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Hook removal operators on the odd Young

graph

Christine Bessenrodt, Eugenio Giannelli & Jgrn B. Olsson

ABSTRACT In this article we consider hook removal operators on odd partitions, i.e., partitions
labelling odd-degree irreducible characters of finite symmetric groups. In particular we com-
plete the discussion, started in [8] and developed in [3], concerning the commutativity of such
operators.

1. INTRODUCTION

Let n be a natural number and let x be an irreducible character of odd degree of
the symmetric group &,,. In [8] it was shown that whenever k is a non-negative
integer such that 2% < n, then there exists a unique irreducible constituent f7*(x) of
XS, of odd degree appearing with odd multiplicity. This result (together with [5,
Theorem 1.1]) was the key ingredient in giving a purely algebraic interpretation of
the canonical McKay bijection for symmetric groups first described combinatorially
in [6, Theorem 4.3].

Let Irry/ (S,,) be the set of irreducible characters of &,, of odd degree. The main
aim of this article is to continue the study, begun in [3], of the maps

i Irra(6,,) — Irrer (S,,_9x), for all n,k e N.

To ease the notation we will sometimes write fj instead of f;' when the domain of
the function is clear from the context.

A first natural question in order to understand the compatibility of these func-
tions with respect to each other is: when does f,?_2kf,? = fiy1 hold? (in brief:
Jrefrk = fe+1?). We are able to fully answer this question. In order to formulate the
precise statements of our theorems we need to introduce some specific combinatorial
concepts and notation. This is done in details in Section 4. Here we restrict ourselves
to summarise our main results.

FIRST MAIN RESULT. Let n and k be natural numbers such that 2511 < n. Then:

(i) We completely describe the partitions labelling those irreducible characters

x such that f,;“Qkf,?(X) = fiy1(x). (This description is obtained in Corol-
lary 4.17 together with Lemma 4.11 and Proposition 4.13.)

(ii) As a corollary of (i), we give an explicit formula for the number of such
irreducible characters. (This is contained in Theorem 4.8 and Corollary 4.16.)
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Surprisingly, we are also able to show that when n/2* is small, we only need to
check the value of y on one specified conjugacy class to see whether fi fx(x) = fr+1(x)
or not. In fact, if [1n/2¥] < 4 then there is a specified element g € &,,, depending on
n and k, such that for all x € Irra, (&,,) we have that fi fr(x) = fr+1(x) if and only
if |x(g)] =1 (Theorem 4.20).

In the second half of the article we focus on the commutativity problem. More
precisely, given ¢, k,n € N such that 2¥ 4+ 2¢ < n we aim to determine the set Tee(n)
consisting of those partitions of n that label irreducible characters x of &,, such that
Fefe(x) = fofr(x). Again, we postpone the description of the necessary combinatorial
framework to Sections 5 and 6. Here we summarize our results.

SECOND MAIN RESULT. Let £,k,n € N be such that 25 +2¢ < n. Then:

(i) We completely describe the set Ty ¢(n). (In Lemma 5.5 we first reduce the
problem to the case k = 0. The case k =0 is fully analysed in Section 6.)

(ii) As a corollary of (i), we give an explicit formula for |Tre(n)|. (This is done
in Theorem 5.10 together with Corollary 6.20.)

We remark that our Second Main Result concludes the study of commutativity
of the maps fi. This work began in [8] and was subsequently developed in [3]. The
characters of odd degrees on which we focus in this article are labelled by partitions
which we call odd partitions; thus we focus on a subgraph of the Young graph which
we call the odd Young graph. The hook removal operators that we discuss here act
on this odd Young graph, and the main theme of this article is the relationship of the
behavior of these operators on this graph.

2. BACKGROUND

We start by recalling some facts in the representation theory of symmetric groups.
We refer the reader to [9], [10] or [12] for a more detailed account.

2.1. PARTITIONS AND HOOKS. A partition A = (uq,us,...,us) is a finite weakly de-
creasing sequence of positive integers. We say that A is a partition of |\ = > u;,
written A F |\ and call the u;’s the parts of A. The Young diagram of A is the set

Al ={(,7) e NxN|1<i<l1<)<u}y

where we think of the diagram in matrix orientation, with the node (1, 1) in the upper
left corner. Given (r,c) € [A], the corresponding hook H, . ()) is the set defined by

Hioy(A) = {(ry) € Ny = e} U{(z,¢) € N[z =7}

We let . c(\) = [H(c)(N)| be the length of the hook, and we denote by H () the set
of hooks in \. When h = H, .)()) is a hook of A, we say that we remove it from A
by removing the nodes on the rim of the Young diagram, starting at the hand (r, u,)
and ending at the foot of column c¢; the partition thus obtained is denoted by A \ h.
Let e € N. A hook of length e in A is called an e-hook of A and we denote by H.()\)
the set of hooks in A whose lengths are divisible by e.

2.2. ODD DEGREE CHARACTERS AND ODD PARTITIONS. Let n be a natural number.
We let Irr(S,,) denote the set of irreducible characters of &,, and P(n) the set of
partitions of n. There is a natural correspondence A «+ x* between P(n) and Irr(&,,).
In this case we say then that A labels x*. We denote by Irro/ (&,,) the set of irreducible
characters of &,, of odd degree. If x* € Irro/(&,,) we say that x* is an odd character,
we call A an odd partition of n and write A -, n. We denote by O(n) the set of odd
partitions of n; by convention, O(0) = {&}.
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The following key result was proved in [8, Theorem A and Proposition 4.2], gener-
alizing the beautiful result obtained in [1, Theorem 1].

THEOREM 2.1. Let n, k be such that 28 < n and let A\ F, n. Then there exists a unique
2%_hook h in \ such that the partition p = X\~ h obtained by removing h from X\ is an
odd partition of n — 2%. Furthermore, we then have ff(x*) = x*.

In the setting of Theorem 2.1 we abuse notation and consider f;' also as a map
between the corresponding sets of partitions O(n) and O(n — 2¥). In particular we
will write f7'(\) = p.

DEFINITION 2.2. Let n € N and A F, n. We call a hook h in A odd if A \ h is
again an odd partition. If 28 < n, we let z,,(\) and s, (\) be the integers satisfying
that H., (x),s,(\)(A) s the unique odd 2%_hook in \. Also let rp(\) = b1 (A), a
first-column hook length.

2.3. ABACUS CONFIGURATIONS, e-CORES, e-QUOTIENTS. As discovered by G. James,
all of the operations on partitions concerning addition and removal of e-hooks may
conveniently be recorded on an e-abacus. This is described in detail in [10, Section 2.7].
Since we are going to use abaci in some proofs we introduce our modification of this
important object, which may somehow be more flexible and give some notational
advantages.

An e-abacus consists of an odd number of rows, say 2a + 1, labelled (from top to
bottom) by the integers —a,—a +1,...,a — 1, a, and e runners (or columns) labelled
(from left to right) by 0,1,...,e — 1. For any (z,y) € {—a,—a+1,...,a — 1,a} X
{0,1,...,e—1} we can place a bead in position (z,y) of the abacus. Any distribution
of beads on an e-abacus is called an e-abacus configuration. Note that an e-abacus
contains only finitely many beads in an e-abacus configuration. There is some freedom
in the choice of a; it just has to be sufficiently large so that we have enough beads
and rows to perform all of the necessary operations.

A gap in an e-abacus configuration A is an empty position in A, i.e., a position
not containing a bead. Numbering the positions in A from 0 to e(2a + 1) — 1, going
from left to right and from top to bottom, we call the gap with the lowest position
number the first gap. Listing the numbers of the positions with beads in A gives
a set of non-negative integers, i.e., a sequence of S-numbers in the notation of [10,
Section 2.7]. This is a generalization of a sequence of first-column hook lengths and
uniquely identifies a partition A. In fact, if ¢q,co,...,cs are the beads on A after
the first gap, then the differences between the position numbers of these beads and
the position number of the first gap gives the first-column hook lengths h; 1y(\) of
a unique partition A. In this case we say that A is an e-abacus configuration for A
(later we mostly call it simply an e-abacus for A). Thus for a fixed a the e-abacus
configurations for a given A differ only by the number of beads before the first gap,
i.e., by the position of the first gap. In particular, different e-abacus configurations
for A have different numbers of beads.

We define a normalized e-abacus configuration for \ as one having its first gap
in position (0,0). Later we will have to deal with situations where a certain start
configuration is normalized, and it will occasionally be necessary to move beads with
a row label well below 0 on their runner to a row with a higher row label.

By [10, 2.7.13] the removal of an e-hook in A is recorded in any sequence of -
numbers for A by reducing one of its numbers by e.

We collect some of the above facts in a lemma for later reference.
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LEMMA 2.3. Let A be an e-abacus configuration for A consisting of m beads.

(1) The positions of the beads after the first gap in A determine the first-column
hook lengths of A. Fach of these beads corresponds to one part of A, which is
equal to the number of gaps before the bead.

(2) The removal or addition of an e-hook is recorded on the e-abacus by sliding a
bead one step up or down to an empty position on a runner of A.

(3) If A is normalized and if |\| < e then all beads after the first gap are in
row 0 of A. If there are s such beads then their positions are (0, h(; 1y(X)) for
1< <s.

(4) Let B be an e-abacus configuration for A. If B consists of m beads, then
A=B.

DEFINITION 2.4. Given an e-abacus configuration A and a bead ¢ in A, we denote by
A(y, < ¢) the e-abacus obtained by moving bead c to its left y times, ending in a gap.
More precisely, the position number of ¢ in the abacus is reduced by y. Here we use
left in a broad sense. In fact, in principle we could end up in a gap in a higher row.
(This will not happen in our applications later in the article).

DEFINITION 2.5. Let n and k be natural numbers such that 2 < n and let A F, n.
Let e be a natural number and let A be an e-abacus configuration for \. We denote
by c(A) the unique bead in A such that A(2%,«+ cx(A)) is an e-abacus configuration

for fr(A).

We note that Theorem 2.1 guarantees that the c¢x(A)’s in Definition 2.5 are well
defined. The following is a consequence of Lemma 2.3(3).

LEMMA 2.6. Let 28 < n < e and A, n. Let A be a normalized e-abacus configuration
for \. Then the bead ci(A) is in position (0,75(A)) for some ri(A) € {1,...,n}. In
fact, in the notation of Definition 2.2 we have ri(A) = hz, (x),1(A) = 7%(N), i.e., T(A)
s a first-column hook length of \.

Let A be a partition of n and let A be an e-abacus configuration for A. Denote by
Ao, Ai, ..., Ac_y the runners in A from left to right. For j € {0,...,e — 1}, denote
by |A;| the number of beads on runner j. Moreover, we denote by A" the e-abacus
obtained from A by sliding all beads on each runner as high as possible. Similarly,
we denote by Al,... Al | the runners of AT. Then A" is an e-abacus for a partition
C.()\), known as the e-core of A. Using Lemma 2.3(2) repeatedly, we see that C,(\)
does not contain any e-hook and is obtained from A by removing a number of e-hooks
(say we(A) e-hooks) from A. We call w.(X) the e-weight of A.

Then we(A\) = we(A), where we(A) denotes the total number of up-slides needed
to obtain AT from A. Similarly, for i € {0,...,e — 1} let w.(A;) denote the number
of those slides that were performed on runner i in the transition from A to AT. Thus
we have

We(A) = we(A) = we(Ag) + -+ + we(Ae—1).
For j € {0,...,e — 1}, denote by p; = p;(A) the partition corresponding to the
runner A; (considered as a l-abacus configuration). We then obviously have that
we(Aj) = |-

REMARK 2.7. Suppose that the e-abacus configuration A for the partition A of n
consists of m beads. The e-quotient Q.(\) = (Ao,...,Ae—1) of A, as defined in [10,
Section 2.7] and [12, Section 3] agrees with (19(A), ..., te—1(4)) if e | m. If e { m then
(120, - - + 5 fre—1) i just a m/-cyclic shift of (Ag, ..., Ae—1). Here m/ is the smallest positive
integer which is congruent to m modulo e. In particular, Q.(\) is also determined
by A.
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It is well-known that a partition is uniquely determined by its e-core and e-quotient
(see e.g. [12, Proposition 3.7]). This fact may also be deduced from the discussion
above.

REMARK 2.8. Let H(Q.()\)) = Uf:_ol H(X;) (considered as multisets). As explained
in [12, Theorem 3.3], there is a bijection between H.(\) and H(Q.()\)) mapping
hooks in A of length ex to hooks in the quotient of length x. Moreover, the bijection
respects the process of hook removal. In particular we conclude that

[He(M)] = we(X) and [A] = [Ce(N)] + ewe ().

For later use we also introduce the following object when e = 2. We denote by
Q2 (A) the 2-quotient tower and by C2(A) the 2-core tower of a partition A. These have

rows numbered by k& > 0. The kth row Qék) (A) of Q2()\) contains 2* partitions )\Ek),
1 <i < 2%, and the kth row Cék)()\) of C2(X) contains the 2-cores of these partitions

in the same order, i.e., CQ()\Z(-k)), 1 < i < 2%. The Oth row of Q3(\) contains \ = )\(10)
itself, row 1 contains the partitions )\gl), )\él) occurring in the 2-quotient Q2(\), row 2
contains the partitions occurring in the 2-quotients of partitions occurring in row 1,
and so on. Specifically we have QQ()\Ek)) = ()\ngll),)\ggﬂ)) for i € {1,...,2F}. We
remark that the 2% partitions in Qék)()\) are the same as those in the 2*-quotient

Qr () of A, but in a different order for k > 2. We also denote by DY (\) the k-data
of A. This table (first introduced in [3]) consists of k+1 rows. For all j € {0,...,k—1}

we have that row j coincides with Céj)()\); the (k + 1)th (last) row equals Q;k)()\).

3. PRELIMINARY RESULTS

Having collected the combinatorial background material, we now turn again to char-
acters and prove some preliminary results that will turn out to be useful in the later
sections.

3.1. CHARACTER VALUES AND ODD PARTITIONS. We apply the Murnaghan—
Nakayama formula (in short the MN-formula; see [10, 2.4.7]) for some easy but useful
characterizations of odd partitions.

Suppose that x* € Irr(&,,) and that 7 € &,, is a 2-element. Then x*(1) and x*(7)
have the same parity (see [4, (6.4)]). In particular odd characters have odd values
on all 2-elements, and a character is odd if and only if it takes odd values on some
(non-empty) set of 2-elements.

The 2-powers in the binary expansion of numbers under consideration will play a
crucial role. When 2% appears in such an expansion of n, we say that 2% is a binary
digit of n and write 2* Co n. Furthermore, we say that two natural numbers are
2-disjoint if they do not have any common binary digit.

We fix some notation for the following results. We write n = 2% + ... 4 2% where
ap > -+ > ar > 0. Let w, be an element in &,, of cycle type (2%1,2% ..., 2%"),
A 2-chain in A F n is a sequence A = A, ... A" where A1 is obtained from A\’
by removing a 2%-hook. If it exists, a 2-chain in A is unique. We note that, as an
immediate consequence of the main result in [2], the number of partitions of n that
have a 2-chain is exactly [];_, 2%.

A part of the following result appeared in [1, Lemma 1] with a different proof; the
criterion in part (3) will be applied repeatedly in later sections.

LEMMA 3.1. Let A n. Let ™ be a 2 -cycle in &,,.
(1) If A contains a 2**-hook h, and v € &,, acts on the fized points of w, then
() = AN ()]

Algebraic Combinatorics, Vol. 2 #2 (2019) 253



C. BESSENRODT, E. GIANNELLI & J. OLSSON

(2) We have x> () # 0 if and only if X contains a 2 -hook h. In that case x*(1)
and x*>"(1) have the same parity.

(3) The partition X is odd if and only if A contains a 2**-hook h such that A~ h
is odd.

(4) If X contains a 2-chain then |x*(w,)| = 1.

Proof. (1) is an instance of the MN-formula.

(2) By (1), x*(7) # 0 if and only if A contains a 2%1-hook h. If this is the case then
M) = £xM (1), so x*(1) and x*>"(1) have the same parity.

(3) If X is odd, then x*(7) is odd, so that h exists and A \ h is odd by (2). If h
exists and A \ h is odd, then X is odd, by (2).

(4) is obtained by repeated application of (2). O

The next result is implicit in McKay’s paper [11], where he introduced his famous
conjecture.

LEMMA 3.2. Let A F n. The following statements are equivalent:
(1) X is odd.
(2) A contains a 2-chain.
(3) xMwn)l =1.

Proof. (1) < (2) follows by repeated use of Lemma 3.1 (3).
(1) = (3) is stated in Lemma 3.1(4), and the converse holds as x*(w,,) and x*(1)
are of the same parity. O

It is known that the Murnaghan—Nakayama formula may be iterated to get an in-
teresting factorization formula for certain character values involving C.(\) and Q.()\);
we recall this here (see [10, 2.7.33]).

LEMMA 3.3. Let A F n, Qc(A) = (No,---;Ae—1). Assume that w = we(A), and let
p €S, be the product of w e-cycles; let v € &, act on the fired points of p. Then

XMNpy) = {i(ko,mﬁ..,ue1|>XCQ(A) (MITZo () if w=we(N)

0 if w > we(N).
For any A = n, wor(A) < [5% ], by Remark 2.8. If X\ =, n then wor (\) = [ 55 |, by
Theorem 2.1. Applying Lemma 3.3 with e = 2¥ and p a product of w = | 5% ] 2F_cycles

we immediately obtain

COROLLARY 3.4. Let A + n, with Qék)()\) = ()\gk),...7)\gz)). If p is a product of

w = |3%] 2*-cycles and v € &,, acts on the fived points of p, then

2k (k) .
j:(l/\§k>|7|/\g§1>}|7___7|>\(fz)‘)xczk(k)(y) [T xN (1) if w=war(N)
2

if w > wak(A).

XMpy) =

COROLLARY 3.5. Let A = n, p,~y be as in Corollary 3.4. Then |x*(pY)| = 1 if and only
if the following conditions are all fulfilled:
(1) There exists a unique s € {1,2,...,2%} such that AP € {(w), (1*)}.

(2) XM ()] =1.
(3) w = war(N).

As a consequence of the previous results we find all the character values +1 on
certain 2-elements. We use the notation introduced before; in particular, n = 2% 4
-o-+ 2% where a1 > --- > a, = 0.
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COROLLARY 3.6. Let k € N with 28 < n. Set w = [n/2%], m = n —w - 2F. Let
p € S, be a product of w 2k-cycles, v = wm on the fized points of p. Let A, n. Then
Ix*(py)| =1 if and only z'f)\ € {(w), (1)} for some s € {1,27 o, 2R

In particular, when aq = k > aqq1, there are exactly ok’ Hz a+1 2 irreducible
characters with value +1 on py, where k' = k when w = 1, and k' = k + 1 when

w > 1.

Proof. Since A\ F, n, wak(A) = [5r]. Furthermore, Cox()) is an odd partition of
m = n —w - 2F. Hence |Cor (\)(wy)| = 1 by Lemma 3.2. Thus both conditions (2)
and (3) of Corollary 3.5 are satisfied for \, and the criterion for [x*(py)| = 1 follows

from Corollary 3.5; note that the index s is unique as the total weight of ng)()\) is
w.
For counting the \ I, n satisfying |x*(p7y)| = 1, note first that there are exactly

[T 41 2% possible partitions Cox (N); then there are 2% possible indices s such that

AP ¢ {(w), (1)}, and either 1 or 2 possibilities for AY | when w = 1 or w > 1,
respectively. O

For p a product of wayx (A\) 2¥-cycles, we know that ) is odd if and only if x*(p) is
odd. This happens if and only if the following numbers are all odd:

w AR . Cyor(N)
k k k), X (1), foralld, x™2*'V(1).
(IA§ 1IN >|,...,|Ag,3|)

Now (I/\gk)|7‘/\<2£‘>’|7___7|/\;;Z)|) is odd if and only if the numbers |)\§k)|, 1 < i< 2 are
pairwise 2-disjoint. Thus A is odd if and only if the following conditions are all fulfilled:
(a) Car(A) is odd.
(b) The partitions /\Ek), 1< i< 2% are all odd.
(¢) The numbers |)\£k)\, 1 < < 2%, are pairwise 2-disjoint.

From this we may deduce the following theorem, which is also [3, Theorem 2.5]. It
shows that the k-data encodes full information on the parity of the character degree

XM

THEOREM 3.7. Let A+ n, and let k > 0 be fized. Consider Qék)(/\) = (/\gk), e )\éi)).
en A\ is odd if and only if the following conditions are all fulfilled:

Then A dd if and only if the foll g cond 1l fulfilled
(1) c;j)()\) <1 forall j <k.
(2) The partitions A§’“), <
(3) The numbers |)\Ek)|, 1<

In this case 3, |)\Z(.k)| = %]

k are all odd.

1< 2
< 2%

, are pairwise 2-disjoint.

3.2. ODD PARTITIONS: R-OPERATORS, k-TYPES. Let n,j € N be such that 2 < 27 <
n. Let A b, n and let h = H. (x5, (n)(A) be the unique 2/-hook in A whose removal
leads to the odd partition f7*(A) of n — 27 (see Definition 2.2). Repeated applications
of Remark 2.8 show that for any k € {0,1,..., 7} the removal of h from A corresponds
to the removal of a 27~F-hook h from exactly one of the 2* partitions involved in

gk)(/\). We denote this distinguished component of Qék)()\) by Ri(x\); note that
this partition occurs only once in ng)(/\), as for an odd partition A the nonempty
partitions in Q(k)( A) are of different sizes (by Theorem 3.7(3)). It is easy to see that
for all k& € {0,1,...,7} the k-data of fI'()\) is obtained from the k-data of A\ by

replacing RJ,(\) with f;_k(Ri()\)), where 7 = |RJ(\)].
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We denote by H(n) the set of hook partitions of n. The following lemma shows
that if A belongs to a specific class of partitions, then it is very easy to explicitly
describe fi()).

LEMMA 3.8. Let t,k,w € N be such that 0 < k <t and 0 < w < 2t — 1, and let
A= (2" —w,1%) € H(2"). Then

foy = @ 192" i 2k Gy,
i (28 —w— 28, 1%)  if 2k o w.

Proof. Tt is well known that if 4 = (n — w,1") € H(n), then x*(1) = (”;1) The
statement of the lemma follows directly from this fact. O

For arbitrary partitions A of an arbitrary natural number n, it is not always as
easy as it is for hook partitions of a power of 2 to understand the structure of f’(\).
For this reason we give an explicit arithmetic determination for Ri()\) which will turn
out to be very useful.

LEMMA 3.9. Let n = 2% + .- 4+ 2% with a1 > ay > -+ > a, = 0. Let A\ F, n
and j € N with 29 < n. Let k € Ng with k < j and OF(\) = (A1,..., Aox). Let
a; = min{a; | a; = j}. Then 2%~* is a binary digit of | \s| for a unique s € {1,...,2%},
and RL(\) = As.

Proof. By Theorem 3.7 we know that Zil |Xil = |3r] and that the numbers |);]
are pairwise 2-disjoint. Hence there exists a unique s € {1,...,2*} such that 2%¢=F
is a binary digit of |A\s|. Moreover, by definition we have that Ay is an odd partition
such that 277% < |\s|. Hence f;_x()\s) is a well defined odd partition whose size is
2-disjoint from |\,| for all 7 € {1,...,2¥} \ {s}. Thus R} (\) = A,. O

In particular, for the realization of the removal of a 2¥-hook from \ in its k-data,
we look for the partition A, such that the smallest binary digit of [n/2*| is a digit
of |Ag].

Because of this arithmetic description, the following definition will play an impor-
tant role.

DEFINITION 3.10. Let n, k € N, 25 < n. Let A - n, with Q8 (A) = (Ar,..., Aor). We
say that \ is of k-type (ni,...,ngx) (of size [n/2%]) if nj = |\;| for 1 < j < 2k,
We let O(n;T) denote the subset of O(n) of partitions of k-type 7.

Note that for odd partitions of n, their k-types are exactly the 2-disjoint weak
compositions of |[n/2*| of length 2*. Moreover, for any j > k, the position of R7,()\)
only depends on the k-type of A, by Lemma 3.9.

4. COMPARING fifr WITH fri1

Let n and k be natural numbers such that 28t < n. The aim of this section is to
completely describe those partitions A € O(n) such that frfr(A\) = fit1(A). The
strategy we adopt to achieve our goal is to reduce our problem to the study of the
case where k£ = 0.
We define
Gr(n) = {A o n | fiufu(A) = fes1 (M)}

and set Gy (n) = |Gr(n)|. For a k-type 7 of size |[n/2% ], we let Gx(n;T) be the subset
of G(n) of partitions of k-type 7, and set Gi(n;7) = |Gi(n; 7)|. Furthermore, we set
Gk = Un>2k+1 Gr(n) .

The reduction to the case k = 0 is possible thanks to the following lemma.
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LEMMA 4.1. Let k,n € Ng be such that 2k+t1 < n. Let A\, n. Then \ € Gy, if and
only if RE(\) = RyTH(N) € Go.

Proof. Suppose that Rf(\) = RETY(\) =: pu € Go. Then RE(f(\) = fo(RETI(N)) =
fo(u). Hence the k-data of fi fi.(A\) and fr41(N), respectively, are obtained from that of
A by replacing p with fofo(u) and f1(u), respectively. Since u € Gy, these are equal,
and since the k-data uniquely determines the partition, we deduce that fifr(A) =

Te1(A).

In order to prove the converse, we assume that fifx(A\) = fri1(\). Then RF(N) =

R{T(\) =: p as otherwise Qék)(fkfk()\)) # Qék) (fr+1(A)). Furthermore the k-data
of fr.fx(A) and fr41(N), respectively, are obtained from that of A by replacing p with
fofo(u) and fi(u), respectively. Hence we deduce u € Gy. O

We fix below some notation for the preparatory results towards the counting for-
mula in Theorem 4.8.

NOTATION 4.2. Let n,k € Ny be such that 2Ft! < n. We write n = 2% + ... 4 2%,
where a; > as > -+ > a,. We define p,q € {1,...,r} to be maximal such that
ap, > k+1and ag > k, respectively. Set b; = a;—k, for 1 < j < ¢,and B = {b1,...,bs}.
Note that then either b, > b, =0 or b, = b, > 0.

Using the definition and notation above, we may reformulate Lemma 4.1 as follows;
this is a direct consequence of Lemma 3.9.

COROLLARY 4.3. Let A € O(n;7) with Q8 (\) = (A1,... Aox), 7 = (n1, ..., nax).
Then X € Gp(n; ) if and only if there is an s € {1,...,2%} such that 2% 2% C, n,
and A5 € Go(ns).

We also immediately deduce the following description.
LEMMA 4.4. Let 7 = (n1,...,nqx) be a k-type of size |n/2%|.
(1) If 2%, 2% are binary digits of two different parts of T, then Gp(n,7) = @.
(2) If 2%, 2% are binary digits of the same part of T, say n;, then
Gr(n:7) = {A € O(m;7) | Q5 (N); € Golny)}.
We pause to illustrate the results obtained so far in a small example.

EXAMPLE 4.5. Keeping definitions and notation as in 4.2, we set k =1 and n =6 =
22 + 21, We observe that in this case we have a; =2, a3 =1,r =2, p=1and ¢ = 2.
Moreover, the set O(6) consists of the partitions

(6), (5,1),(4,2),(3%), (2%), (2%,1%),(2,1%) and (1°).
Their 2-quotients are (in order) listed below:

(2,(3)),((3),2), ((1),(2)), ((2), (1)), (1), (1)), ((1*), (1)), (@, (1%)) and ((1°), @).
It follows that O(6; (0,3)) = {(6), (2,11}, 0(6;(3,0)) = {5, 1), (1 )} 0(6:(2,1) =

{(82),(22,12)}, and O(6; 1. 12) = 1{(4,2), (2 )}
Since b, = 1 and b; = 0, we deduce from Lemma 4.4 that G,(6;(2,1)) =

G1(6; (1, 2)) = @. This could have been verified directly. For instance

AA(4,2) = £1((4) = (2) # (17) = fo((4,2)).
Finally, since both (3),(1%) € Gy(3) by direct verification, we deduce from
Lemma 4.4 that

G1(6) = G1(6;(3,0)) U G1(6;(0,3)) = {(6), (5,1),(2,1%), (1)}

In Example 4.12 below, we will calculate Go(6).
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From the results above we deduce that for A € O(n), the property fifr(A) =
fr+1(A) does not depend on the rows of the k-data corresponding to the cores. Hence
towards counting these odd partitions we have:

LEMMA 4.6. We set i = > 2%. For any k-type T of size |n/2¥| we have

Ge(mim) = | JI 2% |- Grs7).
J=q+1
In particular,

-
Gr(n)=[ ] 2% |- Gu(n).
J=q+1

We remark that Lemma 4.6 holds trivially if r = ¢, as n =7 and Gg(n) = Gi(n).

To state the reduction formula for Gi(n) in a nice way, we introduce weights
that are based on the counts for the case & = 0. For the numbers Gy(n), we will
derive explicit formulae later in this section. (A similar approach will be taken for the
commutativity problem in later sections.)

DEFINITION 4.7. We fix k € N. For J C I = {1,...,q} we define its G-weight with
respect to the set B = {b1,...,by} to be

wa(J) = ( 1T 2bi> A28 =G [ D 2t

ieINJ jeJ

Then we have the following formula for the number Gg(n), based on the values
Go(u).
THEOREM 4.8. With the notation introduced in 4.2, we have

Gem)= | ] 2|2 Y. walJ).

J=q+1 {p,q}CJCI

Proof. In view of Lemma 4.6, we focus on computing the numbers Gy (n). We take
the sum over all k-types of size /2" |, and for each k-type 7 we count the partitions
in Gi(n;7) according to Lemma 4.4.

This lemma tells us that we only get a contribution from those k-types 7 where
20» 2% are binary digits in the same part of 7. To construct these, take any J C I
containing p, ¢ and define n; := Ej cJ 2% We now consider the contributions from
all k-types for this fixed J. We first have 2* choices for the position j of the part
of which 2»,2% are binary digits. For each i € I ~. J we have 2¥ — 1 choices to
place 2% as a binary digit of a part of the type 7 under construction, different from
the j-th. By Lemma 4.4, for such a 7 = (ny,...,nq), the partitions A € Gy (n;7)
are then those such that Qék)(/\)i is an arbitrary odd partition of n; for ¢ # j, and
Qék)()\)j € Go(nj) (and the earlier rows of the k-data contain only empty cores).
Hence we get [Gr(72;7)| = ([T;e7 s 2%) Go(Xjes 2%7), and the total contribution for
J is exactly 2Fwg(J).

This proves the stated formula. O

In light of the reduction results obtained so far, we now turn to the case where
k=0.

The following lemma will be used several times and utilizes some of the concepts
introduced in Sections 2 and 3. It is a generalization of [1, Main Lemma], and may
also be found in [8] with a different proof.
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LEMMA 4.9. Let n = 2t +m with m < 2!, and let { € Ny be such that 2¢ < m. If
Abon then fo(Car (X)) = Car(fe(N)).

Proof. Let B be a normalized 2-abacus for v = Cy¢(\). By Remark 2.8, we have that
A contains a unique 2!-hook and thus v F, m by Theorem 2.1. Using Definition 2.5
we see that if ¢ = ¢,(B) then B(2¢,< ¢) is a 2‘-abacus configuration for fs(7).
Lemma 2.6 with k& = £ and m < e = 2' shows that ¢ is in position (0,r,(B)) where
re(y) = re(B) € {24, ...,2t — 1}.

Let now A be the abacus configuration for \ such that AT = B. By Lemma 2.3, A
is obtained from B by sliding one bead down one row; in particular wyt(A) = 1. Let
z € {0,1,...,2" — 1} be such that wyr(A,) = 1 and wyr(A4,) = 0 for all y # z. Let
d = ci(A). Thus A(2°, < d) is a 2t-abacus for fi(\). Put j := ro(B). If x ¢ {j,7 — 2°}
then we have that d is in position (0,j) of A (really d = ¢), by Lemma 2.6. Hence
we have that A(2¢,< d)" = B(2%,+ c¢), and therefore we have that f,(Cy(\)) =
Cot(fe(N)), as desired. On the other hand, if x = j then d is in position (1, ) and
again we deduce that A(2¢,+ d)T = B(2%, < ¢). A similar argument is used for the
case where z = j — 2¢. (]

LEMMA 4.10. Let n = 2" +m with 2 < m < 2'. Then X\ € Gy(n) implies Cat(N\) €
go(m)

Proof. This is a consequence of Lemma 4.9. O

For the notation in the following results we refer to Definition 2.5 and Lemma 2.6.

LEMMA 4.11. Let 2 < m < 2t and let v =, m. Let B be a normalized 2t-abacus for .
Then v € Go(m) if and only if ro(B) = r1(B) or ro(B) = r1(B) — 1.

Proof. If ro(B) = r1(B) =: r then there is a bead in position (0,r) of B (call it ¢)
and there are gaps in positions (0,7 — 2) and (0,7 — 1) of B. Moreover, by definition
we have that BY := B(1,+ ¢) and B! := B(2, < c) are 2!-abaci for fo(v) and fi(y)
respectively. Clearly B! = BY(1,+ ¢). Since B! is a 2!-abacus for an odd partition
we deduce from Theorem 2.1 that this partition is fo fo(v). Hence fofo(y) = fi(y).
If r := ro(B) = r1(B) — 1 then we have beads ¢ and d in positions (0,r) and
(0,7 4+ 1) of B respectively, and there is a gap in position (0,r — 1). By construction

B':=B(2,+d) = B’(1,«+ d'),

where BY := B(1,+ ¢) and d’ is the bead in position (0,7 + 1) of B®. Arguing as in
the previous case we deduce that fofo(vy) = f1(7).

In order to prove the converse let us suppose that fofo(v) = fi(y) and let r :=
r1(B) € {2,...,2 — 1} be such that rq(B) ¢ {r,r — 1}. Let ¢ be the bead in position
(0,7) of B, and observe that position (0,7 —2) of B is empty. Hence B! := B(2, + c)
is the 2‘-abacus configuration for fi(7y) and has a bead in position (0,r — 2).

Suppose that position (0,7 — 1) of B is empty. Since ro(B) ¢ {r,r — 1} we deduce
that positions (0,7 — 2) and (0,7 — 1) are empty in B® = B(1,+ d), where d is the
bead in position (0,7¢(B)) and B is the 2t-abacus for fo (7). It follows that the abacus
configuration B%Y for f,fo(7) obtained from B by sliding one bead to its left has a
gap in position (0,7 —2) and therefore we have B%Y # B! and hence fofo(7) # f1(7).

We still have to consider the case where there is a bead in position (0,r — 1) of B.
Again we deduce that fofo(y) # f1(y) by arguing in a completely similar fashion as
done above. O

We use the example below to illustrate, in a small concrete case, the main combi-
natorial ideas used in Lemma 4.11.
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EXAMPLE 4.12.Let n = 14 = 23 + 22 + 2, and let m = 6. As already shown in
Example 4.5, O(6) consists of (6), (5,1), (4,2), (3%) and their conjugates. Let B be the
normalized 8-abacus configuration of (6). Since the first gap is in position (0,0), it is
easy to see that the only bead (say ¢) in a non-negative row lies in position (0, 6). In
particular we have that ro(B) = r1(B) = 6. Clearly B := B(1,+ c) is an 8-abacus
for (5) = fo((6)), Moreover, B%(1,+ ¢/) = B(2,+ c) is an 8-abacus for the partition
(4), that is equal to fo(fo((6))) and to f1((6)).

On the other hand, let us analyze the partition (5,1). Let B be its normalized 8-
abacus configuration. After the first gap in position (0,0) we have a bead ¢ in position
(0,1) and a bead d in position (0, 6). Hence ro(B) = 1 while  (B) = 6. It follows that
B(2, <+ d) is an 8-abacus configuration for fo((5,1)). In fact f2((5,1)) = (3,1). On the
other hand B(1, - ¢) is an 8-abacus configuration for fo((5,1)). Hence fo((5,1)) = (5)
and therefore fofo((5,1)) = (4) # f2((5,1)).

Repeating a similar analysis with the remaining 6 partitions in O(6) we deduce
that Go(6) = {(6), (3,3),(2,2,2), (15)}.

For an odd partition v, we denote by £(v,2?) the set of all odd partitions that are
obtained from ~ by adjoining a 2-hook to 7. Recall that if |y| < 2! then |[E(v, 2")| = 27,
by the main result of [2].

PROPOSITION 4.13. Let n = 2! +m with 2 < m < 2t. Let v € Go(m) and let \ €
E(7,2"). Let B be a normalized 2t-abacus for v, and let A be the 2¢-abacus for A such
that AT = B. Let x € {0,...,2" — 1} be such that wy(A,) = 1.

(1) If ro(B) = r1(B) =: r, then A € Go(n) if and only if x ¢ {r — 2,r — 1}.

(2) Ifro(B) =r1(B) —1=:7, then A\ € Go(n) if and only if x ¢ {r,r + 1}.

Proof. Suppose we are in case (1) where ro(B) = r1(B) =: r, and let us assume that
x ¢ {r—2,r—1,7r}. Let ¢ be the bead in position (0,7) of A. Using Lemma 3.1(3)
we get that A := A(1,+ ¢) and A! := A(2,< c) are 2'-abacus configurations for
fo(\) and f1()), respectively. Let ¢’ be the bead in position (0,7 — 1) of A°. It follows
that A%0 := A%(1,+ (') is a 2t-abacus configuration for fofo(\). Since A%0 = A! we
deduce that fofo(A) = fi(A). If x = r, we let ¢ be the bead in position (1,7) of A.
Arguing exactly as above, we deduce that fofo(A\) = f1(N), also in this case.

Suppose now that © = r—1. Let ¢ be the bead in position (0,7) of A and let d be the
bead in position (—1,7) of A. Using Lemma 3.1 (3), we observe that Al := A(2,« ¢) is
a 2t-abacus configuration for f1(\). On the other hand we notice that A := A(1,+ d)
is a 2¢-abacus configuration for fo(\). It follows that A%0 := A%(1, <+ e) is a 2!-abacus
configuration for fyfo(A), where we denoted by e the bead in position (0,7 — 1) of
A%, Since A%0 £ A! are two abacus configurations with the same number of beads,
we deduce that fofo(A) # f1(A), by Lemma 2.3. With very similar ideas we deal with
the case where z =r — 2.

In order to prove the statement in case (2) we use a very similar argument to the
one used above to deal with case (1). O

EXAMPLE 4.14. Let n = 14 and m = 6, so that n = 234+m. As shown in Example 4.12,
(6) € Go(6). As explained right above the statement of Proposition 4.13, the set
E((6),23) consists of all those partitions of 14 obtained by adjoining an 8-hook to (6).
Thus,

£((6),2%) = {(14),(7%),(6°,1%), (6,5, 1°), (6,4, 1), (6,3,1°),(6,2,1°), (6,1%)}.

Following Proposition 4.13, we will now determine Go(14) N E((6),23).
Let B be the normalized 8-abacus configuration for (6), as described in Exam-
ple 4.12. We observed that ro(B) = r1(B) = 6. Using the notation of Proposition 4.13,
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for x € {0,1,...,7} we let A be the abacus configuration obtained from B by sliding
the lowest bead on runner x one row down. Clearly, while z runs from 0 to 7, A
runs through the 8-abacus configurations for the partitions in £((6),2%). Let x = 5.
Then © = 6 — 1 = ro(B) — 1. We observe that for x = 5, A is an 8-abacus config-
uration for (62,12). From Proposition 4.13, we expect fofo((6%,1%)) # f1((62%,12)).
Let ¢ be the bead in position (0,6) of A. Then A(2, <+ ¢) is an 8-abacus configura-
tion for (52,12). It is easy to verify that f1((6%,1%)) = (52,12). On the other hand,
fOfO((62’ 12)) =(6,5,1).

Similarly one can observe that choosing x = 4 = ro(B) — 2, we obtain an 8-abacus
configuration for the partition (6,5, 1%). Hence Proposition 4.13 gives

g0(14> N 5((6)7 23) = g((6)7 23) ~ {(627 12)7 (67 5, 13)}

For n € N of the form n = 2¢ or n = 2% + 1, the numbers Go(n) may easily be
computed, and these numbers will provide crucial input in the general case.

PROPOSITION 4.15. We have Go(1) = 1, Go(2) = 2 = Go(3).
Fort > 1, the following holds.
(1) Let A = (2" —u,1%) k-, 2, for some u € {0,1,...,2" —1}. Then X € Go(2") if
and only if u =0 or u =3 mod 4. In particular, Gy(2!) = 2!~1.
(2) Let A, 28 + 1. Then X € Go(2' + 1) if and only if X or X is (28 + 1) or
(28 —1,2). In particular, Go(2! + 1) = 4.

Proof. We may assume that ¢ > 1.
(1) Using Lemma 3.8 we compute for A = (2% — u, 1*):

(2t —u—2,1%) foru=0 mod4
fofo) =< (28 —u—1,1*"Y foru=1or2 mod 4
(28 —u,1u=2) foru=3 mod 4
and
AV = (2 —u—2,1")foru=0o0r1 mod 4
P71 @ —u,1%72) foru=2o0r3 mod 4
This implies the claim.
(2) Note that fo(A) is a hook. In the stated four cases, it is easy to see that
A\ € Go(28+1). When we are not in one of these cases, we have A = (2! —u,2,1%71) for
some u € {2,...,28 =3}, and fi()) is not a hook, so cannot coincide with fofo(A). O

Thus the following gives an explicit formula for Go(n) which then allows to compute
all values Gi(n).

COROLLARY 4.16. Let n = 2% +2%2 ... 4 2% 4+ ¢ > 2 whereay; > --- > a, > 0 and
e €{0,1}. Then
Go(n) = Go(2% +¢) - H2“1—2
j=1
In particular, Go(n) = O(n) only holds for n € {2,3,5}, and Go(n) = {(n), (1)}
only holds for n € {2,3,4}.

COROLLARY 4.17. Let n € N, k > 0 with 28T < n. Then Gi(n) = O(n) if and only if
n =21 4, with m < 2%, d.e., if and only if |n/2%| =2.

Proof. Clearly, G,(n) = O(n) if and only if G (n;7) = O(n; 7) for all k-types 7 of size
w = |n/2%]. With the notation in 4.2, we get b, = b, by Lemma 4.4, as otherwise
there is a k-type 7 with Gy (n; 7) = @. This implies b, > 0 and hence w is even. Taking
a k-type with w as its only non-zero part, Lemma 4.4 and Corollary 4.16 then imply
w = 2. U
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We also note the following implication of Corollary 4.3 where the bound for w is
sharp by Corollary 4.16:

COROLLARY 4.18. Assume w = |n/2F| € {2,3,4}. Let A\ F, n with Qék)()\) =
(A1y--,Aok). Then X\ € Gi(n) if and only if there is an s € {1,...,2*} such that
As € {(w), (1)}

EXAMPLE 4.19. We illustrate the efficiency of the formulae for G(n) obtained in this
section by considering an example.

Let n = 24 = 2* + 23 and let us consider k = 2. Referring to Notation 4.2, we have
p =q =r = 2. Hence, Theorem 4.8 implies

G2(24) = 2% (we({2}) + wa({1,2})) = 2%(2% - 3 Go(2) + Go(2 + 2%)).

Now we use Corollary 4.16 and Proposition 4.15 to obtain the necessary values of
Go; here, we have Go(2) = 2 and Gy(6) = Go(2)(22 — 2) = 4. Thus we conclude
G (24) = 112.

It is illustrative to also go through the arguments again that tell us how to detect
whether a certain A € O(24) is such that fofa(A) = f3(A). By Lemma 4.1, we just need
to analyze the 2-data of \. In particular, in this case we just need to look at Q(Qz)()\) =
(A1, A2, Az, Ag). Referring to Notation 4.2, we observe that b, = b; =3 —2 =1 in this
case. Therefore we can either have two non-empty odd partitions A;, A; in Qg)(/\)
of size 2 and 4, respectively, such that \; € Go(2) (this gives us (22 - Go(2)) - (3 - 22)
possibilities for A\) or we can have a unique non-empty partition A; in Q(QQ)()\) of size
6, such that \; € Go(6) (this gives us 2% - Go(6) possibilities for \).

We conclude the section by proving Theorem 4.20 (below), as promised in the
introduction. It shows that when |[n/2¥| < 4, then for A -, n the information on
whether fi fx(A\) = fra1(A) holds is encoded in the character table of &,,.

THEOREM 4.20. Let k,n € N with 251 < n and w = [n/2F] < 4; set m =n —w - 2%.
Let p € &, be a product of w 2F-cycles, ¥ = w,, on the fired points of p; set g = py €
S,. Let Ao n. Then fife(N) = fer1(N) if and only if |x*(g)| = 1.

Proof. Let Qék)()\) = (A1,-..,Ag). By Corollary 3.6, |x*(g)| = 1 if and only if A\, €
{(w), (1*)} for some s € {1,2,...,2F}. As w < 4, by Corollary 4.18 this is equivalent
to A € Gi(n), thus proving the claim. O

COROLLARY 4.21. Let Ao n. Let n = 2% +2% ...+ 2% where a; > ag > -+ > Q.
Choose k = a; — 1 for some i € {1,...,r}. Let wy,; € &, be an element of cycle type
(201,202 2ai-1 gk ok aivs 9ar) Jf fi fi(N) = frr1(N) then |xMwni)| = 1.

Proof. Let A = A!',...,\" be the 2-chain in A. Applying Lemma 3.1 i — 1

times we get that |xMwn,)| = |X/\i(w;‘%,t-)| where w;,; is an element of cy-
cle type (2%, 2% 2041 29v) We get from Theorem 4.20 that |x*(wn;)| = 1
if and only if frfe(A) = fir1(A"). By Lemma 4.9 frfie(A) = fer1(N) implies
FrfeON) = frepa(AY). O

The following example shows that the converse of Corollary 4.21 does not hold.

EXAMPLE 4.22. Let n = 12 = 23 + 22 and take k = 1. The cycle type of wias is
(8,2,2). Let A = (10,12) I, 12. We have that |x*(w122)| = 1. However, fif1()\) = (8)
and fa(\) = (6,12).
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5. COMMUTATIVITY

Let n, k, ¢ be nonnegative integers such that k& < ¢ and 2¥ 4+ 2¢ < n. We want to
investigate for which odd partitions A € O(n) the commutativity relation fif;(\) =
fefi(A) holds. We define

Tie(n) = {A o n | frfe(A) = fef(N)} s Fre(n) = {AFon | frfo(N) # fefu(N)}

and set Tie(n) = |Tee(n)|, Fre(n) = |Fre(n)|. Furthermore, we set Tp, =
Unsaroe Tie(n) and Fi e = U, 5004 9 Fie(n)-

Write n = 2! +m with 0 < m < 2*. By [3, Theorem B] we know that 7 ¢(n) = O(n)
if and only if m < 2% or £ =t, or n = 6 and (k, ) = (0,1). Therefore we may from
now on assume that n > 6, and that £, k € Ny are such that k < £ < t and 2F < m.

We fix below some notation that will be used throughout this section.

NOTATION 5.1. We write n = 2% + --- 4+ 2% where a; > as > -+ > a,, and define
p,g € {1,...,r} to be maximal such that a, > ¢ and a, > k, respectively. Set
bj=a; —k,for 1 <j<gq,and B ={b1,...,bg}.

Using a strategy similar to the one used in Section 4, we start by observing that
we can reduce the study of our problem to the case where the smaller parameter & is
equal to 0. This is shown in the following two lemmas.

LEMMA 5.2. Let A b, n be such that RE()\) # RL(X\). Then X € Ty.o(n).

Proof. Let ng)()\) = (A1,. .., Agx). Suppose that RE(A) = \; # \; = RE(N), for some
i,j S {1, .. ,2k} By Lemma 39, 2bq gg |>\1| and 2bp gg |A]| Since |f0(>\z)| = |>\z‘ -1
and |fr—x(\)] = |\;| — 2%, we deduce that

{1l [fe-eO] S| |5 € {1, 2" N {d, 43},

is a set consisting of pairwise 2-disjoint natural numbers. Therefore we have that
fefe(N) = fefe(N) is the partition with k-data obtained from the k-data of A by
replacing A; and A; by fo(X\;) and fr—x();), respectively. d

LEMMA 5.3. Let A b, n be such that RF(X\) = RL(X\). Then X € Tro(n) if and only if
RE(fe(N) = fe—e(RE(N)) and RE(N) € To,e—k-

Proof. Let Q% (A) = (A1, Aa,..., Aox) and RF(A) = RL(A) = Ay, for some i €
{1,...,2~}.

Suppose first that A € T ¢(n). Comparing row k of the k-data of fi(\) with row k
of the k-data of fy(\) we deduce that the two stated conditions must hold.

Conversely, let p be the partition of n — 2 — 2¢ whose k-data is obtained from
the k-data of A by replacing \; with fofo—r(\i). Since RE¥(fo(N)) = fo—r(RE(N)), we
deduce that p = frfe(A). As \; = R’,:()\) € To,0—k, the k-data of p equals the k-data
of fofr(A). Hence we deduce p = fofr()), as required. O

With our arithmetical understanding of the removal process (Lemma 3.9), the
condition RF(f¢(N)) = fi—ix(RF(N)) is not difficult to study; it is equivalent to say
that |[RF(N)| > 2¢7% and |fofe—r(RE(N))| is 2-disjoint from the sizes of the other
2% — 1 partitions in Qék)()\).

Lemmas 5.2 and 5.3 provide a reduction to the case where k = 0. We will first
discuss the reduction to this situation in detail, and then investigate the situation
when fofe(A) = fefo(N), for any given A F, n = 2! +m where 1 < m and ¢ < ¢t (and
n > 6).
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DEFINITION 5.4. Let n,k, £ € N, k < ¢, and 2F + 2° < n. For a given k-type T of size
|n/2% ], we let Ty o(n;7), Fro(n;T) denote the subsets of Tr.¢(n), Fr.e(n), respectively,
of partitions of k-type 7. By Ty ¢(n;7), Fie(n;T) we denote the cardinalities of the
corresponding sets.

Using Lemmas 3.9, 5.2 and 5.3, we easily deduce the following description that
reduces the problem for parameters (k, ¢) to that for (0,¢ — k):

LEMMA 5.5. We let 7 = (n1,...,n9x) be a k-type, of size n/2F].
(1) If 2% ,2% are binary digits of two different parts of 7, then Tr(n,7) =
O(n, ).
(2) Assume that 2% 2% are binary digits of the same part of T, say n;j.
If b, =by > £ —k, or if b, > by, then
Tee(n;7) ={A € O(n;7) | Qor(N); € To,e—k(nj)}-
(3) Assume b, =by =1 — k.
If 2b»-1 2% gre binary digits of the same part of T, say nj, then
Te(n;7) ={A € O(n;7) | Qar(A); € Toe—r(ny)}
otherwise Tg o(n,7) = .

Together with [3, Theorem B] this result tells us when for all odd partition of a
fixed k-type commutativity holds.

COROLLARY 5.6. We let 7 = (ni,...,nq) be a k-type, of size |n/2¥|. Then
Tse(n, ) = O(n; 1) if and only if one of the following holds:
(1) 2%, 2% are binary digits of two different parts of T.
(2) 2b»,2% are binary digits of the same part n; > 2% of 7, and 2¢7% = 2%
is the largest binary digit of nj, or n; = 2% or n; = 6 and (by, by, ¢ — k) €
{(27 27 ]‘)’ (27 17 1)’ (17 17 ]‘)}'

Proof. By [3, Theorem B] we know that 7o ¢—1(n;) = O(n;) if and only if 2°=% is the
largest binary digit of n;, or n; is a 2-power, or n; = 6 and £ — k = 1. The description
of Tge(n;7) in Lemma 5.5 then implies the stated assertion. O

We use the example below to give an overview of the ideas introduced in the first
part of Section 5.

EXAMPLE 5.7. Let n = 10 = 23 4+ 2! and let £ = 2 and k = 1. Using Notation 5.1, we
see that a1 = 3, ao = 1, p = 1 and ¢ = 2. Moreover, b; = 2 and by = 0. There are
16 odd partitions of 10. We partition the set O(10) according to the possible 1-types.
In this case we have four possible 1-types, namely (5,0), (0,5),(4,1) and (1,4). For
instance,
O(10;(4,1)) = {(7,3), (5,3,1), (3%, 1%), (22, 19)}.

From Lemma 5.5 (1), we expect O(10; (4,1)) C 71 2(10).

Here we verify that A := (5,3,12) € T1.2(10). Observe that Q5" (A) = ((3,1), (1)).
Hence Ri(\) = (1) and R¥(\) = (3,1). It follows that fi(\) = (5,1%), where

$M((5,13)) = ((3,1), @). On the other hand, fo(\) = (22,12), where QS ((22,12)) =
((1,1),(1)). It is now easy to observe that

F211(N) = £2((5,1%)) = (1) = f1((2%,1%)) = Lo (V).

Similarly one sees that O(10;(1,4)) is contained in 77 2(10), as asserted by
Lemma 5.5(1). Let us now look at odd partitions of 1-type (5,0). We observe

that
0(10; (5,0)) = {(9,1), (5,2%,1), (3,2%,1%), (1'9)}.
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We have Q2 ((9,1)) = ((5),@). Since clearly (5) € To.1(5), Lemma 5.5(2) predicts
that (9 1) € T1,2(10). This can easily be verified, as f1(9,1) = (7,1), f2((9,1)) = (5,1)

and QS ((7,1)) = ((4),2), Q((5,1)) = ((3),2). As expected, it follows that

fol(( ’ )):f2(( ’ )):( ) ):fl((Sal)):fle((gvl))

Let us now consider A := (5,221). We have Q(Ql)()\) = ((3,2),). We observe that

(3,2) & To.1(5), since fof1((3,2)) = (2) # (1%) = f1f0((3,2)). Hence by Lemma 5.5 (2)
we should have that A ¢ T; 2(10). We verify this fact, by observing that fa(\) =

(5.1), 0 = (5.19) where QU((5,1)) = ((3), 2) and & (5,1%)) = ((3,1), 2). We
conclude that

fifa) = £1((5:1) = (3,1) # (1) = f2((5,1%)) = fa i (V).
Similarly one sees that O(10;(5,0)) N T12(10) = {(9,1), (119)}. Since O(10;(0,5))
consists of the conjugates of the partitions in O(10;(5,0)), we conclude that

Ti,2(10) = O(10; (4, 1)) U O(10; (1,4)) U {(10), (9,1), (2, 1%), (1%)}.

From Lemmas 5.2 and 5.3 we also deduce that for A € O(n), the commutativity
property does not depend on the rows of the k-data corresponding to the cores. Hence
we have:

LEMMA 5.8. We let n =Y 1_, 2%. For any k-type T of size |n/2*| we have

Tio(n;7) = H 24 | - Ty (5 7)
J=q+1

In particular,

T

Tk,g(n) = H 2aj -Tk,g(ﬁ) .
J=q+1
Analogous statements hold for Fy ¢(n;T), Fi s(n).

Similarly as we have done it in Section 4, we introduce suitable weights that can
be computed from the numbers for the (0,4 — k)-case.

DEFINITION 5.9. For J C I ={1,...,q} we define its F-weight with respect to the set
B = {by,...,by} to be

J) _ < H 2bL> . (2k _ 1)\[\]\ . FO,lfk Zij

ieI~J jeJ

Using in part similar arguments as before, we have the following formulae for the
numbers Fy ;(n), based on the values Fp¢—x(u) (and hence also such formulae for

Tye(n)).

THEOREM 5.10. With the notation introduced in 5.1, the following holds.
If ap > aq orif ap = aq > ¢, then

Fk,g(n) = H 2% -2k . Z UJF(J) .

Jj=q+1 {p,q}CJCI
If a, = ag = £, then

r

Frotm)=| [ 2] (2" S wp(d) | + 2Dk - ) ]2

J=q+1 {p—1,p}CJCI i€l
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Proof. In view of Lemma 5.8, we focus on computing the numbers Fj, (7). We take
the sum over all k-types of size n/2" |, and for each k-type 7 we count the partitions
in F, ¢(7; 7) according to Lemma 5.5.

When a, > a,, we only get a contribution from those k-types 7 where 2%, 2%
are binary digits in the same part of 7. To construct these, we take any J C I
containing p, ¢ and define n; = )" jed 2. We now consider the contributions from
all k-types for this fixed J. We first have 2* choices for the position j of the part
of which 2%, 2% are binary digits. For each i € I ~ .J we have 2¥ — 1 choices to
place 2% as a binary digit of a part of the 7 under construction, different from the
j-th. By Lemma 5.5, for such a 7 = (nq,...,n9+), the partitions A € Fy ¢(n;7)
are then those such that Q()); is an arbitrary odd partition of n,; for i # j, and
Q(N); € Fou—r(n;) (and the earlier rows of the k-data contain only empty cores).
Hence we get | Fy. o(7;7)| = ([[ics s 2bi)-Fo,g,k(Zj€J 2b3), and the total contribution
for J is exactly 28wp(J).

When a, = a4, the construction of the relevant k-types 7 is verbatim the same as
before, noticing that now {p, ¢} = {p}.

In the situation where a, = a4 > ¢, for each k-type 7 thus constructed the number
| Fr.e(n;7)| is determined as before, giving again the total contribution 2*wg(J) for
each J C I with p € J.

In the remaining situation, where a, = a, = ¢, we have to distinguish between
the k-types 7 where 2% and 2°»—1 are binary digits of the same part of 7, and those
where this does not hold. In the first case, take any J C I containing {p — 1, p},
define n; :== 3y jed 2% and argue as before to construct the k-types to J. Applying
Lemma 5.5, the total contribution for .J is again exactly 2¥wz(J). To construct the k-
types in the second case, note that having placed 2% (in 2¥ ways) there are only 2F —1
choices to place 2°»-1 as a binary digit, but for each of the other ¢ — 2 binary digits
2% there are 2% choices. For any 7 constructed in this way, we know by Lemma 5.5
that Fp¢(72;7) = O(7;7), hence |Fy ¢(7;7)| = [1,e; 2" Thus the total contribution
over all k-types of the second form is exactly 25(a=1)(2F — 1) [Lic: 20i This proves the
stated formula. O

ExAMPLES 5.11. We illustrate the efficiency of the formula above by giving some
examples. Here we assume that we already know the values Fy ¢ (u); these — or their
counterparts Ty ¢ (u), respectively — are computed explicitly in the next section.
(1) Let n =24 =2%+23 k=2, ¢=3. Then F3(24) = 22-23-3 4 [ 1(2% +21).
As F071(6) = 0, F2,3(24) = 96.
(2) LCt n = 36 = 25 + 227 ]{5 = 2, E = 3 ThOH F273(36) = 22FQ71(23 + 20) AS
Fy1(9) =6, F53(36) = 24.

6. THE BASE CASE 7o k()

We now turn to the discussion of the situation when fofi(X) = fofo()), for any given
A, n =24+ m where 1 <m < 2" and ¢ < t.

DEFINITION 6.1. For n € N we denote by Q(¢;n) = Toe(n) the set consisting of all
odd partitions X\ of n such that fofe(N\) = fofo(N); for n < 2°, the set Q(¢;n) then is
the set of all odd partitions. When n = 2t +m as above, and v+, m, we set

Qln]y) :={A e Q) [Car(X) =7}

STRATEGY. For any natural number n > 201 we write n = 21 + - - - 4 2t 4 m where
ty >ty > >ty > L and m < 2°. We will first describe the set Q(¢;n) in terms of
Ql;n —2%).
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Afterwards, we will study the base cases, namely the set Q(¢;2¢ +m) for any 0 <
m < 2% and t > . To do this we will first analyse the case where m # 2¢. Separately
we will deal with the remaining case: namely m = 2¢ and t > (.

This will provide us with a complete recursive description of the set Q(¢;n). As an
application of this, we derive a closed formula for |Q2(¢;n)].

LEMMA 6.2. Let n = 2¢ +m where 2° +1 < m < 2%, and let A -, n. If A € Q(¢;n)
then Cot(N) € Q(¢;m). Thus,

Qn)= U Qbnly).
YEQ(L;m)

Proof. This follows directly from Lemma 4.9. 0

6.1. INDUCTIVE STEP. In light of Lemma 6.2 we will now fix v € Q(¢; m) and explic-
itly describe which and how many of the 2! odd extensions of v lie in Q(¢;n|v). In
the following we are referring to Definition 2.2 and we are using Lemma 2.6.

DEFINITION 6.3. Let n and ¢ be natural numbers such that 2° < n. Let A F, n. We
say that X is of type (14) if z0(A) = ze(N), and X is of type (1=) if so(A) = se(N)
(i.e., the odd 1-hook and odd 2°-hook of X have the same hand or foot, respectively).
Otherwise, we say that X\ is of type (2).

When A € Q(4;n), we write A € Q°(€;n) if X is of type € € {(1+), (1-),(2)}.

Clearly, Q(¢;n) = QYT (4;n) U Q= (6n) U Q2 (4n). We set Q1 (4n) == QM (4n) U
QY= (l;n). We will sometimes say that \ is of type (1) to indicate that A € Q(¢;n).

~—

NOTATION 6.4. Let n and A -, n as above. Assume that n < 2%; let A be a normalized
2%-abacus for A, i.e., the beads after the first gap on A correspond to the first column
hook lengths in A. Let ¢ = ¢9(A) and d = ¢;(A). By Lemma 2.6, ¢ and d are in
positions (0,79(A)) and (0,7¢())) of A, respectively.

Note that A is of type (1+) if ro(A\) = r¢(N), i.e., we have the situation of the same
start bead, while X is of type (1—) if r¢(\) = r9(\) + 2° — 1, i.e., the beads have the
same target position.

For an illustration of this definition as well as for providing a basic case, we consider
the situation where n is a 2-power. Note that in this case Q(¢;n) = H(n).

LEMMA 6.5. Let n = 2t and 0 < £ < t. Let A € Q(¢;n), say A = (28 — w, 1¥) with
0 w2t —1.

For £ < t, X is of type (14) if 1,2 Zo w, it is of type (1) if 1,2 Cy w, and it is
of type (2) otherwise. In particular,

Q624 =272, Q% (62) = 27

For £ =t, X is of type (14) if w is even, and it is of type (1—) if w is odd. In

particular,
|Qli(t, 2t)| - 2t713 ‘Qz(ta 2t)| =0.

Proof. Let rg = 19(A), r¢ = 1¢(\) be defined as above. First we assume ¢ < t. By
Lemma 3.8 we have 1o = ry if and only if 1,2¢ 5 w, and 7y = ro+2¢ — 1 if and only if
1,2 Cy w. Similarly, in the case £ = t, we have 1y = rg if w is even and 7y = ro+2¢—1
if w is odd. O

LEMMA 6.6. Let n = 2 +m where 2° +1 < m < 2!, and let v € Q*(¢;m). Then
Qbn]7) = E(v,2") € Q*(tn).
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Proof. Let A € £(v,2"). Let B be a normalized 2'-abacus for v and let A be the
2t-abacus for A such that AT = B. Let ¢ := co(B) and d := c¢(B). Thus B(1,+ c) is
a 2f-abacus for fy(7) and B(2¢, «+ d) is a 2'-abacus for fy(7). Following Notation 6.4
we have that ¢ is in position (0, r9(y)) and d is in position (0, 7(7)). Since 7 is of type
(2) we have that r¢(y) & {ro(v),ro(7) + 2 = 1}. Moreover, since fofe(7) = fefo(v)
we deduce that 7o(fe(7)) = ro(y) and that r¢(fo(7)) = re(y). More precisely we have
that
[B(L, 0))(2°, ¢ d) = [B(2", + d)](1, ¢ ),

is a 2%-abacus for fofy(v) = fefo(7)-

Let z € {0,...,2" — 1} be such that wy: (A;) = 1. If & ¢ {ro(y) — 1,70(7), re(7y) —
2¢ 74(7)} then co(A) and c¢(A) are in positions (0,7¢(7)) and (0,7,(v)) of A respec-
tively, by Lemma 3.1(3). Moreover, positions (0,79(vy) — 1) and (0,7¢(y) — 2¢) of A
are empty, because they were empty in B. By Lemma 3.1(3), we deduce that

AR = [A(24, < co(A))](1, < co(A)),

is a 2t-abacus for fyfo()). Similarly A% = [A(1,+ co(A))](2% + co(A)) is a 2t
abacus for fofs(\). Since A% is equal to A0 we deduce that A\ € Q(¢;n 7).

Suppose now that @ € {ro(y)—1,70(7y), re(7)—2% 7¢(7)}. For instance let = ro(7).
Then ¢o(A) is the bead in position (1,79(7)) of A, by Lemma 3.1(3). On the other
hand c¢(A) = c¢(B) is the bead in position (0,7,(7)) of A. It is now clear that the 2!-
abacus configuration obtained from A by moving bead cy(A) to position (1,79(y) — 1)
and bead c;(A) to position (0,7¢(7) —2¢) is a 2f-abacus configuration for both fo fo()\)
and f; fo(A). Hence they coincide. A very similar argument applies to the cases where
x € {ro(y) — 1,70(7) — 2%, 70(7)}. We conclude that Q(¢;n|v) = £(v,2t).

From the discussion above it follows immediately that given any A € Q(¢;n|v)
and considering the 2¢-abacus configuration A for A as described above, we have that
co(A) lies on runner A, () and c¢(A) lies on runner A,,(,). Since v is of type (2), this
is enough to deduce that \ is of type (2) and therefore that Q(¢;n|v) C Q%(4;n). O

LEMMA 6.7. Let n = 2t + m where 2° +1 < m < 2!, and let v € Q' (4;m) and
A € E(v,2Y). Let B be a normalized 2t-abacus for v and A be the 2t-abacus for X such
that AT = B. Letx € {0,1,...,2' =1} be such that wyt(A,) = 1. Then X\ € Q({;n|v) if
and only if x & {ro(v) —1,7e(7) =25, 7e(7y) — 2° — 1}. Moreover, Q(¢;n|~) C Q1 (4;n).

Proof. Let v be such that ro(y) = r¢(y) =: r. Let ¢ := ¢o(B) = ¢¢(B). It is easy to
see that the 2t-abacus E obtained from B by moving bead ¢ from position (0,r) to
position (0,7 — 2¢ — 1) is a 2%-abacus for fofo(7) = fefo(7)-

Suppose that « ¢ {ro(y) — 1,7¢(y) — 2%, re(y) =20 =1} = {r — 1,r — 26, r — 2 — 1}.
If z # r, let ¢ (= ¢) be the bead in position (0,7) of A, for z = r, let ¢ be the bead
in position (1,7) of A. We deduce from Lemma 3.1(3) that A(1,< ¢), A(2¢, + ¢)
and A(1 + 2°, < ¢’) are 2'-abacus configurations for odd partitions 1, po and ps3 of
n —1,n — 2% and n — 2% — 1 respectively. In particular pu; = fo(\) and ps = fo(\).
Moreover 3 is an odd partition of n —2¢ — 1 obtained from j5 by removing a 1-hook.
Hence we deduce that us = fo(uz) = fofe(A). On the other hand we also notice that
p3 is obtained from g; by removing a 2‘-hook. Hence uz = fo(u1) = fofo(A). We
conclude that A € Q1 (¢4;n).

Suppose now that x € {r —2¢— 1,7 —2¢ r —1}. We will now show that the 2!-abaci
for fofe(N) and fofo(A) obtained from A by performing the appropriate bead moves
are distinct. Suppose that £ = r—1 (the other cases are treated in a completely similar
way). Then A is obtained from B by sliding down the bead in position (—1,r — 1)
to position (0,7 — 1). Hence position (—1,7 — 1) is empty in A. On the other hand,
there are beads in positions (—1,7) and (—1,7 — 1 — 2¢) of A, since A coincides with
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B on every runner distinct from runner r — 1. Let d be the bead in position (—1,7)
of A. From Lemma 3.1(3), we see that A° := A(1,+ d) is a 2%-abacus for fy()). Let
A% be the 2f-abacus configuration for f,fo()\) obtained from A° by moving a bead
left. Since there is a bead in position (—1,7 — 1 — 2¢) of A%, we deduce that A%*
is not obtained by moving again bead d; in particular, A%¢ has a bead in position
(=1,7 — 1). On the other hand, calling e (= ¢) the bead in position (0,7) of A, it
follows from Lemma 3.1(3) that A® := A(2°,« e) is the 2*-abacus for f,()\). Let
¢’ be the bead in position (0,7 — 2¢) of A’. Arguing as above one observes that
ARO = A2 + 1,4 e) = AY(1,4 ¢€) is the 2'-abacus configuration for fofs(A). It
is clear that position (—1,7 — 1) of A*Y is empty. Hence A0 # A%¢ and therefore
A ¢ Qln). O

We use the example below to illustrate the ideas involved in Lemma 6.7.

EXAMPLE 6.8.Let n =7, m = 3, t = 2 and ¢ = 1. Notice that the partition (3) lies
in Q7 (1;3). This can be seen by considering the normalized 4-abacus B for (3). We
observe that r((3)) = r1((3)) = 3. Adjoining 4-hooks to (3) we observe that

E((3),4) = {(7), (32, 1), (3,2, 12)7 (3, 14)}'
For any A € £((3),4) we let A be the 4-abacus configuration for A such that AT = B
and we let z € {0,1,2,3} be such that wy(A,) = 1.
If A = (7) then 2 = 3 ¢ {ro((3)) — 1,71((3)) — 2,71((3)) —2 — 1} = {2,1,0}. By
Lemma 6.7 we expect to have that (7) € Q(1;7](3)). This is true, since

fifo((7)) = f1((6)) = (4) = fo((5)) = fof1((7)).
On the other hand, if A = (32,1) then x = 2 = ry((3)) — 1. In this case we verify that
(3%2,1) ¢ Q(1;7](3)). In fact we have that

fofi((3%,1) = fo((22,1)) = (2,1) # (3,1) = £1((3%)) = f1fo((3%,1)).
In a completely similar fashion we observe that (3,2,12),(3,1%) ¢ Q(1;7](3)), and
hence we deduce that Q(1;7](3)) = {(7)}. To conclude the example we refer to
Notation 6.4, and we let s = 3 so that 2° =8 > 7 = n. Letting C be the normalized
8-abacus for (7), we observe that ro((7)) = r1((7)) = 7. Therefore (7) is of type (1+4)
and Q(1;7](3)) = {(7)} C Q'*(1;7), as prescribed by Lemma 6.7.

LEMMA 6.9. Let n = 2t + m where 2° + 1 < m < 2!, and let v € Q' (6;m) and
A € E(v,2Y). Let B be a normalized 2t -abacus for y and A be the 2t -abacus for X such
that A" = B. Let v € {0,1,...,2" — 1} be such that wyi(A,) = 1. Then X € Q(¢;n]|7)
if and only if x & {ro(7),re(v),me(y) + 1}. Moreover, Q(¢;n|v) C Q' (¢4;n).
Proof. Let ~ be such that r¢(y) = ro(y) + 2° — 1 and set r := 7o(7). Let ¢ := co(B).
Since fofe(7) = fefo(7), it is easy to see that B has a bead d at position (0,7 + 2¢).
Then the 2¢-abacus obtained from B by moving bead ¢ from position (0,7) to position
(0,7 — 1) and bead d to position (0,7) is a 2'-abacus for f;fo(7).

The further arguments are entirely similar to the proof of Lemma 6.7. g

We give a brief example to illustrate Lemma 6.9. This completes the analysis of
Q(1;7) started in Example 6.8.

EXAMPLE 6.10. Let n =7, m = 3, t = 2 and ¢ = 1. Notice that the partition (1%) lies
in Q17 (1;3). Let B be the normalized 4-abacus for (1%). We observe that ro((1%)) = 1
and that r1((1%)) = 2. Adjoining 4-hooks to (1%) we have that

£((1%),4) = {(5,17), (4,2, 1), (3,2%), 1)}
For any \ € £((1%),4) we let A be the 4-abacus configuration for A such that AT = B
and we let = € {0,1,2,3} be such that wy(A;) = 1.
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If A\ = (5,12) then x = 3 = r1((1®)) + 1. By Lemma 6.9 we expect to have that
(5,12) ¢ Q(1;7](13)). This is true, since

F16o((5,12) = f1((5,1)) = (3,1) # (4) = fo((5)) = fof1((5,17)).

Similarly we verify that (4,2,1),(3,22) ¢ Q(1;7](1%)) On the other hand, if A = (17)
then z =0 ¢ {ro((1%)),r1((1%)),r1((13)) + 1} = {1,2,3}. In fact we have that

fofi((11) = (%) = fufo((17)).
We deduce that Q(1;7](1%)) = {(1")} € Q'7(1;7). To conclude we observe that
Examples 6.8 and 6.10 show that Q(1;7) = {(7), (17)}.

COROLLARY 6.11. Let n = 2t +m where 26 +1 < m < 2t. Then
Q' (6n)] = (28 = 3)[QF(m)| and [9°(60)] = 2(Q(6m)].
In particular,
Toe(n) = [QLn)| = (2 = 3)[Q(Gm)| + 22 (¢:m))].

Proof. Recalling that |£(v,2")| = 2! whenever |y| < 2¢ by the main result of [2], the
statement follows directly from Lemmas 6.6, 6.7 and 6.9. O

In order to obtain an explicit closed formula for [Q(¢;n)| for any given natural
number n, it is now enough to compute the values |Q(¢;m)| and |Q%(¢;m)| for any
m € N such that 2¢ + 1 < m < 21 or such that m = 2t 4 ¢ for some 0 < ¢ < 2°.

6.2. BASE CASES. In this subsection we let n = 2! +m with m < 2¢, where ¢ > ¢ and
1 < m < 2% The following setup and notation for the case where m < 2¢ will be used
throughout most of this section, before we turn to the case m = 2°.

NOTATION 6.12. Let A F, n and let v := Cy:(\) F, m. Let B be a normalized 2°-
abacus for 7. Since m < 2¢ we know from Lemma 2.6 that B does not have beads in
rows i > 1. Let ¢ = ¢o(B) so that BY := B(1, <+ c) is a 2%-abacus for fo(v). Then c is
in position (0,bg) of B, where by = ro(B) € {1,...,2" — 1}.

Let A be the 2f-abacus for A such that AT = B. For j € {0,...,2¢ — 1} let
; be the partition represented on runner A; (seen as a l-abacus). As observed in
Remark 2.7, we know that (uo, ..., pee_q) equals Qy(A) (up to a cyclic shift of its
components). Hence we deduce that there exists a unique 2 € {0,...,2¢ — 1} such
that p, € H(27%) and such that p, = @ for all y # z. In particular we have that
wye (A) = wye(A,) = 2t7% and wye(A,) = 0 for all y # x. Let A® be the 2%-abacus
for fy(\) such that (A*)" = B. The above discussion shows that A’ is obtained from
A by sliding a bead up one row on runner A,, to obtain a l-abacus configuration for
fo(pz). On the other hand a 2-abacus for fy()\) can be obtained from A by sliding a
bead ¢’ in position (i,bg) of A to position (i, by — 1). This follows from Lemma 3.1(3)
because wqe(A(L,+ ¢')) = wqe(A) (by direct verification, or more generally by [7,
Lemma 2.5]) and (A(1,+ ¢))T = B We call A° := A(1,+ ¢).

LEMMA 6.13. Let A b, n be as in Notation 6.12. If x ¢ {bg — 1,bo} then fofe(A) =
fefo(N). In this case, X € Q2(4;n).

Proof. Let A’ be the 2f-abacus for fy(\) described in Notation 6.12. Let d be the
bead in position (0,bo) of A’. (There is such a bead in A¢ because (A%), = B, for all
y # x.) We claim that A% := A*(1, < d) is a 2%-abacus for fyf()\). By Theorem 2.1,
we observe that in order to show this it is enough to show that A% is a 2¢-abacus for

an odd partition of n —2¢ — 1. The previous statement holds by Theorem 3.7 because
Waor (AZ’O) = Waoe (Ai) and (AZ’O)T = BO.
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Let A° be the 2%-abacus for fy()\) described at the end of Notation 6.12. Since
z ¢ {byp — 1,by}, we observe that wy((A%),) = 0 for all y # x and that (4°), = A,
(here we regard two runners equal if they coincide as 1-abaci). In particular (A°),
is a 1-abacus for j, (as defined in Notation 6.12). This shows that a 2‘-abacus A%*
for fifo(\) can be obtained from A° by sliding a bead up one row on runner (A°),
to obtain a 1-abacus for fo(u,). Hence we deduce that (A%Y), = (AY), = (A%0),.
Similarly we also have that (A%¢), = (A%9), for all y # x. O

LEMMA 6.14. Let A\ =, n be as in Notation 6.12, u = 2!=F. If z = by then fofi(N) =
fefo(\) if and only if py = (u). In this case, A € Q1T (4;n).

Proof. Suppose that p, = (u). Let d be the bead in A lying in position (u,z). It
is easy to see that both the abaci A%? and A% are obtained from A by moving
bead d to position (v — 1,z — 1). Hence they coincide and therefore we have that
JofeN) = fefo(M):

Suppose now that p, = (u — w,1*) for some w € {1,...,u — 1}. Let us also
assume that w is odd (the case w even is completely analogous). Then we have beads
in positions (j,x) of A for all j € {—w + 1,—w + 2,...,0} and a gap in position
(—w, z). Moreover, the highest gap on runner z — 1 of A is in position (0,z — 1) since
A,_1 = B,_1. This shows that A% = A(1, + d) where d is the bead in position (0, )
of A (this follows from Lemma 3.1(3) and Theorem 2.1). We observe that (AY), is a
1-abacus configuration for the partition fi; := (u —w + 1,1%71).

Let ¢’ be the bead in position (—w + 1,z) of A and let e be the bead in position
(u —w,x) of A.

By Lemma 3.8 we have that fo(u.) = (u—w,1“~1). Hence A’ is obtained from A
by sliding bead ¢’ up to position (—w, z). Since there is a bead in position (—w,z—1)
of A we deduce that A*° has a bead in position (—w,z).

On the other hand also fo(fi;) = (u — w,1¥~!), by Lemma 3.8. Therefore A%* is
obtained from A° by sliding bead e up to position (v —w — 1,x). Hence A%* has a
gap in position (—w,x). We conclude that A%¢ # A%0  as desired. O

LEMMA 6.15. Let A, n be as in Notation 6.12. If x = by — 1 then fofe(X) = fefo(N)
if and only if p, = (12t_£). In this case, A € Q1= (¢;n).

Proof. In this case we observe that A’ satisfies the hypothesis of Lemma 6.14. Hence
the statement follows. O

THEOREM 6.16. Let A F, n; we assume Notation 6.12 and set u = 2=¢. Then the
following are equivalent.

(1) fofe(A) # fefo(N).
(2) x=bg and p, # (u) or x =byg — 1 and p, # (1*).
(3) X or X are such that x = by and p, # (u).

Proof. This is a consequence of Lemmas 6.13, 6.14, 6.15. d

We use the following example to illustrate in a concrete case the ideas involved in
Notation 6.12, Lemmas 6.13, 6.14, 6.15 and Theorem 6.16.

EXAMPLE 6.17.Let n = 11, t = m = 3 and £ = 2. Let v = (3) and let B be the
normalized 4-abacus for (3). We observe that by = 3. We define the following subsets of
P(11): Do := {(4%,1%),(3,1%)}, D1 := {(5,4,1?),(3,2,15)}, Dy := {(6,4,1),(3%,15)},
D3 :={(11),(7,4)}. We observe that

£((3),8) = Dy UDy UDy U Ds.
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For any A € £((3),8) we let A be the 4-abacus for A such that AT = B. For z €
{0,1,2,3} let u, be the partition represented on runner z. Notice that A € D, if and
only if wy(A4,) = 2.

From Lemma 6.13 we expect to have Dy U D; C €(2;11). Here we verify this
directly. For instance we have that

F2fo((5,4,1%)) = £2((5,3,1%)) = (2°,1%) = fo((3,2,1%)) = fof2((5,4,1%)).
Let us now consider Dy. If A = (6,4, 1) then po = (2) and Lemma 6.15 implies that
(6,4,1) ¢ Q(2;11). On the other hand, when A = (32,1%) we have that us = (12) and
that (32,1%) € Q(2;11). It follows that Dy N Q(2;11) = {(3%,1%)}. In fact,

(
fof2((3%,1°)) = fo((3%,1)) = (3,3) = f2((3%,1%)) = f2/0((3°,1%)).
Similarly, one can verify directly that D3 N 2(2;11) = {(11)}, as prescribed by
Lemma 6.14.

The unique base case still missing is the following for which we have to adapt our
notation, using again the 2'-abacus as in Notation 6.4.

NOTATION 6.18. Let n = 2t +2¢, with 0 < £ < t, i.e., we now consider the case m = 2¢.
Let A ko n, and let v := Ca¢()\) I, m. Since m = 2, v is a hook, say v = (m —w, 1),
for some w € {0,1,...,m — 1}. Let B be a normalized 2t-abacus for v. Then B does
not have beads in rows i > 1, by Lemma 2.6. Let ¢ = co(B) so that B := B(1,+ ¢)
is a 2'-abacus for fo(v). Since 7 is a hook, ¢ is in position (0,by) of B with by = 1
or by = 2°. The bead d = ¢;(B) in B such that B := B(2, < d) is a 2*-abacus for
fe(7) = @ is clearly in position (0, b,) with b, = 2°.

Let A be the 2-abacus for A such that A" = B. For j € {0,...,2" — 1} let u; be
the partition represented on runner A; (seen as a l-abacus). So there exists a unique
z € {0,...,2" — 1} such that p, = (1) and p, = @ for all y # z; we also allow
z = —1 and identify p_; = po:_; if needed. As before, we note that a 2t-abacus for
fo(A\) can be obtained from A by moving a bead ¢’ one position to the left. We call
A% = A(1,+ ¢'). Similarly, let A’ := A(2°,«+ d’) be the 2!-abacus for f¢(\), obtained
from A by moving a bead d’ 2¢ positions to the left.

Since fi(Cat (X)) = Cae(fr (X)) for k < € by Lemma 4.9, we know that ¢’ and d’ are
on the same runners by and by, respectively, as the beads ¢ and d of B.

LEMMA 6.19. Let n = 2t + 2, with 0 < £ < t. Let v € Q(£;2Y) = QY(4;29), v =
(2° —w,1%). Let A\ € £(v,2') and x as in Notation 6.18. Then \ € Q({;n | ) if and
only if z € {0, (—1)*~1,2¢2¢ 4 (—=1)*~1}.

More precisely, when v € QY (£;2%), then X € Q' (4;n | v) for x € {2¢ — 1,2}
and A € Q2(6;n | v) for x € {0,28 — 1}. When v € Q1= (¢;2°), then A € Q1= (;n | )
for x €{0,2° + 1} and X\ € Q2(4;n | ) for x € {1,2°}. In particular,

1Q%(4;n)| = 211, |Q (4 n)| =28 and Toe(n) = |4 n)| = 2672

Proof. We consider the 2t-abacus of \ using the notation introduced above. Clearly,
as by € {1,2%} and by = 2¢, the partition 7 is always of type (1); it is of type (1—),
i.e., bp =1, if and only if w is odd, by Lemma 6.5.

We discuss the case by = 1, i.e., w odd, in detail; the case by = by is similar (and
just corresponds to the conjugate partition).

First we want to show that f,fo(\) = fofe(\) when z € {0,1,2¢ 2 4+ 1}.

For # = 0, A\ = (m — w,12t"), and we easily compute fifo(A) = (m — w,
12 =mHw=1y — £ £,(X); we also note that A € Q1= (¢;n). For # = 2¢ + 1, we use the
2t-abacus to compute again fyfi(\) = (m — w, 121_7”‘*‘“’_1), which then also equals
fefo(N). Again, X € Q1= (¢;n).
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For = 1, the bead ¢ is at position (1,1) in A, d’ is at (0,2%), and both target
positions (1,0) and (0,0) are empty; then we obtain the 2!-abacus A% := [A(1, +
AN)(2% < d') for fofo(M\) and the 2t-abacus A%0 := [A(2f,« d")](1,c) for fofe(N),
and these coincide. The case x = 2¢ is handled analogously. In both cases, we easily
see that A € Q?(¢4;n).

Note that in the case where v € Q' (¢;m), i.e., by = by, a similar argument gives
two extensions A € Q(¢;n) of type (14+) and two extensions of type (2) as claimed.

Continuing with the case by = 1, we next want to show that fofo(A) # fofe(N)
when x ¢ {0,1,2¢,2° +1}.

We have three types of extensions A, corresponding to = € {2,...,w} if w > 1,
refw+1,...,2 —1}ifw <2 —1,and x € {20 +2,...,2t — 1} if (6;¢) # (1,2).

In all cases, the 2¢-abacus A’ has beads at positions (0,0) and (0, 1), so also A%°
has this property. But A° has a gap at position (0,1), which can then not be filled in
A% as A% has no bead in position (0,2¢41). So A% # A% and the claim follows. O

We collect all the counting formulae for Tp ¢(n) in the following result. Together
with the reduction formula for the numbers Fj ¢(n) (so also for Ty ¢(n)) in Theo-
rem 5.10 we thus have a complete answer to our counting problem.

COROLLARY 6.20. Letn = 291 4---+2% whereay > as > -+ > a,, and let 0 < £ < aq.
(1) Assume a, > (. Then

r—1 r—1
Too(n) = [0(6m)] =207 [ TT2w —3)+ [ 2%
j=1 j=1

(2) Assume £ > a,, say ap > £ > ap11. Then

p—1 p—1 T
Tou(n) = [QEn)| = [ 2 =22 T] 2% +2[Jev -3)| ] 2.
j=1 j=1

Jj=p+1
(3) Assume a, = (. Then

r—2 r—2

Tou(n) = [Q6n)| =201 | TT2% + [[(2% -3)

j=1 j=1

Proof. (1) Using Corollary 6.11 in an inductive argument, we obtain the claimed
formula.

(2) The formula follows from Lemmas 6.13, 6.14, 6.15 and by Corollary 6.11.

(3) Together with our previous results, we deduce the claim using Lemma 6.19. O
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