ANNALES DE L’I. H. P., SECTION B

Fumio HIAI

DENES PETZ

A large deviation theorem for the empirical eigenvalue
distribution of random unitary matrices

Annales de I’'l. H. P, section B, tome 36, n° 1 (2000), p. 71-85
<http://www.numdam.org/item?id=AIHPB_2000__36_1_71_0>

© Gauthier-Villars, 2000, tous droits réservés.

L’acces aux archives de la revue « Annales de 1I'l. H. P, section B »
(http://www.elsevier.com/locate/anihpb) implique I’accord avec les condi-
tions générales d’utilisation (http://www.numdam.org/conditions). Toute uti-
lisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPB_2000__36_1_71_0
http://www.elsevier.com/locate/anihpb
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré, Probabilités et Statistiques 36, 1 (2000) 71-85
© 2000 Editions scientifiques et médicales Elsevier SAS. All rights reserved

A large deviation theorem for the empirical
eigenvalue distribution of random unitary
matrices *
by

Fumio HIAI?, Dénes PETZ"!

2 Department of Mathematical Sciences, Ibaraki University, Mito, Ibaraki 310, Japan
b Department for Mathematical Analysis, Technical University of Budapest, H-1521
Budapest XI. Sztoczek u. 2, Hungary

Atrticle received on 16 November 1998

ABSTRACT. — It is shown that the empirical eigenvalue distribution of
suitably distributed random unitary matrices satisfies the large deviation
principle as the matrix size goes to infinity. The primary term of the rate
function is the logarithmic energy (or the minus sign of Voiculescu’s free
entropy). Examples of random unitaries are also discussed, one of them
is related to the work of Gross and Witten in quantum physics. © 2000
Editions scientifiques et médicales Elsevier SAS
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RESUME. — Nous montrons que la distribution empirique des valeurs
propres de matrices unitaires aléatoires (de loi convenable) satisfait
un principe de grandes déviations quand la taille de la matrice tend
vers l'infini. Le terme principal de la fonction de taux est I’énergie
logarithmique (ou, au signe pres, I’entropie libre de Voiculescu). Nous
discutons aussi des exemples d’opérateurs unitaires aléatoires, dont 1’un
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est lié au travail de Gross et Witten en physique quantique. © 2000
Editions scientifiques et médicales Elsevier SAS

1. INTRODUCTION AND STATEMENT OF RESULT

Let v be a measure on C. The double integral

_ / log |x — y| dv(x) dv(y)

has been used in potential theory for a long time and it has been called
logarithmic energy there [9]. It is a very remarkable fact that essen-
tially the same quantity appeared in Voiculescu’s work on free proba-
bility theory [11-14] (also [6]). When Voiculescu modeled probability
laws by the eigenvalue distribution of random matrices in his random ma-
trix heuristics, the above logarithmic energy appeared as a renormalized
Boltzmann—Shannon entropy [11]. One characteristic feature of entropy-
like quantities is that they can serve as a rate function in large devia-
tion theorems. Indeed, the logarithmic energy (alias Voiculescu’s free en-
tropy) is the rate function in a very recent large deviation theorem ob-
tained by Ben Arous and Guionnet [1], which concerns the empirical
eigenvalue distribution of Gaussian symmetric random matrices as the
matrix size tends to infinity. The subject of the present paper is to ob-
tain a large deviation theorem for the empirical eigenvalue distribution
of random unitary matrices. This work has been motivated very much by
a preliminary version of [1], we use the method developed in that pa-
per. The final published version of the work of Ben Arous and Guionnet
treats random unitaries, however the full large deviation was not obtained
in [1].

Let us recall the definition of the large deviation principle [3]. Let (P,)
be a sequence of measures on a topological space X. The large deviation
principle holds with rate function / in the scale n™2 if

1
lim inf — log P,(G) > —inf{I(x): x € G}
non
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for every open set G C X and
1
limsup — log P,(F) < —inf{I(x): x € F}
n n

for every closed set F' C X. (If the latter condition holds only for compact
sets F', then the weak large deviation principle is said to hold true.) Here
I: X — [0, oo] is lower semicontinuous and is called a good rate function
if {x € X: I(x) < ¢} is compact for every ¢ > 0.

Let U (n) denote the group of n x n unitary matrices and let y, be the
Haar probability measure on I/ (n). Moreover, let M(T) be the space of
all probability Borel measures on the unit circle T C C.

For U € U(n) we write A, (U) for the atomic measure

M) +8(U) +---+5(U))
" ;

where A (U), Ax(U),..., 1, (U) are the eigenvalues of U and §(¢)
denotes the Dirac measure at ¢. In this way a mapping A,: U(n) —
M(T) is determined. Given a measure v, on U(n), there exists a unique
probability measure P, on M(T) such that

P,(H)=v,(A;'H)

for every Borel set H in M(T). Note that P, is nothing else but the
distribution of the random measure A,(U) when U is considered to be
random and distributed according to v,.

Now let Q(¢) be a real continuous function on T and for each n € N
set a probability measure v, on U (n) as

1

v, = 2—exp(—nTrQ(U)) dy,(U), (1.1)
n

where Z, is for normalization. Then we have the following large

deviation theorem.

THEOREM. — Let P, (n € N) be the probability measures defined
above on M(T). Then the finite limit B = lim,,_, ., n"2log Z,, exists and
(P,) satisfies the large deviation principle in the scale n=2 with rate
function

1w =— / / log ¢ — 11 du(2) du () + / 0@)du@)+B  (12)
T2 T
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for u € M(T). Furthermore, there exists a unique o € M(T) such that
I (o) =0.

2. PREPARATION

The space M(T) of all probability measures on T equipped with the
weak* topology is compact and metrizable. Set

F(¢,m)=—log|¢ —nl+1(QQ)+ 0m),
Fo(¢,my=min{F(¢,n), a}

for a > 0. Since F, (¢, n) is bounded and continuous,

we MR) — / / Fu(@, ) du (@) du(n)
']1‘2

is continuous in the weak* topology. Given a real constant B, the
functional [ in (1.2) is written as

1w = / F(z,n)du(@) du(n)+B = sup / / Fo(. ) du(@) du(n) + B

a>0

and hence it is lower semicontinuous. Since the logarithmic kernel is
strictly negative definite (see [2]), I is shown to be strictly convex.

If X is compact and A is a base for the topology, then the large
deviation principle is equivalent to the following two conditions

1
—I(x) = inf{limsup —log P,(G): G € A xe€ G}
n—oo N
1 @.1)
= inf{liminf—zlog P,(G): Ge A, xe G}.
n—o0o p

(See [3, Theorem 4.1.11].) We apply this result in the case X = M(T)
and we may choose

G=G(u;m,e)={u € M(T): |me(i') — me(p)| <& for k| <m},
where my denotes the kth moment (k € Z), i.e., m(n) = [ ckdu(o).

For € M(T) the sets G(u; m, ¢) form a neighborhood base of u for
the weak* topology of M(T) where m € Nand ¢ > 0.
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The mapping U(n) — T" sending a unitary to the n-tuples of its
eigenvalues induces a measure v, on T” when U (n) is endowed by the
measure v, given as (1.1). We have

P, (G(;{; m,€))
1 n
=D A0 —mi(w)

=, ({U elU(n):
j=1

=0 ({2 €T Ime(ug) — me(w)| < & for k| <m}),

where for ¢ = (¢y, &2, - - -, §n) € T" the atomic measure

< ¢ for k| < m}) 2.2)

8(81) +8(5)+---+68(8)

n

is denoted by ;.

It is known [10, p. 195] that the measure y, on T" induced by y, has
the density = [1;.; 1¢ — ¢;1* with respect to d¢; - - d¢, where ¢; = e
and d¢; = % dé;. Hence the density of v, with respect to d¢; - -- dg, is

1 n
—exp (—n > Q(ci)) 1Tz —¢1%
n i=1 i<j
To obtain the theorem, we have to prove that
- of 1
—I(n) = 1nf{hmsup - log P,(G): G},
n n

; (2.3)
—I(w < inf{liminf—zlog P.(G): G},
npn

where G runs over neighborhoods of p.

3. PROOF OF THEOREM

Our aim is to show that conditions (2.3) hold true.

LEMMA 1.-

1
limsupﬁlog Z,<— inf )// F(x,y)du(x)du(y). 3.1
T2

n—00 neM(T
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Proof. — We get
Zy= |- 6Xp<— Q(é.’i))
/ T / ;

x eXp{—Z(Q(;-) + Q(zj))}H & — &7 dgy -+ dg,

i<j i<j

=/---/exp<—ZQ<c,~)) exp{ -2 F(&i.6) | oy - e,
™ i=1

i<j
</ 5 [exo (—; Q(«;-))
X exp{—n2 / F(x,y)du; (x)du; (y)}d;1 oo dg,

{(x#y}

<exp{-n’int [[ Fer.y)aueaun}
{x#y}

x [ - [exo (— ; Q(r;-)) ag, - dg,
= (feew dx)nexp{—nzill}f J[ P auwaum}.

implying (3.1). O
LEMMA 2. - For every u € M(T),

1
inf{limsup—;log P.(G): G}
n—oo N
o (32)
< [ Fex»u@ du) ~ timinf — 1og 2,
n— n
TZ

where G runs over a neighborhood base of .
Proof. — For any neighborhood G of u € M(T) put
Go={¢€T" u, €G}.

As in the proof of Lemma 3.1 we get
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_ 1 “
P.(G) = ,(Go) = Z—/~--/exp -3 0
n 4
Go i=1

x exp{—zz F(&, g)} dg, --- dg,

i<j
1 n
< Z—/---/em(-ZQ(m)
" Go i=l1
X €:Xp{—n2 // Fo(x, y)dp (x) dug (y) + na} d¢ - dg,
- </ e 0w dx)
Zy
y exp{—n2 inf / / Fo(x, y) dit'(x) dpt'(3) +na}.
we
Therefore
. 1
limsup — log P, (G)
n—oo N
1
<= inf [[ Fulr.») w0 dw' ) ~ limint 5 108 2,
weG n—o0 p

Thanks to the weak* continuity of u' +— [[ Fy(x, y)du'(x)du'(y) we
get

1
inf{lim sup — log P,(G): G}
n—oo N
1
<= [ Fute. ) du) dun(y) ~ liminf 5108 2,.
n—0o0 p
Letting « — +00 yields inequality (3.2). O

A measure n on T may be identified with the distribution

1 it

so that we write 5= [0 £ (') du(6) for [y f dp.
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LEMMA 3. - Forany u € M(T) and 0 <r < 1 define

2
1

. 1 i
L) =5 [RO-0dO, 1= f(")db.

2w
0

where P,(0) = (1 — r?)/(1 — 2rcos@ + r?), the Poisson kernel. Then
W, — W in the weak* topology as r — 1 and

[] Feman@ aua =tim [[ P ndu, @ du, .
T? T2

Proof. — The first assertion is well known [8, p. 13]. A basic fact on
harmonic extension and Poisson integral (see [8]) is used in the following
computations. For any n € T, since ¢ — log|¢ — n| is integrable on T,
we get

2
1 . .
108l = nldur @)= [ £,(&")togle” ~n| a6
T 0

2 2

_ 1 1 i0
_EO/<ZI—/P,(0—s)log]e —n|d9> du(s)

0
2
1 o
= ——/loglre“ —n|du(s),
21 J

and hence

[/ 1021 — 11w, @) duar )

T2

2 2
1 . 1 . .
= Eb/fr (Cle) (E;T—/loghe's _619‘ d/,L(S)) do
0

27 21 2
1 1 . _
B (z'n)z/ / (E/ b f(9‘010g|re“—e‘9|d6) du(s) du(®)
0 0 0
21 2w

1 ) .
= (27)2//10g]r2e"—e"|du(s)du(t),
0 0
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which tends to [[4.log|¢ — n|du(¢)du(n) as r — 1 and the lemma is
shown. O

LEMMA 4. - For every u € M(T),

1
liminf 1o Z, > - [[ Fenaumau  33)
n— n
T2

and

. |
mf{h,,‘E%Bf; log P,(G): G}
) 1 34
>— // F(x,y)du(x)du(y) — limsup ;log Z,,
n—>0o0
T2

where G runs over a neighborhood base of .

Proof. — Thanks to Lemma 3.3 we may assume that . has a continuous
density f >0 on T so that = 5- f () d9. Let § > 0 be taken so that
8 < f(x) < 87! for x € T. The following proof is a modification of that
of [12, Proposition 4.5].

For each n € N choose a partition

0=5b" <a” <b” <ai <... < a® <b™ =27

such that
1 a;") J ] 1 b;") J
i0 2 i .
_ do = , —_— == (A<j<n).
2n O/f(e ) n 2 O/f(e ) n ( Jsm)

Then it is immediate that

T8
e

T

(1<j<n). (3.5)
né

Define

A, ={(e”,...,e") eT" a{” <6; <bY for 1< j <n},

A, ={®1,....0.): a!” <0; <b for 1 < j <n},
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£ =max{Q(e?): a” <O <H"},
d{” = min{|e"* —€|: a{ <5 < b ,al" <t <b"}.
For any neighborhood G of w, it is clear that
A, CGo={t €T p; €G}

for all n large enough. Therefore for large n we have

P,(G) = V. (Go) = U, (4n)

— 1 _ n i6; 6 i9j2
_Zn(2n>"/A, /exP( n3 0l )> [T]e™ ™" déy

i<j
1 ) ) / /
> — d do
Z,n )”eXp< nZ& >:</ a
2-1—(£> exp —nZ’g‘(") l—ld(f'))2
Z,\2n oy
thanks to (3.5).

do,

Now let /:[0, 1] — [0, 27r] be the inverse function of 6 € [0, 27 ] >

L [ £(eiydr. Since a\” = h((j — })/n) and b = h(j/n), we get

nE-)nolo_ZZlOg d("> / / logleih(u)_eih(u)1 dudv
n i<j N
1 27 27
:W//f(e's)f(e")logle“—e"!dsdt
00
’[['2
and

T

Therefore
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1
0> limsup — log P,(G) > — / / F(x, ) dpu(x) du(y)

n—>00

1
— liminf — log Z,

n—oo p

and
| . 1
llmmf—zlog P,(G) > ——//F(x, y)dux)du(y) — 11msup—210g Z,,
n—>oo p n—oo N

as desired. O

End of proof of Theorem. — By (3.1) and (3.3) we have

1

1
lim sup 5 logZ, < —igf// F(x,y)du(x)du(y) < linrgggfn—zlog Z,.

n—oo N

Since the functional p +— [ F(x, y)du(x)du(y) is lower semicontinu-
ous and takes the finite infimum on the compact space M (T), the finite
limit B = lim,_, o, n~2log Z, exists and (1.2) gives a proper rate func-
tion /. Recall that proof was reduced above to verification of (2.3) and
these two conditions were proven as (3.2) and (3.4). Also the uniqueness
of uo € M(T) satisfying I (10) = 0 follows from the strict convexity of
I. O

4. DISCUSSIONS

First we give two examples of our large deviatioin result for unitary
random matrices.

(1) For ¢ € C, || < 1, let Q(¢) =log|¢ — «|? (¢ € T). Then the
probability measure v, on U/(n) is given by

b= L dn@)
" Z, det|U —al |
Hence
- LH1</ICI_;[|2

dg - - dg,.

vV, = _—
! Zy [l 16 — o
If P, is the empirical eigenvalue distribution of the associated unitary
random matrix, then our theorem says that (P,) satisfies the large
deviation principle with rate function
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I =— / log | — 11 du (@) du(n)
'ﬂ‘2

+ [togle — aldu(s) ~log(1 = la)

for u € M(T), and the Poisson kernel measure p, = (1 — le|®) ¢ —
a|~2d¢ is a unique minimizer of 1. We have

/ log | — n1dpa () dpa(n) =log(1 — al?),

and also

_ dy@) 2
lim —1 = —log(1 — a]?).
oo 2 08 / detU —arps — —oell —lal)

It does not seem easy to directly compute the above asymptotic limit
of integrals. In particular when o = 0 (hence Q = 0), the eigenvalue
distribution of a unitary random matrix distributed according to the Haar
measure on I/ (n) (called a standard unitary random matrix) converges to
the Haar measure on T.

(2) Let A > 0 and set another function Q(¢) = —% Re¢ (¢ € T). Then
v, onU(n) is

1 (nT(U+U*)>d )
hn = 5~ €Xp| — IT n s
vn = Z—exp| - Y

n

and v, on T" is

U, = —exp( ZcosB) H|e‘9' —ei0f|2d91 - d6,.

i<j

By our theorem the associated sequence of empirical eigenvalue distrib-
utions satisfies the large deviation principle with rate function

2
1w = —//logw — nldu(@) du(n) — X/Reidu(§)+B
T2
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for u € M(T), where

% ifA>2,
B=91 4,2 3 .
slogs+5—3 if0<A<2

In [3], Gross and Witten calculated the above value of B and showed that
a unique minimizer p, of I is given by

= (14 2cos6) do if A >2,
Pr= 2 0 fr_ 298 ;
=5 cos 5\/; — 810”3 X[—2 arcsin o/A72, 2arcsin /2721 (0) A0 if 0 < A < 2.

Incidentally, we have

—d ifA>2,
[/ 10g1s = nldor@)dpnn = { »

£ logy —; if0<A<2,

=

and

.1 n
Jim = log / exp(x Tr(U + U*)) dy,(U) = B.
U(n)

More details about the minimization of the rate function in the two
examples are found also in [6].

The next comment is about the relation of this work to Voiculescu’s
entropy of noncommutative variables. Our result may be considered from
the viewpoint of free entropy for unitary random variables. Let (M, 1)
be a W*-probability space consisting of a von Neumann algebra M and
a faithful normal tracial state t, [14]. Let U be a unitary element in M
and pu € M(T) be the distribution of U with respect to . For n,m ¢ N
and ¢ > 0 we define

L(U;m, ) ={V eU(n): |, (V¥) - T(UY)| < & for k| < m},
where 7, denotes the normalized trace on n x n matrices. In case of

Q =0, since y,(I,(U;m, ¢)) = P,(G(u; m, €)) by (2.2), equality (2.1)
means that

n—>00

1
[ o8t = n1d) e = Jim {timsup 5 tog (10 m. )}
T2 e—0

4.1)
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The above right-hand side can serve as the definition of the free entropy
of U.

Any operator X can be written in the form A + iB with selfadjoint
A and B. Voiculescu’s entropy of the non-selfadjoint X would be the
entropy of the pair (A, B), i.e., x(A, B) in his notation. For a normal
operator (particularly a unitary) X, A commutes with B and this entropy
is always —oo [13]. Roughly speaking, our entropy (4.1) for unitary
random variables takes finite values because we condition Voiculescu’s
entropy with respect to the conditions AB = BA and A’+B*=1.

Furthermore, we can naturally extend the free entropy of unitaries to
the case of multi-unitaries (Uj,...,Uy) as Voiculescu’s free entropy
x(X1,..., Xy) in the selfadjoint case was introduced in [12]. The free
entropy of multi-unitaries is not directly related to probability theory,
hence it is not discussed here, see [7]. We confine ourselves to pointing
out that the unitary (or conditioned) version of multiple free entropy has
properties similar to those in [12].
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