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Essential Self-adjointness
of Many Particle Schrodinger Hamiltonians
with Singular Two-Body Potentials

by

M. COMBESCURE-MOULIN and J. GINIBRE

Laboratoire de Physique Théorique et Hautes Energies (*),
Université de Paris-Sud,
91405 Orsay (France)

ABSTRACT. — We study the Schrédinger Hamiltonian H for a system
of N particles (N > 3) in R, interacting via translation invariant two-body
potentials V;; satisfying the conditions V;;e L% (R"\{0}) and V,;>cr;;?
for a suitable value of c. We prove that H is essentially self-adjoint on
the space 9, of ¥* functions with compact support contained in the
region whefe no two particles coincide. The value of ¢ for which our proof
is valid is the optimal one ¢ = — n(n — 4)/4 for n = 1 and n = 4 (all N)
and for N = 3, n < 6, and has the correct sign in all cases. Under similar
but weaker assumptions on the potentials, we also prove that H defined
in a suitable way as a sum of quadratic forms coincides with the Friedrichs
extension of its restriction to 9,,.

1. INTRODUCTION

The problem of essential self-adjointness of the Schrédinger opera-
tor H= — A + V(x) in R" is an old problem [2] [4] [9]. Until recently,
all known results assumed fairly strong local conditions on the poten-
tial V, for instance conditions of the Stummel type [9]. Recently however,

(*) Laboratoire associé au Centre National de la Recherche Scientitique.
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212 M. COMBESCURE-MOULIN AND J. GINIBRE

it was proved by Simon that if the potential V is positive, it is sufficient
to assume Ve L2 (R") to ensure that H is essentially self-adjoint on the
space 2 of ¢ functions with compact support [/2]. Actually, Simon
imposed an additional restriction on the growth of the potential at infinity,
but the latter was subsequently removed by Kato who generalized Simon’s
result to a larger class of potentials by an entirely different method [6].

In the applications to two-particle systems, the space variable repre-
sents the relative position of the two particles, and the potential repre-
sents their interaction. In a large number of cases of physical interest,
it is necessary to consider potentials that become highly singular when
the two particles come close together, namely at the origin. In such cases,
it is a natural question to ask whether H is essentially self-adjoint on the
space

Do =65R"\{0})

of ¥* functions with compact support contained in the complement
of the origin. This question was considered by Kalf and Walter [3], by
Schmincke [/7] and subsequently by Simon [/3] and Robinson [8] who
proved that this is indeed the case if VeLZ (R™\{0}) and if in addi-
tion V satisfies the condition

V>ecr?

where r = | x| and ¢ = — n(n — 4)/4.

The extension of this result to N-particle systems interacting via trans-
lation invariant two-body potentials was considered by Robinson et al. [1].
In this case, the space variable x =(x,, .. ., xy) represents the set of positions
of the N particles, the relevant Hilbert space is L>(R")®N=L?(R™) and the
Hamiltonian is defined formally as H = H, + V, where

N
H, = —%ZA,- (1.1)
\Y =ZVU. (1.2)

Here A, is the Laplacian with respect to the position x; of particle i, and V;;
is a two-body potential that is translation invariant, i. e. that depends
only on x; — x;. We have assumed for simplicity that all particles have
the same mass m = 1. For N = 2 and after discarding the center of mass
variable, one recovers — A + V where the space variable is the relative
position x, — x, of the two particles.

It was then conjectured by Robinson et al. that this H is essentially
self-adjoint on the space

and

Do = €5(R™\S)
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ESSENTIAL SELF-ADJOINTNESS OF MANY PARTICLE SCHRODINGER HAMILTONIANS 213

of €* functions with compact support contained in the complement of
the closed set S where two particles coincide:

S={xix=(x,...,xn)eR™ and  x;=x; forsome (i)}

provided each V;; satisfies the same conditions as in the two-body case,
namely V;e L2{R"\{0}) and V;;>cr;* where r;=|x; — x;| and
¢ = — n(n — 4)/4.

The main purpose of this paper is to try and prove this conjecture.
Actually, we prove only a weaker result, in the sense that we do not obtain
the correct value of ¢ for all n and N, but only for n = 1 and n = 4 (all N)
and for N = 3, n < 6. For the other values of n and N, the value of ¢ we
obtain has nevertheless the correct sign. See theorem 3.1 for a precise
statement. The previous result of Simon and Robinson covers the case
N = 2 (all n) and comes out as a special case of our result.

In the two-body case, it is known that H remains semi-bounded down
to ¢ = — (n — 2)?/4 and one may wonder whether some property weaker
than essential self-adjointness remains valid in the interval

—(n—2?*4 <c< —nn—4)4.

This is connected with another question raised by Robinson, namely
whether H defined in a suitable way as a sum of quadratic forms coin-
cides with the Friedrichs extension of its restriction to 9,. The relevant
assumptions on V, and more generally on V;; in the N particle case, are
then that V;;e L, (R"\{0}) and that V;; > cr;;? with ¢ = — (n — 2)%/4.
Note that Lj . replaces L% since we now deal with quadratic forms instead
of operators. The expected result is not simple to state, because the defi-
nition of H as a sum of quadratic forms requires some care. See section 4
for details. Once this is done, the expected result is that the quadratic
form associated with H is positive and coincides with the closure of its
restriction to 9, as a quadratic form, under the conditions on the poten-
tials stated above. If in addition V;;e L} (R™\{0}), this means that H
coincides with the Friedrichs extension of the operator H, + V defined
with domain 9,.

A by-product of our investigation is to prove this second conjecture
in a slightly weaker form, in the sense that we obtain the correct value of ¢
only for n < 2 (all N) and for N = 2 (all n). For n > 3 and N > 3, we
obtain only ¢ = — (n — 2)?/2N. See theorem 4.1 for a precise statement.
A weaker result in the same direction is proved by Robinson et al. [/],
where L, is replaced by L2, and ¢ by zero.

The method of proof of our results is an extension of that of Kato, in
a slightly modified version inspired by the work of Simon. The main new
information consists of inequalities and estimates for suitably chosen N
particle trial functions.

The paper is organized as follows. In section 2, we introduce the N-particle
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214 M. COMBESCURE-MOULIN AND J. GINIBRE

functions mentioned above and derive the relevant inequalities and esti-
mates. We then prove the results on essential self-adjointness in section 3
and the results on quadratic forms in section 4. Section 5 contains some
additional remarks.

2. ESTIMATES FOR N-PARTICLE FUNCTIONS

From now on, we consider systems of N particles in the center of mass
frame. In particular, the space variable ranges over R*™ -V and the Hil-
bert space is # = L*(R"N~1). We keep the same notations Hy, S and 2,
for the objects associated with this reduced problem, namely

1 1 2
-1 Va4 () -

S={x:xeR™"D and x;—x;=0 forsome (i,j)} (2.2)
Do = 5(R™™MS) (2.3)

Let x;; = x; — x; and r;; = | x;;| and define r by:

2 =Er-2- (2.4)

We consider the following class of N-particle functions:

Y = exp (w) (2.5)
where:

w=a2LogrU—ﬂLogr—-r (2.6)
i<j
with o« and f§ arbitrary real numbers.

The first purpose of this section is to derive some inequalities on the
function Hqy. These inequalities will be stated in proposition 2.1. In all
this section, such expressions as Hqy represent the action on y of the
ordinary differential operator associated with H, in the ordinary sense.
The function thereby obtained is well defined in the complement of S,
since i is €~ in this region. It is not claimed that Hyy makes sense as the
image of a vector in J# under an operator in .

We need some preliminary definitions and estimates. We define

Vo =zr52 2.7)

i<j

Let now ¢ denote an arbitrary subset of 3 particles (in the case N > 3).
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ESSENTIAL SELF-ADJOINTNESS OF MANY PARTICLE SCHRODINGER HAMILTONIANS 215

We define
ri 3 rizj (2'8)
i< jeo
W =2 2.9)
1
U, =3 z (Xij- Xar s *ri® (2.10)
i,j,keo
all#

W=ZW, e.11)
U=EU,, 2.12)

[

where the last two sums run over all 3-particle subsets of (1, ..., N).

U, and W, are 3-body potentials, and U and W are the corresponding
potential energies of the N-particle system. We need the following esti-
mates.

LEmMA 2.1.
(1) Let N = 3. Then

U = 2(2A)? l_-lri;2 (2.13)
i<j
where A is the area of the triangle with vertices x;. In particular U = 0
ifn=1
(2) Let N = 3. Then
0<2U<9IW <V, (2.14)

(3) Let N > 3. Then
0<2U <9W < (N - 2)V, (2.15)
Proof

(1) Let a; be the angles of the triangle with vertices x; and A its area.
Let (i, j, k) be an arbitrary permutation of (1, 2, 3).

Then
U= Z(r,.jr,-,‘)‘l cos q; = (4A)~! Zsin 2a;

i i

=A"! Hsin a; = 2(2A)? Hri;z

i 1<j

(2) The first inequality follows from (1) and the third from the ine-
quality a ™' + b™' + ¢ >9a+ b+ ¢)7! valid for any strictly posi-
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216 M. COMBESCURE-MOULIN AND J. GINIBRE

tive a, b, ¢. We now consider the second inequality. With the same nota-
tions as in the proof of (1), we obtain:

2U 22( it rtk - Jzk)r 2’122

1

2Ur? = Z L+ r2)? = ¥ ]riri?

i

=9—Hr~'~2F
Y-y ]

i<j i<j
It remains to be shown that F > 0 for all r;; compatible w1th the triangle
inequality. This is done easily by notlcmg that for fixed r? and (rj +r3),
F is a linear function of the variable (r3 — r%)* and is posxtlve at the two
ends of the range of this variable. We omit the details.
(3) is an immediate consequence of (2) and the definitions. This completes
the proof of lemma 2.1.

We can now derive the relevant estimates for Hg.

Therefore

where

PROPOSITION 2.1. — Let i be defined by (2.5) and (2.6).
) Let =0, N>2and n=1 and let (N — 1)(Na + 1) > 1. Then:

1
(H0+a(a— l)V0+—2—N)|//20 (2.16)
(2) Let =0, N> 2 and n> 2 and let (N — I)(Na + n) > 1. Then:
1 1
<H0+a<§Na+n—2>V0+§N)|//20 2.17)

1
(3) LetN=3,n22anst3oc+n——5.Then:

(H0+a(a+n—2)V0 +§(ﬂ2 —2BBo+n—1) + 3a?)r~2 +;)l// >0 (2.18)

Proof. — An elementary computation using the identities
2
20 =
and Lo
2 X152 ). Xg ] = N3N = 1)
ij'ij i
i JUED k(#1)
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ESSENTIAL SELF-ADJOINTNESS OF MANY PARTICLE SCHRODINGER HAMILTONIANS 217
yields:

{Ho+oc(a+n—2)V0+a2U—%NB[(N— 1)(Not+1)—2—BJr=2

—%N[(N—l)(Na+n)—l—2ﬁ]r“ +%N}|ﬁ=0
2.19)

Proposition 2.1 then follows immediately from lemma 2.1. Indeed (1)
follows from the fact that U = 0 for n = 1, (2) from the last two ine-
qualities in (2.15), and (3) from the second inequality in (2. 14). This com-
pletes the proof.

It follows in particular from proposition 2.1 that for N = 3:
3
(H0+a(a+n—2)V0+§)l//20

in the region defined by {
Bs3a+n—5 (2.20)

d
an B —2BB0 +n—1) + 32 <0 2.21)

The second condition holds in a region limited by an hyperbola with
center at « = f = — (n — 1)/2 and asymptotes of slopes 3 i\/g inde-
pendent of n.

The second purpose of the present section is to derive another set of
estimates for the class of functions i defined by (2.5) and (2.6). We define
a function g,(t) of a positive real variable ¢t by

gt =1 ife<t<e
2.22
=0 otherwise ( )

Let y be an arbitrary real number. We now look for conditions under
which the function

@ = 8ri)ridY (2.23)
considered as a vector in J#, satisfies the following condition:

(C) |l .|l is bounded uniformly in ¢ near ¢ = 0.

PrOPOSITION 2.2. — Let y and ¢, be defined by (2.5, 6) and (2.23)
(I) Let N = 3, y = 2. Then condition (C) holds if and only if

n+20>4, (2.24)
p<3a+n-2 (2.25)

and (o, B) # 2 — n/2, 4 — n/2).
(At the last point, we have only || ¢, || ~ C| log ¢|).
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218 M. COMBESCURE-MOULIN AND J. GINIBRE

(2) Let N> 3, =0and n + «(N — 1) > 0. Then condition (C) holds
if and only if

2y <20 + n, (2.26)
2y < (N — I)(n + Na) 2.27)
and (o, y) # (— n/(N + 1), (N — 1)/2(N + 1)).
(At the last point we have only || ¢, ]| ~ C|Log ¢]).
Proof.
(1) We consider

Il @, |I? =f c("lz)"fg_“dxlz jdxs(rlarzs)zar-zﬂe—zr (2.28)

If 28 < 4o + n, the integral over x, is bounded uniformly in r,, and the
conclusion follows iff 26 + n — 4 > 0.

If 2B > 4o + n, the integral over x, satisfies the estimate

jdxs(rlarzs)zar_zﬂe_zr < de3(’13’"23)2a"_zﬂ
— Crr{;‘ta—Zﬂ
by homogeneity. The conclusion follows iff
B<3a+n-2.

If 28 = 4a + n, the integral over x, behaves as C | Log r,, | and the conclu-
sion follows iff 2« + n — 4 > 0. Part (1) of proposition 2.2 is obtained
by collecting these various results.

(2) The case N = 3 is trivial and we assume N > 4.

The proof is elementary but tedious and will only be sketched briefly.

1
With the origin taken at the point 3 (x; + x,) and a suitable normaliza-

tion of the volume element in R"™™~ 1 we get

Il o, 1> = J‘dxlzge(rIZ)r%;_zyG (2.29)
where
G= de3 coLdxge”™ ri (2.30)

ij
i<j,(i)#(1,2)
By power counting, we expect G to be bounded uniformly in r, if
n+ (N + 1o > 0 and to diverge as the (n + (N + 1)a)(N — 2)-th power
of r;, when r,, tends to zero in the opposite case. This suggests the conver-
gence conditions (2.26) in the first case and (2.27) in the second case.
Replacing r;; by r for all (i, j) # (1,2) when a < 0, we see immediately
that these two conditions are necessary. The only non trivial point is
their sufficiency in the range n + a(N — 1) > 0.
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ESSENTIAL SELF-ADJOINTNESS OF MANY PARTICLE SCHRODINGER HAMILTONIANS 219

Suppose first that
n+(N+1Da>0 (2.31)
Using the inequalities

2
r? ZZ 1o+ r 252<Zri>
>

i>2
where r; = | x;| and 6% = 2/(N — 2), and applying Holder’s inequality,
we obtain the estimate
G < K4/{N+1)L(N—3)/(N+l) (232)
where
K = jdx3 ... dxyexp [— 26Zr) l‘l(r“rz,-)"'“""”/2 (2.33)

i>2

L= j‘dx3 ..o.odxyexp (— 20Zr) p2eN+DIN=3) (2.34)
2<i<j

The integral in K factors as the (N — 2)-th power of the integral
jdxoe' 20r0(p P a0 N2 (2.35)

where x, is a dummy integration variable, ry = | xo| and r;y = | x; — X, |.
This integral converges uniformly in r,, near zero under the asump-
tion (2.31). It remains to be shown that L is finite. This is done easily
by estimating the integrals over x; (3 < j < N) in decreasing order of j,
for fixed x;(i <j), by another use of Hélder’s inequality. The general
form of the inequality to be used is:

'[de n r3 = deN H (ronrj)? N2
i<N

i<j<N .
| I 2/(N=1)(N-2)
< { d_\,o(rl_orjo)a(N— 1) }
i<j<N
<C rij2["+2a(N— D(N=1)N=-2) (2.36)
i<j<N

which is valid for — 2n < 2a(N — 1) < — n.

The first inequality follows from Hélder’s inequality and the second
from homogeneity. C is some constant independent of the r;;.

In the present case, we use (2.36) with N replaced by (N — 2) and «
by a(N + 1)/(N — 3), and perform the integrations over xjforj=N,N—-1, ..
until we finally reach a value of j for which the integral over x; converges
uniformly with respect to all x;, i < j. This may already occur for j = N
if o is sufficiently large (for instance « > 0) and does certainly occur for
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220 M. COMBESCURE-MOULIN AND J. GINIBRE

some j>4 if a>a; = —nN —3)/(N —2)(N + 1). This proves the
finiteness of L and therefore the boundedness of G uniformly in r,,. There-
fore condition (2.26) is sufficient in this case.

We next consider the case

n+aN+1)<0 (2.37)
and estimate the integral G by the same method as above. For « sufficiently
small, all the integrals over xy, ..., x; have a negative power counting
and we therefore obtain an estimate

G < Crlz(n+(N+l)a)(N—2)

for some constant C independent of r,,. This implies the sufficiency
of condition (2.27). This argument turns out to apply in the inter-
val — n/(N -1 <a <a, = — n(2N — 3)/2N(N — 1). In the intermediate
interval a, < a < a,, we estimate G again by integrating over Xy, . .., X3
in that order, but we now apply Hoélder’s inequality in such a way that
no factor ry, is produced when estimating the integral over x; for j > 4.
The negative power of r,, expected from power counting is then entirely
produced by the integration over x,. Again condition (2.27) is found to
be sufficient, except in the special case where equality occurs in (2.37).
In this case, we obtain only

G = O(|Log 1,5 )
so that strict inequality is required in (2.27) to ensure uniform boundedness
in &. We omit the details.

This completes the proof of proposition 2.2.

In the last part of this section, we combine the estimates contained in
propositions 2.1 and 2.2 to solve the following problem: find a real
constant ¢ as small as possible such that there exists a ¥ in the class defined
by (2.5) and (2.6) and a 4 > 0 such that  satisfies the inequality

(Ho + cVo+ A >0 (2.38)
and condition (C). We consider only the special cases y = 2 and y = 1,
which will be useful in sections 3 and 4 respectively. For each choice of n

and N, we give the values of « and § that occur in , and the corresponding
value of ¢. In all cases one may take any A > N/2.

PropPoOSITION 2.3. — Let ¢ and ¢, -be defined by (2.5,6) and (2.23).
Let y = 2. Then condition (2.38) and condition (C) hold in the following
cases:

(H)n=1,N>2:takea = 3/2, § =0, ¢c = 3/4.

2n=2,N=>2.

If: (N—-2n—4)<4 | |
take: « =2 —n/2, f=0 and ¢ = ——(n—4)[n+(4—n)<—N - l>]
If: (N—-2(n—4)>4 4 2

take: a = — (n — 2)/N, =0, and ¢ = — (n — 2)*)/2N.
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ESSENTIAL SELF-ADJOINTNESS OF MANY PARTICLE SCHRODINGER HAMILTONIANS 221

(3) N=3.1fn <6, takeoc =2 — n/2,any Bsuchthat 3 < g + n2 < 4
and ¢ = — n(n — 4)/4.
If: n=6takea>—1,=1and c=ala +n—-2)> —3.

Proof.

(1) follows immediately from propositions 2.1.1 and 2.2.2.

(2) follows from propositions 2.1.2 and 2.2.2. We take f = 0 in this

1
case. Because of (2.17), we can take ¢ = oc(— Na+n— 2) where o satisfies
the conditions 2

(N — 1)n + No) > 4 (2.39)

n+ 200 >4 (2.40)

The optimal value of « is that which minimizes ¢ under these conditions,
namely a,, = — (n — 2)/N if a,, satisfies (2.39, 40), and the minimal value

of « that satisfies (2. 39, 40) if a,, does not. Now a,, > 2 — n/2 if and only
if (N — 2)(n — 4) > 4, while the condition (2.39) coincides with (2.40)
for N = 2 and is never relevant for N > 3. The result follows immediately,
except for N = 3, n = 8 where we hit the exceptional point in proposi-
tion 2.2.2 where a logarithmic divergence occurs. This case however is
covered by (3) below.

(3) follows from propositions 2.1.3 and 2.2.1. Indeed we may
take ¢ = o + n — 2) and choose any (e, f) such that:

<3 -2
f<datn } (2.41)
n+2a>4
and .
B —3Ba+n—1)+3>2<0 (2.42)
This allows o =2 — n/2 for n < 6. For n=6, the only point with
o =2 —n/2 = — 1 has also f = 1 and is therefore the exceptional point

in proposition 2.2.1 with a logarithmic divergence. We keep away from
it by taking « > — 1. For n > 6, we obtain from (2.41, 42) a value of ¢
that is slightly better (i. e. smaller) than the value — (n — 2)?/6 obtained
in (2), but is nevertheless different from the expected value —n(n—4)/4.
This is a negligible improvement and we do not write down the precise
value of ¢.

This completes the proof of proposition 2.3.

We finally consider the case y = 1.

PROPOSITION 2.4. — Let  and ¢, be defined by (2.5, 6) and (2.23).
Let y = 1. Then condition (2.38) and condition (C) hold in the following
cases:

1
(1)n=l,N22.TakeB=0,a2§andc:a(oc—l)

The optimal values are a« = 1/2, ¢ = — 1/4. 1
(2) n=2, N>2. Take =0, a> —(n—2)/N and c=a(§Na+n—2).
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222 M. COMBESCURE-MOULIN AND J. GINIBRE

The optimal values are « = —(n —2)/N and ¢ = — (n — 2)}/2N.
(3) n>3, N =3.Take f = (n — 1)/3 — 1)/2,
a>—(n—-1/3 + f) ¢ = a(x + n — 2). The optimal values are
o= n—l/(3+f),c_ (n— I)n — 4 + /3)6.

Proof. — The proof is similar to that of proposition 2.3 and will be
omitted.

3. ESSENTIAL SELF ADJOINTNESS
We now state and prove our main result. We consider again a system

of N particles (N > 2) with Hamiltonian H = H, + V with H, and V
defined by (2.1) and (1.2). We define S and 2, by (2.2) and (2.3).

Tueorem 3.1 — H is essentially self adjoint on 9, provided each Viji
satisfies the following conditions:

(1) Vi€ LR (0}) (3.1

(2) V,, > crj; (3.2)

where ¢ takes the values given in proposition 2.3, namely
c= —n(n— 4)/4
for N=2n>1lorN>2n=10or4,0orN=3,n<6.

c>—nn—-4)/4=-3 for N=3n=6.
= —(n —2)*2N
for N=3,n>70r N>4 (N -2)n—-4) >4.

c= —%(n—4)[n +(4—n)<%N - 1)]

forn>2,N>4,(N-2)n—-4<4

Proof. — The proof is very similar to those in [6] and [73]. Let the poten-
tials V;; satisfy (3.1) and (3.2) where the constant c is left unspecified for
the moment The operator H is defined on 2, and maps 2,, into J#. By
duality, the adjoint operator H maps # into @}, the space of distribu-
tions in Q = R"™™~"\S.  can be described as follows. Any ¢ € s# belongs
to Li(Q) and therefore to 2,. Hye is defined by applying to it
the differential operator of H, in the sense of distributions. Since

VeLl(Q), VoeLL(Q) and therefore Vo e P,. One then takes

Ho = Hyp + Vo.
The Hilbert space adjoint H* of H is the restriction of H to the subspace
of those ¢ € # such that H(pe)f
In order to prove that H is essentlally self adjoint on 9,, it suffices

to prove that for some 4> 0, (4 + H) is injective from # into 24, namely
that g e # and (1 + H)p = 0 imply ¢ = 0.
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~ N
Let therefore ¢ e # and (A+ H)p =0 for some 4> 3 + 1. We want

to show that ¢ = 0. Now Hyp = — (A + V)p e LL(Q). It then follows
from a lemma of Kato ([6], lemma A, page 138) that

Hol¢|5Re%Ho¢ (3.3)
and therefore, since V > ¢V, (where V, is defined by (2.7)),
Ho+cVo+ )] <0 (3.4

in the sense of distributions, i. e. weakly on 2,,.
Let us now introduce an auxiliary function f of a real positive variable ¢

such that:

fe€>([0, 0))

fO=0 if 0<tr<1

fWy=1 if t>2

£(t) increases monotonically from 0 to 1 in the interval [1,2].
For ¢ > 0, we define a function f, by f,(t) = f(t/e) and a function F, by

F(x) = er(r.-j)[l = fe-ar)] (3.3)

where r is defined by (2.4). Clearly F,e 9,. We shall also denote by F,
the operator of multiplication by this function in 2.

We now assume the existence of a function y with the following pro-
perties

(Al) Yy e67(Q)

(A2) ¥ is strictly positive almost everywhere

(A3) (Hy + ¢Vy + AW > ¢ in the ordinary sense in Q.

(Ad4) ye s and [Hy, F,Jy tends to zero weakly in # when ¢ tends to zero.
([Ho, FJ¥ is defined in the ordinary sense and lies in Do)

The existence of such a  will be established below. Assuming this
for the moment, we proceed with the proof of the theorem. Because of (A1)
Fy € 9, and because of (A2), F,y > 0. We then obtain from (3.4):

CFY, (Ho + Vo + )] @|><0 (3.6)

»

and therefore
(F(Ho + Vo + W, @) + {[Ho, B, l@]> <0 (3.7)
From (3.7) and (A3) it follows that:

(Rl + ([Ho, ElY, @) <0 (3.8)

Let now ¢ | 0. The first term in the L. H. S. of (3.8) tends to (¥, || )
while the second tends to zero by (A4). Therefore {y,|¢|)> <0, and
therefore ¢ = 0 because of (A2).
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We complete the proof of theorem 3.1 by establishing the existence
of y satisfying (A1)-(A4). We take ¢ in the form defined by (2.5, 6). (A1)
and (A2) are then satisfied. (A3) and (A4) with A = 1 + N/2 and the values
of ¢ given in theorem 3.1 follow immediately from proposition 2.3 and
lemma 3.1 below. The condition € # is easily seen to hold for the choices
of a and B described in proposition 2.3.

LemMMmA 3.1. — Let ¢ and ¢, be defined by (2.5, 6) and (2.23) with
y = 2 and let ¢, satisfy condition (C). Then [H,, F_]Jy tends to zero weakly
in s when ¢ tends to zero.

Proof. — We compute

[Ho, ElY = (HoFy — z (ViE). (V) (3.9)

1<i<N
Now:

HOFz: = { z [je” u) + )r; l./e;'(rij)].l&;(rij)_l

-1
Z(xu X)rijf'ie) f;'("ij).l;’(rik)(f;("i,-)f;("m)) }Fa (3.10)

all#
and

zVti'Vi‘// =2 Z ( nk)r js( )

i 1#£j k(#1)
X flri) " arg? = Br7? —r"HEY (3.11)

Here and below, we neglect the contribution of the last factor in (3.5)
which is harmless for any « and B. From (3.10, 11) we obtain:

IHoFelsZ{

i<j

j;;"(rij)

+ (n = g f(ry) + 2N = 2)}‘;'(&,-)2} (3.12)
and

IEViFe-Vi'I/’ SN -DE2Jal+[B]+22) Z"S'J‘;’("u)l// (3.13)

where we have used the inequality
S rijra Llry) < 2r; A )
which follows from the fact that the L. H. S. has support in the region
e < r; <26 < 2ry.
From the definition of f, it follows that the support of [H,, F.Ji shrinks
to zero when ¢ tends to zero. It is therefore sufficient to show that || [Ho, F]y ||
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is bounded uniformly in ¢ near zero. Now from the definitions of £, and g,
it follows that

“r =1
£2(1) < Bt g(1) } (3.14)

| £7(6)] < Bt™2g,(1)
for some constant B independent of &. Comparing (3.9), (3.12), (3.13),
and (3.14) yields

| [Ho, FJ¥ | < CZ";} 2glryy (3.15)

i<j
for some constant C independent of e.
Since s is symmetric with respect to the N particles, the L. H. S. of (3.15)
is uniformly bounded in norm as ¢ | 0 if ¢, is. This completes the proof
of lemma 3.1.

4. QUADRATIC FORMS AND FRIEDRICHS EXTENSION

In this section, we shall consider possible definitions of the Hamilto-
nian through the use of quadratic forms. In the whole section, we assume
that the potentials V;; satisfy the conditions V;;e L (R"\{0}) and
V;; = cr;;2 for some suitable c. We consider first the case of general values
of n and N. Possible improvements in the special case N = 3, n > 3 will
be mentioned in remark 4.1 below.

We first derive some identities and inequalities for operators defined

on 9, and the associated quadratic forms defined on 2, x 9. Let

D, =V, - Vo 4.1)
where the subscript i labels the particles (1 <i < N), a takes any real
value, and

w=0o Log r;; 4.2)

Define i<
He)=Ho+alx +n—2V, for n=1 or N=2 (4.3

1
H(a)=H0+a<5Na+n—2>V0 for n=>2, N>2 (4.9

where V,, is defined by (2.7). All these operétors are defined with domain 9,,.
An elementary computation, almost identical with that in the proof of
proposition 2.1, yields:

R 10
H(“)zizD?D‘ for n=1 or N=2 4.5)

1\ .. 1
H(a):EZD?Di+a2(<§N—I)VO—U) for n>2,N>3 (4.6)
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The last term in (4.6) is positive by lemma 2.1.3. Let now

O = — (n— 2)/2, c(a) = oot + n — 2) for n=1 or N=2
1
—(n—2)/N,c(a)=oc(5Na+n—2> for n>2,N>2

and c,, = c(a,,) in both cases. ¢(x) is minimum for « = a,, and increasing
for « > a,. Then for any o’ > a« > a,,, the following inequality holds
(between quadratic forms on 2, x 9,):

0< () — Vo < Hw < A@) < ) ") @)
o) — ¢cp
In particular

Hy > [(n — 2)%/4]V, forr n=1 or N=2 (4.8)
Ho > [(n — 222N]V, for n>2, N>2 4.9)

All these inequalities follow from the fact that D*D, > 0 for any «. The
last one for general N can also be proved directly from the special case
N = 2 as follows: let p; = — iV;. Then from (2.1):

H, = IZP —L(Zp)z =—1—Z(p~—p‘)2 (4.10)
2 ' 2N g 2N PR '

i

1
Now for N =2, (4.9) is the inequality p? > (n—2)?/4r} where p;; = 5( pi—p))

is the relative momentum between the two particles. Substituting this
inequality into (4.10) yields (4.9) for general N.

We next define operators D, and H(x) by extending D; and H(x) in
a natural way. We recall that there is a one-to-one correspondence between
positive self-adjoint operators and closed positive quadratic forms, such
that the domain of the closed form associated with the operator A
is Q(ﬁ) ([5), chap. 6). This domain will be called the form domain of A
and will be denoted Q(A). If A and B are two positive self adjoint ope-
rators, we denote by A +, B their form sum, i. e. the unique positive self-
adjoint operator whose associated quadratic form is the sum of those
of A and B. In particular Q(A +,B) = Q(A) n Q(B) ([5], chap. 6).

We now define D; as the closure of D,. The operator D¥D; is the self-
adjoint operator assocmted with the form | D;p||%. In particular,
Q(D*D,) = 2(D,). We define the positive self-adjoint operator H(x) by

1
He) = - SED!D; for n=1 or N=2 (4.11)

1 1
H(a)=§EqD;"Di+qa2<<§N—l>Vo—U) for n>2,N>3 (4.12)
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In particular

QH@)=( 2Dy for n=1 or N=2 or z=0

Q(H(a))=m@(Di)nQ(<%N—I)VO—U> for n>2, N>3 and os0.

We are now prepared to introduce the interaction and define the total
Hamiltonian. Let the potentials V;; satisfy the condition

(BI) Vij€ L R"\{0})

loc

We define an operator H from # to 9/, with domain
2A) ={p:pe# and Vpell (Q))

by Ho = Hop + Vo, in the sense of distributions. We also define an ope-
rator H* from ¢ to s as the restriction of H to those ¢ e 2(H) such
that Hep e # (cf. [7]).

Suppose in addition that the V;; satisfy the condition:

(B2) Vi=crj?  where c=c) and a>a,.
J

ij
Define:
H = H(x) +,(V = cVy) 4.13)

Q(H) = Q(H(®) N Q(V — ¢Vy)
One sees easily that H =« H* ([7)).

Let h be the closed positive quadratic form associated with H, and let h
be the restriction of h to 9, x D,. h is the quadratic form defined in an
obvious way by Hy + V on 2, x 9,. The main result of this section
is the following,

In particular:

THEOREM 4.1. — Let V satisfy conditions (B1, 2) and let h and h be
defined as above. Then h is the closure of A.

Proof. — We want to prove that 9, is dense in Q(H) in the sense of
the norm || @ || = 4|l @ |]* + h(p, @) where A is some strictly positive
number. We choose 4 = 1 + N/2. This property is equivalent to the fact
that ¢ € Q(H) and ¢ orthogonal to 2, in the sense of the corresponding
scalar product imply ¢ =0. Now ¢@eQ(H) implies 0 eQ(V — ¢Vy),
therefore Vo € L, (Q) and ¢ e 9(H). The condition that ¢ e Q(H) be
orthogonal to 9, in the previous sense then becomes

(H+ 29 =0 (weakly on 9,) (4.14)

From (4.14) and the fact that Vo € L} (Q), it follows that also HopeLl (Q).
Therefore, by Kato’s lemma [6]:

@

Holo| < Re
lo|

Hyo @.15)
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Therefore:
He@) + Hlel<0 (4.16)

where we have used the inequality V — ¢V, > 0.

Let now y be defined by (2.5, 6) with § = 0 and the same « as in condi-
tion (B2) and the definition of H(x). This ¢ satisfies condition (Al,2,3)
stated in the proof of theorem (3.1). In particular (A3) follows from pro-
position (2.1.1, 2). Define F, by (3.5). Then F,y € 2, and (4.16) implies:

(Fy,H@) + Diel)> <0 @.17)
Using the definition of H(x), we obtain from (4.17):

%2<DiF¢w,Di|<p|> ; <Fc~/z,[z+a’(@— 1)vo—U)]|¢|> <0

or:

1
§{Z<F5Di‘/’,Di|‘P|> +z<(ViFe)|//7Di|q)‘>}
+ <Fsl//,[,1+a2<(%N—I)VO—U)]I<P|> <0

1
forn>2and N> 3. For n=1 or N =2, the quantity az((i N —I)V0 - U)

should be omitted in the L. H. S. of both inequalities. In all cases:

2{FHo + cVo + W, [ @] > - z< (VE).Dy, | o>

+z< (VFEW, Dilo|)> <0 (4.18)

From (4.18), property (A3) and the identity

Dy = - r_‘zxij'l’

. iF
it follows that =D

2<Fsl//,lfpl>+z<(V.-Fe)'1/,(r_‘Ex.-j+Di>|<pl> <0 .19

T JFD)
From ¢ e Q(H(x)), it follows that ¢ € 2(D;) and therefore V,peLl (Q).
This implies -

D,|¢| = Re|—"L‘Di<p (4.20)
1)

in the sense of distributions, i. e. weakly on 2,. The proof of (4.20) is
analogous to that of Kato’s lemma, but simpler.
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We now complete the proof of the theorem, assuming for the moment
that ¢ satisfies the condition:

(A") Yyesx# and (VF) tends to zero weakly in »# when ¢ ] 0.

We let ¢ tend to zero in (4.19). It follows from (A’), from (4.20) and the
fact that D,p € #, and from the inequality

3

J(#1)
that the second term in the L. H. S. of (4.19) tends to zero while the first
term tends to {(y,|¢@|). Therefore {¥,|¢|)> < 0 and therefore ¢ =0
because of (A2).
It remains to be shown that s satisfies (A’). One sees easily that i € J#,
while

< rN1/2

ViF, = Z ["J lxijj:(rij)fe_ l(rij)]Fe 4.21)
J(#F1)
where we have again neglected the contribution of the last factor in (3.5).
From (2.22) and (3. 14), we obtain:

|VF,|<B Eri} 'g.(ryj) (4.22)
J(#1)

(A’) follows from (4.22) and proposition 2.4.1, 2.
This completes the proof of theorem 4.1.

REMARK 4.1. — Theorem 4.1 yields the strongest results when the
assumption on V; is the weakest, i. e. when « = «,,, ¢ = ¢,, in assump-
tion (B2). In the special case N = 3, n > 3, the result of theorem 4.1 can
be improved by using a more elaborate w with 8 # 0. The definition of H
has to be modified suitably. The net result is to replace ¢,, = — (n — 2)%/6
byc=—(n—1)n—-4+ \/3)/6. The proof is obtained by trivial modifi-
cations of that of theorem 4. 1, using proposition 2.4.3 instead of 2.4.1, 2.

We now exhibit some consequences of theorem 4.1, in order to clarify
its meaning. We use the following definition. Let A be a positive symmetric
operator with domain 2(A). We define the Friedrichs extension of A as
the positive self adjoint operator associated with the closure of the posi-
tive closable form a(p, ) = ( @, Ay > defined on P(A) x D(A).

COROLLARY 4.1. — Let a > «,, and ¢ = ¢(a), and let H(«), H(z) and H
be defined as above. Then

(1) H() is the Friedrichs extension of H(a).

(2) H(a) coincides with the form sum

H(2) = H(%,) +, (¢ — ¢u)Vo (4.23)
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In particular for a > a,,, Q(H(x)) = Q(H(x,,)) N Q(V,) is independent of «
and contained in Q(Vj).

(3) Let V,; satisfy conditions (Bl, 2). Then the form sum
H(a') +,(V — «(a")Vo) 4.24)

is independent of «’ for a, < o' < «, and therefore coincides with H.

(4) The form sum H(a)+ ,(— (@) Vo) is independent of o for a,, <a < 0(n=>3)
or for a,(=1/2)<a<1 (n=1). It coincides with H in the range «, <a<0
if n>3, or fora=0a,=0if n=2.

Proof.
(1) Apply theorem 4.1 with V;; = ¢rj;2.
(2) Take V,; = ¢r;;? and apply theorem 4.1 once for o and once for a,,:

both members of (4.23) coincide with the Friedrichs extension of A(a).
(3) By theorem 4.1, the quadratic form of the operator

H(o') +4(V — (@) Vo)

is the closure of its restriction to @, x @,, where it coincides with the
quadratic form defined by H, + V and is therefore independent of «’.

(4) Applying (3) with V = 0 proves the first point (the first statement
is empty for n = 2, since the only admissible value of « is zero in this case).
For n > 2, one can prove that H, coincides with the Friedrichs extension
of its restriction to 9. The proofis almost identical with that of theorem 4.1,
with however o = 0 and D, replaced by the operator V; with its usual domain.
The second statement in (4) then follows from equality of the restrictions
to @, x D, of the quadratic forms of the operators Hy and H(a) + ,(— c(a) Vo).

REMARK 4.2. — For n =1, the operator H(a) +,(— c(0)Vo) = H(1)
is not Hy. It describes instead particles with point hard cores (namely
with wave functions vanishing on S).

REMARK 4.3. — If V;; > 0 and n > 2, it follows from corollary 4.1 .3, 4

that H coincides with the form sum Hq +,V.

We have seen in theorem 4.1 that H can be defined by extension of the
quadratic form & with domain 2,. We shall now see that under similar
assumptions, H can also be obtained as a suitable restriction of H.

THEOREM 4.2. — Let V;; satisfy conditions (Bl) and (B2) where now
%> a,, ¢ > c,, and let H' be the restriction of H” to the domain
2(H') = 2(H") 0 Q(Vo)
Then H’ = H (In particular H’ is self adjoint).

Proof. — We already know that Q(H) = Q(V,) because of corollary4.1.2
and the definition (4.13) of H. Therefore H < H'. Let now 6’ € 2(H’) and
4 =1+ NJ2. Since H is positive self adjoint, there exists 6 € 2(H) such
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that (1+H’)0’ =(A+H)0. Therefore (H+A)p=0 where ¢p=0"—0e (H’),
since both H and H’ are restrictions of H. Since ¢ € 2(f), Vo e LL ().
From Kato’s lemma [6] and assumption (B2), we obtain as in the proof
of theorem 4.1

(H@) + )] <0 (weakly on 2) (4.25)

We introduce the same ¥ and F, as in the proof of theorem 4.1 and deduce
from (4.25) that

(FRy,H@) + Ylel><0 (4.26)
From this it follows as in the proof of theorem 3.1 that
CEG 1ol + ([Ho, FlY, 1> <0 (4.27)
From (4.27) and (3.15), we obtain
I([HO,E]!//,I(DDISCZ(I[/,ri}zge(hj)I(PI) (4.28)
i<j

< CZH ri lgs("ij)'/f 1l rslge(rij)w [l (4.29)

i<j

where C is some constant independent of ¢. The last factor in (4.29) tends
to zero with ¢ because ¢ € Q(V,) while the first factor is bounded uniformly
in ¢ because of proposition 2.4. We then let ¢ tend to zero in (4.27) and
obtain {y,|¢|> <0 and therefore ¢ = 0. Therefore H' = H. This
completes the proof.*

A stronger result in the same direction as theorem 4.2 can be obtained
if in (B2) one takes for ¢ the values given in theorem 3. 1. The corresponding
result is the analogue in the present situation of the main theorem in [7].

THEOREM 4.3. — Let V;; satisfy conditions (Bl) and (B2) where now ¢
takes the values given in theorem 3.1. Then H = H* (in particular H*
is self adjoint).

Proof. — The beginning of the proof is identical with that of theorem 4.2
with H* replacing H'. One is led to show that if ¢ € # and ¢ satisfies (4.25),
then ¢ = 0. The end of the proof is the same as that of theorem 3. 1. Notice
however that in order to obtain the values of ¢ given in theorem 3. 1 for N=3,
one needs to use both in ¢ and in the definition of H the improved form
of H the improved form of w given by (2.6) with 8 # 0 (Cf. Remark 4.1).

So far, we have assumed that V;;e L, (R"™\{0}). In this case, there
is no minimal operator in # with natural domain associated with Hy + V.
Instead we have defined H as a sum of quadratic forms, so that H is self-
adjoint by construction. All previous results of this section are of the

nature of identifying this H with other possible candidates.
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We now come back to the special case where V;;e L}, (R™\{0}). Then
there is an operator H = H, + V with domain 2, and it is a natural
problem to look for self-adjoint extensions of this operator. In the remain-
ing part of this section, we shall obtain some results concerning the
uniqueness of self-adjoint extensions of H under suitable restrictions.
The strongest result in this direction has already been derived in section 3,
where we have proved that H is essentially self adjoint on 2, under suitable
assumptions on V.

We first state a simple consequence of theorem 4.1 (cf. [/]).

COROLLARY 4.2. — Let V;;e Li,(R"\{0})and V;; > ¢,r;; for all (i, j).
Let H= H, + V with domain 9,. Then H has only one self-adjoint
extension with domain contained in Q(H). (Equivalently: then H is the

Friedrichs extension of H).

The equivalence of the two statements in corollary 4.2 is a well known
property of the Friedrichs extension.

With the same assumptions on V, one can prove the following result,
which bears the same relation to theorem 4.2 as does theorem 3. 1 to theo-
rem 4.3.

THEOREM 4.4. — Let V;€ L3, (R"\{0}) and V;; > c¢,rj;? for all (i, j).
Let H = H, + V with domain @,. Then H has at most one self-adjoint

extension with domain contained in Q(Vy).

Proof. — Let H, and H, be self-adjoint extensions of H with domains
contained in Q(V,). It is sufficient to show that this implies H, = H,.
Let 0, € 2(H,) and let 4 > 0 be sufficiently large. Then, since H, is self-
adjoint, there exists 0, € 2(H,) such that (A+i+H,)0, =(A1+i+H,)0,.
Therefore (1 + i + H)p =0 where ¢ =0, — 0, € Q(V,) and H is the opera-
tor from # to 9, dual of H (cf. the proof of theorem 3.1). From this,
one deduces that ¢ = 0by the same argument as in the proof of theorem 4. 2.
Therefore H, = H,, therefore H, = H, since both are self adjoint. This
completes the proof.

If & > a,, it follows from corollary 4.1.2 and the definition (4.13) of H
that Q(H) = Q(V,). Therefore H is a positive self-adjoint extension of A.
This allows one to recover corollary 4.2 from theorem 4.4 in the restricted
case o > o, without using theorem 4.1, provided one uses (4.11, 12)
with a,, to define H(a,,) and then (4.23) and (4.13) to define H(«x) and H.
The statement in corollary 4.2 with o = «,,, however, cannot be deduced
from theorem 4.4.

A result similar to theorem 4.4 and corollary 4.2 but restricted to the
two-body case, has been obtained by Kalf (See theorem (3) in [/4] and
the references contained in that paper).
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5. CONCLUDING REMARKS

The results obtained in sections 3 and 4 are optimal as regards the’
behaviour of the potentials near the origin if the latter is governed by a
power law r7* with u # 2. For u = 2 however, the result depends on the
value of the coupling constant ¢, and the values obtained for ¢ in theo-
rems 3.1 and 4.1 are not expected to be optimal. On the basis of the results
for the two-body case, one expects ¢ = — n(n — 4)/4 for theorem 3.1
and ¢ = — (n — 2)?/4 for theorem 4. 1, for all N. It is clear from the method
of proof that such an improvement depends on the construction of a trial
function y that correctly reproduces the behaviour of the ground state
of H in the neighbourhood of the set S where two or more particles come
close together. The trial function used in this paper is sufficiently accurate
when no more than two particles come close together, but not other-
wise. Possible improvements would consist in introducing k-body terms
in w (2 < k < N). This introduces many-body potentials in the expression
of Hoy/yr. These potentials become more and more difficult to estimate
when N increases and there is little hope to reach the expected values of ¢
for arbitrary n and N by this method.
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