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Analytic scattering theory
of quantum mechanical three-body systems

by

Erik BALSLEV
Matematisk Institut Aarhus Universitet

ABSTRACT. — We consider a three-body Schrodinger operator

H = H, + V in L%R?"), where V = ZVa, and each V, is a dilation-

analytic two-body interaction decreasing faster than r~# where f > 1
for negative energies and B > 2 for positive energies. Together with H
we consider the associated self-adjoint analytic family of operator given
in momentum space by H(z) = z2H, + V(z), |Arg z| < a.

We develop the stationary scattering theory for the pair (Hy(e'?), H(e'))
for each ¢ € (— a, a) and each threshold A of the System. The local inverse
wave operators are constructed and asymptotic completeness proved.
The full S-matrix &(¢) and for ¢ # 0 the channel S-matrices

L@, p*[2n,) = F(pe”)

are expressed in terms of boundary values of the resolvent. It is proved
that for each A the function %,(pe'®) is an analytic continuation into the
lower half-plane of the diagonal element [ %, !(A + p?/2n,)]* with poles
at most at resolvent resonances and, under some reasonable assumptions,

precisely at these resonances.

INTRODUCTION

During recent years there has been a significant development in the
mathematical theory of the quantum-mechanical three-body problem.
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126 E. BALSLEV

Based on symmetrized versions of Faddeev’s equations, Ginibre and
Moulin [/4], Thomas [34], Howland [/8], Kato [24] and Yajima [38]
through various approaches using Hilbert space techniques greatly
simplified the original work of Faddeev [/3]. The assumptions on the
potentials were more explicit and somewhat weaker, but essentially with
the same r~27¢ decay. Mourre [29] obtained certain generalizations to
potentials decaying as r~!~¢. Hagedorn [/5] has treated the four-body
problem, using a modified version of Yakubovski’s equations. The general
n-body problem has been discussed first by Hepp [/7], and recently
Sigal [3/] has treated this problem, using Berezin’s equations.

On the other hand, the dilation-analytic theory of many-body Schro-
dinger operators ([3], [5], [30], [35]) suggests the possibility of getting
a deeper insight into the analytic structure of the wave- and scattering
operators. Works of Hagedorn [/6], Sigal [32] and van Winter [37] are
contributions in this direction. A dilation-analytic scattering theory for
the two-body probleni was developed in [8], where an analytic continua-
tion of the S-matrix with poles at resonances was obtained. A more detailed
exposition of the results on the three-body problem contained in this paper
has been given in [10]. The results have been extended to many-body
systems below the smallest three-body threshold using the Weinberg-
van Winter equation [/7].

The present work is aimed at understandmg the analytic structure of
the three-body problem, which gets its clearest expression in the analytic
continuation properties of certain diagonal elements of the S-matrix. This
is achieved through a combination of the abstract stationary theory
developed by Howland, Kato and Yajima with the dilation-analytic
theory. Yajima’s approach, utilizing Kuroda’s spectral trace formalism,
is particularly suited for this purpose, since there is a simple connection
between the trace and dilation operators. This leads to an explicit expres-
sion for the analytically continued diagonal elements of the S-matrix
(Theorem 7.4).

We work with two classes of dilation-analytic potentials. For scattering
at negative energies we allow not necessarily local potentials decaying
faster than r~'~¢ and for scattering at positive energies local potentials
decaying faster than r~27¢,

It is convenient in the present context to work in momentum represen-
tation. We consider the analytic family of operators H(z) introduced in [5],
where z = pe'® is a complex dilation parameter varying in an angle
O={z=pe?|p>0, —a<@<a}. As shown in [5], the essential
spectrum of H(z) consists of a set of « cuts » { 4, + ¢*?R™ } starting at
thresholds 4,, and the discrete spectrum consists of eigenvalues of H and
non-real eigenvalues, called resonances.

The basic resolvent equations described in section 2 are extensions of
the equations of [38] to the dilated operators, allowing for the possibility
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ANALYTIC SCATTERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMS 127

of an infinite number of thresholds. A central feature is the construction
of an analytic, operator-valued function A(z, {) with compact square and
singular points at discrete eigenvalues of H(z).

We proceed to establish a limiting absorption principle for the ope-
rator H(z) for each fixed z in @. For this purpose we introduce different
topologies for negative and positive energy and treat separately these two
cases in sections 3 and 4. In this connection we identify the singular points
of the boundary values A ,(z, 1) for ¢ < 0 with resonances and for ¢ = 0
with eigenvalues of H. The basic analyticity properties of the boundary
values of the resolvent are derived as well as the connection between
these operators for ¢ £ 0 and ¢ = 0.

After giving some facts on trace operators in section 5, we develop in
section 6 the scattering theory of the dilated operators H(e'?) as well as
that of H itself. For ¢ =+ 0 this involves the construction of a local spectral
measure for H(e?). The local inverse wave operators F;_.(¢, A) are then
defined in terms of the boundary values of the resolvent for bounded Borel
subsets of the cut { 4, + ¢**R™* } associated with each threshold 4,, and
their basic properties are established. For ¢ = 0 we construct the inverse
wave operators and prove asymptotic completeness (Theorem 6.9).
Without the analyticity assumptions this yields a generalisation of results
of [38], however in this generality the singular points are only known to
lie in a closed set of measure 0.

In section 7 we discuss the scattering matrix and its analyticity pro-
perties. For ¢ = 0 the S-matrix is a unitary matrix of operators &, ; (E),
where g, 4, vary over all thresholds below E. For ¢ # 0 we define for
each 4, the S-matrix &, (o, p) associated with the scattering operators
F, +(@, AF L(p, A). It is proved in Theorem 7.4, that the function
&0 = S, (@, p*/2n,) is a meromorphic function of z = pe'® in O~
with poles at most at resonances, and that &, '*(pe’?) has as its boundary
value for ¢ — 0, the diagonal element [F(, + p?/2n,)];, 4, Of the
S-matrix, provided A, + p?/2n, is smaller than the next threshold. A
similar result holds for the S-matrix %(pe'?) associated with the 0-channel.

We finally investigate the question, whether every resolvent resonance
is a pole of the analytically continued diagonal elements of the S-matrix.
For the lowest threshold the answer is positive, as for the two-body problem,
and there are no embedded eigenvalues on the corresponding cut. For
the higher thresholds the problem is complicated by the possibility of
embedded eigenvalues of the dilated operators, and the possibility that
the S-matrix is regular at a resolvent resonance cannot be ruled out.
However, if a resonance appears only on one side of the cut, in which
case it does not turn into an embedded eigenvalue, then it is a pole of
the S-matrix (Theorems 7.7, 7.11). There is also the possibility of a degene-
rate resolvent resonance with part of the null space corresponding to an
embedded eigenvalue (and the resonance appearing on the other side of
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128 E. BALSLEV

the cut) and part of the null space giving rise to a pole of the S-matrix.
This situation is dealt with in Theorems 7.9 and 7.11.

~ Throughout this work we have assumed that non-zero thresholds are
simple eigenvalues of two-body subsystems. In [/0] we have indicated the
extension to the important case when they are degenerate, as it occurs
when a potential is rotation-symmetric or when two particles are identical

(cf. [6]).

1. DEFINITIONS, ASSUMPTIONS AND BASIC RESULTS

We consider a system of three particles, denoted by 1, 2, 3, in n-dimen-
sional space R". The mass, position and momentum of particle i are
denoted by m;, x; and k;. The pairs (i) are denoted by a, B, etc. We use the
notation R* = (0, ), R* = [0, o).

For any permutation (ijk) of (1 2 3) with a = (ij) we set

mit=mt+mit,  ngt=(m+m)t+m!

Xy = Xj — X;, Yo = X — (m; + mp) ™ Ymx; + mjx;)
ke = (m; + mj)—l(mjki — mk;)
Pa = (m; + m; + m) ™ (m; + myk, — my(k; + k;)).
The free Hamiltonian in the center-of-mass frame is given for any a in
momentum representation by

Ho = (2m)~ 'k} + (2n)™'p;

and in position representation by the substitution k, —» — ihV,,
P. = — iV,
We set
Ro(z2)=H, —2)~' for z¢R*.

We shall work mainly in momentum representation and only occasionally
in position representation. Any definition or statement containing the
index a is meant to hold for o = (12), (23), (31). We distinguish the spaces
of vectors x,, y,, etc. by the notation R}, R}, etc. The basic Hilbert space
L2(R?" is denoted by . The weighted Sobolev spaces with weight é and
differentiability parameter s is denoted by H*%(R?"), etc., and H* = H*°.

For a discussion of the basic properties of Sobolev spaces we refer
to [26]

For any pair of Hilbert spaces #,, #, we denote by #(¥#,, #,) the
space of all bounded linear operators from #; into J#, and by 6(%,, #,)
the subspace of all compact operators.

We denote by S"~! the unit sphere in R™ and identify L*(R™) with
L%R*, L%S™"Y); p™ 1Y), writing f(p, -) for f e L*R™).

For f e C3(R™) we set y(p)f = f(p, ).

Annales de I'Institut Henri Poincaré-Section A



ANALYTIC SCATERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMS 129

The dilation operator U(p) is defined for peR™, s, e R, on H*¥R?")

by
(U)fXp) = p"f(pp) -

Considered as operators on # the U(p) form a unitary representation
of (R*, ) on #. Similarly we define the operators U,(p) on H*R% ) by

(Uup)fXP) = "1 (pPa) -
For any operator A in J# we set
A(p) = U(p)AU " (p), peR™.
The operators U(p) and y(p) are connected by
wWp) = p~()U(p) . (1.1)

ForO0<a< g, let ® = 0, denote the angular region

0,={z=peé?|peR*, —a<op<a}.

We use the notation
(Kol Ny = L S(xa y)P(x)dx,

whenever the right hand side is defined, and
(19 8)(xe ya) = ()8 yd) -

Assumptions on the interactions

We shall consider the following two sets of conditions on the inter-
actions V,.
A 1i). There exists s > % such that

Vo= (1= A)7PW (1 = A )2,
where W, is a symmetric operator in L*(R} ) with the property
W, e ¢(H*(R}), L*(R})) n €(H"*(R,), H(RL)).

A 1ii). The function W,(p) has an analytic extension to @, consi-
dered as a function with values in ¢(H®*(R}), L*R})) as well as in
(g(Hs’z( :u)’ Hs(. :,))' . . . .

A II i). The interaction V, is convolution with a function v,(k,), whose
inverse Fourier transform # ~'v, is a real valued function on R%, such
that for some s > 1

F oy = (1 4+ x2) (g, + Wo Nhyy + Way),
where

uu€L®R".), wyeLARZ), i=1,2,
for some p > nifn >4 and forp = 4ifn = 3.

Vol. XXXII, n® 2-1980.



130 E. BALSLEV

A II'ii). The L*(R% )—valued and L?(R% )— valued functions u,(p)
and w,(p) have analytic extensions U,i(z) and w,(z) to O fori =1, 2.

REMARK. — It is well known that for ¢ > 0 the function
(1 + xz)_a(ual + Wal)(uaZ + wa2)’

where u,;, w,; satisfy the conditions of A II i), defines a multiplication
operator in ¥(H*R?), L%(RY})) and hence in ¥(H2*(R%), H>RZ)), so
A 1I1i) implies A I i) and A II ii) implies A I ii).
We shall make use of the following factorizations of V,(z):
Vi2) = A2)By(2),
where in case I
Af2) = (1 = Z2A)™2,  B,(2) = W21 — 2%A,) ">
and in case II R .
Af2) = (1 = 22A,,) " (Un(2) + W,4(2)),
By(2) = (1 — 2A,)"**(U,a(2) + W,p(2)),
where U,(z) and W.i(z) are the operators of convolution by Fu,(z) and
Fwl2),i=1,2
The two-body case

The free Hamiltonian hy, is the self-adjoint operator in L%(R},) defined
o hou = K2f2m,, Dho,) = HO(RL,).
The assumption A Ii) implies that V, is hq,-e-bounded, and hence
the total Hamiltonian h, defined by
haz = hOa + Vaw 9(haz) = HO’Z(R;',)

is self-adjoint by the Rellich-Kato criterion, see [23].
Moreover, by A 1ii) a self-adjoint analytic family hy(z) is defined for

0b
2€T DY hiz) = 2hg, + V(2).
For the basic results on the operators h,(z) we refer to [3], [5], [8] and [12].

We shall make the following simplifying assumption in both case I
and II:

A T iii)and A 11 iii). For z € 0 all discrete eigenvalues of h,(z) are simple,
and h,(z) and hy(z) have no common eigenvalue for a + f.

In case II we shall need some further assumptions. Let

9u(4) = Byl — )7'A,,  A¢RT

By a result of Kato [22], under assumption II i) the ¢(L*(R} ))-valued
function ¢,(4) has a limit ¢,(0) for A — 0.

We now make the assumptions

A 11 iv) N (q0)) =0

Annales de I’Institut Henri Poincaré-Section A



ANALYTIC SCATTERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMS 131

A1l v) h, has no positive eigenvalues.

Condition A II iv) is satisfied « generically », and Condition A II v)
is satisfied under weak regularity conditions on the potential, see [/].

2. BASIC EQUATIONS FOR THE THREE-BODY PROBLEM

It follows from the assumption A Ii), that V = ZVO, is Hy-¢-bounded,

and by the Rellich-Kato criterion the total Hamiltonian
H = HO + V

is self-adjoint on 2(H) = 2(H,) = H>*(R™").
Moreover, by assumption A I ii) a self-adjoint analytic family H(z) is
defined for ze O by

H(z) = 2?H, + ZVa(z).

a

For the spectral properties of H(z) we refer to [5]. We only recall here
that the non-real discrete spectrum of H(z), denoted by oi(@), is z-inde-
pendent unless « absorbed » by the essential spectrum ¢ ,(¢) which consists
of a set of parallel half-lines with directions e*, starting from thresholds,

i. e. points of Ua,,(ha(z)) u{0}.

DEFINITION 2.1. — For Al eayh,) we define the set % of three-body
resonances #. related to the threshold A} by

R = U { Le a%(p)| A is between A} + €**R™* and A} + e**R™* }

—a<@p<0
where AY = min min (M >},
J

The conjugate set 22, is given by the same expression with —a < ¢ <0
replaced by 0 < ¢ < a. *
The set #,_ of three-body resonances related to the « resonance threshold »
is defined in a similar way.
Similarly we define#, and #)_ as the union over ¢ of the set of resonances
lying on the negative side of A\ + ¢?*?R™ and A, + €¢**R™ respectively.
The set %, of resonances related to the free channel is defined by

/

a

Ho = U { Leai(p)| A is between R* and ¢*“R* }

—a<e<0

We shall now describe a decomposition formula for the resolvent

Vol. XXXII, n° 2-1980.



132 E. BALSLEV

R(z, {) = (H(z) — {)~! extending the procedure of Yajima [38] to the
present situation. We set

Rz, )= (Hi2) = 7',  (ep(Hy2),
and decompose R,(z, {) as follows.
Let E er,,(ha) be fixed, and let

: M<il<...<i™<E
be the eigenvalues of h, below E with the corresponding eigenfunctions

f by
o 6.2, 62, .., $2(2)

chosen in accordance with a result of [3] such that ¢i(z) is analytic in (.
and such that , )
oDl =1, i=1,....n,.

We use the shorthand notation

320

and for a quantity X depending on 4, = AL we write X;', = X,,. If o (h,(2))
is finite for all «, in particular in case II also E = 0 is allowed, in which
case we let {A‘ Y= . = a{h,(z)). We choose moreover ¢i(z) as above for
Ji€ @), $i(2) analytic in {ze0|2¢ S Arg A} for Aedi(p) and
Arg A2 £ 0. Let

Pi2) = | ¢i2) > diZ)|, i=1,...,n,

P9 = ) P

i=1
R3(z, {) = Ry(z, {1 — PX(2))

, 22p?
hao(2) = n

riz, ) = (Ko2) — {)™',  (eC\ {4 + &“R"}.

Then
R,z {) = Ri(z, {) + Z | $i2) > rifz, < i) |-
Let Q,(z, {) be the (n, + 1) x (n; + 1) matrix of operators defined by
Qaﬁ(zv C)
B(2)R(z, )A4(2) B(2)| $5(2)> - B2)| ¢3%(2)>
ri(z, < b | VAIRF(Z, DAMD)  ralz, DK ¢,(‘)IV,(2)|¢,;(Z)> ‘(z, 0| ¢,(Z)|V.(Z)I¢;’(2)>
iz, ) { 9™ | VIRE(z, DA2)  ris(z, < &5 (Z)l (Z)|¢p(2)> 1z, o (Z)|V¢(Z)l¢’(2)>

Annales de I'Institut Henri Poincaré-Section A



ANALYTIC SCATTERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMS 133

The matrix of operators A(z, () is defined for { € C\ o(¢) by

0 Qaﬂ(zs C) Qav(za C)
A(z, §) = 1§ Qulz O 0 Qpy(z, 0) 2.2)
Qulz, ) Qulz, 0) 0

j;s.é —_ z ® { HD EHs,J(R;.) } , ,)? = 00

a i=1

The elements of #*? are denoted by

ﬁ=Z@(l¢a€DZ®0§.),

a i=1

and we set

U, = @, 0ll, 0h=0,.
It follows from Lemma 3.2 below, that
Az, e BF),  AXz, Deb(F). 2.3)
Moreover it is easy to see that
|A%(z, )| - 0, for Ree 2! - — .

Since A(z, {) is analytic for { € p (), it follows that (1 + A(z, {))~! exists
for { € p.(p) except for a discrete set s. The following result shows that
s = 049).

LEMMA 2.2. — A point A€ p (@) is an eigenvalue of H(z) if and only
if — 1 is an eigenvalue of A(z, A), and the null spaces 4" (H(z) — 4) and
N (1 + A(z, 4)) are isomorphic via the maps K(z, 4) and its inverse L(z, 4)
defined by

¥ = K(z, HD = Z — Ry(z, HA,(2)u, 2.4)

¢=Z@{ua@Z€Bai}e/V(l + Az, 4);

® =Lz, Y¥ = 2 ® {B2)(1 + Ro(z, YV,(2)) } ¥

for

@ 2 ® {rifz, D PUD I Voo + Rolz, AV, ) (2.5)
i=1

for W e (H(z) — A).

Vol. XXXII, n° 2-1980.



134 E. BALSLEV

Proof. — This follows by a straightforward algebraic verification, using
the 2nd resolvent equations.

We define H(z, {)e B(#, #) for {epp) and K(z, {)e B(H. #) for
{ep(p) by

0,,0H(z, {) = ZBa(Z)RO(Za OVi(2)Ry(z, {) (2.6)
pFa
0,,H(z, {) = 1z, ) { $u(2) | Af2)®, oH(z. () . 2.7
K(z 0) = (1 + Az, ) "'H(z, {). (2.8)
Then it is clear from (2.1), that
0..K(z, {) = 13z, {)  $i2) | Al2)®,,0K(z, {) 2.9

The following basic formula is derived in the same way as Theorem 3.2
of Yajima [38], see also [10] for details.

LeEmMMA 2.3. — Under the assumptions A I i)-iii) we have for ze(,

Cep(H(), Eel_Joyhn),

o

R(z, {) = Ro(z, )¥e(z, {) + Z{ | 642) > iz, OYdz, O} (2.10)

where

Ye(z, {) "

= =2 + Z (1 - ZPZL(Z) - V(2)R(z, C))(l + A2)®,,0K(z, ) (2.11)
3 i=1

Yz 0) = {9iZ) | + { 9UZ) | A2)O,,0K(z, 0). (2.12)

Under the assumptions A II i)-iv) the above decomposition is also
valid for E = 0, in which case we let

{ Vi Yz = ohf2).

DEFINITION 2.4. — #{ = HR*") @ 2 @ HR}), #, = #{ with the
elements =

o 1 n 1 n 1 n.
U= (Uoy Ty - s Th% Thy ooy Th8, Thy v ony TV).

Ri(z,{) = Ro(z, ) @ Z @ rilz, ) e BEE )

X0
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ANALYTIC SCATTERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMS 135

for

{eCN\ ( {e?R* } U {U(i; + €*R™) })

o = o+ ) (6 ) e )

Wi = ZV”(Z) |6 > € BHOARE,), #)

BFa
W(2)i = V(2)ug + ZW;(z)ti
Gilz, 1) = | #i(2) > + Wiz, ) € BLHRS), #)

for

{eCN {4 + *R" )
Gol(z, ) =1 + V(2Ro(z, e B(H#) for [eC~e*R*

Gz, §) = Golz, O) + EGL(Z, 0 e B(AHLH)

ceC ({R_ Ju {Uuz + e’"’F)})

Y(Za C)u = { YE(Z7 C)u’ Yal(za C)u’ R Y:“(Z, C)u’
Y;(z, Ou, ..., Ypo(z, Ou, Y, (2, O, ., Yyi(z, Qu }

for

Thus Y, OeBH, #) for  Lep(H(z)).

We have the following identities.

LEMMA 2.5.

Gz, {) = J(2) + W(2)R4(z, (),

LeCN (ezwlF U {UQ(& + emfff)}) 2.13)
a i=1

R(z, )Gz, {) = J2)R4(z, {), { € p(H(2) (2.14)
R(z, {) = J@R,(z, OY(z, ), (e p(H(2) 2.15)
Gz OY(z ) =1, L€ p(H(2) (2.16)

Proof. — (2.13) holds by definition, and (2.15) is a restatement of
Lemma 2.3. A simple verification using the 2’nd resolvent equation
shows (2.14), and (2.16) follows from (2.14) and (2.15).

Vol. XXXII, n° 2-1980.



136 E. BALSLEV

3. LIMITS ON THE CONTINUOUS SPECTRUM
FOR NEGATIVE ENERGIES

In this section we make the assumptions A I i)-iii) and investigate in
suitable topologies the limits of the operators H(z, {), A(z, {) and Y(z, {)
on the part of the continuous spectrum given by

o @) N ({ ¥R } U X(p)) = U {A+e*¥R*} for @%0

and AeL(@)\ {0}
(o O)NZ(0) for ¢=0.

The variable ze @ is written as z = pe'®. For A,eo0h(z)) we set
A=Ay + pe?t.
The statement

X1(2, Ay + pe*®) = lim X(z, 2, + pe*@*) € B(A,, #7)

means that the operator-valued functions X(z, 4, + ue?®*9) with values
in B(Ay, A;), where A, and ¥, are Hilbert spaces, converges as ¢ | 0
in the uniform operator topology of #(.#;, .¢>) to limits, which are denoted
by X.(z, 4, + ue*®). The convergence is always uniform on compact
subsets of the set of real numbers u for which the limits exist.

The following results are proved in [10].

LEMMA 3.1. — For 3 < &' < s, all @ and 4, € 6,,(9), p, 4 > 0 for ¢ + 0
and pe(0, A, — ) for ¢ =0,

Ho(z A + ue™) = lim Hez, 4, + pe?®*9) e BEFR™), #77) (3.1)

LemMMA 3.2. — For < s’ < s, all « and A, € 6,,(9), p, u > 0 for ¢ + 0,
pe(Ay, AY) for ¢ = 0,

As(z, ) = im A(z, 2, + pe?®*?) = lim A(pe'®™?, 2)e B(H ~52)

Moreover, for 3 < s’ < s, Al(z, A)e%’(.if“'@),
The following result is established in [/0], using the idea of the proof
of [8], Lemma 2.4.

LemMa 3.3. — For A,€04h,) and peR* for ¢ + 0, pe(4, A) for
¢=0 . .
N (L+A, (20 + pet®) + {0}

if and only if A, + pe*** e & U o, (H) U ZL(A: L o ,(H) U %i). Moreover,
for 0 <e=< ¢

dimA” (1 + A (2, As + ne?™)) = dimA (1 + A(pe®+9, A + pe?™)).
(For A=A, #. = & = Q).
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ANALYTIC SCATTERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMs 137

The analogous results hold for i,e #, with A, % % replaced by
A’aa '@}.,a '@;m'
From Lemmas 3.1-3.3 we obtain

LEMMA 3.4. — Let A€o h,), peR", and assume that 1 = A\ + pe?™®

satisfies .
A ¢ RYR) for ¢ S 0
re(ly A)NoH) for =0
A ¢ Ri(R:) for (p(z)O, > A,.

Then for all B,j=1, ..., n,
Y,{; l‘)(z, A= lil%) Yi(z, A + yez“""i)”)eg(H‘(Rz"), H‘(R',;,,)) 3.2

Y. (2 ) = lim Ye(z, 4 + pe? ) e HEHR™). (3.3)

We shall now establish the existence of limits on the continuous spec-
trum o () for @ + 0 of the various operators discussed above in a different
topology, based on the concept of smoothness. These limits will be utilized
for the construction of a spectral measure of H(z) for ¢ % 0. We denote
by A a Borel set, such that A is a compact subset of R*. We refer to [10]
for the proof of the following Lemma, which utilizes results of [22], [27].

LEMMA 3.5. — For A eagh,), 3 <s' < s, the following limits exists
in B6¢ , LXA,H# 2,

Hy(z 2 + pe*™) = lim H(z, 2, + pe®@*9).

The same holds with A} replaced by A, € 6,4,(®).
From Lemmas 3.2, 3.3 and 3.5 we obtain

LEMMA 3.6. — Let A} e 6 (h,), and assume that

(A + e *A) U RYR) =B for ?s,0
A < (A, A)) N o, (H) for =0

e+ SR VRA) =@ for ¢ >0, A>4,.

Then the following limits exist for all 8, j =1, ..., n,
Y,f; t}(z, X + pe?®) = lzlll‘gl Yi(z, 2 + pe*@*9) e B(#, LY(A, H‘(R;‘,p))

Ye, (2% + pe’™®) = lim Ye(z, 45 + pe?9) e B, LA, #)).

We shall now derive the limits in suitable topologies of the opera-
tors G(z, {) and extend the basic equations given by Lemma 2.5 to the
boundary values of the operators G(r, {), Y(z, {) and R,(z, {) on the continu-
ous spectrum.
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Lemma 3.7. — For A, €0,h,), L, €0,(p) and all B, j =1, ..., ng,
Gjalz 2) = lim Gl(z, i + ue?®*9) e BH(R},), HR™)  (3.4)
Gi,slz, 7) = lim G (2, 4o + e?i0t9) e BHYR" ), H(R>™) (3.5)
Go(z, ) = lsif{)l Golz, 4y + pe*e*9) e Z(H(R?")) (3.6)

Proof. — This follows immediately from [2] Theorem 4, [/2] Theorem 1
and the fact that G(z, {) is regular for { = A.

On the basis of definition 2.4, [2] Theorem 4.1 and Lemmas 3.4 and 3.7
we have the following result

LemMMA 3.8. — Let A = A} + pe®®, where pe R for ¢ + 0, ue(0, A5 — A1)
for ¢ = 0. Then

Gz ) = lim G(z, ue™*9) e B(#7, H(R™)) 3.7)

Assuming furthermore that A ¢ %; U o ,(H) (% U 0,(H)) and for A, > /i,
also 1¢ %, (%), we have

Y(i)(z, #) = lim Y(z, 2, + pe*@*9) e BHR™, #75) (3.9)

In both cases we obtain the following basic identities from Lemmas 2.5
and 3.8.

LEmMA 3.9. — Let A = A} + pue*™, where ueR™ for ¢ +0, ue(0, A; — A}
for ¢ = 0. Then

G.lz, ) =1(2) + W@R,4(z, J)  in B(#5 HR™) (3.9

Assuming furthermore that A¢ %L o, (H)(%: U o,(H)) and for i > 4,
also A¢ %, (%), we have

Gu@ Y, (2 )=1  in BHR™) (3.10)

We shall now investigate the basic analyticity properties of the opera-
tors A,(z, 4) and Y.(z, 4) and their limits for ¢ — 0. Utilizing [2] Theo-

rem 4.1, it is straightforward to derive the basic analyticity and limiting
22
) . Moreover, from [&]
n'ﬂ
Lemma 2.8 and a convolution representation it is easy to show (cf. [10])
2

that Ba(z)R§<z, A+ ;ﬁ)Aﬁ(z) is an analytic 2(#, HS(R?"))-valued func-
n
tion of ze O\ [(2n(E — A}))%, o0). This leads to

properties of the operators r{,i(z, AL+

LemMa 3.10. — For 1< s <s the %(# *)valued functions
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2

Ai(z, AL+ 22 ) are analytic for ze @ \ R*, and for A\ = J, analytic for

ze O\ [(2n(4.— 7,))%, ). Moreover, for A} > 4,
2

Aslp, 4+ p*[2n,) = lim Ai(z, pO

) in A% (3.11)
2n

o,

2
The analogous analyticity result holds for A , (z, Ay + —2Z—> , Ae € 05,(0).
nd
LemMa 3.11. — For all fand j=1, .. ., ny the Z(H(R?"), H%(R?}))-valued
2

z

functions Y,{(i)(z, A+ > and the #(H*(R?")-valued functions

n,

2
.z .
Ye . <z, Ay + 2—) are meromorphic for ze  \R™ with poles at most
) Ny \

at points of 5
{zM‘; + zz—eﬂ;ugz(g?;u@)}
na

For A, = A, these functions are meromorphic for
ze O\ [2nf2; — 2,))%, )
with poles at most at points of

z? _
{z | A, + ENX,(#,,) }
2n

o

2
Moreover, for A} > 1, and A} + zp—e(/li, A )\ o (H),

p?
Y} , AL+
ol 2)

2
;P
Y, s Aw +
E‘*’(” 2na>

J ( iy ) in B(HR™), H(R?,)

@

Il
5
,;:-;<,
+

. z?
<z, A+ ) in Z(HR?")
) 2n

.

I
E

s
T

The analogous analyticity result holds for 1, € 65,(¢). s
. .z
Proof. — From the analyticity and limiting properties of r} .. <z, Ao+ —)
2 n,
it follows that the operators Hi<z, A+ 22 > are analytic for ze O \R*,
2
p . ”
€ (Ao 44
e (3, )

a

@

and for + < s <5, AL +

z2> in BHR?", #7%)  (3.12)
2n,

Then the result follows from Lemmas 3.2, 3.3, 3.10 and (3.12), using
analytic Fredholm theory (cf. [33]).

H, (p, AL+ p?/2n,)= wlilglI H i(z, AL+
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4. LIMITS ON THE CONTINUOUS SPECTRUM
FOR POSITIVE ENERGIES

In this section we make the assumptions A II i)-v) and investigate in
certain topologies introduced by Yajima [38] the limits of the opera-
tors H(z, {), A(z, {) and Y(z, {) on the part of the continuous spectrum
given by {2 R* }.

DEFINITION 4.1. — Let yo = min | i;[, o€R"

Ilo=(max{0, Ao —%},Ao +%),

W= min{ulue"“’eU%} for %0,

I, =1, for ¢ =0

I, =R* for <0 if e?®R* N (ﬂz) =0
I, =, &) for <0 if €**R* N (ﬂ@) + 0
IL,=1, for ¢ >0 ’

n n pazz u -
L2,(R}) = {f eL(R;)If(p)=0 for P> (/10 ; 7"),) 2 }
kazz : Ho
‘%,lo = fE..}f | f(kas pu) =0 for + 2 )“0 + — P_Z
2m, 2n,

We shall use the following simple fact.

LemMa 4.2. — For Ael, and alla, i=1, ..., 1,
ri(p, 2) € B(L? ,(R%.), H>}(R}). “4.1)
Based on [/9] Lemma 1.1, [2] Theorem 4.1, [/2] Theorem 1, [8]
Lemma 2.8 and [38] Lemma 4.5 the following results are proved in [/0],
utilizing techniques of [38].
LemMA 4.3. — For all «
H (2, ue®®) = lim H(z, pe®*%) e BER™), # %)
N BH(R:) ® L2 (R}, #7%Y)  for ge(—aa), pel, (4.2
and
H.(z, pe’™®) = lim H(z, pe’**%) e B(H'R}) ® L*(R},), #%?)
) for ¢ +0, pel, (4.3)

Annales de I'Institut Henri Poincaré-Section A



ANALYTIC SCATTERING THEORY OF QUANTUM MECHANICAL THREE-BODY SYSTEMS 141

LemMA 4.4. — For ze 0, pel,
A i (z, pe?'o) = lim A(z, pe*@*9) = lilrgl A(pe®F, pe?ye BA 52 (4.4)

and A%(z, uez“")e A 2.

For ¢ + 0 the same holds with # ~*2 replaced by #°2.

The next result is proved in the same way as [§] Lemma 2.4, details
are found in [10].

LemMA 4.5. — For ¢ =0, peR™ and ¢ + 0, ue (0, p')
N+ A e pe*®) £ {0}
if and only if o B
pe*e Byua HyU R, (R o HUR).

Moreover for 0 < ¢ < ¢,

dimA" (1 + A +)(z, pe?®) = dimA" (1 + A(pe'®+9, ue**).

pha
We utilize the following spaces introduced by Yajima [38].
DEFINITION 4.6, —

o= Z(HS(RL) BURL); &1 =00 Hys

a

= ) HR)S L) 7= s + HE)

X, = L2,(R5) + HARS); eifoﬁo@Z@Zz
é",:%l@Z@Z@fra; X =%,® 2 Z@H”R"
a i=1
%=%@Z®2@wm)
a i=1

LEMMA 4.7. — Assume that uel, and
ue*¢Ry o M)V R, (R o H) U R).
Yo+ (2 ue*™) = lim Yo(z, ue**) e B3, X o) 4.5
Yi(_r)(za pe*) = lim Yi(z, ue***%) e B, X,) (4.6)

Then

For ¢ # 0 (4.5) and (4.6) hold with 2 replaced by Z,.
Proof. — By Lemmas 4.3-4.5
K.(z, pe*?) = lim K(z, pe*'?*%) e B3, ~*?) 4.7
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and for ¢ # 0 (4.7) holds with 2 replaced by Z,,. Then the proof proceeds
as in [38], see also [I0].

The following limits of operators Y(z, {) for ¢ + 0 in a topology related
to the smoothness technique are established in [10].

LEMMA 4.8. — Let A be a Borel set such that A is a compact subset
of R*. Then for ¢ + 0

Hy(z, pe®™) = lim H(z, pe? %) e A, LAA, HO2).

LEMMA 4.9. — Let A be a Borel set, such that A is a compact subset

of I, and such that
{PAYn{ RO R} =0  ({AYn{RU R} = D).

Then for ¢ + 0

Yo (2, pe*) = lim Yo(z, ue*®*?) e B(A, LX(A, Z,)) (4.8)

Yi,(z, peio) = 1111%1 Yi(z, ue*®*9) e B(A#, LYA, LYR%))  (4.9)

We utilize the following limits of the operators Gz, {) and extension

of the basic equations of Lemma 2.5 to the boundary values of the opera-
tors G(z, {), Y(z, {) and R,(z, {), established in [10].

LemMA 4.10. — For ze O, ueR*
Go+(z, pe?®) = lifgl Golz, ue***9) e B o) N B(X 1, X 5) (4.10)
(;;i(za #ezw)
= lim Gi(z, ue**9) e B, H'(R},) ® L2 ,(R}) + H(R™) (4.11)
and for ¢ % 0 (4.11) holds in Z(L*(R7 ), HY(R?").

From Lemmas 4.7 and 4.10 we obtain the following result, utilizing
definition 2.4.

LEMMA 4.11. — For ze 0, ueR*

Q(«%po, Zo) N B(Z1, X5)

B(EY, Xo) for ¢ £ 0
For pe* ¢ Ry L o ,(H) U YR L o ,(H) U &)

BEs, Xo)

By, Xo) for ¢ £ 0

G,(z, pue?®) = liff,l Gz, pe?i@*9) E{

Y22, pe?®) = lim Y(z, #ez“‘"“’)‘—:{
€

Forze®, ueR*
Gz, pe*) = J(z) + W(2)R, 4(z, ue*) (4.12)
in B(Zo, Z0) and B, X3) and for ¢ # 0 in B(XL, Zo).
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For pe®® ¢ Ry op(H) U Ao(A5 L a(H) U H,)
G, \(z, pe* )Y, |(z, ue®*) =1 4.13)
in B(45, Zo) and for ¢ # 0 in B(7).

Using [/9] Lemma 1.1 and a convolution representation, it is easy to
show that for all a, B, B,(2)R+(z, z/2m)A,(2) is an analytic A(#')-valued

function of ze O \ U {nt|1 <t < oo}. This together with the

. _ileameda@a .
analyticity and limiting properties of r'(z, z2/2m) yields

LEMMA4.12 — The 93(7; ~%)-valued functions A .(z, z2/2m) are analytic
for

zel® \ <R+UU

@ {n|n?/2meR (Ra)}

{1 <t < oo})),
and for peR”
Aslp, p?/2m) = lim Au(z 222m)  in AH ).
Now Lemmas 4.3-4.5, 4.7, 4.11 and 4.12 yield

LemMA 4.13. — Forall o, i = 1, ..., n,, the B(7;, 4,)-valued functions
Y"ﬁ» 2, 22/2m) and the (A3, 4,)-valued function \'O(i)(:, z2/2m) are

meromorphic for

zeON <R+ U(U () (miise< oo}))
@ {nln?/2meRRx)}

with poles at most at points of { z|z?/2me %, U BB U Ao) } , and for
p*2mel; N\ o, (H), ,peR*

Yislo, p?/2m) = lim Yis(z 2°/2m)  in B Z)  (4.14)
Yos(p, p°/2m) = lim_Yos(z, 22/2m)  in BZs %) (4.15)

Proof. — The proof is similar to that of Lemma 3.11 and is based on
Lemmas 4.3-4.5,4.7,4.11 and 4.12.

5. TRACE OPERATORS

DEFINITION 5.1.

. ={peR} |Ipl=1}, Zo={peR”||p|l=1}, (.1
Wy =h,=LAZ),  ho=L%Z,).
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For Ae[2, i%), let
h(2) = Z Z @ hj (5.2)

5 (AL Ak}

and for A€ [0, o0)
h=h(/1)=(z Z C+>h{§>®ho (5.3)
o ).gerrﬁ(hd)

Moreover, for 4 € R™ we define in accordance with [28], p. 44 (see also [26]
prop. 2.1) and [/4] prop. 2.2

n=2
Taw) = @n)" 274 * y (@))€ BHR},), h,) (5.4)
-1

To(k) = @m)"227 3  yo2mp)*) € By, ho). (5.5)
For Ae (A}, 1) we define the operators T(1) by

T(A>=Z Z ® T4 — 2) (5.6)
6 <Ak

In case II we define T(%) also for A€ (0, o0) by

T() = (Z Z @ T4 — lié)) ® To(4). (5.7)
6 ileailhs)

By (1.1) we have the following connection between trace operators and

dilation operators, . ' )
T(0) = 273"y, ()UY2n.u)h) (5.8)
To(w) = 273~ Hy(HUo(2mu)?) (5.9)
Lemma 5.2. — The following identity holds in 2(H*(R% ), H™**(R%))
TrWTw) = e*Qmi) ™! {15, 4(@, A+ pe*®) —r;, (@, Ay + ne) }  (5.10)

and in
g(g(o, ZH_S(RL) ® L2(R',',ﬁ)> for s> 1

T(WTo(u) = e*°(2ni) ™! { Ro (o, pe®™) — Ro_(o, pe*) }. (5.11)
Proof. — This follows from (5.4), (5.5) and a well known representation
of (k* — p?)1! — (k* — p?)=! givenin [26] 4.4.
The following result is proved in [/0].
LEMMA 5.3. — Suppose that conditions A 1 i)-iii) are satisfied. Let uc#;,
U= (o, Tgy -0 To5 Ty o, THL T, L, ),

and let pe(0, A — Al)for ¢ = 0, ueR* for ¢ =+ 0.
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Assume that for some fixed @ €(— a, @) and ueR”*
J(z)R l(J_r)(z, A; + pe* e A .
Then for ¢ =0 and 4} £ 4,
7o~ (2ng2 — 2 + w))cp =0
and for p = 1, T(A, + pju = 0.
For ¢ + 0 and peR*, T(u/p?). =0.
In particular for p = (2nu)%, y(1)7i = 0.

LEMMA 5.4. — Suppose that A I i)-iii) are satisfied and letue 3. For
¢ =0,ie(i A\ o,(H)

TA)Y (DG (A = T(A)u. (5.12)
For. ¢ + 0 and

AL+ pet®e {2+ e2PRY Y N (B U ZL)({ AL + 2“RT \ (%L U &),
TW/p" Yo 5 (2 A + uez"“’)G(t)(z, A+ petu = T(u/p)r,, (5.13)
in particular for p = (2nu)*
ya(l)Yj(i’(z, A+ 22/2n)G a2, Ah + 22 /2nJu = y(U)ts.  (5.14)
Proof. — By [2] Theorem 4.1 and Lemmas 2.5, 3.4 and 3.8
J(2)R, +(z, )Y4(z, )G i(2, Du = J(2)R, 4(2, Au,
and the Lemma follows from Lemma 5.3.

The following analogue of Lemma 5.4 is proved in [10].

LeEMMA 5.5. — Suppose that A II i)-v) are satisfied. For ¢ =0 letue x 15

uel,, (Def. 4.1), and for ¢ + 0 let ue@"g, ueR™. Assume that for some
fixed ¢ and u

J2)R ()2, pe* et .

Then for ¢ =0 and p =1,
T(uyu = 0

To(#/l’z)“o =0,

in particular for p = 2mpu)?, yo(1ug = 0.
Then [2] Theorem 4.1 and Lemmas 2.5, 4.7 and 4.10 yield

and for ¢ =+ 0,

LEMMA 5.6. — Suppose that A II i)-v) are satisfied. For ¢ =0,
uel; \ o, (H), ueé"l,
T)Y: (WG +(Wu = T(wu. (5.15)
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For @ + 07 ue I(pa #eZi(p ¢ %0 Y '@(’)(‘@6 Y @0)1
To(u/pz)Yo(i,(z, uez"‘”)G(i)(Zg pe®yu = To(u/p)uo » (5.16)

in particular for p = 2mpu)*
Vo(l)Yo(i)(Z, ZZ/Zm)G(i)(Z, 22 2myu = yo(L)uo . (5.17)

6. CONSTRUCTION OF WAVE OPERATORS

LEMMA 6.1. — Suppose that A I i)-iii) are satisfied. Let 4, = A} € o ,(h,),
and let A be a Borel set such that A is a compact subset of R* for o*0
and of (0, 2, — 1}) for ¢ = 0, and such that in the respective cases

(Za + ue®) N (B O R Vo H) LR LUR) =0

Then for f,ge# and for f and/or g replaced by functions in L%(A, H(R2"))
we have for ¢ + 0

e_Zi(pj (Td(.u)Ylai((Pa la + ueZi(P)f; Ta(u)YA.,,i(_ ®, Za + #e—Zi(p)g)h du
A

—llm—J({R(@i +(u+ie)e ) —R(@, 4, +(u—ie)e’®) } fg)dpn  (6.1)

£l0 2mi

For ¢ =0

2 Z J (Tl Aa— 25+ ) Y3+ (A + 1) f; Tol A — A+ 1) Yi1 (A + p)@)n,dit

) 2 Ak)

_15111101% ({RUAL+ p+ie) —R(AL + p —ie) } £, g)du. (6.2)

The left hand side of (6.1) or (6.2) defines a bounded sesquilinear form
on # x .

Under assumptions A II i)-v) the same result holds for positive energies,
obtained by replacing %: by %, and « and A, by 0 in (6.1), (6.2).

Proof. — This is proved for ¢ = 0 in [24], [38]. For ¢ #+ O the proof
is similar, see [10].
DEFINITION 6.2. — For ¢ + 0 and 4, = 1, € o (h,) we denote by 2, (¢)
the set of all Borel sets A such that A is a compact subset of R* and
(i + NN (BB ORVTE) =D
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Also, 2,(¢) denotes the set of all Borel sets A such that A is a compact
subset of I,, and

(€*A) N\ (Ry © Ry Ry U RY) = D

Under conditions A I i)-iii) the operators E, (¢, A) € #(#) are defined
for A, = ALeah,), Ae DY) in accordance with Lemma 6.1 by

(Exle A)f 8)

= lim 51— j( {R(@, Ay + (1 + ie)e?™®) — R(@, 2, + (1 — ie)e®™®) } f, g)du
fgeH. (6.3)

Under assumptions A 1II i)-v) the operators Ey(@, A) e () are defined
for A e 9y(p) in accordance with Lemma 6.1 by

(Eole, 8)1, )

= lim —— j ({R(@, (u + ie)e*) — R(o, (u — ie)e*™) } £, g)dp,
fge#. (6.4

LEMMA 6.3. — For fixed ¢ # 0, the operators E, (¢, A) satisfy the
following conditions:

E;.(o, AI)Elﬁ((p’ A2)=5ﬁsza(<Pa AinA,) for AeZ, (), Azegzp((l’) . (6.5)
For any finite set { Ay }i-, of pairwise disjoint sets in 2, (@)

Eau(qa, UAk> = ZEA,(rp, A) (6.6)
k=1

E, (¢, AH c HE, (o, A) for Ae2, (o). 6.7

The properties (6.5)(6.7) also hold with E, (¢) and/or E; (¢) replaced
by Eq(e).

Proof. — The additivity property (6.6) follows from that of the Lebesgue
integral in view of Lemma 6.1, and (6. 7) follows easily from Definition 6.2.
Property (6.5) has been proved in [/0], utilizing ideas of [2]].

DEFINITION 6.4. — Under the assumptions of Lemma 6.1 we set for
o=*0 - .
FL:(0, &) = taWTWY,, 1 (0, 4, + pe?™) (6.8)

F (0, A) = F, (0, A |E, (@, A)F (6.9)
For ¢ = 0 we define

Fi.() = xA(u)Z Z @ ToAl — M + w)Yi(A + 1) (6.10)
d {(Asak

F.(8) = Fi. |B(A, + A} (6.11)
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In case II the operators Fy.(A), Fy.(4), Fyi(e, A) and F,, (¢, A) are
defined similarly, replacing Y; by Y, and A by 0.

We shall now establish the basic properties of the local inverse wave
operators F; . (¢, A) and F, (@, A) associated with each channel for ¢ + 0
as given by Definition 6.4.

LEMMA 6.5. — The operators F, (¢, A) are in B(#, L¥(A, h,)) and
Fos(p, A) in B(#, LX(A, hy).

Proof. — This follows immediately from Lemma 3.6 and [28], p. 44
in the case of Fz,i(% A) and from Lemma 4.7, [/4], prop. 2.2 in the case
of FOi((Pa A)

The following Lemma is proved in [/0].

LEMMA 6.6. — If fe o and

if E,(p,A)f =0, then F(p,A)f=0;
if  Eolp, Af =0, then Foo, A f =0

THEOREM 6.7. — Under assumptions A I i)-iii) the operators F,_. (¢, A)
are 1 — 1 and bicontinuous from E, (¢, A) .# onto L*(A, h,). Moreover,
for A < A and iie L¥A, h,) we have

Fi.+(@, AE, (¢, AF; Lo, )2 = ra(wi(w). (6.12)

Under assumptions A II i)-v) the same holds with h, replaced by h,
“and 4, replaced by 0.

Proof. — Let f €E, (¢, A)#. Then by Lemma 6.1 and (6. 8)

fll= Sup, | (F2(0, 8) £, Fi.(— @, D)g)Laamn,
¢ <|| FA,(‘P, Af ”LZ(A,h,) al F/l,,(_ o, A) ||93(#,L2(A,h,,)) (6.13)

This proves that F, (¢, A) is 1 — 1 and F;_ (¢, A) is bounded. It then
suffices in order to prove that F,_, (¢, A) is onto L%A; h,) to show that
A(F;, (o, A) is dense in this space. This follows in a straightforward
way from Lemma 6.6 and (5.13) (cf. [10]).

Finally (6.12) is equivalent to

F..+(0, AE, (@, B)u = F, (0, B (6.14)

on setting # = F,_, (@, A)u.

By Lemma 6.6 the left hand side of (6.14) equals F,_. (¢, Z)Ela&p, Au,
and the Theorem is proved for F, .(¢, A). The proof for Fy.(¢, A) is
similar.

For ¢ = 0 we have the following result on asymptotic completeness
for negative energies.
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THEOREM 6.8. — Under assumptions A I i)-iii) the operators F:.(A)
defined by (6.10) and (6.11) are isometries from E(4; + A)# onto
@® L2 — 4+ A hy).
& {AjsAk)
There exist unique isometric operators F. (A%, A;) from
N

Z Z ® LA — 2, 2% — ), hy)
6 {Afsak)

such that for all A

onto

FL (i, A0)| E(L + A) # = Fi.(8)

The operators F(4i, A%)are defined by (6.10)and (6. 11) with 4; + A replaced
by (i A2) \ o,(H).
ForA < (0, 2, — %) \ o,(H) and

u—z 2 @ uj, uye LA((; — 4, 42 — 4) hy),

< Al
we have (35 Al

FL( 2B + AL 2) = ) Z ® Lo st siH) .19
Moreover 8 Mz
Fi'(A, At = tlir+n eMJe ity (6.16)
The same result holds in case II for positive energies, with i, replaced
by 0 and F!, replaced by F,..
Proof. — Since by [5] Lemma 1 ¢,(H) accumulates at most at point
of {0}y Uad(ha), it suffices to prove the first statement for any closed

interval A. In this case (6.2) shows that F!, (A) are isometries from E(4+A)
into z z ® LA, — 2} + A, hy). It is then proved as in [38],

& {AJ=<Al)
using (5.12), that =@(F;,Jr(A)) is dense in and hence equal to this space.
The identity (6.16) is proved in [38].

7. THE SCATTERING MATRIX
DEFINITION 7.1. — Under assumptions A I i)-iii) we define for ¢ + 0,
A e 2, (p) the local scattering operators S, (¢, A)e B(L*(A, h,)) by
Si(@, A) = F_.(¢, AF; L(o, A) (7.1)
Vol. XXXII, n° 2-1980.
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For ¢ = 0 we define the scattering operators S(4’, A5) by
S(4, A2) = Fo (Al ADFZY (AL A5) (7.2)

Under assumptions A II i)-v) we define for ¢ + 0, A€ Zy(¢) the local
scattering operators So(¢, A) € B(L(A, ho)) in accordance with Theorem 6.8
by (7.1), where /, is replaced by 0. For ¢ = 0 we define the scattering
operator S(0, c0) in accordance with Theorem 6.8 by (7.2), where A}
and A% are replaced by 0 and oo.

It follows from Theorem 6.8 that S(4, 4;) and S(0, co) are unitary

operators on
Y o
]

V»I < ik}

and

(Z z ® L*(— 45 OO)§ha))@Lz((0a 90) ;ho)
o Aseaglhs)
respectively.

It follows from Theorem 6.7 that S, (¢, A) is a bicontinuous 1somor-
ph1sm of L%, h,) which commutes with yz(u) for A = A, and Sy(p, A
is a bicontinuous isomorphism of L*(A; hy) which commutes with XA(#)
for A c A

The following representation of the scattering operator is given in case II
for ¢ = 0in [38]. For the extension to case I and to ¢ #+ 0 we refer to [10].

THEOREM 7.2. — Under assumptions A I i)-iii) for ¢ + 0 and A€ 2, (¢)
the local scattering operators S, (¢, A) and their inverses S:.Me, A) have
the following representations for f e L*A; h,) and a. e. peA,

(S5 ) f)k) = xaW)F;. (@, )] (1) (7.3)
(S3M @, M)W = 1w, (0, 1).f (1) (7.4)
where &, (¢, 1) and its inverse ¥, (¢, p) are defined by
F2l0, 1) . .
=1 = 2nie” T (W) [Y,,-(— @ 4 + pe * W, (- 9)*THw)  (7.5)
S @, 1)

= 1+ 2mie 2T [Y,, +(— @, &y + pe” )W, (— 0)FT¥w). (7.6)

For fixed (p(<) (0 the operators #; (¢, ;1) form a norm-continuous
function of ueR* \ { jt| A, + ue*°e &, (#; )} with values in #(h,), and &; "
is a norm-continuous function of peR*™ N\ {puli, + ,uez""e%lu(%h)}

with values in %(h,). Moreover
1 - S0, Webh), 1—-S o, Webh). (7.7)
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For ¢ = 0 the scattering operators S(A., A7) and their inverses S™ (4, 4;)
have the following representations for

fez Z ® LA(2 — A, A7 — 7) hy)
d i

and a. e. ueA, .‘{él’“
(S(2% 25 1)) = Zal)S () f () (7.8)
(S™HAL ) f)w) = WSz (W) f W) (7.9)

where the scattering matrix %;;(¢) and its inverse &1 (1) are defined by
S = 1 = 20 T(AL + p)Ys+(Ah + WWeTHA + 1) (7.10)
L) =1+ 2miT(A + p)YS_(AL + WeT*(2, + 1) (7.11)

Here

We({th oot Thy o, T T, L T ) = Z Z Wit} (7.12)

and LR

Yi+(4)
={Y4(), ... Y2 (D, Y5 (), - Y3, You (), -, YR ) (7.13)

is the set of components of Y, () related to scattering in the interval (4, 4%).
We recall that E = 1) and

Yi()“) = { Yg+(4), Ygi(/l) } .

The operator #,,(u) is unitary on Z Z @ h; and norm-continuous
for pe(0, 4, — 22) \ a,(H). ol

Moreover,
1 -Suwe %(Z 2 ® h,,) (7.14)
6 {asak

1 - Vx?;l(ﬂ)e(g<z Z ® ha) (7.15)

FRNVEEFI)

and

Under assumptions A II i)-v) the scattering operators So(¢, A) have the
representations obtained by replacing « and 4, by 0 in (7. 3)~(7.6), and Sy(A)
have representations obtained by replacing T(4. + p) by T, Yg by Y and Wg
by W in (7.8)-7.11).

We proceed to study the analyticity properties and limits for ¢ — 0
of %' (e, p*/2n,) and Z(e, p*/2n,), establishing the connection of
these operators with the diagonal elements [¥;(p?/2n,)]s.2 and
[Z3(p*/2n,) ) 2514 of the S-matrix and its inverse in the corresponding
energy interval.
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DEFINITION 7.3. — For any set D(4) = C we use the notation
D) = {ze0| 4 + /2n,e D(X) }
In case II, with A replaced by 0,
D(O)” = {z€0|z*2meD(0)}.

TueoReM 7.4. — Under assumptions A I i)-iii), the %(h,)-valued func-
tions F(z) = SLle, p*/2n,) and F'(z) = L4 (o, p*/2n,) are mero-
morphic for ze ® \ R* with poles at most at points of (%: U #Y)~ and
(A v &)~ respectively.

Moreover, _
Zulpe®) =02 (0% 2n)J g a0)* (7.16)

and .
Zis (pe™®) o0, ([L2(p?/2n,) lai,a)* (7.17)

in the uniform operator topology of %(h,), uniformly for p in any compact
subset of {(4;, 42) \ o,(H) }".
There exist closed null sets N, , < (4%, %) \ ¢,(H), such that

(L5 0%2n) ] s s

PELA AN G H UN, L)}

is invertible for

and _
yzg(ﬂew) o0 ( [yag,(/’z/z"a) ](13,,1&))~ 1* (7.18)
Fii \(pe'®) Prayind ([ 0*/2n) ] aga) ™ H* (7.19)

in the uniform operator topology of %(h,), uniformly for p in any compact
subset of { (4, i) \ (,(H) U Nl&(t,) §

For AL = ], the functions Z(2) and &, '(z) are meromorphic for
z€ 0\ [(2n(4 — A.))}, o0) with poles at most at points of ;. and %,
respectively.

The analogous result holds in case II under assumptions A II i)-v).

Proof. — We consider case I, the proof for case II is similar, except for

for the last statement, which requires a different proof (see [/0]) since
we have not proved that 1 — %(z) is compact. By (5.4) and the identity

PY*7p) = 7.(1)UL(p) (7.20)
we have, setting u = p?/2n,
T = nip™ 17U, p). (7.21)

Introducing (7.21) in (7.5) and (7. 6) of Theorem 7.2, we obtain for ¢ %0,
taking adjoints and replacing ¢ by — o,

FhE)=1+2miz" ny (1)U p)Y; (@, A+ 2/ 2n,)Wi@)U(p)y¥(1)
=1+2niz " 2n,y, ()Y} (2, 2+ 22/2n,)Wiz)y*(1)  (7.22)
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and similarly
FENE) = 1 — 2miz g )YiL (2 AL + 222n)WiA(1) . (7.23)
By Lemma 3.11, #3(z) and ¥;; '*(Z) are meromorphic for ze 0 \ R™
with poles at most at points of % U % and % U %, respectively, and

lim &%(z) =1+ 2mip ~ 2ny(V)Yi-(p, Ab + p?/2n)Wilp)y¥(1) (7.24)
20+

lim % X(Z) =1 = 27ip ny, ()Y, (0, A + p/2n)Wilpyyk(1) (7.25)
©-0-

By (7.10), (7.11) and (7.21), the right hand sides of (7.24) and (7.25)
coincide with [%5;'(p%/2n)]usap and [Fo(p?/2n) s, respectively,
and we have established the analyticity properties of y(z) and ¥ '(2)
and proved (7.16) and (7.17).

The existence of [F(p*/2n,) )Gt and [Fi'(p?/2n,)]Gl sy almost
everywhere and (7.18), (7.19) then follows from (7.7) of Theorem 7.2,
the analyticity properties and (7.16), (7.17) by a result of Kuroda [25].

For 1, = A, the analyticity properties of &, (z) and ;. !(z) follow from
those of Y},(z, 4, + z?/2n,) given in Lemma 3.11.

Finally, the analyticity properties of &, (z) and #;_ !(z) for A, e &, L &,
follow from those of Y,_.(z, 4, + z?/n,) given in Lemma 3.11.

We finally turn to the question of the connection between resolvent
resonances and poles of the S-matrix. In view of theorem 7.4 the problem
here is, under what conditions a resolvent resonance is a pole of the analyti-
cally continued diagonal elements or the S-matrix. The treatment of this
problem is more complicated than in the two-body case (see [8]), partly
because of the possibility of embedded eigenvalues. We shall not give a
complete answer here, but prove the following results, which seem to
cover most cases.

DEFINITION 7.5. — Assume that conditions A I i)-iii) are satisfied and
=0, p=1, pe(0, Ay — Al
o+0, peR*, pueR*.

or

Let A = A} + pe?* and
NM(G4(z, M) = N (Gl(z, D) N (2R, 4(z, 1) (7.26)

where
G.(z, e %(yfﬁ, HS(RZ")).

Let EiQ = 7. and
EQ - Z Z @EQ, QeN(G.z ). (1.27)
5 (AJ= A
By Lemma 5.3 the operators T(A)E: for ¢ = 0 and T,(up~2)E! for ¢ =+ 0
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map A(J(z)R; 1+(z, 4)) into 0 and thus induce operators denoted by i‘(/l)
and T,(up™?) on H(G(z, A)).
For ¢ = 0 we set

NGz, A) = {Qe N (G4(z )| TAE, =0} (7.28)
No(Gi(z, ) = { Qe N(G4(z, )| TR = 0 (7.29)
and for ¢ + 0

NoGiz A) = {QeN(Gilz, )| Tup™HESQ =0} (7.30)
HoGalz, M) = {Qe ¥ (Gulz, D) | Tup™Q2 =0},  (7.31)

We make use of the foliowing result proved in [10].
To simplify notation, we consider A ., G, etc.; the same holds for A _,
G_,etc.

LEMMA 7.6. — Let ueR*, pe(~ a, a), A = AL + ue** in case I and
pel, ge(— a, a), A = pe*™ in case II, and let
O=(p 0}, ..., 00, Up, Of, ..., 00U, 0,,...,0)eN(1+AL(z,4) (7.32)
Q=(o, T -, T gy -, T, Thy ., T)EN (G2, 4)) (7.33)
where in case I by Lemmas 3.2 and 3.8
Az, NeBH# ) and  G,(z e B(#; HR®™) (7.34)
and in case II by Lemmas 4.4 and 4.11 for ¢ =0
Az, NeBH %) and Gz NeB@y %)  (1.35)
and for ¢ =0
Au(z, e BAH*?) and  Gu(z, He B %o).  (7.36)

Let the operators P, and Q; be defined by P,® = Q, where the compo-
nents of Q are given by

Uo = — 2(1 — PE(2) — V(2RE,(z, D)A(2)u, (7.37)

5= — {P2) | Asl2us (7.38)
and Q,Q = ®, where the components of @ are given by
us = By(2)(1 + Ro+(z, HVo(2)I(2)R 1 +(z, HQ (7.39)

o4 = 154(2,7) <UD | ViX1 + Roulz DR, (= HQ.  (7.40)
Then P, is an isomorphism from A4°(1 + A (z, 4)) to N(G.(z,A) and Q,
induces an isomorphism Q, from A(G .(z, A))to /(1 + A ,(z, A)) such that

QP,=1 ad PQ,=1.
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THEOREM 7.7. — Assume that A 1i)-iii) are satisfied.

Let
i = ia + 22/2’1“6%10‘ AN ‘@Z&(%m AN %Aa)
for ¢ < 0 and _ o
L€ Ry \ R R, \ R)
for ¢ > 0, and define the operators T;,,and Z, ., by
T = T,-,(t)Q = 2miz"*y,(1)E, Q, Qe 1(G, (=) (7.41)

Q= Z,-_(J_,)t = — n,Y 5z AW, (2D, 1e M(FEXN2) (7.42)

where E; Q = 1,. .
The operator Ta(i) is an isomorphism from A" (G(i)(z, A) onto

V(4 *71(Z)) with the inverse Z"(i,'
The same result holds under assumptions A II i)-v) with 4, replaced by 0.

Proof.— We consider (T, ., Z,.)in case I with ¢ < 0, the prooffor ¢ > 0
and for (T,_, Z,_) with ¢ 2 0 is similar, and case II is analogous. For
brevity we set T,, =T, Z,, = Z,.

1) Wy (2)2min,z = y¥(1)7)E;, = G4(z,4) — G_(z, ).
By (5.10) of Lemma 5.2
W, (2)2mingz "2y (VE,, = Wy (2) {r;,+(z,4) — r;,(z, ) } E,,
=W(@) {Ry+(z,4) — R, (2, ) = G,(z, 1) — G_(z, /).
sincer, (z,{) for 4, + 4,and R(z, {) are regular at { = A.

2) Z, maps N (%* (Z)) one-to-one into N (G (z, A)), and T,Z, = 1.
Let te /(%£*(Z)), i e.
T + 2min,z "2y, (VE, Y _(z, YW, (2)y¥(1)r = O (7.43)
Applying Z; to (7.43) we get by 1)
Q — n,Y _(z, YW, (2)2min,z = >p(1)y(DE; Y_ (2, YW, (2)y¥(1)
—Q+Y_ @ A){G.t )~ G_(5A)) Q=0 (7.44)
Applying G _(z, A) to (7.44), we get by (3.10)

Gz, Q=0 (7.45)
From (7.41)-(7.43) follows
TAZ).T =T. (7.46)

Also, if Z;ve /' (J(z)R, ,(z, ), then by Lemma 5.3 T,Z,t = 0 so by
(7.46) 1 = 0, and 2) is proved.

3) T, maps N(G . (z, %)) into N(SF(2)).
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Let Qe A(G(z, ) and let 7 be given by (7.41). Then by 1) and (5.29)
Sk (Z)r = © 4 2minz " 2y ()Y, _(z, AW, (2)2miz™ 2p¥(1)y(1)E, Q
T+ 2miz 2y (DE, Y (2. 2) { Gz, ) — G_(z, ) } Q
=1 — 27z *p(DE; Y_(z, )G _(z, HQ
=17 —2miz" % (1)Q =0 (7.47)
By (5.21) T,Q = 0 for Qe /" (J(2)R, . (z, A)), and 3) is proved.
4 Z,T, =Y _(2,)G_(z,A).
By 1), for Qe /(G (z, A))
Z,TQ = — nY _(z, YW, (2miz~ (1), (1)E, 0
==Y @A{GizA) -G =NQ=Y_(z, HG_(z. )Q (7.48)
5) T, is one-to-one.

By 2), 4) and (3.10) for Qe #(G,(z, 2)) the following statements are
equivalent,

T,Q=0 (7.49)
Z,T,Q=0 (7.50)
Y_(z,)G_(z, AQ =0 (7.51)
G_(z, ) Q=10 (7.52)
Moreover, (7.49) implies by (5.10)
{J@R (2, ) = IR, (2, D)} Q=,(2) > f (= 2) = r;, (2, 2) JE; Q

= 1¢:.(2) ) 2min,z” *( )7.(1) E; Q 0 (7.53)
Thus, if Qe ,/V(G+(z A) and T,Q =0, then by (7.52) and (7. 53)
Qe N (G_(z, 4)). From the assumption that A ¢ 2, and Lemmas3.3and 7.6
it now follows that Q = 0.
The Theorem now follows from 2), 3) and 5). B B
We now consider the case, w?ere LR, NR, forp <0(AeR 1 DR,
for ¢ > 0), but Y(;)<C, Ay + 2Cn ) has a simple pole at { = (2n, (1 — 1))}

and A(Gz(z, 1)) corresponds to an embedded eigenspace A (H(z) — J).
We make use of the following observation.

LEMMA 7.8. — Assume that A 1i)-iii) are satisfied, and that for ¢ (§) 0
7{1)E; Q=0 for all Qe /(G3)(z, 1) (7.54)

2
and Y(:;)<C, Ay + j—) has a pole of order 1 at { = z, i. e. for { near z
na

2 A _ - ) 2
m<c Ao + fn) C‘_“Z + Ym(u; + f) (7.55)

ZZ
) is regular at { = z.
2n

oA

where A ;)€ (HYR?"), #;°), and S?@,(C, A+
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Then ¥~ ({) is regular at { = z, and
?
.’/ij(“l)( - o, o ) — t%f'_l)(f)
’ = 1. Jminz" 2y (DE,Y (3 5 AW (1) (7.56)

Moreover, N
G2 DY (52, 4) =1 (7.57)
The same holds under assumptions A II i)-v) with 4, replaced by 0.

Proof. — We consider case 1, the proof in case 2 is similar. By (3.10)
and (7.55) we have for { near z

Cz
A6 A +— A
G (C’ "’+2no,>A +G_{{ A, + CZ)? (C/l +—C2—>—I (7.58)
{—z 7 ) T\ 2m,) '
This implies (7.57) and
G_(z, DA =0 (7.59)
and hence by (7.54)
7(DE,A- =0 (7.60)
For { near z o
SEO =1+ 2ninuC‘Zva(1)Equ_<C, Ay + fn_) LOvi(1)  (7.61)

By (7.55)and (7.60) () is regular at { = z, and
2

FE(z) = 1 + 2minz ™ *p,(1)E za?—(Z, Ay + %—)Wla(z)y;"(l) (7.62)

and the Lemma is proved.
THEOREM 7.9. — Assume that A Ii)-iii) and (7.54), (7.55) are satisfied.
Let T, +) and Z,-_(+) be defined by (7.41) and (7.42) with Y 3z, 2) replaced
s +

by Y3,z A o
The operator T 3 induces an isomorphism Ti(i ) of
NGz, D) N o(Ga2, 2)
onto A(¥#~ 1(z)) with the inverse 2/’»(13 induced by Zi(t)'
The same results hold under assumptions A II i)-v) with 1, replaced by 0.

Proof. — We consider (T;;,Z;,) in case I with ¢ < 0, the other cases
are similar. This is proved as Theorem 7.7 replacing Y _(z, 1) by Y _(z, 4),
utilizing Lemma 7.8 and making the following modifications in 2), 3)
and 5) of the proof.

) Z, induces a one-to-one map Z, of N (¥X(z)) into NG 4 (z, D)
5G4z, A) and T.Z, = 1.
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3), 5) T, induces a one-to-one map T 3 from N (G (2, A))/WO(GJ,(Z, )
into N (F¥(Z)).

REMARK 7.10. — Under the assumptions of Theorem 7.9 we obtain
from [//] Lemma 4.6 and Theorem 7.9 a decomposition

NGz &) = HoG s (5 D) + H(G s (2 YAAG 4 () (7.63)
such that )

+ (ﬁ, A) = G(;,(z A) is isomorphic to A" (H(z) — 1)
and
N (G(t)(z, A))/JV_‘O(G{“(:, 4)  is isomorphic to .4 (£Xz2)).

THEOREM 7.11. — Assume that A I i)-iii) are satisfied and that
2

A=+ zz—e R, O R R, U R).

a
Suppose moreover that either of the following conditions is satisfied:

) A¢ R, L R, (R, O R,)
2) Conditions (7.54) and (7.55) are satisfied, and

JV(G (-,A))/A( (2.2) + {0} (7.64)

Then - Y({) has a pole at { = z.
Under assumptions A IIi)-v) the same result holds with 4, replaced
by 0 and n, replaced by m.

Proof. — We consider the case of %, ({) for ¢ < 0, the cases of &, ({)
for ¢ > 0 and & '({) are similar.

Assuming 1), we have Ae Z,; \ #)_and hence leR 1\ 92’,1 By Lem-

mas 3.3 and 7.6 4 e@l implies that ./V(G (z. 2) # {0}.
By Theorem 7.7 this together with A ¢ % implies that

M) * 10},

This together with Theorem 7.4 implies that #;%({) is a meromorphic
function of { € ®, with a pole at { = z. Hence ¥, ({) is meromorphic
in O_ with a pole at { = z.

Under assumption 2) it follows from Lemma 7.8 and Theorem 7.9
that &%~ 1(() is regular at { = z and

MIE @) *+ {0},
and we conclude as above that .¥; ({) has a pole at { = z.
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The corresponding result for () follows in the same way under
assumptions A II i)-v) from Lemmas 4.5, 7.6 and 7.8 and Theorems 7.4,
7.7,7.9.

REMARK 7.12. — For A, = 4, condition 1) is satisfied by [5] Lemma 1.
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