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ANNALES MATHEMATIQUES BLAISE PAscAL 10, 1-20 (2003)

Existence of Solution for Quasilinear
Degenerated Elliptic Unilateral Problems

Youssef Akdim
Elhoussine Azroul
Abdelmoujib Benkirane

Abstract

An existence theorem is proved, for a quasilinear degenerated ellip-
tic inequality involving nonlinear operators of the form Au+g(z, u, Vu),
where A is a Leray-Lions operator from Wol’p(Q, w) into its dual, while
g(x, s,€) is a nonlinear term which has a growth condition with respect
to € and no growth with respect to s, but it satisfies a sign condition
on s, the second term belongs to W1 (Q, w*).

1 Introduction

Let © be a bounded open set of RY, p be a real number such that 1 < p < oo
and w = {w;(z), 0 <i < N} be a vector of weight functions on (2, i.e. each
w;(z) is a measurable a.e. strictly positive on Q, satisfying some integrability
conditions (see section 2). This paper is concerned with the existence of
solution of unilateral degenerate problems associated to a nonlinear operator
of the form

Au+ g(z,u, Vu).

The principal part A is a differential operator of second order in divergence
form of Leray-Lions type acting from Wy (€, w) into it’s dual W= (Q, w*),
ie.

Au = —div(a(x, u, Vu)) (1.1)

and ¢ is a nonlinear lower order term having natural growth with respect to
|Vu|, with respect to |u| we do not assume any growth restrictions, but we
assume the sign-condition. Bensoussan, Boccardo and Murat have proved in
the first part of [3], the existence of a solution for the problem

Au+ g(x,u, Vu) = f,
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where f € W~='7(Q). In the second part of [3], the authors have extended
the last result to variational inequalities, more precisely, they have proved
the existence of at least one solution of the following unilateral problem:

(Au,v —u) + fﬂg(x,u, Vu)(v—u) de > (f,v—u)
for all v e Ky

ueWyP(Q) u>1ae. inQ

g(z,u,Vu) € L*(Q) g(z,u, Vu)u € L (Q),

where Ky, = {v € W, P(Q)NL=(Q), v > ae. in Q}, with ¢ a measurable
function on € such that ¥+ € W,*(Q) N L>®(Q). The same result is also
proved in [2] where f € L'(Q).

It is our purpose in this paper, to study the variational degenerated inequal-
ities. More precisely, we prove the existence of solution to the problem (P)
(see section 4), in the framework of weighted Sobolev space. We obtain the
existence results by proving that the positive part ul (resp. negative part
uZ) of u. strongly converges to ut(resp. u~) in W, *(Q,w), where u, is a
solution of the approximate problem (P:) (see section 4). Let us point out,
that another work in this direction can be found in [6] and [1] in the case of
equation.

Note that, this paper can be seen as a generalization of [3] in weighted case
and as a continuation of [1] where the case of equation is treated. This paper
is organized as follows: Section 2 contains some preliminaries, section 3 is
concerned with the basic assumptions and some technical lemmas, in section
4 we state and prove main results.

2 Preliminaries

Let © be a bounded open subset of RY (N > 1), let 1 < p < oo, and
let w = {w;(x), 0 < i < N} be a vector of weight functions, i.e. every
component w;(z) is a measurable function which is strictly positive a.e. in
Q). Further, we suppose in all our considerations that

w; € L,.(Q) (2.1)

and )
w; "€ Ljp(Q) (2.2)
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forany 0 <7 < N.
We define the weighted space LP(€2, ), where v is a weight function on € by,

LP(2,7) = {u=u(z), uyr € LP(Q)}

falh = ( [ 1uoPate) dx)’l’ |

Now, we denote by WP(Q w) the space of all real-valued functions u €
LP(Q, wp) such that the derivatives in the sense of distributions fulfil

ou

X

with the norm

€ LP(Qw;) foralli=1,...,N,

which is a Banach space under the norm

Hulh,p,w—< Jut@pua) do+ Y- [ 1% pu dx) @)

Since we shall deal with the Dirichlet problem, we shall use the space

X = WP (Q,w) (2.4)

defined as the closure of C§°(Q2) with respect to the norm (2.3). Note that,
C5°(9) is dense in Wy (Q,w) and (X, ||.||1pw) is a reflexive Banach space.
We recall that the dual space of weighted Sobolev spaces WO1 P(Q,w) is equiv-
alent to W% (Q,w*), where w* = {w* = w! ¥, Vi =0,..., N}, where p/ is
the conjugate of p i.e. p’ = £ ( for more details we refer to [5]).

p—1
Definition: Let Y be a separable reflexive Banach space, the operator B
from Y to its dual Y™ is called of the calculus of variations type, if B is
bounded and is of the form,

B(u) = B(u,u), (2.5)

where (u,v) — B(u,v) is an operator from Y x Y into Y* satisfying the
following properties:

{ Vu €Y, v — B(u,v) is bounded hemicontinuous from Y into Y*

and (B(u,u) — B(u,v),u —v) > 0,
(2.6)
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Vv €Y, u— B(u,v) is bounded hemicontinuous from Y into Y*, (2.7)

if u,, = u weakly in Y and if (B(up, u,) — B(up, w), u, —u) — 0
then, B(un,v) — B(u,v) weakly in Y*, Vv €Y,

{ if u,, = u weakly in Y and if B(u,,v) — ¢ weakly in Y™, (2.9)

then, (B(un,v),un) — (¢, u).

Definition: Let Y be a reflexive Banach space, a bounded mapping B from
Y to Y™ is called pseudo-monotone if for any sequence u, € Y with u,, — u
weakly in Y and lim sup(Bu,,, u, — u) < 0, one has

n—oo

lim inf(Bu,, u,, — v) > (Bu,u —v) forallveY.

n—oo

3 Basic assumption and some technical lem-
mas

We start by the following assumptions.
Assumption (H;)

The expression
N 1
u(z) g
el x <i§-1/ﬂ| o [Pwi(z) dx

is a norm defined on X and it’s equivalent to the norm (2.3).
And there exist a weight function ¢ on 2 and a parameter ¢, such that

l<qg<p+yp, (3.1)

and
o' € L},.(Q), (3.2)
with ¢’ = q%l and that the Hardy inequality,

(/Q |u(@)|%o () dx)é <c (i}/ﬂ |ag§;)|pwi(x) dx) ’ 33
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holds for every © € X with a constant ¢ > 0 independent of u, and moreover,
the imbedding

X —— LY(Q,0), (3.4)
expressed by the inequality (3.3) is compact.
Notice that (X, |||.|||x) is a uniformly convex (and thus reflexive ) Banach
space.

Remark: If we assume that wy(z) = 1 and in addition the integrability
condition:

N 1
there exists v €]—, 00[0[71700[ such that w;” € L*(Q) Vi=1,...,N,
p p—=

which is stronger than (2.2). Then

Ihellx = (Z L1522 dx>p ,

is a norm defined on W, ”(€, w) and it’s equivalent to (2.3), moreover
WA(©, w) v L),

forall 1 < g < piif pr < N(v+1) and for all ¢ > 1if pr > N(v + 1),

where p; = 25 and p] = A],V_”;l = N(VT;)”_W is the Sobolev conjugate of

+1
p1 (see [5]). Thus the hypotheses (H;) are verified for o = 1 and for all

1 < ¢ < min{p},p+p'}tif pr < Nw+1) and forall 1 < g < p+7p if
pv > N(v+1).

Let A be a nonlinear operator from W, (€, w) into its dual W1 (€, w*)
defined by (1.1), i.e
Au = —div(a(z,u, Vu)),

where a : Q@ x R x RY — R¥ is a Carathéodory vector-function satisfying
the following assumptions:

Assumption (H,)

1

7

1
jas(x, 5,)| < Bu? (x)[k(x) + o7 |s|7 +Zw; (2)|g;[P7Y] foralli=1,..., N,
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[a(x,s,&) —a(z,s,n)](§—n) >0, forall #ne RV, (3.6)

N
Cl(il?, 575)'5 > azwi‘fi’p7 (37)
i=1
where k(z) is a positive function in L” () and «, § are strictly positive
constants.

Assumption (Hj)
Let g(z,s,€) be a Carathéodory function satisfying the following assump-
tions:

g(x,s,&)s >0 (3.8)

l9(w, 5,€)| < b(ls]) (szlél + (e ) (3.9)

where b : RT — R™ is a continuous increasing function and ¢(x) is a positive
function which lies in L'(2).
We consider,

fe w1 (Q,uw). (3.10)

Now we recall some lemmas introduced in [1] which will be used later.

Lemma 3.1: (cf. [1]) Let g € L™(Q,7) and let g, € L"(2,7), with ||gn|ry <
¢ (I1<r<oo). Ifgo(x) — g(x) a.e. in Y, then g, — g weakly in L"(§2,),
where 7y is a weight function on Q.

Lemma 3.2: (cf. [1]) Assume that (Hy) holds. Let F : R — R be uniformly
Lipschitzian, with F(0) = 0. Let u € WyP(Q,w). Then F(u) € Wy (Q,w).
Moreover, if the set D of discontinuity points of F' is finite, then

O(F ou) _{ F’(u)g—; ae. in{reQ: u(r)¢D}
ox; 0 ae. im{reQ: u(x)e D}

Lemma 3.3: (cf. [1]) Assume that (Hy) holds. Let u € WyP(Q,w), and let
Ti(u), k € R*, be the usual truncation then Tj(u) € W' (Q,w). Moreover,
we have

Ti(u) — u strongly in W3 *(Q,w).
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Lemma 3.4: (cf. [1]) Assume that (Hy) holds. Let u € Wy*(Q,w), then

ut = max(u,0) and u~ = max(—u,0) le in Wy P (Q,w). Moreover, we have
out) [ Pv ifu>0
al‘i - 0 5 qu S 0
ou) [0, ifu>0
dr; | —he s if u < 0.

Lemma 3.5: (cf. [1]) Assume that (Hy) holds. Let (uy) be a sequence of
Wy (Q,w) such that u, — u weakly in Wy (Q,w). Then, u) — u weakly
in Wy (0, w) and u;, — u~ weakly in WyP(Q,w).

Lemma 3.6: (cf. [1]) Assume that (Hy) and (Hy) are satisfied, and let (u,)
be a sequence of Wy P(Q,w) such that
U, — u weakly in Wy (€, w)

and

/Q[a(x, Up, V) — a(x, uy, V)|V (u, —u) dv — 0.

Then,
U, — u strongly in Wy (Q,w).

4  Main general result

Let ¢ be a measurable function with values in R such that,
Yt e WP (Q, w) N L2(Q). (4.1)
Set
Ky ={veW;P(Qw)NL¥Q) v>1 ae. inQ}. (4.2)
Remark that (4.1) implies that Ky # 0.

Consider the nonlinear problem with Dirichlet boundary condition,

(Au,v —u) + [, g(z,u, Vu)(v — u) de > (f,v — u)
for all v € Ky

u e WyP(Qw) u>1ae. inQ

g(x,u,Vu) € L'(Q)  g(x,u, Vu)u € L'(Q),

(P)
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here u is the solution of the problem (P).
Our main result is the following.

Theorem 4.1: Assume that the assumption (Hy) — (Hs), (3.10) and (4.1)
hold, then, there exists at least one solution of (P).

Remarks:

1) The statement of Theorem 4.1, generalizes in weighted case the analo-
gous one in [3].

2) If we take ) = —o0, we obtain the existence result for the equation
case (see [1]).

Proof of Theorem 4.1

Step (1) The approximate problem and a priori estimate.

Let €. be a sequence of compact subsets of €2 such that ). increase to 1 as
e — 0.

We consider the sequence of approximate problems:

<Au€7 U= u€> + fQ gs(x7u€, VUE)(U - us) dx > <f7 U= u€>
(P veWP(Quw) v>1 ae. in
u. € WoP(Q,w)  ue > ace. in €,

g(x,s,€)
1 +¢lg(z,s,6)|

and where xq, is the characteristic function of €2..
Note that g.(x, s, ) satisfies the following conditions,

gE(CE,S,f) - XQE(:E)’

m | =

9e(x,5,8)s 20, |ge(z,5,8) < lg(z,5,€)| and |g(z,s,§)] <
We define the operator G, : X — X* by,
(Geu,v) —/ga(x,u,Vu)v dx.
Q

8
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Thanks to Holder’s inequality we have for all u € X and v € X,

1 1
]/gg(x,u,Vu)v dr|] < (/ |ge (2, u, Vu)|¥ o™ @ da:)q </ |v|o d:p)q
Q Q Q
1 / a
([ o o) el
3 O

< cellolll

=

IA

(4.3)
The last inequality is due to (3.2) and (3.4).

Lemma 4.2: The operator B, = A+ G, from X into its dual X* is pseudo-
monotone. Moreover, B, is coercive, in the following sense:

{Bev,v—v0)

{ there ewists vy € Ky such that
Il

— o0 if |||v]]| = o0, ve Ky.

This lemma will be proved below.
In view of lemma 4.2, (P.) has a solution by the classical result (cf. theorem
8.2 chapter 2 [7]).
Let v = 9" as test function in (P.), we easily deduce that

Jo 9= (@, ue, V) (ue —+) > 0, then, (Aug, ue) < (f, ue—0%)+ (Au., vH),

i.e.

N ot
[ alo e VeV do < o =)+ 3 [ aloue Va) 5 da,
@ i=1 /€ i

then,

ou,
O‘Z/Q“’il_!p dr = al|uP < (Il (uell + 1) +

i=1
1
7

N 1
’ ' p 0w+ b4
+ Z </Q|ai(x7us,Vue)|p w, P d:z:) ( Q| o, [Pw; dx)
=1

1Al (U [+ 71D +

IN

1
N N

/ 8'&5 ’7
v cz(/ﬂafp o + 32 19% ) dz) 1)
J

|
=1 i—1 J

9
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Using (3.4) the last inequality becomes

2 _
alllucl [P < elluelll + ezl fuelll>" + esllue [P + cs

where ¢; are various positive constants. Then thanks to (3.1), we can deduce
that u. remains bounded in W, (€, w), i.e.

[|uelll < B, (4.4)

where (3, is a positive constant.
Extracting a subsequence (still denoted by wu.) we get

ue. — u weakly in X and a.e. in Q.

Note that u > % a.e. in 2.

Step(2) We study the convergence of the positive part of u..
Let k > 0. Define u; = min{u™, k}.

We shall fix k, and use the notation,

ze =ul —uf. (4.5)
Assertion(i) We claim that,
lim Sup/[a(ﬂc,ug, Vul) — a(z, ue, Vo )IV(ul —uf)T de < Qp,  (4.6)
e—0 Q

where Qr — 0, if & — +o0.

Indeed, Consider the test function v. = u. — z. By lemma 3.3 and lemma
3.4, we have z. € WyP(Q,w) and z+ € Wy ?(Q,w). And since k — oo and
Yt e L>®(Q) we can assume that k& > ¢ a.e. in Q, by the choice of k, the
above test function is admissible for (P.). Multiplying (P.) by v. we obtain,

(Aug, 2F) + /Qgg(ar, e, Vue)zt de < (f, z27). (4.7)

If 2z > 0, we have u. > 0 and from (3.8), g-(z, u., Vu.) > 0, then,
/Qa(x,uE,Vua)sz de < (f,z1).

Since u. =ul in {x € Q/ zI > 0}, then,

/a(x,uE,Vu:)sz dr < (f,27),
Q

10
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which implies that,
/[a(x,ug, Vul) — a(x,ue, Vul)|V(uf — i)t de <
Q

< —/ a(x,us, Vui )V (ul —ul)" de+ (f, 2F).
Q

(4.8)
As e — 0, we have 2 — (u™ —u])Ta.e. in Q, moreover 21 is bounded in
Wy P(€, w), hence, we have,
2 — (ut = uf)t weakly in W, P(Q,w).
Since a(z, u, Vui) — a(x,u, Vaib) in [[X, L (Q, w}), we obtain by passing
to the limit in € in (4.8) the inequality (4.6) with @y defined by,

Qr = — /ﬂ a(z,u, Vu )V (ut —u)t de+ (f, (u™ —uf)T). (4.9)

)t — 0 in WP (Q,w) as k — oo, we have Q) — 0 as

Because, (u
k — oo.

Assertion(ii) Let us show that,

lim sup/ —la(z,ue, Vul) — a(z,ue, VU )|V (ul —uf)” doz < 0. (4.10)
Q

e—0

Indeed. We consider for that, the test function v. = u. + @a(z- ), where
ox(s) = se™’. We have, 0 < z7 < k, i.e, 27 € L®(Q) and since 2o €

Wy P(€, w), hence using lemma 3.2 we have v, € W, 7(Q,w), then clearly, v,

is an admissible test function.
Multiplying (P.) by v. we obtain,

/a(%uaWe)We%(%) dw+/ge(x,us,Vus)w(zg) dz > (f, ea(2))-
Q Q

(4.11)
Define,

E.={zeQ ul(z) <uf(x)}and F. ={z € Q, 0 <wu.(z) <uj(z)}.

Since py(z7) = 0 in E¢, we have,

/gs(:p,ug, Vue)pa(z) de = / ge(x, ue, Vu ) (27 ) dx. (4.12)
Q

€

11
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When u. <0, we have g.(x, u., Vu.) < 0 and since p,(z-) > 0, we obtain

/ 0o (2,10, Vi )pr(z0) do < / 02y 1, Vi )pr(2) da
Fe

€

N

< / (a3 ol + cl@lpn(z5) da

we) [ [ENj wil

e i=1

IN

+c(@)loa(z) do

< B [ e Vi) Vi) do+ o) [ clolor(zz) de (413)

«

€ €

As in the proof of theorem 1.1 in [3], we can show that,

—;/[a(x,ug, Vul) — a(x,ue, Vu;)]V(u: - u,j)_ dr <
Q
< [ lofe e, Vi) = ale e Va IVl 4 uf) do -+ (= fria(22)
Q
b(k
+/ a(m,uE,VuDVz;gp’/\(zs_) dx + % / a(z,u., Vur )Vuk oz ) de+
Q
b(k
+§)/ a(@, ue, Vul )V (ud — u )pa(22) dx + b(k) / c(z)pa(z0) dz,
Q Q
(4.14)
for A = bik);
For short notation, we rewrite the above inequality as,

Extracting a subsequence such that,

a(x, ue, Vue) — v, weakly in sz\il LY (9, w)
and (4.16)
a(x,us, Vul) = v, weakly in [[L, L (Q,w)).

Lemma 4.3:(cf. [1]) For k fized and letting ¢ — 0, we claim that,
01— = [ n = alVal ) do+ (= Faon(” = uf) )

9) 12— 12 = / al,u, Ve )V ((u* — u) )b (" — uf)) d.

12
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3) I — I = b(ai) /QWVUM?A((W —uy)") da.
D1 — 1t =" [ ot )V = w0 - uf)) do
) 15— 1 =b(b) [ elaonllu —u)) do.

In view of lemma 4.3 and (u* — ;7)™ = 0 and ,(0) = 0 we have,

limsup I, < I,i + I,f + ],i’ + I,f + I,g’ = /[71(90) — Yo (2)|Vul o\ (uf) da.
Q

e—0
Moreover, if u. < 0 we have (u.); = 0, hence,
(a(z, ue, Vue) — a(z, ue, Vul))(ues)f =0 a.e. in Q
which implies that (v1(z) — y2(x))u; = 0, and so that,

limsup I <0,

e—0

thus, (4.10) follows.
Assertion(iii) Let us show that,

+
€

uf — u't strongly in Wy (Q, w). (4.17)

From (4.6) and (4.10) we have (as in the proof of theorem 1.1 in [3]),

lim sup/[a(:):,ug, Vul) — a(x,ue, Vuh)|V(ul —u®) doe <
Q

€
e—0

< Qr+ /Q[’yg(:z:) —a(z,u, Vu )V (u; —u") da.

Now letting &k — oo and using lemma 3.6 we obtain (4.17).
Step(3) We study the convergence of the negative part of u.
Similarly to the preceding step, we shall prove that

u; — u~ strongly in W, ”(Q,w). (4.18)
Assertion (j)Let us show that,

lim sup/ —la(z, ue, —Vu_ ) — a(z, ue, —Vuy )|V (us —uy )t de < Q.
e—0 9]
(4.19)

13
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where Q) — 0, if k — +oo.
Indeed. We define

w, =min{u, k} and y. =u, —u.

Consider the test function v, = u. + yI in (P.), it is clearly admissible.
Multiplying (P.) by v., we have,

/a(%us,vue)vy: dx + / ga(xvuaavue)y;_ dx > <f7 y:>
Q Q

Since yI > 0 implies u. < 0, then from (3.8), we have g.(z,u., Vu.) < 0,
hence g.(x, us, Vus)yS <0 a.e. in Q, then,

/wﬁ%v%wwduuﬁgy
Q

Since u. = —u_ on the set {x € Q, y > 0} we can also write
Jo a(@, ue, =Vu )Vyt dz > (f,y), which implies that,

— /Q[a(a:,ug, —VuZ)— a(@,ue, =Vuy )| V(uz —u; )t de <

[ ale e =) V(s = ) da = (£
Q

As € — 0 we have y© — (v~ — u; )Ta.e. in Q, and since y is bounded in

W,y ?(Q,w), then y+ — (u= — uy )™ weakly in W&’p(ﬂ,w) (for k fixed).
Passing to the limit in € we obtain (4.19), with @ defined by,

Qr = / a(x,u, —Vu )\V(u~ —u )t doe — (f, (u” —u;)*).
Q
Because (u~ —uy )* — 0 strongly in WP (Q,w) as k — oo we obtain that

Qr — 0 as k — oo.
Assertion (jj) Let us show that,

e—0

lim sup/[a(a:,us, —Vu_ ) —a(z,u., —Vu, )|[V(u; —u, )" de <0. (4.20)
Q

Indeed. Considering the following test function v. = u. — 6.9\ (y- ) where
5. > 0 such that 6.e*¥)* < 1 this function is admissible (cf. [3]), then,

(Aue, =00 (y2 ) — 55/995(56,%»Wa)w(y5) dr > —(f,0:0x(y2)),

14
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<Au57 @A(yg» + /ng(x7u67 VU‘;)(P)\(?JE;) dz < <f> <P,\(y§)>,

with this choice (4.20) follows as in (4.10).

Finally combining (4.19) and (4.20), we deduce as in (4.17) the assertion
(4.18).

Step (4) Convergence of ..

From (4.17) and (4.18) we deduce that for a subsequence

u, — u strongly in W, ”(Q,w) and a.e. in Q (4.21)
Vu, — Vu a.e. in §, (4.22)
which implies that,

gE(I7U57 VUE)US — g(:v,u, VU)U a.e. in Q. (423)

{ ge(x, ue, Vue) — g(z,u, Vu) a.e in Q

On the other hand, multiplying (P.) by u. and using (3.7), (3.8), (4.3), (4.4),
we obtain

0< / 9: (@, ue, Vu)ue da < B, (4.24)
Q

where B is some positive constant.
For any measurable subset F of ) and any m > 0 we have,

/ |g€(x,u€,Vu5)| dr = / ]gg(x,ug, VU’E)‘ dx +/ |g£(x7umvu5)| dx
E ENX:, ENYg,

where
X, ={z€Q: |u(x)] <m}
Ye={reQ: |u(zx)] >m}.

From (3.9), (4.24), (4.25) we have,

(4.25)

1
/ 0. (1, V)| do < / 02 (, e, V)| i+ - / 0. (0,2, Vo Ju. de
E ENXE, mJa

IN

b(m) / (Z; wi]ng P+ o(z) dz + B%.

(4.26)

15
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Since the sequence (Vu,) strongly converges in Hfil LP(Q2, w;), then (4.26)
implies the equi-integrability of g.(z, u., Vu,).
Thanks to (4.23) and Vitali’s theorem one easily has

gz, ue, Vo) — g(z,u, Vu) strongly in L*(Q). (4.27)

Moreover, since g.(x, u., Vu:)u. > 0 a.e. in €, then by using (4.23), (4.24)
and Fatou’s lemma we have

g(x,u, Vu)u € L'(9). (4.28)

From (4.21) and (4.27) we can pass to the limit in

(Aug, v —u.) + / ge(x,ue, Vue) (v — ue) de > (f, v — u,)
Q

and we obtain,

(Au,v — u) +/g(m,u,Vu)(v—u) de > (f,v —u)
o (4.29)
for any v € WyP(Q,w) N L®(Q) v > ¢ p.p. in Q.

Proof of lemma 4.2
By the proposition 2.6 chapter 2 [7], it is sufficient to show that B. is of the
calculus of variations type. Indeed put,

N
by (u,v,w) = Z/ a;(z,u, Vo)V dx
i=1 v

be(u, W) :/gg(as,u7 Vu)w dx.
Q
The form @ — by (u, v, W) + ba(u, W) is continuous in X. Then,
by (u, v, W) + by(u, w) = b(u,v, w) = (B:(u,v),w), B.(u,v) € Wﬁl’p/(Q, w")

and we have
B.(u,u) = B.u.

Using (3.5) and Holder’s inequality we can show that A is bounded [4], and
thanks to (4.3), B. is bounded. Then, it is sufficient to check (2.6) — (2.9).

16
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Show that (2.6) and (2.7) are true.
By (3.6) we have,

(BE(’LL,’LL) - BE('LL,’U),U - 'U) = bl(ua U, U — U) - bl(u,U,'U, - U) >0

The operator v — B.(u,v) is bounded hemicontinuous. Indeed, we have

a;(x,u, V(1 + M) — a;(z, u, Vuy) strongly in LP (Q,w}) as A — 0.
(4.30)
On the other hand, (g.(z,u; + Mg, V(u; + Muy))), is bounded in L7 (Q, 01~7)
and g.(z,u; + Aug, V(ug + Aug)) — ge(z,u1, Vuy) a.e. in  hence lemma
3.1 gives

Ge (2, uy + Mg, V(uy+Mug)) — ge(,ur, Vuy) weakly in L9 (Q,077) as A — 0.
(4.31)
Using (4.30) and (4.31), we can write

b(u, vy + Avg, W) — b(u,v1,w) as A — 0 Yu,v;,w € X.

Similarly we can prove (2.7).
Proof of assertion (2.8). Assume that u,, — u weakly in X and (B(un, u,) —
B(up, u), u, —u) — 0. We have: (B(uy,u,) — B(up,u), u, — )

N
= Z/ (a;(z, un, V) — ai(x, uy, Vu)) V(u, —u) dz — 0,
i=1 79

then, by lemma 3.6 we have,
u, — u strongly in X,

which gives
b(up, v, w) — b(u,v,w) Yw € X,

ie.
B (up,v) = B.(u,v) weakly in X™.

It remains to prove (2.9). Assume that
u, — u weakly in X (4.32)

and that
B(up,v) — ¢ weakly in X™. (4.33)

17
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Thanks to (3.4), (3.5) and (4.32), we obtain
a; (2, Up, VU) — ag(z,u, V) strongly in L (Q, w}) as n — oo,

then,
by (U, v, Up) — by (u, v, u). (4.34)

On the other hand, by Holder’s inequality,

1
q

bty i — )| < </ 10 (2, 1, V)|V oo dx> (/ ly, — ulo da;)
Q

-

g Q.

ba (U, up —u) — 0 as n — oo, (4.35)

but in view of (4.33) and (4.34), we obtain
bo (U, u) = (Be(tn,v),u) — by (U, v,u) — (Y, u) — by(u,v,u)
and from (4.35) we have,

bQ(umun) ('(/)7 ) (U v U)

IN

—q' q
o0 dx) ' |, — ul|Lo0,0) — 0 as n — oo,

ie.,

Then,
(Bs(u’m 'U), un) = bl (u’m v, un) + b2(un; un) - (wa U).

Now, let us show that B. is coercive. Let vy € K.
From Hélder’s inequality, the growth condition (3.5) and the compact imbed-
ding (3.4) we have,

N
A = i
(Av, vg) Z/a vauaxl
N -2 v ov »
< a;(x,v, Vv P'wiT da:) ( Opwi dw)
Z(/| (2,0, V0) =
c|fvol | (]/ k(x) -+\UVU‘%EE:|‘A*VUh dI)

eales + [[[oll7 + llo][P),

IN

IN

18
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where ¢; are various constants,
thanks to (3.7) we obtain,

(Av,v)  (Av,vg) N _ a4 c
- > alllullP= = ol = [l =
ol ol ol
In view of (3.1) we have p —1 > -5 — 1. Then,
(Av, v — vg)
o —— o0 as [[[o]]| — oo,
ol
since (G.v,v) > 0 and (G.v,vy) is bounded we have
(B-v,v — vp) > (Av,v =) (Gev, vp) 0o as |||o]]| — oo,
ol ol gl

Remark: ~ The assumption (3.1) appears necessary, in order to prove the
boundedness of (uc). in Wy (Q,w) and the coercivity of the operator B..
While the assumption (3.2) is necessary to prove the boundedness of G. in

Wy (Q,w). Thus, when g = 0, we don’t need to suppose (3.2).
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