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Sektion Physik der Universitit, Miinchen, Germany.

ABSTRACT. — Qut of the discrete symmetries space-inversion, time-inver-
sion, space-time-inversion and the universal covering group of the inhomoge-
neous Galilei group a covering group of the full inhomogeneous Galilei group
is constructed. The continuous multipliers on this covering group are calcu-
lated, and all those continuous irreducible ray representations are constructed,
the restrictions of which to the unit component of the group have a nontrivial
multiplier or are of class II in the nomenclature of Inénii and Wigner [6).
The direct product of two irreducible multiplier representations of the covering
group is decomposed into its irreducible components. Finally, physical
conclusions are drawn.

RESUME. — Nous construisons un groupe de couverture du groupe Galiléen
inhomogéne complet engendré par le groupe de couverture universel du
groupe Galiléen inhomogéne et les symétries discrétes de Iinversion d’espace,
de temps, et d’espace-temps. Les multiplicateurs continus sur ce groupe de
couverture sont calculés, et toutes ces représentations projectives irréductibles
sont construites, dont les restrictions a la composante connexe de I'unité du
groupe sont équipées avec un multiplicateur non trivial, ou sont de classe 11
d’aprés la désignation de Inénii et Wigner [6]. Le produit direct de deux repré-
sentations irréductibles du groupe de couverture est décomposé en ses compo-
santes irréductibles. Enfin, nous examinons les conséquences pour la théorie
quantique non relativiste.
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INTRODUCTION

Though one knows about sixty years the Poincaré group to be the kine-
matical symmetry group of physics, interest in the Galilei group has remained
for mainly two reasons: In a Galilean theory, first, the interpretation of
observables and results is much more evident than in a relativistic theory,
and, second, interactions can be includedin a straightforward way. Further-
more, by a detailed study of Galilean invariance it is seen, that a host of
effects usually considered to be relativistic, really is common to both
relativistic and non-relativistic quantum theory: for example, the spin of
particles, the different properties of spin for particles with mass and those
without mass, and the gyromagnetic factor of the electron [9].

In sec. 1 we give a description of the full inhomogeneous Galilei group

e~
FIGG and construct a covering group FIGG, the components of which
all are simply connected. We prove, that every continuous ray representa-

N . . . . .
tion of FIGG is generated by a continuous multiplier representation, and
calculate all the continuous multipliers. Using a method of Mutze [10],
in sec. 2 we calculate up to equivalence all those continuous irreducible ray

. N . . . . . . .
representations of FIGG, which might describe non-relativistic particles.

The direct product of multiplier representations of FFI?(:JJis decomposed
in sec. 3. In sec. 4, the implications for non-relativistic quantum theory
are discussed and compared to those resulting from Poincaré invariance
for relativistic quantum theory.

1. The full inhomogeneous Galilei group FIGG.
Algebraic properties. We denote the elements of FIGG by (D, v;

V] 0
qa, a; &, €), where DeSO (3), (v, a, a)eR’, and (e, &) €Z, X Z,,
Z,:={+, —}. FIGG is a subgroup of the real affine group in four
dimensions defined by

V] V]
) (Dv,;a,a; ¢, er)x, t): = (esDx + ervt + a, et + a).
FIGG can be considered as an algebraic subgroup of GL(5, R):
e&D ev a

o 0
® D,via,a;e580)=|0 ¢l af;
0 0 1
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this subgroup leaves invariant the hyperplanes perpendicular to (0000 1).

(V] 4]
In the following we shortly write (D, v, @, a) for (D, v; a, a; +, +), 1 for
the identity (1, 0; 0, 0; +, +), I for the space-inversion (1,0;0,0; —, +),
I for the time-inversion (1, 0; 0, 0; +, —), Iy for the space-time-inversion
1,0;0,0; —, —). The group law is
0 o,
(D,v;a,a;e,e)(D, V'@, a;é¢¢r): =
o o [ , ,
3 = (DD', v + &¢;DV’ ; a +&Da’ + e1a'v, a + ea’ ; &sts, ex8r),
0
(D,v;a,a;8,861) " =
-1 -1 -1 0 0
= (D7, — gDV ; — gD (@ — av), — &ra ; &, &r).

So we have Ig? = I;?2 = I;? = I, LI = I]g = Igy, and
0 0 0 0
(4) (D’ vi,a,a; —, +) = (Ds v;a, a)ISa (D’ v,a,a; +a —) = (D1 v;a, a)IT'

Topological properties. FIGG is an algebraic and hence closed
subgroup of GL(5, R) and therefore a Lie group in the induced topology.
It is homeomorphic to SO(3) x R? x Z, x Z,, where Z, bears the discrete
topology; from this immediately follows, that FIGG consists of four two-
fold connected components. Let IGG be the unit component of FIGG,
and IGG; the subgroup generated by IGG and I, i = S, T, ST.

e~/ .
Now let FIGG: = SU(2) x R’ x Z, x Z, be the Lie group defined
by the group law
0 0 ’o
U,v;a,a;ee)(U, v ;d,d ;6581): =
0o o 0 , ,
= (UU, v + ¢exD(UWV' ; @ + &sD(U)@’ + &1a'v, a + e1a’ ; eges, 187,
[}
(U,v;a,a;e,81) ' =

_ _ _ 0 0
= (U, —eeD(U) " 'v ; —eD(U) (@ —av), —e1a ; &, &)

&)

where D: SU(2) —-SO(3) is the canonical homomorphism. Writing

0 0
again (U, v; a, a) for (U,v; a, a; +, +),Ifor (1,0;0,0; +, +), I for
(1: oa 0, 07 ) +)’ IT for (1’ 0, 0, Oa +, _)5 and IST for (15 o; o’ O; ) —)>
we obtain

6 Uvia a, — ) =(U,v;a, a)Is,IS(U v;a, a)Is—(U —a,z(z)),.
(U,v; aa +, =)=(U,v; aa)IT,IT(U vaa)IT=(U ~-v;a, —-a)
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2 2 2 -, :
IS = IT = IST = I, ISIT = ITIS = IST' FIGG llke FIGG consists Of
four components, but each component is simply connected. Again let

~—~ . ~J ~—
IGG be the unit component, and IGG; the subgroup generated by IGG and
I, i=3S8, T, ST. The mapping

[ —— 0 0
(7) k:FIGG - FIGG, k(U,v;a,a;¢5ep):=(DU),v;a,a;s, &)

being an analytic homomorphism, and its restriction to ch}, the universal
. . . . N
covering group of IGG, being the canonical homomorphism, FIGG is
a covering group of FIGG.
The multipliers of FIGG. Suppose R to be a continuous ray repre-

. . . . N
sentation of FIGG, then R o kis a continuous ray representation of FIGG,
and there exists one and only one meR such, that the multipliers
of Ro k|5 can be chosen as [2]

(V] 0 0
®) exp(mr),t(U,v;a,a;U,v;ad,a):=v.DU + av?*>2.

(9) Theorem: Let R be a continuous ray representation of% such,
that the multipliers of R |5 are nontrivial. Then the space-inversion
is represented by an unitary operator ray and the time-inversion is repre-
sented by an anti-unitary operator ray.

Proof : According to [2] we can choose a continuous representative U
for R |;5¢ with the multiplier exp (im ), m # 0. Now it holds:

RI)R(DRI) ™ = R(Igly)
~—
for all geIGG,i= S, T, ST, and from this follows:
exp (im ©(I,gl;, 1;g'Ty)) = 6, (exp (mi (g, g)))
with 6,(z) = z iff R(L;) is unitary and d,(z) = z* iff R(I;) is anti-unitary.
As we have for i = S: 7(Igls, Isg'ly) = (g, g'), and for i = T:
(Irgly, Irg'ly) = — (g, &),

R(I5) has to be unitary and R(Iy) has to be anti-unitary. |

Corollary: For any continuous ray representation of FIGG, the multi-
pliers of which are nontrivial on any neighbourhood of the unit, space-

inversion is an unitary operator ray and time-inversion is an anti-unitary
operator ray.
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—/
For all ray representations R o k of FIGG we have, of course,
Rok(+1,0;0, 0 =id.

e~
On the other hand, let R be some continuous ray representation of FIGG
with R(+ 1,0;0, 0) = id; then, just as in the case of connected Lie groups,
R o g is a continuous ray representation of FIGG for any choice of the

section ¢: FIGG — FIGG, ko g = idggg. Therefore instead of studying
the ray representations of FIGG we can study the ray representations of

[ .
FIGG which represent the kernel of k trivially.

(10) Theorem: Every continuous ray representation of FIGG is gene-

. . . . N
rated by a continuous multiplier representation of FIGG.

e~

Proof: Let d: FIGG — FIGG, d(g): =1, d(gl)): =1,, i = S, T, ST, for
all gef&}), and U a representative of a continuous ray representation
of FIGG so, that U |5 is continuous and the multiplier on IGG is some
exp (im 7), U(gl): = U(g)U(,) for all i = S, T, ST, and gerl‘aé. Let

[——
f: FIGG—C,: ={z€eC: |z| = 1}, be defined by f(g): = 1,

AelyU(el): = UI)U(g)ud)~*
~—)

for all ge€lIGG, i =S, T, ST; then

f(®)U(d(®)g) = f(@)U(d(2)gd(g)*) = U(d())U(gd(8))U(d(g))~*

e~/
for all g € FIGG, and so fis continuous because d and U | {5 are continuous.
We have:

U@EI)UE'L): = U(UdyUg)ud,)
= U(g)U(l)U(g")U(I)~'UI)u(,,)
= f(g'Ly) exp (im ©(g, Lig'I))w(I;, 1,,)U(glg'TYUT,,)
= f(g'L;) exp (im (g, Lig'T))w(I;, I;)U(gl;g'L;)

where w is the multiplier defined on {1, I, Ir, Is;}. So our continuous

multiplier is for (g, g’) € FIGG x FIGG:

(1) Mg, &) = flg'd(g'g))w(d(g), d(g')) exp (im ©(gd(g), d(g)g'd(g'g)));
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the continuous multiplier representation is U,
U(g): = U(gd(g)U(d(g)). ]
Moreover, for the continuous function fin (11) we have:

(12) f(gg'd) = exp (im (dgd, dg'd))é, (exp (— im (g, gNf(gd)f(g'd),
flgdd") = f(d'gd'd)o (f(gd")),

for all (g, g') € IGG x 1GG, (d, d') € {1, I, I, Igy} x {I, I, Iy, Iy}, where
d is a homomorphism of the subgroup {1, I, I, Isr} into the operators
{id, K} on the complex numbers, K(z): = z*.

~—/

(13) Theotem: Any multiplier of a continuous representation of FIGG

with unitary space-inversion and anti-unitary time-inversion is equivalent
to one of the multipliers w%, meR, y, e = + 1:

0 o,
wi(U,v;a,a;6,8:; U,V 5@, a ;56 ¢p) ¢
’ ’ . 0
= w™(es, &1 ; &5, £1) exp (im (esv-D(U)@’ + £ra’v?(2)),
W”(Ss, er; 8;, 8',1') s = (8;(1'G‘r)/z)(l“X)/Z(sgl‘lr)/?)(l—ﬁ)/l.
w is equivalent to wi* if m=m', y =y, e =¢.

. . N . . .
For all continuous representations of FIGG with anti-unitary space-
inversion or unitary time-inversion the multipliers can be chosen as class

. . (T ~—
functions relative to IGG.

Proof : From (12) we have for m e R, because for m # 0I5 has to be
represented unitarily and 1y anti-unitarily: f(gg'd) = f(gd) f(g'd) for

allg, g’ €eIGGandd = L, I, I, Ig;.  So fis a one-dimensional continuous

vector representation of IGG for fixed 4. All such representations are
] 0
of the form [4 ; p. 64]: (U, v ; @, a) — exp (iea), and so we have f (U, v ;

0 o
a, a)d) = exp (ie;a) with ¢; = 0. Using again (12) we get for ray repre-
sentations with

a) unitary space-inversion, unitary time-inversion:
o 0
1 = f(Isg)ls)f(g1s) = exp (iesa + iesa) => e = 0; 1 = f(gly) =
1] ]
= f(gllsr) = exp (— iera + iesra) = esy = ex = 1€

= f(gd) = r(g'd)r(gd")/r(g'dgd’), r(U, v ; a, a ; & 1) © = €XP (ie£/2) ;
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b) unitary space-inversion, anti-unitary time-inversion:

0 o
1 = f(glsly) = f(Isglsly) f(gly) = exp (lesa + iesa) =e5=0;
0 0
1 = f(glly) = fUrglIp)f(gly) = exp (— iera — iera) = ep = 0 ;
in the same way we find: e;y =0 andso f=1;

¢) anti-unitary space-inversion, unitary time-inversion:

0 o
1 = f(glsrlsy) = f(Isrelstlsr)f(glsy) = exp (— iegra — iegra) = ey = 0
0 )
1=f(lsly) = f(Iglils)f(gly) = exp (— iesa — iera) > er = —e5 = :e;
0 0
f(gd) = r(g'd)o (r(gd")r(g'dgd"), r(U, v ; @, a ; &, &) : = exp (iea/2) ;

d) anti-unitary space-inversion, anti-unitary time-inversion:

0 0
1 = f(gltly) = f(I1glyIp)f(gly) = exp (— iera — eia) > ep =0 ;
0 0
1 = f(glsrls) = f(Isglslsy) f(gls) = exp (iesra + iesa) > egr = —eg = e
0 0
and so f(gd) = r(g'd)o(r(gd")/r(g'dgd’), r(U, v ; a, a ; &, &1) = exp (iea/2).

~—/

So all the multipliers of continuous ray representations of FIGG are
equivalent to those of the form A(gd, g'd’) = w(d, d’) exp (imt(g, dg'd))
and so for m = 0 they can be chosen as class functions relative to rIEé
For m # 0, according to (9) Ig is represented unitarily and Iy is represented
anti-unitarily, and so w is of the form w** [3 ; p. 169]. ® Let R be a conti-
nuous ray representation of FIGG ; then Ro k, k as in (7), is a continuous

[~/
ray representation of FIGG, and we can choose a continuous representa-
tive Re of R ok, that has a multiplier as defined in (13). So for some

section g: FIGG — FIGG we get a multiplier representation Reogq
of FIGG, that is a representative of R. However, the choice of
such a section g defines an unique section U: SO(3) — SU(2) and

0 )
v. v. so, that g¢(D, v; @, a; &, ¢x) = (UD), v; a, a; &, &). Now,
Re(—1) = + 1,andfor Re(— 1) = + 1 we get: Re o g(g) Re o g(g") = A(g(g),
q(g")Re o q(gg’), where A is the multiplier of Re. For Re(—1) = —1
we get: Re o g(g) Reo g(g") = {(D, D")A(q(g), 9(g")Re o g(gg’) with g = (D, v;
0 0 P
a,a;¢e,¢r),8 =(D,v;a,ad ;e er), where
(14) {(D,D): =1 iff UMD)UD’) = UDD’), {(D,D): = — 1else;

as is shown in [5], { is a nontrivial multiplier on SO(3).
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" Corollary: The multipliers of continuous ray representations of FIGG
are equivalent to such of the form 4;,
] 0 , ,
A{D,v;a,a;e 653D,V 5, d 565 8): =
. B , (V]
= {(D, D')*'w(es, er ; &5, &1) exp (im(esv-Da’ + era'v?/2)),

withme R, i = 0, 1/2, where wis a multiplier on { I, I, I, Iy} ; wlorm # 0
is equivalent to a w** as defined in (13).

2. Some irreducible continuous ray representations
of FIGG.

The irreducible ray representations of IGG have been studied
for trivial multipliers by Indnii and Wigner [6] and for nontrivial mul-
tipliers by Levy-Leblond [8] and by Brennich [4]. As we need them for
the construction of the ray representations of FIGG, we give a complete
list of these ray representations. For mathematical convenience they are

defined on IGf\CJi From now on, by Hilbert space we mean a separable
Hilbert space, and by representations we mean such on a separable Hilbert
space.

(15) Theorem [4; p. 67]: All continuous ray representations of faJG

~
are of type I ; every continuous irreducible ray representation of IGG
is unitary equivalent to one of the following ray representations:

I [5,0;p,e,ml, s =0,1/2,1, ..., peR% ec R, meR\{0};
representative (s, 0; p, e, m) (U, v; a, (c)z)F(x): =
= exp (i(e — p*/2m + x2/2m)?1 — ix-a@)DEOU)FDU) " (x — mv)),

where F e L,(R?, C**!) and D® is the well known irreducible unitary
representation of SU(2);

I [5,0;p,€,0, s =0, £ 1/2, £ 1, ...,peR*\{0},eeR;

0
representative (s, 0; p, e, 0) (U, v; @, a)F(x, t): =
0
= exp (is x(p, x; U) + i(e + t)a — ix-@)F(D(U)"'x, t — x"v),

where FeL,({xeR*: | x| =|p|} x R, C) and x is defined in (16);
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Il [s,k;p,e,0],s =0,1/2,keR*\{0},peR*\{0} withk-p =0, e € R;

[
representative (s, k; p, e, 0) (U, v; a, a)F(y, x, ¢): =

ek, y; x(p» x; UYP/| p )?* exp (i(e + f)a — ix-a)
exp (i(x x v):(p x y)/p* + i(p-x x v)(P-x x y)/p*(P* + p-x))
FID(UG(P, x; UYp/| p D)1y, DU)"'x,  — x-V),

X x|

where

FeL,({yeR® [y|=|kl,yp=0} x (xR |x|=[p|} x R, C)
and x and ¢ are defined in (16) ;

v [5,0;0,e,0,s =0,1/2,1,...,ecR;

0 V]
representative (s, 0; 0, e, 0) (U, v; @, a): = exp (fea)DW(U);
v [5,k;0,e,0],s =0, + 1/2, £ 1, ..., keR*{0},ecR;
0
representative (s, k; 0, ¢, 0) (U, v; a, a)F(x): =
0
= exp (isy(k, x; U) + iea + ix-v)F(D(U) ™ !x),

where FeL,({ xeR®: | x | = | k|, C) and  is defined in (16). If two irre-

~—
ducible ray representations of IGG are equivalent, denoted by ~, they
necessarily belong to the same case; then

[5,0;p,e,m] ~ [s',0; p', e, m'] < s=5, |m|=|m|;
[5,0;p,e,0] ~[5,0; p,e,0] <= s=s,|p|=]|p'[;
[s; ki P, e, 0] ~ [s,K';p',¢',0] < s=s, |k|l=|k| [p|=|p];
[5,0;0,¢,0] ~[s,0; 0, ¢,0] < s=y4;
[s,k;0,¢,0] ~[s,k';0, ¢,0] < s=s|k|=|k']|.

In theorem (15) x and ¢ are defined as

x:{0y)eR®:|x|=|y|#0} xSU(2) > R with
exp (ix(x, y;cos2£1—isin§tn'c)/2) r=

(x2+x'y)cos;— +n-(xxy+i(x+y)| x| )siné
(16) =

2
’\/((x2+X°y) cos;— +n-(xxy)sin %) +(n-(x+y))’x? sinzit
e:{(x,y,2)eR’: x| = |y|#0, x-z2=y-2=0} > {+1, — 1},
&(x, y ; z) : = sign (cos (arc cos (x-y/x?)+ | z | sign (z-xxy))),
where arc cos is chosen in the interval [0, =].
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The ray representations [s, 0; p, e, m], m # 0, and possibly [s, 0; p, e, 0]
describe non-relativistic particles [8] [4]. In the following these ray repre-

~— [——)

sentations of IGG are continued to ray representations of FIGG. For
this purpose we introduce the somewhat shorter notation: [m, s; €]
for [5,0; 0, e, ml, (m, s; e) for (s, 0; 0, e, m), m # 0, and [0, s; p]
for [s,0; 0, 0, p, 0, 0], (0, s; p) for (5,0; 0,0, p, 0,0), p > 0. We further
note, that (m, s; e) is a multiplier representation of IGr\(J} with the mul-
tiplier exp (im7) from (8), and that (m, s; e) and (m’, s’; €’) are unitary
equivalent iff m = m’, s = s', and e = €.

A theorem on the ray representation of discrete symmetries.
Let S be a continuous ray representation of a topological groupe G. Then
the unitary subgroup of S, i. e. the subset of elements of G represented
by an unitary operator ray, is a closed normal subgroup of index 1 or 2.
This follows immediately from the fact, that card [G/f ~*(N")] < card[G’/N’]
for any group homorphism f: G — G’ and any normal subgroup N’ of G/,
and that the set of unitary operator rays is a closed normal subgroup of
index 2 of the group of all operator rays [10; p. 16].

(17) Theorem [10; p. 21]: Let G be a topological group with a closed nor-
mal subgroup N of index 2 and de G\N. Then for any continuous irre-
ducible unitary ray representation S of N with the representative U, the
multiplier of which is w, we have:

If S satisfies the condition:

(U,) there exists an unitary operator ray V with

V2 = §(d?) and /\S(g) = VS(d~'gd)v?
the mapping S, /\ (S(e) : = S(¢). S(gd) : = S(g)V)

geN
defines a continuous irreducible unitary ray representation of G. For

an equivalent ray representation S’ of N, V' may be chosen so, that S’
is equivalent to S.
If w satisfies the condition :

W) AV @) =1 we, dw(@*, d"gd®)™" = r(g)r(d™"gd),

geN r(g)eCy
/\W(g, gyw(d 'gd, d™'g'd)™ = r(g)r(g)/r(gg")

g'eN
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the mapping S,

Q§(g) T [[U(()g) r(g)U((t)l"gd)”’ S(ed) : = S(e) [[(1) U(SIZ)”

defines an unitary ray representation of G that is irreducible iff no operator
ray V satisfying (U,) exists. The choice of U is of no importance, as a dif-
ferent U gives the same S if we choose r accordingly. If U is continuous,
S is continuous iff 7 is continuous. For an equivalent ray representation S’
of N, U’ and r’ can be chosen so, that S” is equivalent to S.

Furthermore, any irreducible continuous unitary ray representation
of G is unitary equivalent to a ray representation as defined after (U,)
and (U,).

If S satisfies the condition:

(A, there exists an anti-unitary operator ray W with

W2 = S(d?) and /\S(g) = WS(d 'gd)W !

geN

the mapping S, A\ (S(e) : = S(g), S(gd) : = S(e)W)
geN
is a continuous irreducible ray representation of G with unitary subgroup N.

For an equivalent ray representation S’ of N, W’ may be chosen so, that S’
is equivalent to S.

If S satisfies (A,) and A is a representative of W, for every homomor-
phism x: N — C, such, that

/\ (&) : = x(@™¢d), the mapping S,

,/f(g’:: [[U(()g ! x(g)(;l(g)“’ g(gd):g(g)“e\/%fm A”’

ee{ + 1, — 1}, is a ray representation of G with unitary subgroup N, that
is irreducible iff there is no unitary operator D satisfying

(R) /\U(g) = Ag)DU@ED™!, A = eV/3(d*)DAD.

S does not depend on the choice of U, and if U is continuous, S is continuous
iff x is continuous. For an equivalent ray representation S’ of N, U’, ¥/,

and ¢’ can be chosen so, that § is equivalent to S.
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If w satisfies the condition:

A NV e, dw(d?, d=%d?) = r(g)r(d~"¢d),

8N r(g)eCy

/\ w(g, g w(d ™ gd, d"'g'd) = r(g)r(g")/r(gg"))

g'eN

the mapping S for K = K* = K~! anti-linearand e { + 1, — 1}

Ao = 1% ru@rgax] ]

NSt =50 [ [ ""("2)_12,2‘]("’2)1(}]

8EN

is a ray representation of G with unitary subgroup N, that is irreducible
if (A,) is not satisfied and else is equivalent to a ray representation as
defined after (A,). The choice of U is of no importance, as a different U
gives the same S if we choose r accordingly. If U is continuous, S is
continuous iff 7 is continuous. For an equivalent ray representation S’
of N, U’, r', K, and &’ can be chosen so, that S is equivalent to S.
Furthermore, any irreducible continuous ray representation of G with

unitary subgroup N is unitary equivalent to a ray representation as defined
after (A,) and (A)).

The physical irreducible ray representations of FIGG. We call
« physical » those continuous ray representations of FIGG, in which space-
inversion is represented unitarily, time-inversion is represented anti-unitarily
and the restriction of which to IGG decomposes into ray representations

of case I and II. As the case I ray representations of GG have nontrivial

~J
multipliers, while the case II ray representations of IGG have trivial mul-
tipliers, in such a decomposition only either case I or either case II ray
representations can occur.

. . (———l

(18) Theotem: Any continuous irreducible ray representation of FIGG,
the restriction of which to IGG has a nontrivial multiplier, is equivalent
to one of the ray representations [m, s; e]**, me R\{0},s =0, 1/2, 1, ...,
eeR, x, e e { +, — }, which are defined by their representatives
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R: =(m, s; e),% n = =%, and R: = (m, s; €)~°, respectively, as follow-

ing:
R(gd): = R(g)R(d) for all g € IGG, de { L, I, I, Isx},

R(sp): = R(I)R(y) and with F, G € L,(R?, C2+1):

(m, 5; (U, v; @, )F(X): = (m, 5; &)(U, v; a, Q)F(x),
(m, s ; ), T(F(X) : = nF(— x),
(m, s 5 &), "(IPF(x) : = DY(io,)F(— x)* ;
(m, s ; e)(U,v;a, aO)F
o

F
(m’s;e);-_(UQV;a? Oa)[ :I(x): = [ 0
G (m, s ; e)(U, v ; a, )G

m 530700 00 = n[ g~

e JF] "~ DO (io,)G(— x)*
om 550" 00)| &[0 = | T Doer e ¢
o E- m, 53 O)(U, v ; @, &)F
(ms S, e)—e(Ua v a a’ a) (X) - = o ](X),
|G [(m, s ; e)(U, v ; a,a)G
m 559709 g|oo: = [ g ».

N D®(io,)G(~ x)*
(m, s ; &) *(Ip) [G] () : = [SD(S)E;Z;;F((— 3*] )

The multiplier of (m, s; e),;* is w, ‘7", the multiplier of (m, s; €)™
is w7 wy, as defined in (13). Two of the multiplier representations
defined above are unitary equivalent iff they are identical, while [m, s; e]*
and [m', s'; €']*"* are (unitary or anti-unitary) equivalent iff | m | = | m’ ls
s=s,x=yx,e=¢.

Proof : As FIGG is a Lie group, the unitary subgroup of any ray repre-

~——)
sentation contains IGG ; furthermore according to (9), space-inversion
must be represented unitarily and time-inversion anti-unitarily. So the

. . N . . .
unitary subgroup of ray representations of FIGG, the multipliers of which

. ~— .. . I~ .
restricted to IGG are nontrivial, is IGGg. Because of this we first have
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. . . . =
to construct all irreducible unitary continuous ray representations of IGGg,
the multipliers of which restricted to IGF\CJi are nontrivial; this is done by
means of (15) and (17). Now for (m, s; €), m # 0, PgF(x): = F(— Xx)

. 0 0
satisfies Ps? = 1, Py(m, s; e)(U, v; @, @)Ps = (m, s; e)(U, — v; — a, a),
and so for [m, s; e], [Pg] is the only operator ray satisfying condition (Uy).
So every continuous irreducible unitary ray representation of f&’}s, the
multipliers of which restricted to iEé are nontrivial, is unitary equivalent

V] 0
to one of the kind RR, RR(U, v; a,a): = [m, s5; €)(U, v; a, a),
0 0
RR((U, v;a, a)IS): = [m’ s e](Ua v;a, a)[PS]

Defining TgF(x): = D®(ic,)F(— x)*, we see that T is an anti-unitary
operator and Tg? = (—)*1, PsTg = TgPs. So [Ty] satisfies (Ag) for the
ray representations RR, and is the only operator ray satisfying (Ag); thus
we immediately get [m, s; e]** and its representatives. There remain those

ray representations of FIGG, the restrictions of which to IGG decompose
into direct sum representations. We start from the continuous multiplier

. ~— 0 (1]
representations (m, s; €), of IGGg, (m, 5; €),(U,v; a,a):=(m, s; ¢)(U, v; a, a),

(V] (V]
(m, s; e),((U, v; a, a)lg): = n(m, s; e)(U, v; @, a)Ps; we have to consider the
continuous homomorphisms : IGf\GS — C, with x(g) = x(I:gly) for

e~ . . ~—

all gelIGGs. For the restrictions of these homomorphisms to IGG
0 0

we have [4; p. 64]: x(U, v; a, a) = exp (iea), e€ R, and so with

I«(U, v; a, }(;)IT =, —-v;a, — (c)z): 72U, v; a, Z) = 1 ; there remains
x(Is) = +. With this we get for x(Ig) = 1 the representations (m, s; €), °,
and for y(Ig) = — 1 the representations (m, s; e)"%(n = +). The irre-
ducibility of these representations follows from the fact, that (m, s; e)

is an irreducible multiplier representation of ﬁJ} On the other hand
it is easily seen that the ray representations constructed with y = 1ande = 1
as after (17 Ag) are reducible. The calculation of the multipliers and the
establishment of the equivalence is a straightforward task, which we refrain
from performing. | |
As is easily seen we have defined an abundance of representatives:
(m, s; €),° and (m, s; €')%; differ only by a phase function and have the
same multipliers, i. e. this phase function defines an one-dimensional vector

i e~
representation of FIGG.
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—)
(19) Theotrem: Any continuous irreducible ray representation of FIGG
with unitary space-inversion and anti-unitary time-inversion, the res-

triction of which to IGG contains a case II representation, is equivalent
to one of the ray representations [0, s; p}*%,s =0, + 1/2, + 1 ...,p (0, «),
x = %, e = =+, which are defined by their representatives R: = (0, 0; p);r A
n==,(0,0;p)"% or (0, s; p)*, s # 0, respectively as following :

R(gd) : = R(g)R(d) for all g€ IGG, de {1, I, I, Ir }, R(lsy) : =
= R(IgR(I;) and with F, G, F4, Gy e L,({xeR®: | x| =p} x R, C) :
0 0
0,0;p), *(U,v;a,aF(x,1):=(0,0;p)U,v;a, aF(x, 1),
0, 0; p); *(F(x, 1) : = nF(— x, 1),
(0, 0; p), "ADF(x, ) : = F(— x, H)*;

o [F ©,0;p)(U, v ; a, &)F
(0,0;p), (U,v;a,a J(x, H:= [ o ](x, 0,
|G ©,0;p)U, v;a,aG
©.0: "9 g |ox. 0t = n[ G- x. 0,
0,059 "|gle = [T R R ]
o [FT 10,0 p)(U, v ; a, a)F
0,0;p°(U,v;a,a)| |(x0):= 0 }(X, 1),
|G (0,0; p)(U, v;a, aG
003770 g e 02 = | _ gl %0,
0,0;p)*dy) 2 (x,1):= E(EE: : 3:] ;

with @(x) : = (x; + ix,)/ | X, + ix, | :

. o [F4 0,55 PXU, v; g, a)F,
O, 53 (U, v5 g, a)[F ](x, t):=[ ](x, o)

1)
(0’ “S’P)(U» v;a, a)F—

oo [ )

©.53 g o 5= [PR a0 0" ]

ANN. INST. POINCARE, A-XHI-2 11
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Fa ] 0,53 (U, v ; a, F,
0
©,s;p* U, v;a, 3) F- (x, t):= O, =53 20 v a(; F- x, 1),
G, ©,5;p)(U,v;a, aG,
| G_ L0, —s; p)(U,v; a, aO)G_
L [ o(— X)¥F_(— x, )
O 53 | |6 0= | 000 XD,
(G_| L x@(X) " *G . (— x, 1)
-F+-‘ [— (P(x)z_sst+(_ X, t)**
O 5P| |06 = |7 000 LY
G, | 900~ F (= x, )"

The multiplier of (0, 0; p), ® is wy*, that of (0, 0; p)~*is w, °, and that
of (0, 5; p)¥ is Wi (™™™, w¥ as defined in (13). (0, 0; p); * and (0, 0; p'),*
are unitary equivalent iff p = p’, e = & ; 7. =17; (0, 0; p) "“and (0, 0; p")™*
are unitary equivalent iff p = p'; e = ¢'; (0, 5; p)* and (0, s’; p')** are
unitary equivalent iff |s| = |s'|, p=p, x =1, ¢ =¢. (0, 0; p);° and
(0, 0; p")™* are inequivalent, (0, 0; p): ¢ and (0, s; p')** are inequivalent
for all s # 0, and (0, 0; p)~* and (0, 5, p')** are inequivalent for all s # 0.
The same equivalence relations are valied for the ray representations

[0, 0; p}*® and [0, s; pJ**, s # 0, except for the conditionn =17’ as (0, 0; p)ie
+e : +e -4

and (0, 0; p)° define the same ray representation [0, 0; p]™* of FIGG.
Proof : The unitary subgroup must be 1’(?};, as the space-inversion

is to be represented unitarily and the time-inversion is to be repre-
sented anti-unitarily. Defining P,F(x, #): = ¢(x)"*F(— x, t) we get:

0 (1]
P,0, s; p)(U, v; @, &P = (0, — 5; p)(U, — v; — @, a), and as [0, s; p]
and [0, — s, p] are identical for s = 0 and inequivalent for s # 0, we get
the following continuous irreducible unitary ray representations RR

~ ~ A

of IGGg, the restrictions of which to IGG contain a case II ray represen-
o 0

tation: s = 0: RR(U, v; a, a): = [0, 0; p](U, v; a, a), RR(Iy): = [Pol;

s # 0: Choosing the representatives (0, s; p) for [0, s; p], we have to look

for the continuous functions r: f&'} — C, with r(g)r(Isgls) =1 and
r(g)r(g) = r(gg’), as the multiplier of (0, s; p) is 1; froom the second condi-
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0 0
tion follows [4 ; p. 64]: r(U, v; a, a) = exp (iea), e € R, and from the first

V] V]
with Ig(U, v; @, a)ls = (U, —v; —a, a): r =1. So we get for the ray
representations:

(O, s ;P)(U9 v;a, 3) 0 ]]
0 ©, s;9)(U, —v;—a, all’

s [ ]|

By performing the unitary transformation

RR(U, v ;a, g):= [[

RR—>RR’, RR(g):=ARR(®A™!, K’=[[:> I(’)”’

we obtain
0
0 (0’ s ;P)(U, v ’ a’ a) 0
RR'(U,v; a, a) = H ” .
0

0
©, —s;p)U,v;a,a)

o [[3 %)

Defining T,F(x, #): = @(x)*F(— x, t)*, we have
Ps—-l = (_)ZSP—s’ Ts = (—)ZSTS_I’ PsTs = T—sPs = TsP-s = P-—sT—s’

and one verifies [T,] to be the only anti-unitary operator ray satisfying (17 A
for s = 0, and the only anti-unitary operator rays satisfying (17 A,) for s # 0

to be [[g‘ x"lE) ]] . So for s = 0 we get the representations (0, 0; "

and (0, 0; p)~® as in the case m # 0; for s # 0 we get the repre-

0 xT_,
tations RR’, and (0, s; p)*~, doubling once more, and noting that & must
be chosen — 1 for these representation to be irreducible, and that the

doubled representations constructed with [[TS 0 H and [[T‘ 0 ”

sentations (0, s; p)** using [[T‘ 0 ” and not doubling the represen-

0 T_; 0 —T_;
are equivalent. The statements about the multipliers and about equiva-
lence follow by a straightforward calculation. ]

In contrast to the case m # 0, for m = 0 there also exist ray represen-

. N . . . . . .
tations of FIGG, which represent I anti-unitarily and It unitarily. They
can be found with the same methods ; however, we refrain from doing so.
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3. The decomposition of the direct product

. . . . N
of irreducible multiplier representations of FIGG.

The decomposition of the direct product of irreducible multiplier

representations of IGG. — Here some results have been obtained
by Levy-Leblond [8] and by Brennich [4].

Theorem [8 ; p. 786]: For m + m' # 0  mm', o: = Sign( mm ,) ,
m+m

we have
s+ L+S

(20) (m,s;e)®(m',s’;e’)gé @ @ [@dE(m+m',J;e+e +0E)

L=0S8= |s—s'| J=|L-S| 0
Theorem [4 ;p.75]: Form # 0,j: = 0iff s + s’ integer, and j: = 1/2else,
we have:
21) (ms;e)®(—m,s";¢e)
> 2s+ D)@ + 1] ®dk | dp(j,0,k,0:0,0, p, e + ¢, 0).
0 0

Theotem: For m # 0 and p > 0 we have
© |s’|+L+s +
22) (ms;9®0,5;p) = ® | ®dE(m,J;E)
L

=0 J=||s'|+L—-s|] -

Proof : Let us shortly write R for (m, s; e) ® (0, s'; p); then

R(U,v;a, g)F(x, y,t) =exp (i(e + ¢t + x2/2m)¢(1) —i(x+y)a
+ is'x(00p, y ; U)) x DO(U)F(D(U) '(x — mv), D(U)" 'y, t — yv),

where x varies over R?, y varies over the sphere of radius p, and # varies
over R. With the unitary operator A,,

AFX y;):=FX-y,y, t+ (X —y)y/m),
we get :
AR(U,v;a A, " FX, y: 1) =

=exp (i(e — p*/2m + t + X2/2m)c(1) —iX-a + is'x(00p, y ; U))
x DOUFDU)™ (X — mv), DU)™ 'y, 1),
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or, defining

D(U, v ; a, )F(X, y) : = exp (i(t + X*/2m)a — iX-a + is'1(00p, y ; U))
x DO(U)F(D(U) (X — mv), D(U)™y),

+ o
ARA," = [ @daiD,

Consider the continuous representation of SU(2) defined by
U*F(x): = exp (isx(001, x; U))F(D(U) " 1x),
where x € S, and F € L,(S,, C). It leaves invariant the subspaces spanned
by the functions
DOYU, Y ymm= —j,...,j, forall j=|s|+LL=0,12...,

where U, is defined in [4 ; p. 62] and has the properties:
D(U,)(001) = x, Uy "UUpy)-1x = U001, x; U)(0 0 1))

for all U e SU(2). These subspaces are irreducible, and using the complete
decomposability of all continuous vector representations of SU(2), it can
be shown [11; p. 53], that these functions form an orthogonal base
in Ly(S,, C): they are a generalisation of the spherical harmonics. So
we have for this representation: Us= @ DUs1+1) With this the theorem

L=0
follows immediately. n

The decomposition of the direct product of itreducible multiplier

—/
representations of FIGG.

’

Theotem: For m + m’ # 0 # mm', o: = sign mm , we have:
g m+ m

(23) (ms;e) " @@m, s ; ey
0 sts’ L+S o +
=d & ® [@dEm+m,J;e+ e + oE), 5 y;

L=0 S=|s—s’| J=|L-S| 0

(ms;e), " @m,s ;e * =
© s+s’ L+S o . _
= o ® [@®dEm+m,J;e+e +0oE) ",

L=0 S=|s—s’| J=|L-S| 0O
c ot c Nt
(m’ 53 e)r, ® (m,’ S' ’ e’)q' =
0 s+s’ L+S ©

4 ® @ @ f@dE(m+m’,J;e+e’+0E);,,+(_)z.;

L=0 S=|s—s’| J=|L-5| 0
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(m,s; e),f' Qm,s ;)
L) s+s’ L+S ©

=2.® @ @ [@dEm+m,J;e+e +oE)7"

L=0 S=|s—s’| J=|L-S| 0

ms;e) "@m,s ;e)

sts’

L+S o0
~2. @ ® ® [@dE{(m+m,J;e+e +oE)"

L=0 J=|s—s'| S=|L-S| 0
@m+m,J;e+e +0E)*};
(ms;e) " @m, e ;e) " =

st+s’ L+s o

= ® @ ® [@®dE{(m+m,J;e+e +0oE)i”

L=0 S=[s—s'| J=|L-S| 0
®@m+m,I;e+e +dE)I"};
ms;e) " @m,s ;) =

© s+s’

L+S ©
=2.® @ ® [@®dE{(m+m',J;e+e +oE)It

L=0 S=|s—s’| J=|L-S| 0
®@m+m,J;e+e + 0E)f+}.

Proof : First we consider (m, s; ) ® (', s'; €'). By a transformation
to the center of mass system:

AF(X Xx): —F( g X+x,n—1-’£’—’?X—-x),
A™'F(x, y) = (x+y, —, (x/m — /m))

we get

A@m, s;0)® (', s'; &)U, v ; @, A~ TF(X, x) =

— exp (i(e + ¢ + X*/2u + X22M)a)
x exp (— iX-a)DO(U) ® DE(U)F(D(U) H(X — Mv), D(U)"'x)

!

with u: ____i_n_n_z__,, M:=m+ m'. So we obtain the decomposition
m+ m

of (m, s; e) ® (m’, s'; €') by expanding F(X, x) into an integral over the

modulus of x, and then by expanding the functions F(X, x) with fixed

modulus of x into spherical harmonics. To space-inversion and time-

inversion happen the following:

K(m, s e),;'Jr ®@m, s ; e’),:',+(Is).A_1F(X, x) = m'F(— X, — x),
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and using Y7(— x) = (=)"YP(x), we obt-ain the decomposition of
(m,s; 0" @(m, s ;e)y (.
A(m, s; Oy ®m,s';e), *(IPA~TF(X, x) =DP Q@D (io,)F(— X, —x)*

and the decomposition of (m, s; e): *®m, s e’);"J'(IT) is obtained
using Y7(x)* = (=)"Y; "(x), from which follows:

Y'In(— X) = D(l)(iGZ)m'mYT,(x)'

Noting, that for any linear operator B: B@® (— B) and (— B)® B
are unitary equivalent, and that the phase of (m, s; e),:L *(I1) and (m, s; €)~ °(Iy)
is irrelevant, as for any anti-linear operator A: wA = w'/2A(w'/%)~!
for all | w| = 1, we have for the other cases, abbreviating

(A @ A)Ym,s;e)f* ® (m',s';¢) " (A®A) 'byR:
F _ [~ D® ® D*is,)G(— X, — x)*
Rilp) [G](x’ X) = [ D® ® D®(ig,)F(— X, — x)*] ’

and from this the decomposition of (m, s; e),f R, s e’),f,' follows.
The proof for (m, s; e),f * ® (m', s'; ¢')”° follows along the same lines.
Writing shortly R for (m, s; €); ~ ® (m’, s'; €'),.~, we have

Fll F12 - ’ Fll F12
R(,) [Fn Fn] X, y) =1 [Fn Fzz](— X — ¥)n

and an analogous formula for R(I;). After transforming by K4,

n [Fu Flz] _ [KFu J&Fu]
4 . = oo oo N

F21 F22 AFZI AF22
R :=ARA,':

’ Fll F12 — ’ Fll F12
R (IS)[FZI F22 (x’ X) - m [FZI F22](_ x’ - X)’

, Fi1 Fp2 _
Ran[!! pr]ocn -

=[ DY ® D*)(io)F5(— X, —=x)* —D® QD i,)F,,(— X, —x)*
~DY@D*Yi0,)F 5(~ X, —x)*  D®@D®(ig;)Fy,(~ X, —x)*]
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So the decomposition of the 2 x 2 matrices

[‘c’ 2]=(b-c)/2[__(1) (1)]+(b+c)/2[(1) (1)]+(a+d)/2[(l) (1’]
+@-anly _Y).

defines the complete decomposition of (m, s; €); ~ ® (m', s'; €');.~. The
rest follows along the same lines. [ ]

4. Consequences for non-relativistic quantum theory.

Interpretation of the quantum numbers. According to [4 ; p. 70],
[m, s; €] for m # 0 is a ray representation of IGG describing a particle
of mass |m| and spin s. [0, s; p] for p > O gives the non-relativistic
description of particles of mass 0, spin |s |, helicity sign(s) for s # 0,
and wave number p ; however, this description is rather insufficient, as there
is no Doppler effect. As in the relativistic case, helicity is no more an inva-
riant, if space-inversion symmetry is included: under space-inversion,
the helicity changes sign.

The quantum numbers arising from discrete symmetries have not such
a simple meaning. Let R be a representative of one of the ray represen-
tations [m, s; e]¥ as defined in (18) and (19); then R(I)2 =1, | z| =1,
R(Ip)? = + 1, R(Isp)? = + 1, and R(Jy) is unitary, R(I;) and R(Is;) are
anti-unitary. By a suitable choice of R we get R(Ig)?> = 1, meaning
that R(Ig) is a self-adjoint operator and hence may be an observable; then
we have independant of the choice of R(I;) and R(Igp):

R(I9R(I) = yRIDR(I), R(Ip)* = e(—)*1, and R(lsp)* = yxe(—)*1.

So the quantum number ¢ fixes (for a given spin) the square of R(It), y and &
fix the square of R(Ig7), and the quantum number y determines wether R(Is)
and R(It) commute or anti-commute.

In the relativistic theory unitarity of the space-inversion and anti-unitarity
of the time-inversion is assured by the physical demand, that the energy
spectrum should be bounded to one side [3]. This demand has no conse-
quence in the non-relativistic case, as for particles with non-zero mass
it is satisfied automatically, while for massless particles it can not even
be satisfied for IGG. In this case, for non-zero mass particles, one has to
represent space-inversion unitarily and time-inversion anti-unitarily accord-
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ing to (9) for purely mathematical reasons ; for massless particles, however,
one has to make an ad hoc assumption. In spite of these differences, many
properties of the discrets symmetries are common to relativistic and non-
relativistic theory.

Superselection rules. The existence of several non-equivalent
multipliers of FIGG gives rise to a set of superselection rules.

a) Masses. In the Galilean quantum theory, mass is introduced via
the multiplier [2 ; p. 41] ; to different masses there correspond inequivalent
multipliers, and so there is a superselection rule.

b) Integer spin — non-integer spin. As every ray representation of FIGG
defines a ray representation of its subgroups, the superselection rules for
the subgroups also are valied for FIGG. As SO(3) has two inequivalent
multipliers, the trivial one for integer spin, and { as defined in (14) for non-
integer spin, we have a superselection rule.

c¢) Commuting — anti-commuting space- and time-inversion. For
any physical ray representation of FIGG, the space-inversion can be repre-
sented by a self-adjoint operator ; then the representatives of space-inversion
and of time-inversion commute or anti-commute, and as these two cases
correspond to inequivalent multipliers, there again is a superselection rule.

d) Square of the time-inversion. For any representative R of any phy-
Sical ray representation of FIGG, R(I;)? is + 1 or — 1, independant of
the choice of R, and of an equivalence transformation. These signs cor-
respond to inequivalent multipliers, and there is a superselection rule.

All superselection rules except a) also are valied in the case of Poincaré
invariance. Superselection rules provide an excellent means of testing
a symmetry: a broken superselection rule has the immediate consequence,
that the symmetry is broken. So, apart from the trouble with massless
particles, alone the existence of nuclear reactions, that do not conserve
the total mass, completely disproves Galilean invariance. A testing of
the discrete symmetries by superselection rules is hampered by the fact,
that usually only representations of the kind [m, s; e]* * are assumed to be
physical. Then the superselection rule ¢) is of no importance, and the
superselection rule d) is a consequence of the superselection rule ).

Parity breaking shows, that not all elementary particle can be described
by ray representations of the kind [m, s; e]**. Landau [7] suggested
that not the parity P, but the product CP of parity and particle — anti-
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particle conjugation C, is a general symmetry operation. If we try to inter-
pret CP as space-inversion, we get the following conditions: space-inversion
exchanges particle and anti-particle states, time-inversion transforms par-
ticle states into particle states, anti-particle states into anti-particle states.
In the context of ray representations this means, that particles must be des-
cribed by representations of the kind [m, s; ]**, as only these ray repre-
sentations can be chosen to be diagonal for g€ IGG;. Then for m # 0,
[m, s; e]* ™ describes a particle equal to its anti-particle, while [m, s; €]~ *
describes a particle different from its anti-particle. However, assum-
ing the photon to be described by [0, 1 ; p]* *, the proton by [m,, 1/2; ],
the electron by [m,, 1/2; €]™ *, and the charged pion by [m, 0; ]~ *, we find,
considering the decays of the « stables » enlisted in [I], that electrically
neutral particles must be described by [m, s; e]* *, and electrically charged
particles by [m,s;e]”*. It might seem, that this contradiction can be solved
by the following modification of Landau’s proposition: space-inversion
is represented by C,P, where C, is the electric charge conjugation. However,
this would have the consequence, that the decay n — p~ + e* + v
for inverted spatial impulses has the same cross section as the

decay n — p* + e~ + v, which markedly contradicts experimental
results.

From all this we conclude, that a consistent description of elementary
particles is not possible in the context of ray representations of FIGG
(and of IO(1, 3), too). This also can be predicted from the fact, that for
charged particles there is a superselection rule between particle states and
anti-particle states. For if there are superselection rules, the pure states
of a physical system no more form the projective space H/C of a separable

Hilbert space H, but form the union U H,;/C of such projective spaces,
iel
shortly called bundle space. The concept of ray automorphism has to
be generalized to that of bundle automorphism, b: H,/C — H,/C,
et
where for all i€l there is a jeI so, that b| H;/C is a ray isomorphism
from H;/C onto H;/C. The set of these bundle automorphisms is a subgroup

of the group of permutations of U H;/C, and a bundle representation of
iel

a group G is a homomorphism of G into the bundle automorphisms of

a bundle space (details of bundle representations can be found in [10]).

Hence we finally conclude: Elementary particles must be described

by bundle representations.
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