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ABSTRACT. – We investigate the integrated density of states of a Sturm–Liouville operator
d
dm

d
dx

when the measurem is constructed from a self-similar measure on the interval[0,1]. We
show that this involves the dynamics of a rational map on the complex projective planeP2, and we
give an explicit formula for the integrated density of states in terms of the Green function of this
map. This allows to deduce several results on the structure of the integrated density of states by a
study of the dynamics of this map. This operator is a particular case of the so-called diffusions on
self-similar sets and is relevant in this context. Indeed it is the first example, except for the sets of
the Sierpinski gasket type (usually called decimable), where a connection is established between
the spectrum of the operator and the dynamics of the iterates of a certain rational map. Therefore
it is a new step toward a generalization of the initial work of Rammal and Toulouse (1983) and
Rammal (1984). 2001 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous nous intéresserons à la densité d’états intégrée d’un opérator de Sturm–
Liouville d

dm
d
dx

quandm est construite à partir d’une mesure auto-similaire sur[0,1]. Ceci
implique la dynamique d’une application définie sur le plan projectif complexeP2. Nous donnons
une formule explicite reliant la densité d’états à la fonction de Green de cette application. Une
étude de la dynamique de cette application permet de donner plusieurs résultats sur la structure
de la densité d’états intégrée. Cette étude est surtout significative dans le cadre des diffusions
sur des ensembles auto-similaires car elle présente le premier exemple, hors les ensembles du
type du Sierpinski gasket (appelés décimables), où une relation est établie entre le spectre de
l’opérateur et la dynamique d’une certaine application rationnelle et donc une nouvelle étape
vers une généralisation des travaux de Rammal–Toulouse (1983) et Rammal (1984). 2001
Éditions scientifiques et médicales Elsevier SAS
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In this text we will be interested in a Sturm–Liouville operatord
dm

d
dx

whenm is a
self-similar measure on the interval[0,1]. This operator is a particular case of a class
of operators nicknamed “self-similar laplacians on self-similar sets” or “diffusions on
fractals” (cf, for example, [1]). These operators have received a certain attention these
last two decades, and of particular importance is the understanding of the structure of
their spectrum. A very striking and interesting aspect of these operators is the relations
between their spectral properties and the iteration of certain rational maps.

These relations have been discovered and initially investigated by Rammal and
Toulouse [23] and Rammal [22] in the case of the Sierpinski graph which is an infinite
graph based on the Sierpinski gasket. This graph is constructed as an increasing sequence
of finite graphs and they exhibited a polynomial mapz→ z(5− z) that relates the
spectrum of the difference operators defined on 2 successive graphs: precisely they
showed that ifλ is an eigenvalue at stepn + 1 thenλ(5− λ) is an eigenvalue at step
n. This law was usally called the spectral decimation of the Sierpinski gasket. Thanks
to this law and to a functional equation relating some functions of the spectrum on
successive steps, Rammal gave a beautiful description of the spectrum of the discrete
operator defined on the Sierpinski graph. Using similar ideas, Fukushima and Shima
investigated the spectrum of the continuous operator on the Sierpinski gasket itself [11].

The Sierpinski gasket is a particular example of the class of finitely ramified self-
similar sets (or p.c.f. self-similar sets, cf [14]): on such sets one can define some self-
similar operators which play the role of a Laplace operator. At the exception of some
particular cases like the Sierpinski gasket and the class of decimable sets introduced
in [12], the spectrum of these operators do not satisfy a law of decimation, i.e., one
cannot find a rational map relating the spectrum of the operator on successive scales,
and the legitimate question of how to generalize the initial work of Rammal is not
answered. Working on this question we were able to identify several new objects that
seem important to understand the general situation. We present them on a particular
example where we are able to relate explicitely the spectrum of the operator to the
dynamics of a certain renormalization map defined on the complex projective planeP

2.
Let us now describe our model and our results. Consider the unit intervalI = [0,1]

and a realα, 0< α < 1. The 2 homotheties1(x)= αx and2(x)= 1− (1−α)(1−x)
give the structure of a self-similar set to the intervalI = [0,1], i.e., we haveI =
1(I ) ∪2(I ) (the intervalI is even finitely ramified or a p.c.f. self-similar set in the
setting of [14]). For a real 0< b < 1 we consider the unique probability measure on
[0,1] such that: ∫

f dm= b
∫
f ◦1dm+ (1− b)

∫
f ◦2dm, (0.1)

for all continuous functionf ∈ C([0,1]). For b 
= α the measurem is singular with
respect to the Lebesgue measure (forα = b it is the Lebesgue measure). We will be
interested in the Sturm–Liouville operatorL= d

dm
d
dx

defined byLf = g if and only if
f (x)= ax+b+∫ x0 ∫ y0 g(u) dm(u) dy, for some realsa andb. We choose either Neuman
or Dirichlet boundary conditions on[0,1]. It is easy to see that the associated Dirichlet
form a(f, g)= ∫ 1

0 Lfg dm=
∫ 1

0 f
′g′ dx satisfies the following self-similarity relation:

a(f )= α−1a(f ◦1)+ (1− α)−1a(f ◦2), (0.2)
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N.B.: we will always writea(f ) for a(f, f ) whena is a quadratic form.
The relations (0.1) and (0.2) are the 2 relations which characterise a “self-similar

Dirichlet space”, the operatorL is therefore a self-similar Laplacian as defined for
example in [1,14,25].

In all the text we will restrict our study to a particular choice forb: b = 1− α. This
ensures that the scaling in timeγ1 = (αb)−1 in the left sub-interval1(I ) is equal to
the scaling in timeγ2 = ((1− α)(1− b))−1 in the right sub-interval2(I ). We set
γ = γ1 = γ2 = (α(1− α))−1. In Section 1.2.2 we justify this choice in connexion with
the assumptions usually considered in the case of random Schrödinger operators.

The measurem is extended to the intervalI〈n〉 =−n
1 (I ) by the measurem〈n〉 defined

by:

α−n∫
0

f dm〈n〉 = b−n
1∫

0

f ◦−n
1 dm. (0.3)

We denote byν+〈n〉 (resp.ν−〈n〉) the counting measures of the solutions of the eigenvalue
problem d

dm〈n〉
d
dx
f = λf with Neuman (resp. Dirichlet) boundary conditions onI〈n〉. It is

clear by construction that the eigenvalues onI〈n〉 are the image by a scaling of ratioγ −n
of the eigenvalue onI . We call the integrated density of states the weak limit (when it
exists) of the sequence

lim
n→∞

1

2n
ν±〈n〉, (0.4)

and we denote it byµ (here we follow the maybe confusing terminology of [3] and
[21], in which the integrated density of states is the measure that counts the number of
eigenvalues per unit volume at some energy level).

Let us now introduce the renormalization map. Denote byF = {0,1} the set of
boundary points ofI and setF (1) = {0, α,1} =1(F ) ∪2(F ). With a quadratic form
Q on R

F we associate a quadratic formQ(1) on R
F (1) by the following formula:

Q(1)(f )= α−1Q(f ◦1)+ (1− α)−1Q(f ◦2), ∀f ∈R
F (1) . (0.5)

If Q is a positive quadratic form, then so isQ(1), and we can define the “trace”on the
subsetF of the quadratic formQ(1) as the quadratic formQ(1)

F on R
F given by:

Q
(1)
F (f )= inf

g|F=f
Q(1)(g)=Q(1)(HQf ), ∀f ∈ R

F , (0.6)

whereHQf is the harmonic continuation off with respect to the positive quadratic form
Q(1). We define the renormalization operatorT by:

TQ=Q(1)
F . (0.7)

Using the representation by a symmetric matrix of the form

q1

(
q1 q

q q2

)
(0.8)

a quadratic formQ on R
F can be represented by the 3-tuple(q1, q2, q). With these

coordinates the mapT is given by:
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T
(
(q1, q2, q)

)= α−1

q1+ δ−1q2

(
q1
(
q1+ δ−1q2

)− δ−1q2, δq2
(
q1+ δ−1q2

)− δq2,−q2),
(0.9)

where we setδ = α
1−α . The mapT can be extended toC3 \ {q1 + δ−1q2 = 0}. Consider

the mapR :C3 → C
3 obtained fromT by removing the singularities, i.e., we set:

R((q1, q2, q))= α(q1+ δ−1q2)T ((q1, q2, q)). The mapsT andR are respectively 1 and
2-homogeneous and induce the same mapf defined on the complex projective planeP

2

(in factf can only be defined onP2 minus one point called a point of indeterminacy, cf
Section 3.1) and given by the following formula:

f ([x, y, z])= [x(x + δ−1y
)− δ−1z2, δy

(
x + δ−1y

)− δz2,−z2] (0.10)

([x, y, z] denotes the image inP2 of the point (x, y, z) ∈ C
3, following the usual

notations, cf [27]).
A lot of information on the dynamics of this map is contained in the Green function:

this functionG :C3→R ∪ {−∞} is defined as the limit:

G(x)= lim
n→∞

1

2n
log
∥∥Rn(x)∥∥, x ∈ C

3. (0.11)

The functionG has the important property of being plurisubharmonic (this means that
it is subharmonic when restricted to complex lines, and satisfies some smoothness
conditions).

We now introduce the last ingredient necessary to state our result. Forλ � 0 we set
aλ(f ) = a(f )+ λ ∫ f 2dm. The quadratic formaλ defines a regular Dirichlet form on
I and we can consider its trace (in the sense of [9, Section 6]) on the subsetF = {0,1}
defined as the Dirichlet formA(λ) on R

F given by:

A(λ)(f )= inf{aλ(g), g|F = f } = aλ(Hλf ), f ∈R
F , (0.12)

whereHλf denotes the harmonic continuation off with respect to the Dirichlet form
aλ. The functionλ→A(λ) can be extended into a meromorphic function onC with poles
included in the Dirichlet spectrum ofa. The choice we made for the parameterb implies
that the curveA(λ) is invariant byT , more precisely we have:

T (A(λ))=A(γλ). (0.13)

The mapR introduced previously leaves the hyperplan{q = −1} invariant and if we
denote byφ(λ) the projection ofA(λ) on the hyperplan{q =−1} thenλ→ φ(λ) defines
a holomorphic curve invariant by the mapR, i.e., we have:

R
(
φ(λ)

)= φ(γ λ). (0.14)

We are now ready to state the main result of this text given in Theorem 3.1. We prove
that the integrated density of states exists and has the following expression:

µ= 1

2π
%(G ◦ φ). (0.15)

It is well-known that in the case of 1-dimensional Schrödinger operators the Lyapunov
exponent and the integrated density of states are related by the so-called Thouless
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formula. This is also true here and in fact we define a certain Lyapunov exponentζ(λ)

(cf formula (3.51)) associated with the differential equationd
dm

d
dx
= λf on R+ and we

show that:

ζ(λ)=G ◦ φ(λ). (0.16)

From formula (0.15) and an explicit analysis of the dynamics off we deduce several
results on the structure of the measureµ: we prove that it charges no point and that for
α 
= 1

2 it is supported by a Cantor subset ofR− (for α = 1
2, the operator is the usual

Laplacian, and we recover the classical results). Using a result of [27] on the Hölder
regularity of the Green function, we are also able to prove the Hölder regularity of
the integrated density of states and of the Lyapunov exponent for some values of the
parameterδ. We don’t know wether this restriction on the values of the parameter comes
from our technique or from a deeper phenomenon.

Let us also mention that we simultaneously treat the case of the natural underlying
discrete operator defined on the so called pre-fractal. We get the same expression for the
integrated density of states when the complex curveφ(λ) is replaced by a complex line
φ̃(λ). Finally we would like to point out that the technics we use are quite different from
the one developped for 1-dimensional random Schrödinger operators. In particular we
make no use of the propagator of the associated differential equation in the investigation
of the integrated density of states and we prove separately formula (0.15) and formula
(0.16) (we do not deduce (0.15) from (0.16) as in the Thouless formula). This comes
from the fact that we developped these technics in our attempt to understand the general
situation of finitely ramified fractals where most of the 1-dimensional technics break
down.

In the course of the text we introduce several new objects, most of them are general to
finitely ramified self-similar sets and we would like to emphasize and clarify the role of
some of them.

The good renormalization map to be considered is the map on the projective space
associated withT . In particular it is defined on the projective space associated with
the set of quadratic forms onRF invariant by the “natural” group of symmetries of
the problem (in general it is natural to associate with our self-similar set a group of
isometries, enventually empty, which leave invariant the structure; this group is then
considered as the natural group of symmetries of the set, cf [25]). For the Sierpinski
gasket, due to the symmetries of the problem, the set of quadratic forms is of dimension 2
and the map is then defined on the 1-dimensional projective space. The mapR we
introduced is the natural lift onC3 of the mapf (cf [8] or [27]). The relation between the
mapsT andR is in general difficult to analyse. It also appears that the theory of iteration
of rational maps ofPk, as it has been recently developped, in particular by Fornaess and
Sibony (cf [6–8,27]), is crucial in our problem. This promises a rich and complicated
general picture since the iteration of rational maps of higher dimension contains many
new phenomenons compared with the one-dimensional situation.

The mapφ(λ) makes the link between the spectral problem which is something
1-dimensional, and the renormalization map which is intrisically defined on a space
of higher dimension. In the case of the Sierpinski gasket the renormalization map was
expressed directly on the spectral parameterλ; this was possible since the parameter
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λ could in itself parametrize the projective space of quadratic forms. In general the
renormalization map does not act on the parameterλ but on a bigger space, which has a
priori nothing to do with the spectral problem.

In the course of the proof of formula (0.15) we introduce a sequence of plurisubhar-
monic functionsH±

〈n〉. Most of the information on the density of states is contained in
the limit of 1

2nH
±
〈n〉. These functions satisfy a functional equation involving the renormal-

ization mapT . This functional equation already appeared in the case of the Sierpinski
gasket in the work of Rammal [22] and is the tool to relate the limit of1

2nH
±
〈n〉 to the

dynamics of the renormalization map. In general it is not easy to analyse this functional
equation and the limit of these functions. In this example most of the difficulties are
overcome by explicit computations (cf the proof of formula (2.45)).

Let us now describe the organization of the paper. In Section 1 we settle the
notations, definitions and basic properties. In Section 2 we introduce the curveA(λ), the
renormalization mapT and the sequence of plurisubharmonic functionsH±

〈n〉. The two
main results of this section are Proposition 2.1 where we relate the counting measures
ν±〈n〉 to the sequence of functionsH±

〈n〉 and to the curveA(λ) and Proposition 2.3 where
we establish the functional equation and deduce an expression ofH±

〈n〉 in terms of the
iterates of the mapR. In Section 3 we first describe the dynamics off and introduce the
Green function and the holomorphic curveφ(λ). We prove the formula on the integrated
density of states in Theorem 3.1; the main step is to prove that the sequence1

2nH
±
〈n〉

converges to the Green function. Thanks to the expression we got in Section 2 this
reduces to prove that the current of integration on the preimages of a certain rational
curve, suitly renormalized, converges to the Green current. This is a classical problem
(cf [27]) but here cannot be deduced from general results. In Section 3.4 we introduce
the Lyapunov exponentζ(λ) and give its expression in terms of the Green function. In
Section 3.5 we give a result on the Hölder regularity of the integrated density of states
and of the Lyapunov exponent. In Section 4 we make some remarks and conjectures
about the problem on general finitely ramified fractals.

1. Self-similar diffusions on the interval [0,1]
1.1. Notations

Let I = [0,1] be the unit interval andα be a real such that 0< α < 1. We setδ = α
1−α .

We define the twoR-similitudes1,2 by:

1(x)= αx, 2(x)= 1− (1− α)(1− x).
So,1(I ) = [0, α], 2(I ) = [α,1] and the intervalI is self-similar with respect to
(1,2).

Let b be a real such that 0< b < 1. It is classical that there exists a unique probability
measurem on I such that

1∫
0

f dm= b
1∫

0

f ◦1dm+ (1− b)
1∫

0

f ◦2dm, ∀f ∈C(I). (1.1)
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N.B.: This measure is the image byπ : {0,1}N → I defined byπ((ε0, . . .))=∑ εiα
i

of the product of Bernoulli measures on{0,1} with parameter 1− b. For α 
= b, the
measurem is singular with respect to the Lebesgue measure, forα = b it is the Lebesgue
measure.

We denote byL+ the operator d
dm

d
dx

with Neuman boundary condition onI , i.e., it is
the operator defined on the domain:

{
f ∈ L2(I,m),∃g ∈ L2(I,m), f (x)= ax + b+

x∫
0

y∫
0

g(z) dm(z) dy,

f ′(0)= f ′(1)= 0

}
, byL+f = g. (1.2)

We denote byL− the corresponding operator with Dirichlet boundary conditions onI .
In this text we will often take the point of view of Dirichlet forms since the self

similarity of the process can be read very easily on the measure and on the Dirichlet
form (it appears clearly now that Dirichlet forms are the most tractable objects when
considering self-similar operators on self-similar sets, cf for example [1]). The operator
L+ is the infinitesimal generator of the regular Dirichlet space(a,D) defined by:

D = {f ∈ L2(I,m), f is absolutely continuous andf ′ ∈ L2(I, dx)
}
, (1.3)

a(f, g)=
1∫

0

f ′g′ dx, ∀f,g ∈D (1.4)

(cf [9, Example 1.2.2]). The operatorL− is associated witha restricted to the domain

D− = {f ∈D, f (0)= f (1)= 0}. (1.5)

In fact, the Markov process canonically associated with(a,D) on L2(I,m) is a time
changed process of the usual Brownian motion. More precisely, let(Bt ,Px) be the
usual reflected Brownian motion onI and At be the additive functional defined by
At = ∫ 1

0 L
x
t dm(x), whereLxt denotes the local time at pointx, then the process(Bτt , Px),

whereτt = inf{s,As � t}, is the Markov process associated with(a,D) onL2(I,m). We
denote this process by(Xt,Px).

By a change of variables we see thata satisfies:

a(f )= α−1a(f ◦1)+ (1− α)−1a(f ◦2), ∀f,g ∈D. (1.6)

N.B.: Here and in the sequel we simply writea(f ) for a(f, f ) whena is a symmetric
bilinear form.

Let γ1= (αb)−1, γ2= (1− α)−1(1− b)−1 andaλ be the Dirichlet form defined by:

aλ(f, g)= a(f, g)+ λ
∫
fg dm, ∀f,g ∈D. (1.7)

We can combine (1.1) and (1.6) in

aλ(f )= α−1aγ−1
1 λ(f ◦1)+ (1− α)−1aγ−1

2 λ(f ◦2), ∀f ∈D. (1.8)
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These properties can be translated into scaling relations on the process. Precisely, let
T = inf{s,Xs ∈ {0,1}} and Ti = inf{s,Xs ∈ i({0,1})}, i = 1,2, then the following
equality between Markov processes holds:(

i(Xt∧T ),Px
)= (Xγ−1

i
t∧Ti , Pi(x)). (1.9)

Remark1.1. – These are the scaling relations of the process, but we must note that
they involve a discrete range of scales and not the real line like for the usual Brownian
motion. This, very roughly, can predict the phenomenon of oscillation in the asymptotic
distribution of eigenvalues.

From now on we make the following choice for the measurem:

(H) We chooseb= 1− α, so thatγ1= γ2= α−1(1− α)−1 (that we denoteγ ).

This choice implies that the process spends the same time in each of the intervals1(I )

and2(I ).

1.2. Extension of the states space. Definition of the integrated density of states

1.2.1. The continuous case
Here we extend the states spaceI , the Dirichlet forma and the measurem by a

natural scaling. LetI〈n〉 = −n
1 (I ) = [0, α−n]. The setI〈n〉 is the union of 2n intervals

“identical” to I . Indeed, for(i1, . . . , in) ∈ {1,2}n we seti1,...,in = in ◦ · · · ◦ i1 and
Ii1,...,in =i1,...,in (I〈n〉), so thatI1,...,1= I and

I〈n〉 =
⋃

i1,...,in

Ii1,...,in . (1.10)

We extend the measurem to the states spaceI〈n〉: we definem〈n〉 by∫
I〈n〉

f dm〈n〉 = (1− α)−n
∫
I

f ◦−n
1 dm, f ∈C(I〈n〉). (1.11)

We denote byL+〈n〉 (resp.L−〈n〉) the Sturm–Liouville operator d
dm〈n〉

d
dx

with Neuman

(resp. Dirichlet) boundary conditions. Of courseL+〈n〉 is the infinitesimal generator of
the Dirichlet space(a〈n〉,D〈n〉) given by:

D〈n〉 = {f ∈ L2(I〈n〉,m〈n〉), f ′ exists andf ′ ∈L2(I〈n〉, dx)
}
, (1.12)

a〈n〉(f )=
α−n∫
0

(f ′)2dx = αna(f ◦−n
1

)
, ∀f ∈D〈n〉. (1.13)

The operatorL−〈n〉 is associated witha〈n〉 when restricted to the corresponding Dirichlet
domainD−

〈n〉.
These formulas define continuations ofa and m since if f ∈ D〈n〉 is such that

supp(f )⊂ [0,1] thena〈n〉(f )= a(f ) and
∫
f dm〈n〉 = ∫ f dm.

The sequence of measuresm〈n〉 induces a measurem〈∞〉 on I〈∞〉 =R+. We denote by
L+〈∞〉 and(a〈∞〉,D〈∞〉) (resp.L−〈∞〉 and(a〈n〉,D−

〈∞〉)) the corresponding Sturm–Liouville
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operator and Dirichlet space with Neuman (resp. Dirichlet) boundary condition at
point 0.

Let 0= λ+〈n〉,0 > λ+〈n〉,1 � · · · � λ+〈n〉,k � · · · be the list of eigenvalues of the operators
L+〈n〉 (i.e., the solutions of d

dm〈n〉
d
dx
= λf with Neuman boundary conditions onI〈n〉). We

consider the counting measure:

ν+〈n〉 =
∞∑
k=0

δλ+〈n〉,k . (1.14)

N.B.: δx denotes the Dirac mass at the pointx.
Let 0> λ−〈n〉,1 � λ−〈n〉,2 � · · · � λ−〈n〉,k � · · · be the list of eigenvalues ofL−〈n〉 (i.e., the

solutions of d
dm〈n〉

d
dx
= λf with Dirichlet boundary conditions onI〈n〉). We consider the

counting measure:

ν−〈n〉 =
∞∑
k=1

δλ−〈n〉,k
. (1.15)

DEFINITION-PROPOSITION1.1. – If 1
2n ν

±
〈n〉 converges weakly to the(same) measure

µ, we say that the integrated density of states of the operatord
dm〈∞〉

d
dx

on R+ exists and

isµ. Its repartition function, denoted byF(λ)= ∫ λ0 dµ, λ� 0, satisfies:

F(γ λ)= 2F(λ). (1.16)

Remark1.2. – We adopt here the terminology of [3] and [21] even if it is a bit
misleading. The integrated density of states is the measureµ, not its repartition function.

Remark1.3. – The existence of the integrated density of states (and the fact that the
weak limit is the same forν+〈n〉 andν−〈n〉) can be proved directely using the technics of
[10] but our aim is to investigate some of its fine properties.

Remark1.4. – The formula (1.16) also means that the repartition function can
be written F(λ) = λρg(λ) where ρ = logγ / log2 and g(λ) is a positive function
satisfyingg(γ λ)= g(λ). The functionF(λ) also represents the asymptotic repartition
of eigenvalues of(a,D) onL2(I,m), since, using the scaling relation we easily see that
the counting functionN±(λ) = #{k, |λ±k | � λ} is equivalent toF(−λ) when λ tends
to infinity (when the integrated density of states exists). In [16], Lapidus and Kigami
studied in general (i.e., for general finitely ramified fractals and different scaling ratios
γi) the behaviour of the functionN±(λ). In our context, ifγ1 andγ2 are not equal, their
result states as follows: letρ be the real such thatγ −ρ1 + γ −ρ2 = 1 then if logγ1 and
logγ2 are not rationally linked thenN±(λ) is equivalent toCλρ for a realC > 0, and
if the additive group generated by logγ1 and logγ2 is (logp)Z (p > 1), thenN±(λ) is
equivalent tog(λ)λρ whereg(λ) is a positive function satisfyingg(pλ)= g(λ). These
two cases are called respectively the non-arithmetic and the arithmetic cases. In the
arithmetic case, some natural questions are: is the functiong constant, is it continuous?
Forγ1= γ2 we will answer to these questions by giving an explicit formula forF(λ).

Proof. –LetF±
〈n〉(λ)=

∫ λ
0 dν

±
〈n〉 for λ� 0. From relations (1.11) and (1.13) we deduce

that
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F±
〈n+1〉(λ)= F±

〈n〉(γ λ) (1.17)

and this implies relation (1.16) when12n F〈n〉 converges. ✷
Finally we give the counterpart ona〈n〉 andm〈n〉 of the scaling relations (1.1) and (1.6).

To simplify the notations we adopt the convention thata(f|Ii1,...,in ) and
∫
f|Ii1,...,in dm stand

for a(f ◦i1,...,in ◦−n
1 ) and

∫
f ◦i1,...,in ◦−n

1 dm for a functionf ∈ D〈n〉 (i.e., we
transport the forma and the measurem to the intervalIi1,...,in in a natural way). We have:∫

f dm〈n〉 =
∑
i1,...,in

αn(αi1 · · ·αin)−1
∫
f|Ii1,...,in dm, ∀f ∈D〈n〉, (1.18)

a〈n〉(f )=
∑
i1,...,in

αn(αi1 · · ·αin)−1a(f|Ii1,...,in ), ∀f ∈D〈n〉, (1.19)

whereα1 = α andα2 = 1− α. On a〈n〉,λ(f ) = a〈n〉(f )+ λ ∫ f 2 dm〈n〉 this is of course
translated in:

a〈n〉,λ(f )=
∑
i1,...,in

αn(αi1 · · ·αin)−1aλ(f|Ii1,...,in ), ∀f ∈D〈n〉. (1.20)

1.2.2. Justification of the choice γ1 = γ2

In this very section we do not assume hypothesis (H), so thatγ1 andγ2 do no need to
be equal. An extra factor comes in formula (1.20) which reads:

a〈n〉,λ(f )=
∑
i1,...,in

αn(αi1 · · ·αin)−1aγ n1 (γi1 ···γin )−1λ(f|Ii1,...,in ), ∀f ∈D〈n〉. (1.21)

This extra factor implies that the operator is not the same in each of the cellsIi1,...,in .
Indeed, consider a functionf in the domain ofL+〈∞〉 such that supp(f ) ⊂ Ii1,...,in . The
infinitesimal generator d

dm〈∞〉
d
dx

applied tof gives:

d

dm〈∞〉
d

dx
f = γ −n1 (γi1 · · ·γin)

d

dm

d

dx

(
f ◦i1,...,in ◦−n

1

)
. (1.22)

Therefore, we can say that the operator satisfies a local invariance by translation if
and only if γ1 = γ2. Of course, even ifγ1 = γ2 the operator is not globally invariant
by translation but we believe that this local invariance is the good counterpart of the
ergodicity assumed on the law of the potential in the case of random or almost periodic
Schrödinger operators. This invariance by translation is known to be essential in the
construction of the integrated density of states and in its relation to the spectrum of the
operator. In our case, using the results of Kigami and Lapidus [16] on the asymptotic
repartition of eigenvalues we can show that the sequence1

2n ν
±
〈n〉 does not converge to

a good measure whenγ1 
= γ2. Indeed, the result of [16] states as follows: letρ be
the unique positive real such thatγ −ρ1 + γ −ρ2 = 1, the number of eigenvalues smaller
than λ, N±(λ) = #{k, |λ±k | � λ}, behaves for large values ofλ like g(λ)λρ where
g is a positive constant if ln(γ1) and ln(γ2) are not rationally linked, and satisfies
g(pλ) = g(λ) if ln (p)Z is the group generated by ln(γ1) and ln(γ2). Since by scaling
F±
〈n〉(λ)=

∫ λ
0 ν

±
〈n〉 = F±

〈0〉(γ n1 λ)=N±(−γ n1 λ) we see that:

1

2n
F±
〈n〉(λ)∼

1

2n
∥∥γ n1 λ∥∥ρg(∣∣γ n1 λ∣∣), (1.23)
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for large values ofn. But γ ρ1 > 2 if γ1> γ2 andγ ρ1 < 2 if γ1< γ2. Therefore, 1
2n F

±
〈n〉(λ)

converges to+∞ if γ1 > γ2 and 0 if γ1 < γ2. This can be easily understood from the
fact that when we look at the process on large scale (i.e., onI〈n〉 for n large) then the
coefficientsγ −n1 (γi1 · · ·γin) are for most of them either very small ifγ1 > γ2 or very
large if γ1 < γ2. So the process on large scales has a tendancy to move very slowly if
γ1> γ2 or very fast ifγ1< γ2, therefore creating either many small eigenvalues or very
few.

Of course, one can define a measure by replacing the renormalizing factor 2n by (γ ρ1 )
n

but it is not clear wether this measure is a interesting object in connection with the
operator on the unbounded space when no local invariance by translation is satisfied.

1.2.3. The discrete underlying problem
There is a natural discrete model associated with the continuous one. We also

investigate the integrated density of states in this model since there is a nice similarity
between the two expressions for the continuous case and the discrete case.

We defineF〈n〉 as the union of the boundaries of the 2n intervalsIi1,...,in , i.e., we set
F = F〈0〉 = ∂I = {0,1},

Fi1,...,in = ∂Ii1,...,in =i1,...,in ◦−n
1 (F ) (1.24)

andF〈n〉 = ⋃
i1,...,in

Fi1,...,in . We also denoteE〈n〉 = R
F〈n〉 and simplyE = R

F (in the
terminology of finitely ramified fractals, the setF〈n〉 is often called the pre-fractal). We
fix a strictly positive probability measureω on F , i.e.,ω = cδ0 + (1− c)δ1 for a real
0< c < 1. LetA be the quadratic form onRF defined by:

A(f )= (f (0)− f (1))2. (1.25)

Up to a constant,A is the unique irreducible conservative Dirichlet form onF . Following
the formulas (1.18) and (1.19) we define the measuresω〈n〉 and the quadratic formA〈n〉
on R

F〈n〉 by:

A〈n〉(f )=
∑
i1,...,in

αn(αi1 · · ·αin)−1A(f|Fi1,...,in ), ∀f ∈R
F〈n〉, (1.26)

∫
f dω〈n〉 =

∑
i1,...,in

αn(αi1 · · ·αin)−1
∫
f|Fi1,...,in dω, ∀f ∈R

F〈n〉 . (1.27)

Naturally, we can extendω〈n〉 to F〈∞〉 � N in ω〈∞〉 and A in A〈∞〉 on the domain
L2(N,ω〈∞〉) (since supA〈n〉(f ) < ∞ if f ∈ L2(N,ω〈∞〉)). So A〈∞〉,ω〈∞〉 define a
discrete Markov process onN (its transition probabilities are a bit difficult to describe).
Denote byν̃+〈n〉 the counting measure of the spectrum of the infinitesimal generator of
A〈n〉 onL2(F〈n〉,ω〈n〉) (and byν̃−〈n〉 the counting measure of the infinitesimal generator of
A〈n〉 with Dirichlet condition on{0, α−n}).

DEFINITION 1.2. – If 1
2n ν̃

± converges tõµwe say that the integrated density of states
of the infinitesimal generator ofA〈∞〉 onL2(N,ω〈∞〉) exists and is̃µ.

Remark1.5. – A priori µ̃ depends on the choice of the measureω. At the opposite
to the continuous case,̃µ has no invariance by scaling and in fact is supported by a
compact.
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2. The sequence of plurisubharmonic functions

2.1. Preliminary results

LetX be a locally compact denumbrable metric space andm be a finite positive Radon
measure onX such that supp(m)=X.

Let (a,D) be a regular Dirichlet form onL2(X,m) such that:
(i) a is irreducible (i.e.,a(f )= 0 implies thatf is constant).
(ii) (a,D) has a compact resolvent.

(iii) There existsc > 0 such that cap1({x})� c for all x ∈X.
N.B.: cap1({x}) stands for the 1-capacity of the point{x} (cf [9, Section 2]).
The assumption (iii) implies in particular that the functions of the domain have

a continuous modification, so that the value at one point can be defined (cf [9,
Theorem 2.1.3]).

A second implication of assumption (iii) is that the resolventRλ is trace-class. Indeed,
it is proved in [9, Example 2.1.2], thatg1(x, y) the kernel ofR1 satisfies cap1({x}) =
1/g1(x, x) so we get:

Trace(R1)=
∫
X

g1(x, x) dm� 1

c
m(X) <∞. (2.1)

Let F be a finite subset ofX. The regularity of the form and assumption (iii) imply
that for anyf ∈R

F there existsg ∈D such thatg|F = f .
We define the trace of(a,D) on the subsetF as the bilinear form onRF defined by:

aF (f )= inf{a(g), g ∈D, g|F = f }, ∀f ∈R
F . (2.2)

The irreducibility of(a,D) implies that the infimum in (2.2) is reached on a unique point
that we will call the harmonic continuation off with respect toa.

If F is endowed with a positive measureω with full support then(aF ,RF ) is a regular,
irreducible Dirichlet form onL2(F,ω) (the process associated withaF andω on states
spaceF can be represented by a time changed of the initial process associated with
(a,D) onL2(X,m) (cf [9, Theorem 6.2.1], and also [19])).

Remark2.1. – IfF ′ is a subset of the finite setF , then considering Definition 2.2 we
see that(aF )F ′ = aF ′ (where in the first term the trace onF ′ is applied to the Dirichlet
form aF with domainR

F ).

Forλ� 0 letaλ(f )= a(f )+ λ ∫X f 2dm for f ∈D. The bilinear formaλ is a regular
irreducible Dirichlet form satisfying (i), (ii) and (iii). We denote byA(λ) = (aλ)F its trace
on the subsetF and byHλf the harmonic continuation off ∈R

F with respect toaλ, so
thatA(λ)(f )= aλ(Hλf ).

Remark2.2. – In order to clarify the definition we point out that in the case of
Section 1, whereX = [0,1], a(f ) = ∫ 1

0 (f
′)2dx, andm is a positive Radon measure

with full support we have the following: ifg ∈R
F andf =Hλg thenf is a solution of

the differential equationd
dm

d
dx
f = λf and whenA(λ) is considered as a 2× 2 matrix:

A(λ)

(
f (0)
f (1)

)
=
(−f ′(0)
f ′(1)

)
. (2.3)



C. SABOT / Ann. I. H. Poincaré – PR 37 (2001) 275–311 287

Set D− = {f ∈ D, f|F = 0} (N.B.: D− is the domain with Dirichlet boundary
conditions onF ; (a,D−) is a regular Dirichlet form onL2(X \ F,m)).

We denote by 0> λ+1 � · · ·� λ+k � · · · the negative eingenvalues of the infinitesimal
generator associated with(a,D) and byσ0 the multiplicity of the eingenvalue 0 (which
can be 0 or 1, indeedσ0= 1 if 1 ∈D and 0 otherwise).

We also denote by 0> λ−1 � · · · � λ−k � · · · the eigenvalues of the infinitesimal
generator of(a,D−) (in this case 0 is not eigenvalue because of the boundary condition
and assumption (i)). Letf −1 , . . . , f

−
k , . . . be an orthonormal basis of eigenfunctions

associated with the preceding eigenvalues. The first result gives an expression ofA(λ):

LEMMA 2.1. – For anyf ∈R
F , λ� 0:

A(λ)(f )=A(0)(f )+ λ
∫
(H0f )

2dm− λ2
∞∑
k=1

(
∫
H0ff

−
k dm)

2

λ− λ−k
. (2.4)

In particularA(λ) is meromorphic onC with at worst simple poles at the points{λ−1 , . . . ,
λ−k , . . .}.

Remark2.3. – This formula is in fact classical on the formH0f −Hλf = λR−λ H0f

whereR−λ is theλ-resolvent of(a,D−) (cf, for example, [19]).

Proof. –SinceHλf −H0f is in D− we have thatHλf =H0f +∑ ckf
−
k . Using that

aλ(Hλf,f
−
k )= 0 for all k we getck =− λ

λ−λ−
k

∫
H0ff

−
k dm. But

A(λ)(f )= aλ(Hλf )= aλ
(
H0f,H0f +

∑
ckf

−
k

)
= a(H0f )+ λ

∫
(H0f )

2 dm+ λ∑ ck

∫
H0ff

−
k dm,

and the result follows. ✷
The second result of this section gives a relation between the Neuman spectrum,

the Dirichlet spectrum and the traceA(λ). We define some kind of infinite dimensional
determinants by the following formula: forλ ∈ C we set

d+(λ)= λσ0

∞∏
k=1

(
1− λ

λ+k

)
, (2.5)

d−(λ)=
∞∏
k=1

(
1− λ

λ−k

)
. (2.6)

The existence of these functions comes from the fact that the resolvents of(a,D) and
(a,D−) are trace class.

In the sequel we will adopt the following convention. IfQ is a quadratic form onRF

then we will denote by det(Q) the determinant of the symmetric matrix associated with
Q whenR

F is endowed with the usual scalar product. Then we have:

LEMMA 2.2. – There exists a constantC > 0 such that for allλ ∈ C \ {λ−1 , . . . ,
λ−k , . . .}:
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det(A(λ))= Cd
+(λ)
d−(λ)

. (2.7)

Remark2.4. – We recently discovered that this formula has already been proved
in a more general context (cf [4,5]). We nevertheless give our proof for the sake of
completeness.

Before giving the proof we state a result a bit more general whenX is finite. We denote
byQ (resp.Q+) the set of quadratic forms onRX (resp. positive quadratic forms). When
Q ∈Q+ we define the trace of the quadratic formQ by

QF(f )= inf{Q(g), g|F = f }, f ∈ R
F (2.8)

(of course this definition coincides with formula (2.2) whenQ is moreover a Dirichlet
form). It is easy to see that the coefficients ofQF are rational in the coefficients ofQ
and that the trace can be extended toQ minus a finite union of hypersurfaces (where
the denominator is null). We denote byQ− the restriction ofQ to the subspace{f ∈
R
X, f|F = 0} (identified withR

X\F ). With the previous convention for the determinant
we have:

LEMMA 2.3. – For all Q ∈ Q, the following equality is true(when all terms are
defined):

det(QF )= detQ

detQ− . (2.9)

We first prove Lemma 2.3.

Proof. –We first set some notations. We denote by%,%F ,%− the symmetric matrices
associated withQ, QF , Q− thanks to the canonical scalar products onR

X, R
F and

R
X\F . If Q ∈ Q+ then the harmonic continuation exists and is denoted byH , i.e., we

haveQF(f )=Q(Hf ) for f ∈R
F .

Let P :RX→R
F ×R

X\F be defined by:

P(f )= (f|F , f −H(f|F )), (2.10)

then easily:

%=t P

(
%F 0
0 %−

)
P (2.11)

and sinceP is expressed by:

P =
(

Id 0
9 Id

)
. (2.12)

We see that det(%)= det(%F )det(%−) which is the desired result.✷
Proof of Lemma 2.2. –we approximate the Dirichlet formsaλ to reduce to a finite

dimensional space where the proof of Lemma 2.3 can be reproduced. Letf +0 , f
+
1 , . . .

be a basis of eigenvalues associated withλ+0 = 0 > λ+1 � · · · (we start atλ+1 if 0
is not eigenvalue, i.e., ifσ0 = 0). We denote byDn the vector space generated by
{f+0 , . . . , f +n }. We set:
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Dn,− = {f ∈Dn, f|F = 0
}
. (2.13)

We denote byanλ andan,−λ the restriction ofaλ respectively to the subspaceDn andDn,−.
There existsN > 0 such that for anyf ∈ R

F we can findg ∈DN with g|F = f . For
n�N we can define the trace ofanλ on the subsetF by:

An(λ)(f )=
(
anλ
)
F
(f )= inf

{
anλ(g), g ∈Dn, g|F = f }, ∀f ∈R

F . (2.14)

We first prove thatAn(λ) converges toA(λ).
Forf ∈ R

F we denote byHλf the harmonic prolongation off with respect toaλ. We
denote by;n the orthogonal projection fromD to the subspaceDn. It is clear that:

An(λ)
((
;n(Hλf )

)
|F
)
�A(λ)(f )�An(λ)(f ). (2.15)

SinceAn(λ) is a decreasing sequence we have forn�N :

An(λ)(f )�An(λ)
((
;n(Hλf )

)
|F
)+AN(λ)(f − (;n(Hλf )

)
|F
)
, (2.16)

so it is enough to prove thatf − (;n(Hλf ))|F tends to 0 onF to prove the convergence
of An(λ). If Hλf =∑k c

+
k f

+
k is the decomposition ofHλf on the basis of eigenvectors,

then it is equivalent to prove that(
∑∞
k=n c

+
k f

+
k )|F converges to 0 but this comes from the

fact that the value at a pointx of a functionφ ∈D can be defined by:

φ(x)= aλ(gλ(x, ·), φ), (2.17)

wheregλ(x, y) is the kernel of theλ-resolvent (andgλ(x, ·) ∈D for all x ∈ X) and the
applicationφ→ φ(x) is continuous onD with theL2 norm. Finally, we proved thatAn(λ)
converges toA(λ).

Let dn,+(λ) anddn,−(λ) be the functions associated with the spectrum ofanλ andan,−λ
(onDn andDn,−) then by definition we have:

dn,+(λ)= λσ0

n∏
k=1

(
1− λ

λ+k

)
, (2.18)

and dn,+ converges tod+. A similar relation is not true fordn,− since Dn,− is
not the space generated by the first(n − #F) Dirichlet eigenvectors. Nevertheless,
dn,− converges tod−. Indeed, the infinitesimal generator ofan,− (extended toD−
by 0) converges toa− in the strong resolvent sense (cf [3], Definition I.1.6 and
Proposition I.1.18) and this implies that the non-zero eigenvalues ofan,− converge to
the eigenvalues ofa−.

Mimicking the proof of Lemma 2.3 we can prove that:

det
(
An(λ)

)= cn dn,+(λ)
dn,−(λ)

, (2.19)

for a constantcn > 0. Indeed forn � N , (Dn,−)⊥ (as a subset ofDn) can be identified
with R

F and

Pnλ :Dn = (Dn,−)⊥ ⊕Dn,− →R
F ×Dn,− (2.20)

f → (
f|F , f −Hn

λ f
)
, (2.21)

can be viewed as an endomorphism ofDn which has the form (2.12). Denoting by%n
λ

and%n,−
λ the symmetric matrices associated withanλ andan,−λ whenDn is endowed by
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the scalar product induced by the measurem (i.e., the restriction of the scalar product on
D), we get:

det
(
%n
λ

)= c̃n det
(
An(λ)

)
det
(
%
n,−
λ

)
, (2.22)

wherec̃n > 0 (this extra constant comes from the fact that the scalar product induced on
R
F by the identification with(Dn,−)⊥ is not the usual scalar product onR

F ).
It follows from formula (2.19) thatcn must converge to a constantc > 0 and that

relation (2.7) is trueqed

2.2. The sequence of plurisubharmonic functions H±〈n〉

We come back to the situation and notations of Section 1 and we recall that:

F = {0,1}, (2.23)

Fi1,...,in =i1,...,in ◦−n
1 (F ), (i1, . . . , in) ∈ {1,2}n, (2.24)

F〈n〉 =
⋃

i1,...,in

Fi1,...,in . (2.25)

We setE = R
F , E〈n〉 = R

F〈n〉 . We denote byQ the set of symmetric bilinear forms on
R
F , identified withR

3 thanks to the representation by symmetric matrices of the form:(
q1 q

q q2

)
(2.26)

and byQ+ the set of positive quadratic forms.
Following formula (1.26), we associate withQ ∈Q a bilinear formQ〈n〉 on R

F〈n〉 as
follows:

Q〈n〉(f )=
∑
i1,...,in

αn(αi1 · · ·αin)−1Q(f|Fi1,...,in ), (2.27)

whereQ(f|Fi1,...,in ) stands forQ(f ◦i1,...,in ◦−n
1 ).

We denote byQ−
〈n〉 the restriction of the bilinear formQ〈n〉 to the subspaceE−

〈n〉 = {f ∈
E〈n〉, f (0)= f (α−n)= 0} (considered as the space of functions onF〈n〉 \ {0, α−n}).

ForQ ∈Q we set:

H+
〈n〉(Q)= log

∣∣det
(
δ−n/2Q〈n〉

)∣∣, (2.28)

H−
〈n〉(Q)= log

∣∣det
(
δ−n/2Q−

〈n〉
)∣∣ (2.29)

and by convention we putH−
〈0〉(Q)= 0 (we see thatH+

〈0〉(Q)= log |det(Q)|).
N.B.: We recall thatδ = α

1−α . The termδ−n/2 is the good renormalizing constant that
will ensure the convergence in Section 3.

N.B.: As in Section 2.1 det(δ−n/2Q〈n〉) denotes the determinant of the associated
symmetric matrix and we must understand that det(Q−

〈n〉) stands for the determinant
of the symmetric matrix associated withQ−

〈n〉 whenE−
〈n〉 is considered as the space of

functions onF〈n〉 \ {0, α−n}.
We see that det(Q〈n〉) (resp. det(Q−

〈n〉)) defines a homogeneous polynomial of degree
#F〈n〉 (resp. #F〈n〉 \ {0, α−n}) in (q1, q2, q) and so can be extended toC

3. The functions
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H±
〈n〉 : C

3 → R ∪ {−∞} are then plurisubharmonic (we recall that a function is
plurisubharmonic if it is upper semi-continuous and if its restriction to any complex
line is subharmonic, in particular the logarithm of the modulus of an entire function is
plurisubharmonic, cf [13]).

The relevance of these functions comes from the fact that the counting measuresν̃±〈n〉
andν±〈n〉 can be expressed in terms of their restriction to a complex curve.

Precisely, for the discrete case we denote byAλ the quadratic form onRF defined by
Aλ(f ) = A(f )+ λ ∫ f 2 dω (A andω are defined in Section 1.2.3). The mapλ→ Aλ
defines a complex line inC3 (by the identification with a matrix of the form (2.26)). For
the continuous case we defineA(λ) as the trace of the Dirichlet formaλ on the subsetF
(as in Section 2.1) andλ→A(λ) defines a holomorphic curve inB(0, |λ−1 |) sinceA(λ) is
holomorphic in the complement of the Dirichlet spectrum ofa (cf Lemma 2.1).

We can remark thatA(0) =A= (1,1,−1) in the coordinates(q1, q2, q).
We have the following result:

PROPOSITION 2.1. – (i)For the continuous case: λ→H±
〈n〉(A(λ)) defines a subhar-

monic function inB(0, |λ−1 |) and we have

ν±〈n〉 =
1

2π
%
(
H±
〈n〉(A(λ))

)
, onB(0, |λ−1 |). (2.30)

(ii) For the discrete case: λ→H±
〈n〉(Aλ) defines a subharmonic function onC and we

have

ν̃±〈n〉 =
1

2π
%
(
H±
〈n〉(Aλ)

)
. (2.31)

N.B.: % denotes the distributionnal Laplacian. In particular we recall the useful
formula:% log |λ| = 2πδ0.

N.B.: For the continuous case it will be enough to have a local formula since the
integrated density of states have an invariance by scaling, cf formula (1.16).

Proof. –For the discrete case (ii) it is nearly a triviallity: if we setA〈n〉,λ(f ) =
A〈n〉(f )+ λ ∫ f 2dω〈n〉 thenA〈n〉,λ = (Aλ)〈n〉 defined in formula (2.27) and so we have
det((Aλ)

±
〈n〉)=;(λ− λ̃±〈n〉,k) with obvious notations.

(i) We denote byd+〈n〉(λ) andd−〈n〉(λ) the “infinite” determinants associated with the
spectrum of(a〈n〉,D+

〈n〉) and(a〈n〉,D−
〈n〉) by formulas (2.5) and (2.6) and we simply write

d± for d±〈0〉. We prove the following formulas: there exists some constantsC±〈n〉 such that:

log |d+〈n〉(λ)| =H+
〈n〉(A(λ))+ 2n log |d−(λ)| +C+〈n〉, (2.32)

log |d−〈n〉(λ)| =H−
〈n〉(A(λ))+ 2n log |d−(λ)| +C−〈n〉. (2.33)

Since % log|d±〈n〉(λ)| = 2πν±〈n〉 and since supp(ν−) ∩ B(0, |λ−1 |) = ∅ this gives the
desired result. To prove these formulas we use the result of Section 2.1. In fact we
apply Lemma 2.2 with Dirichlet boundary condition taken onF〈n〉. SetD−

F〈n〉 = {f ∈
D〈n〉, f|F〈n〉 = 0} and letd−F〈n〉 be the infinite determinant associated with the spectrum of
(a〈n〉,D−

F〈n〉) by formula (2.6). We see that the Dirichlet condition deconnects the intervals
Ii1,...,in and denotingD−

i1,...,in
= {f ∈D−

F〈n〉, f = 0 onI〈n〉 \ Ii1,...,in}, we have:
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D−
F〈n〉 =

⊕
i1,...,in

D−
i1,...,in

. (2.34)

But formula (1.20) says that(a〈n〉,D−
i1,...,in

) has the same spectrum as(a,D−), this
implies that for a constantcn > 0 we haved−F〈n〉 = cn(d−)2

n

.
To get formula (2.32) we apply Lemma 2.2 taking the trace of(a〈n〉,λ,D〈n〉) on F〈n〉

(since we see that(a〈n〉,λ)F〈n〉 = (A(λ))〈n〉).
To get formula (2.33) we apply Lemma 2.2 taking the trace of(a〈n〉,λ,D−

〈n〉) on
F〈n〉 \ {0, α−n}. ✷
2.3. The renormalization map. The functional equation satisfied by the H±

〈n〉’s

We first set some notations. We will always identify an elementQ ∈ Q with the
triple (q1, q2, q) using the representation ofQ thanks to the symmetric matrix of the
form (2.26).

We set:

r(Q)= det(Q)= q1q2− q2, (2.35)

p(Q)= (1− α)det(Q−
〈1〉)= α

(
q1+ δ−1q2

)
. (2.36)

N.B.: we recall thatδ = α/(1− α) and thatQ−
〈1〉 is the restriction ofQ〈1〉 to the

subspaceE−
〈1〉 = {f ∈ E〈1〉, f (0) = f (α−1) = 0} (considered as the space of functions

onF〈1〉 \{0, α−1} = {1}). The functionsr andp are homogeneous polynomials of degrees
respectively 2 and 1 in the variables(q1, q2, q).

We first define the renormalization mapT on the set of positive quadratic forms on
R
F , denoted byQ+. We defineT :Q+ →Q+ by:

TQ(f )= α−1(Q〈1〉)α−1F (f ◦1), ∀f ∈ R
F . (2.37)

N.B.: we recall that(Q〈1〉)α−1F denotes the trace ofQ〈1〉 on the subsetα−1F ⊂ F〈1〉.
Remark2.5. – This definition of course suits with the one we gave in the introduction.

Formula (2.37) is just a scaled version of formula (0.7).

It is easy to see that (cf relation (2.27)):

(T Q)〈n〉(f )= α−1(Q〈n+1〉)α−1F〈n〉(f ◦1), ∀f ∈E〈n〉. (2.38)

A computation ofT gives:

T
(
(q1, q2, q)

)
= α−1

q1+ δ−1q2

(
q1
(
q1+ δ−1q2

)− δ−1q2, δq2
(
q1+ δ−1q2

)− δq2,−q2). (2.39)

So the mapT can be extended toC3 minus the hyperplane{q1+ δ−1q2 = 0}.
We remark that the polynomialp simplifies the denominator ofT and we set:

R(Q)= p(Q)TQ, (2.40)

which gives:

R
(
(q1, q2, q)

)= (q1
(
q1+ δ−1q2

)− δ−1q2, δq2
(
q1+ δ−1q2

)− δq2,−q2). (2.41)
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Remark2.6. – The fact that the polynomialp simplifies the denominator ofT is not
circumstancial. It is a general phenomenon that det(Q−

〈1〉)T Q is given by homogeneous
polynomials of same degree (this can be seen for example from Lemma 2.1). But it is
not always the case that these polynomials have no common factor.

We remark that the curveA(λ) is invariant byT :

PROPOSITION 2.2. – The following equality is true for allλ ∈C (when the two terms
are defined):

T (A(λ))=A(γλ). (2.42)

Remark2.7. – This means that, at least locally,A(λ) is a holomorphic curve invariant
by the mapT . We remark thatA(0) =A= (1,1,−1) is a fixed point ofT (in general the
existence of this fixed point is essential for the construction of a diffusion on the fractal,
cf [25]) and that( d

dλ
A(λ))λ=0 is an eigenvector ofT with eigenvalueγ > 1 (we shall see

later thatγ is the highest eigenvalue of the differential ofT at the fixed pointA(0) and
this seems to be always the case, i.e., for finitely ramified fractals). From formula (2.4)
we know that d

dλ
A(λ) atλ= 0 is the quadratic form defined by:(

d

dλ
A(λ)

)
|λ=0

(f )=
∫
(H0f )

2dm, ∀f ∈E. (2.43)

Proof. –We have:

T (A(λ))(f )= α−1((A(λ))〈1〉)α−1F
(f ◦1)

= α−1((a〈1〉,λ)F〈1〉)α−1F
(f ◦1)

= α−1(a〈1〉,λ)α−1F (f ◦1)

= (aγλ)F (f ).
The second equation follows relation (1.20), the third is a consequence of remark ? and
the last one comes from the scaling relationa〈1〉,λ(· ◦1)= αaγλ(·). ✷

Next we show thatH±
〈n〉 satisfies a functional equation and from this we get an

expression ofH±
〈n〉 in terms of the mapR.

PROPOSITION 2.3. – For any quadratic formQ on R
F we have:

H±
〈n+1〉(Q)=H±

〈n〉(TQ)+ 2n log |p(Q)| ± log
√
α(1− α), (2.44)

and

H±
〈n〉(Q)=

1

2

(
log
∣∣r(RnQ)∣∣± log |r(Q)|). (2.45)

N.B.: we can remark that these formulas are homogeneous sinceH±
〈n〉(βQ) =

H±
〈n〉(Q) + (2n ± 1) log|β| and r is a homogeneous polynomial of degree 2 andR a

homogeneous polynomial transformation of degree 2.

Remark2.8. – We remark that if 1
2nH

±
〈n〉 had a limit H then it should satisfy

the following functional equation:H(RQ) = 2H(Q). This is the functional equation
satisfied by the Green function associated with the mapR (cf Section 3.1) so it will not
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be a surprised that12nH
±
〈n〉 converges effectively to the Green function ofR (even if it is

not directly implied by this functional equation, cf [8, Remark 4.19]). In [22], Rammal
used the functional equation (2.44) in the case of the Sierpinski gasket.

Proof. –It is enough to prove these relations for a positive quadratic formQ ∈ Q+
(they are extended toQ by analycity). We apply Lemma 2.3 to the trace ofQ〈n+1〉
on the subsetα−1F〈n〉. We denote byQ〈n〉

〈n+1〉 the restriction ofQ〈n+1〉 to the subset

E
〈n〉
〈n+1〉 = {f ∈E〈n+1〉, f|F〈n〉 = 0}. From formula (2.27) we deduce that:

det
(
Q
〈n〉
〈n+1〉

)= [ ∏
i1,...,in

αn1(αi1 · · ·αin)−1
]

det(Q−
〈1〉)

2n . (2.46)

But;αn1(αi1 · · ·αin)−1 =√δn2n
and, using Lemma 2.3 and formula (2.38) we get:

det(Q〈n+1〉)=
√
δ
n2n

det(Q−
〈1〉)

2n det
(
α(TQ)〈n〉

)
(2.47)

=√δ(n+1)(2n+1+1)√
α(1− α)det

(
1√
δ
n (TQ)〈n〉

)
p(Q)2

n

(2.48)

which gives the first formula forH+. In the same way we get the formula forH−. Using
the fact thatH±

〈n〉(βQ)=H±
〈n〉(Q)+ (2n±1) log|β|, we deduce from formula (2.44) that

H±
〈n+1〉(Q)=H±

〈n〉(RQ)∓
(
log |p(Q)| − log

√
α(1− α)) (2.49)

and since

H+
〈0〉(Q)= log |r(Q)|, (2.50)

H−
〈0〉(Q)= 0, (2.51)

we get:

H+
〈n〉(Q)= log

∣∣r(RnQ)∣∣− n−1∑
k=0

log
∣∣p(RkQ)∣∣+ n log

√
α(1− α) (2.52)

and

H−
〈n〉(Q)=

n−1∑
k=0

log
∣∣p(RkQ)∣∣− n log

√
α(1− α). (2.53)

To finish the computation we remark that:

r ◦R(Q)= 1

α(1− α)p
2(Q)r(Q), ∀Q ∈Q, (2.54)

and:

n−1∑
k=0

log
∣∣p(Rk(Q))∣∣= 1

2

(
log
∣∣r(Rn(Q))∣∣− log |r(Q)|)+ n log

√
α(1− α). (2.55)

This concludes the proof.✷
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3. Rational dynamics in P
2. Expression of the integrated density of states

3.1. Generalities, notations

In this section we will use some technics on iteration of rational maps ofP
2 (the

complex projective plane). A good account on the subject, which deals with the case of
meromorphic maps, can be found in [8] or [27] (cf also [7,6]). We will also use some
technics on plurisubharmonic functions and we will refer to [13]. At the end of this
text the reader will find a picture representing the geometric elements we introduce to
describe the dynamics of the map.

In this section we consider the mapR defined in Section 2.3 as a map onC
3. We recall

its expression:

R
(
(q1, q2, q)

)= (q1
(
q1+ δ−1q2

)− δ−1q2, δq2
(
q1+ δ−1q2

)− δq2,−q2). (3.1)

We denote byπ :C3 \ {0} → P
2 the canonical surjection fromC3 to the complex

projective space of dimension 2. The image of a point(q1, q2, q) by π will be denoted
by [q1, q2, q] (following the usual notations, cf [8] or [27]). We first remark that the
mapR is homogeneous of degree 2 since it is defined by 3 homogeneous polynomials
of degree 2 (and we can note that they have no common factor). So, withR we can
associate a mapf on the projective space by the following formula:f (x) = π(Rx̃)

where x̃ ∈ C
3 \ {0} is such thatπx̃ = x. This can be done each timeR(x̃) 
= 0. We

remark thatR(1,−δ,0)= (0,0,0) and thatC(1,−δ,0) is the unique complex line on
whichR is null. We denote byl = [1,−δ,0] the point associated in the projective space
and we say thatl is a point of indeterminacy. The mapf is then a map fromP

2 \ {l} to
P

2 and is holomorphic onP2 \ {l} (in fact the image of the pointl by f can be defined
as a compact Riemann surface called the blow-up ofl, cf forthcoming relation (3.21)).
Therefore the mapf is called a meromorphic map ofP

2. Its degree is 2 in relation with
the degree of the homogeneous polynomials appearing inR. The mapR is the natural
lift of f on C

3 since it is represented by homogeneous polynomials with no common
factor (the mapT is an other lift off but has singularities). It is interesting to note that
R appears naturally in the expression ofH±

〈n〉 in Proposition 2.3.
We set

D = {[q1, q2, q], q1+ δ−1q2 = 0
}= π({x ∈C

3 \ {0}, p(x)= 0
})
. (3.2)

N.B.: we recall thatp is the polynomial defined in Section 2.3.
The lineD is sent byf to a unique point,[−δ−1,−δ,−1], i.e.,

f (D \ {l})= {[−δ−1,−δ,−1
]}
. (3.3)

It is called af -constant curve (line). It is a general phenomenon that af -constant curve
contains a point of indeterminacy (cf Proposition 1.2 of [8]).

Another important property of the mapf is that it has no degree lowering curve:
a degree lowering curve is a f-constant curve sent byf n to a point of indeterminacy.
When such a phenomenon happens, a common factor, which can be divided out, appears
in Rn and the degree of the mapf n drops. Here we remark that the orbit ofD is given
by f (D \ {l}) = {[−δ−1,−δ,−1]} andf n+1(D \ {l}) = {[δ−2n, δ2n,−1]} soD is not
a degree lowering curve. Hence degree(f n) = 2n (this means thatRn is represented
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by 3 homogeneous polynomials of degree 2n with no common factor). Following the
terminology of [8],f is said to be a generic meromorphic map ofP

2 (in [27], f is said
to be algebraically stable, cf Definition 4.4).

We setĨ =⋃n�0f
−n({l})= {[1,−δ−(n−1),0]}n�0 the set of preimages of the point of

indeterminacy{l}.
The Fatou set off is defined to be the union of all open ballsU ⊂ P

2 \ Ĩ on which the
family {f n}n�0 is normal. The Fatou set is denoted byF and its complement, the Julia
set byJ = P

2 \ F . Of particular interest to us is the fact that the attractive basin of an
attractive fixed point is in the Fatou set.

A useful function, to study the dynamics off , is the Green function defined as the
limit of the sequence of functionsGn :C3→R∪ {−∞}:

Gn(x)= 1

2n
log
∥∥Rn(x)∥∥, x ∈C

3, (3.4)

where‖ ‖ denotes the usual norm ofC
3.

We will use the following result (cf [8, Proposition 2.11] or [27, Theorem 1.6.1]):

PROPOSITION 3.1. – (i)The limit

G(x)= lim
n→∞Gn(x)

exists for allx ∈C
3. The functionG is plurisubharmonic and satisfies

G ◦R = 2G. (3.5)

(ii) G is pluriharmonic onπ−1(F).

3.2. Construction of the holomorphic curve φ(λ) and description of the map f

3.2.1. Construction of φ(λ)
We first remark that the hyperplaneP1 = {(q1, q2,−1), (q1, q2) ∈C

2} is invariant by
R. The line{[q1, q2,0], [q1, q2] ∈ P

1} is invariant byf and classically the spaceP2 can
be represented byP2 = P1 ∪ {q = 0} ({q = 0} � P

1 is the line at infinity).
We see thatf is a polynomial transformation onP1 �C

2 given by

f (q1, q2)= (q1
(
q1+ δ−1q2

)− δ−1, δq2
(
q1+ δ−1q2

)− δ).
We recall that the mapλ→ A(λ) is meromorphic and at this point it is natural to

replace it by a complex curve (with no singularities)λ→ φ(λ) which has the same
projection inP

2. The mapA(λ) is holomorphic in a neighbourhood of 0 andA(0) =
(1,1,−1), so, locally, there existsφ(λ) such thatφ(λ) ∈ P1 andπ(φ(λ))= π(A(λ)). On
this neighbourhoodφ is invariant byR, i.e.,φ(γ λ)= R(φ(λ)) (sinceP1 is invariant by
R andA(γλ) = T (A(λ))) and we extend it toC by:

φ
(
γ kλ

)=Rk(φ(λ)), k ∈N.

Soφ satisfiesφ(λ) ∈ P1 for all λ ∈ C. We also denote byφ its projection inP
2 and we

have:
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R ◦ φ(λ)= φ(γ λ), λ ∈C, (3.6)

f ◦ φ(λ)= φ(γ λ), λ ∈C. (3.7)

We can give an explicit expression ofφ(λ) (it will only be used in Section 3.4).

PROPOSITION 3.2. – We have:

φ(λ)= d−(λ)A(λ), (3.8)

whered−(λ) is the infinite determinant associated with the Dirichlet spectrum ofa on I
as in Section2.1.

Proof. –In a neighbourhood of 0, the functionφ(λ) is given by

φ(λ)= v(λ)A(λ), (3.9)

wherev(λ) is a holomorphic function. But we have:

φ(γ λ)=R(φ(λ))= v(λ)2R(A(λ))
= v(λ)2p(A(λ))T (A(λ))= v(λ)2p(A(λ))A(γ λ).

Therefore the functionv can be extended into a holomorphic function on the complex
plane by the following relation:

v(γ λ)= v(λ)2p(A(λ))= v(λ)p(φ(λ)). (3.10)

It only remains to prove thatv = d−. Formula (2.33) withn= 1 gives

d−(γ λ)= d−〈1〉(λ)= C
(
d−(λ)

)2
p(A(λ)) (3.11)

for a positive constantC. This constant is fixed to 1 by considering thatd−(0) =
p(A(0))= 1 so the functionsv andd− satisfy the same functionnal equation with same
initial conditionsv(0) = d−(0) = 1, it is then easy to prove that they are equal. For
example if we consider the local expansion ln(p(A(λ)))=∑bnλ

n then ln(v) and ln(d−)
must be equal to

∑
anλ

n wherean = bn/(γ n − 2). This impliesv(λ)= d−(λ) for λ in
C. ✷

To unify the notations, we will also denote, in the discrete case, byφ̃(λ) the
coordinates ofAλ in C

3, so if we choseω = cδ0 + (1− c)δ1 we haveφ̃(λ) = (1+
λc,1+ λ(1− c),−1).

3.2.2. Geometric elements of the dynamics of f . Convergence to the Green
function

We denote byC ⊂ P
2 the hypersurface:

C = {[q1, q2, q], q1q2 = q2}= π({x, r(x)= 0}). (3.12)

N.B.: r is the homogeneous polynomial defined in Section 2.3;C is then the
hypersurface of degenerate quadratic forms sincer(Q)= det(Q)= q1q2− q2.

We set:

K = {[q1, q2,−1], (q1, q2) ∈R
2} (3.13)
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and

K+ (resp.K−)= {[q1, q2,−1] ∈K, q1q2− 1� 0
}

(resp.q1q2− 1 � 0). (3.14)

The following properties are easy to check:

f ([q1, q2, q])= [q2
1, q

2
2,−q2], ∀[q1, q2, q] ∈ C, (3.15)

f (C)= C, f −1(C)= C ∪ (D \ {l}), (3.16)

f (K±)⊂K±, (3.17)

φ(R±)⊂K±. (3.18)

The second and third assertions can easily be deduced from the following relation (which
has been already used in the proof of the Proposition 2.3):

r ◦R(x)= 1

α(1− α)
(
p(x)

)2
r(x), x ∈C

3. (3.19)

The fourth assertion can be locally deduced form the expression ofA(λ) (cf Lemma 2.1)
and is extended toR by relation (3.17) and the property of invariance of the curveφ(λ)

(relation (3.7)).
Next, we study the behaviour off in the vicinity of the point of indeterminacyl. By

f , the pointl is sent to a curve called the blow-up ofl. Here the blow-up is the line

D′ = {[q1, q2, q], q1+ δ−2q2 = 2δ−1q
}
. (3.20)

Precisely this means that (cf [27, Section 1.2]):⋂
ε>0

f (B(l, ε) \ {l})=D′. (3.21)

N.B.:B(l, ε) denotes the open ball with centerl and radiusε.
To prove this relation we estimatef in the vicinity of l = [1,−δ,0], for (u, v) ∈ C

2

we have

R
(
1,−δ(1+ u), v)= v2

(
−δ−1− u

v2
,−δ+ δ2 u

v2
(1+ u),−1

)
, (3.22)

so if u→ 0, v→ 0 and u

v2 → z we see that we are on the set[−δ−1− z,−δ+ δ2z,−1] ∈
D′.

An important remark in the sequel is thatD′ meets the hypersurfaceC at the only
point [−δ−1,−δ,−1] which is the image of thef -constant lineD (this intersection is
double, i.e., the lineD′ is tangent toC).

We need now to separate the caseδ = 1 andδ 
= 1.

The case δ �= 1

We can as well supposeδ > 1.
Let x− = [1,0,0] andx+ = [0,1,0], we remark thatx+ andx− are fixed byf and

that
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• x− have one attractive direction and one repulsive (with eigenvalues 0 andδ).
• x+ is attractive (with eigenvalues 0 andδ−1).

In particular we remark that thef -constant lineD is in the attractive basin ofx+ since
f n+1(D \ {l})= [δ−2n , δ2n,−1]. In fact if we denote byC+ = {[q1, q2,−1] ∈ C, |q1|<
|q2|} (resp.C− for |q1| > |q2|), thenf n(x) converges tox± if x ∈ C±. We could prove
thatC− is the stable manifold of the fixed pointx− and that the unstable manifold is the
line at infinity {q = 0}.

We finally give the most important result of this section:

PROPOSITION 3.3. – We have:

lim
n→∞

1

2n
log
∣∣r ◦Rn∣∣= 2G, in L1

loc(C
3), (3.23)

lim
n→∞

1

2n
log
∣∣r ◦Rn ◦ φ∣∣= 2G ◦ φ, in L1

loc(C), (3.24)

lim
n→∞

1

2n
log
∣∣r ◦Rn ◦ φ̃∣∣= 2G ◦ φ̃, in L1

loc(C). (3.25)

Remark3.1. – Sufficient conditions implying formula (3.23) are given in [8],
Theorem 4.6 or in [27], Section 1.10, but the hypotheses do not suit our case. Here we
need to get a precise estimate on the rate at which the orbite of a point ofP

2 approaches
the hypersurfaceC (which is the set log|r| = −∞). This is the role of Lemma 3.1.

Proof. –We first need the following lemma.

LEMMA 3.1. – For all x ∈ π−1(P2 \ (⋃n∈N f
−n(C)∪ Ĩ )):

lim
n→∞

1

2n
log
∣∣∣∣r
(
Rnx

‖Rnx‖
)∣∣∣∣= 0. (3.26)

Proof. –The function|r| is clearly bounded from above on the unit ball ofC
3, so we

only need to minorate|r|.
The key relation is formula (2.54) that we recall here:

r ◦R(x)= 1

α(1− α)
(
p(x)

)2
r(x), ∀x ∈C

3. (3.27)

Let C1 > 0 be such that‖Rx‖ � C1‖x‖2 on C
3. Let V1 ⊂ P

2 \ {l} be a neighbourhood
of D \ {l} included in the attractive basin ofx+ (remind thatD \ {l} is sent to a unique
point which is in the attractive bassin ofx+). LetV2 be a neighbourhood ofD′ such that
there is a neighbourhoodV ′

2 ⊂ V2 of V2∩ C included in the attractive basin ofx+ (this is
possible sinceD′ intersects the hypersurfaceC at a unique point[−δ−1,−δ,−1] which
is in the attractive basin ofx+). So there is a constantC2> 0 such that|r( x

‖x‖ )|�C2 for

all x ∈ π−1(V2 \ V ′
2). Using formula (3.21) we chooseε > 0 such thatf (B(l, ε))⊂ V2.

LetC3> 0 be such that|r( x
‖x‖ )|� C3.

Finally, we denote byC4 > 0 a real such that|p( x
‖x‖)|� C4 for x in π−1(P2 \ (V1 ∪

B(l, ε))) (this is possible sinceV1 ∪ B(l, ε) is a neighbourhood ofD = π({x, p(x) =
0})).
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LetC = ( 1
α(1−α)(

C4
C1
)2)∧ (C2/C3).

Let x ∈ π−1(P2 \ (⋃n�0f
−n(C) ∪ Ĩ )). We prove that forn sufficiently large we have

|r( Rn+1x

‖Rn+1x‖)|� C|r( Rnx
‖Rnx‖)|. The result of Lemma 3.1 follows easily this assertion.

Let ε′ > 0 be such thatf (B(x+, ε′))⊂ B(x+, ε′) andB(x+, ε′) ∩ (B(l, ε)∪ V1)= ∅.
If π(x) is in the attractive basin ofx+ we can findN > 0 such thatf n(π(x)) ∈ B(x+, ε′)
for n�N . It follows from relation (3.2) that∣∣∣∣r

(
Rn+1x

‖Rn+1x‖
)∣∣∣∣� 1

α(1− α)
(
C4

C1

)2∣∣∣∣r
(
Rnx

‖Rnx‖
)∣∣∣∣, (3.28)

for all n�N .
Assume thatπ(x) is not in the attractive basin ofx+. For all n � 0 f n(π(x)) is in

P
2 \ V1. If f n(π(x)) /∈ B(l, ε) then the estimate (3.28) is true. Iff n(π(x)) ∈ B(l, ε)

thenf n+1(π(x)) ∈ V2 \ V ′
2 sinceπ(x) is not in the attractive basin ofx+. It follows that

|r( Rn+1x

‖Rn+1x‖)|� C2 and so that|r( Rn+1x

‖Rn+1x‖)|� C2
C3
|r( Rnx

‖Rnx‖)|. ✷
We now prove Proposition 3.3. We first remark that:

log
∣∣r(Rnx)∣∣= log

∣∣∣∣r
(
Rnx

‖Rnx‖
)∣∣∣∣+ 2 log

(∥∥Rnx∥∥). (3.29)

Sincer is bounded from above on the unit ball ofC
3 we have that

lim sup
n→∞

1

2n
log
∣∣∣∣r
(
Rnx

‖Rnx‖
)∣∣∣∣� 0.

Let G1 be a plurisubharmonic function such that a subsequence1
2ni log |r(Rni )|

converges toG1 in L1
loc(C

3). From Proposition 4.2.18 of [13] and Lemma 3.1 we have
thatG1(x)= 2G(x) onπ−1(P2 \ (⋃n f −n(C)∪ Ĩ )) (sinceG1 � lim sup 1

2ni log |r(Rni )|).
Sinceπ−1(

⋃
n f

−n(C) ∪ Ĩ ) has Lebesgue measure zero, it implies thatG1 = 2G. Since
there is no subsequenceni such that 1

2ni log |r(Rni )| converges uniformally to−∞, using
Proposition 3.2.12 of [13], we get that1

2n log |r(Rn)| converges to 2G in L1
loc(C

3).
For the second and third formula we use the fact that the set{λ, φ(λ) ∈ ⋃f −n(C)}

(and{λ, φ̃(λ) ∈⋃f −n(C)}) has Lebesgue measure 0 inC (since there is non such that
f n(φ(λ)) or f n(φ̃(λ)) is included inC), and the same proof gives the convergence (we
can note that the second and third results are not directely implied by the first one since
it may happen that12n log |r ◦ Rn| does not converges to 2G on a complex curve; this is
for example the case on the hypersurfaceC where log|r ◦Rn| remains identically equal
to−∞). ✷
The case δ = 1

We do not want to go to much into the details of this case since all the results we
will deduce are well-known. However they are interesting for a sake of completeness.
In fact everything can be reduced to a 1-dimensional situation. We denote bys :C→C

the polynomials(z) = 2z2 − 1. If we denote by[q̃1, q̃2,−1] the image[q̃1, q̃2,−1] =
f ([q1, q2,−1]) then we see that̃z = s(z) if z = q1+q2

2 and z̃ = q̃1+q̃2
2 . In particular, the

line [z, z,−1] is invariant byf and on this linef equalss.
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We denote byGs(z) the Green function of the maps defined by

Gs(z)= lim
n→∞

1

2n
log
(
1+ ∣∣sn(z)∣∣2)1/2 (3.30)

(i.e., we considers as the maps([z,1]) = [s(z),1] on P
1). The interval [−1,1] is

bi-invariant by s and soGs(z) = 0 on [−1,1] andGs is harmonic onC \ [−1,1]
since C \ [−1,1] is the Fatou set ofs (cf, for example, [28]). We can prove that
the Green function off satisfiesG((q1, q2,−1)) = Gs(

q1+q2
2 ). Indeed, we see that

q̃1− q̃2 = 2z(q1− q2) and that

‖(q1, q2,−1)‖2 = 1

2

(|q1|2+ |q2|2+ 1
)= ∣∣∣∣q1− q2

2

∣∣∣∣
2

+
∣∣∣∣q1+ q2

2

∣∣∣∣
2

+ 1.

So we have

log
∥∥Rn(q1, q2,−1)

∥∥= 1

2
log
(
1+ ∣∣z(n)∣∣2)+ 1

2
log
(

1+ |q(n)1 − q(n)2 |2
4(1+ |z(n)|2

)
(3.31)

if [q(n)1 , q
(n)
2 ,−1] denotes the image by thenth iterate off of [q1, q2,−1], andz(n) =

1
2(q

n
1 + qn2 ). It is then easy to estimate the component

|q(n)1 −q(n)2 |2
1+|z(n)|2 to show that the

second term does not contribute to the Green function. We can also show that the
formulas (3.23), (3.24) and (3.25) remain valid in this case (the convergence in the one
one-dimensional situation is always satisfied, cf for example [28, Theorem 6.1]).

It is also easy to see thatφ(λ) takes its values in the line[z, z,−1] (idem for the
discrete case forc= 1

2) and so the problem is really 1-dimensional in these situations.

3.3. Expression of the integrated density of states. First application

The main result of this paper is the following:

THEOREM 3.1. – (i)The continuous case: the integrated density of states ofd
dm〈∞〉

d
dx

on R+ exists and is

µ= lim
n→∞

1

2n
ν±〈n〉 =

1

2π
%(G ◦ φ). (3.32)

(ii) The discrete case: The integrated density of states of the infinitesimal generator of
A〈∞〉 onL2(N,ω〈∞〉) exists and is given by

µ̃= lim
n→∞

1

2n
ν̃±〈n〉 =

1

2π
%(G ◦ φ̃). (3.33)

Remark3.2. – We recall thatφ(λ) is a holomorphic curve with the same projection
in P

2 asA(λ) and which is invariant byR, in particular we can read the scaling relation
(1.16) from this formula sinceφ(γ λ)=R(φ(λ)) andG ◦R = 2G. For the discrete case
we haveφ̃(λ)= (1+ λc,1+ λ(1− c),−1) if we chose the measureω= cδ0+ (1− c)δ1

onF and so, a priori,̃µ depends onc.

Proof. –(i) From Propositions 2.3 and 3.3 we deduce that

lim
n→∞

1

2n
H±
〈n〉 ◦ φ =G ◦ φ, in L1

loc(C).
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SinceA(λ) is non-singular onB(0, |λ−1 |) andφ(λ) is non-null we have:(
%
(
H±
〈n〉 ◦ φ(λ)

))
|B(0,|λ−1 |) =

(
%H±

〈n〉(A(λ))
)
|B(0,|λ−1 |). (3.34)

(Indeed, we haveφ(λ)= d−(λ)A(λ) in Proposition 3.2, andd− is a non-null holomorphic
function on this ball.) Using relation (2.30) we get that1

2n ν
±
〈n〉 converges weakly to

1
2π%(G◦φ) onB(0, |λ−1 |). Moreover we haveG◦φ(γ λ)= 2G◦φ(λ) soτ ∗(%G◦φ)=
2%G ◦ φ whereτ ∗ denotes the pull-back of the measure%G ◦ φ by the homothetie
τ(λ) = γ λ. Using the scaling relation ofν±〈n〉 (cf relation (1.17)) we get that12n ν

±
〈n〉

converges weakly to1
2π%G ◦ φ on C.

The discrete case (ii) is even more simple.✷
We again separate the caseδ = 1 and the caseδ 
= 1.

3.3.1. δ �= 1
We have:

COROLLARY 3.1. – The measureµ (and µ̃) charges no point and is supported by a
Cantor subset ofR− (i.e., a closed subset with empty interior and no isolated point).

Remark3.3. – A natural question is wether the support has Lebesgue measure 0.
This would imply thatµ is a singular continuous measure. This seems to be a difficult
question.

Proof. –We assumeδ > 1. We prove it for the continuous case, the discrete case is
similar.

We remark that if x = (q1, q2,−1) then ‖Rnx‖ � 1 so G(x) � 0 on P1 =
{[q1, q2,−1]}. So,G ◦ φ � 0 onC and this implies that%G ◦ φ charges no point since
G ◦ φ should be−∞ on such a point.

We set

Sn = {λ, f n(φ(λ)) ∈ C andf n−1(φ(λ)) /∈ C
}
. (3.35)

Since 4πµ is the weak limit of 1
2n% log |r ◦Rn ◦ φ| we know that

supp(µ)⊂ ⋂
n∈N

⋃
m�n

Sm (3.36)

(this comes from the fact that log|r ◦ Rn ◦ φ(λ)| is harmonic around a point where
Rn ◦ φ(λ) /∈ C).

Sincef −1(C) ⊂ C ∪ D andf (D) = [−δ−1,−δ,−1] it follows that λ ∈ Sn satisfies
f n(φ(λ)) = [−δ−1,−δ,−1] and sof n(φ(λ)) is in the attractive basin ofx+. This
implies that the points of

⋃
n∈N Sn are isolated since forλ ∈ Sn we can findε > 0 such

that the orbitf m(φ(λ′)) for λ′ ∈ B(λ, ε) andm > n remains close enough to the orbit
f m(φ(λ)) and so never meets the point[−δ−1,−δ,−1] (and soB(λ, ε) ∩ Sm = ∅ for
m > n). Relation (3.36) implies that supp(µ) has empty interior, moreover it is closed
and contains no isolated point sinceµ charges no point. It is included inR− by definition.
This concludes the proof.✷
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3.3.2. δ = 1
In this case the results are well-known but for the sake of completeness we show how

they can be deduced from our method.

COROLLARY 3.2. – (i)The continuous case: the repartition functionF(λ)= ∫ λ0 dµ
is given by:

F(λ)= C|λ|1/2, ∀λ� 0, (3.37)

for a constantC > 0.
(ii) The dicrete case: the integrated density of states has the following law:

µ̃(dx)= dx

π
√−x(x + 2)

1[−2,0](x). (3.38)

N.B.: we remark here that the integrated density of statesµ̃ does not depend on the
choice ofω = cδ0 + (1− c)δ1 and it is normal since the measureω〈n〉 does not depend
on c at the exception of the weight of the extremal points{0, α−n}.

Proof. –We recall that we proved thatG((q1, q2,−1))= Gs(
q1+q2

2 ) whereGs is the
Green function of the polynomial maps(z)= 2z2− 1.

(i) It is easy to see that the mapφ takes its values in(z, z,−1) and so it can be
viewed as a entire map ofC. It is also clear thatφ(R−)⊂ [−1,1] and thatφ(C \R−)⊂
C \ [−1,1]. Soψ =G ◦ φ is null onR− and harmonic onC \R−. Then we prove that
ψ(z)= C Re(z1/2) (where Re(z) denotes the real part ofz). This implies the corollary
using formula (3.3.42) of [13].

We conformally mapC \R− to the unit disc: we definêψ :B(0,1)→ C by ψ̂(z)=
ψ((z+1

z−1)
2). The functionψ̂ is harmonic inB(0,1) and limr→1 ψ̂(re

iθ ) = 0 for θ 
=
0 [2π ]. From [24], exercise 8 p. 237, we getψ̂(z)= C Re(1+z

1−z ) and the result follows.

(ii) HereG◦ φ̃(λ)=Gs(1+λ) is equal to 0 on[−2,0] and is harmonic onC\[−2,0].
The measurẽµ is then the equilibrium measure of the interval[−2,0] which is known
to be given by formula (3.38). ✷
3.4. About the propagator of the O.D.E

For the sake of completeness we give an expression of the Lyapunov exponent
associated with the propapgator of the differential equationd

dm〈∞〉
d
dx
= λf on R+. It

is well-known that in the case of 1-dimensionnal random Schrödinger operators, the
integrated density of states and the Lyapunov exponent are related by the Thouless
formula (cf [3] or [21]). Here it is also the case and in fact in this section we
give an expression of the Lyapunov exponent in terms of the Green function of the
renormalization mapR.

Let us consider the ordinary differential equation

d

dm〈∞〉
d

dx
f = λf (3.39)

on the half-lineR+. The propagatorHλ(s, t) for 0� s < t is defined as the unique 2× 2
matrix such that any solutionf of (3.39) satisfies:
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Hλ(s, t)

(
f (s)

f ′(s)

)
=
(
f (t)

f ′(t)

)
. (3.40)

It is well-known thatHλ(s, t) is holomorphic inλ.
With any symmetric matrixQ of the form(

q1 q

q q2

)
(3.41)

we associate the unique 2× 2 matrixH(Q) such that:

Q

(
x

y

)
=
(−x′
y′
)

iff H(Q)

(
x

x′
)
=
(
y

y′
)

(3.42)

for all (x, y, x′, y′) ∈C
4. An easy computation gives:

H(Q)=−1

q

(
q1 1

q1q2− q2 q2

)
(3.43)

so that H(Q) can be defined whenq 
= 0. Remark thatH(Q) has the following
homogeneity:

H(Q)=D−1
β ◦ H(βQ) ◦Dβ, (3.44)

whereDβ is the diagonal matrix:

Dβ =
(

1 0
0 β

)
. (3.45)

The interest of this definition lies in the following result.

PROPOSITION 3.4. –When all the terms are defined then we have:

Hλ(0,1)= H(A(λ)) (3.46)

and

Hλ
(
0, α−n

)= H(αnA(γ nλ)). (3.47)

Proof. –Consider a functiong on F andf = Hλ(g) its harmonic continuation. Of
course the functionf is solution of (3.39) on[0,1]. An easy integration by parts implies
A(λ)(g)= f (1)f ′(1)−f (0)f ′(0). This immediately implies that, as a 2×2 matrix,A(λ)
satisfies:

A(λ)

(
f (0)
f (1)

)
=
(−f ′(0)
f ′(1)

)
(3.48)

and this gives formula (3.46).
By scaling, the trace of the Dirichlet forma〈n〉 +λ ∫ α−n0 f 2dm〈n〉 on the subset{0, α−n}

is αnA(γ nλ). This gives formula (3.47). ✷
We remark that althoughHλ has no singularity, the right term of (3.47) have some.

The singularities ofA(λ) are cancelled by the singularities ofH(Q) and in fact we can
give a non-singular expression of the propagator in terms of the mapφ(λ) introduced in
Section 3.2.
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PROPOSITION 3.5. –The propagatorHλ(0, α−n) has the following expression:

Hλ
(
0, α−n

)= ( q1(φ(γ
nλ)) α−nd−(γ nλ)

Cαnd+(γ nλ) q2(φ(γ
nλ))

)
(3.49)

whereC is a positive constant independent ofn.

N.B.: qi(φ(γ nλ)) denote the coordinates of the curveφ in C
3. The functiond+, d−

are the infinite determinants associated with the Neuman and Dirichlet spectrum ofa on
I as in Section 2.1.

Proof. –Remind thatφ(λ) = d−(λ)A(λ) is a holomorphic curve taking its values in
the hyperplane{q =−1}. From formulas (3.43) and (3.44) we get

Hλ
(
0, α−n

)= H(αnA(γ nλ))= (Dd−(γ nλ))
−1 ◦ H(αnφ(γ nλ)) ◦Dd−(γ nλ)

=
(
q1(φ(γ

nλ)) α−nd−(γ nλ)
αn

det(φ(γ nλ))
d−(γ nλ) q2(φ(γ

nλ))

)
. (3.50)

Then we can conclude using Lemma 2.2 and Proposition 3.2.✷
PROPOSITION 3.6. –The Lyapunov exponentζ(λ) defined by:

ζ(λ)= lim
n→∞

1

2n
ln
∥∥Hλ(0, α−n)∥∥ (3.51)

exists for allλ ∈C and

ζ(λ)=G ◦ φ(λ). (3.52)

Remark3.4. – This definition of the Lyapunov exponent is not very satisfactory since
we only considered the value of the propagator at timesα−n. In particular the usual
deterministic Osedelec theorem (cf for example [3, Theorem IV-2-4]) cannot be applied
from this definition.

Proof. –We have:

ln
∥∥Hλ(0, α−n)∥∥= 1

2
ln
(∣∣q1

(
φ(γ nλ)

)∣∣2+ ∣∣q2
(
φ(γ nλ)

)∣∣2
+ ∣∣Cαnd+(γ nλ)∣∣2+ ∣∣α−nd−(γ nλ)∣∣2)

� 1

2
ln
(∣∣q1

(
φ(γ nλ)

)∣∣2+ ∣∣q2
(
φ(γ nλ)

)∣∣2). (3.53)

Since we know that the norm of the propagator is bounded from above (since it has
determinant 1) we deduce that:

lim inf
n→∞

1

2n
ln‖Hλ(0, α−n)‖� lim

n→∞
1

2n
ln
∥∥Rn ◦ φ(λ)∥∥=G ◦ φ(λ). (3.54)

Remember that we denoted byd±〈n〉 the infinite determinants ofa〈n〉 onI〈n〉. By scaling we
haved+〈n〉(λ)= γ −nd+(γ nλ) andd−〈n〉(λ)= d−(γ nλ). To get the inequality on the lim sup
we first prove that12n lnd±〈n〉 converges inL1

loc(C) to G ◦I. By Hartogs lemma (cf [13,
Theorem 3.2.12] or [27, Theorem A.1.2]) this would imply that lim sup1

2n lnd±〈n〉(λ) �
G ◦ φ(λ) for all λ ∈ C. Considering the expression of the propagator this would give
lim sup 1

2n ln‖Hλ(0, α−n)‖�G ◦ φ(λ) for all λ.
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From formulas (2.32) and (2.33) and Proposition 3.2 we know that:

ln
∣∣d±〈n〉(λ)∣∣=H±

〈n〉
(
φ(λ)

)∓ ln
∣∣d−(λ)∣∣+C±〈n〉. (3.55)

Since we already proved that1
2nH

±
〈n〉(φ(λ)) converges inL1

loc(C) toG ◦ φ we only need
to get information on the constantsC±〈n〉. SinceR(A0) = A0 and d−〈n〉(0) = 1 for all
n, considering Eq. (2.45) at the pointA(0) and Eq. (3.55) at the pointλ = 0, we get
H−
〈n〉(A0)= C−〈n〉 = 0. From the definition ofd+〈n〉(λ) we know thatd+〈n〉(λ)= ln |λ| + o(1)

for smallλ. Considering (2.45) we have

H+
〈n〉(A(λ))=H−

〈n〉(A(λ))+ lndet(A(λ))

=H−
〈n〉(A(λ))+ lnd+(λ)− ln

(
d−(λ)

)+ lnC,

whereC is the constant from Lemma 2.2. Therefore considering Eq. (3.55) for smallλ

givesC+〈n〉 = − lnC. From these computations we deduce that limn→∞ 1
2nC

±
〈n〉 = 0. This

concludes the proof. ✷
3.5. Regularity of the integrated density of states and of the Lyapunov exponent

The aim of this section is to prove the local Hölder continuity of the repartition
function of statesF(λ), and of the Lyapunov exponentζ(λ). We restrict to the
continuous case for simplicity. The key result is the following:

LEMMA 3.2. – Let δ be in]3+√5
2 ,∞[.

For all z ∈ P
2 \ (C− ∪ {q = 0}) there existsε > 0 such thatf n(B(z, ε))∩B(l, ε)= ∅

for all n ∈ N.
The same is true forδ ∈]0, 3−√5

2 [ whenC− is replaced byC+.

N.B.: C− = {[q1, q2, q], q1q2 = q2, |q1|� |q2|} denotes the closure ofC−.
This lemma means thatP2 \ (C− ∪ {q = 0}) is included in the set of nice points for

δ > 3+√5
2 (cf [8, Definition 2.9] or [27, Definition 1.5.1], where the nice points are called

points normaux). We will prove this lemma later.

COROLLARY 3.3. – For δ ∈]0, 3−√5
2 [∪ ]3+√5

2 ,∞[, the repartition function of states

F(λ)= ∫ λ0 dµ and the Lyapunov exponentζ(λ) are locally Hölder continuous inλ.

N.B.: By locally Hölder continuous we mean that for any relatively compact open set
U ⊂C, we can findα0> 0 andC > 0 such that|F(λ)− F(λ′)|� C|λ− λ′|α0 onU .

Proof. –Assume thatδ > 1. By Proposition VI.3.9 of [3] it is enought to prove that
ζ(λ)=G ◦ φ(λ) is locally Hölder continuous. But by Theorem 7.1 of [27],G is locally
Hölder continuous on the set of nice points, so onP

2 \ (C− ∪ {q = 0}). Moreover,φ(λ)
is analytic andφ(λ) /∈ (C−∪{q = 0}) for λ 
= 0 soG◦φ(λ) is locally Hölder continuous
on C \ {0}. Using the relationG ◦ φ(γ λ)= 2G ◦ φ(λ) we know that it is locally Hölder
continuous onC. ✷

We now come to the proof of Lemma 3.2. The reason why we are able to prove
this only for δ > 3+√5

2 (or δ < 3−√5
2 ) is the following: the torusS = {[q1, q2,−1] ∈

C, |q1| = |q2| = 1} is bi-invariant forf but is repulsive only forδ > 3+√5
2 (or δ < 3−√5

2 ).
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If 3−√5
2 < δ < 3+√5

2 there are cycles inS with one attractive direction. The idea of the
proof is the following: forδ > 1 the unstable manifold ofx− is the line at infinity{q = 0}
and the stable one isC−. Sincel ∈ {q = 0}, if the orbit of a pointz approachesl, it needs
to approachx− before and in fact to travel along in a neighbourhood of the curveC−
which is repulsive forδ > 3+√5

2 . This implies thatz must be close toC−.

Proof of Lemma 3.2. –Let δ be in]3+√5
2 ,∞[.

Let x = (q1, q2, q) be in π−1(C−), we have|q1| � |q| � |q2|. Using the fact that
δ(1− δ−1)2> 1 for δ > 3+√5

2 we have:

1

α(1− α) |p(x)|
2 ‖x‖2

‖R(x)‖2
� |q1|2(|q1|2+ |q2|2+ |q|2)

|q1|4+ |q2|4+ |q|4 δ
(
1− δ−1)2> 1. (3.56)

To simplify the notations we set, forz ∈ P
2, r(z) = |r( x

‖x‖ )| choosingx such that
π(x)= z.

Let z0 be in P
2 \ (C− ∪ {q = 0}). We can find a neighbourhoodV− of C− and a

neighbourhoodV of D such that:

z0 /∈ V−, (3.57)

r(f (z))� r(z), ∀z ∈ V−, (3.58)

f (V )∩ V− = ∅. (3.59)

Indeed, the second estimate comes from formulas (3.19) and (3.56), the third relation
comes from the fact thatD \ {l} is in the attractive basin ofx+ and that the blow-up of
l is the lineD′ that intersectsC at the unique point[−δ−1,−δ,−1] which is also in the
attractive basin ofx+ (we already used these arguments in Lemma 3.1).

Let ε′ > 0 be such thatf (B(x+, ε′))⊂ B(x+, ε′). We can findV+, a neighbourhood
of C \ V−, andN > 0 such that:

V+ ⊂
N⋃
n=0

f −n
(
B(x+, ε′)

)
, (3.60)

l /∈ ⋃
n∈N

f n(V+). (3.61)

Sincef −1(C)⊂ C ∪D we can findC1> 0 such that:

r
(
f (z)

)
� C1, ∀z ∈ P

2 \ (V− ∪ V+ ∪ V ). (3.62)

Sincef −n(l)= {[1,−δ−(n−1),0]} tends tox− we can findε > 0,N ′ > 0 such that:

f −N
′(
B(l, ε)

)⊂ V−, (3.63)

r(z)� C1

2
, ∀z ∈ f −N ′(

B(l, ε)
)
, (3.64)

B(z0, ε)∩
(

N ′⋃
n=0

f −n
(
B(l, ε)

)∪ V−
)
= ∅, (3.65)

⋃
n∈N

f n(V+)∩B(l, ε)= ∅. (3.66)
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Suppose now thatf n(z) ∈ B(l, ε) for z ∈ B(z0, ε), n ∈ N. Then necessarilyn � N ′
(cf relation (3.65)) andf n−N ′

(z) ∈ f −N ′
(B(l, ε))⊂ V−. Let n0 be the last timef n(z)

enteredV− before the timen − N ′, then, using relation (3.62),r(f n0(z)) � C1 since
f n0−1(z) /∈ V− ∪ V+ ∪ V (because of conditions (3.66), (3.59)). Finally, estimate (3.58)
implies thatr(f n−N ′

(z))�C1 and this contradicts condition (3.64).✷
4. Extension to a general finitely ramified self-similar set. Remarks and

conjectures

A large part of this work could be done for a general finitely ramified fractal (in the
sense of [25]). It is easy to see that all the results of Section 1 and Section 2 could be
extended at the exception of formula (2.45) in Proposition 2.3. Precisely, we can always
define the mapT and its invariant curveA(λ). We define the functionsH±

〈n〉 by the same
formula and they satisfy the functional equation (2.44) where 2 is replaced by the number
N of similitudes involved in the property of self-similarity (the polynomialp is always
defined byp(Q) = C det(Q−

〈1〉) for a constantC > 0). The difference comes in the
definition of the mapR. In general it is natural to defineR byR(Q)= p̂(Q)T (Q) where
p̂ denotes the lowest common multiple of the denominators appearing in the expression
of T . It is not always the case that̂p = p. Consequently, the (eventual) limit of the
sequence1

Nn
H±
〈n〉 does not necessarily satisfy the functional equationH(RQ)=NH(Q)

but a second term can appear (this is for example the case for the Sierpinski gasket, as it
appears in [22]). It is then hopeless to get an expression ofH±

〈n〉 only in terms ofRn(Q)
as it is the case in formula (2.45) (indeed the term log|r(Q)| does not count when we
divide by 2n). It seems that the nature of the integrated density of states (pure point or
not) depends on the functional equation the (eventual) limit of1

Nn
H±
〈n〉 should satisfy.

We now propose a picture of the situation in the general case (some of our claims are
“nearly proved” some are at the stage of conjectures). We recall thatdn the degree of the
iteratesf n does not necessarely grow likedn but that1

n
logdn is subadditive and we call

d = inf 1
n

logdn the asymptotic degree off . It seems that a dichotomy appears between
the cased < N (N is the number of cells) andd = N (we can prove thatd �N ). The
cased <N seems to be the easiest case. It is known that it contains the Sierpinski gasket,
the viscek set. We can prove that it contains the class of nested fractals. In these cases
the sequence of plurisubharmonic functions1

Nn
H±
〈n〉 converges to a plurisubharmonic

functionH of the form:

H =∑ ck log |Pk|, (4.1)

where thePk ’s are homogeneous polynomials. The expressions (3.32) and (3.33) remain
valid when we replaceG byH and consequently the integrated density of states appears
to be pure point. So this generalizes the dichotomy that appears in [12]. We can also
prove that in these cases the density of states is completely created by eigenfunctions
with compact support (this type of eigenstates always appears in the case of Nested
fractals, cf [2]).

The cased =N seems to be the most difficult. We assume that the mapf is generic so
that the degrees grow likedn (or thatf n is generic for an integern). Here we conjecture
that 1

Nn
H±
〈n〉 converges to a functionH of the form:
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Fig. 1. Picture ofP2
R

for δ = 2.

H = βG+ (1− β)∑ ck log |Pk|, (4.2)

whereβ is a real such that 0< β � 1, G is the Green function ofR and thePk ’s
are homogeneous polynomials. The expressionµ and µ̃ would remain valid when
we replaceG by H . A point mass in the integrated density of states appears at the
intersection of the curveφ(λ) with the curves{Pk = 0} and with the indeterminacy
points ofR (which would define some “exceptional pure points”). It seems that the
pure points in the integrated density of states should be associated with eigenstates with
compact support. The important question is to understand if there can be eigenstates with
non-compact support so pure point in the spectral decomposition that does not give pure
point in the integrated density of states.
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