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ABSTRACT. — We study the asymptotic expansion of a class of Brownian
integrals with paths constrained to a finite domain as this domain is dilated
to infinity. The three first terms of this expansion are explicitly given in
terms of functional integrals. As a first application we consider the finite
size effects in the orbital magnetism of a free electron gas subjected to a
constant magnetic field in two and three dimensions. Sum rules relating
the volume and surface terms to the current density along the boundary
are established. We also obtain that the constant term in the pressure
(the third term) of a two dimensional domain with smooth boundaries is
purely topological, as in the non magnetic case. The effects of corners in
a polygonal shape are identified, and their contribution to the zero field
susceptibility is calculated in the case of a square shaped domain. The
second application concerns the asymptotic expansion of the statistical sum
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148 N. MACRIS, P. A. MARTIN AND J. V. PULE

for a quantum magnetic billiard in the semiclassical and high temperature
limits. In the semiclassical expansion, the occurence of the magnetic field
is seen in the third term, whereas in the high temperature expansion, it
appears only in the fifth term.

RESUME. — On étudie le développement asymptotique de certaines
intégrales browniennes dont les chemins sont astreints a3 demeurer dans
une région bornée de 1'espace lorsque cette région est étendue a I'infini par
dilatation. Les trois premiers termes de ce développement sont explicites. La
premiere application concerne les effets diamagnétiques de taille finie dans
un gaz électronique libre soumis & un champ magnétique homogene. La
densité de courant au voisinage des parois obéit & des régles de somme qui
mettent en jeu les contributions volumiques et superficielles de la pression
thermodynamique. En présence du champ magnétique le terme d’ordre 1
dans le développement de la pression d'un systéme bidimensionnel avec
frontiere réguliére est purement topologique. On identifie également 1’ effet
des coins dans des domaines polygonaux. et on calcule leur contribution
a la susceptibilit¢ en champ nul dans le cas du carré. Dans la seconde
application, on établit le développement asymptotique semiclassique et de
haute température de la fonction de partition d'un billiard magnétique.
Dans le développement semiclassique, le champ magnétique apparait dans
le troisiéme terme. alors que dans le développement de haute température,
celui-ci n’apparait que dans le cinquiéme terme.

Mots clés : Billiard magnétique, magnétisme orbital, courants de bords, intégrales
fonctionnelles, développement de Weyl.

L. INTRODUCTION

In a previous work [1] we have studied the diamagnetism of quantum
charges in thermal equilibrium subjected to a uniform magnetic field by
means of the Feynman-Kac-Ito representation of the Gibbs state. It is well
known that diamagnetic effects result from an induced current localized at
the surface of the sample, and we were mainly concerned by establishing
exact relations between the magnetisation and the surface current in the
thermodynamic limit.

In the present work, we continue our investigation by the same methods
as in [1] focusing attention on finite size effects in orbital magnetism. The
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BROWNIAN INTEGRALS AND ORBITAL MAGNETISM 149

understanding of finite size effects in this context is of interest both for
physical and mathematical reasons. In a recent paper [2], Kunz presented a
study of the surface corrections to orbital magnetism. The surface correction
to the zero-field Landau susceptibility is given by an explicit formula for
a sample of general shape and could contribute to the magnetic properties
of small metallic aggregates. At the mathematical level the problem can
be viewed as a natural generalisation with a magnetic field of the famous
Kac problem [3] of calculating the asymptotics of the statistical sum
Trexp(BA) = ) . exp(—BE;) of eigenvalues E; of the Laplacian —A in
a bounded domain as 8 — 0.

Let us formulate our questions and results in more precise terms. We
consider a quantum particle of charge e and mass m subjected to a constant
magnetic field B and confined in a finite region ¥g = {Rr | r € ¥} in
R”,v = 2,3, that is the dilation of some fixed domain ¥. We consider
domains which are simply connected, having smooth boundaries 9% (with
finite curvature), but we do not require convexity. The Hamiltonian is (h =
Plank constant, ¢ = velocity of light)

Hy = o (=ihv eA(r))2 (1.1)

B~ 9m c ’
where the potential vector A(r) = %B Ar is chosen in the symmetric
gauge, and Hp is defined with Dirichlet boundary conditions on 0Xg.
Using the Feynman-Kac-Ito representation in terms of the Brownian bridge,

the statistical sum reads (see [1], section II)

Tre #Hr

= (ﬁ)y/&% dr/Danp (—z‘%b-/a/\da)sz(r+/\a) (1.2)

= ()" [ de [ Daesy (—igb e Ada)xE<r+ea> (1.3)

with € = % and A given in (1.6). In the functional integrals (1.2) and (1.3),
a(s) = (a1(s),...,a,(s)) is the v- dimensional Brownian bridge process,
a(0) = a(1) = 0, with covariance

/Daai(s)aj(t) = 6;;(min(s, t) — st) (1.4)
and [ o A da is to be understood as an Ito integral.

1, fr+Xa(s) € for0 < s <1;

0, otherwise. (1.5)

xs(r+ Aa) = {

Vol. 66, n° 2-1997.



150 N. MACRIS, P. A. MARTIN AND J. V. PULE

is the indicator function of the paths that remain in ¥.. We denote by b
the unit vector in the direction of B in dimension v = 3; for v = 2, b is
chosen orthogonal to the planar surface X, or Y.

With the physical constants occurring in the Hamiltonian (1.1) we can
form two lengths, the thermal de Broglie length A and the magnetic length {

=n(2Y (e (1)

The functional integral (1.3) involves the two independent dimensionless

parameters
ISR YA _(A\®_ pheB
E_R_E(;l—)  ME (T) - me (17)
Setting
AR R?
Cl = 12 ) 02 = l_z

one can single out three limiting regimes of interest:

(i) large volume limit R — oo corresponding to ¢ — 0, 1 fixed,

(i) semiclassical limit h — O corresponding to ¢ — 0, pe~* = C fixed,
(iil) high temperature limit 3 — O corresponding to ¢ — 0, ue=2 = Cy
fixed.

In the absence of magnetic field (1 = 0), the three limits (i) - (iii) coincide
with the usual asymptotics of the statistical sum for the Laplacian in Xp,
which can therefore be equivalently viewed as a large volume, semiclassical
or high temperature limit (high temperature limit equals small time limit
in the language of stochastic processes). However, when p # 0, the three
limits (i) - (iii) correspond to distinct physical situations, and each of them
can be considered as a possible generalisation of the Kac problem. In this
paper we shall mainly be interested in the case (i) (large volume limit with
fixed magnetic field). This limit is the appropriate one to exhibit finite size
effects in orbital magnetism. It can also be phrased as a semiclassical limit
h — 0 in which the magnetic field is rescaled so that the product 7B is
kept constant. To our knowledge, the existing literature (with the exception
of [2, 4]) has been more concerned with the two limits (ii) and (iii) in the
sense that one considers strictly confined systems, where the confinement
is insured either by an external potential or by an inhomogeneous magnetic
field growing at large distances. Then one studies the high temperature and
semiclassical asymptotics of the statistical sum (see [5] for recent references
as well as the discussion of section VI).

Annales de IInstitut Henri Poincaré - Physique théorique



BROWNIAN INTEGRALS AND ORBITAL MAGNETISM 151

In section II, we establish the asymptotic behaviour of the quantity (1.2)
as R — oo in a more general setting, allowing for a general functional F'(cx)
in place of the magnetic phase factor and an arbitrary dimension v > 2. The
expansion is established up to order R”~2, and this constitutes the main
mathematical results of the paper. In section III, we apply these results to
the magnetic situation. In particular, the functional integrals occurring in
the calculation of the zero-field magnetic susceptibility can be computed
explicitely, thus recovering Kunz formulae [2]. Section IV is devoted to
some geometrical aspect of the surface correction to the magnetization and
its relation to the current density (v = 3). In [1] we showed that in v = 2
dimensions the bulk magnetization can be expressed as the integral of the
current density along a plane wall. In [2] Kunz has shown that the surface
correction to the bulk magnetization has a similar form: it is the first moment
of the current along a plane wall. In this section we give the generalization
of these results to three dimensions by expressing the surface correction of
the pressure as a surface integral of the planar interface pressures associated
with magnetized half spaces, as well as the relation of the latter quantities
with surface current. We study in section V the case when the boundary
is not smooth (polygonal shapes in dimension v = 2). The contribution
of corners is isolated, and the corner zero-field susceptibility is explicitly
computed for a square shaped domain. The section VI discusses some
conclusions that can be drawn on the two other limits (ii) and (iii) from our
analysis. We show that in the semiclassical limit, the effect of the magnetic
field is only seen in the third term of the asymptotic expansion of the
statistical sum, and in its fifth term in the high temperature limit. Finally,
concluding remarks are presented in section VIL

II. LARGE VOLUME EXPANSIONS

As explained in the intoduction the main purpose of this paper is to
obtain a generalization of Kac’s result which can give amongst other things
the surface corrections to the pressure and magnetization. These physical
quantities both are of the form:

Tn= /E iy / DaF(a)xs,(r + o) (2.1)

where ¥ is a region in R” with boundary 9%, ¥ = {Rr|r € X}, and
Xz, is the indicator function (1.5) of the paths that remain in X (in this

Vol. 66, n® 2-1997.



152 N. MACRIS, P. A. MARTIN AND J. V. PULE

section, we set A = 1). We shall assume that F in (2.1) is square-integrable
in the sense that

IF|? = / DefF(a)f’ < o

We will obtain expansions for Zp of the form

I =IV + O(R"™Y), (2.2)
Tr=IV + I3 + O(R*?), (2.3)

and
Tn=TIV +I9 + I + R 2 (2.4)

where eg — 0 as R — oo, by taking successively stricter smoothness
conditions on OX.

Assumption A0

At every point of X the principal curvatures, Ki,...,k,—1, and the
principal directions are defined, and

Ko = sup sup |k;(r)| < oo (2.5)
i redx
Since near the surface we shall be using Gaussian coordinates in which a
point is labelled by the nearest point to it on the surface and its distance
from the surface we shall need also the following assumption.

Assumption Al

There exists 6 > 0 satisfying 0 < 6 < 1/ko such that if r € ¥
and d(r,0%) < & then there is a unique point s(r) € OX for which
|r — s| = d(r,0%).

At each s of 9% let n be the inward drawn unit normal to 0%
and ti,ts,...,t,_; unit vectors in the tangent plane of 9% along the
principal directions (directions of principal curvatures). Set up coordinates

Z,T1,...,Z,_1 at each point s of ¥ so that z is along n and z,,...2,_1
are along t1,ts,...,t,_1. In this local frame the surface 0% is given by
r = fr(x1,$27---a$u-1) = fl‘(i) (26)

with X = (21,22, ...,2,-1). The interior, 3, is given by

x > fr(.'L'l,.’EQ,...,.’E,,_l) = fr(i) (27)

Annales de IInstitut Henri Poincaré - Physique théorique
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Let
Y*={reX| d(r,0%) < 6}
The volume element in ¥* is given by

v—1

[0 - zr)doda (2.5)

=1
In Appendix E we give a proof for this formula.
We start by rewriting Zg in the form

IR:RV/}:dVT/ DaF(a)xs(r + R a) (2.8)

In this discussion we shall call r + R~'a(s) a path starting at r so that
the integral (2.8) is constrained to the set of paths starting at r and staying
in 3. We can write the integral with respect to « in Zx as an integral
over all paths starting at r and then take away the integral over the paths
which leave ¥

Ig = R”/d”r/DaF(a) - R”/ d"r/DaF(a)(l —xs(r+ R 'a))
b b

= Il - IQ (29)
The idea here is first to estimate I, and to show that it is of order RV 1,
then we approximate [, by the integral over the paths which cross the
tangent plane and show that the difference between I, and this integral is
of order R*~2. Finally we approximate the remainder by the integral over
the paths which cross the parabolic surface tangent to 9% with the same

curvatures as 9% and show that the correction term is bounded by RY~2¢p
where eg — 0 as R — oo.

We have

I = R[5 / DaF(a) (2.10)
and

I, =R" /2\2* d"r/DaF(a)(l —xs(r+ R 'a))
+ R” /z: d"T/DaF(a)(l —xs(r+ R ') (1 - Ag(a))
+ R /E d”r/DaF(a)(l —x=(r+ R 'a))Ag(a)

Vol. 66, n® 2-1997.
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where Ap is the indicator function of the set {|sup,¢p 1) le(s)| < nR},
and 7 is to be defined later. In the last equation we have split the paths
which leave ¥ into those which start in ¥\ ¥* and those which start in X*
and the latter according to whether sup |«| is greater than or less than eR.
It is easy to show by using the bound (see sect. II.7 in [6])

/ Da < Ce ¢ (2.12)
sup |&X|>a
that Iy + I, = o(e—CR‘Z). Indeed

I3 < R"|0%] DalF(a)]
Jsup |O|>6R

< B*|9%)|||F| ( / Da> <CeCF (213)
sup |QX|>6R

(S

To simplify the notation, we shall denote all constants by C. Similarly,
using assumptions AQ and Al

Fy v—1
L <R /82 do/o i E(l _ :crci)/Da (1= An(a) |Fla)|
< Rvovt /82 da/Da (1 - Ag(a)) |F(a)]

< R'2"7Y|F|| (/OE do / Da (1 - AR(a))>

< R”2”‘1||F||(/ da/ Da) < Ce OF (2.14)
o supQX>eR

We now estimate the last term [5. We have

S v—1
I :R"/ da/ dz | | (1 — zx;)
’ o% 0 ,1;[1

2

W=

v / Da Ag(a) Fla)  (2.15)
z4inf(R-10n—f; (R-16¥))<0

We have used the notation & = o — (- n)n, that is, & is the projection
of o onto the tangent plane at r. To bound I5 by R”~! we need only that
fr be linearly bounded on each neighbourhood of the surface.

Annales de U'Institut Henri Poincaré - Physique théorique
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Assumption A2
There exists 1 > 0 and C' > 0 such that for each r € 0%,

[£:(3)} < OIx| (2.16)

whenever |X| < 7.
We then have

|I5|§R”‘12”_1/ do [ Da|F(a)|Agr(a){sup |a.n|+Rsup |fo(R™'&)[}
0%

<Rl / do /DaIFm)x{supla '+ Csuplal}
ox

1

SR”‘lZV‘IHFII/ do (/Da{Sup o - | + C'sup l&|}2> <CR"™
[2)>

(2.17)
We have thus proved.
ProroSITION 1. — Under the assumptions AO, Al and A2
In =79 + O(R*™) (2.18)
where
¥ = R¥|3| / DaF(a) (2.19)

This result has already been obtained in [1].

We now strengthen the assumption on the surface to obtain the second
expansion (2.3). In this case we want to approximate the integral over
the paths which leave ¥ by the integral over the paths which cross the
tangent plane. We thus require that |f.(X)| be bounded by |x|**” on each
neighbourhood of the surface; for simplicity we take v = 1.

Assumption A3
There exists n > 0 and C > 0 such that for each r € 9%,

()| < Clx[? (2.20)

whenever |X| < .

PROPOSITION 2. — Under the assumptions AO- A3

I =19 + 10 + O(R"?) (2.21)

Vol. 66, n® 2-1997.



156 N. MACRIS, P. A. MARTIN AND J. V. PULE

where
10 = prt / do / DaF(a)inf(a - n) (2.22)
o%
Proof. — Let

Is=—-R"! /32 dU/AR(a) DaF(a)inf(a - n)

=-R! /az dJ/DaF(a)inf(a -n)) + O(e—CRz) (2.23)

Note that the first term in (2.23) can be written as

R”_l/ do/ da:/ DoF(a) (2.24)
ox  Jo &+inf(Qt-n) <0

and so corresponds to the integral over the paths which cross the tangent
plane. With this definition we have

Is=1Is+ R /az da/Da Ag(a) F(a)
x [min{6R, —inf(a - n — Rfe(R™@&))} + inf(cx - n))]

+R”/82da/05dz<:1:[11(1—xm)—1>

X / Da Ag(a) F(a)
z+inf(R-1Qn— f (R-1(1))<0

=Ig+ I7 + Is. (2.25)

We want to show that I; < CR¥~2. Choose a time 7, € [0, 1], depending
on a, for which a(s) - n attains its minimum, i.e. (a-n)(7,) = inf(c - n).
Then

inf(a-n—Rf.(R™'&))—inf(a-n) <—Rf.(R™'é(m)) <R7'Csuplal?
(2.26)
Choose 7 such that

inf(a-n— Rf.(R™'&)) = a -n(1g) — Rf:(R™'a(7r)) (2.27)
Then by assumption A3

inf(a - n—Rf,(R™'&))—inf(a-n)>—Rfr (R 'e(rr))> —R™1Csup|al?
(2.28)
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Therefore
linf(a - n — Rf.(R™'@&)) — inf(a - n)| < R™'Csup|al? (2.29)
For a such that sup|a| < R3 we have
|inf(a-n — Rfe(R™'&)) — inf(a - n)| < CR™* (2.30)
and so for R sufficiently large
min{§R, —inf(a-n—Rf.(R7'&))} = —inf(a-n— Rf.(R7'&)) (2.31)
Thus by (2.29) the contribution to I7 from these paths is bounded by
CR*™? /a i do|F(a)|sup|&|*> < CR*~2 (2.32)
The contrlbutlon to I7 from o’s such that sup |a| > R is clearly bounded

by Ce~ CR2
To estimate Ig, we expand the product

v—1 v—1
H(l —xzK;) =1+ Zakxk (2.33)
i=1 k=1

and observe that

v—1
[ -2s) -1
=1

since curvatures are uniformly bounded by xo. Hence

v—1
<z lagl6*t < Cz (2.34)

L — —1 212
[Tg] < §C’R /{92 dU/Da Ag(a) F(a)(sup(|e - n| + R|f.(R™'&)]))

CR"™2 / do / DaF(a)

1

2

X (sup|a - n|® + 2CR™'sup |« - n|sup |&|? + R~2C? sup | *)
CR"™2 (2.35)

IN

INA

and this concludes the proof of proposition 2.
To obtain our final expansion (2.4) of Zr we approximate the integral
over the paths which leave 3 by the integral over the paths which cross

Vol. 66, n® 2-1997.



158 N. MACRIS, P. A. MARTIN AND J. V. PULE

a parabohc surface tangent to 0. To do this we shall assume that
fo(X) ~ L kia? for small |x]:

Assumption A4
There exists n > 0 and C > 0 such that for each r € 9%,

v—1
1
| fe(%) — 5 ;mrfl < CIx® (2.36)
whenever |X| < 1.
ProPOSITION 3. — Under the assumptions Al- A4

Tr=IV + 70 + 70 + R"2¢p (2.37)

with

1'1(22) :_RV—Q deg./DaF(a %;"w (a t ) (a.n)z(Tn))

(2.38)
where Ty, is such that (o - n)(my) = infa-nand eg — 0 as R — oc.

Proof. — We set o - t; = a;. We write

I; = Iy + I (239)

where

v—1
= RV~ 2/ do’/daF ARG)( ZHQ’ Tn)
()\_‘

_ pu-2 IS0 —CR*) (240
=R / da/daF <2;mal(ﬂ,)) + O(e ) (2.40)

and

—R"_l/ do /DaF(a)AR(a)

( 12/», (Ta)+min{éR, inf(a-n - Rf.(R'a))—inf(a - n)}
(2.41)

Annales de I'Institut Henri Poincaré - Physique théorique
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and show that I;o = o(R¥~1). Arguing as we did from (2.26) to (2.31), we

conclude that the dominant contribution in (2.41) is obtaind when (2.31)
holds. Now

v—1
l -1 2 : L —1a\y )
2R ;/ﬁ,ai(Tn)-f—lnf(a n— Rf.(R™"a&)) — inf(a - n)

1 v—1 o 1.
< R(§ Zl kiR «; (Tn) - fr(R a(Tn)))

< CR Zsuplal?

(2.42)
On the other hand
v—1
1 —1 . 2 . -1~ :
§R ; ki (Ta) + inf(a-n - Rf,(R™'&)) — inf(a - n)
1 v—1
> R(§ Z /iiR_zazz(TR) - fr(Rtld(TR))>
=1
18 o) - a2om)
2 . k2 1 n 7 R
=1
> —CR *suplal® — lfﬁ R VZ_I o} (1a) — 0 (7R)|
B 2 ’ =1 o o
(2.43)
Therefore

R*>7"|1y| gR—l/ daC/DaF(a)sup l&?
0% .

1 v—1
+ %0 / do /DaF(a) Z [aZ (1) — @?(1r)| (2.44)
Jos . o1
The inequality (2.27) implies

(e - m)(7r) — (- m)(ma)| < 2R™'C'sup |&|? (2.45)

Therefore if 7., is a limit point of {7g}

(- n)(7e0) = (e - )(7) (2.46)

Now 7, is unique (see sect. 2.8 D in [7]), therefore 7 — T, as R — oo.
Thus R?>*I;; — 0 as R — oo.

Vol. 66, n® 2-1997.



160 N. MACRIS, P. A. MARTIN AND J. V. PULE

Note that a; in (2.33) is equal to (v — 1)k, where k,, is the mean
curvature,

Km = (v —=1)71 Vz_l K (2.47)
i=1
and break up Ig into three parts
Is = I + s + L3 (2.48)
where
L, =- %RV—Q(V -1) /az dm@m/DaF(a) Ag(a)(inf(a - n))?
=- %R"“Z(v -1) /az dokm / DaF(a)(inf(e - n))? + O(e‘CRZ)

(2.49)

1
L, =-R"*v-1) dokm,
2 o

X /DaF(a)AR(a)
((min{6R, —inf(a - n — Rf:(R'a)))})? — (inf(a - m))?)  (2.50)

and

Fy v—1
I3 =—-R" da/ dx apz®

x / DaF(a)Ar(a)  (251)
e+inf(R-1Q-n— fo (R-101))<0

We deal with I, as we dealt with I7 (see (2.26) to (2.31)). The contribution
to I;5 from those a’s such that sup || < R# is bounded by

1
C-R"3(v - 1)/@0/ doc
2 s

X /DaF(a)sup |&|*(2sup |a - n| + CR™ ' sup |&|?)
< CR"? (2.52)
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and the contribution to I;» from «’s such that sup |a| > R% is clearly
1
bounded by Ce CF* In I3

k| < z? Z lax|6%~2 < C2? (2.53)

since curvatures are uniformly bounded by k. Therefore

1| < R” 3¢ [ do
ox

X / DaF(a)Ag(a)|inf(a-n - Rf.(R™'&)> < CR*™ (2.54)

This completes the proof of proposition 3.

We remark that the conditions A2-A4 that we assume here can be
weakened, for example, in the linear bound (2.16) we can make both
n and C depend on r with the condition that faz doC? < oo and
Jo doe K7 < e~It9%| for all ¢ € R and similarly for the other
two conditions (2.20) and (2.36). However for the sake of making the
exposition simple we stated the results with the stronger conditions 7
and C independent of r.

If the functional F(«) is rotation invariant, the corrections Ig)
and Ig) take a simpler form. Since Do is also rotation invariant,
J DaF(c)inf(e - n) is independent of the orientation of n at the surface,
and thus can be evaluated in (2.22) once for all for a fixed unit vector k;.
In the same way, the functional integral occurring in (2.38) is independent
of the point on the surface and can all be computed for an arbitrary fixed
pair of unit orthogonal vectors k;, ks. Thus we have

COROLLARY. — Assume that F(a) is invariant under rotations and let
k1, ko be any fixed pair of orthogonal unit vectors, then

¥ = R”|8E|/DaF(a)inf(a-k1) (2.55)

Iy = (/ df"Zﬂ’>/ DaF(@)((e-ke)*(n) = (o ki)*(m))

(2.56)

with (o - ki)(11) = inf(a - ky).
In particular, in two dimensions, the term Ig) is purely topological since
by the Gauss-Bonnet theorem [, dox = 2r(1 — m) if ¥ has m holes.
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Finally, the familiar case of the “small time” 3 expansion of the statistical

sum for the Laplacian is obtained by setting F((a) = (\/—12—1;)” and R =2

in (2.55) and (2.56) (see (1.3) and (1.7), and the discussion of scalings in
the introduction). Then the functional integral occurring in (2.55) equals
(using inf(—g) = —supg)

() [ e

and that occurring in (2.56) equals, using (C.2) and (C.3)

(65) ([ f o~ s

- <_\/:> /Da1 (1 = 1) = (sup ay)?) = —§<\/—12_;)V (2.58)

With (2.57) and (2.58) one recovers the usual first terms of the “small
time” expansion of the heat kernel.

III. APPLICATION TO THE MAGNETIC SYSTEM

We apply the results of the previous section to a system of free particles
with Maxwell-Boltzmann statistics in presence of a constant field B in
dimensions v = 2, 3. The grand-canonical potential Qp corresponding to
the Hamiltonian (1.1) is given by

z )
Qr = BTr(:xp(«[fHR) = /—31,\ R

- %(IS}),R + I+ I+ o(RY2)) (3.1)

In view of (1.2), Zy-1 g is an integral of the form (2.1) (with R replaced
by A7'R = &7 !) where the functional F(c) is now

Pla) = (\/%W)Vexp (—igb . /a /\da) — Fl-a)  (32)
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and it can be expanded according to the Propositions 1-3. The volume term
of Proposition 1 is the well known Landau bulk pressure

© _ % iy L 7O c / _H )
P g R = (\/Z?,\) Daexp G( )(33)

where, for a one dimensional Brownian bridge «

Gla) = /0 1 dsa®(s) — ( /0 1 dsa(s))

It will not be further discussed here (see (A.1), as well as Proposition 1
and formula (2.19) in [1]).

To express conveniently the surface contribution (z/[i)I(l),R, let us
define, for any unit vector k, the following functional integral, depending
on the two vectors ub and k

2

I (k /DaF (a) sup(a - k) /DaF a)inf(a-k) (3.4)

The second equality follows from the fact that F(«) is an even
function of « (together with sup(—g) = —infg), and for the same
reason 1IN (k) = TI™MW(-k). Since IIV(k) is a real quantity (see for
instance (3.6) bellow), it depends on the magnetic phase only through
cos (5b - [a A da), so II™M (k) is also an even function of 1. Morover,
because of the rotational invariance of the measure Da, H“)(k) depends
only on ;. and on the projection pb -k of the magnetic field on the direction
k. Then, according to the result of Proposition 2, one can define a surface
pressure p(!), expressed as a surface integral

1

W (1) -

PUE g A G e (3:5)

- L dop™(n) (3.6)

0% Jos
with 5
(a _ 1 .
PO(m) =~ IO w) (37)

and n is the inward unit normal at the point o of the surface; p™)(n) is
the interface pressure between a magnetized half-space and empty space.
The following simple interpretation of II)(k) can be given: it is (up
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to the factor z/BA”~!) the excess interface pressure obtained by cutting
the infinitely extended system into two half-spaces with a Dirichlet wall
having normal k. To see this we choose an orthonormal system of axis
kj,j =1,...,v, such that ky = k, and consider two cubic boxes Af of

volume LY
L
Af:{x|0§ﬂ:m1 <L, ——z-ga:jg g, j:2,...,ll}
The excess interface pressure is then defined as
k) = hn;o 2L ( At UA; T Iy - IAZ) (3.8)

T+ Uac- can be split into the sum of two contributions: (i) the paths that
L

start in A+ or in A; and remain in the same box; (ii) the paths that start in
one box and visit the other box. The contribution (i) is exactly 7 At +7 AT
thus the quantity (3.7) is given by the contribution (ii).The paths startmg
in A7 and visiting A} give the contribution

0
/DaF(a)/ dx10(z1 +supay)
. -L

v L
3 L L
” 5 i +infa; + - ——z;— ;
X]-=2-/—.’7‘d].]9($J inf o 2>0<2 T supaj)

As L — oo, the constraints on the components «;,7 = 2,...,v, of
the path become irrelevant, and this quantity behaves asymptotically as
L= [ DaF(a)supay. Since the paths starting in A} give the same
contribution, the excess interface pressure (3.8) is indeed given by (3.4).
Hence the surface pressure p(*) can be calculated from (3.6) once the planar
interface pressure is known for general orientations of b and k.

Let us consider in dimension » = 3 the two special cases H (u)

and H(ll)(u) obtained by taking b parallel or perpendicular to k (say
k =b =k; or k =k;, b =ky) giving

0= () fowes ()
- (TW) /Dal sup /Da2 exp <—“—G(a2)) (3.9)
P () = (ﬁ, /Danp (w/mdaz) sup a;

(ﬁ) /Dalsupalexp(——%G(al)> (3.10)

Annales de UlInstitut Henri Poincaré - Physique théorique



BROWNIAN INTEGRALS AND ORBITAL MAGNETISM 165

The expressions (3.9) and (3.10) where obtained by performing the Gaussian
integration over az with the help of (A.1). The parallel component can be
computed explicitly (see (C.3) and sect.15 in [6])

i +O(u?) (3.11)

1 I
o - H == _
I (1) 16rsinh & 7 1927

We can also compute the perpendicular component up to second order in p
(see appendix D)

() z(\/%)g'(/ Daysupa; — H;/Dal sup @y G(as) + 0(;,,4))

=5 " 5t +O0(p*) (3.12)

This enables us to compute TT") (k) to second order in y. Because of the
symmetries of II")(k) (even in y and depending only on g and b - k), its
expansion to second order in y is necessarily of the form

O (k) = a+ bu? + cp®(b - k)2 4+ O(u?) (3.13)

The coefficients a, b and ¢ in (3.13) can then be found from (3.11) and
(3.12) giving :

1 3 1
nM(k) = o (1 - 6_4“2 + T9—2u2(b - k)2) + O(u?) (3.14)

and hence, from (3.6), (3.7) one finds the surface pressure to second order
in p. In particular, the surface magnetic susceptibility x(*) at B = 0 is

a _ 9% ze? 1 ( 1

o= 3 .n)2 )
X aB2 BT 1nc? 256 305 Jp 2P n)> (3.15)

The Fermi-Dirac statistics can be incorporated by replacing (3.1) by

QFD = %Trln(l + zexp(—BHR)) = Z(—z)"_lQR(nﬁ) (3.16)

n=1
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Thus the Fermi-Dirac susceptibility is

FD“)—Z( )" M (nf) =

since the Maxwell-Boltzmann susceptibility (3.15) is independent of 3. The
expression (3.17) multiplied by 2 to take into account of the two spin states
has been found by Kunz (formula (5.27) in [2]).

In two dimensions, b and n are orthogonal, thus II!)(n) is independent
of n and reduces to the perpendicular component (3.10) with (v/27)~3
replaced by ( \/ﬁ) ~2. Therefore, we see from (3.6), (3.7) that the two-
dimensional pressures p(l and p™M(n ) are identical, with

s 3.17
1+ z ( )

p = pMm) = —v2r 11 () (3.18)
ﬂ/\
with Hﬁ_l)(,u,) given in (3.10).The associated susceptibilities are
3 zhe? [ 28 e
1 - 2 el 3 1¢
X 256 ¢? (7rm3> (3.19)

© 1
X =T e, f,,<z>=2(i+z" (3.20)

n=1

The next term (z//}) R in the expansion of the grand-canonical
potential can be expressed by the functional integral of Proposition 3. It
can be calculated for various shapes when the quantities

P (kq,ks) = /DaF(a)[(a +k2)?(m1) = (a0 - ky)%(71)]
iIlf(Ol . kl) = (Cl . kl)(TI) (321)

are known for any pair of orthogonal unit vectors ky, k. In two dimensions,
since F'(«) is invariant under rotations around b, this correction is again
universal in the sense that it depends only on the topology of the sample,
but not on its shape (see end of section 2). At the moment, I1? (k;,k,)
is only known explicitly at zero field (see (2.58)).

To conclude this section, we emphasize that we have worked in the
grand-canonical ensemble. If we want to compute physical quantities at
fixed averaged density p

p= /37 ~9r (3.22)

we must first find the activity zz as a function of the size R by
solving (3.22) at fixed p, and then expand jointly the potential Qr(zg)
for large R.
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IV. RELATION BETWEEN MAGNETIZATION
AND CURRENT IN A HALF SPACE

In this section, we establish various relations between the current density
and the thermodynamical magnetization for matter contained in a half space
system in three dimensions, limited by a plane whose normal is n pointing
into the system. In the grand canonical ensemble, the average of the quantum
mechanical current operator density 5-(vé(q —r) + 6(q — r)v), with g
the position and v = —iAV — £A(r) the velocity operator, is expressed by

j(r) = 3R(:[(—¢hv - SA(r))p(r,r')] (4.1)

m r=r'

where p(r,r’) is the one particle reduced density matrix. For the half space
system, it has the functional integral representation (sect. II in [1])

]
p(r,r’) = (Z—-ZS%CXP I:—lr—zi - i%b (rA r')]
71372

X / Da
r-n+inf(Q-n)>0

X exp [—ig—b /a A do— ipib - ((r “ YA /: dsa(s))] (4.2)

In (4.2) and the rest of this section, we set A = 1, i.e. we measure all lengths
in the unit of the de Broglie length. Because of translation invariance, the
current at a point inside the half space depends only on the distance
z = r-n of the point from the limiting plane, and the current has no
component orthogonal to the plane. Working out the components of j that
are paralle] to the plane, one finds from (4.1) and (4.2) that the current in
the semi-infinite system with inward normal n is given by

1

j(z,n) = —yRe / Da F(a)b A / dsa(s), v = e
Jz+inf(Q.n)>0 Jo m

(4.3)

where F'(a) is the functional (3.2).

The direction of j(x, n) is along nAb in the plane (see (4.6) below). There
is no current in the bulk : if one removes the constraint z + inf(a.n) > 0
in (4.3) by letting 2 — oc, the integral vanishes since the integrand is an odd
function of a. In fact, j(z,n) = O(e"C“’Z), x — 00, as in Proposition 2
of ref. [1].
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The following propositions 4 and 5 relate the total integral of the current
to the bulk magnetization.

PROPOSITION 4. — Let m©) = Vg p(©) be the bulk (Landau) magnetisation,
then

/ dz j(z,n) = cn Am(® (4.4)
0

Proof. — Let k;, j = 1,2,3 be the orthonormal right handed triad of
unit vectors with k; = b and k, along b A n, and set n; = n-k;,
a; = o - k]‘. Then

A —'}’ 7 fagdag
j(z,n) = ——Re/ Dae™
(27T)3/2 z>—inf(nio1+nzas)

x (kz /0 ldsag(s) — ks /0 ldsag(s)) (4.5)

1
- 50

kz/ DayDaze™ = (a3)/ dsas(s)
T B st aman :

(4.6)

The k3 component of j(z,n) in (4.5) vanishes because of the antisymmetry
in o, and we can perform the as integral by (A.1). Moreover, since the
integral (4.6) without restriction vanishes because of the antisymmetry in a3,
we can replace the constraint by x < —inf(nja; + n3as) and change the
sign of the integral. Therefore

/0 dzj(z,n) = @ )3/2k2/Da1Da3

1
x inf(niaq + 'n30lg)/ dsag(s)e_“TG((”) (4.7)
0

We make the change of variable (B.1) a(s) — (s +u) — ofu)
and integrate with respect to u; G(as3) is invariant and inf(n;o; +
n3a3)f01 dsas(s) changes to

(inf(nlal + naas) — (nyaa(u) + n3a3(u)> ( /0 " dsan(s) - a;:,(u))

When integrated on u, a; and «g, the term involving inf(nia; + nzag)
does not contribute and the term linear in «; vanishes by antisymmetry.
Noting also that nzks = n A b one finds

= 5 g —“2—2G g
/0 dz j(z,n) :b/\nw/Dag,G(ag)e (aa) (4.8)
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By differentiating (3.3) with respect to B, we recognize that the right hand
side in (4.8) is precisely cn A Vpp® = en A m(©.

COROLLARY 1. — Let the surface OY. be parametrized (in R®) by r(o),
o € 0X. Then
1 oo
da/ dzr(o) Aj(z,n(0)) (4.9)
2c|X] Jos 0 (
Proof. — In view of (4.4), the right hand side of (4.9) is equal to
1
2|Z] Jox
1
= — don(o)(r(s) - m®) -
2] Jos O 2] Jos

= L/ dr(-V(r-m®) + (v.r)m(o)) = m(®
2120 Js

m® —

dor(o) A (n(oc) A m®)

do(n(o) - r(c))m®

by Gauss divergence theorem.

In two dimensions, n is always orthogonal to b, ko = b A n, and the
current magnitude j(z) = ks - j(z,n) is independent of n. Then it is easy
to check that both Proposition 4 and its corollary reduce to the relation
fo = —cm?, already found in [1], where m® = b - m®) is the scalar
value of the two dimensional bulk magnetization m(®).

The formulae (4.4) and (4.9) give the proper relations between the
bulk magnetization and the current density flowing in the neighborhood
of a point ¢ of the surface in the three dimensional system. The total
integral of the current is still related to the bulk magnetization by
(4.4). The equality (4.9) is the precise form that the familiar relation
Ms = 5 [;, drr A js(r) between finite volume magnetization and current
takes in the thermodynamic limit.

ProposimioN 5. — Let m®(n) = Vgp(n) be the magnetization
associated with the planar interface pressure (3.7). Then

/ dz zj(z,n) = —en Am™®(n) (4.10)
0

Proof. — Proceeding with the same arguments used in (4.5)-(4.7), one
obtains

/0 dz zj(z,n) = m /DalDag(mf(nlal +n3a3))

1
X / dsag,(s)e‘%G(““) (4.11)
0
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After the transformation a(s) — (s + u) — a(u), (inf(niay + nsas))’
fo dsas(s) changes to

[(inf(nlal + 7z3a3))2 — 2inf(nyag + nzaz)(nion (u) + nyaz(u))

+ (nyoy(u) + 713(13(u))2] (/01 dsasz(s) — a_g(u)) (4.12)

The first term in (4.12) vanishes once integrated on u, and the third term will
not contribute because it is odd in «. Thus, introducing the definition (A.3)

/ dx zj(z,n) =(2_7r%k2 /DalDag inf(nia; + naas)
0 .

) 1
x G(ag,nyay +n3a3)e_HTG(“3)/ dsaz(s) (4.13)
Jo

It remains to identify Vpp™(n) with the right hand side of (4.13).
From (3.7) one finds

m(l)(n):—2 /DaF () inf(ex - n)/a/\da

e
_a Dae”’fa*dminf(n a1 + n3ag)
e 27r)3/2 100 + Ny

X <k1 /az(i(l3+k2/()£3d0£1 +k3/a1da2) (4.14)

Since m(n) is a real quantity only sin (fol ag(s)dag) enters in
the integral (4.14). This implies that the k, component vanishes, the
corresponding integrand being odd in aj. We can perform the Dao
integration (calculating the first moment with the help of (A.2))

1 p2
m(l)(n) = %W /DalDag, e~ T Glas) inf(nia; + naas)
X (le(ag) - k3G(C¥3,C¥1)) (415)

Comparing (4.15) with (4.13) the result of the proposition follows from the
observation that n A k; = nzks, n A ks = —n1ks
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It is worth noting that the magnetization m*)(n) at a point of the surface,
although lying in the plane subtended by n and b, is not directed along b,
but depends on the orientation of the surface element with respect to b.
However, the surface magnetization of the whole sample

W) g™ = L ey
m'’ =Vgp'/ = 5] Jos dom'"(n)
is along b.

In 2 dimensions, since there is no distinction between p*)(n) and
pD (see (3.18)), we have also the equality m™®)(n) = m™. Then, the
proposition 5 reduces to

/ dz zj(z) = em™ (4.16)
0

with m() = b-m® is the scalar surface magnetization, a relation already
obtained in [2]. The first moment sum rule (4.10) is the proper generalization
of (4.16) to three dimensions. In this case, it bears no direct relation to the
three dimensional surface pressure p(*) given by (3.6).

We add that the equalities (4.4), (4.9) and (4.10) remain true if one
includes Fermi statistics since an average quantity Op(f3) in a free gas
with Boltzman statistics is related to the corresponding quantity Orp(/3)
with Fermi-Dirac statistics by

o0

Orp(B) = (=2)""'Op(np) (4.17)

n=1

V. CORNERS

In this section we briefly discuss the case of non smooth boundaries
constituted of polygons. For simplicity, we restrict the analysis to two
dimensional regions Yy limited by convex polygonal contours with &
faces of length L; and obtuse angles 6;, j = 1,...,k, 5 < §; < 7. The
orientation of the faces are given by their inward unit normals n; with
n; -nj; = |cosb,|, j =1,..,k (k+ 1 identified to 1).

We write for a general square integrable functional F'(«)

k
Ir :/ d?r/Da F(a) [[0(n; - r +inf(n; - a))
Zr . j=1

k

:/:Rer/DaF(a) (1—6(-n; r—inf(n, - @) (5.1)

Jj=1
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with
Iy =/Z dzr/DaF(a) = R”|E|/DaF(a) (5.3)
k
L = —Z/E er/DaF(a)G(—nj ‘r —inf(n; - a)) (5.4)

k
I, = ;/ER dzr/Da F(o)0(—n; - r — inf(n; - a))
X 0(-njy; -r—inf(njy - @)  (5.5)

In Iy, all restrictions on paths have been removed, so I, = I}(go) is equal
to the bulk contribution (2.19) of proposition 1. The integrals I; and I,
result of expanding the product in (5.1) and keeping the linear #-constraints
in (5.4) and quadratic §-constraints in (5.5). In I, paths have to cross one
face, in I, they have to cross two adjacent faces (i.e. to encircle a corner).
Paths that contribute to the remainder I have to cross at least two non
adjacent faces, thus they must extend over distances of order R, and their
contribution is O(e~CF%),

Figure 1.

We now consider one face of length L = (b — a)R in between two
corners of angles 6, and 6,. We set coordinates such that this face is along
the z-axis and its normal along the y-axis. We associate to it the rectangle
C of height 6 R, 6 fixed, as well as the two sectors A and B of radii §R and
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angles ¢, = 0, — 5 and ¢, = 0, — 5 (see fig. 1). We decompose the term
in (5.4) corresponding to this face, say I, into the sum of the integrals of

paths starting in the three regions plus a reminder O(e‘CRQ) consisting of
paths that have to travel a distance at least 6 R,
Iy =Ic+ 14+ Ig + O(eCF) (5.6)

Clearly
bR 5
Ic = —/ dm/ Rdy/DaF(a)H(—y—inf(n~a))
aR 0

=L / Do F(a)inf(n - a) + O(e" %) (5.7)

and, in polar coordinates

Iy = —ﬁea d¢AéerT/DaF(a) f(—rsin¢g — inf(n - a))

_ _/ﬂaa d¢/000 rdr/Da F(a)6(~r — (sing) inf(n - o))

2

+ O(e_CRz)
- %cot 0, / Da F(a) (inf(n - ))? + O(e=CF) (5.8)

One has the same result for Ig with 6, in place of 4,.

We now consider a corner of angle #; = 6 measured from a face oriented
along the z-axis, with normal n; along the y-axis. Then the normal to the
next face has coordinates n;; = (siné, — cosf) (see fig. 2).

The dominant contribution to the term Iy in the sum (5.5) corresponding
to the corner # will be given by the paths starting in the parallelogram
Agr with sides of length 6R

Iy = / d2r/Da F(a)8(—y — inf(n; - )
J AR
X 0(—xsinf + ycosf — inf(n;41 - a))
SR sin 6 6Rsin6
= (sin 0)_1/ dm'/ dy'/Da F(a)8(—y' — inf(n; - @)
0 0
X 8(—z' — inf(nj41 - a)) + O(e_CRz)

= (sin 6)_1/Da F(a)inf(n,; - a)inf(nj41 - a) + O(e_CRQ) (5.9)
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y

N

41 W

OR
Figure 2.

We have made the change of variables 2’ = zsinf — ycosf, ¢y = y with
Jacobian (sinf)~1.

The sum on all faces of the terms (5.7) gives the usual surface
contribution (2.22)

Iz(%,l) = zLj / Da F(a)inf(n; - a) (5.10)

We can identify the contribution of a corner c(f;) (of order 1) as the
term (5.9) plus twice the term (5.8), i.e.

c(8;) = (sinf;)"! /DaF(a)inf(nj~a)[inf(nj.H~o<)+cos€jinf(nj-a)
' (5.11)
Thus we arrive at.

PROPOSITION 6. — Let X p be a two dimensional domain enclosed by a
polygon with k corner with angles 0;, 5 < 0; < 7 then

Tp =TIV + IV + 1) + 0(e ) (5.12)

where Ig]) and I}(;) are as in (5.3) and (5.10), and I}g) = Zle c(8;),
c(0;) defined by (5.11).

It is interesting to note that, contrary to (2.4), the remainder in (5.12) is
exponentially small; so Zp for a polygon in two dimensions has only the
three non exponential terms of Proposition 6 in its large volume expansion
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(a similar situation occurs in [8]). We expect that when approximating a
smooth curve by polygonal lines, Iz(??) in (5.12) should tend to the expression
(2.38) given in Proposition 3 for v = 2, but we have not verified this by
a direct calculation.

In the magnetic case, with F'(a) defined in (3.2), because of rotational
invariance of F'(a), we can always choose axis such that the contribution
of a corner reads (using also inf(—«) = —supw)

1 —1 ayda;
c(9) =5 /Dae wfond * supas

X (sup(ai sinf — s cos @) + cos fsupas) (5.13)

For a right angle (%) can be computed up to second order in the magnetic
field strength (see appendix D)
™ 1 1 2 9 4
—J==-|—=- 0 5.14
C(z) 16 (128 457r2>“ +OW) (5.14)
Since the coefficient of 12 is negative, this corner contribution to the zero

field susceptibility is diamagnetic (as the bulk term), in contrast to the
surface contribution which is always paramagnetic according to (3.19).

VI. SEMICLASSICAL
AND HIGH TEMPERATURE ASYMPTOTICS

The propositions proved in section 2 are sufficiently general to allow
us to derive expansions in powers of %, keeping all other variables fixed
(semiclassical) or in powers of (3, keeping all other variables fixed (high
temperature). In what follows we use the dimensionless parameters z and ¢
of formula (1.3) in the introduction. We recall that in these limits j tends
to zero with € (see (ii) and (iii) in section I), so that we have also to
expand the phase factor in (1.3). Thus the basic quantities which will enter
in our expansion are

W (e) = /S dr'/‘Da<b~/a/\da)nxg(r+ea) (6.1)

for n = 0, 2. From the problem without a magnetic field it is well known
that Wy(€) admits an asymptotic expansion in powers of ¢

N
Wole) =Y diet + O(eVH) (6.2)

=0
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where the coefficients d; are explicitly known up to 7 = 6 in two dimensions
and i = 2 in three dimensions. For example dy = |X|, d; = —4,/5(0%|
and in two dimensions dz = Z(1 —m) if ¥ has m holes (see (2.57) (2.58)).
We refer to [9] and references therein for these properties, and precise
assumptions on 3.

The quantity W(e) is of the form Wy(e) = €”Z.-1 where Z.-1 is the
functional integral (2.1) with R replaced by e ™' and F(a) = (b- [ aAda)?.
Therefore proposition 3 yields

Ws(€) = ho + hie + hae? + o(€?) (6.3)

ho = |E|/Da(b~/a/\da)2 (6.4)
h1=/azda/Dainf(a-n)(b-/a/\da>2 (6.5)
e ff fors)

x (%Zm((a 6)2(ra) — (a-n)Z(T,,))) (6.6)

=1

with

The functional integral in (6.4) can be computed exactly and yields
ho = %|E| The one appearing in (6.5) can be read off from the magnetic
susceptibility (3.15)

1 1 ,
= — ~(b- 6.7
hy %7 s d0<3 3(b n) ) (6.7)

Note that in two dimensions h; = —(3/257)|0%|. Similarly for the special

case of a square we have from (5.14) hy = 45% —1/32. In the semiclassical

expansion (i), defined in the introduction, € is proportional to / and . = Cle.
Expanding the phase in (1.3) to order u? gives
2
Tre PHr = (\2me)™ (Wg(é) - %Wz(e) + R(u, e)) (6.8)

where the rest R(u,€) satisfies

R(u, )| SC///*/Edr./Da(b-/aAda)4xz(r+€a)
< Ccfe4|A|/Da(b-/a/\da)4 (6.9)
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The first inequality in (6.9) follows from |cosz — (1 — )| < Ca*, for
some C > 0 and all 2. Thus R(u,e) = O(e*). From (6.2), (6.3) and (6.8)

CQ
Tre PHr = (\/27e)™" [do + die+ <d2 - ?lh())ez

+ <d3 - %%hl)é' - 0(64)] (6.10)

We see that the first two terms are the usual ones and the effects of the
magnetic field enters only in the third term of the expansion.

We note that a similar fact holds in the situation considered in [5] and
references therein where, as explained in the introduction, the particles
are confined by a smooth potential well instead of Dirichlet boundary
conditions. As i — 0, the leading term is identified and seen to be
independent of the magnetic field. This result holds even for inhomogeneous
fields.

In the high temperature expansion (ii), defined in the introduction, € is
proportional to /B and u = Cye?. Using again (6.2), (6.3) and (6.8) we get

Tre PHR =(\/2me)™ [do + di€ + do€® + dse?

2 2
+ <d4 - %ho) 64 + (d5 - %}74)65

+ (de - %§h2>66 + 0(67)] (6.11)

Now the effects of the magnetic field enter only in the fifth term of the
expansion. In low temperature physics or studies in quantum chaos the
density of states of a particle confined in a finite region (“billiard”) is of
central importance. Since in (6.11) we evaluate the asymptotic behaviour of
its Laplace transform, an immediate consequence of the Tauberian theorem
is that the leading term in the high energy behaviour of the density of states
(all other variables being kept fixed), is the usual Weyl term. Unfortunately
(6.11) doesn’t give a rigorous information on the next terms of the high
energy asymptotics, but it suggests that the effects of the magnetic field
enter only in higher orders.

These facts are again consistent with the situation in [5]. Indeed, it is
proved that when the confining potential grows faster than the magnetic
field at infinity, the leading term in the # — 0 asymptotics is independent
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of the field. On the other hand if the magnetic field grows faster than
the potential at infinity, the leading term depends only on the field. The
latter case, however cannot be compared with our situation where the
Dirichlet boundary condition always “dominates” any possible growth of
the magnetic field.

VII. CONCLUDING REMARKS

The main result of the paper is the expansion of the Brownian integrals
presented in Section II, valid for a general class of functionals F(«).
Many works have considered the expansion of such integrals when F'(«)
has the special Feynman-Kac form, i.e. when the powerful tools provided
by the associated differential equation are available. However, in several
circumstances, one is interested in more general functionals : this will be
the case if one wants to expand average values of observables (such as the
diamagnetic current), or generalize such finite size expansions to interacting
particle systems (as in Section IV of [1] for a low density gas), where there
is no one body Schroedinger equation at hand.

In our formalism, we were not able to push the expansion (2.4) beyond
the third term. We do not know if this limitation is technical or a price
paid for generality, in the sense that existence and computation of further
terms in power of R would only be possible when there is an underlying
differential equation obtained from the Feynman-Kac formula.

As far as diamagnetism is concerned, we mention some open problems. In
Section III, we have studied the large volume expansion of thermodynamical
quantities (recovering some existing results). Using the propositions of
Section II, one could easily compute low activity corrections to these
quantities in the interacting electron gas. We conjecture also that the basic
relations given in Section IV (the sum rules of Proposition 4 and 5) remain
true in presence of interactions. These sum rules involve the current density
of the semi-infinite system. An interesting question, not treated here, would
be to discuss the finite size corrections to the boundary current itself (for
hard and smooth walls) in order to gain a better understanding of the
current distribution in the finite sample.

We plan to come back to these questions in future work.

ACKNOWLEDGMENTS

We thank H. Kunz for stimulating discussions. J.P. thanks Mr Clancy for
some very useful discussions on geometry. J. P. thanks the IPT at Ecole

Annales de I'Institut Henri Poincaré - Physique théorique



BROWNIAN INTEGRALS AND ORBITAL MAGNETISM 179

Polytechnique-Lausanne and Ph. M. thanks the Department of Mathematical
Physics at University College-Dublin for hospitality. N. M. acknowledges
support from Swiss National Foundation for Science and J. P. acknowledges
support from the European Commission under the Human Capital and
Mobility Scheme.

APPENDIX A

Gaussian integrals

Let o be a one dimensional Brownian bridge. For continuous functions f
and g (sect. 15 in [6])

/Daexp (é/fda) — exp (—%G(f)) (A1)
/ Daexp (z / fda) ( / gda) — iG(f, g) exp (~%G( f)) (A.2)

with

Gh) = [ dss(s)als) - (/ dsf(s )(/ dsg(s) G(f) = G(f, f)
(A.3)

Equation (A.2) follows from (A.1) replacing f by Af and differentiating
at A =

APPENDIX B

Change of variable

The measure De is invariant under the change (Lemma 2 in [1])

a(s) — a(s+ u) — a(u) (B.1)
where
— _Js+u, if s+u<l;
3+u—{5+u_17 i ostu>1 0<s,u <1
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APPENDIX C

Distribution of supa and 7,

For a one dimensional Brownian bridge a(s), 0 < s < 1, a(0) = a(1) =
0, the normalized joint distribution of supa and the time 7, at which a(s)
attains its maximum is from Proposition (8.15) in [7]

2 b2 b2
P(supa € db; 74 € ds) = \/;\/m exp ( 251 = S)>dbds
(C.1)
In particular, the distribution of 7,, is found to be uniform in the interval
[0,1]
P(r, €ds)=ds (C.2)

One has also P(supa € db) = 4bexp(—2b?)db, and hence
1 1
/Dasupa = 2\/3, /Da(supa)2 =3 (C.3)

APPENDIX D

Integrals involving supa and «(u)

To calculate integrals of the form [ Da(supa)®(a(u))™, we consider
Brownian motion on the positive half-line with absorbing barrier at the
origin. The probability for a path starting at = to reach y within the time u

Al (£ (EED)).
(D.1)

i.e. the solution of the diffusion equation with Dirichlet boundary condition
at the origin. From the Feynman-Kac formula, we have for closed paths
z+a(s), 0<s <1, a0) =a(l) =0,

Gl (zly)=

_1_7r / Daf(z + infa)(z + a(u))"
— \/% /DaH(a: —supa)(z — a(u))"

= / Gu(z|Y)y"G1_u(ylz), 0<u <1 (D.2)
0
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This formula is equivalent to

/Da9($—supa)(a(1t))" = \/%/OOO Gu(zly)(z=y)"G1-u(ylz) (D.3)

1

Multiplying by z*~! and integrating on z, one obtains

/Da supa)*(a —k\/27r/ dx/ 2*71G, (z]y) (z — )" G (y]x)
(D.4)
reducing such functional integrals to Gaussian integrals. One finds
1
/Da supa a(u) = /Da o = §u(1 —u) (D.5)

/Dasupa o?(u) = /Da(supa)Za(u) = f(u)

) =2 - St -y
1 21 —
- E(l = 2u)*(u(1 — )"/

1-2u
m(l u) arctan (W) (D.6)

The first equalities in (D.5) and (D.6) result of an application of the change
of variable (B.1) in [ Da(supa)? and [ Da(supa)® respectively. The
details of the calculation leading to (D.6) can be found in [10].

To calculate the two times integral

g(u,v) :/Dasupaa(u)a(v) (D.7)

we could proceed like we did to obtain (D.4). We rather apply the change
of variable (B.1) to the integral [ Darsupa a?(u) giving for any v € [0, 1]
(note that the odd moments of the Brownian bridge vanish)

/Da supa a?(u) = /Da supa(a®(u + v) + o?(v) — 2a(u + v)a(v))
Using f(u) = f(1 — u), (D.8) can be rewritten as

9(u,0) = 307 + 1) = (ju = v]) (D.9)
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We are now in position to calculate the terms of the expansion (3.12).
Using (D.6) and (D.9), or equivalently, integrating (D.9) on u and v gives

3V 2w
128

1 1
/DasupaG(a) = 5/ duf(u) = (D.10)
0
This, together with (C.3), establishes (3.12). To establish (5.14), we
expand (5.13) with § = 7 to second order in p (since c(f)) is real,
only cos ( f o dag) enters in the integral), and introduce the function (D.7)

T 1 2ot ! o2
6(5) = —2—7r—</Dalsupa1> - E/o du/o dvg(u,v)mg(u,v)
(D.11)

Using (D.9) and f(0) = f(1) =0, f(u) = f(1 — u), we can transform the
coefficient of the p? term in (D,11) by partial integrations to

1ot 0
1 1

d> 2 1
= Tor J, WWGEI W= 55 1

(D.12)

The result follows from a direct integration of f(w) multiplied by
2
L flu) = —8(v2m) " H(u(l - u))z, and this, together with (C.3) leads
to (5.14).

APPENDIX E

Calculation of volume element (2.5)

Let the v — 1-dimensional hypersurface 0¥ be given by s =
s(u1,uq,...u,—1). Let n be the unit inward drawn normal at s. The Shape
Operator A on the tangent space at s is defined by ( see chap. V in [11])

Jds on
= — E.1

The eigenvalues of A are the principal curvatures ki, K2, ...,ky-1. The
area element on 0¥ is given by

det Os Os Jds
o Ouy’ Ous’ T Ouy_y
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Let r be a point in ¥* and s the point on 3% nearest to r and z the
distance from r to s, then

r=s+zn (E.3)

The Jacobian of the transformation is given by

7 = det 8s+ on Os x_c?g Os s 8n>
I Ouy ‘”aul’ Ous Ous’ " Ouy_q Ouy_1
Os Os Js
= — — (I - — .., (I —zA E4
det (n7 (I —zA) a, (I xA)auz, (I -z )8%_1) (E.4)
Since (I — :cA)ga% are in the tangent space at s we can write J in block
form
1 0
J = det Os Os Os
- —, (I - — ..., (I-zA
O (I .'L'A) aul b (I .'EA) 8u27 ) ( x )auy—l
Js Os Os
= — —_— ., —— ES5
det(I — zA)det (8u1’ Buy’ ’au,,_l) (E.5)
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