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ABSTRACT. — Asymptotics of oscillatory integrals on the classical
2-dimensional Wiener space, whose phase functional is the stochastic line
integral of a 1-form, is considered. Under the assumption that the exterior
derivative of the 1-form is rotation invariant, an asymptotic expansion is
obtained. This result is extended to the process associated to a general
rotation invariant metric. © Elsevier, Paris
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RESUME. — Nous étudions le comportement asymptotique d’intégrales
oscillantes sur ’espace de Wiener classique en dimension 2, lorsque la
phase est I’intégrale stochastique d’une 1-forme. Sous 1’hypothése que la
dérivée extérieure de la 1-forme est invariante par rotation, nous obtenons
ce développement asymptotique. Nous étendons ce résultat a la diffusion
associée a une métrique invariante par rotation. © Elsevier, Paris
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418 N. UEKI
1. INTRODUCTION

Let (W, P) be the 2-dimensional Wiener space: W = {w € C ([0, 00) —
R?): w(0) =0} and P is the Wiener measure on W. Let b be a C! dif-
ferential 1-form on R? satisfying the following rotation invariance condi-
tion:

db = f(|x|)dx' A dx?. (1.1)

In this paper we investigate the asymptotic behavior of

1
I¢;0)=E [exp (if /b(w(t)) odw(t))a(w(~))'w(1) = 0] (1.2)
0
and
1
I¢;a)=E [exp (i‘;‘ /b(w(t)) odw(t))a(w(-))} (1.3)
0

as £ — 00, where i = /—1 and odw(¢) is the Stratonovitch stochastic
integral. Under some conditions on the function f in (1.1) and the
amplitude functional a, we give an asymptotic expansion as

I(;a)~exp(—&Ef(0)/2— Eny — ué)s{f(om(m +Zs*"/21,,}

n=1

1.4

and a similar expansion for Z(&; a). Moreover we extend these results
to the case, where the Wiener process w is replaced by the process
associated to a general rotation invariant metric and the 1-form b may
degenerate finitely at the origin.

The integrals (1.2) and (1.3) are called stochastic oscillatory integrals.
These integrals appear, for example, in the study of the Schrodinger
operator with a magnetic field and the 2-form db in (1.1) corresponds to
the magnetic field (cf. [21]). For these integrals the asymptotic behavior
is estimated from above in more general setting [3,4,12—14,29]. For the
exact leading term, Ikeda—Manabe studied the following two cases: one
is the case where the phase functional is a quadratic functional, and the
other is the above rotation invariant case [9]. For the quadratic case, we
have a general exact formula and many related results are obtained. For
this aspect, see [7,9,14,23,24,26,27] and references therein. However, as
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ASYMPTOTIC EXPANSION 419

opposed to finite-dimensional oscillatory integrals, it is difficult to obtain
the asymptotic behavior for more general phase functionals from these
results. On the other hand, the rotation invariant case is the simplest
nonquadratic case for which the asymptotic behavior can be investigated
in detail. In this paper we will extend the results in [9] on the rotation
invariant case. As for the asymptotic expansion, Ben Arous gave for a
function corresponding to (1.3), where w(s) is replaced by w(s)/+/€ in
more general setting without rotation invariance conditions [1].

Under the rotation invariance condition (1.1), by taking the expectation
in the spherical direction, our problem is reduced to that on Laplace type
asymptotic behavior. For example, I (§; 1) is written as

, 1
IGE; 1)=E[exp(—% / F(|w(r)|)2dt)(w(1)=0], (1.5)
0
where

1
F(r)=/f(ur)urdu.
0

For more general cases, see Lemmas 2.1 and 3.1 below. By the Feynman—
Kac formula the right hand side is related to the integral kernel of
the heat semigroup of the Schrodinger operator —A + £2F2. Then the
problem on the asymptotic behavior corresponds to a problem on the
semiclassical approximation. We now use the technique of Simon [22]
for the asymptotic expansion of the eigenvalues and eigenfunctions in
the semiclassical limit. For this Laplace type asymptotic behavior, more
general results are obtained for the case where w(s) is replaced by
w(s)/&. For these results, see [2] and references therein.

The aim of Ikeda—Manabe [9] was to show an infinite dimensional
analogue of the principle of the stationary phase, in the setting of
Wiener functional integrals. In fact, we can formally regard our results .
as examples of this principle. For this aspect, see Remark 3.2(i) below.

For a general rotation invariant metric

dr @dr + g(r)*do ® do

in terms of the polar coordinate (r,0), r > 0, 6 € S!, we reduce the
problem to that on the radial process and use techniques of the theory of
the 1-dimensional diffusion processes and ordinary differential equations.

Vol. 35, n°® 4-1999.



420 N. UEKI

Since the asymptotic behavior of our oscillatory integrals are determined
by the behavior of the metric g(r) and the 1-form b at the boundary
r = 0, we need precise analysis at this boundary. Under the condition
that lim, o g(r)/r* =1 for some @ € R, r = 0 is an entrance boundary
point for the radial process if o > 1, a regular boundary point if o €
(—1, 1), and an exit boundary point if @ < —1, in the sense of Feller [5].
Accordingly we pose the Neumann boundary condition at r = 0 for
o« > —1 and the Dirichlet boundary condition for @ < 1. If we moreover
assume that g(r)/r® =1+ o(r?) as r | 0, then the generator is regarded
as a simple perturbation of that for the case g(r) = r®. Then we use the
explicit representation of the transition density of the Bessel process with
index o 4+ 1 for @ > —1 and the corresponding representation for the
Dirichlet case with @ < 1 (see Lemma 5.1 below). When this condition
is not satisfied, the existence of the function such as I(£;a) in (1.3) is
not trivial. However, by a work of Hille [6] (see also Matsumoto [15]) on
the continuity of the transition density at the boundary, we obtain a sharp
result for the case of the Neumann condition with —1 < a < 3, which
corresponds to the limit circle case (see Theorem 6 below).

The organization of this paper is as follows: In Section 2, we treat
a fundamental case for the function /(£;a) in (1.2) with a simple
amplitude functional a. In Section 3, we consider more general amplitude
functionals a for both functions /(§;a) and Z(&;a). In this section,
we also give a fundamental remark for our problem (see Remark 3.2
below). In Sections 4 and 5, we consider the case of a general rotation
invariant metric. Section 4 is devoted to the case of Neumann condition
and Section 5 is devoted to the case of Dirichlet condition.

2. AFUNDAMENTAL CASE

On R? with the standard metric, we take a C! differential 1-form b
satisfying the following condition:
(A.1)
() db= f(r)ydx' Adx?, r =|x|;
(i) f(0) > 0;
(i) f(r) >0
@iv) lim,_, 7'~ f(r) > O for some ¢ > 0;
(v) f is smooth on the open interval (0, co) and each deriva-
tive of f is dominated by a polynomial.
We take a functional a on the Wiener space W. For this functional, we
introduce the following conditions:
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ASYMPTOTIC EXPANSION 421

(A.2) a(w) = A(r(t)), r(t), ..., r(tx)), where r(-) = [w(-)/, O<th <
tp <--- <tg <1 and A is a smooth function on [0, 00)X whose
derivatives are dominated by polynomials.

Let po < i1 < o < - - - be the eigenvalues of the harmonic oscillator

)

on L2(R2), o, ¢1, ¢2, ... be the corresponding normalized eigenfunc-
tions, and P, be the orthogonal projection to the orthogonal comple-
ment to the ground states, where A = Z§=1 82/3(x/)%. In this case,
wo = f(0)/2 and ¢, can be taken as

0 0
Po(x) = Lz(y—_[—) exp (—fi—)-ﬂ) )

We denote the norm of L2(R?) by || - || and the inner product by (-, -).
For the function I(£;a), & € R, defined in (1.2), we prove the
following in this section:

THEOREM 1.— Under the conditions (A.1)-(A.2), we have the
following asymptotic expansion as § — 00:

1(&;a) ~exp(—Epo — VEuY — ud)€ > €I,

n=0
in the sense that
1 Nl
I($;a)eXP(€uo+\/?ué+u3)g—ZE”"/zln=0(S’N/2)
n=0
forany N > 1, where
_f0
Ko = 5’
1 fO) L
=T 270
s PO (2fON (FOLO) i s )2
“"—2f(0)+<3f(0)> ( 6 I(H — o)™ “Prreoll )

Io= f(0)a(0),
Vol. 35, n° 4-1999.



422 N. UEKI

and I,, n € N, are finite linear combinations of {(34)(0): « € ZX}
whose coefficients are polynomials of

{F™O), (¢0, Do — HY™' Py P (g — H)™ Pyt ).
m,£(0),£(1),...,L(m) € Z+}.

We first show the following:

LEMMA 2.1.-
&
1 2 ré-)
I(E;a):E[exp(—— F(r(t),f) dt)A — lw(&‘):O] 2.1)
20/ ( VvE )
where

F(r, f)_/f( )urdu

Proof. — By the stochastic version of Stokes’ theorem (cf. [8,25]), we
have

/lb(w(t))odw(t):/1fl(r(t))odS(t)+/1b(uw(l))-w(l)du, 2.2)
0 0 0
where
filr) = /1 fur)2u du
and S(z) is Lévy’s stochastic areaodeﬁned by

S(t) = %/{wl(s)dwz(s) —w?(s)dw'(s)}.
0

As is explained in Section VI-6 of [10], the stochastic area is represented

as
S(t)=B G / r(s)? ds), (2.3)

0

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



ASYMPTOTIC EXPANSION 423

where B(-) is a 1-dimensional Brownian motion independent of the
process {r(-)}. By taking the expectation in the Brownian motion B(:),
we have

, 1
I(;a)=E [exp (—% / F(r@), 1)2dt) A(r(-))\w(l) = O] . 24
0

By using the scaling property of the Brownian motion

(we) £ {w—(}é—)}

we obtain (2.1). O

We introduce an operator

1
HE) = 5(—A + F(r,£)%),

where F(r,&) is the function defined in Lemma 2.1. This operator
is essentially self adjoint on Cg°(]R2) by Theorem X.28 in [18]. We
denote the self adjoint extension by the same symbol. The integral kernel
e~ H® (x,x), t > 0, x,x’ € R? of the heat semigroup e~*#®), which
we call the heat kernel of H(£) in the following, has the following
representation:

e—tH(&)(x,x’) =FE [exp(—%/F(r(s),f)z‘L")
0

» exp(—|x — x'|*/(21))
2t
(cf. [21] Theorem 6.2). Thus (2.4) is rewritten as follows:

x+w() =x’]

1 a)=2mE | e SHO0, x)e @O x), xy)
2K

R
X oee X e—E(fK—tK—l)H(é)(xK_l’xK)e—E(l—tK)H(E)(xK, 0)
r n rg
X A(—,-——,...,—)dxldXZ--- dxg.
N/ VE

On the other hand, by the condition (A.1) (iv), the operator H(£) has
purely discrete spectrum (cf. [19] Theorem XIIL.67). We denote the

Vol. 35, n® 4-1999.



424 N. UEKI

eigenvalues by po(§) < u1(€) < ua(€) < --- and the corresponding
normalized eigenfunctions by ¢y(x, £), ¢ (x, §), ¢2(x, &), ... . Since the
heat semigroup e*#¢) generated by H(£) is positivity improving, we
see that uo(§) < p1(§) and we can take go(x, &) as a positive function
(see [19] Theorem XIII.44). By Mercer’s expansion theorem, the heat
kernel e "7 (x, y) is represented as the following convergent series:

e 1O, ) =3 e O, (x, )pn(2,6). 25)
n=0

For the asymptotic behavior as £ — oo, we follow the argument of
Simon [22]. We first show the following:

PROPOSITION 2.1. — For each n > 0, limg_, o0 4n (§) = p.

Proof. — For the upper bound, we use the Rayleigh-Ritz principle:

un(§) < the largest eigenvalue of ((¢;, H(f)‘Pk))]gj,kgn'

Since each ¢; is a polynomial times a Gaussian function, we easily see
that

1
((pj’ H(g)(pk) =:u'j8jk +O(ﬁ)

Therefore we have
lim u,(§) < pn.
E—>00

We next show the lower bound. We take smooth functions {4, k} on
R? so that k2 + k2 =1, supph C {|x| < 2} and suppk C {|x| > 1}. For
any & > 0, we set hg(x) = h(x/£"/1%) and k¢ (x) = k(x/£'/19). By the
Ismagilov—Morgan—Sigal-Simon localization ([22] Lemma 3.1), we have

C
(o, HE)g) > (he, HEVhep) + (ksp, H(Ekzp) — g/lgllfpll2

for some C; > 0 and any ¢ € Cg° (R?). For the first term, we easily see
that

C
(hso, H(©hey) > (heg, Hheo) = sl

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
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For the second term, we estimate as follows:

1 1, . 2
(keo, HEkeo) > S| F(r. keoll” > 5(,;;15101%, £) ksl

By the conditions (A.1) (ii)—(iv), we can estimate as

inf F(r,£) > > C3'/10

r>gl/

for some C3 > 0.

We now take u € (U, int1) and set G = hg (H — ) P[u]hg, where
P[u] is the orthogonal projection onto the eigenspace of H correspond-
ing to the eigenvalues less than u and kg is regarded as a multiplication
operator. Then, by the above estimates, we have

(0, HE)) > ullol® + (¢, Gp) - gl/s ol

for large enough &. Since the rank of G is at most n, we have

C
MUnt1(E) 2> 1 — 51_?5

by the min-max principle. From this we obtain
Lim w,(§) 2 un. (2.6)
E—00

O

Moreover, by the same procedure as in Simon [22], we have the
following:

PROPOSITION 2.2.— (i) As § — 00, we have

M0(§)~M0+Z

«/""’

where ), u3 are those of Theorem 1.
(ii) As & — 00, we have

2 @5 (x)
@o(x,&) ~ @o(x) + i
0 0 ; G

Vol. 35, n® 4-1999.
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where @, n € N, are continuous functions such that r™ o} € L? for any
m 2 0, in the following sense:

@o(x, ) — go(x) — Z 4 =0(N7?) @2.7)

nl\/g

sup
xeK

for any compact set K in R?, and

N-1

m %o (x) }“ -N/2

r"q eo(x,8) — po(x) — || =00 (2.8)
{ i 02 &)

foranym > 0.

Proof. — The proof of (i) and (2.8) with m = 0 is identical to that of
Simon [22] Theorem 4.1. The rest is also proven by modifying slightly
the proof of Simon [22] Theorem 4.1. In fact, if we write as

¢3<x) 00" (x, £)
@o(x,8) = go(x) + 7
0 0 2; é Jg‘N

)

then ¢ are linear combinations of

1
/ & H )OI L (g HY LA g d
- M0

lz—uol=¢

m,k(1),k(2),...,k(m) € Z, and go([)N] is also some polynomial of the
functions dominated by functions of this type and

1 —
/ e G H)'V6)} (2 - HE) 'vodz,

lz—pol=¢

where V(r, &) = F(r, £)®> — (f(0)r/2)? and & > 0 is taken small enough.
Then to prove (2.8), as in the proof of Theorem 4.1 of [22], it is enough to
show the subsequent Lemma 2.2. To prove (2.7), by the Sobolev lemma,
it is enough to show that

H(l - A);{cpo(x, £) — po(x) Z “’“’”}H o(E~M7)

Annales de Ulnstitut Henri Poincaré - Probabilités et Statistiques
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for any ¢ € C°(R?). This is proven by the subsequent Lemmas 2.2
and 2.3. O
LEMMA 2.2 (Lemma 4.2 of [22]). — For each fixed m € Z., we have
sup | (L+r)" @ = B (1472) |, < 00

lz—pol=¢

and

sup (147" 2= HE)™ 1+, <00,

lz—pol=¢
where || - ||op is the operator norm and ¢ > 0 is taken small enough.

LEMMA 2.3.- Forany ¢ € C(R?), we have

LS |1 =A@ —H) 7, <o
Z—Ho|=€

and
sup [|(1 =AY (z— HE) ||, < oo

lz—pol=¢
Proof of Theorem 1. — We decompose as

I(&;a) =1y(&;a) + IRr(§; a),

where
Io(€; a) = 2mEe~$#0® (0, £)* / 0o(x1, €)2@0(x2, £)2 - - @o(xk, £)
RZK
r r rg
Al —, —,...,—= |dx1dx,---d
X (J?JE ﬁ)x‘ i drK

and Ig(§; a) = 1 (§;a)— Ih(§; a). Ip(§; a) is expanded by Proposition 2.2
and Ig(&; a) is negligible by the subsequent Lemma 2.4. O

LEMMA 24. -
— 1
lim —log|Ig(&€;a)| < —uo-
towk
Proof. — Since A is of polynomial growth, it is enough to show that

— 1
lim —log |l<ms(§; a1, @2, ..., ak)| < —Ho, (2.9)
E—o00 &

Vol. 35, n° 4-1999.



428 N. UEKI
forénym €{0,1,...,K},ay,0,...,ax € Z,, where
I<m>(§; alvaZy .. '9aK)

=e 80 ® 0 (0,8) [ @olx1, £)200(x2, €)* - - - @0 (m—1, £)200 (X, £)
R2K
y (e—é(tmn—’m)H(S)(xm, Xma1)
— e S tmr=tmo® g0 (. EYPo (X1, € )
x e Elm e DHE (0 YL e EU-OHE ()

xri'ry? - rg¥dxydx; - - dxg. 2.10)

We take § > 0 small enough. By using (2.5) and Schwarz’s inequality we
estimate as follows:

e O (x, y)

(o] [e]
< \I > e Emo@g(x, S)ZJ Y _etun®gy(y, £)2

n=0 n=0

< e €D, fo-sHE) (1, x)1/eHO(y, )

and

Ié—étH(S)(x, y) — e @0 (x, £)go(y, £)|

[o.0] o0
< J > ettmo® gy (x, é)zd D eEtu® gy (y, £)2

n=1 n=1

< e—(st—a)ﬂl(E)\/e—éH(E)(x, x) \/e—aH(s) 3, y).

Moreover we use the following: for each k € N,

Sup llooCx, £)r*|| < 0o 2.11)
and there are C > 0 and N € N such that
/e"aH(é)(x,x)rk dx <C(1+¢&V). (2.12)
RZ

(2.11) is deduced from Proposition 2.2 and (2.12) can be shown as
follows: by using the Feynman-Kac formula, Jensen’s inequality, the
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translation invariance of the Lebesgue measure and the assumption (A.1)
(iv), we estimate as follows:

/e"SH(‘f)(x, x)rk dx

R2
/dx [/dtexp(—- (Ix + w(@)l, &) ) w(8) = ]
[O/(Sdt]RZ dx |x;u;(2t)lk P(—%F(r,§)2> w(3)=0]
ol oo o)
< Co(1+EY)

for some N > 0.
Now we can show (2.9) by using Schwarz’s inequality and these
estimates in the right hand side of (2.10). O

3. OTHER AMPLITUDES

In this section we consider more general amplitude functionals. We
first give a fundamental theorem for the function Z(§; a), § € R, defined
in (1.3). For this we introduce the following conditions:

(A.3) b(0) =0, b is smooth, and each derivative of b is dominated by
a polynomial.

(A4) a(w) = A(r(ty), r(ta), ..., r(tx))C(w(l)), where A(r(tl) r(t),

., r(tg)) is same as in (A.2) and C is a smooth function on R? whose
derlvatlves are dominated by polynomials.

Then we have the following:

THEOREM 2. — Under the conditions (A.1), (A.3) and (A.4), we have
the following asymptotic expansion as § — 00:

I(&;a) ~exp (—Epo— 1) DT,
n=0

in the same sense as in Theorem 1, where o, w3 are same as in
Theorem 1, Ty = a(0)//det{E; —1(Vb(0) +* Vb(0))/f(0)}, E> is the

Vol. 35, n° 4-1999.
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2 x 2 identity matrix and I,, n € N, are finite linear combinations
of {(3*A)(0) x (3PC)(0): o € ZX B € Z2} whose coefficients are
polynomials of
{£Om, (90, 7O (o = )T Py -1 Do — H) ™' PLrt M)
m, £(0),£(1),...,L(m) € Z }.
Remark 3.1. — Under the condition (A.3), f'(0) = u} =0.

To consider more general amplitude functionals, we introduce the
following conditions:

(A.5) lim, o0 f (r) > 0.

(A.6) a=A(r(-)) € L'(P(-lw(1) = 0)), limy,(yy,0 A(r(-)) = A(0)
and |A(0)| < oo, where | - ||, is the norm on the L? space on the interval
[0, 1].

(A7) a= A(r(-))C(w(1)) where A € L1(P), |A(0)] < oo,

A(r()) = A0),

Ilr( )||2—>0

Cis C! and C, VC are bounded.
Then we have the following:

THEOREM 3. — Under the conditions (A.1), (A.5) and (A.6), we have

1(&;a) =exp (— &po — vVEuh — ud)& (I + o(1)),

as § — 0o, where L, ,uo, No and Iy are given in Theorem 1.

THEOREM 4. — Under the conditions (A.1), (A.3), (A.5) and (A.7),
we have

I(§;a)=exp (—&po — p5) (Zo+0(1)),
as & — oo, where po, ud, ud, Iy are given in Theorem 2.

Moreover, we introduce the following condition:
(A.8) a=A(r(-)), A>0, supA < oo and

inf{A(r(-)): supr(t) < R} >0 for some R > 0.
[0,1]

Then, for the function I (£; a), we have the following:
THEOREM 5. — Under the conditions (A.1) and (A.8), we have

Eljggoélogl(s;a)——&
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We here give general remarks:

Remark 3.2. - (i) As is explained in Ikeda—Manabe [9], our results are
regarded formally as an infinite-dimensional example of the principle of
the stationary phase. We here discuss this aspect. We assume b(0) = 0.
On the Cameron—Martin subspace H of W, we consider a functional
B(h), h € H, defined by

1 .
B(h) = /b(h(s)) - dh(s).
0

This functional is sometimes called the skeleton of our phase functional.
For k € H such that k(1) =0, the derivative in the direction k is

1t
DB(h)[k] = / / f(r(s)){an*(s)dk' (t) — dn'(s) dk*(t)}.
00

Therefore, h = 0 is the only stationary point. The Hessian at # =0 is
(D?B)(0)[h, k1= (Vb(0), h(1) ® k(1))

1
+ £(0) / (1 (1) dk3(e) — h3(t) k' (1))}
0

for h, k € H. Another expression of this is
(D*B)(O)[h, k1= (Bh, k),

where B is a linear map on H determined by

d —
—(Bh)(®) = V{h(1)-b}(0) + £ (0) ((1’ 01) h().

This operator B is one to one. Thus 4 = 0 satisfies the condition of the
nondegenerate stationary point except that the operator B may not be
onto (cf. [17]). On the other hand, our results state that the asymptotic
behavior of the oscillatory integrals I (&;a) and Z(§;a) as § — oo are
determined mainly by the behavior of the functionals S(%) and a at the
point &~ =0 on H. More precisely, if we assume b is smooth at 0 and
put B2(w) = f(0)S(1) and I, (§) = E[exp(i§B2(w)) | w(1) =0], then we
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have
Jim (&, 1)/ 1(E) = exp (= u5)-

The right hand side becomes 1 if we replace I,(£) by
14(8) = E[exp (i€s(w)) lw(1) = 0],

where

t

1
" O
paw) = o)+ L2 [ [ w P (aws) dw' )~ aw' ) aw ).
00

The skeleton of B,(w) and B4(w) are the 1st and 2nd approximating
functionals appearing in the Taylor expansion of B(h) around the critical
point & =0, respectively.

(ii) In Ikeda—Manabe [9], Theorem 3 is obtained in the case that
f(r) =+/14rP for some B > 0 and a is represented as

1 1 1
a(w)=A( / r(s)%h,(s)ds, / r(s)%hy(s)ds, ..., / r(s)zhm(s)ds>,

0 0 0

where A is a bounded uniformly continuous function and 41, ks, ..., h,,
are smooth functions on the interval [0.1].
(iii) The estimate in [28] asserts that

w1 . f(r)
Elglgoglogll(& 1)|<—lr>1f)T (3.1

rz

for the present situation. Since inf,>¢ f(r) may be less than f(0), the
result in this paper is an example that (3.1) is not best possible.

Theorem 2 is proven as in the last section by using the following:

LEMMA 3.1.-

H
1
I¢E a)=E [exp <—§ / F(r(t), &) dt
0

+i\/§/1b<%(§~)> -w(g)du>
0
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xA(’fZ_'))c(%)}. (3.2)

The following proof is essentially that of Theorem 3.1 of [9]:

Proof of Theorem 3. — Taking K > 0 large, we decompose the right
hand side of (2.4) as

I(¢;a)=1(;1)a0) + I;(§;a) + 1(§; a),

where

2 1
Il(g;a)=E[exp<—%/F(r(t), 1)2dt)
0

K
< {A(r)) = AO)): [FOll2 > \/;‘w(n =0}

and

5 1
L a)=E [exp (—% / F(r(), 1)2dt>
0

K
x {A(r()) = AO)}: lIr()l2 < \/;

By the conditions (A.1) (ii), (iii) and (A.5), there exists C; > 0 such that

w(1)=0].

F@r,1) >Cr.
Then, by Holder’s inequality, we have
[11(§; a)| < C2exp(—C36K).

This is negligible if K is taken large enough.
For any ¢ > 0, by the condition (A.6), there exists & > 0 such that
|[A(r(-) — A0)| < ¢ if ||r()|l2 < /K /&;. Therefore we have

|2(§;a)| <ell(§;1)] forany & > &,.
By all these, we can complete the proof. O

The proof of Theorem 4 is almost identical with that of Theorem 3.
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Proof of Theorem 5. — For large enough & > 0, we have
1

[ g2 2 1
I(&;a) > CE | exp —-Z—/F(r(t), 1)7dr ): supr() < g’w(1)=0
: 0

[0,1]

§
=CE (exp(—l/F(r(t),‘g”)zdt): supr(t) < llw(é) =0},
i 2J (0.€] '

where C = inf{A(r(.)): supyg,1;7(t) < R}. From this we have the lower
bound. O

Remark 3.3.— (i) In this proof of Theorem 5, it is essential that
the integrand of I(£; a) is real nonnegative. Such an expression is not
obtained for Z(£; a) (cf. Lemma 3.1).

(ii) By using Horder’s inequality, the condition (A.8) is weakend as
follows:

0<a=A(r()) € [ LP(P(-|w(l) =0)),
p21

a'xre [ LP(P(|w(l)=0))"
p21
for some R > 0, where xj is the indicator function of the set {w:
suppo,;;7(t) < R}on W.

4. A GENERAL ROTATION INVARIANT METRIC

In this section we extend our results in last sections to the case where
the Wiener process w is replaced by a process associated to a general
rotation invariant metric and the 1-form b may degenerate finitely at the
origin. For the formulation, we refer to a work of Sheu [20]. Using the
polar coordinate (r, #), we assume that a Riemannian metric g on R? is
given by

g=dr®dr+g(r)*do ® do,
where g(r) is a positive smooth function on the interval (0, co) satisfying

the following:
(g-i) Asr — 0,

gr)~r* Y gur®

n>0
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whereax €R, gg=1and 0 =a(0) <a(l) <a(2) <--- /1 00;

(g-ii) inf,», g(r)/r® > O for some o’ € R;

(g-iii) sup,., |8’ (r)|/ r*" < oo for some ” < o’ and sup, ., |g"(r)|/ re
< 00;

(g-iv) -l <a <3 and a(1) > (1 —|a|)/2.

The corresponding Laplace-Beltrami operator is represented as

” g0, 1 &

A=t Vo T ae

on {r > 0}. Its radial part is a Sturm-Liouville operator

__d_2 g_’( )— = d
—dr2 dr g@r)dr

r

d
g(")a

on (0, 00). The boundary 0 is entrance if ¢ > 1 and regularif —1 <a <1
in the sense of Feller [5]. The boundary oo is always natural. Let r (¢, r),
t >0, r >0 on [0, 00) be the diffusion process generated by A, /2 with
the domain

D={op@r)=o(r*): ¢ € CF([0,00))}. 4.1)

Then we can construct a diffusion process X(#,x), t > 0, x # 0,
generated by A/2 as the skew product of the process r(z, r) and an
independent spherical Brownian motion BM (SY) run with the clock

fo g 2(r(s,r))ds (cf. [11]).
We consider a differential 1-form b given by

b=k(r)do,

where k(r) is a positive smooth function on (0, 00). The fibre norm of this
form with respect to the above metric is F(r) := k(r)/g(r). We assume
that this function F satisfies the following:

(b-i) Asr — 0,

F(r)y~r?) fur®®

n>0

where p >0, fo>0,0=p(0) <p(1) <p(2) <--- /' 00;
(b-ii) There are 0 < p’ < p” and ¢/, ¢” > 0 such that

/ 1/
r” <F(@r)<c'r?
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forany r > 1.
We consider the asymptotic behavior, as & — oo, of a function defined
by

1):= fim fim, |
B(R)

1
exp (i&/b(X(t,x)) odX(t,x)):
0
X(1,x) e B(R')] dvol(x)

-1
X { / P(X(1,x) € B(R)) dvol(x)} , 4.2
B(R)

where vol is the volume with respect to the above Riemannian metric
and B(R) := {x € R%: |x| < R} for R > 0. By taking the expectation in
BM(S'), we can rewrite this as

, |
1(§) = lg,iquE [exp (—%/F(r(t))zdt) r(l) < R/J, 4.3)
0

where r(t) :=r(t,0).
To state the theorem, we introduce an operator

H= %( — Ag + Fo(r)?)

with the domain D defined in (4.1), where

d? od

A==
dr?  rdr

and Fy(r) := for”. By Lemma 4.1 below, this operator is essentially self
adjoint as an operator on L%((0, 00), m*), where m*® (dr) .=r*dr. We
denote the self adjoint extension by the same symbol. By Lemma 4.3
below, this operator has purely discrete spectrum. We denote the eigen-
values by o < 1 < puy < ---, the corresponding normalized eigenfunc-
tions by ¢, ¢1, @2, ..., and the orthogonal projection to the orthogonal
complement to the ground states by P,. We easily see that ©o > 0 and
that ¢y can be taken as a positive continuous function on the closed in-
terval [0, 00). Let e'2/2(r,r'),t > 0, r € [0, 00), ¥’ € (0, 00), be the tran-
sition density of the process r (¢, r) with respect to the speed measure
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m(dr) := g(r) dr. By the proof of Lemma 4.7 below, we see that
R
¢2/2(0,0) = lim / A 2(0, Pym(dr)/m((0, R))
0

exists. This value is positive (see, e.g., McKean [16]). Let
A={A=(ki,ka, ..., km; 1,82, ..., L) m ki ko, oo K,
€1,,...,4,€N,neZ,}.
For A= (ki,ky, ..., km; €1, 82, ...,¢,) € A, we set

1(A) = plk) + plk) + -+ plkn) +a(€) +a(l2) +--- +a(ly).

Let
B={B=(Ao, A1, ...,An): m €Ly, Ag, Ay, ...,
Am € A, 1(A), 1(A2), ..., t(An) > 2}.
For B = (Ag, Ay, ..., Ay) € B, we set

k(B) =1(Ag) +t(A) + -+ 1(Ap) — 2m.

The main theorem is the following:

THEOREM 6. — Under the conditions (g-1)—(g-iv) and (b-i)—(b-ii), we
have the following asymptotic expansion as § — oQ:

1(s>~exp{—é;2mo— 3 5“2—‘““)#3}5“*”?

AeA: 1(A)2

x {10 +y 1,;5‘““’)}, 4.4)

BeB

where y =1/(p + 1), {ug: A € A} are polynomials of
{gn, fur (FO (@ /dr) P, (o — HY PO (7¢O g dr) D
(1o — H) ™' PLr® (r=*d fdr) o)z n € L, k(O), k(D) .. k()
>0,0<e(0),8(1), ..., e(n) < 1 —a(l), £0), £(1), ..., £(n) € {0, 1}},
_ 0(0)?

0= X
e?r/2(0,0)
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and {Ig: B € B} are polynomials of
{&ns fr (F*? (r—g(o)d/dr)e(o)%, (1o — H)—lPlrk(])(r“’"“)d/dr)l(l) ..
(o — H) T PLr*® (r=2™ ) ),
((mo — H) ' PLrF® (r's(o)d/dr)l(o) .
(ko — H) "' PLA*® (r=2®d 1dr)* 90) (0): n € Zy, k(0), k(L), ..., k(n)
>0,0<e(0),6(1),...,e(m) <1—a(l),£(0),£(1),...,Ln) € {0,1}}.

The condition (g-iv) o < 3 ensures that the boundary 0 is of limit circle
type for the operator A, (see, e.g., [18] Appendix to X.1). When this
condition is not satisfied, we assume the following:

(g-v) @ > —1 and a(1) > 2.

Then we have the following:

THEOREM 7.— Under the conditions (g-i)—(g-iii), (g-v) and (b-i)—
(b-ii), we have the following asymptotic expansion as &€ — 00:

1®) ~exp{ —7m— Y EV(Z_’(A))MS}S(O’H)"(IO +o(D),
AeA: 1(A)2
4.5)

where y, u§ and Iy are those in Theorem 6.

Remark 4.1. - (i) Under the condition a(1) > 2, {u()‘: Ae A, (A<
2} are polynomials of only

{fu, (P, (o — H) 1 PLr*D .. (g — H)'Pir*™ey): neZ,,
k(0),k(1),...,k(n) > 0}.

(i) We can treat also general amplitudes as in Sections 2 and 3.
However, since the discussion is almost identical, we omit it.

In the following we always assume only (g-i)—(g-iii), @ > —1 and
(b-i)—(b-ii), unless otherwise stated.
To analyze the function I (§), we first represent this as

1) =e 90, 0)/e27/%(0,0), (4.6)

where e "M@ (r, r') and e'2/2(r,r'), t > 0, r, r’ > 0 are the heat kernels
of the operators

1
HE) = 5(— b, +EF ()
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and —A, /2, respectively, with respect to the measure m(dr). To define
these operators, we use the following lemma, which is proven by the same
technique of Sheu [20]:

LEMMA 4.1. — The operators H(§) and A, are essentially self adjoint
on the domain D defined in (4.1) as operators on L?((0, 00), m).

Moreover, by this lemma, we can represent the heat kernel as follows:

e H® (r,r")

=E[exp( O/F (r(s, )’ )

(see, e.g., [21] Theorem 1.1). By a general theory (see, e.g., [11]
Section 4.11), the heat kernel e *7*®)(r, r’) is a positive smooth function
of (r, ") € (0, 00)?. For the representation (4.6), we use the following:

rt,r)= r’] e (r ) (4)

LEMMA 4.2.— e ™M (r, r') is a positive continuous function of
(r,r") € [0, 00)%

Proof. — When « < 1, this fact is well known since the boundary 0
is regular (see, e.g., McKean [16]). When o > 1, we use a result of
Hille [6] as follows (see also Matsumoto [15]). We assume & =1 and
write H := H(1). We use a canonical scale x = T (r), where

f ds
T(r)= | —. 4.8
(r) 26) (4.8)

Then the operator H is represented as

L4 Ay
H—2< dM(x)dx+F(T (x))>,

where dM(x) = g(T~!(x))?dx. Since the boundary O is entrance, we
have lim, o T (r) = —o0 and

/0(—x)dM(x) //1 ——g(r)dr < 0.
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Moreover, if we set

y
p(x):sup{—y/dM(Z)},
X2y e

then we have

Op_@_dx_/< ()/g()) (m g()/g(t)dt)dr<oo

Therefore, by the same method of the proof of Theorem 4.1 of Mat-
sumoto [15] (cf. Hille [6]), we have

1
hm — log sup |©,(x)] <0 4.9)

x <X

for any xo € R, where m; < m, < --- are the eigenvalues of H and
@y, P,, ... are the corresponding normalized eigenfunctions. The dis-
creteness of the spectrum of H is ensured by the subsequent Lemma 4.3.
Moreover by the same lemma and Mercer’s expansion theorem, we see
that e~**(r, 7') is a bounded continuous function of (r,r") € [0, 00)2.
Since the boundary 0 is entrance, we have

lim &,(x)#0.
X——00

Thus we have

e—t’H(

r,r')>0
for any (r,r") € [0,00)2. O

LEMMA 4.3. — The heat semigroup generated by H(£) consists of
trace class operators.

Proof. — As in the last proof, we consider only H :=H(1). We set

1
w(H):=  sup inf{ SV +IFYIR): ¥ €D,

01,92,...0n—1€L%(gdr)

||¢||g=1,(1ﬁ,¢j)g=0f0rj=1,2,...,n—’1},
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where | - ||, and (., -), are the norm and the inner product of L*(gdr),
respectively. By the condition (g-i), we can take positive smooth
functions g;(r) and g,(r) on the interval (0, oo) such that

81(r) < g(r) < g2(r), on (0, 00),
g1(r) =Cr%, g(r)=Cor*, on(0,1),
81(r) =g(r) = ga(r), on (2, 00),
for some 0 < C; < C,. Then we have
(M) > pa(F),
where
~ . 1
pn(H) == sup mf{z(nuw)’u;, +IFIy|3,): ¥ €D,
¢1«¢2»---,¢n—1€L2(81dr)

”‘//”gl = 19 ('()07(pj)gl =0f0rj = 1, 2,...,” - 1},

and J(r) := +/g1(r)/g2(r). By the min-max principle, it is enough to
show that the self adjoint operator

~ 1 J d d
S (P ap Ny B0 0
A 2( et et ))

on L%(g,dr) generates a heat semigroup consisting of trace class
operators. We use a scale o = S(r) defined by

I ds
S(r)=0 m

Then H is regarded as a self adjoint operator

~ 1 1
=3 (- g 25912 + V@),

on L2((0, 00), G(c)do), where
G(o) = (a1)(57'(0))

and

V(o) :={(FJ) = JJ'g /g1 —JI"}(S7"(0)).
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By the unitary operator v/G(0)/o® from L?(G(c') do) to L*(6* do), the
operator H is transformed to a self adjoint operator

1 ~
Hi:ﬁ(—Aa—g(U)-i-V(U))

on L*(c%do), where

al@—2) G*-2GG"
207 " 4G

Glo) =

By the conditions (g-ii) and (g-iii), G (0) is a bounded continuous
function on [0, 0o). Therefore the heat kernel of the operator H has the
following representation:

e'M (0,0)

=E[exp (% / <§—v><ra<s,a>>ds)

for (o, 0”) € [0, 00)?, where r,(t,0),t > 0, o > 0, is the Bessel diffusion
process with index a + 1 and e'«/?(g,0’) is its transition density
function:

re(t,o) = a’] gltal? (0,0)

tha N _ exp(—(02+0?)/2)) K (o0’/ @)™
e’ /2(0’ o ) = 2(@—=1)/2¢(a+1)/2 Z nT(n+ (e +1)/2)

(4.10)

n=0
(cf., e.g., [10] IV-(8.20) and [21] Theorem 6.1). By this explicit represen-

tation, we have

supe'®/?(a,0") /(14 (00")*) < 00 4.11)

o,0’

for any ¢ > 0. Moreover if we take large R > 0, then we have

e (0, 0) < Cyexp (— C4o20M)) 4.12)

for any o > R, where C3 and Cy4 are positive constants depending only
on R. In fact, if we divide as
e "(o,0)=E lexp (5 / ((j— V) (rq(t,0)) dt) :
0
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o
inf ry(t,0) < —
ogtg“(’ )\2

r,,(l,cr):a]eA"/z(a,a)
| 1
+E[exp (E/(g—V)(ra(t,a))dt):

0

. o
inf ry(t,o0)> —
0<t<1 2

ra(1,0)=a]eA“/2(a,o),

then the first term is estimated by the Chapman—Kolmogorov equality,
(4.11) and an estimate of stopping times (cf. [10] Lemma V-10.5) as
follows:

1
1 ~ : . o
E lexp (-2-/((] -V) (ra(t,a))dt>. Ogtlglra(t, o) < 5
0
X eA“/z(a,a)

ro(1,0) = a]

(o2
< i < =
\C5P<O£tl£lra(t7a) A D)

ra(1,0)=a>eA“/2(a,o)

o0
=2C5/P( inf ry(t,0)< =
0

al 5 =0
2

0<1<1/2 2

x ghalt (o, o*’)za’“ do’

1 2
<C6E[<1+ra<§,a) 62>' inf ra(t,a)gf]

01,2 2

1 2 24172 o\ /2
< — 2 i < —
\C6E[<1+ro,<2,a> o ) ] P<0<1tréfl/2ra(t,a)\ 2)

< Crexp (— Cgo?),
where C7 and Cg are positive constants depending only on R. The second
term is estimated as

1

E [exp (% / G-V) (ra(t,o))dt>: ot ra(t,0) > %

0

re(t,0)= orjl

« ol Ba/2

< Coexp (— CIOJZPI)
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by the condition (b-ii). From (4.11) and (4.12), we obtain
w ~
/e_H(o, 0)o%do < 00,
0
which completes the proof. O
As in Section 2, we rewrite (4.6) as
1§) =£ e 100,0) e20,0,  @13)

where e ® (r,r"),t > 0,r, 7 > 0 is the heat kernel of the self adjoint
operator

1
HE) = 5( — Ag + F(r, §)?)

on L2(mg;-) with respect to the speed measure mg (dr) = g¢(r) dr,

_d* g, . d
k(r
o=
6 =67 (5
and g: (r) =£%7g(r/&7). (4.13) is obtained from the scaling property
2y,
{ro}= {rffy )}, (4.14)

where r¢ () is the diffusion process generated by Ag/2. Moreover we
rewrite (4.13) as

1(5) = £+ Y e 87y, (0, £)2/e2/2(0,0),
n=0

where po(€) < u1(€) < wa(§) < --- are the eigenvalues of H(§) and
0o (r, &), p1(r, &), pa(r, §), ... are the corresponding normalized eigen-
functions.

The aymptotic behavior of 1, (§) is as follows:

PROPOSITION 4.1. — limg_, o0 0y (§) = py for each n > 0.
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PROPOSITION 4.2. — We have the following asymptotic expansion as
& — oo
Ko
gria)’

o) ~ po+ >

AeA
where A, uf, y and 1(A) are those in Theorem 6.
To prove these propositions we use the following:
LEMMA 4.4.— For each ¢,, we have the following:

(i) For some cy, c3, c3 > 0 depending only on n, we have

o (r)] < crexp (= cor®). (4.15)
(ii) lim, o r*\0! (r) = 0. .
(iii) Forany N =0, 1,2, ..., we have

/ oL |*r¥ m® (dr) < o. (4.16)
0

(iv) ¢n € Dom(H ().

LEMMA 4.5. - For eachfixedm € Z, and a € [0, 1 A {(Ja| + 1)/2}),
we have

sup [|(14+72)" @~ ) (1+r2) ™", <0 @.17)
lz—pol=¢
and
sup || (1+ r2)m/2ii(z - H)™'(1 +r2)""/2H <00, (4.18)
|z—pol=¢ re dr op
where || - ||op is the operator norm on L*(m®).

Proof of Lemma 4.4. — (i) By estimating the probabilistic representa-
tion

—tH (r’ r/)

= E{exp(—%/Fo(ra(s,r))zds>
0

as in the proof of (4.12), we obtain (4.15) with c3 =2(1 A p).

€

ra(t,r) = r’] b2 (r,r') (4.19)
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(ii) Let ¥ be a smooth function on (0, c0) such that ¥ (r) = r—?
on (0, R;] and ¢¥(r) =0 on [R,, 00) for some small § > 0 and some
0 < R; < R,. For ¢ € (0, R,], we have

o0

U / oa¥ym?(dr) = / (Hp,)ym®(dr)

€
17 1
=5 [ (o' + FoePongr}m@r) + 56741,
&
Since the left hand side and the first term of the right hand side have
limits as ¢ | 0, the limit lim, ;o r* @=3¢! (r) should exist. Thus we have
lim, o 7*¢; (r) = 0. On the other hand, we have

I(r“(p;)/l < Cor* for0<r<Cs

by the characteristic equation and (i) of this lemma. Thus we have
o </| )| dr < Car®*,

from which we obtain lim, o ¢, (r) =
(iii) (4.16) with N = 0 follows from ¢, € Dom(H). For N > 1, we use
the integration by parts and the characteristic equation for ¢, as follows:

/|§0;l|2ra+Ndr =— /¢n(Aa(pn)ra+Ndr - N/(pn(P,/lra-'-N_ldr.
The first term equals to
[ @un = ) gir=+Nar,

which is finite by (4.15). The second term is dominated by

/ 2ra+2N Zdr\//l(p | redr,

which is finite by (4.15) and (4.16) with N = 0.
(iv) We define a domain by
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D= {¢ € C?((0, 00)): ¢ satisfies (i)~(iii) of this lemma, and

(o 0]
/IA(,golerm“(dr) < oo forany N =0, 1,2,....}.
0

We easily see that D C D and that H (&) is defined as a symmetric
operator on D by the condition (g-iv). Therefore, by Lemma 4.1, we have
D Cc Dom(H (£)). On the other hand, we have ¢, € D by (i)—(iii) of this
lemma. Thus we have ¢, € Dom(H (§)). O

Lemma 4.5 is proven by the technique in McKean [16].
The asymptotic behavior of ¢y(0, &) is as follows:
PROPOSITION 4.3. — Under the conditions of Theorem 6, we have the

following asymptotic expansion as § — 00:

@¢ (0)

#0(0.6)~ 0O + 3 T

AeA

where A, y, 1(A) are those in Theorem 6 and {p{(0): A € A} are
polynomials of

{8ns for (PO (5@ /dr) Vg, (wo — HY ™' PLr*O (r*Wdjdr) P ...
(o — H) " PLr*® (5@ d /dr) P ),
(4o — H)™' P (=@ dr)*® ..
(o — H) ' PLrv® (7@ 1dr)* 00) (0): n € Zy, k(0), k(1), ..., k(n)
>0,0<¢e(0),e(1),...,e(m) <1—a(l), £(0), £(1), ..., £(n) € {0, 1}}.
To prove this proposition, we use the following:

LEMMA 4.6. — Under the conditions of Theorem 6, we have

sup sup |[{(z— H) '¢}0)] < o0 (4.20)

lz—pol=¢ llpli=1

and

sup sup sup [{(z—H®) ™ (14+r°) "9} <00 @21)
§21lz—pol=¢ llpll=1

for large enough m > 0.
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The proof of this lemma is reduced to the following:

LEMMA 4.7. — Under the conditions (g-i)—(g-iii) and (b-i)—(b-ii), we
have

sup sup e H (5’3)(0, 0) < o0, 4.22)
£>10<5<1

where
1
H(E, 8) = 5(— A¢ +8F(r, &)%)

is a self adjoint operator on L?(my).
Proof. — We note that
e €90, 0)

1
)
=gi_1)%E[exp(—z/F(rg(t),Efdt): re(1) <8] /m;((O, g))
0

and that R (¢) :=r¢ (t)*,t > 1 is regarded as the pathwise unique solution
of the stochastic integral equation

t t

RE(t)=/2 R;(s)dw(s)+/Gg(Rg(s)) ds,
0

0

where w(?) is the 1-dimensional standard Brownian motion with w(0) =
0 and

!
G:(R) = «/EZ—E(«/E) +1
&
(cf. [10] Examples IV-8.2 and 3). By the conditions (g-i)—(g-iii), we have
G¢(R) 2 Go(R)

for any & > 1, where
!
GO(R)=\/E%(«/E) +1,
0

go(r) is a smooth function on (0, co) such that

reexp(Cr*®), for0<r<1,
go(r) = _ 3
Cyr—exp(—r’), forr > Cj,
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and C;, C,, C3 are some positive constants. Let Ro(#, R), 1 >0, R > 0,
be the solution of

Ro(t,R)=R —|—/2\/R0(s, R)dw(s) + / Go(Ro(s, R))ds
0 0

and let ro(t,r) := +/Ro(t,r?) for r > 0 and ro(¢) := ro(t, 0). Then, by
the comparison theorem (cf. Ikeda—Watanabe [10] Theorem VI-1.1), we
have

re(t) > ro(t)

and

1
E [exp(—%/F(r;(t),é)zdt>: re(1) < e] < P(ro(1) <e).
0

The generator of the process {ro(t,r)} is Ag/2, where

d
Ag=———-80(r )—
go(r)dr
For this operator, the 0o is entrance and the boundary 0 is same as for the
operator A, or A,. Thus the resolvent (u — Ag)~! foreach u > 0is a
trace class operator (see, e.g., McKean [16]). Therefore, as in Lemma 4.2,
we can show the existence of

P(ro(l) < 8)

A0/2
©.0=0n mo((0,€))

where mo(dr) = go(r) dr (cf. Hille [6], Matsumoto [15]). On the other
hand, by the condition (g-i), we easily see that

supTim mo((0, €)) -
£>1:-0 mg ((0, €))

Therefore we obtain (4.22). O

Now Theorem 6 is proven similarly as in Section 2 by using Proposi-
tions 4.1-4.3.
For the proof of Theorem 7, we use the following:
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LEMMA 4.8. — Under the conditions of Theorem 1, we have
lim (0, £)* = ¢o(0)”.
E—>00
Proof. — By the unitary operator /gg /7% from L?(ms) to L>(m®), the
operator H (§) is transformed to a self adjoint operator

~ 1 ~
HE) =3(= A =g () +F(r £)%)

on L%(m®), where

_ al@—2) 87 —28:¢l

8 (r) = R e

Under the conditions of Theorem 7, we can show that g; is a bounded
continuous function on the closed interval [0, 00). Therefore the heat
kernel has the following representation:

o

, / .
e O G ) = ggr(r) E [exp <5 0/ {8:(ra(s, 1))

r/d

— F(ro(s,r), 25)2} ds)

ro(t,r) =r'|e22(r, v
: ] "N e

for (r, ') € [0, 00)2. By the Lebesgue convergence theorem, we have

lim e"#®(0,0) =e™4(0, 0).
E—>00
By regarding

o0
e 100,0) =3 ¥y, (0,8
n=0

as a Laplace transform, we have
o0 o0
> 0n(0,6)%8,,6 M) dh— > 0,002, (M) dr (4.23)
n=0 n=0
vaguely, as & — oo, from which we can obtain the result. O
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5. AN ABSORBING CASE

In this section, we assume the conditions (g-i)—(g-iii) and

(g-vi) @ <1 and (1) > 2.

In this case, the boundary 0 is exit if « < —1 and regularif -1 <o < 1
for the operator A,. Thus, to obtain a radial process on (0, c0), we should
take the boundary O as its absorbing barrier especially if o < —1. We
assume this absorbing condition also for —1 < o < 1. We denote the
corresponding process by r%(¢,7), £ >0, r > 0. As in the last section, we
construct a diffusion process X°(t, x), # > 0, x # 0, as the skew product
of the process r°(¢,r) and an independent spherical Brownian motion
BM(S") run with the clock fj g~2(r(s, 7)) ds (cf. [11]). Then X°(z, x)
is a diffusion process generated by the half of the Laplace—Beltrami
operator A /2 with the point 0 as its terminal point. Let b be a differential
1-form satisfying the conditions (b-i)—(b-ii) in the last section.

As in the last section, we consider the asymptotic behavior of a
function defined by

1
0 _ : 0 o 0 .
r@=, fim | E[exp (1& 0/ b(X°(t,x)) 0 dX (t,x)).

B(R)

X°(1,x) e B(R’)] d vol(x)

-1

x{ / P(Xo(l,x)eB(R’))dvol(x)} : (R
B(R)

By taking the expectation in BM(S'), we can rewrite this as

R 1
“::2 0 2 .
@)=, Jim / E{exp(——z— 0/ F(r'(, ) dt).
-1

R
°,r) < R'}m(dr){ / P, < R’)m(dr)} . (52
0
We define a self adjoint operator

1
H'=2(=Aa+ Fo()?) -
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on L%((0, 00), m®) as the Friedrichs extension of the corresponding op-
erator on Cg°((0, 00)). This operator has purely discrete spectrum. We
denote the eigenvalues by ,ug < ,u‘l) < W < -+, the corresponding nor-
malized eigenfunctions by goo @Y, (pz, ..., and the orthogonal projection
to the orthogonal complement to the ground states by P9. We easily see
that 1 > 0 and the nonzero existence of the derivative

lim g8 (1) = ¢§ . (0)

with respect to the canonical scale (see, e.g., McKean [16]). Let
e'8/2(r, 1), t, r, r' > 0, be the transition density of the process r°(, r)
with respect to the speed measure m(dr) := g(r)dr. The nonzero
existence of

o ,
(rr/)—>(00)g( )_ (r )_reA Prnr) = e377(0,0)

is proven by using Lemma 5.2 below. Let A, ((A), B and K(B) be as in
the last section.
The main theorem in this section is the following:

THEOREM 8. - We assume the conditions (g-i)—(g-iii), (g-vi) and
(b-1)—(b-ii).

(1) When a > —1, we have the following asymptotic expansion as
& — o0

1°¢) ~ CXP{—E Tug— Y, g @yen }5 (-

AeA: (A2
X {13 +> Igs—”“”}, (5.3)
BeB
wherey =1/(p + 1), {ug’A: A € A} are polynomials of
-1 -1 7) 0\,
{&n: fur (F* O, (g — H) ™ PV (ug — HO) ™ PIr*®g)):
n € Zy, k(0), k(l), ..., k(n) >0},

o 88,07
e27/%(0,0)
and {13: B € B} are polynomials of
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{gno fn’ (rk(O)(pg’ (:Ll/g - HO)—I P_?rk(l) e (/"Lg - HO)—IPJ?rk(n)(pg)’
i = (8~ B PO (s = HO)T P0G 0
neZy, k), k(1),..., k() >0}

(ii) For any a < 1, we have the following asymptotic expansion as
& — oo:

1°(¢) ~ exp{—szmg - ) sy<2“(*‘>>u8"‘}s““’”{&? +o(1)}.
AcA: (A2
5.4

As in Theorem 7, {ug’A: A € A, 1(A) <2} are independent of {g,: n >
1}.

The fundamental tool is the following representation of the transition
density e'2«/2(r,r"), t, r, r' > 0, with respect to the speed measure
m®(dr), of the process rd(z,r) generated by the operator A, /2 with the
absorbing condition at the boundary 0:

LEMMA 5.1. -
2 ” ;N\ 1—a ’ n
ezAg/z(r’ ) =exp<—r +r )1( rr ) i (rr’/(21))

2t )t \J2t “Znl(n+G-a)/2)
(5.5)

We can prove this samely as in Example IV-8.3 of [10].

Remark 5.1. —In terms of the modified Bessel function
\' & (x/2)*"
Lx)=1|= —_—,
) (2) Xz(:) T +n+ 1)

(5.5) is rewritten as

2 2 n(1-a)/2 /
0 re+r=\ @rr’) rr
etAu/2(r, r/) :exp(— ) p I(l—(x)/2< ).

2 3
This expression is similar to that for the usual Bessel process with index
a+1fora>-—1:

2 n” NnN(1-a)/2 /
re4+r=\ (rr") rr
etADt/z(r, r/) =exp<— 2t ) p I(a_l)/2<—;—),
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By this lemma and the subsequent Lemma 5.2, we can represent as

I°(€) = e;7°®(0,0)/¢27/2(0, 0), (5.6)
where
—tH°(§)(0 0) = a—1r/a—1e—t71°(§) (r r’)
(r, r’)—)(O 0) ’ ’
tA0/2 _ : a—1 ra—1,tA%/2 ’
el 2(0,0) (r,r/ggrzo‘o)r r'*~le (r,r")
and

1
HOE) = 5(=4, +E2F(r)?)

on L2((0,00),m) is the Friedrichs extension of the corresponding
operator on C§°((0, 00)).

LEMMA 5.2.— The heat kernel e="'®(r,r") and the transition
density e'*/2(r, r') have the representations

t

e MO (1) = g’(j)E[exp (% 0/ (g—stQ)(r.S(s,r))ds)

r/Ct

g’

ot r) = r’} e'Aar2 (r,r") (5.7

and

oA P2 (p, p) = g’;)E [exp (% /g(rg(s, r))ds>
0

o, r) = r']

o
x e'8al2(p, ' r , (5.8)
(r.) g(r")
where
a(oz 2) —2gg”

glr)= 4g2

As in the last section, we use the scaling property to rewrite (5.6) as

19(5) = £G-e 7 HY®) (0, 0) /627/2(0, 0),
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where
1
HY®) = (= 8¢+ F (1, 6)°).
Moreover we rewrite this as
1°() =G~ Z e IO (0,£)2/e72(0,0),
=0
where
¢na(0.6) =limr*~!g}(r, £),

MO(S) < ,ul(é) < uI(§) < -- - are the eigenvalues of HO(&) and gog(r, &),
od(r, &), ®; O(r, ), ...are the corresponding normalized eigenfunctions.

As in the last section, we have the following:

PROPOSITION 5.1. — (i) limg_, 0o u2(&) = 1 for each n > 0.
(i) We have the following asymptotic expansion as § — 0o:

OA

o) ~ ug + Z =k

where A, i, v and L(A) are those in Theorem 8.

PROPOSITION 5.2. — Under the conditions of Theorem 8(i), we have
the following asymptotic expansion as § — oo:

0
R0~ 4.0+ 3 gw(f”),

where A, y, t(A) are those in Theorem 8,

¢8’a(0)=limr“ L0 (r)

and {gy*(0): A € A} are polynomials of
-1 1 n
{gn, fna ( k(O) (Mg—HO) P_Erk(l)...(ug_HO) PO k( )¢0),
}1_1;1‘(1)7'(!_1 ((MO _ H())—l Pgrk(O) . (Mg _ HO) PO k(n) )(r)
n€Zy, k0),k(1),...,k(n) >0}
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By these propositions Theorem 8 is proven similarly as in the last
section, since %o, a(O) (po +(0)/( —a) and

tA A/2(0, 0) = (_1_)_2_ t+A+/2(O 0).
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