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ABSTRACT. - Consider a completely asymmetric Levy process which
has absolutely continuous transition probabilities. By harmonic trans-
form, we establish the existence of the Levy process conditioned to stay
in a finite interval, called the confined process (the confined Brownian
motion is F.B. Knight’s Brownian taboo process). We show that the con-
fined process is positive-recurrent and specify some useful identities con-
cerning its excursion measure away from a point. We investigate the rate
of convergence of the supremum process to the right-end point of the
interval. @ 2000 Editions scientifiques et medicales Elsevier SAS

Key words: Lévy process, Completely asymmetric, Conditional law, h-transform,
Excursion measure

RESUME. - Considerons un processus de Levy completement asyme-
trique dont les probabilites de transition sont absolument continues. Nous
etablissons 1’ existence par transformee harmonique du processus condi-
tionne a demeurer dans un intervalle fini, appele le processus confine
(le mouvement brownien confine est le processus tabou brownien de
F.B. Knight). Nous montrons que le processus confine est recurrent-
positif et mettons en evidence quelques identites utiles concernant sa me-
sure d’ excursion hors d’ un point. Nous traitons la vitesse de convergence

1 E-mail: lambert@proba.jussieu.fr. 
’
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du processus des suprema vers la borne supérieure de 1’intervalle. @ 2000
Editions scientifiques et médicales Elsevier SAS

1. INTRODUCTION

A Levy process is a stochastic process with cadlag sample-paths and
stationary independent increments. It is called completely asymmetric
when it is real-valued and all its jumps have the same sign. Such
processes have been studied by many authors, for their intrinsic properties
(see Chapter VII in [ 1 ] and references quoted there) as well as their
applications (e.g., [5,14]), for example in queues, dams, mathematical
finance and insurance risks. The connection with branching processes [4,
10,12,13] is a further motivation for their study. Several papers [2,3,9,
16-18], have considered completely asymmetric Levy processes before
they leave a finite interval (viz. before extinction of a species and
overcrowding, or before overflowing and draining of a dam) and the so-
called two-sided exit problem.

For simplicity, fix a &#x3E; 0 and suppose that X is a Levy process with no
positive jumps starting from x E (0, a); denote by T the first exit-time

The starting point of this work lies in the observation that the
conditional laws &#x3E; t) converge as t - oo. Our main purpose is to
study the limiting distribution, denoted by In particular, we show the
positive-recurrence under and determine the stationary probability,
as well as Laplace transforms of first hitting times. We next study the
excursion measure under away from a point. The last section is
devoted to the rate of convergence of the supremum St = 
to a, both in law and path wise. 

’ ’

2. PRELIMINARIES

This section reviews standard results on spectrally negative Levy
processes, and introduces the key tools developed in [3].
We use the canonical notation. Let Q = D([0, oo) , R) be the space

of cadlag functions [0, oo) -~ I~, endowed with Skorohod’s topology
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and the natural filtration (0r)t ~o, and X = (X t , t ) 0) the coordinate
process. Let be a family of probability measures for which X is
a Levy process with no positive jumps starting from x. The trivial cases
of deterministic processes and of negatives of subordinators are excluded.
We further suppose the absolute continuity condition

The Laplace transform of Xt is defined by

where 1fr : [0, oo) - R is known as the Laplace exponent. It is given by
the Levy-Khinchin formula

where A denotes the Levy measure of the process, and b its Gaussian
coefficient. It is plain that ~ is a convex function with (À) =
+00. Denote its largest root. &#x3E; 0, has exactly two roots
(0 otherwise ~ has a unique = 0. The right-inverse
of 03C8 is denoted by 03C6 : [0, oo) - [03C6(0), oo).
We write

for the first entrance time in a Borel set A. Recall that for A = (-00,0] U
[a, +00), we simply write T = TA. It is known that

The paths of X have bounded variation a. s. if and only if b = 0 and
 oo. Otherwise X has unbounded variation a.s.

We now turn our attention to the two-sided exit problem which has
its roots in Takacs [18]. There exists a unique continuous function
W : Iae+ --+ with Laplace transform
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such that for any x E (0, a),

The function W is strictly increasing and called the scale function. More
precisely, the Laplace transform of T on {XT = a} is given by

where W ~q~ : JR.+ --+ R+ is the continuous function with Laplace trans-
form

For every fixed 0, the mapping q « can be extended

analytically to complex numbers by the identity

where W*k denotes the kth convolution power of W. The convergence of
the series is plain from the inequality

which follows from the monotonicity of W. Note that

if and only if X has unbounded variation (cf. Corollary VII.5 in [ 1 ]). It
follows from (4) and (5) that for every q, = 0 if and only if X
has unbounded variation.

Finally, we recall the expression of the q-resolvent density uq (x, y), of
X killed at time T (cf. [ 17] or [3, p. 159])

We can now state the main result of [3].
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THEOREM 2.1. - Let

be the transition kernel of X killed at time T and introduce

Then p is finite and positive, and for any q  p and x E (0, a),
W ~-q~ (x) &#x3E; 0. Furthermore, the following assertions hold

(i) p is a simple root ofthe entire function q r-+ W ~-q~ (a);
(ii) Pt is p-recurrent and, more precisely, p-positive;

(iii) The function W ~-p~ is positive on (0, a) and is p-invariant for Pt

(iv) The measure = ~ ~~(~ 2014 x) dx on (0, a) is p -invariant
for pt

(v) There is a constant c &#x3E; 0 such that, for any x E (0, a),

in the sense of weak convergence.

For instance, in the case of a completely asymmetric stable process of
index a E ( 1, 2], i.e., 1/r~ (~,) = Àa, we have

where E~ stands for the derivative of the Mittag-Leffler function of
parameter a

(cf. [2]). As a consequence p = where 2014r((Y) is the first

negative root of E~.
More specifically, for a = 2 and p (h) = ~/2, the Brownian motion

killed upon leaving (0, a) has the following features, in agreement
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with [11]:

3. THE LAW OF THE CONFINED PROCESS

The main results of this section are collected in the following
THEOREM 3. l. - Let x E (0, a).
(i) The conditional laws &#x3E; t) converge as t -~ oo to a limit

denoted by in the sense that for any s ) 0 and A E 

(ii) The probability measure can be expressed as a h-transform of
P based on the (P, (Ft))-martingale

that is

(iii) Under X is a homogeneous strong Markov process. Its h-

resolvent (À &#x3E; 0) has density

(iv) Under I~~, X is positive-recurrent with stationary probability

where

and
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(recall from Theorem 2.1 (i) that c(a) E (0,00)). Finally, the density p
is continuous on [0, a], vanishes both at 0 and a, is symmetric with
respect to aj2 and is unimodal: it is monotone increasing on (0, aj2)
and monotone decreasing on (a/2, a).

Remarks. - (a) It can be easily checked that in the Brownian case, the
law of the confined process coincides with that of Knight’s Brownian
taboo process [ 11 ], with taboo states {0,~}.

(b) A straightforward calculation shows that the constant c in Theo-
rem 2.1 (v) is equal to that in statement (iv) of the preceding theorem.

(c) The symmetry of the stationary density p can be explained as
follows. Consider the excursions of the confined process away from

a/2. The duality lemma (Lemma II.2 in [1]) entails that the negative of
the time-reversed excursion is distributed as the initial excursion. The

occupation measure of the excursion is therefore symmetric with respect
to a/2. Now we conclude with Theorem XIX.46 in [8] which states that
the stationary law is proportional to the occupation measure.

(d) We mention that the family of probability measures E (0, a ) )
has a weak limit as c - 0+. This can be checked easily using the
absolute continuity relation between and the law of the Levy
process started at s and conditioned to stay positive (see Section VII.3
in [ 1 ]). The interested reader is referred to the author’s Ph.D. thesis (in
preparation).

Proof. - (ii) We start with proving that D is a P-martingale using the
Markov property under the probability P:

The martingale property of D thus follows from Theorem 2.1 (iii).
(i) To prove the convergence of the conditional laws, pick s, t &#x3E; 0. One

easily deduces from Theorem 2.1 that for every x, y E (0, a) and t &#x3E; 0,

Therefore the variables
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converge a.s. to Dt as s - oo. Since

it follows from Scheffe’s lemma that the preceding convergence holds
in We deduce that for every Y E converges to

By the Markov property, this means:

(iii) The homogeneous Markov property under pi is straightforward
and the fact that h -transforms preserve the strong Markov property is
well known ([7, Theorem XVI.28 p. 329]). ,

The semigroup of the confined process is given by

This yields the following expression for the h-resolvent density u f (x, y)

The desired formula now follows from (6) for every À &#x3E; p, and then for

0 ~ ~ ~ p thanks to the resolvent equation.
. (iv) Clearly the measure J1- has a finite mass. That it is invariant for Pt~
for any t is immediate from Theorem 2.1 (iv).
The computation of the normalizing constant c(a) relies on the

observation that

and on the expansion (4).
It is obvious that the density p is symmetric, continuous, and vanishes

at the endpoints of (0, a), for W(-p) is continuous and vanishes at a.
It remains to show the unimodality: an appeal to the forthcoming

Proposition 5.1 allows us to differentiate W(-p) at any point in (0, oo).
Now thanks to the forthcoming Proposition 4.2, we know that for any
y E (0, a ) , the function
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is decreasing on (0, a - y). Using logarithmic derivatives, we get

therefore the function

is decreasing on (0, a), and

is hence nonnegative on (0, a/2) and nonpositive on (a/2, a). D .

In the sequel, we will frequently use the fact that for every finite
stopping time Sand Y E 

We now give some expressions for the Laplace transforms of first hitting
times under that will be useful in the sequel.

PROPOSITION 3.2. - For any 0  b  x  c  a, the following hold:
. 

(i) Two-sided exit problem under If T’ ’-- inf{t ~ 0: Xt t ~ (b, c) },

. (ii) Passage time at an upper level

(iii) Passage time below a lower level
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Proof - (i) and (ii) follow readily from (3) and the remark preceding
the proposition.
(iii) We now set 0  b  x  a, 0  b  y  a, 0  y + z  b,

and compute, by the compensation formula applied to the Poisson point
process of jumps, the following quantity, where we temporarily replaced

by Tb

where still denotes the q -resolvent density of the process, but this
time killed as it exits from (201400,0] U [a - b, +00). The result follows
thanks to (6). a

4. EXCURSION MEASURE AWAY FROM A POINT

Recall that a point x E (0, a) is said regular (for itself) under if

It is obvious that x is regular under if and only if it is regular
under P, hence if and only if X has unbounded variation under P (cf.
[3, Corollary VII.5]). We assume this holds throughout this section.
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4.1. The excursion measure n~x
The local time at level x, say Lx, is defined as the occupation density

at x

Let (r~ ~ 0) be its right-continuous inverse

We consider the excursion process e = (~~ ~ 0) of X away from 

where T is an additional isolated point. According to a famous theorem
by Ito, (~,~ ~ 0) is a Poisson point process valued in the space ?
of excursions away from {x }, that is the set of cadlag paths s with
generic Its characteristic measure is denoted by nx
under P (and nx under and is called the excursion measure away
from {jc}.

PROPOSITION 4.1. - For every nonnegative measurable functional F
we have

Proof. - As X tl = x a. s., the probability measure is absolutely
continuous on with respect to Px , with density It follows

from the compensation formula of excursion theory that for every

nonnegative measurable functional F, .

Now from Theorem 3.1 (ii) and the fact that X tt = x a.s., the process
0) is a (P, F03C4t)-martingale. By optional projection, we

can express the preceding quantity as
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where 8 stands for the shift operator. The compensation formula of
excursion theory now yields

Our claim follows as Ex ePTs) = 1. D

4.2. Some calculations under nx

The purpose of this section is to present some useful formulas

involving the local time L’~ and the excursion measure For every
excursion ~ away from {x }, we denote its height by m (s)

Recall that r stands for the inverse of the local time As well known,
r is a subordinator whose Laplace exponent 1J; is defined by

PROPOSITION 4.2. - For any nonnegative À and E [O, a - x],

In particular, for any nonnegative h,

and for any q E [0, a - x ],

Proof - The last two assertions are straightforward consequences of
the first (taking ~ = a - x and À = 0 respectively).
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To prove the first assertion we start with observing the following
identity

Indeed we have

where we wrote xA (w) = 1 if w E A and XA (w) = o0 otherwise. By the
exponential formula, the foregoing quantity is thus equal to

which establishes (10).
The next step consists in proving the following identity

Indeed recall ([1, Proposition V.2]) that if 03B8 is an independent exponential
r.v. with parameter À &#x3E; 0, then

converges to Le in As a consequence, provided that À &#x3E; p, the

convergence also holds in L 2 (I~~ ) . In particular,
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(recall we assumed that the Levy process has unbounded variation, which
ensures that W ~~-~°~ (0) = 0. It follows from Theorem 3.1 (iii) that .)
is continuous). This proves ( 11 ) for À &#x3E; p which can be extended to
0  ~ ~ p thanks to the resolvent equation.
We are now able to complete the proof of our statement. The

identity (11) and the Markov property enable us to write

which entails, by an application of the optional sampling theorem at Tx+r,
that .

Theorem 3.1 and Proposition 3.2(ii), jointly with the expression (8) for
y) yield the result. D

The previous proposition enables us to specify the asymptotic behav-
iour of the local time. Recall from Theorem 3 .1 (iv) that the stationary
probability of the confined process is absolutely continuous with a con-
tinuous density p.

COROLLARY 4.3. - For any x E (0, a), we have a.s.

Proof This is essentially an application of the ergodic theorem (see
also Section XIX.46 in [8]). Let us give a quick argument. We deduce
from Proposition 4.2 that ~x has a finite right-derivative at 0, equal to

Hence, using
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and (it, t &#x3E; 0) being a Levy process, the law of large numbers entails that
a. s.,

5. CONVERGENCE RATE OF THE SUPREMUM

5.1. Introduction

We still assume throughout this section that X has paths of unbounded
variation. We write St = E [0, ~]} for the supremum. The fact
that the confined process is recurrent implies that St converges to a and
our purpose is to investigate the rate of convergence.

Analogously, we might consider the rate of convergence of the

infimum to 0. However, recalling Remark (c) following Theorem 3.1,
we know that if s - and i stand for the supremum and infimum of the

generic excursion away from {x/2} respectively, then i and a - s are
equally distributed. The very same arguments used in the sequel for
the supremum process then apply to the infimum process, and we shall
therefore focus on S.

Our study relies heavily on the following statement which will be
proved at the end of this section. -

PROPOSITION 5.1. - The following assertions hold
(i) The mapping (x, q) - of class C1 on (0, oo) x

(-00, 00).
(ii) The mapping

is strictly decreasing and of class C1 on (0, oo). As a consequence, the
set

is an open and everywhere dense set of (0, oo).
(iii) For every a &#x3E; 0,

where c(a) was defined in Proposition 3.1.
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(iv) In the stable case of index a, ~ (~,) = Àa,

(recall the notations following Theorem 2.1), and therefore D = (0, oo).

In fact, this proposition still holds in the bounded variation case,
provided the Levy measure A of X under P has no atoms. However,
to avoid technicalities, we stick to the unbounded variation case.

Let f : [0, oo) - (0, oo) be a decreasing function and write

Finally recall that a real function g is said to be slowly varying at infinity
if for any À &#x3E; 0,

THEOREM 5.2. - The following three assertions hold
(i) If a E D, then t (a - St) converges in distribution as t -~ oo to an

exponential r. v. with parameter p’ (a)|.
(ii)

according whether f °° W~-P~(a - f (s)) ds converges or diverges. As a
consequence,

and provided that a E D,

(iii) Assume further that t r-+ tf (t) is increasing and slowly varying at
infinity, and let
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with the convention inf 0 = +oo. If a E D, then

Remarks. - (a) Let

One easily sees that if 7~  oo, I f is finite (and decreasing) on (/y, oo),
and that if r f &#x3E; 0, I f = oo on [0, F/-). This remark is implicitly used in
the proof of (iii).

(b) We give an idea for the value of /y. If Ink denotes the kth iterated
logarithm, then for

In particular, one observes that the slowly varying condition in (iii) is not

stringent: t f (t) = ln t is already varying too fast since 7~ = 0.
We see that if f (t) = t-lln2t, then

whereas if f (t) = t-l, or f (t) = with k &#x3E; 3,

(c) Recall that for a E ( 1, 2], -r (a) still denotes the first negative root
of E~, where Ea stands for the Mittag-Leffler function of parameter a
given by (7). In the stable case of index a E ( 1, 2], for any a &#x3E; 0,

which yields for the confined Brownian motion
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Each of the next three subsections is devoted to the proof of some part of
Theorem 5.2. Proposition 5.1 is established in the ultimate one.

5.2. Convergence in distribution of t (a - St )

The argument uses the next elementary lemma.

LEMMA 5.3. - Fix y E (0, oo] and let R : [0, y) - [0, oo) be an
increasing function. Next consider a Poisson point process s ~ 0)
on [0, y) with characteristic measure d R. For every t &#x3E; 0, set it =

infost ZS, where we agree that inf0 = y. Then

Proof. - This is immediate from the identity

Fix x E (0, a) and recall the notation in Section 4 involving the

excursions away from {jc}. Our argument relies on the elementary
observation that Sit - x is the maximum of the excursion heights (m (es ) )
for s C t.

Recall from Proposition 4.2 that

is the distribution function of the measure ~(~ 2014 ~ 2014 x E.). From
Proposition 5.1, the function Rx is of class C~ and its derivative at 0
is positive (because a E D).
The point process (Z~ , s ) 0) defined by

is a Poisson point process with characteristic measure dRx. We deduce
from the previous lemma that

hence by dominated convergence,
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Now let 8  p (x) . According to Corollary 4.3, one has rst  t for

sufficiently large t, so that

So letting 8 - p (x ) , we get that

On the other hand, it follows from Proposition 5.1 (iii) that

Proceeding similarly with 8 &#x3E; p (.x ) , we get

5.3. Lower rate of convergence

We prove the second assertion. As W(-p) is of class C~ (cf. Propo-
sition 5.1), Joo f (s) ds  oo implies Joo W ~-~~ (a - f(s)) ds  co. Re-

placing f by and then letting ~ 2014~ oo, we get the result. The same
method then applies to the converse assertion now letting À --+ 0: indeed
if a E D, the derivative at a of W ~-P~ is negative, hence (X) f (s) ds = 00
implies that Joo W(-p)(a - f (s)) ds = co.
We now prove the first assertion. Let

be the number of points of the excursion process before time t whose
absolute maximum exceeds a - (m = absolute maximum -x).
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We know Nt is a Poisson variable of parameter

Therefore, Noo is a.s. infinite, that is Stt &#x3E; a - f (t) i.o. as t - oo, if

~~-~(~ - f (s)) ds = oo. Otherwise, the last event is evanescent.
To get the result with St, recall from Corollary 4.3 that as t - oo, 03C4t

t j p (x) a. s. for some positive and finite constant p (x ) . Observing that the

integral criterion of the theorem remains unchanged when replacing f
by t r-+ one deduces easily that the events { St &#x3E; a - f (t) i.o. as
t - oo} and &#x3E; a - f (t) i.o. as t -~ oo} have the same probability.

5.4. Upper rate of convergence

Consider the Poisson point process Z with characteristic measure dRx
defined in Section 5.2. Recall that the function Rx is C~ 1 and that its
derivative is positive on some interval [0, ~). As a - 5~ = 
for sufficiently large t, the path of ( Rx (a - 0) coincides with
that of (~~0), where vt is the minimum on [0, t] of a Poisson point
process with characteristic measure the uniform distribution on (0, 1 ) .
An appeal to the extremal process (M~ ~ 0) defined in [15] is the

key step of this proof. One observes easily that such a process starting
from uo &#x3E; 0 has the same law as (uo A 0). The function f
being decreasing at infinity and t r-+ t f (t ) being increasing at infinity,
Theorem 3 of [15] ensures that ut &#x3E; f (t) i.o. as t - oo with probability 0
or 1 according whether I I (1) converges or diverges. Suppose for instance
that I f ( 1 ) =00. Then

Now let À &#x3E; 1. We have
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where the inequality is due to Corollary 4.3 and the last equality to the
slow variation of t )-~ t f (t ) . Recalling that p(jc)~(0) == and

letting À --+ 1, we obtain that L~ ~ a. s.

In the case when I f ( 1 )  oo, one can prove the opposite inequality in
the same way.
To derive the required result, pick h &#x3E; 7~  oo ) . We can then

apply the foregoing result to converges, so L f = ÀLÀf is
bounded above a.s. by Letting À - we get

which obviously holds if 7~ = oo .
With À  h f ( h f &#x3E; 0), one can prove the opposite inequality. Hence

5.5. Proof of Proposition 5.1

(i) We first prove that W = W ~°~ is of class CIon (0, oo) . Recall the
following expression for W, p. 195 in [ 1 ] :

where K is a positive constant, and v the characteristic measure of the
point Poisson process of excursion heights of S - X away from {0}
under ?o. In particular, W is differentiable with derivative

To show that W is C1 on (0, oo), it suffices to prove that v has no
atoms. Suppose then that ~({jc}) &#x3E; 0 for some x &#x3E; 0, that is n(m =
x) &#x3E; 0, where n denotes the characteristic measure of the point process
of excursions of S - X away from under Po. Recall that in the
unbounded variation case, x is regular for (-00, x) under P, and apply
the strong Markov property at Tx under the conditional law = x )
(0 ~ Tx  V with full = x ) -measure since S - X has only positive
jumps). As the excursion visits (x, oo) a.s. immediately after Tx, we get
the contradiction.
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We now prove that (x, q) t-+ is of class C1 on (0,oo) x
(201400, oo). It suffices to show that (x , q ) t-+ has partial deriv-
atives jointly continuous in q and x. To this aim, we shall use the ex-
pansion of W(q) as a power series and prove the uniform convergence
of the partial derivatives of partial sums. For the derivative with respect
to q, its existence and continuity follow readily from the expansion of
q t-+ in the form (4), majoration (5), and the continuity of the
scale function.
We turn to x « We now know that W*k+l is of class CIon

(0, oo). Its derivative is nonnegative and

for the scale function is increasing. It follows that the series

is uniformly convergent on compact sets of (0, oo) x (-00, oo) and our
claim is proven.

(ii) and (iii) Consider the mapping x r-+ p (x ) when x varies.
One easily sees that p is strictly decreasing for one knows that for

h &#x3E; 0, and q  pea + h), W ~-q~ is positive on (0, a + h), hence by
definition of pea), pea) &#x3E; p (a + h ) .

Furthermore, the continuity of (x, q ) r-+ and the definition of

p (a) ensure the right-continuity of p. Specifically W (-p(a+» (a) = 0 from
W (- p (a+£) ) (a + £) =.0 (~ &#x3E; 0), and we get the result since /o(~+) ~ pea).

In order to obtain the left-continuity, assume for a moment that p (a) ~
p (a-). Then for any q E p(~2014)], we know that W~(~ 2014 s) &#x3E; 0

(~ &#x3E; 0), hence W~~) ~ 0. Moreover, we know that for any q’ 
pea), the definition of pea) entails that W (-q~~ (a) &#x3E; 0. Hence in a

neighbourhood of /o(~), ~ n-~ W (-q~ (a) is nonnegative. This contradicts
Theorem 2.1 (i) according to which pea) is a simple root of q -
W (_q&#x3E; (a) ..
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Eventually, we know that x H p (x ) is continuous, strictly decreasing,
and satisfies .

Since (x, q) h~ is Cl on (0, oo) x (-00, oo), and has positive
partial derivative with respect to q at (a, - p (a)), we may apply the
implicit function theorem at this point. Since p is continuous, it coincides
locally with the implicit function, hence p is CIon (0, oo) and

(iv) In the stable case of index a E ( 1, 2], recall that pea) = r(a)a-a,
so that the derivative of a 1---+ p (a ) is equal to and therefore
never vanishes, that is
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