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V. WUNSCH

Fachbereich Mathematik der Pidagogischen Hochschule,
99089 Erfurt, Germany

ABSTRACT. — By means of a certain conformal covariant differentiation
process we define an infinite sequence of conformally invariant tensors
(moments) for Weyl’s neutrino equation in a curved space-time. In the
cases of the conformally invariant-scalar wave equation and Maxwell’s
equations such moments were introduced by Giinther. We prove some
properties of the moments and study the relationship between the moments
and the validity of Huygens’ principle for these conformally invariant
field equations. Using suitable generating systems of conformally invariant
tensors we derive the first moment equations and obtain from them results
on Huygens’ principle.

Key words : Conformally invariant field equations, moments, Huygens’ principle.

RESUME. — Gréce a un certain processus de différentiation de covariant
conformes, nous définissons une suite infinie de tenseurs invariants
conformes (moments) pour ’équation de Weyl dans un espace-temps
courbe. Ces moments sont introduits par Giinther pour I’équation des
ondes scalaires et les équations de Maxwell. Nous prouvons quelques
propriétés des moments et étudions le lien entre ces moments et la validité
du principe de Huygens pour les équations de champ invariantes conformes.
En utilisant des tenseurs invariants conformes adaptés, nous déduisons les

premicres équations de moments et obtenons des résultats a propos du
principe de Huygens.
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434 V. WUNSCH
1. INTRODUCTION

In a four-dimensional pseudo-Riemannian manifold (M, g) with a smooth
metric of Lorentzian signature the following conformally invariant field
equations are considered:

Scalar wave equation g%V, Vju — % Ru=0 E;
Maxwell’s equations dw = O, dw = O E,
Weyl’s neutrino equation V; pa =0 FE;

P. Giinther [G4] defined for the equations E; and E, an infinite sequence

of symmetric, trace-free, conformally invariant tensors

I, (x),c=12v=012,...
which he called moments of the equation F, of order v. He derived these
moments by means of a certain conformal covariant differentation process.
The moments are of particular importance in the theory of Huygens’
principle for F; and Fs. For one of the equations E, Huygens’ principle
(in the sense of Hadamard’s “minor premise”) is valid if and only if the
corresponding tail term vanishes [Ha; G2, 4; W4]. Consequently, if (M, g)
is analytic we have the following relationship between the moments and the
validity of Huygens’ principle: The equation E; or F, satisfies Huygens’
principle if and only if all corresponding moments vanish on M. These
moment equations I7 ...i, () = O, (¢ = 1, 2) are determined explicitly
up to now for O < v £ 4 (see [G1, 2; W1, 2, 4; McL 2]). For example,
we have I7, = () B;;,, where a(”) € R\{0} and B;,;, denotes the
Bach tensor [G1, 2; W4].

In this paper we define such a sequence of conformally invariant tensors
also for Weyl’s neutrino equation E3. Using some results on the theory of
conformally invariant tensors [GW 2, 3], in particular, the notion “conformal
covariant derivative” and suitable linear independent systems of conformally
invariant tensors, we give new information about the general structure of
the moment equations I{ , = O foro € {1,2,3}andv € {0, 1, ..., 6},

11‘.‘1'1,

which imply some results on Huygens’ principle for E,.

The paper is organized as follows. After some preliminaries we give in
Section 3 necessary and sufficient conditions for the validity of Huygens’
principle for the equations E, and, further, the transformation law for the
corresponding tail terms under conformal transformations of the metric.
In Section 4, Giinther’s and the author’s contributions to the theory of
polynomial conformally invariant tensors [GW2, 3] are generalized by
including the Levi-Civita pseudo-tensor and conformally invariant spinors.
Further, some classes of conformally invariant tensors, which are important
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. MOMENTS AND HUYGENS’ PRINCIPLE 435

for the moments and necessary conditions for (M, g) to be conformal to an
Einstein space-time are given. In Section 5, we introduce moments also for
Weyl’s neutrino equation and derive some properties of the moments. Using
the results of Section 4 on generating systems of conformally invariant
tensors we obtain information about the algebraic structure of the first
moments. Finally, in Section 6, we show the importance of the moments
for the validity of Huygens’ principle, especially in the case of a Petrov
type N space-time.

2. PRELIMINARIES

Let (M, g) be a space-time, i.e. a 4-manifold together with a smooth
metric of Lorentzian signature, and ga3, 9%°, Va, Rabed, Ruy, R, Copea
the local coordinates of the covariant and contravariant metric tensor, the
Levi-Civita connection, the curvatur tensor, the Ricci tensor, the scalar
curvature and the Weyl curvature tensor, respectively. 7 and AP denote the
space of the C*° scalar fields and the p-forms of class C°°, respectively.
On AP the exterior derivative d, the co-derivative § and A := —(dé + 6d)
are defined. Assuming that (M, g) can be equipped with a spin structure we
denote the complex spinor bundles of covariant and contravariant 1-spinors
and their conjugates by S, $*, S, §*, the set of all cross sections of S, S*
S S§*by S, 8*, S, §*, respectively, the coordinates of p€S,YeS,the
connection quantities (generalized Pauli-matrices), the Levi-Civita spinor,
the connection coefficients and the spinor covariant derivative by [PR]

Ae{l, 2}
a B v =g%.V ’
Pas Vx> Tuxs €aBs Doy Vax =054 Vo, Xe {i, 2} @b

If we define for p € S, ¥ € S
(Mo)gi=Vies,  (W)a= Vi, @2)

we have [W4; PR]
1
—2(NM)a=g*VaVypa— 7 Ropa = (LYD p),. (2.3)

In the following we consider the conformally invariant wave equation

L(O)uzg“bvavbu—éRu:O, ueJ E,
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436 V. WONSCH

the (source-free) Maxwell equations
du =0, bu = 0, u € A? E,
and Weyl’s neutrino equation
Mu =0, u€S. E;

Let M be a causal domain [F'; G4] and I' (z, y) the square of the geodesic
distance of z, y € M. For any fixed y € M the set {x € M |T'(z, y) > O}
decomposes naturally into two open subsets of M/; one of them is called the
future D, (y) and the other one the past D_ (y) of y. The characteristic semi
null cones C. (y) are defined as the boundary sets of D (y), respectively.

Let Ggg ) (y), Gg) (y) and thl/ ?) (y) be the fundamental solutions of the
linear operators £, A, £3/2) and T(™ (-, y), @ = 0, 1, 1/2 the tail terms
of G(ia ) (y) with respect to y, respectively. The tail term is just the factor
of the regular part of the corresponding fundamental solution, which is a
distribution supported inside the future of y [F'; G4]. For T(®) there is an
asymptotic expansion in I'

[SS) 1
(@) (o) k
D gy Ve T @4
k=0

where the Hadamard coefficients U, ((,':)) are determined recursively by the
transport equations [F, G4, W4].

3. HUYGENS’ PRINCIPLE

Let F be a space-like 3 dimensional submanifold of M, D (y) that part
of the interior of the past semi null cone C_ (y), which is bounded by
the hypersurface F' and, finally, F' (y) := F' N Dp (y). Cauchy’s problem
for one of the equations E, is the problem of determining a solution
which assumes given values u (and their normal derivative for E;) on the
given submanifold F'. These values are called Cauchy data. Local existence
and uniqueness of the solution of Cauchy’s problem has been proved by
Hadamard [Ha] for E;, by Giinther [G2] for E> and by the author [W4]
for Fj

DEFINITION 3.1. — One of the equations E,, o € {1, 2, 3}, is said to
satisfy Huygens’ principle (in the sense of Hadamard’s “minor premise”)
if and only if for every Cauchy problem and for every y € M the solution
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MOMENTS AND HUYGENS’ PRINCIPLE 437

u depends only on the Cauchy data in an arbitrarily small neighbourhood
of F (y).

Only if Huygens’ principle is valid the wave propagation is free of
tails [F; G4; McL2; W4], that is the solution depends on the sources
distributions on the past null cone of the field point only and not on the
sources inside the cone. Huygens’ principle plays an important role also
in quantum field theory in curved space-times. According to Lichnerowicz
[L; B] the support of the commutator — or the anticommutator — distribution,
respectively, lies on the null cone if and only if Huygens’ principle holds
for the corresponding field equation.

In [Ha; F; G2; W4] it was proved:

PrOPOSITION 3.1. — The equation E,, o € {1, 2, 3} satisfies Huygens’
principle iff

Ve, ye M:TO (z,4) =0 in the case 0 =1 3.1)
Ve, ye M : K (z,y): dVd® T (z, y) = O in the caseoc =2 (3.2)

Va,ye M: Nz, y) = MO TYD (g 4) = O in the case o = 3.(3.3)

Here the superscripts (1), (?) indicate whether the derivative is meant with
respect to x or y.

DEeFINITION 3.2. — The terms
TO(z,y), K(z,9), Nz, ) (3.4)

are called tail terms of the equation E;, Es, E3, respectively.
If the metric g undergoes a conformal transformation

gab = 62@ Gab; ¢ € Coo (M)7 (35)
the tail terms (3.4) transform according to [GW1; McL2; W4, 5]
7(0) (z, y) = e~ [¢ ()+6 ()] (0) (z, v) (3.6)
K (z,y) =K (z, y) G
Nz, y) = e 320 @+ WI N (g, y). (3.8)

Consequently, a conformal transformation (3.5) preserve the Huygens’
character of the equation E,, o € {1, 2, 3} [G4; W4; J]. In particular,

Vol. 60, n° 4-1994.



438 V. WUONSCH

the conditions (3.1)-(3.3) are fulfilled for flat metrics [G4; W4], which
implies that if g is conformally flat for the equations E,, Huygens’ principle
is (trivially) valid.

Because the functional relationship between the tail terms (3.4) and the
metric is not clear, the problem of determination of all metrics, for which
any equation F, satisfies Huygens’ principle, is not yet completely solved
(see [G4; W2, 4; McL3; CM; I]). A step forward is the derivation of
suitable infinite sequences of conformally invariant tensors, the so called
moments of E,.

4. CONFORMALLY INVARIANT TENSORS

We consider polynomial tensors, i.e. tensors, whose coordinates are
polynomial in g® and the partial derivatives of g,;. These tensors are just
the elements of the tensor algebra R, generated by the tensors.

gab, Jab, V(il .V R,‘T+1|ab|ir+2), r=0,1,2,... “.1)

by means of the usual tensor operations. Furthermore, let R be the algebra
generated by the tensors (4.1) and the Levi-Civita tensor Cabed-

DEFINITION 4. 1. — A tensor T (g) € R is said to be conformally invariant
of weight w, if under the conformal transformation (3.5) T (g) has the
transformation law

T (g) = e*?T(g). 4.2)

It is an important problem to give a survey of all conformally invariant
tensors or to give methods for constructing special classes of such tensors
[GW2, 3; W3].

LemMA 4.1. - T (g) € R is conformally invariant iff it is invariant under
all infinitesimal conformal transformations, i.e. iff

P(g, ®):= lin(l) % [T (e*® g) — e*<® T ()] = O. 4.3)

Let 7 be the subalgebra of those elements of R which contain only first
derivatives of ® in their transformation law [GW 2]. From Lemma 4.1 it
follows that T'(g) €  iff P (g, ®) has the form

P(g, ) = X*(T)V, &. (4.4)

For the linear operator X*, defined on 7 by (4.4), holds Leibniz’s rule
[GW2].

Annales de IInstitut Henri Poincaré - Physique théorique
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COROLLARY 4.1. — T (g) € R is conformally invariant iff T (g) € T and
Xk (T) = 0.
Examples. — X* (ga3) = 0, X* (Caped) = 0, X* (Vo C¥ape) = C¥ape. If
T (g) € 7 then in general we have V, T ¢ 7. Let be

1 1
Loy := —Rap + G Rgap, *Capa = 3 Cabkl c* .
DEFINITION 4.2. — For T € T the tensor
c 1 ‘
VT =V, T~ 3 X*(T) Ly 4.5)

is called the conformal covariant derivative of T [GW2].
In [GW 2; GeW 1] it was proved:

Cc
PROPOSITION 4.1. — (i) The conformal covariant derivative V, is linear,
obeys Leibniz’s rule and commutes with contractions.
C
Ve :7 -1

(iii) T is generated by the tensors

C

C
gab, Gaby €abeds V(il ...V Cir+1|ab|ir+2), r=0,1,2,... (4.6)

r

@v) If T € T has the weight w, then

Xk (6QT)__ %a (Xk (T)) =2w6§T+AL€T’ (4.7)
where
AN(T;. ™) = AT ™+ AT+
—ABT, - ART, M- (48)
and

AR? = 6565 + 6585 — gas g™
ExampleS. - (1) vk Cabcd = Vk Cabcd’ Vk* Ca,bcd = Vk* Cabcd

1 c c
Gi) B, i, := VaVpC% . 0+ = C% . * Ry =V, V4, C%,;.° (Bach
1,22 172 2 1172 t1ta

tensor) X*(B;,;,) = 0. Therefore, the Bach tensor is a conformally
invariant tensor of weight —1.

Vol. 60, n°® 4-1994.



440 V. WONSCH

Whenever in the following latin indices with subindices arise (e.g.
i1 . ..1,) we assume that symetrization has been carried out over the indices.
If T is any tensor with covariant rank r (r 2 2), then we denote by T'S (T")
the trace-free part of T'. For a symmetric tensor T;, . ;, with r 2 2 we write

T;,..;, = O (mod g) if TS(T;,..)=0.

Lemma 4.2. — If T;, ., is a symmetric, conformally invariant tensor
with covariant rank (k — ) and weight w then

C

X7 (V 2y 0 \Y% iy I‘i1+1~~ik)

=1Qw+1-2k+1)8 Vi... VT, s (modg)  (49)

Proof. — By (4.7) one gets (see [G4], p. 510)
XV (Vi Vi Toproid)
=1Q2w—-1+1)68] €7 i % it Tigyy i
FIV i v iy A (Tiyy,..,.) (mod g).

On account of (4.8) it follows A", =26 6], (mod g) and, therefore,

11 i2
A;y; (Ti1+1---ik) = -2 (k - l) 52; T;l+1-~-ik

and the assertion (4.9).

A conformally invariant tensor 7 is called trivial if 7' is generated by

b
{ga y Gab, €abed) Cabcd}-

Lemma 4.1, Corollary 4. 1, Definition 4.2 and Proposition 4.1 are very
useful for the construction of nontrivial conformally invariant tensors.

Let S, Sory1 (r =0, 1,2, ...) be the set of all symmetric, trace-free,
conformally invariant tensors contained in Ry and R, respectively, with
weight —1 and covariant rank 27 and 27 + 1, respectively. Using the above
results, in [GW3; GeW1, 2] linear independent generating systems of S,
for 0 < r £ 6 were derived. ?

Annales de I’Institut Henri Poincaré - Physique théorique
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PROPOSITION 4.2. — If S, = {S;,.i.} € S, then one has

S,=0 for r=0,1, 3, Se=aB

3 4
Si=3 Bu W™, 55 =@ 5P 13 4P 5P
m=1 k=1
2 6
Se=Y 60 8P +3 6530,
k=1 =1

where B is the Bach tensor,

W =TS [V CY . Va Chigise + 16 Vi C% Vi C% L0
+ 4 Cazlng {ZV V C 13%4b Cai3i4. LbC}]?
W, =TS22V, C ¢ Vi C¥yi, +2 VuCY ., Vi Ok Lo
azlng {2V a,bi4 - C-abigLCM }]’

W(3) =TS [Cade Cailigd Cbi3 i4C] s

1. %4

S@ L =TS[VHC, b Ve Caiyiso +4°C% , "V, VoV, C

11 ...15 1192 1112

-6V C% . ' VaV, CY

i3 13 - ‘34i5b
+ 26 V* Cuzl,utf V Vk C’-ci4i50,
~5*C% ." Vi, C i Lac — 4°C%;

—-4*ce . v, Cct

1172+ -abiz 14 5

141517

b c
1112+ V C -4314b L1.5c
+21*C% ;. " VuC¥ i o List)s

(3, 1) xrmva b c u cd
S =TS [12°CY, 7 Caigint Vu Clyiy + Cp 705,

$&2 .= T5[8*C%

71...15 i382-

§33) .= TS120%

T1...15

b Caz;;uc,v Cu +Ca?d:il Cbcd12 v O

1112 bcis

b Cuizi,°Vu C*

and «, ﬂm7 7(2)7 '7(3) 5(2) 61(3) € R.

(3, 4) a
S =TS 8 C%. .. beis

Vol. 60, n° 4-1994.

Cbcd12 v Ca

441

‘L41.5 ]

* cd
Calau V. C% -beis Ca~ i1 Clnzcd Vls c? i415- ]

’L4’L5 ]

- O Cbzzcd vzg Ca“% ]



442 V. WUNSCH

For the definition of the tensors Séz’ k), ((;3,1)’ which contain many
monomials see [GeW 2, pp. 127-136]. ¥

Remark 4.1. — In the case of R, = 0 the tensors B, W® and Sg>?
vanish. Consequently, if (M, g) is conformally related to an Einstein
space-time with R, = 0 then [W8§]

B=0,W® =0, S¢?? =o.

Remark 4 .2. — McLenaghan and Leroy investigate in [McL, L] the class
of generalized plane wave metrics

ds® = 2da*[dz® 4+ {a (2 + 2) 22 + D> + DZ* + ezz + F2 + Fz}dx!

—2[dz + a2 dz'] [dZ + aZz? dz'], (4.10)

where z = 23 + iz* and a = @, D, e, F are arbitrary functions of z! only.
For the special case a = 0 we obtain the important subclass of plane wave
metrics [S2, G3, 4; DC; W4]. In [AW; Ge W2] it was shown:

LemMMA 4.3. — For a metric (4.10) it holds

B =0; w™) =0, 55(2) =0, S5 (3,k) = 0; SG(BJ) -0
(m=1,2,3%k=1,...,41=1,...,6)

SV =11 542 = 363 Z,
where

Ziy..is =TS [C%;.% Coiyirs R, °Rige).

12
LEMMA 4.4. — A generalized plane wave metric is a plane wave metric
iff Z = 0.
Consequently, in virtue of Remark 4.1 a generalized plane wave metric
g is conformally related to an Einstein metric iff g is a plane wave metric.

It is well known that the equations E; — E3 are conformally invariant
[PR; WA4]. In particular, for Weyl’s neutrino operator under the conformal

transformation [PR; W4]
~ 2% ~ AX _ & AX =
Gab = €7 Gaby Oq =€ 04 y EAB = €AB

we get

M ()5 — e—(5/2)<I>M ©,

Annales de IInstitut Henri Poincaré - Physique théorique
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where ¢ := e~(3/2) . In Section 5 we need a conformal covariant derivative
of a conformal invariant spinor Sy with the weight w, i.e. a spinor with
the transformation law

§X262w¢SX, w € R.
Similarly to (4.5) one can define inductively for » > 0 :

6ilSX=V,~lSX, %il"'%irsx

. . L . @.11)
=V, (V... Vi Sy) = 5X’“(v,é...v,-,‘sgf)L,mAl.

Here X*(V ;... V 5, Sy) is again given by (see (4.3), (4.4))

C

Vil 6“ SX =62w¢[6i1~~%1} SX
+ X (Vi Vi S) Vi + ..,

where we omit terms which are nonlinear in the derivatives of ¢. The
C C
transformation law of V ;, ... V ; Sy contains only first derivatives of ¢.

LEMMA 4.5. — A conformally invariant spinor Sy, with weight w satisfies
X7 (Vi Vi, Sx) = k(2w —k+1)6] Vi, Vi Sg

—kop, Y7 O XY g% Vi, -+ Vi, S5 (modg).

Proof. — Induction with respect to k: by X7 (S ) = 0 the formula (4.11)
is correct if k = 0. If (4.11) is fulfilled for any k, then on account of
(see [W 4]) . .

VaSx=0.S% — T Sy, T2, =T0 4 + 9 01" 044y Ve db

we have analogues to (4.7)

C C

X’Y (%'Ll tee Vik+1 SX) E%’il X'Y (6’i2 e Vik«f»l SX)
+2(w—k)6 ViV

— o, Omyax 9™ Vi Vi, Sz (modg).

In order to calculate Yc7i1 X" (V- V Sy) we use the induction

Tkl

C [+ .
hypothesis and obtain under consideration of V, gsq = 0, Vo 0it* = O
the assertion.

Vol. 60, n° 4-1994.



444 V. WUNSCH
5. MOMENTS OF THE FIELD EQUATIONS

1. The moments of the scalar wave equation

From (2.4) and the transport equations for the Hadamard coefficients it
follows, that the coincidence values ng) e VS) T©) (z, z) are elements
of Ry [G4]. Here V(1) denotes the covariant derivative of T(9) with respect
to the first variables. Because of (3.6) and Proposition 4.1 the conformal

covariant derivatives %S) e %S) TO (z,x),r=0,1,2...are contained
in 7. In [G4] it was defined and proved:

DEFINITION 5.1. — The covariant r-tensors given recursively by

I (2)= [ TO. GO 7O (4, )

- Z dl1 r %1 : Vzt Izll.H g (x):I

di = (;)2/ (27‘—ll+ 1)

are called moments of the scalar wave equation E, of order r.

PROPOSITION 5.1. — It holds I}, ; € S,, v 2 0and I}
odd. ¥

with

=0 ifr

2. The moments of Maxwell’s equations E5

The tail term K (z, y) of Maxwell’s equations 5 (see (3.2)) is a double
differential form of degree 2:

K (z,y) = Kij, op (z, y) dz* A dz? dy™ A dyP.
One defines for every x € M and r 2 2 the covariant r tensors [G4; W2]

M., (2):= g?P (z) VPV K, g (x, 2)

-2

and for r even recursively

Il ;=TS8 [Mil...ir—Zdzr .V, I, . ]

@, = ("';2) (:)/(21'-—11—}—1)

On the other hand let be

with
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MOMENTS AND HUYGENS’ PRINCIPLE 445

*K (z, y) = *Kij,ap (z, y) dz’ A dz? dy® A dy®

1

T2

Then *K (z, y) is the left dual of K (z, y) which is analogues to K (z, y)

(see (3.7)) conformally invariant with weight zero. Now one defines for
z € M and r Z 2 [G4; W2]

€ijik K,l,’flﬂ (z, v) dz® Adz? Ady® A dyP.

* 1 (1 <1 *
Miy.i:= g P () VOV Ko i 6 (x, 2)

Tp—2

and for r odd recursively .
r—2
C C
Iﬁzr =T8S [ M, .. — Z dl2,7‘ Vi, -V, IiI:ﬁLlu-ir (5.1)
=1
DEFINITION 5.2. — The covariant r-tensors given by
I . if r2>2, even
Pea=S = (52)
e I . if »23,o0dd

are called moments of Maxwell’s equations of order r.

In [G4] the following was shown, using in particular (3.2):
PROPOSITION 5.2 . — The moments (5.2) are elements of S, (r 2 2).

3. The moments of Weyl’s neutrino equation

_The tail term N (z, y) of the equation E3 (see (3.3)) is a spinor of
S(z) ® Sy [W4]. We denote by Ny, (z,y) its coordinates. Here the
underlined indices refer to y. In [W4, p. 69] it was proved:

Lemma 5.1. - Itis N (z,y) = —N (y, x) for x, y € M.

Now we define for every x € M and r 2 1 the covariant (complex)
r-tensors [W4]

Ny, (&)= 0,2 () VP VD Ny (2, 2) (5.3)
and for r 2 1 recursively

r—1
I =Nyi,= > d, Vi, Vi I (5.4)
=1

ipeein Gg1ein

. <r;1) (" / (2r—ll+1) 55

with

Vol. 60, n° 4-1994.



446 V. WUNSCH

PROPOSITION 5.3. — The tensor i I7 . is real for r 2 1.

c 4

Proof. — Let us write in this proof instead of I Ny Vi, -V,

l r

ng) e Vg) , 61(12) e 61(3) shortly I,., N,, V., V%, V2, respectively.

Then it may be shown that for r > 1
L+ (-7, =o. (5.6)

Using the differentiation rule V=V )4+ %(2) along the diagonal of
M x M and Lemma 5.1 we obtain

vl1 NXA ($7 x) = _vl2 NXA (:I:, .’L‘) = (Vl - vl2) NXA (:L‘, .’E)

- nz; (=)' (i) Vo Vi Ny (2, 7)

1
—n l =
= Z (_1)l * (n> Vn Vll—n Ny (z, 2),

n=0

hence

!
—n l -
Ny = Z (-7 (n) Vo Ni—py1. (5.7
n=0

We prove (5.6) by induction with respect to r. By (5.7) we have for r = 1:

IL =N, =-N, = 1.

Now let (5.6) be fulfilled for 1 < r < (k — 1). Then from (5.4) and
(5.7) it follows for r = k
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I+ (=) I = Ny + (-1 N,

- Z d?,k Vil + (—1)’“+1 Vi Ii_i]

k-1 -1 k—n—1
1t n< )Vn [Ik_n+ 3 dik_nV,Ik_n_,]
n=1 =1
k—1
+ dn k( 1) (1"( 1)n)vnIk—n :
n=1
=, - (k-1 '
=3 0 Vadien [S 0 (P ) - o
n=2 =0
k—1
=3 (-D* & Vi Len [F (—n,n =2k =1, =k, 1) = (-1)"] = O
n=2

where F is the hypergeometric polynomial at the point 1.

DEFINITION 5.3 . — The covariant real r-tensors given by

{TS[lz] if r2=2, even

I3
TS[il, if r21,0dd

[SRIR ]
111

are called moments of Weyl’s neutrino equation of order .

LemMa 5.2. - If I . ”(:1:)=0f0revery:v€Mand1§l§r—1then
s i if r22,even
SR Y if 7>1, odd,

i1l

where
L. (z):= ailAX (z) Bi(zl) e (91-(:) Ny (z, 2).

Proof. — Induction with respect to r. Obviously, the assertion is true for
r = 1. Now we assume, that the assertion is valid for r — 1. Then we have

Iil“'il ((L‘) = 0i1AX ($) 81(21) o '81‘(11) NXA (‘777 .’Z‘) =0
(5.8)
05ISr—-1,

from which it follows
0, X VD VO N, (2,2) =0, 0S1Sr—1.  (59)
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Lemma 4.5 and (4.11) imply that
<1 S(1 1 1
Ve Vi Ny = VPV, Ny
can be represented as linear form in the symmetric covariant derivatives of
N up to the order 7 —2. Consequently, on account of (5.8) and (5.9) we get
S(1 S(1 1 1
Vi) Vi Ny (0, 2) = 0 -0, Ny, (a, 2)

Tp—1

(see also [G4], Lemma 4.10), hence
Ly, = 032X 00 .0 Ny, (mod g). (5.10)

In [W4, p. 154] it was proved, that (5.10) is symmetric and trace-free.
Hence, the assertion is valid also for 7.

PROPOSITION 5.4 . — The moments I?l ...i, are elements of S,, 7 2 1.

Proof. — The spinor equivalents of the moments are polynomial with
respect to the covariant derivatives of the curvature spinors with real
coefficients [W4].

Therefore

I3

iy ooz

€ Ry, 3

evizey ERy T=0,1,2,.., (5.11)
where the moments contain the Levi-Civita tensor linearly if  odd (see
[W4]). Now we have to show, that the moments are conformally invariant

of weight (—1). Obviously, it is sufficient to prove this for the tensors (5.4).

Induction with respect to r. From (5.3), (5.4), (3.8) and 5,2% = e® 0,4%

it follows for r = 1:

I (@) = N, (2, 2) = e PO Ny, (2, 0) = e O I (2),

Lemma 4.2 implies for { 2 1

X’y (Vll T V'Ll Ii):+1~~-if-)
= —1@r—1+1)8 Vi, Vi I}, (modg). (5.12)

Further, we get from (5.3), Lemma 4.5, (3.8) and

AX YZ - AZ
Oiy” " Ol Opyx = 5‘71‘1 ki, (mod g)

(see [Sch]) the formula
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X (Nil“'ir) Ui1AX X7 (6521) %S) NXA

. 1 c c
=g, 4% [(r ~-1) (E - 7‘) 51 V.. VD Ny,
+(1-r) U[izyz Ok Xy g'* Vg) T Vg) NZ'A]

=r(1-7)6] Ni,..;, (modg).

(5.13)
Finally, from (5.4), (5.5), (5.12), (5.13) it follows
r—1 c
XI5 ) =X"(Niyi,) = ) dp e X7 (Vi - Ve L)
=1
r—1 c
= —r(r—1)8) Nigi, + Y di 127 =14+ 1)6] Vi, -+ Vi I
=1
zr(l—rw[; Zd,r_ V,,I,*m . }

+Zd l(27"‘l+1)d7 Vu"' i 1I:; el

r—2

=67 Y r(A—r)d o+ U+ @r =Dy ] Vi Vi I
1=1

=0 (modg)

Consequently I3 is conformally invariant. The proof of the weight

1oin
is easily done.
We summarize the results of this Section:

THEOREM 5.1. — Every field equation E,, o € {1, 2, 3} implies an
infinite sequence {I7..; } of symmetric, trace-free, conformally invariant
r-tensors of weight (—1).

4. The first moments
The propositions 5.1, 5.2, 5.4 and 4.2 imply

PROPOSITION 5.5 . — There are real coefficients o(®), ﬂ(") N2 @)

629, 659 such that for the moments I, _; it holds
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I'=0,1} =1} =0, I, ,, =) By, ,, I ,,:, = O,

i1 %2 i1 12 13

o k I° _ o) o2 o 3,1
Ig ., Zﬂ( "W I, =y ® 8P Z5+Zv(3 s,

g Z 52 8&m) 4 Z 853 8EP  (5=1,2,3). (5.14)

i1+

6. HUYGENS’ PRINCIPLE AND MOMENT EQUATIONS

The following theorem shows the importance of the moments for the
validity of Huygens’ principle:

THEOREM 6.1. — Let (M, g) be an analytic space-time. The field equation
E,, o € {1, 2, 3} satisfies Huygens’ principle if and only if all the
corresponding moments I7 ., or order T vanish on M.

Proof. — For the cases o = 1, 2 see [G4, W2]. If for E3 Huygens’
principle is valid, then because of (3.3) we have for all z € M and r 2 0

..o Ny, (z, 2) = O, 6.1)
hence, by Lemma 5.2
I3 .. =0, r>19 6.2)

10ty

Conversely, from (6.2) and Lemma 5.2 it follows (6.1). Since Ny , (z, y)

is analytic the spinor. Ny , (z, y) can be determined with the help of the
Taylor expansion of Ny , (z, y) at the point y = 2, which by (6.1) has only
zero coefficients. Hence, N (z, y) = 0 and E;5 satisfies Huygen’s principle.

DEeFINITION 6.1. — The equations

I, =0, oce{l,2 3} (ME)?

LERERL

are called moment equations for E, of order r.

During the last forty years in the investigations of Huygens’ principle for
E,, o € {1, 2, 3}, the first moments were determined, using the transport
equations for Hadamard’s coefficients, suitable test metrics and often normal
coordinates [A; G1, 2, 4, GW1; McL1, 2; S3; W1, 2, 4]. By complicate
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calculations one obtained in this way more detailed information about the
coefficients of Proposition 5.5.

LEMMA 6.1.— It holds oV = —1/60[G1], o® = 1/20[G2],
a® = —1/80 [W4],

AV = —1/28.5.7, pP=1/2-3.5.7, AP =0 [Wi],

pP =12 3.7, B =-2/3-5-7, BP=0 W2,
®=-1/22.3.5.7, B =13/2°-3-5.7, fY=0 [W4),

,),(2,0) 7& 0 fO’l" o = 2, 3[AW, A]

and [RW; GeW2]

IL., =1/2%.32.5.7 s<2 b, 7T g2 +3 D 1) | 952

i1--+i6 i1++16 66 i1-++16 i1°:+16 i1+l

11776 t1°°%6

__S(s3> 556 4)]

COROLLARY 6. 1. — If the equation E,, o € {1, 2, 3} satisfies Huygens’
principle, then, in particular, the following moment equations " must hold

B, =0 (ME);
wil, —k, WP, =0 (ME);
15, =0 (ME)]
I} ;=0 (ME)g

where
kl - 4/3, k2 = 16/5, k3 - 13/8

PROPOSITION 6.1. — (i) If g is a plane wave metric, then for all r and o
it holds I .; = 0.

(i) If g is an Einstein metric, a central symmetric metric a (2,2)-
decomposable metric or a conformally recurrent metric and o € {1, 2, 3},
then from {(ME); |k = 2, 4} it follows, that g is a conformally flat or
a plane wave metric.

(iii) Let g be conformally equivalent to a metric with Vo Cabea = 0 and
o € {1, 2, 3}. Then the equations {(ME); |k = 2, 4} imply, that g is
of Petrov type N

Vol. 60, n® 4-1994.



452 V. WUNSCH

(iv) Let g be of Petrov type N and o € {2, 3}. The moment equations
{(ME)} | k = 2, 4, 5} are satisfied if and only if g is conformally equivalent
to a generalized plane wave metric.

(v) Let g be of Petrov type N, o € {1, 2, 3} and

11627 4+ 6827 £ 0. (6.3)

Then the equations {(ME); |k = 2, 4, 5, 6} are fulfilled if and only if g
is conformally equivalent to a plane wave metric. ®

(vi) Let g be of Petrov type D and o € {1, 2, 3}. There are no metrics,
for which the equations {(ME); |k = 2, 4} are valid.

Proof. — If g is a plane wave metric then every equation E, satisfies
Huygens’ principle [G3; S1; W4]. Hence, Theorem 6.1 implies the assertion
(i). The assertion (ii) was proved in [W4]. For the case R,, = 0 see [McL 1].
For the proof of (iii) see [W6]. If g is of Petrov type N and (M E); hold for
k = 2 and 4, then g is conformally equivalent to special cases of complex
recurrent metrics [CM]. If in addition (ME);, o € {2, 3}, is satisfied,
then g is conformally equivalent to a generalized plane wave metric (see
[AW], p. 81). Conversely, if g is conformally equivalent to a generalized
plane wave metric, then by Lemma 4.3 the equations (M E); are satisfied
for £ = 2, 4, 5. In order to prove (v) we remark, that g is conformally
equivalent to a plane wave metric, iff g is of Petrov type N and the
equations (ME), for k = 2, 4, 6 are satisfied [CM]. For o € {2, 3} by
(iv) from {(ME)] | k = 2, 4, 5} it follows, that g is conformally equivalent
to a generalized plane wave metric. Now (5.14) and Lemma 4.3 imply

I7. 5, =33(116%7 +637) Ziy.iy = O,
from which by Lemma 4.4 and (6.3) it follows, that g is conformal
equivalent to a plane wave metric. The conversion is clear because of (i).
Finally, in [W7, CM] it was proved the assertion (vi). ¥

COROLLARY 6.2. — Let g be of Petrov type N and the condition (6.3) ®
fulfilled. Every field equation E, satisfies Huygens’ principle if and only if
g is conformally equivalent to a plane wave metric.
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NOTES

") The Levi-Civita tensor eqpcq is strictly speaking a pseudo-tensor.

2 In [GW3] generating systems were derived also for higher dimensions.

D1t is easy to prove, that there are no trivial tensors in S5 and Sg.

) In [G4] moments for a general hyperbolic equation for higher dimensions were defined, too.

9 If r odd then because of (4.12) the moments contain the Levi-Civita pseudo-tensor lienar
and the moments are strictly speaking pseudo-tensors.

© For this assertion it is sufficient for g to require to be of class C'°°.

7 A conjecture is, that the moment equations (ME)? (r =2, 4, 5, 6) are also sufficient for
the validity of Huygens’ principle for E,, o = 1, 2, 3, and that these equations are
fulfilled if and only if g is conformally flat or a plane wave metric [W4, 6; CM].

® For ¢ = 1 by Lemma 6.1 the condition (6.3) is satisfied. For 0 = 2, 3 we show this in
a subsequent paper.

9 In order to prove (ii)~(vi) we mainly use the two-component spinor formalism of Penrose
and the spin coefficient formalism of Newman and Penrose [PR]
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