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The large-scale limit of Dyson’s hierarchical
vector-valued model at low temperatures.
The non-Gaussian case

PART II: DESCRIPTION
OF THE LARGE-SCALE LIMIT

by

P. M. BLEHER (') and P. MAJOR (%

1. INTRODUCTION

In this paper we investigate the large-scale limit of the equilibrium state
of Dyson’s hierarchical vector valued p dimensional, p > 2, model with
parameter ¢, 1 < ¢ < \/5, at low temperatures. More precisely, in Theo-
rem 1 we construct a probability measure i=7(T) on (R?)* withZ={1,2,...}
which is an equilibrium state of the model. In Theorem 2 we determine

the large-scale limit of a a distributed random field together with the
right scaling, i.e. we prove that if

o= {a(j) = ("), ...,0'P(j))eR?, jeZ)}
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88 P. M. BLEHER AND P. MAJOR

is a 1 distributed random field then the finite dimensional distributions
of the random fields

1.1 R,0 ={ (R0, ...,R,0P(j) eR?, jeZ},
j2n
1.2) R,V =cm" Z [6(k) — EcV(k)], jeZ,
k=(j—1)2n+1
j2n
(1.3) R,69(;j) = c"227" z o\k), jeZ, s=2,...,p
k=(j—1)2n+1
tend to those of a limit random field, and describe the finite dimensional
distributions of this limit field.

The distributions of the fields R,o defined in (1.1)-(1.3) are called the

renormalizations of the distribution i of the underlying field o. More

. . . . log ¢ .
precisely, they are its renormalization with parameters o = 1 — Tog 2 i
1lo
the first coordinate and o = 1 — 7 log 5 in the coordinates s =2, ..., p,

g

because we multiplied by 27" in (1.2), by 27™ in (1.3), and the number
of summands is 2" in these formulas. If the finite dimensional distributions
of the fields R,o converge to those of a limit field then this limit field, more
precisely its distribution, is called the large-scale limit of the measure f.

Given some he R, h > 0, and positive integer N let the Gibbs measure
il = pli(T, t) be defined on (R?)*" with density function

p'lil(xl’ . .,sz) =P'I:1(x1, ces XoN, Ey T)a
xj=(x{, .., xP)eR?P, j=1,...,2N,
(1 4) pN(xh s >x2N)

2N 2N
=ZJ\(T,t, h) exp{ __< z Z U@, j)xix;— Zx§1)>}ﬂp(xj,t),

i=1 j=i+
where

2N—-1 2N 2N 2N
e fon{-3(= 3, 3 v+ )} [ s

is the grand partition function, and p(x, t) is defined in (1.3) of Part L
Let p%(x) denote the density function of the average 2~ N22 L 0(j) of the uk
distributed random vector (o(l), ...,o(2"). Put ux = pk,
Pxs, -y Xon) = p(xs, .. xx)  and  p(x) = pr()
in the case h = 0.
In Part [ we have described the asymptotic behaviour of the above defined
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LARGE-SCALE LIMIT OF DYSON’S HIERARCHICAL VECTOR-VALUED MODEL. — PART I 89

density function py(x). The result of Theorem A formulated below are
contained in Theorems 1, 2 and Lemma 13 of Part I. Let us consider the

integral equation
p—1 2 v2
exp (—v?)g Trutl g T ur T dudv,
RP c 2 c 2

2
T
x, ueR!, veRP 1,

1.5) g(x)=<

C

where v? denotes scalar product. In Part I we have proved that equation (1.5)
has a unique non-trivial (i. e. not identically zero) solution in the class of

functions of = {g, Je”‘l gx) ldx < oo if t < to(g), to(g) > 0}. In this

work we consider this function as the solution of equation (1.5). It is a
density function which is positive for all x. Since the function p,(x, t)
depends on x only through | x| we can define a function p,(z) = p,(z, t, T),
zeR!, such that p,(x) = p,(| x|) for all xeR?. Now we formulate the
following.

THEOREM A. — If 1 <c¢< \/5 then there exist some thresholds
To = To(c) > O such that forall0 < T < Ty, 0 < t < to, to = to(c), (¢ is the
parameter of p(x, t)in formula (1.3) of Part1)the following relations hold:

There are some M = M(c, T, t) > 0 and ny = ny(c, T, t) > O such that
Jor n > ng

(1.6) ¢ "pulx, T) = c™"pul| x|, T)
= B exp { —

aoc”

T M(lx| —M)}g<%nM(IXI - M))(l + a(x))

Jor —nnc™"<|x| =M < nn*’*c™" with some B=B(c, T, t)> 0, n=n(c,T,1t)>0,
and the error term r,(x) satisfies the inequality

(1.7) |ra(x)| < Kg"

withsome K > 0and0 < q < 1depending onc, T andt. In formula (1.6) g(x)
log 2

2
is the solution of the equation (1.5), ap = ——, a;=ao+1 and o= .
2—c¢ log ¢

(1.8) ¢™"pulx, T)<Kg"exp { — L(c"| x—M|)**°} if x>M+yn'l2c"

with some 6 > 0, K > 0 and L > 0 which depend on c, T and t. The solution
of the equation (1.6) satisfies the inequality

(1.9) 0<glx)<Cexp(—Ax*) for x>0

with some C > 0, A > 0. We have
(1.10) ¢™"p(x, T) < Cyexp { — Cy"|x — M|} for O0<x<M

Vol. 49, n® 1-1988.



90 P. M. BLEHER AND P. MAJOR

with some C; > 0, C, > 0 depending on ¢, T and t. We also have

-T
M2 = “"tT + R, T)

with some | R(t, T) | < const., and such that R(t, T) - 0and T — 0.

Given some integers N > k > 0 we define the probability measure pf
as the projection of the measure pf to the first 2* coordinates, i.e. uf  is
a probability measure on (R?)?*, and for all measurable

Ac Rl (A) = Wi(A) = pl(A x (RPN,

Our first result is the following

THEOREM 1. — Let the conditions of Theorem A be satisfied. Consider
an arbitrary sequence of real numbers hy, N =0, 1,2, ... such that

(1.11) 2 M\ by _ e\
: 2-c¢cT\2 T - \2

2 M
with some 0 > D > T where M and T are the same as in Theorem A.
—c

Then the measures pty tend to a probability measure n=J(t, T, c) on (RP)Z.
More precisely, for all k > 0 the measures puf converge to the projection
of Hto the first 2% coordinates in variational metricasN — oo. The measure j
does not depend on the choice of sequences hy.

Then we prove the following

THEOREM 2. — Let 6 = {a(n) = (6V(n), ...,0'"(n))eRP, neZ} be a i
distributed random field with the distribution i defined in Theorem 1. Then
the finite dimensional distributions of the random fields R, defined in (1.1),
(1.2),(1.3) tendtothose of arandomfieldY =(Y(n)=(Y"(n),..., YP(n))eR?,
neZ). For all k > 0 the density function hy(xy, .., xax), x; =(x{, .., x{?) e R?,
of the random vector (Y(1), ..., Y(2%)) is given by the formula

(112) hk(xl, ...,x2k)=
2k 2k

> 2
=C(k) exp{ ; Z <ﬁ Z X2 27(2) <Z x?’) n
=1 1

j=

Z Z et | H (aar(er+3 ) 7))
' 2

i=1 j=i+ s=

where the function g is defined in (1.5), the constant M is the same as in
Theorem A, and C(k) is an appropriate norming constant.

In Appendix E we prove the following

Annales de I Institut Henri Poincaré - Physique théorique



LARGE-SCALE LIMIT OF DYSON’S HIERARCHICAL VECTOR-VALUED MODEL. — PART II 91

THEOREM B. — The measure 1 = (T, t, ¢) constructed in Theorem 1
is a Gibbs state with Hamiltonian 3 and free measure v defined in for-
mulas (1.1)-(1.3) of Part 1 at temperature T.

Theorem B is very plausible. Its proof depends on a rather standard
limiting procedure in statistical physics literature. Nevertheless, we have
found no result which could have been directly applied in our case. We
present the proof of Theorem B in Appendix E.

Let us discuss the role of condition (1.11) in Theorem 1. The lower bound

2 2\N
(1.11") hy > —M(—)
2—c c

is essential in Theorem 1, it is needed to get a pure state with magnetization
in the direction e; = (1,0, .. ., 0) for the limit measure p. If it were violated
we would get a Gibbs state with Hamiltonian # again for the limit, but
this Gibbs state would be a mixture of Gibbs states with different directions
of magnetization, and it is not natural to renormalize such a mixture.
On the other hand the upper bound for hyin (1.11) seems not to be essential.
We believe that the same limit measure u4 would be obtained for any
sequence hy, hy > 0 satisfying (1.11’) or with the help of the double
limiting procedure u* = limy.,, &, h > 0, § = lim,_, u". This second
way was chosen to construct the equilibrium state in the case \/5 <c<?2
in paper [5]. However, to prove these statements we would need a large
deviation result on the behaviour of p,(x) which is stronger than Theo-
rem A. Since we are not able to prove such a result we have proved Theo-
rem 1 under the condition (1.11), but we think that this is not an essential
restriction.

In formula (1.12) we have a quadratic form inside the exponent. This
means that the random variables Y?(j), | = 2, . .., p appearing in Theo-
rem 2 are jointly Gaussian. We describe the structure of this limit field
in more detail. The random fields {R,0“Yj), jeZ}, s=2,...,p, and

1
{ MR,s'1(j) + 3 2P, R, 6% jel } tend to independent random fields

as n — o0. The limit of the random fields { R,(c*)(j)), j€Z } is the (dis-
regarding a multiplying factor) unique Gaussian self-similar field with

11lo
self-similarity parameter 1 — ~ 8¢
2 log2

all permutations of the index set Z which preserves the hierarchical dis-

1
tance d(i, j). The random fields {MR,,U“’(]‘) + 5 >?_,R,0Y)j), jeZ } tend

, whose distribution is invariant under

to a random field consisting of independent random variables with the

Vol. 49, n°® 1-1988.



92 P. M. BLEHER AND P. MAJOR

. 2— 4—c . . .
density function a- S)T g<(2—c)T x). This is a quadratic functional of

a Gaussian field (see Lemma 12 in Part I).

The above result can also be interpreted in the following way: Given a i
distributed random field o(n), neZ, define the absolute value of the appropria-
tely normalized partial sums | R, | o(j)=c"27"(| R, Z,{z:( j=1y2n+10k) | —M),
j€Z. Then the random fields R,6®(j), j = 2, ..., p, and the random fields
|R,|6(j) tend in distribution to independent random fields. The limit
of R,6¥(j) j = 2, ..., p is Gaussian, and the limit of | R, | 6(j) consists of
independent random variables. This follows immediately from the above
description of the limit behaviour of the fields R,o together with the obser-

vation that |R,|a(j) — <R,,a‘”(j) +'L P, R,,o‘s’(j)2> = 0 stochasti-
cally as n — oo. M

We believe that the above property is a special case of a more general
law. Let us remark that an analogous statement also holds in the case
ﬁ < ¢ < 2, but this is a degenerate case. It follows from the results of [5]
that if {o(j),jeZ} is a i = f(c), /2 < ¢ < 2 distributed random field
with the equilibrium state g constructed in [5] then the random fields

j2n

| Ral(0)0) = 2‘"”( G(k)' - M), J€eZ,

k=(j—1)2"+1

have the same limit as the random fields
j2n
R,o() = 2772 E (00 — M)
k=(j—1)2"+1

asn — oo, since in this case | R, | a(j) — R,6'"(j) = 0. This limit consists
of independent (Gaussian) random variables which is also independent
of the limit of the random fields R,6'", s = 2, ..., p.

The method of this paper is very similar to that of [5]. The two main
steps in the proofs consist of the description of the limit behaviour of the

function p,(x) done in Part I, and a good asymptotic formula for the Radon-

hn
n,N

HUn
the proof of Theorems 1 and 2. The investigation of the Radon-Nikodym
derivatives can be considered as an adaptation of the method of [5] to
the present case. The main difference between the two cases is that now p,(x)

Nikodym derivatives . Then an appropriate limiting procedure supplies

is not asymptotically Gaussian. But although the Radon-Ni‘kodym deri-

hN

diun,N

vative depends on p,(x), its asymptotic behaviour does not. As we

Annales de I'Institut Henri Poincaré - Physique théorique



LARGE-SCALE LIMIT OF DYSON’S HIERARCHICAL VECTOR-VALUED MODEL. — PART II 93

shall see, in the investigation of the asymptotic behaviour of the above
Radon-Nikodym derivative we only need some estimates on the tail
behaviour of p,(x), but not its explicit form. This is the reason why we can
adapt the method of [5].

2. ON THE BASIC ESTIMATES NEEDED IN THE PROOF.
REDUCTION TO INTEGRAL EQUATIONS

We need a good asymptotic formula for the Radon-Nikodym deri-

hn
vative d'u"’N. It can be expressed exactly with the help of the following
L
formulas: .
d
2.1) BnN e Xgn) = ,,'f:<2"‘2xj>, n<N
dit
j=1
2NhpxtH
2.2) N = KN, hy) exp ( = )
(2 . 3) fnifﬁ(x) = K(n’ N, hN)Snf;nhrl,N(x)
with
c" X +
2.3) S,f(x) = J exp <— xy)f <—y>pn(y)dy
RP T 2

where K(n, N, hy) are appropriate norming factors, xy denotes scalar
product, and p, is the density function appearing in Theorem A. For scalar
valued models formulas (2.1)-(2.3’) are proved in the main formula in [4].
The proof for the vector valued case is the same, but since the proof in [4]
is a bit complicated we present it in Appendix C.

Let us define the sequences g, = g,(N, hy) and A, = A,(N, hy) by the
recursive relations

2N
2.4) gn = gn(N, hy) = =2
’ gnt1  C"
(2.4) &= gu(N, hy) = +TM for n<N
2.5 An=ANN, hy) =0

c An+1 2
A T 2
(2.5) Ay = AN, hy) =270 4
4 2" &n+1
T+*—M = Apiy

for n< N,

Vol. 49, n°® 1-1988.



94 P. M. BLEHER AND P. MAJOR

where M and T are the same as in Theorem A. In Section 7 of [6] we have
claimed that

fo¥) = fim(x) ~ K, exp { 2. — M) + A, 2 X2 }

and have given a heuristic explanation. In the following Proposition 1
we formulate this result in a more precise form. For the sake of simpler
notation we assume that R? = R2. From now on C, Cy, K, L, etc. denote
appropriate constants. The same letter may denote different constants in
different formulas. Let us define the domains

(2.6) Q! ={xeR%|x|-M|<c % |xB| <™ x>0}
(2.6) Q2= {xeR%|x|—-M|<c %"} - Ql

(2.6") Q2 ={xeR%|x|—M|=c %"},

Clearly Q! U Q2 U Q3 = R2 Now we formulate the following

" PROPOSITION 1. — Forall g, ¢c™%2 < q < 1, there is some ny = no(T, M,
¢, D, q) such that if (1.11) holds and N > n > nq then the Radon-Nikodym
derivative f,(x) = ,,'fﬁ(x) appearing in (2.1) satisfies the following relations:

a) In the domain Q.

2.7 fulx) = Ly exp { go(x — M) + Ax®? + £,(x) }

with

sup | &,x)| < ¢q".
seQ}

'b) In the domain Q?
2.8) 0< fi(x) < L,exp { gl x| — M) — (g,, - A,,)c‘o’s" + q”}.

M
- M?) } ,

where the numbers A, and g, are defined in (2.4)-(2.5'), and L,=L,(N, hx)
is an appropriate norming constant.

We also prove the following result which is a slight modification of
Lemma 1in [5]

¢) In the domain Q;

2.9) 0< filx) <L, exp{

LEMMA 1. — Let us choose some integer N and hy > 0. Define the
sequences g,and A,,0 < n < N, by formulas (2.4)-(2. 5') andputg,,—c "g.,
A, = ¢ "A,. If hy satisfies relation (1.11) thengx > gn-12 .. 280 = &

2 M - 2-—c
'and0=AN$AN_IS...$A0_<_AWlthg=2—_—cT ndA—c_T

Annales de I'Institut Henri Poincaré - Physique théorique



LARGE-SCALE LIMIT OF DYSON’S HIERARCHICAL VECTOR-VALUED MODEL. — PART II 95

If the relations N > Ny and N > nB also hold with some appropriate
No=No(c, M, T, D) and B=B(c, M, T, D) then|g,— 2| <4~ ", |A,—A | <4™"

Proposition 1 together with the characterization of the asymptotic
behaviour of the sequences g, and A, made in Lemma 1 supplies a good
asymptotic formula for the Radon-Nikodym derivative f,. Here Q} is
the typical region, where we have a good asymptotic formula, in Q2 and Q3
we have only given an upper bound. Actually we are interested in the

density function . .

() o)) )

j=1 =
of the measure p/’y. The tail behaviour of the functions p,(x) and f,(x)
together show that 27" 237, x; is contained in Q3 with a negligible small

pbN; probability. It is contamed in Q2 also with a small probability, since
in this domain f,(x) is small. To see it, let us observe that by Lemma 1

&n g - (1 2—c " (4—c)c—1)
— > n _—A [ J— —_ = — O’
M A"‘c<2M ) T<2—c c ) T 2-¢

&n -0.8n
n

hence the term — in the exponent of (2.8), makes this

upper bound (2.8) sufficiently small for our purposes.
In Section 7 of [6] we have given a heuristic argument for formula (2.7).
The following remark explains the content of the estimate (2. 8).

REMARK. — If xe Q! then

x@2\1/2 (2)2
|x|—(x<“2+x<2>2)1/2—x<1><1+ ) —x(”+; +O(x®?)

x (22 x(2)2
—x(“+ o, +O(x(2)4+x(2)2 | xV_M |) x(1)+ o +O(c_1 2n)

hence

exp{gn(|x|—M) (2M A)xW}

= €xXp { gn(x(”— M)—{—A"x(z)2 +O(c_0.2n) } )

The above calculation shows that on the boundary of the domains Q}
and Q2 the right-hand side of formulas (2.7) and (2.8) have the same
magnitude. The estimate (2. 8) expresses the fact that this is the worst region,
where the weakest upper bound can be given for f,(x)in Q2.

With the help of Proposition 1, Lemma 1 and Theorem A we are able to
carry out a limiting procedure which supplies Theorem 1. Moreover, it
yields the following Proposition 2. Let g, denote the projection of the

Vol. 49, n° 1-1988. 4



96 P. M. BLEHER AND P. MAJOR

measure g constructed in Theorem 1 to the first 2" coordinates, i. e. let i,
be the measure on (R?)?" defined by the relation [ (A) = A x (R?)®)
for all measurable sets A < (R2)?". The following result holds true:

PROPOSITION 2. — For all g, c™%% < q < 1, there is some ny = ny(c, T,
M, q) such that for all n > ny the measure i, is absolute continuous with
respect to the measure u,, and its Radon-Nikodym derivative satisfies the
relations : n

(2.10) @(xl, ey Xgn) = f_,,<2"‘ in>
du, :

and a
a) For xeQ}
(2.11) fux) = Ly exp {c"g(x® — M) + ¢"AxP? + ¢,(x) }
with
(2.11%) sup | ex(x)] < ¢".

xeQy

b) For xeQ?

(2.12) 0 < fulx) < L, exp {C"E(|X|‘M)—CO'2"<2£M—A>+Q"}-

¢) For xeQ}

2.13) 0< fi(x) <L, exp {f;d

(xz—Mz)} if 0<x<M—c 0%,

_ oc"
(2.13) 0< f,(x) < L,exp {f\d (xZ—MZ)} x> M 40,
2 M _ 2-
— A= ¢ and an appropriate norming constant L,. This
2—c T cT
norming constant satisfies the relation

withg =

C,<c "L,<C, withsome 0<C; <Cy< 0.

Theorem 2 can be deduced from Proposition 2 and Theorem A.

Let us finally remark that the function f,(x) = f,N(x) clearly satisfies
Proposition 1 for n = N, since in this case fy(x) = Ly exp { gn(x'—M) }.
Hence Proposition 1 follows from Lemma 1 and the following

PROPOSITION 1. — For all q, ¢ %? < q <1, there exist some
no=no(T, M, ¢, D, q) such that if for n>n the function f(x) satisfies the fol-
_ 2 M
lowing relations with some gc** ' < g, ;< D" ', 0< A, 11 <A™, g= T
— 2—c
A=——D>73g:
cT &

Annales de I’Institut Henri Poincaré - Physique théorique



LARGE-SCALE LIMIT OF DYSON’S HIERARCHICAL VECTOR-VALUED MODEL. — PART II 97

a) For xeQl,,
(2.15) f(x) = exp { gns 1 (xV = M) + A, 1xP? + ¢, 1(x) }
(2.15) sup | eq41(x)| < g"* 1.

xeQl, 4+

b) For xe Q?,,
(2.16) 0< f(x)<exp {gn+1('-x, -M)+ <g,.+1 —An+1>0—0'8("+“+q”+1 } ;

M
c) For xe Q3

2.17) OSf(x)sexp{”;"h*d‘(|x|2—M2)}

then the function S, f(x) defined by (2.3') satisfies, with the constants g,
and A, defined by (2.4') and (2.5’) with the above g,., and A, , the
following relations with some appropriate norming constant L, :

a) In the domain Q]
(2.18) Snf(x) = L, exp {gn(x(l) -M)+ A"x(2)2 + 8,,(X)}
with
(2.18) sup | &(x)| < ¢".

xeQy

b) In the domain Q?
(2.19) 0<S,f(x) <L,exp {g,,(lxl - M) - <g,, —A,,)c_°'8”+q"}.

M
c) In the domain

(2.20) OsSnf(x)gL"exp{zi':I(lxlz—MZ)}.

3. THE PROOF OF LEMMA 1

The proof is a modification of that given for Lemma 1 in [5]. Simple
N-n
calculation shows that g, —g = <§> (gn — g)- The statements of

Lemma 1 about the sequence g, follow from this identity. To investigate A,
let us introduce the function

, xeR!, geR!.

Clearly, A, = T(A,+ 1, 8x+1). On the other hand T(A, g) = A, and some

Vol. 49, n° 1-1988.



98 P. M. BLEHER AND P. MAJOR

calculation shows that T has the following monotonicity properties:
T(x,g) <T(x,g) if 0<x<A and g> g’ >g; and T(x', g) > T(x, g)
if 0<x<x’<A and g>g. (These properties follow e. g. from the relations

1+c 2
c T Ex

g
ST - —
P (x, 8) M73 o 3 <0,
T Mg—cx
and
2
LAY
BT( - T M >0
a_x x,g" 2 ¢ 2 ’
T Mg—cx

and the fact that T(x, g) has no smgularlty in the domain { (x, g), 0<x<A,
g>g}) We have 0 < Ay_; < A, since
Av-1=T0O,g0) >0 and Ay, =T0O,2g) <TA 3 =A
Then we get by induction that 0<A,,,; <A,<A implies that 0< A, < A,_;<A.
Indeed, A,-;=T(A,,2)<T(A,2)=A,and A,_,=T(A,,2,)> T(A,+ 1, 8n+ 1)=Ap
as we have claimed.
The conditions N > N, and N > »® with sufficiently large N, and B

imply that | g — g| < 10" forall0 < [ < \/N,and A — 57" < A* < A,
where A* is the smaller solution of the equation T(x, g*) = x withg* = g g.
Indeed, the last equation is a small perturbation of the equation T(x, g) = x,

> A. Hence the solu-

which has two solutions A; = A and A, = ot

tions of the equation T(x, g*) = x are very close to A; and A,. We claim
that the monotonicity properties of the sequences g, and A, and the func-
tion T(x, g) imply that A > A, > Tj.ﬁ_"(O), where Tk denotes the k-th
iteration of the function T(x, g*) with fixed g* in the variable x. Indeed,
A>A,,0<A x<A, and we get by induction that for all >0 A yx_,>T.L(0),
which implies the required statement with [ = \/ﬁ - n

To complete the proof of Lemma 1 it is enough to show that Tg(0)
tends exponentially fast in n to the smaller solution A* of the equation
T,dx) = x. Since T(x, g*) is a convex increasing function (in the variable x)

0T(x, g* . -
it is enough to show that % <a<1for x =A* if (A* g*) is in
x

a small neighbourhood of the point (A, g). But this follows from the conti-
0T(x, g
0x

nuity of the function , and the fact that its value in the point (A, g)
equal ¢! < 1. Lemma 1 is proved.
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4. SOME PREPARATORY REMARKS
TO THE PROOF OF PROPOSITION 1’

We shall prove the following estimates under the conditions of Propo-
sition 1”.
Put

. c" xX+y .
S:lf(x) = J‘ €xXp (;—f xy)f(—2——> Pn(.V)dy, 1= 17 29 3.
{y’—x;—yenyit‘*l} )

Then we have with some appropriate ¢ = ¢(c), ¢ > 0, and the same g
as in Proposition 1’: In the domain x € Q}

(4.1)  Slf(x) =L,exp{g(x?V — M)+ AxP? 4+ g,(x) + &(x)}

with

4.1) sup | &.(x)| < ¢"*1, sup | Z.(x)| < Kec
: xeQ}

xeQy

-0.2n
b

where K does not depend on n,

4.1 L, > c "exp (Cf M2>',

4.2) S7f(x) < L,exp { guxV — M) + Ax®? — ¢/c%2"} |

“.3)  S}f(x)<L,exp {gn(xm - M) + Ax®? — éC"’z }

In the domain x € Q2

4.4) S,f(x)<L,exp {gn(l x| —M)—<2‘i"4 —An>c_°'8"+q"+ '+ K02 }

(4.5) Sif(x)<L,exp {gn([x | _M)_<25’;"/I_A”>C— 0.8n_ 7,0.2n } i

(4.6) S3f(x)<L,exp {g,,(lxl—M)——(ng\"/[ —An>c"°'8"féc"/2 }

In the domain x € Q2

4.7) S,,f(x)sL,,exp{zi':Iﬂxlz—MZ)}.

We show that these estimates imply Proposition 1’. Indeed, for x e Q!

Saf(x) = SV f(x) + S f(x) + S f(x)
= L, exp { g.(x1 — M) + A,x?? + ¢,(x) }

Vol. 49, n° 1-1988.
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with
1
sup | en(x)| < sup | £,()| + sup | 2a(x)| +2 exp (—&'c®2")+2 exp (—Ec"”)

(Here we have exploited that ¢ < 1 + 2|t | for small t.) Hence

1
sup ()] < g""' + Ke %2 + 2exp (— &'¢®2") + 2exp< 60"/2> <q"

xeQl

if 792 < g < 1,and n > ny(q, D, ¢).
For x € Q2 we have analogously

Snf(x) = S, f(x) + S7f(x) + S5 f(x)
&n

< Ln exp {gn( | xl _ M) _ <2M _ A,,)c_o's" + qn+1 + Kc—0.2n

1
+ 2 exp (— &c®?) + 2 exp (— p c"”)}

SLneXP{g,.(IxI—M) (2M A> 0‘8"+q”},

as we have claimed in Proposition 1’. For x € Q3 (4.7) contains the needed
estimate.

The above estimates will be proved in the next Section. In this Section
we prove two lemmas which we need during the proof. Put

(4.8) St (x) = j exp (; xy)fn< )p,.(y)dy
R2—-Vg(x)

with
(4.8 Vix)={yeR%||y|=M|<ec™%*" xy>|x||y| —ec”%*"},
where xy denotes scalar product.

LEMMA 2. — There is some &, = go(c) and ny = nyo(T, M, D, ¢, &) such
that if n>no, 0 <& <¢y,0<g,41 <Dc"*"! and
4.9)  0< f(x) <exp {gz"gd‘ (IxP? - MZ)} for all x € R?
then

a) 0ssnf(x)sc"exp{%M%f—h}ux|2—M2)—3"—T(|x|—M)2},
xeR?

and
b) OSSf.f(x)SCXP{%MZﬂLgn(IXI—M)—C"’Z} if [l x]—M|<c o4

n 4
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LEMMA 3. — There is some ny = no(T, M, D, ¢) such that if for n > no

0< f() < exp{guer(IX| = M)} for [lx|— M| < c 0%+
fx)=0 for llx| = M| oo+

then

c'l
0<S,f(x) <Kexp {TMZ + gl x| —M)} Jor x| — M| <04
with

_ 8n+1

2

cn
&n + T M
and some K = K(T, M, D, ¢) > 0.
Proof of Lemma 2.

Part a). We have

0<S,f(x) < J‘exp {%xy n “’Z‘J(

Xty
2

2
— M2> } Pa(¥)dy .

. . . X .
Clearly, max,, -,xy is taken in the point y = ﬁr, and it equals | x|r.
x

Similarly maxj,-,(x + y)*> = (| x| + r)%. Hence

4.10) OSS,,f(x)sznfexp {%”|x|r + g2nl\+/11 [(' x2|+r>2—M2H

rpu(rydr .

M ©
Let us split up the integral into two parts, j and J‘ . Put
0 M

(4.11) ful®) = " pyM + 7).

It follows from (1.10) that

“4.11) Jat) < Cyexp (— Cylt]) for —c™M <t<0
and from (1.8), (1.7) and (1.9) that

4.117) o) < Csexp(—=1t?) for t>0

with some appropriate C; > 0, C, > 0 and C; > 0. (Relations (1.7) and
(1.9) are needed in the domain 0 < | x| < yn'/%c™")
M

First we estimate the integral .For 0 <r <M we have
. JO

cn 8n+1 |x|+r 2 cn 8n+1 |x|+M 2
= + -M? )<~ |x|M —M?
T oM (( 2 ) >_T|x| oM\ 2 M)
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Hence (4.11) and (4.11’) imply that

M
j Lo.dr <
(1)

¢ : +M? 0
<C;exp { T [x| M +g21;11 |:<|x[ > ) —MZ:I }J (M+c™"t)e” “2lqt
—c"™

n M 2
SC4Mexp{%|x|M+g2"1:/ll[<lx|; >—M"J}.

Simple calculation yields the identity

Cn S [ (1X] + MY
2 M — M2
7 IM oM [( 2 ) M

n

M2y B (|x|2—M2)—<C—"+g"+1>(|x|—M)Z.

T 2M 2T 8M
Then, since C4,M < ¢"? we get that

&n

M cn
4.12 coodr<c? —M? + 2 - M? -
@.12) j rec exp{T e (12 = M)
" 8n+1 2
— =+ - M)* ;.
<2T 8M)(m )}
Let us estimate j ... dr. We make the change of variables r = M +¢™"t,
M

introduce f,(t) = ¢™"puM + ¢7"t), 8= c7"gy and gpiq = ¢ " Vg,
Since

Cn gne1 [ (1x] +1)?
4.13) — - M?
@.13) Zlxlr+ S [( > ) M}

Cn 8n+1 |X|+M2
=—|x|M+ - M?
Tlxl M [( 3 ) -

&n+1
&M

+%lx](r—M)+ (r— M)2| x| +r+ M)

Cn

=M 4 2 (|x|2—M2)—(“—+g"“)(|x|—M>2

T M 2T &M

8n+1

s "M’

Cp 8n+1 &n+1
= - M —
+<T+4M>|x|(r ) + 2 r—M™M)+
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hence
4.14) M...dr=exp{TM2 2’i"{(|x|2—M2)—
Cn gn+1
_ M)
<2T >(| | ) } W1x])
with

fe o)

1 c _ C_
(4.14) Jn(|x|)=L eXP{(T +mgn+1>|x|t+1gn+1t+

C
+ c8—M-g,,Ht2 }(M + ¢7"t) f,(t)dt

®© 1 c _
=J:) exp{<?+mg,,+l>(|xl - M)t +

+ M, ¢ t+c—"+l— t2 (M —ny d
?+Egn+1 STgn+1 M + c™") fy(t)dt .

Relation (4.11”) implies that

© 1 t2
Jn(lx')SCSJ;) exp{(,r 4Mg,,+1>(IXI M)t—z}dt

< Cs{expCy(|x| — M)?}.
Thus

* &n
...dr<C M2 + 2 _M?) —
fM r 6exp{T 2M(le ) —.

—( g"“)u | = M) + Cof| x| — M)2}

8n+1 C7

M~ C72 T and Cq < ¢"? for large n, hence

Slnce — +

f ...drSc"/zexp{ M? +
T

M

L (|x|2—M2>—%<|x|—M)2}.

2M
—M)z} <

&n 2 ¢’ RV LY
+ oy (1X =M= (1 x| M)}

This inequality together with (4. 12) imply that

B (o
(1]

(4.15) S,f(x)<dnc? exp{ <My

<( exl’ M
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Part b). Let us introduce

Rifo = | o (5 xy>f<x7+y>pn(y)dy
. [1y] =Ml zec =047

f,f(X)=J oo dy.
(131~ M<ge = 0-4n,xy < [xlly] —ac = 0-4m)

Clearly, Stf(x) = R:f(x) + Qif(x), and by (4.10)

M —¢gc ~0-4n ©
N e
0 M+egc—0-4n
c &n+1 |x‘ +r 2 2 _
exp{T|x|r+ M (( 5 > M rDu(r)dr .

Moreover, similarly to part a), we get by using (4.13) and the observation

and

" gn+1 gn+1 &n+1 2
— -M -M -
<T+4M>|x|(r )+ =—(r ) + M( M)* <

< g"4“ r — M)<1 +

that
M —¢gc - 0.4n

(4.16) J Loodr <
0

sclexp{ 2y o M2 2M(|x|2 M?)— ( g"“)(lxl—M)z}

- M
< =2 if —M<r—M< — ¢ 04
M

T
M—ac‘o""
j rpu(r)dr
0
— c" &n gn+1
< n/2e -2 n/2 _M2 _on 2_ M2
c xp{ c +T +2M(|x| | x )
SC-"/Z exp _zcn/2+c_nM2+_§"_(|x‘2_M2) ,
‘ T 2M

and by (4.13) and (4.11”), similarly to (4.14), (4.14’)

©
L.o.dr <
M+gc—0-4n

<o { v B (oMb £8P ()
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with
L(lx]) =

° I ¢ _ M c_ t?
=Cs. 060 exp T‘f‘m Gn+1 J(|x| —M)t+ T+§gn+1 t—i dr.

Since [|x| = M| < ¢ %4 and g,,, <D

1 ¢ M ¢ t?
4+ 7 — M)t =t g t——= < C,
fglg{(,r +4Mg..+1>(lxl )t + <T +58 +1) 6}

and therefore

£c0-6n

© t2
FE(1x])< C6J c"exp <— §>dt < exp(—¢c!?") < ¢ "exp (—2c"?)

with some ¢’ = ¢'(¢) > 0. Hence

¢4} C" .
‘[MHC_M" c.o.dr < c "exp {f M? + f—M(lxl2 - M?) — 20”/2}.
The last inequality together with (4.16) imply that
- ¢ &n
4.17 R¢ < 42 —2¢"r 4 M2+ 2 2_M? ;.
(4.17) J(x) < 4me exp{ T +2M(IXI )}

Now we estimate QZ f(x). We have

c’l

i1 | (x+¥\
0<Qif¥)< f exp {— xy+ [<*> ~ M2J } Pa(y)dy.
. 1ly| —M| <c~0-4n, T M 2

xy<|x||y| —gc—0-4ny

: x+y\? x|+r\?.
Since for | y|=r xy <r|x|—ec™ %% and <——y> < <I ! > in the last
integral, hence 2 2

tf(x) < 27;'.!000 exp {%(lxlr—sc‘°'4")+ i"ﬁ [(?)2 -~ Mz] } 1P(r)dr

© n 2
<2mexp <— % c°'6"> J exp {% [x|r+ gz";/; [(M%) - MZ:' } P,(r)dr.
0

The last integral has already appeared in (4.10). We have estimated it in
Part a), and bounded it by the right hand side of (4.15). Hence

"
5f(%) < 2mc” exp { - %c"-*‘" oM+ f—l\;(w - Mz)}

1 " g
<_e __2n/2 _M2 n 2_M2 .
3 xp{ c +T +—2M(|x| )}
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This inequality together with (4.17) imply that

Cny &n
S < —2c"? + IM? + 25 2 _M? ;.
o) exp{ ot 2 +2M”’" )}

Slnce——(IXI2 M?)=(|x|—M)+ —(IXI—M)2 an

M)2< DCO .2n

if ||x|—M| < ¢7 %4 hence the last inequality 1mp11es that under the
conditions of Part b)

Sif(x) < exp { —2c"? 4 %MZ + £ -M)+ KCO.Zn}
< exp {%M + g1 x] = M) - c"/z},
as we have claimed.
Proof of Lemma 3.
OsS,,f(x)sf exp{fxwgm( x;ryl _M>}
{%”%I—MISL“OJ('H v}

p(y)dy .

X+ c xX|+r
y| M)} T|x|r+gn+1[(——"2 >—M}
hence

S,f(x) < 2n r exp {% |x|r + g,.+1<|x|2+r —‘M)}rﬁ,,(r)dr.

Writing —|x|r— —M2+ M(|x| —M+r—M)+ E—(|x| —M)(r—M) we get
that T T

S,,f(x)s27texp{%nM2 + gn(| x| ——M)}

Since

C"
max {f xy.-'—fg")' 1(

Iy|=r

r exp {g,,(r - M)+ %"(le — M)(r —'M)}rp,,(r)dr.

0

The change of variables r = M + ¢~ "t and the introduction of g, = ¢ "g,
yields that

S.f(x) < 21rexp{c%M2 + ga(| x| —M)}

Jw exp {E,,t + “—xl—T_M—)t}(M + ¢ "t)f(t)de .

—c"M
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Since 0 < g, < D, and | x| — M| < ¢~ %" relations (4.11’) and (4.11")
imply that for large n

Joo exp {g,,t + %(le - M)t}(M + 7" f)dt < K

with some K > 0 independent of n. Hence

S.f(x) < 27K exp {%"Mz + &l x |- M)}

< Kexp {%Mz + ga(l x| — M)},
as we have claimed.

5. THE PROOF OF PROPOSITION 1’

“

In this Section we prove the estimates (4.1)~(4.7) which imply Propo-
sition 1”.

a) The estimation of S} f(x) for Q.
It follows from (2.15) and (2.15’) that

: o @ 4 ) £ @4 y@\2
Shf(x)= exp{,—r—xy+g,,+l<Ty—M +Anq 2y

{y,x—;yeﬂ.‘.n} N
x+y
+ 8"”(7) }pn(y)dy-

Hence

_ & RCVRINE
Sif(x)= exp (E(x)) exp {—xy+ g 1<_y_ —M)
- {y,x+yeﬂ},+,} T 2

- :
X@ 4y
+ An+1<T) }Pn(J’)d,V-

with some
(5.1 sup | &,(x)| < g"*1.
xeQ}
Let us rewrite the last expression in polar coordinate system. We get that
(.2) S.f(x) = exp (En(x))J L(r)pa(r)dr
. 0
with
n (1) (1)
L(r) = J rexp {c—(x“>y<“+x‘2>y‘2’) +g.,+1<——x bl ~M)
{@eln(r,x)} T 2
X 4 2)\2
+An+ 1<ﬁ2y~> } do
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where yM =rcos@, yP =rsing, —n<o<mn y=(" y¥) and

_|._
I(r,x) =1 o, %EQ,‘,+ 1 r- We shall express I,(r) as an asymptotically

Gaussian integral with respect to ¢. For this aim we give some bounds,
x+y

on xM, x®@ y® and y? if xe Q! and eQl, .. We have

|x(2)| < c—0.4n

3
(5-3) |x‘”——M]<§c—°“"’ if xeQl.

The second relation in (5.3) holds, since

x(2)2
|x] = 5— + O —M

) 2 (2)211/2
x—M| = x|F —x -—M|=
| [=1(lx]| ) | 20|

(2)2

3
< C—O.4n + Kc—O.Sn < —C_0'4".
2|x|

+ O(x(2)4) >

slIxI—M|+‘

x+y x(1)+y(l)

2

x4 @

Similarly,if eQl,, then <c %4 and

-M ‘<2c‘°‘4”.

Hence

(5.4 | Y@ < | = x®| 4 |x@ 4 Y@ | < 3¢704n

5.4) |y =M|=|M — x| 4| x4y —2M| < 6¢~ 24"
and

(5‘4”)|"—M_|=“ yl_MI — |(y(1)2 + y(2)2)1/2 _ MI

(2)2

=P+ g—m + Oy — M| < 10c™ %%
y

x+y

if xeQl and e Ql,,. In particular, (5.4”) implies that

(5.5 IL,»=0 if |r—M]|> 10c™%4" and xeQ).
: 2 2 -0.4
Furthermore, | ¢ | < 2|sin @ |=-| y®|=0(c™%*")
r

and y(l) = r(l — Cos (P) =nl — (P2/2) + 0(6_1'6"),
Y = rsin p=re+0(c™1-2") and r=M+0O(c™ %4
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if @ e I,(r, x). Hence

L()=(1 +O(c~*") M exp{ (xmr<1 . "’ . x<z>,¢>
{@eln(r,x)}

2
@
(1) 1 -
* +r< 2) x‘2’+r
2 -M n+1 d

A

+ &n+1

o ey A,
=(l+O(c_°'2”))M eXp{Trx“)-i—g +1 (X +r M) N (2)2

C" &n+ 1 n + c"
ex — () + 2 2 4yt (2)r }
J{‘q:ern(r,x)) P { <2T ¥ 4 )rqo + <T 4

—O.Zn)
&

Moreover, since ¢"xVrp? = ¢"M2p* + O(c
Gt 170 = o 1tM@? + O(c™ %), A,y 1r%0? = A, 1 M29? + O(c™ )

n A n A
and <C_ + _"2+_l>x(2)rq, = <cf + ”2+ 1>x‘2)M(p 4 O(c—o.zn)

in our case (observe that g,,; < Dc"*'and A, .; < Ac"*!), hence we make
an error of order O(c~%2") by substituting x*> and r by M in the last inte-
gral, i.e. '

od 1) A
(=1 +O(c_°'2”))M exp{T x4 gn; (x 2+r —M)+ —"4+—1-x‘2’2 }

8n+1 An+1 " An
M2p2 +( — Mx®
J;wel"n(r.x)}exp { <2T * 4aM 4 ) ¢ (T - 2 > e } d(P,

or equivalently
L(r)=(1+0(c™2")

<C_" + An+ 1>2)C(2)2
(1)
gn+1<x +"_M>+ An+1x(z)2+ T 2

2 4 4i+gn+1__An+1
2T 4M 4
Mexp{ — M? < y Bt At (@ — 7.x?? b do
(el n(r,x)} 2T 4M 4 " >
cll An+1
G259

Yn = .
C_" n En+1 Aniy
2T iM 4

c'l
eXp § & —rxM+ 5

with
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By (2.5’) we get from this relation that

(1)+
(5.6) 1,()=(1+0O(c 02"))exp{Trx(“+ g"2“<x : r _M>+A,.X‘2)2}

n A"
J M exp { M2< +5 g i +1)((p - yx?)? }d(p
(PETn(r, )} 2T

Since
g A

" g1 Antr 1 g
5.7 — - 2 —=+c=>=—c)=K"
-7 <2T Ry ) ¢ <2T ‘aMm 1) T ¢

1 g A dd-
with K = — + cﬁ —c5= H > 0 relation (5.6) implies that

2T
8n+1 An+1>_ 1z

c"
(5.8 L)< /all + O(C—M))(ﬁ, b Ao

n (1)
exp {fl“ rxD + g,,2+1 (x tr M) + Ax? }

2
Moreover, we claim that
_ gnt1 Ansi T2
5.9 L{r)=(1 4+ O(c™0%2n —
(5.9 L =(+O0( »f( + M 4)

n (1)
n + . _
exp {; rx® + g2+1 <x 3 ’ M) + A, x? } if [r — M| < gc™ %4

with some appropriate £ > 0. Because of (5.6) and (5.7) to prove (5.9)it
is enough to show that there is some & = gy(¢) > 0 such that

(5.10) 19:19=7x®| <eoe™ ™"} T(6r)  if |r—M| <z 0%,

Since A,+; < Ac"*! and g,;, > gc**!

Cn An+1 2_c
— 1+
<T+ 2) - 2 2-¢
Yn = = = T
c" 8n+1 An+1 c 2—c¢ M
2l — - 1 - M
<2T+4M 4), (\+2—c 2)

and we prove (5.10) by showing that
{x‘” +rcosp x4 rsingo}
€y

(5.10) 2 ; 5
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if |@—p,xP| < goc™ %4 |r—M| < g™ %*" and xeQl. But in this case

x®B+rsin @
2

1 1
‘S 5 X‘2)|+rl¢|)S5(IX‘2’I+r(%.| xXP| 4] o —yx?1)
1Y ~ —0am(27C _oa -04 L ~0.4(n+1
< - C_'"+(M+£C O.n) ¢ '"+80C 4n < ¢ 0.4nsc 0.4(n+1)
2 M c
ifgo > 0 and & > 0 are sufficiently small. We also get with the help of (5.3’)

that
x(” M

(1)

X +r cos<p_M <
2

x‘”—M re ‘r—M'

-M
f|COS(p 1|+‘rT‘

<

ynlx(Z)I +£ c 04n)2

xW— M’

+

r-M < + §>6—0.4n + K¢ 08n < —0.1,-0.4(n+1)

if o > 0 and £ > 0 are sufficiently small. The above estimates imply (5.10")

hence also (5.10). Now we can estimate the term L(r)p,(r)dr. Rela-
tion (5.9) yields that o

8n+1 An+1 ~172
R d 1+ 0 0.2n “avrl
fIMI LOn(r)dr=(1-+Oc™ »f(zT s A >

exp { %x(”M + g—";1 (x — M) + A x»? } Juz
with

Tz =T, (V)= exp {c—x(”(r—M)+
[r—=M|<gc-0.4n T

tx ;
=J 'exp{_+ 8n+1 }f;,(t)dt
|t] <zcO-6n T

with the function f defined in (4.11). On the other hand, by (5.8) and (5.5)

c Ent+1 Aniy —12
4M 4

8n+1

(r—M) }ﬁn(r)dr

f L(r\pa(r)dr < (1+O(c™" 2"Wn<
—M|>%c—0-4n

exp { %me + g"il (D — M) + A,x@2 }T,,,;

- tx .,
Jn,f=f exp{—— +Cg _~ }fn(t)dt
10c0-67> |f| >c0.6n T
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Let us remark that J,; = J,5(x'") depends on x¥. We show that this
dependence is very weak. Namely, since

tx g }Itl
= expy — + ¢ t p— fu)dt < C < 0
f,,ldco..—m p{ T T I}

T (xV
nz(x') 4

P
by (4.11) and (4.11”), and for x') = M the expression

§n+1

tM
M) = — 4+ t o fu(t)dt
ma= [ ew{ et b
satisfies the relation
(5.11) 0<K;<J,:\M) <K, <

because of (4.11’), (4.11™), the inequality 0 < g,,; < D and the rela-
tion f,(t) = const. > 0 for |¢| < 1 that follows from Theorem A. Hence

Jaz(x®) = (1 + O(c™%*")J,z(M) if xeQ.

Similarly, B
0<1J,: =0 (exp (— Kc%®m).

The above relations imply that

L(NBa(r)dr=(1+O(c~ ") /n & B A} (M)
mPPnEr = 2T aM 4
exp {%MZ + gu(xM — M) + A x?? }
The last formula together with (5.1) and (5.2) imply (4.1) with

(" gur1 Ape P c’
T _ 1M <Mz,
n \/n<2T+ M 4 ) ne(M) exp | T

" A, .
Since <2£’I_‘ + inl\tll - 4“) < const.c” relation (5.11) and the last for-

mula imply (4.1").

b) The estimation of S} f(x) for Q2.

We divide Q2 to two subsets Q2 and Q2, where we apply different argu-
ments. Put

Ql,={x|lx|=M|<c™ %" | x?D| <(14ec %" xV >0}, ¢>0,
Q=0 — Q!
and
O ={xllx|—-M|<c %} Q.
Clearly, Q2 = Q2 U Q2. The domain Q}, is a slight enlargement of QL.
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It is not difficult to see by analizing the proof of relation (4. 1) that for suffi-
ciently small ¢ > 0
Saf(x) = Ly exp { gu(x™ — M) + Ax®? + &(x) + &(x) }

if xeQ,, with some |&,(x)| < ¢"*! and &,(x) < Ke™%2" Since
(2)2

x _
xD—M=|x|-M- +0(c™*?") and |xP|> %% for xeQ2,

2M

the above relation implies that

Srllf(x)=Ln exXp {gn(lxl _M)—<2g]\:l _An>x(2)2+gn(x)+ 'é”(x)+0(c—0.2n) }

2M

in this case, what we had to show. For x € Q2 we define

. _ c_" x+y
Safx) = LZ_ v exp <T xy> f <—2 >pn(y)dy
exp (530) (52 ot

where Vi(x) is defined in (4.8’), and ¢ > 0 is appropriately chosen. The
function S;f(x) will be bounded with the help of Part b) of Lemma 2,
and T; f(x) similarly to S} f(x) in the case x € Q}. To apply Lemma 2 first
we show that under the conditions of Proposition 1’

SL" €Xp {gn(lxl -M)—<ﬁ —A">C_O'8"+q"+1 +KC_0'2"}

and

Taf(x) = J

{n232e0l, 1 0evim }

(5.12) Osf(x)SZexp{gz"glllﬂx]z—Mz)} for all xeR?.

For xeQl.,

(2)2 " x(2)2
D _M= —M- O(x»*) = — —M+O(c~1-2m
x X1 =M= S+ O = x| = S =M+ Ofe™ 127,
hence
OSf(X)S €Xp {g,,.;. 1(] x|—M)_<g2"1:/[1_An+1>x(2)2+8"+1(x)+0(c—0.2n)}’

. gn +1
and since
2M

— A,+1 > 0 hence

3
0< f(x)SECXP {gnt1(lx| = M) }.
This inequality together with the relation

= M = 2 [P = M9 = (x| = MP] < 2 (16 — M)
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imply (5.12) for xe Q}, . Similarly, for x e Q2,, the relation

0 < f(x) < exp {gm( [x| — M) — <g2M - An+1>c-°~8<"“> + gt }

< -exp { glx| — M)}

N W

implies (5.12), and this relation also holds for x € Q3. ; by relation (2.17).

1
By (5.12) part b) of Lemma 2 can be applied for 3 f(x), and it yields that

Sﬁf(x)s2exp{%M2+g,,(|x|—M)—c"/z} if xeQ2 (orxeQ}).

Since L, > ¢ " exp { % M? }, and <2i"/[ - A,,)c'°'8"=0(c°'2")g %c"/z, the

last inequality implies that

(5.13) Sif(x) < L,exp {g,,(l x| — M) — <2g1\':I — A,,)c‘o's" - %c’“}

if xeQ? (orxeQ)).

. . +
To estimate T:f(x) first we show that if x € Q2, y e Vi(x) and ue QL
then 2
(5.14) | x®P| < 2,/ec™02", | y?| < 2, fec™O2", | xD-M| <2,/ec™?",
|y = M| <2/ec™", |l y| — M| < ec™ %%

—0.4n
b

Indeed, in this case (x, y) > | x|| y| — ec and

0<|x=yP=|xP+lyP=20y)<IxP+|yP=2|x|ly| +ec” %"
=(x|=1y1)+ec " <2(| x| -M)y*+2(] y| —M)*+ec™ %4
< 2(1+8e)c™08rpge04n <D™ 04,

X @

_ 1 _
Hence < \/gc—O-Zr- and El(x‘”—M)—(y“)—M)I < \/86—0.271.
OISO

2

< 704+ < \/86‘_0'2" and

. x+
Since _2_y eQl.y,

%l(x“)—M)+(y“)—M)| < 26—0.4(n+1) < \/Ec‘“"

by (5.3). These relations together with the definition of V§(x) imply (5.14)
that enables us to estimate TZf(x) similarly to S} f(x) for xe QL.
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We get that

(5.15) Tif(x) <1+ ¢"h r L(r)pa(r)dr
1)

with
n

(5.16) L(r) = J r exp {T_(x(l)y(l) + x(®y2)
@eTn(r,x))

{
x(l) + y(l) x(2) + y(2) 2
+gn+1<—2——_M +An+l<‘—§-— do,

where yV = r cos @, y® =rsin @, y = (y, y®) and

+
L, x) = {(,, z . yen,%“,yevs(x)}.

Observe that by (5.14) |r — M| < g™ 04n
2 2 -
lpl <2|sing| =2 y?| <= Jec™02,
r r

Let us make the change of variables z = sin ¢ in the integral I,(r). We

. (2)2\ 1/2 (2)2 ;:
have y@=rz, y<1)=r<1 - XT) =r<1 - y_2> +O(y®%), z<2 L co2n
; r "

2r
22
CON
Y ’( 2)

These relations imply that if ¢ € I,(r, x) then

" x(1)+y(l) x(2)+ (2)\ 2
T Oy 4+ X2y + g,.+1(—2 ~ M)+ A

2
2
'x“)+r<1—z—>
<c—nr x® 1——2—2 +xPz |+g 2 -M
=T 2 n+1

hence

< Ke?¢™ %8 with some K > 0 independent of e.

2

(2) 2
x4+ rz
+ A,.H(——2 ) + Ke2c02"

. . d 1
with some K > 0. Since d_z >3 and |r — M| < ec™ 4" if T,(r, x) is not
¢
empty, the above inequality together with (5.16) imply that
(5.17 Lr)=0 if [r—M|>g %%
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and

(5.17) I(r) < 3 exp (Ke2c®?M 1) for |r— M| < gc™ 04

72
(1) 1——
X +r< 2)

A © c .z
I,,(r):f_ooMexp{Tr<x("<l—5)+x(2’z+g,,+1 — -M

1) 2
WCIIE oY

The expression 1,(r) can be calculated explicitly, and we get that for
[r — M| < ec™ 04"

with

4 4

"xWr x4y
£exp { T + &n+ 1< 5~ M|+ A, (x, r)x@®?

R _ n A -1/2
I, = \/nM<2C—T x4 Enrty —"Hrz)

with
A <CT * An2+1>2
A (D, r) = 2 4 .
1 XY g Anny
2 + -
Tr 2r 2
Hence

. JECY) (1)
L(r) < Kc™"2 exp { ),Cr d +g,,+1<x 2+r —M>+A,,(x(”, r)x®? }

=K ™ exp { = M2 4,0 = M) A e, 2 4

XV g
-M),.
+< T + > (r )

xX+y

Observe that A,=A,(M, M), and if xe Q2, ye Vi(x) and Q! then

|An(x(“ar)_An|SKOCn(lx(l)—M|+'r_M|)

(2)2
x<1>—M—<|x|—M x )

- < K xP?(x®2 4 | x - M),
M 1X%( | D]
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hence (5.17’) implies that

(5.18) IL,(r) < Kc "2 exp { Ke2c02" ;CF—M2 + g (xP — M) + A x??

ney (1) 2)2 c"xV En+1
+ Koc"(| x? = M| + |r — M [)x@®2 4 _T_+ 5 r— M)

o o 2 _
< Ke™"2exp { Ke?e®?" + —M? + g,(|x| = M) — (== — A, ]x®?
p{ e+ M+ g x| )= \op ~ A

+ [Koc"(|x = M| + [r = M) + Ky g(x®? + | xV — M |) ]x®?
x| gnes
-M
+ < T + > (r )

if |r— M| <ec %% Since Zg_I\':I_ A, > ac® with some a >0 and
x®2 > (1 4 g™ 0% if xe Q2

Ko?e®2"+ [Koc(| X0 =M |+ |7 =M ) +K, g,(x®? +| x— M) ]

&n
— — A @2
<2h4 ">x

— Ke2c02m — <2g_1\,;[ —A, + O(co's")>x(2)2

2M

&n _
< — _ A 0.8n
- <2M ">(1 &

if ¢ > 0 is chosen sufficiently small. This relation together with (5.18)
imply that

I(r) < Kc™"? exp {%Mz +allx| —M) -1+ 8)(25;'4 - An>6"°'8"

"xM
+<,’; +g"2+1>(r—M)} if |r— M| <ec %4,

< K8260'2" _ <g" _ A,, + O(co.su)>(1 + 8)26_0'8"

With the help of this inequality, the estimate we have on the function p,(r)
and (5.17) we can bound the integral in (5.15) from above. We get that

Tif(x) < L, exp { (| x| — M)— (1 + §><.’f—l\n/1 _ A,,)c‘o-s"}_

Since Sif(x) < Sif (x) + T.f(x) the last inequality together with (5.13)
imply (4.14) for xe Q2.
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¢) The estimation of S2f(x) for x € Q! and x € Q2.
We have

0 < S2f(x) = J exp <% xy) f <XT+y>pn(y)dy
{y,xT”erzu 1}

< exp{ _ <g2nl:;l1 _ An+l>c-0.8(n+1) + qn+1}

c" x +
j - }exp{Txy + g,,+1<| > v - M)}p,,(y)dy.
y,Téﬂﬁu

It follows from Lemma 3 that for x e QluQ?

0<Sfx) <K exp{ _ <32n1:41 _ An+1>c—o.s(n+ 1)

s +%M2+g,,(|x|—M)}.

By Lemma 1 g, 1¢™" D > g,c", Aye™" > Aypyc” ™ Vje. 8n+1 = cgyand
cA, > A,.. Hence

gn _ n &n —0.8n,0. &n —o.on
<21\tll_An+1>C 0-8f +1) <m —A,,)c 0.8n,0.2 5 1+ £)<2M _An>c 0.8

if 0 <e<c®?—1. Since 8(5% - A,,>c_°'8” > ¢'c®2" with some appro-

priate &'(¢) > 0 we get that

<g2nl:41 _ AnH)c—o,s(nn) > <2g_1\';[ _ A">c—0.8n 4 g0

Therefore

(5.19) S2f(x) > Kexp{foM2 + gl x| — M)

_<2<ir;l _ An>c-0.8n gt 8100.211}

< L,,exp{g,,(lx| -M) - (g,, - An>c—0.8n _ %CO.Zn}.

M

This is estimate (4. 5) (with % instead of £’>. For xe Q!

gu(x® = M)+ A, xP2=g,(| x | —-M)— <2i"4 - A,,)x‘m +0(c™02m),
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hence (5.19) implies that for xe Q)

S2f(x) < L, exp {g,,(x”’ — M) + AxP? —Z—c‘”" },

and this is relation (4.2) (with %) .

d) The estimation of S3f(x) for xe Q) and xe Q2.
Clearly '
c" x+y
exp <T xy)f <——2—>pn( vy,

S3f(x)= Sf.f(X)+f
{Y’XTHGQ£+ 1 } NVLx)
where S;f(x) and V; are defined in (4.8) and (4.8’). The term S;f(x) is
bounded in (5.13). On the other hand, we claim that there is some g, = &o(c)
+
such that if 0<g<egy and xe Q! U Q2 then the set { ¥, %".’ e, N Vix)

is empty, hence the last integral is zero. We have to show that if
x| =M|<c™®¥  yeV;,
3

' x+ .
ie. ||yl =M | <ec™%*" and xy> | x||y| —ex~ 04" then _2_y¢Q,,+1, ie.

_ o0Amt D) < X+yl M < 04+,

Estimation from above:

x+y_M_<_|x|_M+ly|_MS1+Sc—o.4nSc—o.4(n+1)
2 2 2 2
1+¢

if < ¢~ %4 what holds for sufficiently small e.

Estimation from below:

x+y 2—M2= [x]2+|y|*+2xy M2
2 4
P+ |y|2+2|;c| |y]=2ec™04 —M2=<|x|;|yl>2—M2——;-c‘o-"'"
S (M_c—0.4n_;M_£c—0.4n)2_Mz_ 26—0.4"

€ e
> —‘(1+8)MC‘_0'4"—— 56—0.411: —M<1+E+ 2_M>c—0.4n .
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Hence

x+y e\ _ 112
> MZ_MI - 0.4n
2= (v -1 )]

&
1+e+ —)
< M —0.4n __ KC—O.Sn

> M-————c¢
- 2

1 ¢ 1
=M — 14+ — Kc=04n |o—0.4n _ .—0.4(n+1)
[<2+2< +2M>>+ ‘ ]" =M-e |

1 1
if 5 (1 + m) + K™ %4 < ¢7 %4, what we had to show.

Hence S f(x) = SEf(x), and (5.13) implies (4.6). To prove (4.3) we still
have to remark that for x e Q}

1
-M —A —0.8n_ __ .n/2
gl x| =M)— <2M ) 5¢

&n 1 1
< —M)— —A (2)2 __ _ 12 < 1 _M )2 _ _ 2
<gdllx| —M) <2M n>x 5¢ <gnlx )+ A,x <¢

e) The estimation of S,f(x) for x e Q2.
We get from (5.12) and Part a) of Leimma 2 that

0<S,f(x) < 2¢" M2 1 2 M2y = S (x = M) L
fx) < 2¢ CXP{T 2M(|X| ) 3T(|x| M)
" 0.2n
For xeQ3 ﬁ(l x|2 —M? > , hence (4.1”) implies that
2 02n
0<S, < 2c" M 2 _M? —
f(x) < 2c exp{ 2M(|7€l M?) }

SLneXp{i\LA(IXIZ—Mﬂ},

i. e. relation (4.7) holds, as we have claimed. Proposition 1’ is proved.

6. THE PROOF OF THEOREM 1 AND PROPOSITION 2.
EXISTENCE OF THE THERMODYNAMICAL LIMIT

First we show with the help of Proposition 1, Lemma 1 and Theorem A
that for all g, ¢ %2 < g < 1, there exist some thresholds n, and Ny(n, q)
for n > ng such that if n > ny and N > Ny(n, g) then

27!

dul™, , -
(6 1) d'u’N (xl’ vy xz..) = f"'f;}<2 n ZXj)
j=1

J=

Annales de I Institut Henri Poincaré - Physique théorique



LARGE-SCALE LIMIT OF DYSON’S HIERARCHICAL VECTOR-VALUED MODEL. — PART I 121

with
(6.2) fiN(x)=L,exp { gc"(xV—M)+Ac"xP?2 1 ¢,(x)} for xeQl,

where
(6.2) sup ledx)] < q",
(6.3) fM™(x)<L,exp { ze'(| x| —M)-(% —K>c°-2"+ q”} for xeQ?

(6.4) ﬂ,’fg(x)sLnexp{igl\%ﬂxlz—Mz)} if x>M404n

gc"
6.4 b <1
(6.4) fiNx)< ”eXp{zM

(|x|2—M2)} if O<x<M—c 04n

with some appropriate norming constant L, which satisfies the relation

6.5) C,<c¢"L,<C, withsome 0<C,; <C, < 0.

Indeed, Proposition 1 and Lemma 1 imply (6.1)-(6.4’) with some norming
constant L, = L,(N, hy). (In the domain Q> we have divided the cases
|x|*~M?>0 and |x|2—~M?2<0, since here we apply that gc"<g,<2gc")
It remains to prove (6.5) and to show that L, can be chosen independently
of N and hy. For this aim we observe that

(6.6 1= uN®RY") = f SINOpAx)dx = L + L N L

By applying the change of variables r = M + ¢ ™"t and by using the func-
tion f,(t) defined in (4.11) we get that

M —c¢—0.4n gcn
M

J SaNX)po(x)dx < j LN, hy) exp { (r*—M?) }rﬁn(r)dr
Q2

0

+ r) LN, hy) exp {%cn (r* — M?) } 1Du(r)dr

M+c¢—0-4n

—0.6n — 2
~ LN, hN)[ j exp {ig\{_ <2Mt + 2—) } M + ¢="f) f(1)dt

—c"™M

+ r exp{% <2Mt + ::—”)}(M + c“"t)f,,(t)dt:I.

Relations (4.11) and (4.11”) imply that

6.7) j = Ly(N, hy)O (exp (— Kc®™) with some K > 0 .
93

n
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122 P. M. BLEHER AND P. MAJOR

Similarly,
6.7) < LN, hy) ex —1 i_zco.zn}
. e = T P T oM :
Observe that £ _ A>0.
M

Define the number T,,

(6.8) T, = J exp { gc"(xV — M) + Ac"x®? } p(x)dx .
Q)

It follows from Theorem A that

6.9) Cic™"? <T,< Cye™?* withsome0<C, <C, < .

Indeed, since the expression in the exponent of (6.8) can be written in
the form

Zc"(xD — M)+ Ac"x @2 =g¢(| x| —M)— (% —K)c”x‘2’2+0(c_°'2") ,

we get (6.9) by integrating (6.8) first by the variable x®. Some calculation
with the help of (6.2) and (6.2’) shows that

< Ln(Na hN)ann .

(6.10) U SaX(x)pax)dx — LN, hy)T,
Q,

Relations (6.6), (6.7), (6.7’) and (6.10) imply that
1 = LN, hy)T,1 + &, + O(exp(— ¢*'")), and ¢, <q".
The last relation implies that relations (6.1)-(6.4’) remain valid if we
choose L, = T, !, and this L, satisfies (6.5) by (6.9).
We prove Theorem 1 with the help of (6.1)«(6.5). Fix some integer

k > 0, and define for all n > k and measurable sets A = (R%)** the cylin-
drical set A(n) = A x (R?)?"~% = (R?)?. Put

n

i(A) = L, j exp {gc"?._" Z(x§1> ~- M)
A(n)

=1 2n ,
+ Kc"4_"<2 xg_z)) },u,,(dxl, e dx g
=1

with A(n) = A(n) A {(x1, .. X2, 27 "200 x;€ Q4 ). We claim that if
n > ne and N > Ny(n, g) then

(6.11) | B A(m) — HNAM) | < K"
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with some K > 0 independent of the set A. Indeed,

N<2Zx)

j=

| B Am) — a3 Am)) | Sf r13:(96)19..()6)dX+I
Qo

A(n)

2
2
e w3

J= J=

u"(dxl, .o .,den)ZII +Iz .

It follows from (6.5), (6.7) and (6.7") that
(6.12) I; <exp(— %),

On the other hand we increase the term I, by enlarging the domain of
integration to the set { (xy, ...,x,,),27"£2" x;e Q} }. Hence

I, < f | fN(x) — L, exp {gc"(xV — M) + Ac"x@? } | palx)dx .
Q)

The last inequality together with (6.2) and (6.2’) imply that
L < 2¢"u (R = 2¢".

The last inequality together with (6.12) imply (6.11). Since for all k >0
and measurable sets A € (R?)?*, k < n < N we have UN(A(n)) = UIN(A),
relation (6.11) implies that for all ¢ > 0 there is some No(a) such that for
N > No(e) and N’ > No(e) the relation | uN(A) — N (A)| < & holds true.
Let us emphasize that the threshold N(e) does not depend on the set A.
Hence the last relation means that the limit fz(A) = limNﬂ, uk"N(A) exists,
and the convergence is uniform in A. This implies that yk N — M in varia-
tional metric. To complete the proof of Theorem 1 we have to show that
the measure 7, does not depend on the sequence hy. But it is not difficult

to see with the help of (6.11) that this statement holds, since
UA) = lim, ., [i(A(n)), and the right hand side of the last expression
does not depend on hy,.

Proof of Proposition 2. — Let n> ny and N > Ny(n, g). Relations
(6.1)(6.5) hold for such pairs n and N. By Theorem 1 the measures ,u
converge in variational metric to the projection i, of the measure & to
(R?)?*"as N — oo. Since all measures are absolute continuous with respect
to the measure y, the above convergence is equivalent to the convergence

: R 7, S dj, .
of the Radon-Nikodym derivatives T = " to T f in L; norm
L Lin

in the space ((R*)*", u,) as N — oo. Since all functions f; "(x) satisfy
(6.1)-(6.5) for N > Ny(n, g), their limit f also has this property. Hence
Proposition 2 holds true.
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7. THE PROOF OF THEOREM 2.
EXISTENCE OF THE LARGE-SCALE LIMIT

First we need some results about the transformation Q, = Q,(k) of
probability measures on (R?)?""* to probability measures on (R?)* to
be defined below. First we define a transformation Q, = Q,k),
Q,:(RH*™™ - (RH?* in the following way: For all (xy,...,X;n+x),
x;eR%Lj=1,..., 2"k

j2n
Qn(X1,...,x2n+k)=(y1,...,yzk), yj=2_" Z X1y j= 1, ...,2".

I=(—-1)2"+1

This transformation induces the transformation Q, of probability measures
on (R?)?"*" to probability measures on (R?)** in a natural way. Namely,
if v is a probability measure on (R?)?""* and (n(1), . . ., n(2"*%) is a v distri-
buted vector then Q,v is the distribution of the random vector
Q.(n(1), ...,n(2"**). In Theorem 2 we have to study an appropriately
rescaled version of the measure Q,fi, . It is not difficult to see that rela-
tion (2.10) implies that

d N

nn+ rd —
(7.1) dg—nz.,::(x“ X = f,,+k<2 k ij>.
ji=1

We formulate below Theorem C which follows from the relatively simple

Theorem 1 in [4]. For the sake of completeness we present its proof in
Appendix B.

THEOREM C. — The above defined measure Quptyir = Quptn+i(T, t) has
a density function h(xy, ..., xx) of the form
2k

1
h(x1, - . ., x)=L(T, t, n, k) exp { g (X1, ..., "X ) } np,,(xj)

j=1

x;eR% j=1,...,2%.

Here #, is the Hamiltonian function defined in (1.2') of Part I, p,(x) is
the function appearing in Theorem A, and L is an appropriate norming
constant.

Formula (7.1) and Theorem C enable us to express the density function
of the random vector {Z,0'"(j), Z,06P(j),1 <j < 2*} with the help of
the functions p,(x) and f,(x), where the sequence { o(j),j€ Z } is & distri-
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buted, and #,6'V, #,6? are defined in (1.2) and (1. 3) of Part II. This density
equals to

(7.2)  Borxss - -5 X20)

2k 2k

_ 1 - ~
=Ln,kfn+k<2_kz ij) €xXp { - T%k(cnlzila ceey Cnlzxzk)} ]_Ipn(xj)

j=1 i=
with

(7.2) X =X(x) =M + ¢, c7"2x@) for x = (xV, x¥).

Let us define the sets W, = R? and W, = R? by the formulas
W, = {(x", x?), M—nnc™" < | x| <M +yn'l%c™" | xP| < 7045 x> 0}
W, = {(x®, x@), X(x)e W },
where n and o are the same constants as in Theorem A, and X(x) is defined
in (7.2’). We shall show that there is some no > 0 and 0 < g < 1 such that
(7.3) P(Z,0V()), Zo® () EW,) < g" if n>no
for a @ distributed random field o(j), jeZ, and give a good asymptotic
formula for the expression h,(x;, ..., x«) defined in (7.2) if x;e W, for
all 1 < j < 2* First we prove (7.3).

2k
P(R,0V()), RN ) ¢ W,) = P<2_" Z a(k) ¢ W,.)

=1

=J _f—n(X)p,.(X)dx=J +J +f =L+1L+1;.
R2-W, ol-w, Joz Jo3

We get similarly to the estimates (6.7) and (6.7’) that

I < exp (= Cc®™°n),

I, < const. exp { — <% - X)co'z”} < exp (— Cc%2").

The term I, has to be estimated a little more carefully.
Define

QF = {1V, XD, [ |x| = M| < ¢4, | x| < ¢7045n x> 0},

and write

11=Il,1+11,2=J‘ - +J~ .
oi-4)  Jai-w,
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We get, similarly to the estimation of I3 and I, that I, ; < exp (— Kc®!"),
and we can write by (2.11) and (2.11’) that

I,,<2L, Jl exp { gc"(xV—M)+Ac"x@? } p,(x)dx
QLl-w,

S.’)L,,J~ _exp {gc”(lxl —-M)— <i';[ A)c"x‘z’2 } Pr(X)dx .
61-W,
Then integrating first by x‘® we get that

M—nnc " M+c=0.4n
II,ZSKan‘"/ZU + f }exp (gc"(r—M))p,(r)dr <q"

M—c=0.4n M+nnl/%c-n

with the help of relations (1.8) and (1.10) in Theorem A. Let us emphasize
that it was the multiplying term ¢" in (1.8) that enabled us to give an expo-
nentially small bound for the second term in the last integral. The above
estimates imply (7.3).

To estimate the expression (7.2) in the case x;e W,,j = 1,2, ...,2% we
make some preparatory remarks. Put

I(x)=c"(| ¥(x)| =M)=c"{ [M+c "xV)? + ¢~ "xP2]12_M}.
We have
: x(2)2
(74) ln(x) = x4+ —N + O(C—"(X(Z)“' + !_x“) I x(Z)Z))
x(2)2
= x4 i + O(c™ %% if xeW,,

because, as it is not difficult to see, ¢ "?|x?| < ¢ %**" and
M —=2¢"2" <M + ¢7"xV <M + 2¢7%" if xe W,. We show with the
help of Theorem A and (7.4) that

(7.5) pfX)= exp{ <Mx(”+ xﬂﬂ)} < (Mx(”+ (2)2>>(1+O(q"))
) " T 2 T

with some 0 < g <1 for xe W, if > 0 is chosen sufficiently small in
Theorem A. Indeed, by Theorem A

pilx) = eXp{ — I )} < (X)>(1 + 0(q"),

aoM ’ (2)2
exp{ - Tl,,(x)} = exp{ T <M M 4 3 ) + O(c™%8" ¢,

and

(7.6) M) ) - Mx® + X)) | = oo
' B T 2 )1~
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d

by (7.4) and the boundedness of the function Ix g(x). (See Lemma 13 in
X

Part 1) On the other hand, by Lemma 17 of Part I the relation

x(2)2
—2nn < x4 M <2yn'’ if xeW,,
which holds because of the definition of W,, and the inequality

< Kc—O.sn

2
(| %) — M) — (x‘“ . %)

(2)2
g(a_{ <Mx‘” + %)) S ¢-0-3n

if xeW,, and 7 is chosen in Theorem A sufficiently small. Hence (7.6)
can be rewritten as

(2)2
g<"—T‘ Ml,,(x)) - g<% (Mxm + fz—)>(1 + O(C-"ﬂ)).

The above relations imply (7.5).
We also claim that

(7.7) #k((f”n}l, veey Cn/z_%zk)

2k—1 2k

we have

=— Z Z u(, j)[M(x‘i“+x3~”)+3c§2>x§-2’+c"M2]+0(q")
i=1 j=i+1
and
2k
09 T2 5)
=
. 2k 2k
¢ W, Sx @) n
= L,+ exp ?g X +4—kA xi#) + O(g")
ji=1 ’ j=1
if x;e W, j=1,...,2
Indeed,
%k(cn/z%l, “eey Cnlz.%zk)
2k—1 2k
= — Z UG, )M + e "xD)M + ¢~ ") 4+ xPx@],
i=1 j=i+1

hence to prove (7.7) it is enough to remark that in the last expression the
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terms ¢ "x{Ux{" are negligibly small, since ¢ "x{"x{" = O(c™*®") if
x;€ W, and x;e W,

To prove (7.8) we have to show that 27%%22 X, e QL if X;e W, for
all j=1,...,2% and then apply Proposition 2. We can write with the
notation ¥; = (¥{, X{?)) that |27*£72, ¥?| < ¢7%*" < ¢7%*"47% and
|27*E22 %0 — M| < 2¢7045" < 47%¢ %4 if n is sufficiently large (k is
fixed, n - o0) and X;eW, for j=1, ..., 2%, These relations imply that
2"‘2?:1 X;j€ Qn4i. We get, by putting (7.5), (7.7) and (7.8) into (7.2) that

2k 2k
— c* oo 2
hoi(x1, . . ., Xa)=L, x €xp {?g ZX(I” + 7 A<Z x}”)
Jj=1 j=1
2k—1 2k 2k (2)2
1 i '
-1 Z Z UG, )(Mx®+Mx{P + xPxP) - Z “?0 (ng1>+ %)}
i=1 j=it1 j=1
2k

(2)2
H g(‘% (Mx&-“ + %))(1 +0(g")

=

with some 0 < g < 1if x;e W,, j = 1,2, ..., 2%

1 —(c/2)
1—¢/2

oM

. M _ .
coefficient of x{V), (c/2)g + 7r—2f=1U(i, j) — aT equals zero, and

Simple calculation shows that — 22 UG, j) = , hence the

(7.9) Baa(x1, - ooy Xax) = hi(xq, ..., x2(1 + O(q")

if x;eW,,j=1,2,...,2% where h is defined in (1.12) (with p = 2). It is
not difficult to see that (7.3) also holds with a random vector with density
function (1.12). Hence (7.3) and (7.9) imply Theorem 2.

8. SOME OPEN PROBLEMS AND CONJECTURES

Dyson [/2] has defined a more general class of models than that consi-
dered in this work. He defined, with the help of a real function ¢ : Z — R*,
models with the Hamiltonian function

@®.1)  Hlo)= - z Z(P(d(i,j))d(i)a(j), o={ol)ieZ},

i€Z jeZ
i>i

where d(-, -) denotes the hierarchical distance on Z given in formula (1.1)
of Part L In this work we have considered models in the special case
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@(x)=]x|"* witha=2 — iz—i%. One question we are going to discuss
here is that which are the functions ¢ for which Dyson’s model with the
Hamiltonian (8.1) has a phase transition at low temperatures. In the
boundary case some more delicate phenomena appear which we also
want to discuss. The behaviour of vector and scalar-valued models is
different. First we discuss the vector-valued case. ‘

The quantities M, = M,(T) considered in Part I can be defined in a
natural way in the general case. The arguments of Part I suggest that the
relation

(82) Mn+1 :Mn_

1
4"M,(2")
holds true. The existence or non-existence of phase transition depends

on whether M = lim,_,, M, equals to zero or not if T is small, i. e. if M,
is large. Hence formula (8.2) suggests that a phase transition at low tempe-

1
ratures occurs if and only if ¥ ——— T is convergent. Dyson has formulated

the same conjecture in [13] and proved its convergent part in the special
case when o(i)e R3. He has also solved the problem for scalar-valued
models. He proved that there is a phase transition at low temperatures if

log 1 2
on) = C £§gwith some C > 0, and thereis none if p(n) ———— — 0
n loglogn
. log ogn
Moreover, in the boundary case ¢(n) = C ——— the following Thouless
n?

effect occurs: There is some critical parameter T, such that
M(T)= lim, , M,(T)>0 for T<T, and M(T)=0 for T>T,,.

The quantity M(T) has a physical content, it is called the spontaneous
magnetization. The interesting feature of the above result is that it states
that the function M(T) has a discontinuity at T = T,,. This particular
behaviour of the spontaneous magnetization appears only in the boundary
log log n
case @(n) = C—gz—g. On the other hand, the Thouless effect occurs in
) n
some other models too, like in the one-dimensional Ising model with

X P interaction, in one-dimensional percolation models if the pro-
bability of the event that the points i and j are connected has the order
C(T)|i — j|~?, etc. In recent time several interesting papers appeared on
this subject, (see e.g. [/], [2], [7]). On the other hand, there are some
other interesting phenomena connected with the Thouless effect, like the
irregular behaviour of the correlation function, whose 1nvest1gat10n requires
essentially new ideas.
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The appearance of phase transitions and the Thouless effect in scalar-
valued models are connected with the behaviour of the sequence M,
The quantity M, ; can be expressed asymptotically in a simple way with
the help of M, and the function ¢ in scalar-valued models too. But this
formula is essentially different from his vector-valued counterpart, namely

1
8.3) M, ~ M,,[l — exp{ - TM,?4"<p(2")}]
. log log n
In the particular case ¢(n) = ——— we have
n
1 2
(8.3) M,+1 ~M,[1 —exp _TM" logn; |.

Formula (8.3’) may help us to understand the cause of the Thouless effect,
at least at a heuristic level. If M(T) < \/"f for some n then relation (8.3)
implies that M(T) = lim,_, M,(T) = 0, hence either M(T) > ﬁ or
M(T) = 0. Since M(T) # 0for small T, this relation implies the discontinuity
of the function M(T). In vector-valued models relation (8.2) does not
suggest such a behaviour. We expect however that some delicate effects
appear in this case too, and we are going to study them in the future.

Let us remark that the study of existence or non-existence of phase
transitions at low temperatures seems to be an essentially simpler problem
than the study of the Thouless effect and related questions. In the first
problem it is enough to consider sufficiently low temperatures, and in the
case of vector-valued models with Hamiltonian function of the form (8.1)
for instance the method of the present paper works without any essential
changes. In the second problem however, one has to study the behaviour
of the model near the critical temperature, and this requires more work
and new ideas.

Another problem we are going to discuss here is the description of the
large-scale limit of vector-valued equilibrium states with translation
invariant Hamiltonian function. We have discussed its scalar-valued coun-
terpart in Section 8 of our paper [6], and formulated our conjectures
about it.

Let us consider vector-valued models on the d-dimensional integer lattice
with Hamiltonian function

H(0) = — Z a(i)a(j) — ZP(G(!'))

li—jl=1 icZd
i,jeZd
with
t | x |?
4
X)= ——|Xx - t> 0,
p(x) 4| | 5
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and the Lebesgue measure on R? with some p > 2 as the free measure of
the model. The expression o(i)a(j) in the above formulas denotes scalar
product.

Let {X(k) = (X{V, ..., X{?), ke Z*} be a random field with the distri-
bution of a (pure) equilibrium state with the above Hamiltonian function
at a certain temperature T. If d > 3 then there exists a spontaneous magne-
tization at sufficiently low temperatures. This is proved with the help of
the infrared bounds (see e. g. [/4]). In case of phase transition we consider
that pure state for which the direction of the spontaneous magnetization
ise; =(1,0,...,0),ie EX{! =M>0,and EX{’ =0fors=2, ...,p.

Let us define the « renormalized » random fields

(Yu(N) = (,(N), .., Y,(NP)}, N=1,2, ...

by the formulas

8.4) Yd(N)' = A(N) ! Z (X — EX()
JjeDr(N)

8.4) YNy = BN)™ Z X9, s=2,...,p,
JjeDi(N)

with

DiN)= {j=(i?, ...,/ DeZ, KON+ 1</O<(kO+ )N, r=1, ...,d}.

We are interested in the question that for which choice of A(N) and B(N)
the fields Yi(IN) have a non-trivial limit, i.e. a limit which is not concen-
trated on a single configuration. We also want to describe the distribution
of the limit field.
Dyson’s hierarchical model with parameter ¢, 1 < ¢ < 2 can be consi-
dered as an approximation of translation invariant models with nearest
2

neighbour interaction on the d-dimensional lattice Z¢ with d= m.
- 2
(See paper [21] for a discussion of this approximation.) It must be admitted
that the above approximation is made only at a heuristic level, but it helps
us to get a better understanding about the behaviour of the large-scale
limit. On the basis of the present work and [5] we can formulate the fol-
lowing conjectures about the large-scale limit of translation invariant

models at low temperatures.
The behaviour of the large-scale limit is different in the cases d > 4,

d = 4 and d < 4, and they correspond to the cases ¢ > ﬁ, c= \/5 and
¢ < /2 in Dyson’s hierarchical model. In accordance with [5] we expect

that for d > 4 the large-scale limit exists at low temperatures with
A(N)=N%? and B(N)=N“*2/2 The limit field { Y, =(Y&), ..., YP) keZ?}
is such that the fields { Y, keZ}, j=1,2, ..., p are independent,
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{YiV, ke Z*} consists of independent identically distributed Gaussian
random variables with zero mean, { Y\, ke Z* },s = 2, ..., p, are massless
free Gaussian fields, i. e. they have the same distribution as the field

d
ik ixM — 1
Y, = cfp_%) exp () — 1 o keze,
|x| ixW)

j=

with some C > 0, where W(dx) is a complex-valued white noise field on R?
with the conjugation property W(x)=W(—x). (For the definition of W(x)
see €. g. [/6].) The situation is similar in the case d = 4, i.e. the investiga-
tion of Dyson’s model suggests a similar behaviour with the only diffe-
rence that a logarithmic factor appears in the normalizing term A(n). More
pre01sely, for d = 4 the fields Y{V defined in (8.4) and (8.4’) with

A(N) = N2 /log N and B(N) = N“*2/2 = N3 have a Gaussian limit as
N - o which consists of independent components s = 1, ..., p, simi-
larly to the case d > 4. The limit of the fields Y{¥, s = 2, ..., p, is a massless
free field.

The result of the present work motivates the following conjecture for
d=23.

CONJECTURE. — For d = 3 the large-scale limit exists at low temperatures
with the normalizations A(N) = N? and B(N) = N°/2. The large-scale limit
has the same distribution as the random field { Y, = (Y", ..., YiP), ke Z?}
defined by the formulas

3
ik x9N —1
8.5) Y£S’=CICXT:|’C)HCXP(”.) Wdx), keZ? s=2,...p

ix)

and
3

8.6 Yo= __2[[ exp (ik(x+y))
' IxI1yl 1

exp [l(x“)-i-y(j))] -
i(x‘j) + y(j)

1
} Wdx)W,dy), keZ?®,

where C > 0 is an appropriate positive constant, and W{dx), s =1, ...,p
are independent complex valued white noise fields on R* with the conjugation
property W(x) = W(— x). (For the definition of two-fold stochastic integrals
with respect to a Gaussian field see e.g. [16]. Such an integral appears in
the definition of Y{.)

The fields Y®, s = 2, ..., p defined in (8.5) are massless free fields, the
field defined in (8.6) belongs to the class of self-similar fields constructed
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in Dobrushin’s paper [11]. It is a quadratic functional of a Gaussian field,
just as the corresponding field in Dyson’s model for 1 < ¢ < ﬂ

The large-scale limit of the equilibrium state in Dyson’s model described
in Theorem 2 of Part II has the following independence property: The

. 1 .
random variables Y + ng’: ,Y®? are independent for different k.

This independence property does not hold for their translation invariant
counterpart defined in (8.5) and (8.6). It cannot be preserved, because
translation invariant models have less symmetry. Nevertheless, the fol-
lowing non-rigorous argument shows some analogy between the behaviour
of the fields defined in (8.5) and (8.6) and the above mentioned indepen-
dence property. In this non-rigorous argument we consider the limit field
appearing in the Conjecture as the discretization of a generalized field.

Let &(t) denote the Dirac-delta function in the point ¢, and consider the
generalized field which at &(z) takes the value Y(8(£))=(Y(8()), . . ., YO((2))),

exp (itx)
| x]|

YRR =~ o Z H = (ltﬁ 9 wordsweray)
vl

YO () = j WOdx), s=2,...,p,

Actually this definition is not correct, since the above stochastic integrals
. . . dx
are meaningless because of the divergence of the integrals J I—F and
R3 | X

dxd
J‘ f Y 5. But.the integral
R3 Jr3 | X [* Y]

- O ([ s
Ytg)= jw ) ﬂ P W W),

and
o)
| x|

are meaningful for nice functions ¢. In particular, they are meaningful
3

YO(p)= jY‘s’((S(t))(P(t)dt =C WOdx), 1<s<p,

for the indicator functions of the unit cubes H [k, k; + 1) which we denote
i=1
by ¢y if k = (ky, k,, k3). The random field appearing in the Conjecture
can be considered as the discretization of the above defined generalized
field if we identify Y, with Y(¢(k)).
A formal application of Ito’s formula (see e.g. [I/6]) would supply the
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1
relation Y(5(t)) — M EP_,Y®(S(t))* = const., and this can be considered

as the analogue of the independence property of the large-scale limit of
Dyson’s model for the above defined generalized field Y(J(-)). On the other
hand by our Conjecture the discretization of this generalized field is the
large-scale limit of the three-dimensional translation invariant vector-
valued model at low temperatures.

Let us finally discuss the cases d = 1 and d = 2. The case d = 1 is rather
simple. In this case there is no phase transition, and if {X,, keZ'} is a
random field with the distribution function of an equilibrium state at any
temperature then it satisfies the central limit theorem with the usual nor-
malization. The case d = 2 is more delicate. In this case the dimension p,
(a(i) e RP), also plays an important role. In this case there is no symmetry
breaking, but for d = 2, p = 2 a more delicate phenomenon, the so-called
Kosterlitz-Thouless effect occurs. (See [/5]). This means that at low
temperatures the correlation function decreases rather slowly, only power-
like. Hence a non-trivial large-scale limit should appear in this case. For
d=2, p>3itis expected that the Kosterlitz-Thouless effect does not
occur, but for the time being it is proved only at a physical level (see [18]).
Hence, it is expected that for d = 2, p > 2 the large-scale limit has the
same (trivial) behaviour as for d = 1.

When typing the final version of this work the authors learned about
some recent results about the Kosterlitz-Thouless effect (see [22], [23]).
The arguments of these works, also supported by computer simulation,
suggest that the situation in two-dimensional translation invariant models
is essentially different from what we had expected. In particular, the diffe-
rence between the cases p = 2 and p > 2 in the models we have discussed
at the end of this Section does nevertheless not occur.
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APPENDIX B

THE PROOF OF THEOREM C

Since the measure p,,, has the density function

antk

1 1
ex; — = K21, -y Zonek z;),
Zok p{ T +1lz1 2 )} I—IP( )

i=1

the density function of the measure Q,u,;, the function hy(xy, ..., x;x) equals to

1 1
ex — — e i(Zyy ooy Zonrre
Zn+kJ\ p{ T +k(l 2 )}

2k I2n oan+k

ﬂ6(2"‘ z zj — Xn) H plzi)dz;,

=1 j=d-1n2r+1 i=1

(Bl) hxy, « ..y Xox) =

where TT7Z, 827 "E/¥",_),m412; — x) in the integral (B1) means that integration is taken
on the hyperplane defined by the relations 2~ "2]2 a-nan+12; =X, I =1, ...,2% with
respect to the Lebesgue measure. The special structure of the hierarchical dlstance implies

that
HoniilZ1, - oy Zonen) = Zf,,(z(, D27+ 15 - - -5 Zign) — Z Z UG, jziz;,
i=1 j=i+1
with z; = 27"20 iz i=1 ..., 2%
Hence relation (B1) can be rewmten as
2k 2k
1 .
hdx1, .., T c"U(i, j)x; x;
i=1 j=it+1
2k 12m
1
: H j exp { T wZa—1)2m+15 -« - Zi2n) } 5<2_" Z - xl) H plz;)dz;
=1 j=-1)2n+1 j=-n2n+1

2k

1
= Cy, exp { -7 Hlc"?xy, ., C"”xzk)} Hp..(xz, T,

. I=1
as we have claimed.
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APPENDIX C

THE CALCULATION
OF THE RADON-NIKODYM DERIVATIVES.
THE PROOF OF FORMULAS (2.1)-2.3') IN PART II

For n = N relations (2.1) and (2.2) of Part II immediately follow from formula (1.4)
in Part IL. Hence it is enough to prove our relations by induction from n + 1 to n. Clearly,

Poii(x1, -0y Xane1) = CuPy(x15 -+ o5 X2n)Py(Xant 1, « 1y Xons1)

2n 2n+l
c’. -n -n
exp T 2 x; {2 X;
j=1 j=2m+1

with some norming constant C,. Given some measurable set A = (R?)?" define the cylin-
drical set A = (R?)?>""" as A = A x (R?)". By our inductive hypothesis for n + 1

an+t

HIN(A) = Jl f""i‘l‘N<2"‘"+” Z xj)P,,H(xl, e Xane)dXy .. dXgnes
A

j=1
2n a1
h - Xj Xj
= CnJ: f;::l,N(z "(Z -+ z *))Pn(xb e Xam)P(Xgna s <oy Xomad)
X 2 2
j=1 j=2n41
2n n+1
c'l
exp {;(2"’ ij><2"‘ Z x,:) }dx, e dxgnen.
i=1 j=2m+1

Let us calculate the last integral by first integrating on the hyperplanes where x;, ..., xz»

n+1

1.
and y = > 2]?:2” 1 x;j are fixed. Since P,(xzn4 1, ..., Xzn+:) is the only term in the integrand

which is not constant on such a hyperplane, and its integral equals p,(y) on it, we get that

2n
_ Xj y
#:}«(A) = CnJ‘ n’TLN(z "<Z J) + *)Pn(xu e X2n)Pul( Y)
AxRP 2 2
j=1 2n
L,'l
exp {TZ""<Z xj)y } dxy ... dx,.dy.
i=1

Hence we get, by integrating first by the variable y that

n

u::’},,(A) = C:,Jv S, nhfl’N(Z’" Zx,)P,,(xl, ey Xgu)dXy ... dXgn.
A =
Since this relation holds for all measurable sets A = (R?)?", it implies our inductive hypo-
thesis for n.
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APPENDIX D

ON LIMIT GIBBS STATES

Here we briefly describe the definition of limit Gibbs states (also called equilibrium
states in the literature) and discuss some important questions related to this definition.
Limit Gibbs states are defined with the help of a Hamiltonian (often called energy) function,
a free measure and a physical parameter, the temperature T. The Hamiltonian function
is a formal series. Let us have a subset Z < Z? of the d-dimensional integer lattice and a
closed set K = R” in the p-dimensional Euclidean space. We consider a Hamiltonian
function #(o) of the form

H(o) = — Z UG, potia(j), o ={o(j)o(j)eK,jeZ},
i,jeZ
where U(-, ) is a given function, U:Z x Z — R!, and o(i)o(j) denotes scalar product.
(There is a more general definition of Hamiltonian functions, but this special class is suffi-

ciently large for our purposes.) Given some finite set V = Z, we define the energy func-
tion #y(o) as

(D1) Hylo) = — Z UG, jo(i)o(j), o ={oali)ieV},
i,jeV

and the conditional energy in V with respect to a configuration & in Z — V as

(D2) Mv(a|a)=yfv(a)—z Z UG, )o()a(j), o= {ali)ieV},5={a(i)icZ—V},
ieV jeZ-V

provided that the last sum is convergent. Given some h € R?, we also introduce the energy
of a configuration ¢ in the volume V with respect to the external field h as

(D3) HWo) = Hv(o) - h za(i)-
eV
Given some finite set V < Z, a configuration & = {5(j), je Z — V } outside V, a Hamil-
tonian function #(c) and a free measure P(dx) on K, we define the Gibbs measure in
volume V with respect to the external field 7 at temperature T as the probability measure
uv.1(-19) on KV given by the formula

1 1
(D4) bv1(c€A|D) = m J exp { T Hv(o|0) } l_l P(da())),
, T,0) Ja

Jjev

where A € KV is an arbitrary measurable set, ¢ = { o(j), je V } and Z(V, T, @) is an appro-
priate norming constant, provided that the above expression is meaningful. Now we for-
mulate the following

DEFINITION OF GIBBS STATES. — A probability measure Ti is a Gibbs state with Hamil-
tonian function # and free measure P at temperature T if a T distributed random field o(j),

J € Z satisfies the following relation: For any finite set V and measurable set A = KV the
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conditional probability of the event 6 € A, o = {6(j), je V} with respect to the condition

{a(j) =3, jeZ — V} with a configuration & = {3(j), je Z — V } equals to
HoeAl{a(),jeZ —V}=7) = pv:(A|7)

with [ probability one, where py 1 is defined in (D4).

The question arises whether Gibbs states on K% exist, and whether they are unique.
A natural way to construct Gibbs states is to carry out the following procedure. Choose
an increasing family of sets V, = Z, U V, = Z, fix a configuration ¢ = 3 = {&(j), jeZ—V,}
for each V,, and consider the measures py, 1(- | 6) defined in (D4). Prove that under some
mild restrictions there is a convergent subsequence of this sequence, and the limit of this
subsequence is a Gibbs state. The problem about the uniqueness of Gibbs states is closely
related to the question whether, in dependence of the choice of the external configuration
o™, different limits can appear in the above construction. A slightly different, and often
useful approach is to choose a sequence h,e R", h, — 0, and try to construct Gibbs states
as the limit of a sequence of measures of the form u"',';,T, where we define the probability
measure pif 1 as

1
(D) iy x(A) = mf { - (Z Z UG, j)xix; — h Z )} HP(dxi).

i€V  jev

If K is a compact subset of R? then standard results in probability theory imply the com-
pactness of the measures py, 1(| @) or of py 1 in weak topology, i. e. the existence of a
convergent subsequence in this topology. (Sce e.g. [3]) Nevertheless, there are many
interesting models, where the set K is non-compact (e. g. K = R?), and in such cases a
hard analysis is needed to prove the existence of such a convergent subsequence. (See
e.g. [10] or [20] as an example.) In order to prove that the limit of the sequence of measures
v, 1(-19) (or py ;) is really a Gibbs state it is worth while to rewrite the definition of
Gibbs states in an equivalent integral form. Let f = f(x;,, ..., x;)and g = g(x;,, ..., x3,),
x;,€ R?, x;,, € R?, be two bounded and continuous functions with finitely many arguments,
V="{ju- i W={ly, .., k},VeZ Wc Zsuchthat VAW =@

The measure & on K% is a Gibbs state if and only if

(D6) I Jedp = j uf)gdn
KZ KZ-V
for all functions f and g with the above properties, where

D7) uf) = uf)o) = J (6, - -, oli)pv,1(do | 5)
< o={o(j)hjeV}, T={o()jeZ -V},
and uy 7 is defined in (D4).
Let us consider an arbitrary sequence of sets V, = Z, U V, = Z, and numbers h, € R?,
h, — 0. Some calculation shows that for sufficiently large n (if V< V,, W < V,)

(D8) J fedily ¢ =I u(f)gduly,
KVn KVn-V

with

W(f) =y, 1(f 5 60) j€ Va=V)

J f(jr), - ., a(i)) CXD{ - = (Z 2 U, ))oi)o(j) —hn ZU(I)) } HP(dU(i))

ieV jeV,

f exp { - = (z Z UG, j)et)o(j) —hn z 0(l)> } H P(do(i))

ieV jeVn
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If the sequence ﬂ'\'f",..r tends weakly to the measure & then the left-hand side of (D8) con-
verges to that of (D6). Hence to prove that the limit measure 7 is a Gibbs state it suffices
to establish the convergence of the right-hand side of (D8) to that of (D6). If the Hamilto-
nian function has a finite range interaction, i. e. there is some number r > 0 such that
UG, j) = 0if |i — j| = r then it is not difficult to see that u*(f)@) — u(f)@), and the
required convergence can be proved with the help of this relation. In case of infinite range
interaction one must be more careful, especially if the state space K is non-compact. Dyson’s
model which we are investigating is such a model. In Theorem 1 of Part II we have proved
the weak convergence of the measures i to fi. (Actually, we have proved a stronger form
of convergence.) In Appendix E we prove Theorem B, i. e. we show that the limit measure
is a Gibbs state. In the proof we approximate Dyson’s model with a model with finite
range interaction, and this enables us to carry out the required limiting procedure. In
Appendix E we restrict ourselves to Dyson’s model, although the argument also works
in more general cases.
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APPENDIX E

THE PROOF OF THEOREM B

We apply the argument of Appendix D. The proof of Theorem B can be completed by
showing that also in the case of Dyson’s model the right-hand side of (D8) tends to that
of (D6). We formulate this statement in more detail.

It is enough to consider the case when V = {1,2,...,2*}, W= {2+ 1,2,...,2"}
with some 0<k<m, i.e. f=f(x1, ..., %z §=8(Xoxs1, - - -, Xzm) and Vy={1,2,...,2N}.
(We apply the notation of Appendix D.) Introduce the functions

(E1) phn(x1, ., Xau | Xokw 1 -« 5 X2n)

1 k N -
CXP{ - ¥(2:‘2=1z,2‘=-‘+1 U, ])xixj—hzizzlxi)}
= s x,-eR",j=1,...,2N

1 k k
J exp { - ? (2;2; 1 Z,z:i+ 1 UG, )xix;— hzi, xi) } M p(x)dx;

and
(B1")  pulxys - Xk | Xokg 15 -+ 0)
| S .
exp _Tzi=1zj=i+1U(l’])xixj
= , x;eR?j=1,...,

1 k k
J exp { - T Ziz=lz;o=i+l U, j)xix; } 122 p(x;)dx;

where the function U(-, ) is defined in (1.2) and p(x) in (1.3) of Part 1. Put

2k
(B2) i n(f) X2t 15 -+ o XzN)=Jf(x1’ cees Xp)PRN(XL, oy Xkl Xokag, <o, Xow) l—’p(x,-)dxi
i=1

and 2k

(B2)  m(N)xzms1s - - ~_) = ff(xn v X)P(X 1, s X | Xk, .) plx;)dx; .
i=1

The convergence of the right hand side of (D8) to that of (D6) is equivalent to the relation
(E3) Jim fgui,’i.(f YAy = Jg#k(f )du

in our case, where u"N and 7 are the same probability measures on (R?)?" and (RP)Z as in
Theorem 1 of Part 1.
To prove this relation let us first introduce the sets A(K, k, n, N) and A(K, k, n), where
KeRL,K >0,k n NeZ and k < n < N, defined by the formulas
AK, k,n,N) = {(xzx41, ..., Xan), X;€RP, j = 2+ 1,...,2% x| <K
if 2*<j<2" and |x;|<2% if d<j<2*l=n...,N-1}
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and
AK, kn) = {(xzes1,...), x;€RE =2+ 1, .., |x;| <K
if 2*<j<2" and |x;|<2® if Qd<j<2Ll=nn+1,...},
3 1lloge
where o = — — — R
4 2log?2

We claim that for all ¢ > 0 some n = n(g) and K = K(e, n) can be chosen in such a way
that

(E4) PN (xgxs1s -0 X2n) EAK, k,n, N)) < &
and
(E4’) (x2xs1, -- )¢ AK, k, 1)) < ¢.

To prove relations (E4) and (E4’) let us first observe that there is a universal constant C,
C > 0, such that if 6(j) is the j-th coordinate of a u'™ or 1 distributed random variable
then the inequality Eo?(j) < C holds for all je Z and measures "N and m. This can be
seen by observing that the argument of Section 6 in Part II actually implies that all moments
of the j-th coordinate o(j) of a u%" distributed random vector ¢ converge to the corresponding
moment of the j-th coordinate of a 7 distributed random vector as N — oo. Then we get,
by exploiting that 1 — 2« > 0 that

N
2m — 2k .
#’;{N {(ka+ 1o oo oy XZN)¢A(K, k,n, N)} < C< K2 + Z2J(l—2¢)> <e

j=n

if first n and then K is chosen sufficiently large. The proof of (E4’) is the same. (We remark
that relations (E4) and (E4’) hold with arbitrary « > 0 in the definition of the sets A(-, -, -).
To prove it we have to apply the stronger statement Eo?* < C, for all k > 1. This obser-
vation is needed if- we want to prove Theorem B in the case ﬁ < ¢ < 2to00.)

We claim that for all ¢ > 0 there is some Ny = Ny(e, K, n) such that for N > N

(ES) | PhN(1s - Xk | Xaat oy Xan) = D1, -+ Xax| Xakay -y Xavo) |
2k 2k
< s(ZIx,-l)exp{(ZKn + I)ZIxil}
and i=1 i=1
(E5") |Pk(x1, e Xak | Xakaq ..l) —PS,NO(XD o Xgw | Xgpy . -,XzNo)l
k

2! 2k
< s(le,-l)exp{QKn + 1)Z|x,~|}
i=1

i=

if (Xze41, ..., x28) € A(K, k,n, N) and (xx41, ...) € A(K, k, n). (The constants K and n
in formulas (ES5) and (ES’) are the same as in the definition of the sets A(K, k, n, N).) First
we show that (E5) and (E5’) together with (E4) and (E4’) imply (E3), hence also Theorem B.
Indeed, since p,(x) decreases at infinity faster than exp (— x2/2) hence (E5) and (E5’) imply
that

| X X axs 1y - - oy Xon) — Hono( X251, - - -, Xan0) | < const. &
and

| il WX 2es1s ) — PN )Xok 1y - - oo Xano) | < const. &
if (xzx4+q,...)€A(K, k,n) and then as a consequence (Xzk4y, ..., Xon) € A(K, k, 1, N).
Since this relation holds on a set of 1 — eul™ resp. & probability by (E4) and (E4), the func-
tions f, g, y:,’{q( f) and pu(f) are bounded, hence an error less than const. ¢ is committed
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if ,uﬁ”‘N and p(f) is replaced by gy, in formula (E3). After this replacement relation (E3)
holds, because the projections of the measures puf' to (R?)?" converge to the projection
of T to the same subspace. Since ¢ > 0 can be chosen arbitrary small, relation (E3) holds
in its original form.

We prove only (E5) the proof of (E5’) being the same. Let us first observe that for any
n > Othere is some NO = NO(K n, n)such that forN > Noand (xzx41,. . ., X2, )€A(K, k,n, N)

2k 2NoO

o (3 Y weman Y} el 1 S v

i=1 j=i+ i=1 j=i+1

—exp{——z ZU(z,xx,} exp{“(Z Z Hb b= hNZ >} ’

i=1 j=i+ i=1 j=2No+1

- =20 I x) {2Kn+nZ| }

= €X i .

A p T Xi |
i=1

In the last relation we have applied the inequality |x* — 1| < |x|e!™ together with
) c\
Z;?":NOZ"“'”(Z) ’ < n/2 and

[ 231 UG )x;| < 2Kn if N> No, j> 25 (xpesrs ..., xan) € AKK, k, 1, N)

and N, is sufficiently large. Integrating inequality (E6) with respect to the measure
7% p(x;)dx; we get that

@ [Jerl 53 3 s -3} [T

i=1 j=i+1 i=1

RS ]

i=1j=i+1 i=1
where the const. may depend on K and n. In formulas (E6) and (E7) we have shown that
both the numerators and the denominators of the functions pg v, defined in (E1) are close
to each other. The number # can be chosen arbitrary small in these estimates by fixing first n
then K = K(n) and finally N, = Ny(K, n) in an appropriate way. Moreover, given some
appropriately chosen n and K the number n > 0 can be taken arbitrary small if
No = Ny(K, n, n) is sufficiently large. Hence we prove (ES) by showing that

(E8) jexp { - = Z Z U@, j)x; x,} Hp(xi)dx,- >D

i=1 j=i+1 i=1
with some D > 0 on the set A(K, k, n, Ny), i. e. the integral in (E8) is separated from zero.
Here the constant D may depend on K and n but not on Nj,. Relation (E8) holds, since if
[xjl <1,j=12...,2" and (x3x41, ..., xon) € A(K, k, n, Ny) then the integrand in (E8)
is separated from zero.

(E6)

the relations hy < 7/2, | =3 n041 UG, j)x;| <

< const. 1,
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