pour lesquelsBG n’est pas stablementF -rationnel.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Let G be a (smooth) algebraic group defined over a fieldF . Choose an injective homomor-
phismρ :G ↪→ S = SLn overF and setXρ = S/ρ(G). We callXρ a classifying variety ofG
asXρ classifies principal homogeneous spaces ofG: for every field extensionL/F there is a
natural bijection [19, Ch. I, §5]

H1(L,G)�Xρ(L)/S(L).

In other words, any principal homogeneous space ofG overL is isomorphic to the fiber of the
natural morphismS → Xρ over some point ofXρ overL. The stable birational type ofXρ is
independent on the choice ofρ; we denote it byBG .

We consider stable birational invariants ofBG , namely, theunramified cohomologydefined
as follows. For everyd � 0 let Hd

nr(F (Xρ)) be the intersection of the kernels of residue

✩ Partially supported by the N.S.F.
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446 A. MERKURJEV

homomorphisms

∂v :Hd
(
F (Xρ),Q/Z(d− 1)

)
Hd−1

(
F (v),Q/Z(d− 2)

)
for all discrete valuationsv on F (Xρ) overF . (HereQ/Z(i) is the direct limit ofµ⊗i

n taken
over alln prime to the characteristic exponent ofF .) The groupHd

nr(F (Xρ)) is independent
on the choice ofρ (up to canonical isomorphism) and we denote it byHd

nr(BG). The natural
homomorphism

Hd
(
F,Q/Z(d− 1)

)
→Hd

nr(BG)

splits by evaluation at the distinguished point ofBG , thus,

Hd
nr(BG) =Hd

(
F,Q/Z(d− 1)

)
⊕Hd

nr(BG)norm

with the latter group being the group ofnormalizedunramified classes. If the classifying variety
BG is stably rational, thenHd

nr(BG)norm = 0.
The groupH1

nr(BG)norm is trivial. Over an algebraically closed fieldF the groupH2
nr(BG)

has been studied in [14,15,2]. Saltman, forG = PGLn, and Bogomolov, forG arbitrary
connected reductive, showed thatH2

nr(BG) is trivial (see also [4]). In [16] Saltman has shown
thatH3

nr(BG) = 0 for G=PGLn andn odd.
Using [2] (or [4]), one may show that for a (connected) semisimple groupG defined over

an arbitrary fieldF the groupH2
nr(BG)norm is trivial. The aim of the paper is to compute the

groupH3
nr(BG)norm for any (connected) semisimple simply connected groupG of classical

type defined over an arbitrary field. The idea is to consider the subgroupA0(Xρ,H
3) of all

classes inH3(F (Xρ),Q/Z(2)) unramified only with respect to discrete valuations associated to
irreducible divisors ofXρ. This group is also independent of the choice ofρ and we denote it by
A0(BG ,H3); thus,

H3
nr(BG)⊂A0

(
BG ,H3

)
.

Similarly,

A0
(
BG ,H3

)
=H3

(
F,Q/Z(2)

)
⊕A0

(
BG ,H3

)
norm

whereA0(BG ,H3)norm is the group of normalized classes.
It was noticed by Rost that the groupA0(BG ,H3) is canonically isomorphic to the group

Inv3(G,H) of dimension3 cohomological invariantsof G, i.e., morphisms of functors

H1(∗,G) H3
(
∗,Q/Z(2)

)
from the category of field extensions ofF to the category of sets. The invariants corresponding to
the elements ofH3

nr(BG) (respectivelyA0(BG ,H3)norm) are called unramified(respectively
normalized). The group of normalized invariantsInv3(G,H)norm has been computed by Rost: if
G is absolutely simple simply connected, that group is cyclic with canonical generatorrG (called
Rost invariant) of certain ordern′

G which can be computed in terms of representation theory of
G. Thus, in order to compute the groupH3

nr(BG) it suffices to determine all multiplesmrG of
the Rost invariant that are unramified.

It is proved in the paper that ifG is simply connected of typeBn or Cn, the unramified group
H3

nr(BG)norm is trivial. On the other hand, for the typesAn andDn the groupH3
nr(BG)norm is

either zero or cyclic of order2 and can be determined for all groups in terms of the Tits algebras
of G. This computation leads to examples of classifying varietiesBG that are not stably rational.
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UNRAMIFIED COHOMOLOGY OF CLASSIFYING VARIETIES 447

On the other hand, if the Tits algebras ofG are trivial (for example, ifG is quasi-split orF is
separably closed), the groupH3

nr(BG)norm vanishes.
The idea to consider ramification of Rost invariants is due to Rost and Serre (cf. [18]).

For the reader’s convenience we include proofs of some basic properties of Rost invariants
(Appendix A) due to Rost and a computation of Rost numbersnG given in [9, §31] without
proofs (Appendix B).

2. Classifying varieties

2.1. Definition of classifying varieties

A connected algebraic groupS defined over a fieldF is calledspecialif H1(L,S) = 1 for any
field extensionL/F . Examples of special groups areSLn, Sp2n, GL1(A) for a central simple
F -algebraA. Note that the varieties of all these groups are rational.

Let G be an algebraic group over a fieldF . Choose an embeddingρ :G ↪→ S into a special
rational groupS. Consider the variety

Xρ = S/ρ(G),

which is called aclassifying variety ofG. Obviously,Xρ depends on the choice ofρ.
Let ρ′ :G→ S′ be another embedding. In order to compareXρ andXρ′ consider the diagonal

embedding

ρ′′ = (ρ, ρ′) :G S × S′,

which induces a surjectionα :Xρ′′ →Xρ. Clearly,α is anS′-torsor overXρ. SinceS′ is special,
this torsor is trivial at the generic point ofXρ, henceF (Xρ′′) � F (Xρ)(S′). The groupS′ is
rational, so thatXρ is stably birationally equivalent toXρ′′ . Similarly,Xρ′ is stably birationally
equivalent toXρ′′ , henceXρ andXρ′ are stably birationally equivalent. We denote byBG the
varietyXρ for someρ. The stable birational type ofBG is well defined.

2.2. Homotopy invariant functors

Let

J :Fields/F Ab

be a functor from the category of field extensions ofF to the category of abelian groups. We
say thatJ is homotopy invariantif for any field extensionL/F , the mapJ(L)→ J(L(t)) is an
isomorphism.

PROPOSITION 2.1. – Let J be a homotopy invariant functor,G an algebraic group overF .
Then the groupJ(F (Xρ)) depends only onG and does not depend(up to canonical
isomorphism) on the choice of an embeddingρ.

Proof. –In the notation of (2.1), the field extensionF (Xρ′′)/F (Xρ) is purely transcendental,
hence the mapJ(F (Xρ))→ J(F (Xρ′′ )) is an isomorphism. Similarly, we have an isomorphism
J(F (Xρ′))→ J(F (Xρ′′ )). ✷

We denote the groupJ(F (Xρ)) by J(BG). The groupJ(BG) can detect stable non-
rationality of a classifying varietyXρ: if the natural homomorphismJ(F )→ J(BG) is not
an isomorphism, then the varietyXρ is not stably rational.
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448 A. MERKURJEV

Let α :G → G′ be a group homomorphism. Consider two embeddingsρ :G ↪→ S and
ρ′ :G′ ↪→ S′ with S andS′ special rational groups and the embeddingρ′′ = (ρ, ρ′) :G ↪→ S×S′.
The projectionS × S′ → S′ induces a dominant morphismXρ′′ → Xρ′ and hence a group
homomorphism

J(BG ′) = J
(
F (Xρ′)

)
J
(
F (Xρ′′)

)
= J(BG)

for a homotopy invariant functorJ . Thus, the assignmentG→ J(BG) is a contravariant functor
from the category of algebraic groups overF to the category of abelian groups.

2.3. Cycle modules

A cycle moduleM over a fieldF is an object functionE �→ M∗(E) from the category
Fields/F to the category ofZ-graded abelian groups together with some data and rules [13,
§2]. The data include a graded module structure onM under the Milnor ring ofF , a degree0
homomorphismi∗ :M(E)→M(L) for any field homomorphismi :E → L overF , a degree0
homomorphism (norm map)j∗ :M(L)→M(E) for any finite field homomorphismj :E → L
overF and also a degree−1 residue homomorphism∂v :M(E)→M(F (v)) for a discrete, rank
one, valuationv onE overF with residue fieldF (v).

Example2.2. – We will be considering the cycle moduleH given by Galois cohomology [13,
Remark 2.5]

Hd(E) =Hd
(
E,Q/Z(d− 1)

) def
= lim

→
Hd

(
E,µ⊗(d−1)

n

)
,

where the limit is taken over alln prime to the characteristic exponent ofF .

LetM be a cycle module overF , L/F a finite field extension,v a discrete valuation ofL over
F . An elementa ∈Md(L) is calledunramified with respect tov if a belongs to the kernel of the
residue homomorphism

∂v :Md(L) Md−1
(
F (v)

)
.

An elementa ∈ Md(L) is unramified overF if it is unramified with respect to all discrete
valuations ofL overF . We denote the subgroup inMd(L) of all unramified overF elements by
Md

nr(L) (cf. [5]).
Let i :E → L be a field homomorphism overF , v a discrete valuation ofL overF , v′ the

restriction ofv on E. Assume that an elementa ∈ Md(E) is unramified with respect tov′ (if
v′ is not trivial). By rules R3a and R3c in [13], the elementi∗(a) ∈Md(L) is unramified with
respect tov. Hence,i∗ takesMd

nr(E) into Md
nr(L), makingMd

nr a functor fromFields/F
to Ab.

PROPOSITION 2.3. – The functorMd
nr is homotopy invariant.

Proof. –Let L/F be a field extension andi :L→ L(t) the inclusion. By homotopy property
[13, 2.2(H)], the homomorphismi∗ :Md(L) → Md(L(t)) is injective and the image ofi∗
consists of all elements inMd(L(t)) that are unramified with respect to all discrete valuation
on L(t) overL. Therefore, for everym ∈Md

nr(L(t)) there is (unique)m′ ∈ Md(L) such that
i∗(m′) =m, and we need to show thatm′ ∈Md

nr(L).
Let v be any discrete valuation ofL overF with residue fieldF (v) and letv′ be an extension

of v to L(t) with ramification index1 and residue fieldF (v)(t). Denote byj the inclusion

4e SÉRIE– TOME 35 – 2002 –N◦ 3



UNRAMIFIED COHOMOLOGY OF CLASSIFYING VARIETIES 449

F (v)→ F (v)(t). By rule R3a in [13], the diagram

Md(L)

∂v

i∗
Md

(
L(t)

)
∂v′

Md−1
(
F (v)

) j∗
Md−1

(
F (v)(t)

)
commutes. Sincej∗ is injective and∂v′(m) = 0, it follows that ∂v(m′) = 0, i.e., m′ is
unramified. ✷

COROLLARY 2.4. –For any algebraic groupG, the groupMd
nr(BG) is well defined.

Let Xρ be a classifying variety of a groupG with respect to an embeddingρ :G ↪→ S
with S a special rational group. Consider the groupA0(Xρ,M

d) consisting of all elements in
Md(F (Xρ)) unramified with respect to discrete valuations associated to all irreducible divisors
of Xρ [13, §2]. Thus, we have

Md
nr(BG) =Md

nr

(
F (Xρ)

)
⊂A0

(
Xρ,M

d
)
.

By Corollary A.2, the groupA0(Xρ,M
d) does not depend on the choice ofρ if S is a

split semisimple simply connected group (for example,S = SLn or Sp2n). We denote by
A0(BG ,Md) the groupA0(Xρ,M

d) with such a choice ofS. We have

Md
nr(BG)⊂A0

(
BG ,Md

)
.

The unramified groupMd
nr(BG) has nice functorial properties with respect to field extensions.

Namely, for any field extensionL/F there is a well definedrestrictionhomomorphism

res :Md
nr(BG) Md

nr(BGL),

whereBGL = BG ×SpecF SpecL. If L/F is finite, the rule R3b in [13] implies the existence
of the corestrictionhomomorphism

cor :Md
nr(BGL) Md

nr(BG).

Denote byA0(BG ,Md)norm the kernel of the evaluation (pull-back) homomorphism [13,
§12]

i∗ :A0
(
BG ,Md

)
A0

(
SpecF,Md

)
=Md(F )

induced by the distinguished pointi : SpecF →BG . Thus,

A0
(
BG ,Md

)
=Md(F )⊕A0

(
BG ,Md

)
norm

.

Also set

Md
nr(BG)norm =Md

nr

(
BG)∩A0

(
BG,Md

)
norm

.

Thus,

Md
nr(BG) =Md(F )⊕Md

nr(BG)norm.

Note that ifBG is stably rational, thenMd
nr(BG)norm = 0 by Proposition 2.3.
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450 A. MERKURJEV

3. Unramified invariants of algebraic groups

Let G be an algebraic group defined over a fieldF and letM be a cycle module overF . An
invariant ofG in M of dimensiond is a morphism

H1(∗,G) Md(∗)

of functors from the categoryFields/F to the category of sets [20, §6]. All the invariants ofG
in M of dimensiond form an abelian groupInvd(G,M).

An element inMd(F ) defines aconstantinvariant ofG in M . Thus, there is an inclusion

Md(F )⊂ Invd(G,M).

An invariant is callednormalizedif it takes the distinguished element inH1(F,G) to zero (i.e.,
it can be considered as a morphism of functors with values in the category of pointed sets). We
denote the subgroup of normalized invariants byInvd(G,M)norm. Clearly,

Invd(G,M) =Md(F )⊕ Invd(G,M)norm.

Let X = Xρ be a classifying variety ofG with respect to an embedding ofG into a
special rational groupS. An invariantu ∈ Invd(G,M) defines for any field extensionL/F the
composition

ũL :X(L) H1(L,G)
uL

Md(L),

which is constant on orbits of theS(L)-action onX(L).
Let ξ ∈ X(F (X)) be the generic point. The imagẽuF (X)(ξ) is an element of the group

Md(F (X)). A proof of the following Proposition 3.1 and Theorem 3.2 can be found in
Appendix A.

PROPOSITION 3.1 (Rost, Serre [18]). –The element̃uF (X)(ξ) is unramified with respect to
the discrete valuation associated to every irreducible divisor ofX , i.e.,ũF (X)(ξ) ∈A0(X,Md).

Thus, by Proposition 3.1, we get a homomorphism

θ : Invd(G,M) A0
(
X,Md

)
, u �→ ũF (X)(ξ).

THEOREM 3.2 (Rost). – The mapθ is injective. If the special groupS is split semisimple
simply connected,θ is an isomorphism.

Thus, for any algebraic groupG, we have a canonical isomorphism

θ : Invd(G,M) ∼
A0

(
BG ,Md

)
.

We say that an invariantu ∈ Invd(G,M) is unramifiedif θ(u) ∈ Md
nr(BG) andnormalized

if u(1) = 0. We denote the groups of unramified (respectively normalized) invariants by
Invdnr(G,M) (respectivelyInvd(G,M)norm).

LEMMA 3.3. – Let E/F be a field extension withtr.deg(E/F ) � dimX + dimS. Then
for every pointx ∈ X(E) there iss ∈ S(E) such that the pointsx ∈ X(E), considered as a
morphismSpecE →X , is dominant.
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Proof. –Let Y be the closure of the image ofx : SpecE →X . The function fieldF (Y ) can
be considered as a subfield inE. Sincetr.deg(E/F )� dimX +dimS, there is a field between
F (Y ) andE, purely transcendental overF (Y ) of degreedimS. SinceS is rational, we can
embed the function fieldF (S × Y ) into E overF (Y ). The composition

f : SpecE SpecF (S × Y ) S × Y

is dominant and defines a points ∈ S(E). The pointsx is given by the composition

sx : SpecE
f

S × Y
m

X ,

wherem is the restriction of the action morphism. SinceS acts transitively onX , m is dominant
and therefore so issx. ✷

The following proposition provides a useful tool to determine whether a given invariant is
unramified.

PROPOSITION 3.4. – An invariant u ∈ Invd(G,M) is unramified if and only if for any
field extensionL/F and for every pointy ∈ H1(L((t)),G) the elementu(y) ∈ Md(L((t))) is
unramified with respect to the canonical discrete valuation onL((t)) overL.

Proof. –Assume thatu(y) ∈Md(L((t))) is unramified for any field extensionL/F and every
y ∈H1(L((t)),G). LetX be a classifying variety ofG, v a discrete valuation onF (X) overF .
The completionE of F (X) with respect tov is isomorphic toL((t)), whereL is the residue field
of v. Let y ∈H1(E,G) be the image of the generic pointξ under the composition

X
(
F (X)

)
H1

(
F (X),G

)
→H1(E,G)

induced by the embeddingi :F (X) ↪→ E. By assumption, the elementu(y) is unramified with
respect to the extensionv′ onE of the valuationv. The composition

Md
(
F (X)

) i∗
Md(E)

∂v′
Md−1(L)

coincides with∂v. Hence,

∂v
(
u(ξ)

)
= ∂v′

(
i∗(u(ξ))

)
= ∂v′

(
u(y)

)
= 0,

i.e.,u is unramified.
Conversely, assume thatu is unramified. LetL/F be a field extension andy ∈H1(L((t)),G).

Choose a pointx ∈ X(L((t))) representingy. By Lemma 3.3, we may assume that the point
x, considered as a morphismSpecL((t))→ X , is dominant. Thus, the function fieldF (X) is
isomorphic to a subfield inL((t)). The natural homomorphism induced by the field extension
L((t))/F (X),

X
(
F (X)

)
X

(
L((t))

)
takes the generic pointξ to x, hence the map

Md
(
F (X)

)
Md

(
L((t))

)
takesu(ξ) to u(y). Sinceu(ξ) is unramified, so isu(y). ✷
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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4. Rost invariants

We will be considering the following cohomological cycle moduleH overF (Example 2.2):

Hd(L) =Hd
(
L,Q/Z(d− 1)

)
for a field extensionL/F . We shall compute the unramified groups

H3
nr(BG)� Inv3

nr(G,H)

for every (connected) semisimple simply connected groupG. The following propositions reduce
the problem to the case of an absolutely simple simply connected groupG. By Corollary B.3, in
this case the groupInv3(G,H)norm is finite cyclic with a canonical generatorrG (Rost invariant).
In the following sections we consider all absolutely simple groups of classical typesAn, Bn, Cn

andDn.
An arbitrary simply connected groupG is a product of simple simply connected groups

G1×G2×· · ·×Gk [21, 3.1.2]. The functorial properties ofH3
nr considered in (2.2) and Corollary

B.4 imply

PROPOSITION 4.1. – H3
nr(BG)norm �

∐k
i=1 H

3
nr(BG i)norm.

Any simple simply connected groupG is of the formRL/F (G′), whereL/F is a finite
separable field extension andG′ is an absolutely simple simply connected group overL [21,
3.1.2]. By Corollary B.5, the two compositionsj∗ ◦ resL/F andcorL/F ◦ i∗ in the diagram

H3
nr(BG)norm

resL/F

H3
nr(BGL)norm

corL/F

j∗

H3
nr(BG ′)norm

i∗

are isomorphisms inverse to each other.

PROPOSITION 4.2. – H3
nr(BG)norm �H3

nr(BG ′)norm.

We will need the following lemmas. The definition and properties of the numbersnα, nG, n′
G

and the Rost invariantrG are collected in Appendix B.

LEMMA 4.3. – Let α :H → G be a homomorphism of absolutely simple simply connected
groups withnα = 1. If H3

nr(BH )norm = 0 andn′
H = n′

G, thenH3
nr(BG)norm = 0.

Proof. –The image ofrG in A0(BH ,H)norm is equal torH sincenα = 1. Assume thatmrG
is unramified for somem ∈ Z. It follows fromH3

nr(BH )norm = 0 thatmrH = 0 and hencem is
divisible byn′

H = n′
G. Therefore,mrG = 0. ✷

LEMMA 4.4. – Let G be an absolutely simple simply connected group overF . Assume that
for a field extensionL/F , n′

GL
= n′

G andH3
nr(BGL)norm = 0. ThenH3

nr(BG)norm = 0.

Proof. –Assume thatmrG is unramified for somem ∈ Z. Since overL this element becomes
trivial, m is divisible byn′

GL
= n′

G. Hence,mrG = 0. ✷
In the following sections we compute the groupsH3

nr(BG)norm for all absolutely simple
simply connected algebraic groupsG of classical types. We follow the classification of simple
groups given in [9, Ch. 6].
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5. Type An−1

5.1. Inner type

Let G be a simply connected group of inner typeAn−1, i.e., G = SL1(A) for a central
simpleF -algebraA of degreen. We embedG into the special rational groupGL1(A) with
the classifying varietyX = Gm. SinceX is rational,Md

nr(BG)norm = 0 for any cycle module
M overF .

THEOREM 5.1. –Let G be a simply connected group of inner typeAn. Then a classifying
varietyBG is stably rational andMd

nr(BG)norm = 0 for any cycle moduleM overF .

5.2. Outer type

Let G be a simply connected group of outer typeAn−1, i.e.,G = SU(B, τ), whereB is a
central simple algebra of degreen � 3 with unitary involutionτ over a quadratic separable field
extensionK/F .

OverK , the groupGK is isomorphic toSL1(B) and by B.3.1, a value of the Rost invariant
rGK over a field extensionL/K is of the form(x) ∪ [BL] for somex ∈ L×. Hence, taking the
norm of the invariantrGK in the extensionK/F , we conclude that a value of the invariant2rG
over a field extensionE/F is of the form

NK⊗E/E

(
(x) ∪ [BK⊗E]

)
∈H3

(
E,Q/Z(2)

)
(1)

for somex ∈ (K ⊗E)×.

LEMMA 5.2. – If exp(B) is even, the invariantexp(B)rG is unramified.

Proof. –Let L/F be a field extension. By Proposition 3.4, it suffices to show that for every
y ∈H1(L((t)),G) the elementexp(B)rG(y) in H3(L((t)),Q/Z(2)) is unramified with respect
to the canonical valuationv of L((t)). Consider two cases.

Case1: K ⊗ L is not a field, i.e., the groupGL((t)) is of inner type. By (B.3.1), the order of
the Rost invariant overL((t)) is equal toexp(BL((t)))′, henceexp(B)rG is zero overL((t)) and
obviouslyexp(B)rG(y) = 0 is unramified.

Case2:KL=K⊗L is a field. Sinceexp(B) is even, it suffices to show that∂v(2rG(y)) = 0.
We have by (1),

2rG(y) =NKL((t))/L((t))

(
(x) ∪ [BKL((t))]

)
for somex ∈KL((t))×. Then for the valuationv′ of KL((t)),

∂v
(
2rG(y)

)
= ∂v

(
NKL((t))/L((t))

(
(x) ∪ [BKL((t))]

))
=NKL/L[BKL]v

′(x) = 0

sinceBKL has unitary involutionτKL and therefore

NKL/L[BKL] = 0 ∈H2
(
L,Q/Z(1)

)
by [9, Th. 3.1]. ✷

Denote byD=D(B, τ) the discriminant algebra of(B, τ) [9, §10].

THEOREM 5.3. – Assume thatchar(F ) �= 2. LetG= SU(B, τ), whereB is a central simple
algebra of degreen � 3 with unitary involutionτ over a quadratic field extensionK/F . Then
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the groupH3
nr(BG)norm is cyclic of order2 generated byexp(B)rG, except for the following

cases(when this group is trivial):
(1) exp(B) is odd;
(2) n is a2-power andexp(B) = n;
(3) n is a2-power,exp(B) = n/2 and the discriminant algebraD is split.

Proof. –Assume that the invariantmrG is unramified for somem ∈ Z. Since overK , the
groupH3

nr(BGK)norm is trivial by Theorem 5.1, the classmrG vanishes overK . It is shown
in B.3.1 that overK , rG has orderexp(B)′, thereforeexp(B)′ | m. Thus, sincechar(F ) �= 2
andexp(B) | nG | 2 exp(B) by Theorem B.20, the groupH3

nr(BG)norm consists of at most two
elements and it is cyclic of order2 if and only if nG = 2exp(B) and the invariantexp(B)rG is
unramified.

Assume first thatB splits, i.e.,B =EndK(V ), whereV is a vector space overK of dimension
n � 3. The involutionτ is adjoint with respect to a hermitian formh onV overK/F [9, Th. 4.2].
Theorem B.20 givesnG = 2 over any field extension ofF . By Lemma 4.4, it is sufficient to prove
thatH3

nr(BGL)norm = 0 for some field extensionL/F .
We claim that over a field extensionE/F , there is a non-degenerate subform(V0, h0) in

(V ⊗F E,h ⊗F E) of dimension2 and non-trivial discriminantdisc(h0). To prove the claim
we consider two cases. Ifh is anisotropic, we can takeE = F andh0 an arbitrary subform of
h of dimension2. Assume thath is isotropic,h= h′ ⊥ H, whereH is the hyperbolic plane. Let
a ∈ F× be a value ofh′. The formH is universal, hence the formh0 = 〈a, t〉 is a subform of
h overE = F (t). The discriminantdisc(h0) is not trivial asat is not a norm in the quadratic
extensionK(t)/F (t).

Now we can replaceF by E and consider the subgroupH = SU(V0, h0)⊂G. The groupH
is a simply connected group of (inner) typeA1, therefore,H = SL1(Q) for a quaternion algebra
Q [9, Th. 26.9]. Since the discriminant ofh0 is not trivial,H is not split and henceQ does not
split. Thus,nH = 2 by Theorem B.17. Letρ :H ↪→ G be the embedding. By Example B.6,
nρ = 1. Hence, the inner case 5.1 and Lemma 4.3, applied to the embeddingρ, imply that
H3

nr(BG)norm = 0.
Now assume thatexp(B) is odd. We havenG = 2exp(B) by Theorem B.20. The first part of

the proof shows that the non-trivial invariantexp(B)rG ramifies over any field extension ofF
which splitsB but notK (for example, the function field of the varietyRK/F (SB(B)), where
SB(B) is the Severi–Brauer variety ofB [9, §1.C]). Hence,exp(B)rG already ramifies overF
and therefore the groupH3

nr(BG)norm is trivial.
Finally, assume thatexp(B) is even. By Lemma 5.2,exp(B)rG is unramified, i.e., the group

H3
nr(BG)norm is cyclic of order2 if and only if nG = 2exp(B). The result follows from

Theorem B.20. ✷
COROLLARY 5.4. – Assume thatchar(F ) �= 2. Let G = SU(B, τ) with exp(B) even and

deg(B)� 4. Assume in addition that ifdeg(B) = 4, the discriminant algebraD(B, τ) does not
split. Then a classifying varietyBG is not stably rational.

Proof. –Consider the field extensionL = F (RK/F (SB(B⊗2))). By the index reduction
formula [17, §3],D(B, τ) is not split overL andexp(BL) = 2, so that, extending the base field to
L, we may assume thatexp(B) = 2. Then, by Theorem 5.3, the unramified groupH3

nr(BG)norm

is not trivial. ✷
Remark5.5. – Examples of stably non-rational classifying varietiesBG with simply con-

nectedG of type An exist for every oddn � 3. Every number field can be taken for the base
field F .
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6. Type Bn

Let G be a simply connected group of typeBn, n � 2, i.e.,G= Spin(V, q), where(V, q) is a
non-degenerate quadratic form of dimension2n+1.

If n= 2, we haveB2 = C2 andH3
nr(BG)norm = 0 by Theorem 7.1.

Assume thatn � 3. We claim that over some field extension ofF , (V, q) contains a non-
degenerate subform(V ′, q′) of dimension5 and of Witt index at most1. To prove the claim, we
may assume first thatq is hyperbolic. Letf be anisotropic3-dimensional form over some field
extensionL/F . Sincedim q � 7, f is isomorphic to a subform ofqL. The Witt index of any
5-dimensional formq′ such thatf ⊂ q′ ⊂ qL is at most1. The claim is proved.

The groupH = Spin(V ′, q′) is a subgroup ofGL of type B2 = C2. We havenH = nG =
nGL = 2 by Theorem B.22 andH3

nr(BH )norm = 0 by the casen = 2. Example B.10 shows
thatnρ = 1 for the embeddingρ :H ↪→G. Lemma 4.3 implies thatH3

nr(BGL)norm = 0 and by
Lemma 4.4,H3

nr(BG)norm = 0.

THEOREM 6.1. –LetG be a simply connected group of typeBn. ThenH3
nr(BG)norm = 0.

7. Type Cn

Let G be a simply connected group of typeCn, n � 2, i.e., G = Sp(A,σ), whereA is a
central simpleF -algebra of degree2n with a symplectic involutionσ. We consider the canonical
embedding

ρ :Sp(A,σ) SL1(A).

The mapx �→ σ(x)x establishes an isomorphism between the classifying spaceXρ and the open
subvariety in the linear space

Symd(A,σ) = {a+ σ(a), a ∈A},

consisting of all invertible elements [9, 29.24]. This variety is rational (being an open subset of
an affine space), henceMd

nr(BG)norm = 0 for any cycle moduleM overF .

THEOREM 7.1. – Let G be a simply connected group of typeCn. Then a classifying variety
BG is stably rational andMd

nr(BG)norm = 0 for any cycle moduleM overF .

8. Type Dn

We assumecharF �= 2. LetG be a simply connected group of typeDn (we exclude groups of
trialitarian type inD4), i.e.,G= Spin(A,σ) for a central simple algebraA of degree2n overF
with an orthogonal involutionσ. The standard isogeny

α :G O+(A,σ)

induces a map

α∗ :H1(F,G) H1
(
F,O+(A,σ)

)
.

Let X be the variety of pairs

(a,x) ∈ Sym(A,σ)×F×
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such thatNrd(a) = x2. The morphism

GL1(A) X, g �→
(
gσ(g),Nrd(g)

)
induces an isomorphism of varietiesGL1(A)/O+(A,σ) ∼→X makingX a classifying variety
of O+(A,σ) and identifying the setH1(F,O+(A,σ)) with the factor set ofX(F ) modulo the
action of the groupGL1(A) given byg(a,x) = (gaσ(g),Nrd(g)x) [9, 29.27].

The embedding

β :O+(A,σ) SL1(A)

induces the morphismX → Gm =GL1(A)/SL1(A) taking a pair(a,x) to x. Thus, the map

β∗ :H1
(
F,O+(A,σ)

)
H1

(
F,SL1(A)

)
= F×/Nrd(A×)

takes the class represented by a pair(a,x) to xNrd(A×).
By Example B.11,nβ◦α = 2, hence the Rost invariant forSL1(A) corresponds to2rG under

β ◦ α and therefore, by B.3.1, for any field extensionL/F and everyy ∈H1(L,G),

2rG(y) = (x) ∪ [AL] ∈H3
(
L,Q/Z(2)

)
,(2)

provided the classα∗(y) is represented by a pair(a,x) ∈X(F ).
Let Q be a quaternion division algebra and let(V,h) be a (−1)-hermitian forms overQ

with respect to the canonical (symplectic) involution onQ. Assume that discriminant ofh (i.e.,
discriminant of the adjoint involutionσh on EndQ(V )) is trivial. Then the Clifford algebra
C(EndQ(V ), σh) is a product of two central simpleF -algebrasC+(h) andC−(h) [9, §8]. If in
additiondimQ V is even, exponent of the algebrasC± is at most2 [9, Th. 9.13].

LEMMA 8.1. – Letk andl be two(−1)-hermitian forms overQ with respect to the canonical
involution onQ. Assume thatrank(k) + rank(l) is even and the discriminant of the form
kF ((t)) ⊥ tlF ((t)) overF ((t)) is trivial. Then

∂v
[
C±(kF ((t)) ⊥ tlF ((t)))

]
=disc(l) ∈ F×/F×2

,

where v is the discrete valuation onF ((t)) and ∂v : 2BrF ((t)) → F×/F×2 is the residue
homomorphism.

Proof. –We can splitQ generically (by the function field of the conic curve corresponding to
Q) and assume that we are given two quadratic formsf andg of even dimension such that the
form fF ((t)) ⊥ tgF ((t)) has trivial discriminant. Denote byIF the fundamental ideal in the Witt
ring of F [10]. The commutativity of the diagram

I2F ((t))

∂v

C±

2BrF ((t))

∂v

IF
disc

F×/F×2

and description of the residue homomorphisms in [10] yield the result.✷
PROPOSITION 8.2. – If n= 4 anddisc(σ) is trivial, then the invariant2rG is unramified.
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Proof. –By Proposition 3.4, it suffices to prove that for any field extensionL/F and every
y ∈H1(L((t)),G), the residue∂v(2rG(y)) is trivial. We may assume thatL= F .

We have by (2),

2rG(y) = (x) ∪ [AF ((t))] ∈H3
(
F ((t)),Q/Z(2)

)
with x ∈ F ((t))× such thatx2 =Nrd(a) for somea ∈ Sym(AF ((t)), σF ((t))). Hence

∂v
(
2rG(y)

)
= [A]v(x) ∈H2

(
F,Q/Z(1)

)
=BrF.

Thus, we may assume thatA is not split. Since thenexp(A) = 2, it suffices to prove thatv(x) is
even. Assume thatv(x) is odd. The integerv(Nrda) is divisible byind(A), v(x) = v(Nrda)/2
is divisible byind(A)/2. Therefore,ind(A) = 2, i.e.,A is similar to a quaternion division algebra
Q overF , A�M4(Q).

By [9, Th. 4.2], the involutionσ is adjoint to a(−1)-hermitian formh of rank 4 over
Q with respect to the canonical involution onQ. The symmetric elementa gives rise to
another(−1)-hermitian formh′ of rank4 overQF ((t)) with trivial discriminant. We diagonalize
this form by choosing an elementg ∈ GL1(AF ((t))) such gaσ(g) is the diagonal matrix
diag(te1q1, te2q2, te3q3, te4q4), whereqi ∈Q× are pure quaternions andei = 0 or 1. We have

t2
∑

ei ·
∏

Nrd(qi) =
∏

Nrd
(
teiqi

)
=Nrd(g)2Nrd(a) = Nrd(g)2x2.

Sincev(Nrdg) is divisible byind(A) and hence even andv(x) is odd, the sum of theei is odd.
There are two cases:

Case1:
∑

ei = 1. We may assume thate1 = 1 ande2 = e3 = e4 = 0. The pair(a,x) belongs
to the image of

H1
(
F ((t)),G

)
H1

(
F ((t)),O+(A,σ)

)
.

By [8], one of the componentsC+ andC− of the Clifford algebra of the formhF ((t)) ⊥ −h′

splits. By Lemma 8.1,disc〈q1〉 is trivial, i.e.,−Nrdq1 = y2 for somey ∈ F× [9, 7.2]. Hence
Nrd(y+ q1) = 0, a contradiction, sinceQ is a division algebra.

Case2:
∑

ei = 3. We may assume thate1 = e2 = e3 = 1 and e4 = 0. As in case 1, by
Lemma 8.1,disc〈q1, q2, q3〉 is trivial, i.e., −Nrd(q1q2q3) is a square inF×. Since the form
h′ has trivial discriminantdisc(h′) = Nrd(q1q2q3q4), it follows that−Nrdq4 is also a square in
F×, a contradiction as in case 1.✷

LEMMA 8.3. – AssumeA is not split,n � 4 and in the casen= 4 the discriminant ofσ is not
trivial. Then there is a field extensionL/F and an elementy ∈H1(L((t)),G) such that2rG(y)
ramifies.

Proof. –Denote byS the generalized Severi–Brauer varietySB(2,A) [9, 1.16]. ReplacingF
by F (S), we can getA similar to a quaternion division algebraQ = (a, b), A � Mn(Q) by
[1]. Let W be the quadric hypersurface given by the quadratic form〈1,1,−a,−b, ab〉. The field
F (W ) does not splitQ by [10, Ch. IX]. Thus, we may replaceF byF (W ) and therefore assume
that there is an elementq ∈Q with Nrd(q) =−1. Every element ofQ is a product of two pure
quaternions. Hence there are pure quaternionsq1, q2 andq3 such thatq1q2q3 = q.

The involutionσ is adjoint to a(−1)-hermitian formh of rankn overQ. We claim that there
is a(−1)-hermitian formh′′ of rankn− 3 overQ (maybe over some field extension ofF which
does not splitQ) such that discriminants of the(−1)-hermitian forms

h′ = h′′
F ((t)) ⊥ t〈q1, q2, q3〉

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



458 A. MERKURJEV

andhF ((t)) overF ((t)) coincide, i.e.,disc(h′′) = disc(h). Consider two cases.
Case1: n � 5. The determinant of a(−1)-hermitian form is the product of reduced norms of

pure quaternions of a diagonalization. Every element ofQ is a product of two pure quaternions,
hence every value of the reduced norm ofQ can be the determinant of a(−1)-hermitian form of
rank at least2. This is the case withh′′, sincerank(h′′) = n− 3� 2.

Case2: n= 4. Let i, j be the generators ofQ, i2 = a, j2 = b, ij = −ji. Consider projective
quadric hypersurface given by the equation

aX2 + bY 2 − abZ2 = cT 2,

wherec ∈ F× representsdisc(h) = disc(σ). Let L be the function field of the quadric. Sincec
is not a square inF×, the fieldL does not splitQ by [10, Ch. IX]. Now we can seth′′ = 〈q′′〉,
whereq′′ =Xi+ Y j +Zij ∈QL. Then

disc(h′′) =−Nrd(q′′) = cL×2 = disc(hL).

We replaceF by L. The claim is proved.
Thus, the hermitian formh′ represents an element inH1(F ((t)),O(A,σ)), i.e., a pair

(a,x) ∈ Sym(AF ((t)), σF ((t))) such thatNrd(a) = x2. Let H (respectivelyH ′) be the matrix
of h (respectivelyh′). By [8], Nrd(a) = Nrd(H)Nrd(H ′)−1, hence

v(Nrda) = v(NrdH)− v(NrdH ′) = 0− 6 =−6.

Thereforev(±x) =−3 and the class(±x) ∪ [AF ((t))] is ramified since

∂v
(
(±x)∪ [AF ((t))]

)
= [A]v(±x) = [A] �= 1.

It suffices to lift (a,x) or (a,−x) to an elementy in the setH1(F ((t)),G) (maybe over an
extension ofF which does not splitA). By [8], we need to split one of the componentsC+ and
C− of the Clifford algebra of the formhF ((t)) ⊥−h′. It follows from Lemma 8.1 that

∂v[C±] = disc〈q1, q2, q3〉=−Nrd(q1, q2, q3) =−Nrd(q) = 1,

i.e.,C+ andC− are defined overF : there are central simple algebrasD+ andD− overF such
that [C±] = [D±

F ((t))]. If both theD± are not split overF , then each of them is not similar toA

sinceC+ is similar toC− ⊗A by [9, Th. 9.12]. Hence, the function field of the Severi–Brauer
variety ofD+ splitsD+ and alsoC+ but does not splitA. ✷

Now Proposition 3.4 yields

COROLLARY 8.4. – AssumeA is not split,n � 4 and in the casen= 4 that the discriminant
of σ is not trivial. Then the invariant2rG(x) ramifies.

THEOREM 8.5. – Let(A,σ) be a central simple algebra over a fieldF (charF �= 2) of degree
2n � 6 with an orthogonal involutionσ, C = C(A,σ) the Clifford algebra,G = Spin(A,σ).
ThenH3

nr(BG)norm is trivial, except for the following cases(when this group is cyclic of order
2 generated by2rG):

(1) n= 3, disc(σ) is not trivial,A is not split andexp(C) = 2;
(2) n= 4, disc(σ) is trivial, A is not split and neither componentC+ nor C− of C splits.
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Proof. –The casen = 3 follows from Theorem 5.3 sinceD3 = A3. Under this equality, the
Clifford algebraC coincides with the algebraB considered in Section 5.1 and the algebraA
coincides with the discriminant algebraD [9, §26].

Consider the casen � 4. AssumeA splits, i.e.,G= Spin(V, q) for a non-degenerate quadratic
form (V, q) of dimension2n.

Suppose first thatn= 4. SincenG = 2 by Theorem B.26, it suffices to show that the invariant
rG ramifies. ExtendingF , we assume thatq is hyperbolic. The image of the map

H1(L,G)→H1
(
L,O+(V, q)

)
for a field extensionL/F is identified with the set of isomorphism classes of quadratic forms
overL of dimension 8 with trivial discriminant and trivial Clifford invariant [9, 31.41], i.e., with
the set of isomorphism classes of forms similar to3-fold Pfister forms〈〈a, b, c〉〉 overL. The Rost
invariantrG associates to this form its Arason invariant [9, 31.42]

(a) ∪ (b)∪ (c) ∈H3
(
L,Q/Z(2)

)
.

LetL/F be a field extension having a nonsplit quaternion algebraQ= (a, b). Consider the form
q = 〈〈t, a, b〉〉 overL((t)). It follows from

∂v
(
rG(q)

)
= ∂v

(
(t) ∪ (a) ∪ (b)

)
= [Q] �= 1,

thatrG(q) ramifies. By Proposition 3.4, the Rost invariantrG ramifies.
For arbitraryn � 4 we can find a non-degenerate subform(V0, q0) in (V, q) of dimension 8.

ThenH = Spin(V0, q0) is a subgroup inG= Spin(V, q). By Theorem B.27,nH = nG = 2. It
follows from the casen= 4 of the proof, Example B.10 and Lemma 4.3 thatH3

nr(BG)norm = 0.
Now assume thatA is not split. By Theorems B.26 and B.27,nG divides 4. Let L be

any splitting field forA. As shown above, the Rost invariantrG ramifies overL and hence
ramifies overF . Hence the groupH3

nr(BG)norm is nontrivial if and only if the invariant2rG is
nontrivial and unramified. Now the statement follows from Proposition 8.2, Corollary 8.4 and
Theorems B.26 and B.27.✷

COROLLARY 8.6. – A classifying varietyBG for the groupG = Spin(A,σ) is not stably
rational in the following cases:

(1) n= 3, disc(σ) is not trivial and the algebrasA andC are not split;
(2) n = 4, disc(σ) is not trivial and the algebrasAZ andC are not split(Z/F being the

discriminant quadratic field extension of(A,σ));
(3) n= 4, disc(σ) is trivial and the algebrasA, C+, C− are not split.

Proof. –The casen= 3 follows from Corollary 5.4 sinceD3 = A3. If n= 4, the varietyBG
is not stably rational even over the discriminant quadratic field extensionZ/F by Theorem 8.5
sinceH3

nr(BGZ)norm �= 0. ✷
Remark8.7. – Examples of stably non-rational classifying varietiesBG with simply con-

nectedG of typeDn exist forn= 3 andn= 4 over every number fieldF .

Appendix A. Invariants of algebraic groups

A.1. Proof of Proposition 3.1

(The proof is different from the one in [18].) Letm :S × X → X be the action morphism.
For any field extensionL/F and everys ∈ S(L), x ∈X(L), we havẽuL(sx) = ũL(x). Now let
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L= F (S ×X). Denote byη ∈ S(L) the image of the generic point ofS under the embedding
F (S) ↪→ L induced by the projectionp1 :S×X → S and byξ′ ∈X(L) the image of the generic
pointξ of X under the embeddingF (X) ↪→ L induced by the projectionp2 :S×X →X . Then
ηξ′ ∈X(L) is the image ofξ under the embeddingi :F (X) ↪→ L induced bym.

Choose a pointx ∈X of codimension1. We need to show that

∂x
(
ũF (X)(ξ)

)
= 0 ∈Md−1

(
F (x)

)
.(A.1)

Consider the pointy ∈ S × X of codimension1 with the closureS × {x}. SinceS acts
transitively onX , m(y) is the generic point ofX . Hence the restriction of the discrete valuation
onL associated to the pointy is trivial on i(F (X)). Therefore, by rule R3c in [13],

∂y
(
ũL(ξ′)

)
= ∂y

(
ũL(ηξ′)

)
= ∂y

(
i∗ũF (X)(ξ)

)
= 0 ∈Md−1

(
F (y)

)
.(A.2)

Let k :F (x)→ F (y) be the field homomorphism induced by the projectionp2 :S ×X →X .
By the rule R3a in [13] and (A.2),

k∗
(
∂x(ũF (X)(ξ))

)
= ∂y

(
p2∗(ũF (X)(ξ))

)
= ∂y

(
ũL(ξ′)

)
= 0∈Md−1

(
F (y)

)
.

The fieldF (y) is isomorphic toF (x)(S). Since the smooth varietyS has a rational point, the
map

k∗ :Md−1
(
F (x)

)
Md−1

(
F (y)

)
is injective (cf. [11, Lemma 1.3]) and hence (A.1) holds.

A.2. Proof of Theorem 3.2

LEMMA A.1 (Specialization principle). –Let x1 and x2 be two points ofX such thatx2

is regular and of codimension1 in {x1}. We also consider thexi as a point ofX(F (xi)).
Suppose that for an invariantu ∈ Invd(G,M) we haveũF (x1)(x1) = 0 ∈ Md(F (x1)). Then
ũF (x2)(x2) = 0∈Md(F (x2)).

Proof. –Denote byA the local ring of the pointx2 in the variety{x1}. By assumption,A
is a discrete valuation ring with quotient fieldF (x1) and residue fieldF (x2). Let Ã be the
completion ofA, so that

Ã� F (x2)[[t]]

[23, Ch. VIII, Th. 27]. Denote byE the quotient field ofÃ, the completion of the fieldF (x1),
thus,E = F (x2)((t)). We have the following diagram of maps induced by natural morphisms

H1
ét(X,G) H1

ét(Ã,G)
i

H1
(
F (x2),G

)
j

H1
(
F (x1),G

)
H1(E,G)

with the bijectionsi andj inverse to each other [6, Exp. XXIV, Prop. 8.1]. Considering images in
all the sets of the diagram of the class inH1

ét(X,G) representing the universalG-torsorS →X ,
we get

ũF (x2)(x2)E = ũE(x2) = ũE(x1) = ũF (x1)(x1)E = 0,

4e SÉRIE– TOME 35 – 2002 –N◦ 3



UNRAMIFIED COHOMOLOGY OF CLASSIFYING VARIETIES 461

i.e., the class̃uF (x2)(x2) splits overE. It remains to notice that the mapMd(F (x2))→Md(E)
is injective (being split by a specialization homomorphism [13, p. 329]).✷

Assume that foru ∈ Invd(G,M) we haveũF (X)(ξ) = 0. For a field extensionL/F consider
any pointp ∈X(L), i.e., a morphismp : Spec(L)→X . We need to show that̃uL(p) = 0. Denote
by x ∈X the only point in the image ofp. There is a sequence of pointsξ = x1, x2, . . . , xm = x
such thatxi+1 is regular of codimension1 in the closure{xi} for all i = 1,2, . . . ,m− 1. By
Lemma A.1,ũF (x)(x) = 0. The elementp is the image ofx underX(F (x))→X(L), induced
by the natural homomorphismF (x)→ L, hencẽuL(p) = 0, being the image of̃uF (x)(x) under
Md(F (x))→Md(L). Thus,u= 0, i.e.,θ is injective.

Assume now thatS is split semisimple simply connected. Letv ∈A0(X,Md) andx ∈X(L)
be a point over a field extensionL/F . We define the classv(x) ∈Md(L) as the image ofv under
the pull-back homomorphism

x∗ :A0
(
X,Md

)
A0

(
SpecL,Md

)
=Md(L)

with respect tox : SpecL→X . Thus, we get a map

ũL :X(L) Md(L), x �→ v(x).

In order to show that̃uL defines an invariantu ∈ Invd(G,M) with θ(u) = v it suffices to prove
that the mapv is constant on orbits of theS(L)-action onX(L).

Let s ∈ S(L), x ∈ X(L). Then v(sx) ∈ Md(L) is the image ofv under the pull-back
homomorphism with respect to the composition

SpecL
(s,x)

S ×X
m

X,

wherem is the action morphism. The elementv(x) ∈Md(L) is the image ofu under the pull-
back homomorphism with respect to the composition

SpecL
(s,x)

S ×X
p2

X,

wherep2 is the projection. Thus, it suffices to show thatm and p2 induce the same homo-
morphism

m∗ = p∗2 :A
0
(
X,Md

)
A0

(
S ×X,Md

)
.

Consider the mapi :X → S × X , i(x) = (1, x). Since p ◦ i = idX = m ◦ i, we have
i∗ ◦ p∗2 = id = i∗ ◦m∗. Hence, it is sufficient to prove thatp∗2 is an isomorphism.

The spectral sequence associated top2 [13, §8]:

Ep,q
1 =

∐
x∈X(p)

Aq
(
SF (x),M

d−p
)
⇒Ap+q

(
S ×X,Md

)
induces an exact sequence

0 A0
(
S ×X,Md

) r
A0

(
SF (X),M

d
) ∂

∐
x∈X(1)

A0
(
SF (x),M

d−1
)
.
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The groupS is split simply connected, hence, by [7, Th. 4.7(i)], the natural homomorphism

Mk
(
F (x)

)
A0

(
SF (x),M

k
)

is an isomorphism for everyx ∈X andk ∈ Z. By [13, Prop. 8.1], the kernel of∂ is isomorphic
to A0(X,Md) and the mapk induces an isomorphism

j :A0
(
S ×X,Md

)
→A0

(
X,Md

)
such that the compositionj ◦ p∗2 is the identity. Hencep∗2 is an isomorphism. ✷

COROLLARY A.2. – The groupA0(Xρ,M
d) does not depend on the choice of an embedding

ρ :G ↪→ S into a split semisimple simply connected groupS.

Appendix B. Rost numbers

Let G be a split simply connected group defined over a fieldF , T ⊂G a split maximal torus
overF , W the Weyl group. TheW -invariant elementsS2(T ∗)W in the symmetric square of the
character groupT ∗ =Hom(T,Gm) areW -invariant integral quadratic forms on the vector space
V = T∗ ⊗ R of the co-root system, whereT∗ = Hom(Gm, T ) is the co-character lattice. By [3,
Ch. VI, §1, Prop. 7],S2(T ∗)W is a free abelian group with a canonical basis given by positive
definite formsq1, q2, . . . , qk corresponding to thek connected components of the Dynkin diagram
of G. In particular, ifG is simple, the groupS2(T ∗)W is cyclic with the canonical generatorqG
being a (unique) integral-valued positive definiteW -invariant quadratic form onT∗. SinceG is
simply connected, the lattice of co-charactersT∗ is generated by the co-roots of the root system
dual to the root system ofG. A quadratic form on the spaceV taking value1 on short co-roots
is integral, hence it coincides withqG. Thus,qG(β) = 1 for every short co-rootβ.

ExampleB.1. – LetG = SLn, n � 2. A split maximal torusT of G is isomorphic to the
kernel of the product homomorphism

(Gm)n Gm.

Hence the group of co-charactersT∗ can be identified with the subgroup inZn consisting of all
n-tuplesx= (x1, x2, . . . , xn) with trivial sum of thexi [9, §24]. The Weyl groupW = Sn acts
by permutations of thexi. Clearly, theW -invariant integral quadratic form

qG(x) =
1
2

n∑
i=1

x2
i =−

∑
i<j

xixj

is the canonical generator ofQ(G). It takes value1 on the (short) co-roots±(ei − ej) for i �= j.

Now letG be a (not necessarily split) simply connected group defined over a fieldF . Choose
a maximal torusT ⊂ G over F . The absolute Galois groupGal(F ) = Gal(Fsep/F ) acts on
S2(T ∗

sep)
W by permuting the basis formsqi thusS2(T ∗

sep)
W is a permutationGal(F )-module. In

particular, ifG is absolutely simple, the groupS2(T ∗
sep)

W is cyclic with the canonical generator
qG and trivialGal(F )-action. Clearly, the formqG does not change under field extensions.

We denote the group(S2(T ∗
sep)

W )Gal(F ) by Q(G). If G is absolutely simple,Q(G) = ZqG.
A homomorphismρ :G → G′ of simply connected groups induces a homomorphism

Q(ρ) :Q(G′)→Q(G) [9, p. 433].
Let p be the characteristic exponent ofF .
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THEOREM B.2 ((Rost) [7, Appendix B, Cor. C.2(b)]). –There is a natural surjective homo-
morphism

γG :Q(G)[1/p] A0
(
BG ,H3

)
norm

.

The kernel ofγG is generated overZ[1/p] by the elementsQ(α)(qSLn
) for all irreducible

representationsα :G→ SLn defined overF .

Let ρ :G → G′ be a homomorphism of absolutely simple simply connected groups. Then
Q(ρ)(qG′) = nρ · qG for a uniquely determined integernρ � 0. We set

nG = gcdnα

with thegcd taken over all irreducible representationsα :G→ SLn of the groupG. Let n′
G be

the greatest divisor ofnG prime top. Thus,nG = n′
G if nG is relatively prime top.

Denote by rG the elementγ(qG) ∈ A0(BG ,H3)norm. The corresponding invariant
θ−1(rG) ∈ Inv3(G,H)norm (Theorem 3.2) we also denote byrG and call it theRost invariant
of G.

COROLLARY B.3. – Let G be an absolutely simple simply connected group. Then
A0(BG ,H3)norm is a cyclic group generated byrG of ordern′

G.

Note thatrG (but notnG) does not change under field extensions: for a field extensionL/F ,
rGL is the image ofrG under the canonical homomorphism

A0
(
BG ,H3

)
norm

A0
(
BGL,H

3
)
norm

.

An arbitrary simply connected groupG is a product of simple simply connected groups
G1 ×G2 × · · · ×Gk. The groupQ(G) splits obviously into a direct sum of theQ(Gi). Hence,
Theorem B.2 implies

COROLLARY B.4 ([9, Cor. 31.38]). –

A0
(
BG ,H3

)
norm

�
k∐

i=1

A0
(
BG i,H

3
)
norm

.

Any simple simply connected groupG is of the formRL/F (G′), whereL/F is a finite
separable field extension andG′ is an absolutely simple simply connected group overL. The
groupG′ is a canonical direct factor ofGL, therefore, there are canonical homomorphisms

GL

i

G′.
j

By naturality of the homomorphismγG in Theorem B.2, the following diagrams commute (with
right and left arrows respectively)

Q(G)

γG

resL/F

Q(GL)
corL/F

γGL

j∗

Q(G′)

γG′

i∗

A0(BG ,H3)norm

resL/F

A0(BGL,H
3)norm

corL/F

j∗

A0(BG ′,H3)norm.
i∗
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Clearly, the two compositionsj∗ ◦ resL/F andcorL/F ◦ i∗ in the top row of the diagram are
isomorphisms inverse to each other. We have proved

COROLLARY B.5 ([9, Cor. 31.39]). –The two compositionsj∗ ◦ resL/F andcorL/F ◦ i∗ in
the bottom row of the diagram

A0
(
BG ,H3

)
norm

A0
(
BG ′,H3

)
norm

are isomorphisms inverse to each other.

B.1. The numbers nρ

Let ρ :G→G′ be a homomorphism of absolutely simple simply connected groups. Clearly,

nG | nρ · nG′ .(B.1)

Let β :Gm →G be a short co-root ofG. Then

nρ = nρ · qG(β) = qG′(ρ ◦ β).(B.2)

In particular, ifρ ◦ β is a short co-root ofG′, thennρ = 1.
The numbernρ does not change under field extensions. Ifρ′ :G′ →G′′ is another homomor-

phism of absolutely simple simply connected groups, then

nρ′◦ρ = nρ′ · nρ.

ExampleB.6. – For the standard inclusionρ :SLn ↪→ SLm (m > n) we havenρ = 1 since
the co-roots ofSLn are also co-roots ofSLm and have the same length.

ExampleB.7. – Let ρ :Sp2n ↪→ SL2n be the standard embedding. The embedding of
maximal tori is defined by

(t1, t2, . . . , tn) �→
(
t1, t2, . . . , tn, t

−1
1 , t−1

2 , . . . , t−1
n

)
.

Hence, the map of co-character groups takes(x1, x2, . . . , xn) to

(x1, x2, . . . , xn,−x1,−x2, . . . ,−xn).

The image of the short co-root±ei is the short co-root±(ei − en+i), hencenρ = 1.

ExampleB.8. – Letρ :Spin2n ↪→ Spin2n+1, n � 3, be the standard embedding. A maximal
torus of the first group is also maximal in the second. The short co-roots±ei ± ej of G′

correspond to the same short co-roots ofG, hencenρ = 1.

ExampleB.9. – Let ρ :Spin2n+1 ↪→ Spin2n+2, n � 2, be the standard embedding. The
homomorphism of co-character groups of maximal tori is induced by the canonical inclusion
Zn ↪→ Zn+1. The co-characters±ei± ej are the short co-roots in both the groups, hencenρ = 1.

ExampleB.10. – Let ρ :Spinn ↪→ Spinm be the standard embedding,m > n � 5. By
Examples B.8 and B.9,nρ = 1.
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ExampleB.11. – Letρ be the composition

Spin2n
α

O+
2n SL2n,

whereα is the standard isogeny. The co-character group of the maximal torus ofSpin2n is
contained inZn with the co-roots±ei±ej of the same length. The corresponding co-character of
the maximal torus ofSL2n is±(fi− gi)± (fj − gj) if we identify the group of all co-characters
with a subgroup in

∐
Zfi ⊕

∐
Zgi. By Example B.1 and formula (B.2),nρ = 2.

B.2. The numbers nG

Let G be a simply connected semisimple group defined over a fieldF , α :G → SL(V ) a
representation overF , T ⊂ G a maximal torus defined overF . The spaceVsep = V ⊗F Fsep

splits into a direct sum of one-dimensional eigenspaces with some eigenvaluesχ1, χ2, . . . ,
χm ∈ T ∗

sep. Then, by Example B.1 and (B.2),

nα =
1
2

∑
i

〈χi, ηG〉2 ∈ Z,

whereηG ∈ Tsep∗ is a short co-root ofG.
For an algebraic groupH denote byR(H) the representation ring ofH . Consider the

following additive group homomorphism

ΦG :R(Tsep) = Z[T ∗
sep]

1
2

Z,
∑

χi �→
1
2

∑
〈χi, ηG〉2.

Thus, for a representationα :G→ SL(V ) we have

nα =ΦG(α|Tsep ).(B.3)

The Weyl groupW of Gsep acts naturally onR(Tsep). The absolute Galois groupGal(F ) acts
on R(Tsep) through the∗-action onT ∗

sep defined in [21, 2.3]. The semidirect product∆ of W
andGal(F ) acts naturally onR(Tsep).

Denote byΛ+ ⊂ T ∗
sep the cone of dominant characters (with respect to some system of simple

roots). The groupGal(F ) leavesΛ+ invariant. The field of definition of a dominant character
χ ∈ Λ+, denoted byF (χ), is the field corresponding to the stabilizer ofχ in Gal(F ) by Galois
theory.

LetC be the center ofG. For a characterχ ∈ T ∗
sep denote bȳχ ∈C∗

sep its restriction onC. For
a dominant characterχ ∈ Λ+, the field of definitionF (χ̄) of χ̄ is contained inF (χ). Denote by
Aχ̄ a Tits algebra associated tōχ [9, §27], [22, §4], so thatAχ̄ is a central simple algebra over
F (χ̄) uniquely determined up to Brauer equivalence overF (χ̄). For every characterχ ∈ Λ+ set

Aχ =Aχ̄ ⊗F (χ̄) F (χ).

The algebraAχ is a central simple overF (χ). The index ofAχ depends only on theGal(F )-orbit
of χ.

Let χ ∈ Λ+ be a dominant character. Denote by∆(χ) ∈ R(Tsep)∆ the sum in
R(Tsep) = Z[T ∗

sep] of all (finitely many) characters in the∆-orbit of χ.

THEOREM B.12 ([22, Th. 3.3]). – The restriction homomorphismR(G)→ R(Tsep) is an
injection. The elements∆(χ) · ind(Aχ), for all χ ∈ Λ+, form aZ-basis ofR(G).
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The formula (B.3) then implies

COROLLARY B.13. – For a simply connected groupG,

nG = gcd
χ∈Λ+

[
ΦG

(
∆(χ)

)
· ind(Aχ)

]
.

B.3. Groups of type An−1

We compute the numbernG for a simply connected groupG of type An−1 over a fieldF ,
n � 2. Let T ⊂ G be a maximal torus defined overF . The group of charactersT ∗

sep can be
identified withZn/Z (with Z embedded diagonally) andTsep∗ – with the subgroup ofZn of
elements with the zero sum of the components. All the co-roots±(ei− ej) have the same length
and we can takeηG = e1 − e2. The Weyl group is the symmetric groupSn which permutes the
ei (see Example B.1). The restriction homomorphism to the centerC of G

Zn/Z= T ∗
sep C∗

sep = Z/nZ,

takes(x1, x2, . . . , xn) +Z to
∑

xi + nZ.
We choose the set of simple roots{e1 − e2, e2 − e3, . . . , en−1 − en}. The corresponding cone

of dominant charactersΛ+ consists of all(x1, x2, . . . , xn) +Z such thatx1 � x2 � · · ·� xn.
Choose a characterχ ∈ T ∗

sep. Some of the components ofχ may coincide. Letχ have distinct
components (in some order)a1 > a2 > · · ·> ak which repeatr1, r2, . . . , rk times respectively,
so thatn=

∑
ri. Note that theai can be modified by adding an integer to all theai. We denote

the characterχ by (r1, . . . , rk;a1, . . . , ak) or simply by(r,a).
The stabilizer ofχ = (r,a) in the Weyl groupSn is isomorphic toSr1 × Sr2 × · · · × Srk

.
Hence the number of characters in theSn-orbit of χ is equal to

n!
r1!r2! . . . rk!

.

For a pair of distinct indices(i, j) the number of characters in theSn-orbit with first two
components(ai, aj) is equal to

(n− 2)! rirj
r1!r2! . . . rk!

.

For such charactersχ′ we have〈χ′, ηG〉 = ai − aj . Denote bySn(χ) the sum of characters in
R(Tsep) of theSn-orbit of χ. We have the following computation:

ΦG

(
Sn(χ)

)
=
1
2

∑
w∈Sn

〈wχ,ηG〉2

=
1
2
· (n− 2)!
r1!r2! . . . rk!

∑
(i,j)

rirj(ai − aj)2

=
(n− 2)!

r1!r2! . . . rk!

[(∑
i

ri

)(∑
i

ria
2
i

)
−

(∑
i

riai

)2]

=
(n− 2)!

r1!r2! . . . rk!

[
n

(∑
i

ria
2
i

)
−

(∑
i

riai

)2]
.

Denote this integer by[r1, . . . , rk;a1, . . . , ak] or simply by[r,a]. We also setra=
∑

riai.
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B.3.1. Inner type
LetG be a simply connected group of inner typeAn−1, i.e.,G= SL1(A), whereA is a central

simple algebra of degreen overF . We have∆=W = Sn. The Tits algebra of a character(r,a)
is similar toA⊗ra by [9, §27.B]. Hence, by Corollary B.13,

nG = gcd
(
[r,a] · ind

(
A⊗ra

))
,(B.4)

where thegcd is taken over all(r,a) such that
∑

ri = n.
Denote byvp the p-adic valuation onZ. For any integerc � 0, let sp(c) be the sum of the

digits in the basep expansion ofc.

LEMMA B.14 ([12, Lemma 5.4(a)]). –If c= c1 + c2 + · · ·+ ck, ci � 0, then

vp

(
c!

c1!c2! . . . ck!

)
=

∑
sp(ci)− sp(c)

p− 1 .

LEMMA B.15. – Letp be a prime integer,n= r1 + r2 + · · ·+ rk, ri � 0, l=minvp(ri) and
vp(rj) = l for somej. Then

vp

(
n!

r1!r2! . . . rk!

)
� vp(n)− l,

and the equality holds if and only if

sp(n− 1) = sp(r1) + · · ·+ sp(rj − 1) + · · ·+ sp(rk).

Proof. –We have

n!
r1!r2! . . . rk!

=
n

rj
· (n− 1)!
r1! . . . (rj − 1)! . . . rk!

and the second factor of the r.h.s. is integral, whence the inequality. The second statement follows
from Lemma B.14 applied to the second factor.✷

LEMMA B.16. – For every dominant character(r,a), gcd(n, ra) divides[r,a].

Proof. –Let p be a prime divisor ofn, l=minv2(ri). Obviously,

vp

(
n ·

∑
i

ria
2
i

)
� vp(n) + l, vp

(
ra2

)
� vp(ra) + l.

By Lemma B.15,

vp

(
(n− 2)!

r1!r2! . . . rk!

)
� −l.

Hence,

vp([r,a])� −l+min
(
vp(n) + l, vp(ra) + l

)
=min

(
vp(n), vp(ra)

)
. ✷

THEOREM B.17. – nG = exp(A).
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Proof. –We prove first thatnG dividesexp(A). In view of (B.4), it suffices to show that for
every prime integerp there is a dominant character(r,a) such that

vp
(
[r,a] · ind

(
A⊗ra

))
= vp

(
exp(A)

)
.

Let a= vp(exp(A)). We havevp(n)� a sinceexp(A) | n.
Case1: vp(n)> a. Consider the character(r,a) = (pa, n− pa; 1,0). Then

[r,a] =
(
n− 2
pa − 1

)
, ra= pa, vp

(
ind

(
A⊗ra

))
= 0.

Clearly,sp(n− 2) = sp(n− pa − 1). Hence, by Lemma B.14,

vp
(
[r,a] · ind

(
A⊗ra

))
=

sp(pa − 1)
p− 1 = a= vp

(
exp(A)

)
.

Case2: vp(n) = a. Sinceexp(A) | ind(A) | n, it follows thatvp(ind(A)) = a. Consider the
character(r,a) = (1, n− 1; 1,0). We have[r,a] = 1 = ra and

vp
(
[r,a] · ind(A⊗ra)

)
= vp

(
ind(A)

)
= a= vp

(
exp(A)

)
.

It remains to prove thatexp(A) divides[r,a] · ind(A⊗ra) for every dominant character(r,a).
By Lemma B.16,

exp
(
A⊗[r,a]

)
| exp

(
A⊗gcd(n,ra)

)
= exp

(
A⊗ra

)
,

and hence

exp(A) | [r,a] · exp
(
A⊗ [r,a]

)
| [r,a] · ind

(
A⊗ra

)
. ✷

By [9, Cor. 29.4],H1(F,G) = F×/Nrd(A×). Consider the normalized invariantr′G of G
defined by

r′G
(
aNrd(A×)

)
= (a)∪ [A],

where[A] is the class of the algebraA in the group

H2
(
F,Q/Z(1)

)
=Br(F )[1/p]

(p is the characteristic exponent ofF ). The residue of the value

r′G
(
tNrd(A×

F ((t)))
)
= (t) ∪ [AF ((t))]

equals[A]. Hence the order ofr′G is divisible by exp(A)′, the greatest divisor ofexp(A)
prime to p. It follows from Theorem B.17 that the invariantsrG and r′G are two generators
of Inv3(G,H)norm. In particular, any value of the Rost invariantrG over a fieldL is the cup-
product(x) ∪ [AL] for somex∈ L×. It seems plausible thatrG coincides withr′G (up to sign).

B.3.2. Outer type
Let G be a simply connected group of outer typeAn−1, i.e.,G = SU(B, τ), whereB is a

central simple algebra of degreen � 3 with a unitary involutionτ over a separable quadratic
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field extensionK/F . Over the quadratic extensionK/F the groupG is isomorphic toSL1(B).
Under the field extension map the Rost invariantrG maps to the Rost invariantrGK of order
exp(B) by Theorem B.17. The corestriction map for the field extensionK/F takesrGK to 2rG.
Hence

exp(B) | nG | 2 exp(B).(B.5)

B.3.3. Consider first the case whenB splits, i.e.,G = SU(V,h), where(V,h) is a non-
degenerate hermitian form overK/F of dimensionn. Let (V, h̄) be the associated quadratic
form overF of dimension2n. The natural homomorphismG→ Spin(V, h̄) together with the
Arason invariant give a non-trivial invariant ofG (see [9, Example 31.44]). HencenG = 2 by
(B.5).

B.3.4. Assume now that the exponent ofB is odd. By (B.3.3), over a field extension ofF ,
which splitsB (but notK), the numbernG is equal to2. HencenG is even andnG = 2exp(B)
by (B.5). (The Rost invariant in this case is considered in [9, Example 31.45].)

B.3.5. Consider now the general case. We may assume thatn is even and setm= n/2. The
problem is to decide whethernG = exp(B) ornG = 2exp(B). Thus, it is sufficient to trace only
the2-part of these integers.

The Galois groupGal(F ) acts onT ∗
sep throughGal(K/F ) by the involution

κ : (x1, x2, . . . , xn) +Z �→ (−xn, . . . ,−x2,−x1) +Z.

A dominant characterχ= (r,a) ∈ Λ+ is calledsymmetricif it does not change underκ, that is,
the sequence(r1, r2, . . . , rk) is symmetric and the sumai + ak+1−i does not depend oni.

Let χ ∈ Λ+ be a dominant character. Ifχ is symmetric, then∆(χ) =W (χ). Otherwise, the
∆-orbit of χ is twice longer than theW -orbit of χ. It is also clear that if(r′,a′) = κ(r,a), then
[r′,a′] = [r,a].

If χ = (r,a) is symmetric, thenra is divisible bym. The corresponding Tits algebraAχ

is equivalent toD⊗ ra
m , whereD is the discriminant algebra of(B, τ). If χ = (r,a) is not

symmetric, then the Tits algebraAχ is equivalent toB⊗ra by [9, §27.B].
It follows from Corollary B.13 thatnG is thegcd of two integersn′

G andn′′
G:

n′
G = 2gcd

(
[r,a] · ind

(
B⊗ra

))
,

where thegcd is taken over all non-symmetric dominant characters(r,a) and

n′′
G = gcd

(
[r,a] · ind

(
D⊗ ra

m

))
,

where thegcd is taken over all symmetric characters(r,a).
Note that the algebraD⊗ ra

m ⊗F K is similar toB⊗ra [9, Prop. 10.30], hence

ind
(
D⊗ ra

m

)
| 2 ind

(
B⊗ra

)
.

Therefore, we can modify the integern′
G by including in thegcd also symmetric characters,

without changing thegcd of n′
G andn′′

G. It follows from (B.4) and Theorem B.17 (applied to the
algebraB instead ofA) thatn′

G = 2exp(B). We get

nG = gcd
[
2 exp(B), gcd

(
[r,a] · ind

(
D⊗ ra

m

))]
,
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where thegcd inside the brackets is taken over all symmetric characters(r,a). Finally,

nG =

2 exp(B) if 2 exp(B) | [r,a] · ind(D⊗ ra
m )

for all symmetric characters(r,a),
exp(B) otherwise.

Thus, we need to consider divisibility properties of the integers[r,a] · ind(D⊗ ra
m ) for all

symmetric characters[r,a]. We need only to look at the 2-part of these integers.
Let χ= (r,a) be a symmetric character. We consider two cases.

Case1: The integerram is even, i.e.,ra is divisible byn.
We will show (Proposition B.18) that[r,a] is 2-divisible by2n and hence by2 exp(B), i.e.,

the term[r,a] · ind(D⊗ ra
m ) does not contribute to thegcd.

PROPOSITION B.18. – If n is even,ra is divisible byn, thenv2([r,a])� v2(n) + 1.

Proof. –Let ra= nq for someq. We have

[r,a] =
1

n− 1 · n!
r1!r2! . . . rk!

·
(∑

ria
2
i − nq2

)
.

Sincen− 1 is odd, by Lemma B.15, it suffices to prove that

v2

(∑
ria

2
i − nq2

)
� l+ 1,

wherel=minv2(ri). We have∑
ria

2
i − nq2 =

∑
riai(ai + 1)− nq(q+ 1).

Sincev2(ri)� l andv2(n)� l, the r.h.s. is divisible by2l+1. ✷
Case2: The integerram is odd.

PROPOSITION B.19. – If n is even,ra = mq with odd q, then v2([r,a]) � v2(m). The
equality holds if and only ifn is a2-power,k = 2 andr= (m,m).

Proof. –By Lemma B.15,

v2

(
(n− 2)!

r1!r2! . . . rk!

)
� −l,(B.6)

wherel = minv2(ri). Sinceq is odd, it follows thatv2(m) = v2(ra) � l. Thus, to prove the
inequality it is sufficient to show that

v2

(
n

∑
ria

2
i −m2q2

)
� v2(m) + l.

It is obvious sincev2(ri)� l andv2(m)� l.
If n is a2-power,k = 2 andr= (m,m), a= (a1, a2) then

ra=ma1 +ma2 =m(a1 + a2) =mq,
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hencea1 + a2 is odd. We have

[r,a] =
(2m− 2)!
(m− 1)!2 (a1 − a2)2

and by Lemma B.14, sincea1 − a2 is odd,

v2([r,a]) = v2

(
(2m− 2)!
(m− 1)!2

)
= 2s2(m− 1)− s2(2m− 2) = s2(m− 1) = v2(m).

Thus, the equality holds.
Conversely, assume the equality. Then the first part of the proof shows that the equality in

(B.6) holds, or equivalently,

v2

(
n!

r1!r2! . . . rk!

)
= v2(n)− l,

and hence by Lemma B.15,

s2(n− 1) = s2(r1) + · · ·+ s2(rj − 1) + · · ·+ s2(rk),

wherej satisfiesv(rj) = l. This means that when we consequently add (in any order, in base
2) the integersr1, . . . , rj − 1, . . . , rk we never carry over units. In particular, all these integers
are pairwise distinct. Thus, the sequencer can have at most one pair of equal terms. But the
character(r,a) is symmetric, hence the sequencer is symmetric. It follows thatk � 3. If k = 2,
thenr= (m,m) ands2(2m− 1)= s2(m)+ s2(m− 1), i.e., when we addm andm− 1 (in base
2) we don’t carry over units. It is possible only ifm (and hencen) is a2-power.

Finally, assumek = 3, i.e.,r = (r1, r2, r3) with r1 = r3. Then by symmetry,a1 + a3 = 2a2,
hence

mq = r1a1 + r2a2 + r3a3 = r1(a1 + a3) + r2a2 = (2r1 + r2)a2 = na2,

therefore,q = 2a2, a contradiction sinceq is odd. This case does not occur.✷
THEOREM B.20. – LetG= SU(B, τ), whereB is a central simple algebra of degreen with

a unitary involutionτ over a separable quadratic field extensionK/F . LetD=D(B, τ) be the
discriminant algebra of(B, τ). Then

nG =


exp(B) if n is a2-power andexp(B) = n;
exp(B) if n is a2-power,exp(B) = n/2, andD is split;
2 exp(B) otherwise.

Proof. –By (B.5) we may assume thatn is even. We know from the cases 1 and 2 considered
above thatnG = exp(B) if and only if there exists a symmetric character(r,a) such that
ra=mq with q odd and

v2

(
[r,a] · ind(D)

)
= v2

(
exp(B)

)
.(B.7)

By Proposition B.19, for such a character(r,a),

v2([r,a])� v2(m),(B.8)
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hence equality (B.7) implies

v2(m) + 1 = v2(n)� v2

(
exp(B)

)
� v2(m) + v2

(
ind(D)

)
� v2(m).

There are two cases:
Case1: v2(exp(B)) = v2(n) = v2(m) + 1.
The algebraDK is similar toB⊗m and hence is not split. Indexind(D) divides4 [9, Prop.

10.30], therefore,ind(D) is even. It follows then from (B.7) that

v2([r,a]) = v2

(
exp(B)

)
− v2

(
ind(D)

)
� v2

(
exp(B)

)
− 1 = v2(m),

i.e., we have equality in (B.8). By Proposition B.19,n is a 2-power and henceexp(B) = n.
Conversely, ifn is a 2-power,exp(B) = n, thenD has index2 by [9, Prop. 10.30]. It follows
from Proposition B.19 that for the character(r,a) = (m,m; 1,0) we have

v2

(
[r,a] · ind(D)

)
= v2([r,a]) + 1 = v2(m) + 1 = v2(n) = v2

(
exp(B)

)
,

i.e., (B.7) holds.
Case2: v2(exp(B)) = v2(m). Comparing (B.7) and (B.8), we deduce thatD splits and the

equality in (B.8) holds. Hence again by Proposition B.19,n is a 2-power andexp(B) =m =
n/2. Conversely, ifn is a 2-power,exp(B) = n/2 andD is split, then for the same character
(r,a) as in case 1, by Proposition B.19,

v2

(
[r,a] · ind(D)

)
= v2([r,a]) = v2(m) = v2

(
exp(B)

)
,

i.e., (B.7) holds. ✷
RemarkB.21. – Inspection of the proof shows that the only source of reduction of the value

of nG from 2 exp(B) to exp(B) is the divisibility property (B.1) for the canonical representation
ρ :G→G′ = SL1(D).

B.4. Groups of type Bn

Let G be a simply connected group of typeBn, n � 1, i.e., G = Spin(V, q) for a non-
degenerate quadratic form(V, q) of dimension2n+ 1. Consider the composition

α :Spin(V, q) O+(V, q) SL(V ).

Sincenα = 2 (Example B.11), we havenG | 2.

THEOREM B.22. – Let G be a simply connected group of typeBn, n � 1, i.e., G =
Spin(V, q) for a non-degenerate quadratic form(V, q) of dimension2n+1. Then

nG =
{1 if n= 1 or 2 andq has maximal Witt indexn,
2 otherwise.

Proof. –The casen = 1 follows from Theorem B.17 sinceG � SL1(C0), whereC0 is the
even Clifford algebra of(V, q) by [9, Th. 15.2] andq is isotropic if and only ifC0 is split. If
n= 2 andq is of Witt index 2, thenG splits and henceG� Sp4 (sinceB2 = C2) and the latter
group is special, thereforenG = 1.
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Assume thatn � 2 and the Witt index ofq is less that 2 ifn = 2. The image of the map
H1(F,G)→ H1(F,O+(V, q)) classifies quadratic formsq′ on V such thatq ⊥ −q′ ∈ I3 (cf.
[9, 31.41]). The invariant takingq′ to the Arason invariant ofq ⊥ −q′ is non-trivial, hence it
coincides withrG and thereforenG = 2. ✷
B.5. Groups of type Cn

LetG be a simply connected group of typeCn, n � 1, i.e.,G= Sp(A,σ) for a central simple
algebraA of degree2n with a symplectic involutionσ. Let

α :Sp(A,σ) SL1(A)

be the natural embedding. Sincenα = 1 (Example B.7), it follows from Theorem B.17 and (B.1)
that

nG | nα · nSL1(A) = exp(A).

In the caseA splits we have thennG = 1, and in general,nG | 2 sinceexp(A) | 2.

THEOREM B.23. – LetG be a simply connected group of typeCn, n � 1, i.e.,G= Sp(A,σ)
for a central simple algebraA of degree2n with a symplectic involutionσ. Then

nG =
{1 if A splits,
2 otherwise.

Proof. –We may assume thatA is not split. Suppose first thatA is similar to a quaternion
division algebraQ. By [9, Th. 4.2], the involutionσ is adjoint to a hermitian form(V,h) of
rankn overQ with respect to the canonical involution onQ. Let (V0, h0) be a non-degenerate
subform ofh of rank1. We have an embedding

β :SL1(Q) = Sp(V0, h0) ↪→ Sp(V,h) =G

with nβ = 1 (Example B.7) and2 = nSL1(Q) | nβ ·nG = nG by Theorem B.17 and (B.1), hence
nG = 2.

In general, choose a field extensionL/F such thatAL is similar to a quaternion algebra. Since
2 = nGL | nG, it follows thatnG = 2. ✷
B.6. Groups of type Dn

Let G be a simply connected group of (classical) typeDn, n � 4, i.e.,G= Spin(A,σ, f) for
a central simple algebraA of degree2n with a quadratic pair(σ, f) (simplyG= Spin(A,σ) if
charF �= 2). Consider the composition

ρ :Spin(A,σ, f) α O+(A,σ, f) SL1(A),

whereα is the standard isogeny. Since by Example B.11,nρ = 2, it follows from Theorem B.17
and (B.1) that

nG | nα · nSL1(A) = 2exp(A).

In the caseA splits it implies thennG | 2, and in general,nG | 4 sinceexp(A) | 2.
If A splits, i.e.,G = Spin(V, q) for a quadratic form(V, q) of dimension2n � 8, there is

a non-trivial Arason invariant, hencenG = 2.
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Let Z/F be the discriminant quadratic extension (the center of the Clifford algebra
C(A,σ, f)). It is an étale quadratic extension ofF .

The character groupT ∗
sep can be identified withZn +Zε, where

ε=
e1 + e2 + · · ·+ en

2
.

The group of co-charactersTsep∗ is identified with the subgroup inZn of the elements with
even sum of the components. All the co-roots±ei ± ej have the same length and we can take
ηG = e1− e2. The Weyl groupW is a semidirect product ofH = (Z/2Z)n−1 and the symmetric
groupSn: the elements ofH change signs in even number of places andSn permutes theei. The
Galois groupGal(F ) acts onT ∗

sep throughGal(Z/F ) by the involution

κ : (x1, . . . , xn−1, xn) +Z �→ (x1, . . . , xn−1,−xn) +Z.

We choose the set of simple rootse1 − e2, e2 − e3, . . . , en−1 − en, en−1 + en. The
corresponding cone of dominant charactersΛ+ consists of all characters(x1, x2, . . . , xn) such
thatx1 � x2 � · · ·� xn−1 � |xn|.

Let C be the center ofG. The groupC∗ consists of4 elements:0, λ, λ+ andλ−, whereλ
is trivial on the kernel of the isogenyα. The corresponding Tits algebraAλ is similar toA [9,
27.B]. The restriction of̄χ of a characterχ= (x1, x2, . . . , xn) to C satisfies

χ̄=

0 if all the xi are integers and
∑

xi is even,
λ if all the xi are integers and

∑
xi is odd,

λ+ or λ− if all the xi are semi-integers.

B.6.1. Inner case
Assume thatZ splits. ThenC(A,σ, f) = C+ × C−, whereC+ andC− are central simple

algebras overF being Tits algebras ofλ+ and λ−. Denote byn0, n1, n+ and n− the
gcdΦG(W (χ)) for all dominant charactersχ restricting to0, λ, λ+ andλ− respectively. We
have

nG = gcd
(
n0, n1 · ind(A), n+ · ind(C+), n− · ind(C−)

)
.(B.9)

Consider a dominant characterχ = (x1, . . . , xn) with integer components. Assume first that
only one of the components is nonzero, i.e.,χ= (a,0, . . . ,0) = ae1 with a > 0. TheW -orbit of
χ consists of the characters±aei, henceΦG(W (χ)) = 2a2. In particular,n1 | 2.

Assume now thatχ has at least two nonzero components, i.e.,χ= (a, b, . . .) with a > b > 0.
We claim thatΦG(W (χ)) is divisible by4. Consider the subgroupW ′ ⊂W being the semidirect
product ofH andS2 interchanging the first two components. It suffices to show thatΦG(W ′(χ′))
is divisible by 4 for everyχ′ ∈ Wχ. Each orbitW ′χ′ is the union of the following sets of
characters:
• (±c,±d, . . .) and(±d,±c, . . .) for nonzeroc �= d;
• (±c,±c, . . .);
• (±c,0, . . . ,±d, . . .) and(0,±c, . . . ,±d, . . .) for nonzeroc, d.
One easily checks that the valueΦG of the sum of characters in each set is divisible by4. We

have proved

LEMMA B.24. – The integern0 is divisible by4 andn1 = 2.

Now consider the integersn+ andn−. All the coordinates of a characterχ restricting toλ+

or λ− are semi-integers, and in particular are nonzero.
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LEMMA B.25. – n+ = n− = 2n−3.

Proof. –Clearly,ΦG(W (ε)) = 2n−3. We claim thatΦG(W (χ)) is divisible by2n−3 for every
characterχ with semi-integer components. It suffices to show thatΦG(W ′(χ)) is divisible by
2n−3 for every characterχ with semi-integer components. We split the orbitW ′χ into a union
of the pairsχ1 = ae1 + be2+ · · · , χ2 =−ae1+ be2+ · · · with semi-integersa andb. Then

ΦG(χ1 +χ2) = 2
(
a2 + b2

)
∈ 1
2

Z

and the number of pairs in the orbit is2n−2, whence the claim. ✷
Lemmas B.24 and B.25 and (B.9) give then the following theorem.

THEOREM B.26. – Let G be a simply connected group of classical typeDn, n � 4, i.e.,
G= Spin(A,σ, f) for a central simple algebraA of degree2n with a quadratic pair(σ, f). If
disc(σ, f) is trivial,

nG =

{2 if A splits;
2 if n= 4 and one of the algebrasC+ andC− splits;
4 otherwise.

B.6.2. Outer case
The group∆ is a semidirect product of(Z/2Z)n andSn.

THEOREM B.27. – Let G be a simply connected group of classical typeDn, n � 4, i.e.,
G= Spin(A,σ, f) for a central simple algebraA of degree2n with a quadratic pair(σ, f). If
disc(σ, f) is nontrivial,

nG =
{2 if A splits;
4 otherwise.

Proof. –As in the inner case we prove thatnG | 2 exp(A). If A splits, nontriviality of the
Arason invariant implies thatnG = 2. Assume thatA is not split. It suffices to show that for
every characterχ ∈ Λ+, the integer

ΦG

(
∆(χ)

)
· ind(Aχ)(B.10)

is divisible by4.
Assume first that only one of the components ofχ is nonzero, i.e.,χ = ae1 with positive

integera. The∆-orbit of χ consists of the characters±aei, henceΦG(∆(χ)) = 2a2. Note that
χ is stable under the involutionκ, henceF (χ) = F andAχ = A⊗a [9, 27.A]. If a is odd, then
the algebraA⊗a does not split,ind(A⊗a) is even and hence the integer (B.10) is divisible by4.

If χ has at least two nonzero components, then as in the inner case we see that evenΦG(∆(χ))
is divisible by4.

Finally assume that all the components ofχ are semi-integers. The orbit∆χ is twice longer
than in the inner case, hence as in the proof of Lemma B.25 we see thatΦG(∆(χ)) is divisible
by 2n−2 and therefore by4 sincen � 4. ✷
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