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ABSTRACT. — The Yukawa quantum field theory in two-dimensional
space-time is considered. Using the Matthews-Salam integral represen-
tation a linear N, bound is proved. As a consequence, this bound implies
that the Yukawa, theory in the infinite volume is locally Fock.

RESUME. — On considére la théorie quantique des champs de Yukawa
dans un espace-temps de dimension 2. Une majoration linéaire pour N,
est démontrée en utilisant la représentation intégrale de Matthews et Salam.
En conséquence, cette majoration implique que la théorie de Yukawa,
dans le volume infini est localement Fock.
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160 E. P. OSIPOV

1. INTRODUCTION

In the present paper we prove the locally Fock property (the definition
of the locally Fock property see [/]) for the (renormalized) Yukawa,
interaction (= Y,) in the two-dimensional space-time with the free or
periodic (in the spatial direction) boundary conditions. For the main
results and references on the Y, theory, see, for instance [2-6, 10, 11, 13,
22, 23, 26, 24, 27].

The locally Fock property for P(¢), models has first been proved by
Glimm and Jaffe [1, 7].

For the Y, theory the locally Fock property has been proved by Schra-
der (3] (for the free boundary conditions and under some restrictions on
the smoothness of the space cut-off).

In the present paper we get rid of these restrictions and also give a new
(semi-) Euclidean proof which is valid both for the free and for the periodic
boundary conditions. Namely, the following theorem is valid:

THEOREM 1.1. — The Y, theory with the free or periodic boundary condi-
tions is locally Fock.

Theorem 1.1 is used in the proof of the Lorentz invariance of the Y,
theory with the periodic boundary conditions [24].

Since the locally Fock property is, in fact, a consequence of the linear N,
bound, see [/, 7, 2, 3], so we shall not give the proof of this theorem and
fix our attention on the proof of the linear N, bound.

Let an ultraviolet cut-off in the spatial direction be given by a function
n(p,/o), where n(.) e #(R) and n(0) = 1.

Let y,(x) be the interval [a — 1/2, « + 1/2]. Let

g :={aeZ'|suppy, Nsupp g # O}

and | g | : = cardinality of g’. We suppose that our space cut-offs satisfy
the following conditions: i) g(x) € L (dx), if) uniformly in | g |

sup [ [xgl (k) In (2 + | k|) [l4/3 < const,
where [y,g]~ (k) is the Fourier transform of y,g.

THEOREM 1.2. — Let H(g, o) be the (renormalized) cut-off Yukawa,
Hamiltonian with the free or periodic boundary conditions. Let © < 1. Then,
for some a > 0, depending on t only,

H(g’ g) - aNt = - ¢y |g|
uniformly ing, 0,1 < 0 < .
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THE YUKAWA, QUANTUM FIELD THEORY 161

Remark. — We note that Theorems 1.1 and 1.2 are also valid
for P(¢), + Y, models. The proofs are in this case the same as for the
case of pure Y, theory.

To obtain a linear N, bound we use the (semi-) Euclidean formalism
of Matthews-Salam, Seiler [8-10, 5, 26, 28] in which the fermions have
been integrated out. The idea of the proof consists in the following. We
rewrite expressions like (F, exp (— #(H(g, o) — aN,))F) with the help of
the Matthews-Salam integral representation with the Gaussian measure
corresponding to the perturbed two-point function

Gty — 15, X1 — x3) = (Q, d(xy) exp (= | 1; — 1, | (Hy — aN))(x2)Q0)

and then we use the technique of Refs. [4, 6, 10, 11] to obtain the bounds
on det,, (1 + K). Here the complications appear, which are connected
with the fact that the Gaussian measure has no Markov property in the
spatial direction. Nevertheless, the perturbed two-point function decreases
exponentially on large (Euclidean) distances. This decrease allows us,
similarly to Refs. [6, 12], to obtain linear bounds.

The proof of the Matthews-Salam formulas, which we need, has been
considered in Ref. [28].

The exposition is made in the following way. In Sec. 2 we formulate the
Matthews-Salam integral representation for the theory with the Hamil-
tonian H(g, o) — aN,. In Sec. 3,4 we obtain the estimates which we need
for the (perturbed) functions G,, S, and for the integral operators connected
with them. In Sec. 5 we obtain some necessary estimates of the functional
integral over the (perturbed) measure u, and in Sec. 6,7 we prove the linear
N, bound, i. e. Theorem 1.2.

Since the proofs of the linear N, bound for the free and periodic boundary
conditions coincide essentially, so we give the detailed version for the free
boundary conditions and make some remarks for the changes needed for
the case of the periodic boundary conditions.

In the following f~, f* denote the direct and inverse Fourier transform
of the function f. We define det, as
Ll
det, (1 + A) : = det [(l + A) exp {Z (— Ak

k=1

By %, we denote the set of compact operators with the norm

| A, = [Tr (A*A)/?]7,

I

P: = — i(the gradient operator), ¢, ¢, . . . denote strictly positive constants
possibly depending on unessential variables.

Vol. XXX, n° 3 -1979.



162 E. P. OSIPOV

2. INTEGRAL REPRESENTATION
OF MATTHEWS-SALAM

We want to obtain the integral representation of the Matthews-Salam
type for the Hamiltonian expressions of the form

(Qo, exp (— t;H)F; exp ((t; — 1))H)F, ... exp ((t,-1 — £,)HQ,)  (2.1)

where F is either a fermion field Y or its Dirac conjugate ¥ : = ¥ *y,,
or a function of the boson field ¢(0, x) at time zero,
H = H, — aN, + H; (2.2)

is the (renormalized, cut-off) Hamiltonian of the Y, theory perturbed by
the « number » operator with 7 < 1 and the constant a > 0 is chosen
such that

7

Il’2=[l—a[f>0, w::w_awt>0,
where u(k) : = (K* + m})'?, w(k) : = (K* + m})'/2.

We want to consider the (cut-off) interactions of the form
H, = f dx[: Y, ()T o(x) : W((0, x))g(x) + W1 (¢i(0, x))g;(x)] (2.3)

I = o + ifys with real «, B and ys = 7 and where y/,(x) = Ja’ya(x — ()

and o(x) = o(— x) is a function from F(R). Let, for simplicity, W be
either a bounded analytic real-valued function on R or W(¢) = ¢, W, € #(R)
and an ultraviolet cut-off k¥ be made with the help of a function from &(R).

Let y, be the Gaussian mean zero measure on &%'(R?) with the two-point
function

—1 - LNt '(kz)e—ikx
G, (x) = fdk k) el (k) — ikx _ J‘dzk u ’ p
? e W) + i) Y

We remark that the Gaussian measure p, is hypercontractive and has
the Markov property in the temporal direction [/4], but it has no Markov
property in the spatial direction [15].

We also introduce the (perturbed, Euclidean) fermion two-point function

(Qo, Yr,(xy) exp ((t; ~ t)(Hy — aNr))‘Zﬁ(xz)Qo)
\ for t,<t,
Sty — 12, X1 = X3)op = 2.5
| = @, F5x2) exp (12 — 1,)(Ho — aNJW(x,))
| for t;>1,

The following theorem is valid.

Annales de Institut Henri Poincaré - Section A



THE YUKAWA, QUANTUM FIELD THEORY 163

THEOREM 2.1. — (Matthews-Salam formulas). Let H' be given by (2.2)-
(2.3). Then the Hamiltonian objects (2.1) are given by Matthews-Salam
Sormulas with the Gaussian measure y. and the fermion two-point function (2.5).

This theorem is proved in [28].

3. ESTIMATES ON FUNCTIONS S,, G,

In this section we consider properties of the functions S, and G, and of
some integral operator connected with S, and G..
It follows from the definition (2.5) that

S:(x) = 51(x) + Sz(x) G.D

where
S,(x) = (zn)—Zdeke—ikx (m 171 i)"zakz)w'(kz)
(k% + o (kz)’)w(kz)
Sy(x) = &(x,)S3(x), .
S406) = = 9¥am)"? [ ke “’k—_("i)‘c"o(’(‘;z)z .
Here y5 = 7o, % = iy, {75, V5 Bl = 26;; and &(x;) = — | for x; <0 and

&x,) = 1for x, > 0.
The following lemmas contain the main properties of the functions S,
and G,.
LemMa 3.1.
[S5(k)| < cle)(k® + D)2 U2 + 1)~ D2 | g0,
Proof of Lemma 3.1. — In the sense of distributions
e~ (k) = (mi) ' P. V. k!

and, thus, as it can be easily seen
1 rar = ~ ’ ~
S3() = (ni)”"! f dicle, (S5 Gk, = K, hey) — 83 (ky, k3))
-1

+ (ni) ! dk'S5 (ky — ki, kky ™! (3.2)

R\[-1,1]

in the sense of distributions. Since the integrals in (3.2) are convergent,
€q. (3.2) is valid in the sense of usual functions. To estimate the first integral
we write

1 ’ r - ~ ’ ~
f Ak, V(S5 (kg — K, k) — 85 (K, k)

f dk f as_,, — sk, k) (3.3)

Vol. XXX, n° 3 - 1979.



164 E. P. OSIPOV

and, thus, this integral is estimated by

| oS ,
<2 sup | TR0~ i k)| < al? 1)

kje[-1,1) 1
5€(0,1]

To estimate the second integral we divide the domain of the integration
into two subdomains

[=(®R\[-1L1I)Nn{kieR [k'|<|k|2}
H=@R\[-1L1)Nn{keR||K|>]|k|2}

where k' = (k}, 0). The contribution of domzin I is less than

sup (| ky—ky | +1)*S5 (ky =k, k2)) dic, | Ky |7 ke =k [+ D72
kel R\[-1.1]
Holder’s inequality gives dk(.) < const.

B[-1,1

By
In domain I |k — k' | > |k| = |&' | = |k]|/2, thus,
sup [(| k, — Ky | + 185 (k, — ki, k2)] < const (k* + 1)7' 727
kel
and so the integral over domain I is estimated by
< c(e)(k? + TR
The integral over domain II is less than
sup | ;7 [ dkiS30ks = ki, ko).
Kkjell n
But sup | k; |7 < c(k* + 1)7'/?, and the integral is less than
kiell

fdk;s;(k1 — ki, ky) < cfdk;(k’f +IE+ DT <o (k3 4+ )T
11

and so the integral over domain 1I is less than
< c(e)(k* + D)7HAKG + 1)V

To prove the lemma we join together the obtained estimates. Lemma 3.1
is proved.

We need the estimates of the functions S;” and its hermitian adjoint
with some localization conditions in x — space. Moreover, since we want
to obtain the estimates uniform in cut-offs, we need the uniform estimates
of the fermion propagator with cut-offs.

Let n(.)e #(R), n(0) =1 and n,(p) = n(pi/o)n(p;/0,) be an ultra-
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THE YUKAWA; QUANTUM FIELD THEORY 165

violet cut-off in the temporal ¢, and spatial ¢, directions. Let 1 — {(p),
{(p) € #(R?), where {(p) = 1for |p| < {and {(p) =O0for |p| > + 1,
be an infrared (low momentum) cut-off.

The estimates we need are formulated in the following lemma:

LeMMmA 3.2. — Let (k) be one of the functions S; (k), S~ or
K2 + ) 2ST~ (K)ST (K.

Then

a) | KPR TROT" (0] (k) |, < ¢, exp (— c,d) for h(x)e C((R\{ 0 }) x R),
d = dist ({0}, supp /) ;

by | (ki + DRG]~ () L, < ¢, exp (= cd) for h(x,) €
CP(R\{0}),d=dist ({0}, supp h),0<r<1;

) [ A" (x) |1, < ¢; exp (= cxd) for h(x)e CFRHN{ 0 }), d =
dist ({0}, supp /), 2 < p < oo.

If the function S; (k) is replased by the function S; (k) (k)1 — {(k)),
then the estimates a), b), ¢) are valid with the exponential decrease being

replaced by the decrease faster than any power and the estimates are uniform
in ultraviolet cut-off o for 1 < o, , < .

Remark. — The replacement of the exponential decrease by the decrease
faster than any power in the case with cut-offs is connected with the decrease
faster than any power of the functions " (x), {"(x).

Proof of Lemma 3.2. — Let us first consider the case b) of the lemma fo,
the function S. We shall obtain the representation for the function Sr
in the form of a contour integral. The statements will follow from this
representation.

In the sense of distributions

[ d*kS; (k)e™ ™ = lim . dk, lim " dk,S; (k)e™ ™ (3.4)
o Ri—=>w0d —R; Rz wdJ =R3

Let us denote the complex variable k, by {. We cut the complex plane {
by (— i, — im] and [im, i) and choose the branches of the analytic
functions ({* + m?)'/2, ({* + m*)¥? such that they would be positive on
the real semiaxis. Let, for definiteness, supp # lie in the half-plane x, < 0.
Let C(3, @) be the contour chosen in Fig. 1, where & and ¢ are sufficiently
small positive numbers which depend only on m and t and which will be
chosen later (for x, > 0 we should choose the contour in the lower half-

plane {).
We assert that for sufficiently small 6 and ¢

Re [k} + (02 + m)'"? — o + m)"?)] > (k2 +1)  (3.5)
in and on the contour C(3, ¢) for some constant ¢ > 0.

Vol. XXX, n° 3 - 1979.



166 E. P. OSIPOV

-8-1+i6 %im 87“6 P _8—1“6 %im §-14+i6

—

=

FiG. 1. — Contour C(3. ¢). FI1G. 2. — Contour C’(4,¢).

-im

NN

To prove this inequality it is sufficient to show that

(Re b(0))? — (Im b(0))* = ¢; > O. (3.6)

in and on the contour C(d, ¢), where

b(L) = (8 + m)'? — a($® + mH)T2.
We write

b(0) = b(Re {) + i Im ¢ f:dsfl—[g(Re ¢ +isTm 0).

Since b(Re {) > 0, so b(Re {) = c; > 0. In the domain bounded by the
contour C(8, ¢) | db/d{| < c,, where the constant ¢, is independent of
8, ¢ for sufficiently small § and ¢. Thus, in the domain

{{eC||Rel| <67 |Im{]|<d}
Re b({) = ¢; — ¢y | Im B() | < Oc,

and thus in this domain inequality (3.6) is fulfilled for sufficiently small J.
Since

bBRe ) =RebRe ) = (1 —v)|Re {| — cy(v),v>0
and since in the domain bounded by the contour C(é, ¢)

[ Im¢| < |Re{|sing
so in this domain

Reb(l) =(1—v—c;sing)|Rel|—cyv),
| Im b({)| < ¢, | Re { | sin .
Thus, in the domain bounded by the contour C(3, ¢) for |Re (| > 7!

(Re b({)* — (Im b(0)* = (| Re () | — [ Im &) | ) | Re () |
> 071 — v — 2c, sin @) | Re { | — c4(v)]

But this is greater than a positive constant for sufficiently small §, ¢.
These arguments and egs. (3.2), (3.3) imply that the function S; (k,, {)

Annales de IInstitut Henri Poincaré - Section A



THE YUKAW A, QUANTUM FIELD THEORY 167

is analytic in and on the contour C(d, ¢) for sufficiently small 8, ¢@. It is
easy to see, making estimates of the term S (k, {) for complex { € C(3, ¢)
in the same way in the proof of Lemma 3.1 for real k,, that

|87k, Ol < o(1C]7h
for | { | > =, { € C(J, ¢), may be nonuniformly in k,. But then the integral
of S (k,, {) over the arcs of the circle entering the contour C(J, ¢) tends
to zero when the radius of the circle increases. Let C'(5, ¢) be the contour
shown in Fig. 2 (or, in the case x, > 0, the analogous contour in the lower
half-plane). Then, by Cauchy’s theorem

h(x,) f dk,S7 (ky, ky)e™ ™ = h(x,) d(S; (ky, Qe fimimix2 (3.7)
C'(d,9)

Using estimate (3.5) it is easy to see that (the term S (k,, {) is estimated in
the same way, as in the proof of Lemma 3.1)

|87k, O < eI {DKE + 172 g >0,

where ¢(| {|) is a function increasing slower than a polynomial. Thus,
in the sense of distributions

an

0x5

(% + 1)2K3 xS0 () = (k2 + 1),,2[,.,.

and

(h(x:)sxx»] ®

< (h(x;)sxx»] W) |=| f dxse it L px)
X, | x5 C'(3,0

i"
b
<c, (kK2 + 1)1 2 exp (- c,d)

which proves the part b) of the lemma for the function S..
In the same way we consider the functions S, and (k* + m?)!'?8} ~S..
Now, we consider the case a) of the lemma for the function S, For
definiteness, we suppose that supp 4 lies in the half-plane x, < 0. Then,
in the sense of distributions

dlS; (ky, (e
)

. ~ Rz Ry .
h(x)fdzke"""‘s, (k) = lim A(x) lim dk, lim dk e ™S (k, €)

e=>+0 Ry= o J —R; Ri=wd —Ry
3.8)
where
~ 1 ! N~ ’ ’ N — ~
Sk, 8) = S700) + 2. [ iS5 (K1, ka)lky = Ko+ 107" + S50

We use the relation lim (k + ig)™ = P. V. k™! F ind(x) which is valid

£ +0
in the sense of distributions, see [/6].
We want to write the integral over k, and k, as the integrals over some
contours in the complex planes {; and {,.

Vol. XXX, n° 3 - 1979.



168 E. P. OSIPOV

First we consider the integral over k;. We cut the complex plane {, by
[iw'(k,), io). Then the integrand is an analytic function in the upper half-
plane with the cut. The integrand in (3.8) decreases in {, in the upper
half-plane as | {; | > oo. This is evident for the functions S7({;, k,),
S5’ ({4, k,) and for the integral over k| it follows from the estimates

Hdk 53("1"‘2)13' f dkl()11 f dk'l(.)i

—k, + ie
THESIA) [kgl = 124172
<214 f A, STKs k) + sup (14 | K, )85 KY, )]
lkgl=zle 02

fdkaq Rel, — ki | +07 '+ 1K) <ell, |

Now, choosing the contour, as it is shown in Fig. 3, it is easy to see that
the integral over the arcs of the circle tends to zero and, by Cauchy’s theorem,
the integral of k; over the real axis is equal to the integral over the contour
C'(k,). As a result

h(x)jdkle—ik‘x‘st(kl, ka, &) = h(x) dfre” S ULy, kay 8) (3.9)
C'(k2)

It is easy to see that the right side of (3.9) is analytic in {, for sufficiently
small |Im ¢, | (in particular, for the integral over k;, the analyticity in
this domain follows from the fact that | Im {, | is small). Besides, the inte-
gral of (3.9) over (, over the intervals

{{,eC|Re{, =R,0< +Im{, <5}

for sufficiently small positive é tends, as it is easy to see, to zero when
R — . So, the contour of the integration over {, may be shifted up or
down, depending on the sign of x,. As a result,

h(x) J dk, f dk,e” **S (k, €)

= h(x) dsz dye” B TS (L, £, )
+Im (=4 C'(¢2)

E

(k) 1 E‘
‘—I(A)'(kz)

—

FiG. 3. — Contour C(k,). Fi1G. 4. — Contour C’(k,).
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the integral over {, converges due to the properties of the contour C'({5).
This expression defines a function smooth in x (this can be easily proved
by interchanging the order of the differentiation and the integration),
increasing exponentially in x; and x,, and, thus, in x for x; # 0. Thus,
L,(d*x) norms of derivatives of this function satisfy the bound ¢, exp (— ¢,d)
and by the Hausdorff-Young inequality L. (d?p) norms satisfy the same
inequality.

Thus, the case a) of the lemma is proved for the function S,.

In the same way we consider the other functions.

Consider the case c). By a) and b)

!
1
< j P 1FR) | (2 + 17 + KDy exp (= exd)

17 ey exp (= el + 172 + K37

1 £ prc3 exp (= c2d).

We have used the Holder and Hausdorff-Young inequalities. The obtained
inequality proves the case ¢) of the lemma.

In the case with cut-offs it is necessary to estimate, for example, the case b)
with an ultraviolet cut-off, the expression of the form

} fd%f(x)h(x)["(x) l = ’ fdzka (k)[AL™) (k)

<
<

h’?}: *S, = h(xz)fd2y01'l(0'1(x1 - J’1))‘72'l(‘72(x2 = Yy DS:(¥1, ¥2)

Let { e; };,.z1 be a partition of unity in the variable y, obtained by the
translations of a fixed Cg function with the support in [— 3/4d, 3/4d] so
supp e; < [(i — 3/4)d, (i + 3/4)d]. We insert this partition of unity between
72 and S,. After that the term

[h'?o/-\ * (eos,)]~(k) = n(/(l/al)fdxzeikzxzfdpz

[/7(x2)0'2'1A(0'2(x2 - -))eo(-)]N(Pz)S:(ku p2)
is estimated by

sup | S:(kn P21 | h(xz)az'lA(O’z(xz — y2))eo(y2) |l

p2

where | . |, is some norm on the Schwartz space in variables x,, y,. Taking
the location of the supports into account, it is easy to see that the above
expression is less than

e)(k} + 1)7V2r(1 4 amy!
uniformly in ¢ for o > 1.

Vol. XXX, n° 3 - 1979.



170 E. P. OSIPOV

The terms
[an; * (eS)] (k)

are estimated similarly to the previous one by the

ey(k + D7V + dy TN+ DT

Taking the sum over i we obtain power estimate for the cut-off propa-
gator.

The estimate for the case 5) with a lower momentum cut-off is obtained
with the use of a two-dimensional partition of unity and the bound a) of
the lemma.

In the same way we consider the case a) with cut-offs. Lemma 3.2 is
proved.

LeMMA 3.3. — The function G(x)e L, (d*x), 1 < p < . The following
estimates are valid

| Gi(x) | < Go(x) + ¢y exp (= ¢, | x ),
Wwhere

Go(x) = [(k* + m}) '] (x).

Proof of Lemma 3.3. — The proof is analogous to the proof of Lemma 3.2.
The integral over k, is taken explicitly, and the integral over k, may be
rewritten as the integral over the contour of the form C'(d, ¢), Fig. 2.
Lemma 3.3 is proved.

LEMMAS 3.1y-3.3y. — The bounds corresponding to the bounds of Lemmas
3.1-3.3 are also valid in the case of the periodic boundary conditions, these
estimates are uniform in the box cut-off V > 1 (naturally, | x, | < V/2).

Proof of Lemmas 3.1y-3.3y. — Lemma 3.1y may be proved in the same
way as Lemma 3.1.

The statements of Lemma 3.2y and 3.3y follow from Lemmas 3.2 and
3.3, from the inequality for anorm | X. || < 2| . | and from the relations

Sxg, x3) = Z; f(x1, x5 +jV)

where the series converges in the sense of distributions and where f is one

of the functions G,, S, SJ, [(k* + m®)"*S} ~S1" or these functions with
cut-offs and fy is the corresponding function in the periodic boundary
conditions case.

Let us consider, for instance, the case ) of Lemma 3.2. In this case
h(x;) e C3([— V/2, V/2\{ 0 }) and

ATy (x5) = ZhA(x ) (x + jV).
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Then

[+ DA O] ., < 2,1 GF + D25 e + V][,
= 3, || (k] + 1Y%k exp (= i V)[hCx, — V@] L
< (by Lemma 3.2) Z;c, exp (— ¢c,(d + | j |)) = ¢;3 exp (— ¢,d).
In the same way we consider the other cases. Lemmas 3.1y-3.3y are
proved.

4. ESTIMATES FOR SOME INTEGRAL OPERATORS

In this section we consider trace-norms of some integral operators.
With the help of Lemma 3.2 we prove Theorem 4.1 (an analogue of Theo-
rem 2.2 of Ref. [4]) which allows us to estimate contributions of the separate
squares.

THEOREM 4.1. — Let y,, a € Z?, be the characteristic function of the square
with center at o and side 1. Fix q > 1. Suppose operators A, B are given
with Ax,(P* + m*)"4* e @, and (P* + m*)"V***y Be®, for some
¢ > 0 and where ¢ ' + ¢ ' = q7 1.

Then, for all o, B Ay, I(P)x,B € €,, where I(P) is an operator of multipli-
cation on one of the functions S;, S, ~, (p* + m*)"*S}~S>, and

I AxI(P)xgB 1,

<ciexp (—cpla— B[ Ap(P* + m®) "4+ | (P? + m?) "4+ B,
If the function S (p)isreplacedby the function withcut-offsn(p)(1 — {(p))S; (p),
then the assertion of the theorem is valid with the replacement of the exponen-
tial decrease by the power decrease with arbitrarily large degree, and this
degree of the decrease is uniform in the ultraviolet cut-off o for 1,2 1.

Proof of Theorem 4.1. — The proof uses Lemmas 3.1, 3.2 and is an ana-
logue of that of Theorem 2.2 Ref. [4].

Let o — 8| < \/i (i. e. touching squares), then
AXaI(P)XpB — Axa(P2 + m2)—1/4+a[(P2 + m2)1/2—25[(P)](P2 + m2)—l/4+eXﬁB'
Now, the assertion follows from Hélder’s inequality for operators and from
the boundedness of the operator in the square brakets (Lemma 3.1).

Now, let |oa — B|>4/2 (. e. non-touching squares), then either
loy =Bl =2o0r |ay—B,| <1, oy — B, | = 2. Let h be a CP(R)
function with support in (- \/_2 -9, \/2 + 8) identically one in (— \/2,
\/2), where J is chosen with \/2 + 6 <2

Now, if | &, — B, | > 2, then

LT (8 = Mp(0) = xR x = | = ot = BDI(x = »)zg(y)
Vol. XXX, n° 3 - 1979.
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and

ALA(P)xsB = Ay (P? + m?) V(P2 4 m?) 272 (h(| . | = |a— BDI") (P)]
(PZ +m2)_1/4+8XﬁB~
The assertion follows from Holder’s inequality for trace-norms of opera-
tors and from the boundedness of the operator in the square brackets
(Lemma 3.2q).
Now, if |a; — B, | <1, |ay — B, | = 2, then

2LOL (X = MX(¥) = 1| x5 = 2| — |0tz — B DT (x — »)xp(»)
and

ALI(P)xsB = Ago(P? +m?) VAP m?) 2 2 (h(] | — |y — B, NI*) (P)]
(PZ +m2)_1/4+8x,}B-

Again the assertion follows from Holder’s inequality for operators, from
the boundedness of the operator

(PZ + m2)1/2—e.((P% + 1)1/2—8 + P%k + 1)—1,

from Lemma 3.2 and from the inequality | o« — S| < 1 + |a, — §, |
fOl’ Ial - ﬂl | S l~
Theorem 4.1 is proved.

5. u, -INTEGRABILITY OF SOME FUNCTIONS

In this section we prove some integrability results for the Gaussian
measure p,, which is given by the two-point function G (x — y) (formula
(2.4)), and obtain some bounds.

THEOREM 5.1. — Let ¢ > 2 and v, A > 0 with (v + A)g > 1. Let p, be
the Gaussian mean zero measure on &'(R?*) which is given by the covariance
G(x — ») (eq. (2.4)). Let A(¢) = (P? + m*) " pA(P? + m*)™* be a linear
map from some subspace of &'(R?) to operators. Here A € L (d*x) and has
a bounded support. Then A(@) is pt, almost everywhere in 6.

Proof of Theorem 5.1. — Consider first the case g = 2k with k an integer.
Acting as in the proof of Theorem 3.4 Ref. [4], (see also Ref. [/7], Theo-
rem 9.1) and using Lemma 3.3 it is easy to see that

| A(9) |3k e Lo(F'(R?), dp.).

When ¢ is not an even integer, we can, following Seiler and Simon [4],
use the interpolation theorem. For the proof of the interpolation theorem
see Gohberg, Krein [18, p. 137-139). Theorem 5.1 is proved.
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THEOREM 5.2. — Let {(.) € L (d*p) be a function with a bounded support.
Then

L(¢) = (P* + m*)'/*S (P)L(P)PA(P? + m?)~1/*
belongs to €, u, almost everywhere and
IL@ |, <477 [ M]3 + 8(, Cd)g; -1

where

M = (P? + m®)'*S] (P)L(P)x(P* + m?),

N = (P? + m*)"'¢A(P? + m*)~ 1%,
x € C¥(R?) and y(x) is equal to one on supp A

TrN«+N = (¢, Cd)gy -1

and C is trace class in the Hilbert space L,(G (p)™'d*p)

Proof of Theorem 5.2. — Let x be a CP(R?) function which satisfies
0 < y <1 and is identically one on supp A and zero on
{ x e R? | dist (x, supp A) > 1 }.
Then L = M-N.

Since
x(P? + m?) = (P? + m*)y — 2iPVy + Ay 5.1

so, by Lemma 2.1, Ref. [4], M € %,. Then, by Theorem 5.1, N e €, u, almost

everywhere and
Tr N*N = (¢, Cd)g; -1,

where C is trace class in L,(G; (p)~ 'd*p), namely,
C = G AEA (5.2)

where G; and E are the operators of multiplication in the momentum
space by the functions, respectively, G (k) and

B = [@5(p% +m?) (02 + ) (5.3
where p, = p + k/2.
Using the number inequality

xy < y*/46 + x%,  x,yeR,6 >0
we obtain

L@ | <M, N[, <4767 [ M]3 + 8¢, Ch)gy-1.
Theorem 5.2 is proved.
We also need some estimates for integrals of Wick monoms which are

similar to the estimates of Dimock, Glimm [/2, Lemma 2.4] and Glimm,
Jaffe and Spencer [17, Theorem 9.4]. In contrast to the bound of Lemma 2.4
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by Dimock and Glimm [I2] we need an estimate in which the kernel is
L,(d*x) function with p > 1 and p — 1is small (see also Ref. [17]).
We want to consider functions on &’(R?) of the form

R(w, n, &) = fdyl co AL T 0 ac = 7)) Wy, - pw) (5.4)

where the normal ordering is made with respect to the measure u. and,
for simplicity, all ¢, have the form &,, = p(v, K)n(p(v, k)x), n e L(R?),

Jarmeo =1, or ail ¢, are &0 = o0, KM(p(s, ), ne SR

fdxn(x) =1 (a more general case of different cut-offs in different direc-

tions can also be considered). We remark that for ultraviolet cut-offs of

the form &(x,)n(x,) the normal ordering with respect to the measure e

and with respect to the free boson measure with the mass m,, coincide.
We suppose that the support w lies in a set of the form

AO)() = Aw(l) X ... X Aw(N)

where w(v) € Z* and where A; = R? is the square with side 1 and center
at je Z>. Let x; be the characteristic function of A; and let n, = sup n,.

Let, also A = {1,...,N}, L ={(, 1), ..., (v, )}, I={L}op-
The set of all possible graphs on I is denoted I'(I), the set of all vacuum
graphs is denoted I'y(I) and let [I] = Ulv be the set of all legs [12].

vEN
LEMMA 53. — Let we L(Ayy), p > Land p™ + p'~! =1, then
Janronna|< s, > TTiGu.
I Yelo(l) leg

Gy, ») =& =), GEL (= Y))u. ().

Proof of Lemma 5.3. — The proof is the same as that of Proposition 9.3 [17 ]
or of Lemma 2.1 [I2] with the replacement of Schwarz’s inequality by
Holder’s inequality. Lemma 5.3 is proved.

We define a function /(;)(.) on [I] by /a\)((v, k)) = w(v) and for j e Z* define
N= D n =137

vew = 1(j)

where

THEOREM 5.4. — Let we L (A, ), p > 1. Let &, « have the aforementioned
Sorm and inf p(v, k) = p > 0, then, as above for 6 € [0, 1)

(v,k)el
<[ INoemBepw, T etn o8, nliest + a2

jez? (v k)el1]

i f duR(w, n, &)

where r < (2p'n,)"t.
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Proof of Theorem 5.4. — The proof of this theorem is the same as that
of Lemma 2.4 of Ref. [12]. Some slight modifications appear in the proof
of estimates for the kernel G,(y, y') only, to which the kernel C(y, ¥')
corresponds in notations of Dimock and Glimm [12]. But these estimates
can easily be obtained.

Since the function G,(x) has an exponential falloff for large distances
(Lemma 3.3) and since for each n the uniform in p(v, k) for

inf p(v, k) = p > 0 estimate
(.0l

| p(v, Kn(p(v, K)x | < e, p,n)| x|+ 1)™"  for |x|[21
is valid. So
| Gillpme < 10, p, (| @C2) = @) | + D7
On the other hand, for p’n, > 2 the following estimate is valid
| Gy lpm < &2 * Gy * &y, | pm < (Hausdorff-Young inequality)

I €7@ (DGT (@) [l
< ” 5;.(‘1)(‘]2 + l)_]/z “2(p'n*)’ “ él:(q)(qz + 1)—1/2 ”2(p'n*)’
< e 1 E@@ + D7 ol &@@ + D7 o
for r < (2p'ny)"".
These estimates and the arguments of Ref. [/2] imply Theorem 5.4.
Theorem 5.4 is proved.

6. UPPER BOUND ON f du, | det,e, (1 + K(A)) |

In this section we prove the main technical result of this paper.

The operator S.I'¢A enters the Matthews-Salam formulas. Here, A(x)
is a space-time cut-off. The idea to consider this operator in the Hilbert
space L,((p®> + m*)'"?d*p) ® C? belongs to Seiler [/0]. In the Hilbert
space L,(d?p) ® C? this operator has the form

K(A) = (P? + m*)4S7(P)Lp(P? + m*)~ /4,

The operator with cut-offs K(A, o) is given by the analogous expression.
We define

det.. (1 + K(A, 0)) : = det,(1 + K(A, o))
exp (£2,{A, 6)+ (s — 5u*(A, 0))Q(A, 0))
where Q(A, o) = dexA(x)z :p2(x) :, s and Su*(A, o) are a finite and the

P o 1 .
infinite boson mass renormalizations and &, ,(A, 6) = 3 fd,u,K(A, 0)? is the
second order Euclidean renormalization.
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Let A(x) be a space-time cut-off. Let y, be the partition of R? on squares
with centres in « € Z? and side 1. We define

N :={aeZ®|suppy,Nsupp A # O}
and we shall identify A’ and U X« Let | A | : = cardinality of A’.

aeA’
We suppose that space-time cut-offs satisfy the following conditions:
i) A(x) € L (d?x), ii) uniformly in | A |

sup || [x,Al"(k) In 2 + | k|) |l4;3 < const.

We remark that, in particular, the indicator of a rectangle satisfies the
condition i), if) and if g(x,) satisfies the conditions i), ii) of Sec. 1, then
Xa,s(¥1)8(x;), where x,, is the indicator of [a, b], satisfies the condi-
tions i), ii).

THEOREM 6.1. — Let A(x) satisfy the above conditions i), ii). Then, for
any p there is a constant ¢ so that uniformly in ultraviolet cut-offs

f dit, | detun(l + K(A, 0))? <

The similar assertion is also valid in the case of the periodic boundary condi-
tions.

Proof of Theorem 6.1. — To prove the theorem we, as Seiler and Simon
[11, 4] split the operator K into two parts with large and small momenta. Let
{(p) be a positive C* function, equal to 1 on the set {peR?*||p| < ¢},
and equal to 0 on the set {peR?*| |p| = { + 1}. The function {(p)
gives a low momentum cut-off. The positive constant { will be determined
later.

Let

K=L+H
where

L = {(P)(P? + m»)'4S; (P)LCHA(P? + m*)~1/4,

Taking in the inequality of Theorem 4.1 [/ A=H, B=0,C =1L we
obtain the estimate

| deten(l + K(A, 0)) | < [det (1 + Au@) exp 6] L(@) |, — 3 Tr A_(0)

- %Tr (A_(6)*) — ReTr H(o) + &, (A, 0) + (s — Su3(A, a))Q(A,a)]

6.1
where b=1+¢*=44..., A=H + H* + H*H, A, is its non-
negative part and A_ — its negative part. Similarly we define A(o), etc.
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It is easy to see that the right side of inequality (6.1) may be rewritten
in the form
U10503
where

v; = exp (b | L(o) | 1)s

v, = exp [‘l_‘ Tr : (H(o)* + H(o))* : — %Re Tr (H(6))*
T (s — 31(A, )QUA, 0) + &5 (A, a)] :
05 = [dets (1 + A, @)1 exp [ - } Tr (HO)'HE)?)

— Re Tr (H(¢)*H(0)*) — %Tr : (H(o)* + H(o))* :] .

To prove the theorem it is sufficient to show that for each p e [l, =),
i=1,23
| v; |, < const!™!
uniformly in o.
First, we consider the factor v,. By Theorem 5.2

IL(o) |y <4717 M3 + 6(¢, Ch)gz -1

Since | 2pdC | < 1/2 for sufficiently small 8, depending only on | A |,
and p, so for such & 1 — 2pdC is a positive operator in L,(G. (p)~'d?p)
and by a direct calculation of the Gaussian integrals (cf. [0, Lemma 3.3],
[13, Lemma 2.1]) we obtain the bound

Joulf = [dueexp 7157 p | M I3 + p3(d, C)az 1)
=exp (47167 'p | M |3) det (1 — 2p5C)~1/2
<exp (47167 'p M3 +2p5 | C|y)
Estimating the determinant we have used the inequality
—In(l—x)<In(l+2x)<2x for 0<x<1)2
Lemma 2.1 [4] and eq. (5.1) imply that
IMla<ellzla+ Vel + 1Azl o) < e | A2

The operator C in L,(G (p)~'d?p)is given by eq. (5.2). In correspon-
dence with the unitary equivalence in the Hilbert space L,(d?p) the operator C
has the form

C = G V> AEAG['/2,

We note that the operator E is the operator of convolution (see (5.3))
by the function F, ,(x)F,(x), where

Fy(x) = [(p* + m*) 1" (x).
Vol. XXX, ne 3 - 1979,
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To estimate %, norm of the operator C we write

. [ Cly < [ G 2AEY2 |, [ EY2AGT V2 |, = | GTV2AEY? |3
an

| G 12AE? |2 = f Pxd*yG (x — YAPIE(Y — DAR)
<Al lAlL I GE® |, <c|Al

So the linear bound for the factor v, is obtained.

Now we proceed to the Gaussian factor v,.

To estimate this factor we cancel the divergences in the explicit form.
For this purpose we rewrite this factor in the following form

03 = 63 |5 Thy 1HOHO) £ + £2,(A, 0) = 62,00, 0,0

Here
Trreg : H(0)*H(0) : = — : (¢, B(0)p)gr -1 :

where B is a positive (for large {) Hilbert-Schmidt operator in the Hilbert
space L,(G7(p) 'd*p) (see below) and B(s)—the corresponding operator
with ultraviolet cut-offs. The operator B is equal to

B = G (AGqA — A%s)

where Gy, is the operator of multiplication in the momentum space by
the function

Gual®) = = [€9ISp T*SI (P ISTPIT(P + 1)) (92 4 )11
=2 + B)(P* + m»)™' (6.2)

Here, p. = p + k/2, S7{p) = (1 — {(p))S; (p) is the perturbed two-point

fermion function with a low momentum cut-off, Sp is the operation of

taking the trace over spinor indices and we have written the counterterm

of the boson mass renormalization for the Yukawa, interaction with

I =o+ ifys.

Furthermore,

&0, 0.0 = 5 [ Tr (HA, 9,

830, 0) = 3 [du, Te (KA, o))

are the second order Fuclidean renormalization with and without a low
momentum cut-off.
It is easy to see that

l gZ,t(A’ 0) - éDZ,I(A’ a, C)l <c l A l
uniformly in ¢ and A.
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I addition, if B > 0, then

[ 0,15 =l exp (— : (¢, Bdp)y-1 2) |5 = [det, (1 + 2pB)]~ "2
< exp (2p° | B |3).

Thus, to obtain a linear estimate for the Gaussian factors it is sufficient
to prove that B > O for sufficiently large { and to prove a linear bound for
the square of the Hilbert-Schmidt norm of B.

Let us show that for sufficiently large { B is a positive Hilbert-Schmidt
operator. Writing S, = S, + S,, where S, is the usual Euclidean two-point
fermion function, and using eqs. (3.1) and the estimate of Lemma 3.1,
we see that the function

Giesl) + [d*911 1 = 02) I S0 S5 (IS5 ()0 + i)'

(P2 +m*) ™12 =22 + BA)(p* + mH)™'] (6.3)
is bounded by a constant uniformly in {. Estimating the second item in
(6.3) in the same way as in [11] we obtain that

B > [n(¢® + B%) In (1 + {*/m?) + const — s]G A”.

So the operator B is positive for sufficiently large (.
Now we estimate the Hilbert-Schmidt norm of the operator B in the

space L,(G; (p)”'d?p). We replace the space L (G (p)” 'd?p) by L,(d?p)

and write A, : = Ay,, where g, is the indicator of the squares with center
in o« € Z* and side 1. Then

B — B/ + B//
where

B = — SG~1/2A2G~1/2

B” = Ea,BGA'Baﬁa
Bys = G{ '2A,G A ,G V2,
It is easy to see that
1B )2 = 5 f dxdyG (x — y)PAG)*A(y)?
<52 AX) 3] G |3
<SPAIG) 13 sup | [Al” |53 <c|Al

Let us consider operators B,;. First we show that B,; € %,. It is easy to
see that

| By I3 = f d’kd*rd*sd*uG; (K)A; (k — 1)Geg(r)A; (r — )G (s)
A7 (s — )Greg(W)A; (u — k).
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Since (6.3) is bounded, so the direct calculation (see Seiler [3, A 12]) and
the triangle inequality give

|Greg) | < eI+ [r)<e;In @+ [k=r)In2+ |k
[Greg) | <eyIn Q4+ |u)<e;In Q@+ |u—k|)InQ2+ |k])
Then
IByl3<c f d’kd*rdsd*uG (k) In* 2 + |k ) | Aj(k — r) |
InQ+k=rDIA;(r=9|GIOIA; (s —w)||Af@—k)|In Q2+ |u—k|)
<c|AZ (DI Q2+ 1PN 1AF (D25 1GT (D)1 GT (P In* 2 + [p) ],

where we use Schwarz’s and Young’s inequalities to obtain the last expres-
sion. Now the condition i) for A implies that B,z € %,.
Now

(6.4)

” B” “% = zal,uz,aj,a4€1\' Tr B B

To prove a linear estimate it is sufficient to prove that

aja2 T a3o4t

4
| Tl‘ BalazBa:uu l S Cl—[(l + | (Z,- - ai+1 |)_3

i=t
where as = a,. This estimate follows from the equality
Tr AB = Tr BA
and from the estimate

2
| Tr By, u,Bosas | < Cn(l + g — oy D7
i=1

B,,., € ¥, and Ch. X138, exercise D.49¢ [2]] imply that

Tr B,,4,Busse = f d*kdPrd?sd*uG [ (k)A; (k — r)Gieglr)
A (r — $)G7 (5)An(s — w)GregWA;(u — k) (6.5)

Let / be a C2(R) function with support in (— 4/2 — 8, /2 + 8) iden-
tically one in (—- \/2, \/2) where 6 > 0 is chosen with \/2 +0<?2.

Now, if |o; — oy | > 4/2, |a, — a3 | > A/2 (non-touching squares),
then it is easy to see that (6.5) is the limit of the analogous expression in
which G(r) is replaced by G,(r, %), where G (7, %) is a function obtained
by performing an ultraviolet cut-off in the fermion propagators (i. e. to
bound the integration domain in (6.2)). Thus, we have

fder;l(k — PG (NAL(r — 5) = A" (k, 5)
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where
A(x, y) = A, (A x — y| = |a; — a3 DFi(x — »)Fa(x — »)A,,(»),
F,(x) =[1-Up) I*SpS;~@®S:(p)p* + mH)' 1 (x),
F)(x) = [(p* + m*) 1" ().

In the same way we can replace the function G; (s) by A~ (s), where
A(x) = h(| x| — | @ — a3 |)G{x). Thus in the case of non-touching
squares

Tr B,,.,Buyas = [ d*kd?sd*uG[ (k)A~ (k, s)A(S)A, (s — )G (WA, (u — k)
Using inequality (6.4) we see that
| Tt B,,0;Basad | < f d*kd*sd*u | G (k) In 2 + | kDA~ (k, $)A™(s)
A —wA;u—k)InQ2+ |u—-k]|)|
< (Holder’s inequality) [| G (k) In 2 + [k ) | [| A7 (K, 5) |,
|
HA~(s) f d*uN; (A —k)In 2 + |u— k)

2
< (Young’s inequality) ¢ || A(x, ») |2 | A(X) [ 2] Az a3 | Ay In 2+ [ k) [ 43

2
< (Lemmas 3.2, 3.3)c] (1 + | — o4 )7

i=1

In the same way we consider the other cases of mutual locations of
Ay, 0y, O3.

Thus,
” B ”g = Za;,az,a;,uél\' Tr BulazB

x3xq
4

< zm,az,as,mEA'CI—[(] + Iai - Oci+1 |)_3 < C’ IA |
i=1
uniformly in | A |.

The estimation of the Gaussian factors is finished.

Now we proceed to the factor v;. Estimating this factor we shall follow
in the main the proof of Proposition II.1 given by Magnen and Seneor [6]
(remark that we follow the proof of Proposition II.1 which was given in
the preprint only).

Let v3(0) be the factor v; with an ultraviolet cut-off . First, we show
that v;(o) defines u, measurable function for ¢ — . Theorem 5.1, the
expansion S, = S, + S,, egs. (3.1) and the estimates of Lemma 3.1 imply
that He %, p > 2, u, almost everywhere. Thus, to show that v;(s) defines
U, measurable function for ¢ — oo it is sufficient to show that

Tr : (H(0)* + H(0))? : > : (¢, B1p) igz-1  in  L(&(R?), dp,)
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for ¢ — oo. For this it is sufficient to show that the operator B, is Hilbert-
Schmidt in Ly(G[(p) 'd’p). But B, = G, A(Gyy + Freg)A, Where G,
and F,, are the operators of multiplication by functions, respectively,
(6.2) and

Fok) = f dpISp TSP TS(p-) + 2 + B + m) 1.

In the Hilbert space L,(d?p) By = G}*A(G s + Fred) AG.'%. Since egs. (3.1),
the estimates of Lemma 3.1 and Seiler’s calculations [/0, Appendix] imply
that G, + Fr is a bounded operator and Lemma 2.1 [4] implies that
AG!? e 4,, so the operator B, is Hilbert-Schmidt.

Moreover, it can be shown, as above for the kernel G, that for
| @ — B| > 4/2 the operator A,F,,A; has the kernel

Aa(x) Sp rst,c(x - y)rsr,g(x - y)Aﬁ(y)a

which satisfies the estimate ¢, | A (x)Ag(») | (1 + | « — B])™* The proof
of this estimate is similar to that of Lemma 3.2.

In the following we shall not write down the ultraviolet cut-off o, keeping
in mind that our bounds are uniform in ¢ < .

We introduce an increasing sequence of cut-offs pg, py, ..., P, ... With
po = 0 and p, = be", b > 1. Let the values of ultraviolet cut-offs k, belong
to this sequence. We also define cut-off fields by

24P )t = 1a(0) f k™ (e (k) exp (ikx),

where 7,,(k) = n(k/k,) and n is a positive C* function, n(k) =1 for
| k| <1/2,0 <n(k) < 1forl/2 < | k| < 2,n(k) =0for2 < k. Then, for
a set { ky, }uez2 Of localized cut-offs we define

H, = Z(l — LP)(P? + m*) ST (PT Agadi (P + m*) ™1,
A

Ak =I_Ik'|'H;:< +H:Hk.

We write

1
Inv; < 1i]n det, (1 + Ays) + 3 |In dety (1 + Axs) — Indety (1 + AY)|

+ léTr A3 — ‘1—1Tr (H*H)?) — Re Tr (H*H*) — ‘1—‘Tr C(H* + H?:

We use the inequality

1

1
]TrA,’f+ - gTr Al siTrA,f —,Tr Al,

In det, (1 + Aws) < 5
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for A, > — 1, and Lemma 6.2 to obtain the bound
Inv, < éTr (A3 — A} — ‘IITr (H*H)? — (HfH)?
— Re Tr (H*H* — H?H}) + %n A* — A,
+ %Tr (H + HY)? - ‘liTr : (H* + H)*:
Applying Seiler’s arguments [10, Lemma 3.2] we obtain the bound
Invy < 21 A = AZ [, + | (H*HY — HEHLY' |,
I HPHY — HEHE [, + g | A% — A,
+%|Tr:(H,f + H)?: = Tr:(H* + H)?:|
+ ‘-" fd#, Tr (H + Hyp? (6.6)

LEMMA 6.2. — (Sciler [10], Magnen, Seneor [6]). Let A, Be 6, be two
self-adjoint operators, then

d=|Indet, (1 + A,) — Indet, (1 + B,) | S%HA“—B“MI

Since the proof of Lemma 6.2 given by Magnen and Seneor
[6, Lemma IIL.1] is contained only in the preprint, we give here its proof.

Proof of Lemma 6.2 [6, preprint, Lemma I11.1]. — It is sufficient to prove
the inequality for operators of finite rank, then the proof follows by approxi-

mations. Let A and u; be the eigenvalues of A,, and B, form a decreas-
ing sequence, then with

vi(t) = 127 + (1 — Huf
we have

d=§2(ln(l+/li+)—-,1i++%/1f2-—%l,-+3—ln(l+u;')+u,~+

1 4, 1 43| d
— 54 24 34 3) || — ‘ Zfoldt;l—t [ln (1 + v(t)) — vi(2)
+ 300" = 300° ||

< Z f (1 + i) AF =t [
(]

i
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Since 1 + vi(t) > 1, so

1
d< zw o |j0drv.~<z>3 - 4"‘2 AF — i |8 + A3 2

A £ ] 1A - i

Since A;* and p; * are subsets of the sets of the eigen-values of A* and B*
thus, by applying the generalization of Lidskii’s theorem (Kato [19, II Theo-
rem 6.10 and 6.11] and Seiler [10, Lemma 3.2]) we have

1
ds< A" =B,

Lemma 6.2 is proved.
Egs. (3.1), Lemma 3.1 and Seiler’s calculations [/0, Appendix A] imply

that
J du, Tr (Hf + H)? < cS‘ In k,
Lot

A
uniformly in a space-lime cut-off A.

We transform the expression (6.6) in the following way. Any difference
term between quantities with and without ultraviolet cut-offs is developed

as a sum of terms containing the difference H — H,, or H* — HY, or

¢ — ¢,. Using linearity in the fields, we replace each field ¢ by Zd)h and

use the triangle inequality

l‘zﬂ(A)Zd(A') H < Zz O R 7ONY{ 03 P B

Now each ¢ localized in A with an ultraviolet cut-off k, = p,), for some
n(A)e Z*, will be decomposed in (this is not done for the fields ¢ — ¢,)

n (’A)

=N,
¢kA é{‘pl

with
i) = f @k (k)1 (k) — 1, (k) exp (ikx)

and n,(k) = n(k,/pn(k,/p) (or n,(k) = n(k,/p)) and where n is defined above.
After this we also use linearity in the fields or the triangle inequality

} Z‘Mhzdh ‘,, < ZZ | ity ..,

to rewrite each localized expression as a sum over iy, i, ..
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After these transformations expression (6.6) is bounded by a sum of
expressions with each field being localized. Each of these expressions
contains a difference ¢ — ¢, localized in some square A,, which we call
a reference square. Moreover each of the rest of the fields is localized and
contains an upper p; and a lower p;_, ultraviolet cut-off.

We estimate with the help of Lemma 4.1 each of the expressions
| A(A) ... H(A,) |, where &/(A) is H(A), or H(A), or H(A) — H,(A),
or their hermitian conjugates. Taking into account that H has a low momen-
tum cut-off which is performed with the help of a smooth function {(k),

P
we obtain a bound of the form c[ [d(A,-,. A)™"| s£'(4,) |, for any
r=1
given b. Here d(A, A’) = max (1, dist (A, A’)) and &#’(A) is the operator
with the kernel which is obtained from the kernel of the operator /(A)
by replacing the fermion propagator S; with cut-offs by (p? + m?)~1/4+=,
With the help of the triangle inequality we estimate the product

P p
[ [ 80 oy T Jddo, 8)7°
r=1 r=1
(probably, with another b). As a result, we obtain the bound

| @A) B < Jdae, A )" a(A) ],

r=1

And finally, for the terms appearing in the expansion of
| Tr:(Hy + H)? : — Tr: (H* + H)? : |

we replace the kernels by the same ones multiplied by d(A,, A)~3.

We want to estimate the expression generated from (6.6) by a sum over
the reference squares A, of expressions depending only on the ultraviolet
cut-off in Ay and independent of the values k, in other squares. The depen-
dence on k, in our bound is through the sum over {i}. Since each item
of the sum is positive, we extend the sum over {i} up to infinity, and in
this way it does not depend on k,, A # A,.

We, thus, get the bound

In v, < O(I)Z {10 pocay + O(1) + VAo, proasy) }
Ao

where

V(Aos priasy) = ZQ(AO, 5) 6.7)

SES
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and

over fields in jth term,
except the field ¢ — ¢y

Q(Ao, 5) = 0(1)< [T owda, A)‘3)R iaolis A)

Here, s = (j, i, A) €S is a vector, the components of which belong to the
following sets. j € J, where J labels the terms appearing after pointing out
the difference ¢ — ¢,. ie{i,j}, Ae{A,j}, where the sets {i, j} and
{ A, j} are defined in the following way. If the jth term of the expansion
contains the difference ¢ — ¢, and s — 1 fields ¢, then { A, j} is the set
of sequences (A,,, A,,, ..., A,,_), where A, e A’, and {i,j}is the set of
sequences (i, iy, ..., is_q), Where i,e Z*, r=1, ...,s = L.

We are now in a position to apply the modified argument of Dimock and
Glimm (see Magnen, Seneor [6], Dimock, Glimm [12]).

We define a partition 2,(A) of the space &'(R?). We define it by induction.
Let 2,(A) be the subset &' where V(A, p;) = 1. Let 9,(A) be the subset
of &' where V(A, p,_;) > 1 and V(A, p,) < 1. Since, as we will see below

(Lemma 6.3), fdu, | V(A, p,) |20 as n— o, 0 { D, },ez+ defines a parti-
tion of the space &'(R?).

Further,
Um@m@) =mU%(A) =9 pae
{n(A)} A A n
where { n(A) } is the set of all the functions from U {A}into Z*.
A€EA’
Thus,

J.dut(-)= Z f du.)

{n(A)} ND(a)(D)
A

and we obtain the bound

J‘dmv%’ < Z f duv}y

{n(A)} N@pnca)(A)
A

= Z f ] TEVCA, puiay- "™ exp [POONO) + In pyea)] }
{n(A)} A

for any sequence of positive integers p(n(A)).
To obtain a linear bound it is sufficient to prove the following lemma.

LEMMA 6.3. — Whatever be the sequence { p(n(A))}, there exists ¢ >0
such that

f dit[V(A, pugsy- P < T JOWP ™ (p(n(4) P oS
A
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In fact, assume that Lemma 6.3 is proved. Then

fdutvs’ < Zﬂou)oa )P p(r(A)) O exp (O(1) In poay)onds™ e

{n(A)} A

<[] g 2(0(1)0<1>"<"><p(n) N°™M exp (O(1) In p,)p, *™ < O

The last inequality is obtained by chosing an appropriate sequence { p(n) }
(for example, as in [/2], p(n) = exp (0n) with sufficiently small § > 0).
It remains to prove Lemma 6.3.

Proof of Lemma 6.3. — Change the order of summation and multipli-
cation in

H[V(Ao, Paiaoy - I

p(n(Ao))

H[V<Ao puso- " = > T [ QWboa) 69

r(., )E® Ao qA =1

where 2 is the set of all the vector-functions depending on two arguments
Age U {Ao} and gq,,e{l, ..., p(n(Ay))} and taking their values
Ao€EA’

in(U{Ao})xS.

AgEA’
To estimate the integral of (6.8) over du, we use the method of combi-

natoric factors [20]. It is sufficient to choose the following combinatoric
factors: to each non reference localization square we assign the factor
O(1)d(Ay, A)?, to each boson field entering Q(r(A,, qda,)) (except for the
difference ¢ — ¢,) with a low cut-off p; we assign the factor O(1)p} for some
& > 0. Then, to prove Lemma 6.3 it is sufficient to show that

pn(Ag))

sup J‘d:“rl—l- 1_[ Q(r(Aq, 44,)) < HO(I)”("(A"))

r(.,.)eR
Ao qA =1

(p(n(Ag)) )0V pyerinon
where Q, is Q with the combinatoric factors, i. e. (cf. (6.7))

Qu(A,, s)=0(l)( I O(I)pi)kj,Ao(f, A)

over fields in jth term,
except the field ¢— i

Let us consider the expression
p(n(Ao))

JanTTTT Qudo aud

Ag qA0=1
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It contains trace-norms | . ||, of the operators &/'(A) with a > 3. We
estimate the integral by replacing all trace-norms | . |, by | . |- We use
the interpolation theorem [/9, p. 137-139, 11, p. 2290] to estimate

| |s< |27 12" 3P
where #', #'' are appropriately chosen expressions (if
o, = (P2 + mH)TZPAP? + m?) ™14,

then &' = ,_;,_, and one may put B = A, _,, B’ = AL.=1;5-0)
Now we apply to the integral over du, Holder’s inequality in order to
replace | . |, | . [12"%, etc, by | . |3, | . |3, etc.

As a result we obtain the integral

p(n(Ao)) 1/m
[ [anTT TT Qurdaranyr (6.10)

AoEA’ g(Ao)=1

where Q, is obtained from Q, by replacing some H by the appropriately
chosen H’ and H"’ (see above). The integrand in (6.10) has the form of
(5.4) with localized weL,,,,, for some & > 0. For the kernels of H,
H’, H” this follows immediately and for the kernels appearing from

| Tr:(HF + H)?: — Tr:(H* + H)* ;|
this follows from Lemma 3.2¢ and Holder’s inequality.
We apply to (6.10) the bound of Theorem 5.4. It is evident that the
localization numbers Ny, < O(D)p(n(Ao)), | w I, +,, < I—IO(])"("‘A"’), n,<2.
Ao

Each combinatoric factor 0(1)p® is compensated by the same factor presented
in the bound of Theorem 5.4. In addition, each factor in the product over

qa, gives the factor p,,). As a result we obtain the bound (6.9).
Thus, Lemma 6.2 and so a linear bound for v; is proved.
Theorem 6.1 is proved.

7. BOUNDS ON SCHWINGER FUNCTIONS,
LINEAR N, BOUND

Let us write the Matthews-Salam formulas for the unnormalized Schwin-
ger functions

S(hyy ees By 3 15 oo s [i3 815 - > 81)

= [a Tot2:r: 5 ) detn (1 + KA

r=1
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where
k

DS, 8 9) = (= 1< < \@ +m) g,

i=1

/k\ {(1 + KA)T(P* + m?)!*S] (P, }>

THEOREM 7.1. — Let each h; be localized in some square x, with exactly
n, localized in square a. Then, for suitable constants ¢,, c,

| Shy, - by frs o i 81r o5 &)

n k
<M T o 0 2 TUA I T T1A -1z gl =arse
a i=1

r+1

Analogous statements are valid also in the case of the periodic boundary
conditions.

Proof of Theorem 7.1. — We use the method of Frohlich, Seiler-Simon [4],
namely, we obtain bounds on the Schwinger generating function and use
Cauchy estimates to bound Schwinger functions. Let a; = (P?> + m?)~1/4f,
b; = (P* + m*)'*S; (P)g;. By homogeneity, we can suppose that

la; | =1b: =1
in Ly(d’p) ® C. Let C, be the rank one operator Ciu = a;{ b;, u ). Then

S f:8) = ou, ... oudl, ... azkfdu,

exp (qus(hi)) ety (1 + K@) + ZA,C,-)
i=1

i=1

!
i
i

" 7.1

p=i=0

where the definition of det,., (I + K(A) + C) uses the same counterterms
as before (cf. Sec. 6). One can demonstrate the validity of this equality
using the formulas of [21, ch. XI, 9.23].

Denote the function whose derivatives occur on the right of (7.1), G(x, A)
with g = (4, ..., ), A = (4;, ..., A). Then it is easy to see that G is
an entire function on C"**,

By using, as in Sec. 6, the inequality 4.1 of Seiler, Simon [4] (including

k
zl ;C; into the term C), the inequality
j=t

j dit, | exp (ud() " < exp (|2 | 1 12,)
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and acting as in Sec. 6, we obtain thatif | 4; |-, =1, |a; | = b; | =1,
then
GG )| < e exp [ a1+ e (> 1l
— a€Z?  i€S, '

where S, is the set of i with supp #; < supp x,.
Thus, by Cauchy estimates

| 0" *Glop, ... 04| < c'_l,“‘c‘{"nR;"' exp [c(n,R,)%]
aeZ?

Taking R, = n; '/?, we get

(& f3 9| < ey [ '

Since [ a; | = [ fil-1j2 [ b: | = | (P* + m*)'/*S7g; |, so homogeneity,
egs. (3.1) and Lemma 3.1 yield the bounds of the theorem.
Theorem 7.1 is proved.

Proof of Theorem 1.2. — The proof is similar to the arguments at the end
of Sec. VI [4] and to the proof of Theorem 3.4 [5]. The density of Euclidean
Jost states for the Hamiltonian Hy, — aN, is obvious (for the definition of
Euclidean Jost states see [5]).

Moreover, the additional factor exp [ f dty(t)E,(g, o) — &,.(x8, a)]

appears, where E, is the Hamiltonian energy renormalization in the second
order and x() is a time cut-off. If x(¢) is the indicator of [a, 0], then the
direct calculation [/3, § 3] imglies the uniform bound

| (b — @)Ey(g, 0) — 6,18, 0) | < cs(b —a) | g .
Theorem 1.2 is proved.
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