I. S. SHIKIN
Relativistic effects for magnetohydrodynamic waves

Annales de I'l. H. P, section A, tome 11, n°4 (1969), p. 343-372
<http://www.numdam.org/item?id=AIHPA_1969__11_4_343_0>

© Gauthier-Villars, 1969, tous droits réservés.

L’acces aux archives de la revue « Annales de I'I. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NumbaM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1969__11_4_343_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

C. N R S5,

PUYRICH T L IATIQUE
Ann. Inst. Henri Poincaré, Section A :
Vol. XI, n° 4, 1969, p. 343-372. Physique théorique.

Relativistic effects
for magnetohydrodynamic waves

by

I. S. SHIKIN

(Moscow State University, Moscow).

This paper deals with relativistic magnetohydrodynamics (MHD) of
ideal conducting medium under assumptions that it has no viscosity and
heat conductivity and that its electrical conductivity is infinite. In this
case the dissipative processes in regions of continuous motion are absent.

The metrics is used in the form ds? = g, dx'dx* with signature + ———.
4-velocity u' is normalized by u'y; = 1. Latin indices run from 0 to 3,
Greek indices run from 1 to 3; x° = ct, t is time, c is the velocity of light,
x* (e =1, 2, 3) are space coordinates.

We shall consider the general system of equations of relativistic MHD,
Riemann waves in pseudo-euclidian space-time and relations for strong
discontinuities.

It is essential to emphasize that relativistic effects in MHD can become
apparent even in the cases when velocities and temperatures of fluid are
of nonrelativistic values but the velocities of waves approach to the velo-
city of light. Such a case can be realized when MHD waves propagate
through the medium with sufficiently small density, intense magnetic
fields or in the case of propagation at a large angle to the direction of
magnetic field.

§ 1. GENERAL EQUATIONS

The system of equations of relativistic MHD consists of the conservation
laws for total energy-momentum of fluid and electromagnetic field

(TH'5 + (THe = (1.1q)

(covariant differentiation is designated by ;),
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Maxwell equations

&97:,‘ N 65?, N 09?
ox ox' ox

=0, (1.2)

where %, is electromagnetic field tensor,
the condition of ideal (infinite) electrical conductivity
9’.,~kuk=0. (13)

In the case of General Relativity the conservation laws (1. 1a) are conse-
quences of Einstein field equations

RE— 2R3 = g (T4 + (T4, (1.0

so that in this case the general equations are (1.1).

Within the framework of special relativity in pseudo-euclidian space-
time the equations (1.1a) are general.

In (1.1a) (T¥)' is the energy-momentum tensor of ideal fluid

(TH' = wu* — pof, (1.4

where heat function (enthalpy) w =e+ p, e is internal energy per unit
proper volume including the rest energy, p is pressure, u' is 4-velocity of
a fluid element.

@y = - 7t Lo, g

i 47[ L} 4 ) m'

is the energy-momentum tensor for electromagnetic field. 4-divergency
of this tensor is equal to

1
™, = — —F(F™).,,
( l) sk 4n 11( ),m
so that
1
T, = —%,; Fm e 1.5
(TH' . an {F™), (1.5)

The equations (1. 1a) (in the case of general relativity (1.1)), (1.2-5) must
be supplemented with thermodynamic state equation of fluid. Two cases
must be discerned depending upon the form of this equation:

Case I, when w = w(p, n), where n is density of number of particles
(instead of n one may use rest mass density mn, m is particle rest mass),
and case II, when w = w(p).

In case II, when w = w(p), the system of equations (1.1-5) is closed sys-



RELATIVISTIC EFFECTS FOR MAGNETOHYDRODYNAMIC WAWES 345

tem. Such is for instance the case of ultrarelativistic state equation
e = 3p, w = 4p, or the more general case of equations of state

14

e=——o0, Y = const.
y—1

In case I, when w = w(p, n), it is still necessary to use the equation of
continuity for number of particles

(nu'),; = 0. (1.6)

In case I equation (1.1a) by virtue of (1.4) and (1.6) is written
. 0 1
nu“(K u’) Ry ™o (1.7)
noJa

Projecting (1.7) on the direction of 4-velocity ', taking into account
relation u'(u;,) = 0 which is a consequence of u'u; = 1 and using the condi-
tion of ideal conductivity (1.3), one obtains

0 (w 1 0p

By virtue of thermodynamic identity
Td(o/n) = d(w/n) — dp/n

where o is entropy per unit proper volume and T is temperature equa-
tion (1.8) is reduced to

u*d(a/n)/ox* = 0. 1.9

It also follows from (1.6) and (1.9) that

(ou),; = 0. (1.10)

Equations (1.9-10) are true within domains of continuous motion and
they demonstrate the conservation of specific entropy (per unit rest mass)
along world lines of fluid particles and also of entropy in fluid.

In case I the system of equations (1.1a) is equivalent to (1.8) and to
any three equations from (1.7).

In case II, when w = w(p), projection of (1.1a) on u' gives

p) "J _ _ ff’ﬂ
[e%(p)u . 0, B(p) = exp W) (1.11)
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In view of (1.11) equations (1.1a) are written as

k

wu B
% [ (P)“.-]-,k

Thermodynamic identity for quantities per unit volume is

_P ig?(g?'"') (1.12)
oxt  4n” " " '

Tdo = de — pdn = dw — (WdB/B) — udn,

where u is chemical potential. In the case when p = 0 this relation is
written as Tdo = d(w/#) and since u = w — To it yields dine = din(w/%),
so that in this case the equation (1.1) is reduced to (1.10) which is the equa-
tion of continuity for entropy.

In case II the system (1. 1a) is equivalent to (1.11) and to any three equa-
tions from (1.12).

The structure of equations (1.7-8), (1.11-12) shows the expediency of
utilization of the following quantities which is being used below along with
u', w, p and n. These quantities are defined by

in case |
: w . mnc? o cz( w >2_
= \ne @ p=MR T ) ~ 2\mne?/)
in case 11 (1.13)
. . w(p) B*(p) j dp
k' = B(pwu', f=———, I=—, B(p)=ex —
(p) p Z0) > (p p o)

In case I in nonrelativistic limit both for macroscopic velocities of fluid
and for temperatures since w ~ mnc* + pe + p (¢ is nonrelativistic internal
energy per unit mass) the quantity x* becomes equal to fluid velocity,

2

p is equal to fluid density and .# becomes equal after subtraction of Ca
to a nonrelativistic heat content per unit mass ¢ + B.
Along with relativistic speed of sound w which is defined as
o = c|(@p/de)a/n)'?

in case I and as
= c(dp/de)*'?

in case II, the quantity a® is being used which is defined by

0 dp .
@t = (-Ii)a/n in case I and a? = —'é in case 1I.  (1.14)
op dp
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The quantities a®> and w? are connected by

' I - W )2 w?
in case at = mne?) 1= (/o)
e (1.14q)
. 2 _ gZ .
in case 1I a (p)l————_ @<

In the case of MHD of ideally conducting fluid since the relation (1.3)
takes place the energy-momentum tensor of electromagnetic field has two
eigenvectors; one of then which is the time-like one coincides with 4-velo-
city u' and the other is space-like 4-vector k', orthogonal to u'.

K’ is assumed to be normalized by

hh, = —|h|?, h'u; = 0, (1.15)

2

where S is the corresponding eigenvalue of energy-momentum tensor.
Y/

In terms of u' and h' the electromagnetic field tensor F* is written as

Fk=EM b = FF, (1.16)

n

N =

where E*m = eklm)(— g)1/2_ pikim js completely antisymmetric unit pseudo-
tensor, %123 =1, (— g) is metric tensor determinant, and the energy-
momentum tensor of electromagnetic field is expressed as

(To" = 4L { (“i“k - %‘%‘)”"2 — hih* } (1.17)

T
Maxwell equations (1.2) in terms of u' and h' are written as
(Wh — uthi); = 0. (1.18)

In the case of pseudo-euclidean space-time with Galilean metrics (and also
in curved 4-space in a local geodesic system of reference with Galilean
metrics in fixed space-time point) the electromagnetic field tensor is expressed
in a usual way in terms of electric intensity vector E and magnetic induction
vector H: #°' = —E_, #'2= —H_, etc. Maxwell equations (1.2) in
this case are written in usual three-dimensional form

. . 16H
divH =0, rotE= — ———, (1.19)
c Ot



348 I. S. SHIKIN
and ideal conductivity condition (1.3) is written in a well known form
o 1 . - . v. v,
E= — —[5, H), ie E,=—H,— 2 H,
c ¢ ¢

Uy v. v, e
E,= =H,— —“H, E,=-H,—2H, (1.20)

¢ c ¢ c

U is three-dimensional velocity.
Components of 4-vector h' are expressed in terms of E, H and # by
| R .1
h° = — zuO(H 7), ht:23 = — uO(H + —[E, '15]) (1.21)
c

X,),2°

In accordance with (1.15) | h|? is expressed by
|h|> = (HZ + H? + H?) — (E2 + E2 + E?) = H? - E2.

In the proper system of fluid element in which 4-vector u is directed
along time axis ¥ =0 and E = 0. The values in such a system are desi-
gnated by * so that magnetic induction vector in the proper system is H*.
The invariance of %, %% gives

H? - E>=H** and |h|* = H*2, (1.22)

In the proper system also h° = 0, h!'*3 = — H*

X,),2°

§ 2. RIEMANN WAVES

In this paragraph the consideration is being done in the framework of
special relativity, space-time being pseudo-euclidean with Galelian metrics.

Riemann wave (or simple wave) is defined as one-dimensional unsteady
motion in which the hydrodynamic and electrodynamic variables in some
inertial system of reference depend upon x-coordinate along a direction
of propagation and upon ¢ through any combination ¢(x, t). Therefore
all these variables in simple wave can be expressed as functions of one of
them, for instance p.

The relation ¢(x, t) = 0 determines the law of propagation of a fixed
phase ¢ front. This front velocity V is equal to

V= —o/o. = 0x(t, p)/ot,

being in general a function of ¢ so that fixed phase fronts propagation is
governed by x = V(¢)t + f(¢). The last relation implicitly determines
a function ¢(x, t).
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Unit 4-vector of a normal to hypersurface ¢ = const is being designated
by n'. It is a space-like 4-vector with non-zero components

n® =sh ¢, n' = ch &; th ¢ = V/e.

Both cases I and II are treated below simultaneously, the difference in
results for these two cases being pointed out when necessary.

Since an inertial system of reference is used covariant differentiation
is replaced by partial. '

The system of equations (1.6), (1.7) with i = a, (1.19) and (1.20) for
case I and the system of equations (1.11),(1.12) withi = a,(1.19)and (1.20)

\Y%
for case II in terms of variables (1.13) yield (/3 =—,K,,.= K1’2’3>:
c
d(ﬁkx) - Bd(ﬁKO) = 0’ (2' 1)

4np(x, — Pro)dr, = — 4ndp — d(H? + HZ + EZ + EZ — E2)2
+ Bd(E,H, — E.H)), 2.2

4np(kc, — Bro)dx, = d(H,H, + E.E) + Bd(E,H, — E H,), 2.3)
4nplx, — Prco)dx, = d(H,H, + E,E,) + Pd(EH, — EH,), 2.4)
dE, + pdH, =0, dE,— pdH, =0, 2.5)

H, = const; E,xo = Hx, — Hx,
E,xo = H,x, — Hyx,, E,xo = Hx, — Hpk,. (2.6)

In case I this system must be enlarged with
(kx — Bro)pdS — dp) = 0. 2.7
We shall also use the zero component of equations (1.7) and (1.12):
4np(ic, — Pro)drg = 4nfdp + Pd(E* + H?)/2 — d(E,H, — E_H,). (2.9)

It is found to be convenient to utilize for each phase ¢ = const the system
of reference in which 4-vector n' is directed along x-axis by making Lorentz
rotation in (x, t)-plane [3]. Measured in such a system variables are desi-
gnated by prime. The transition into primed system means for each
phase @ = const the transition into system of reference, in which this
phase is in rest (is « frosen »). The relations between primed and unprimed
values according to Lorentz transformations are given by

K,=kKy ch £+Kxg sh & K, =K, K, =K, Ko=Ko c¢h &+x’ sh ¢&;
H,=H,, H,=Hjch¢—E;sh¢, H,=H;ch{+E;sh¢,
E.=E,, E,=E, ch{+H;sh¢, E,=E,ch¢—H;sh¢;

ch ¢ =1//1~-(V/c)?, sh & =V/e /1 — (V/c)?, thé=V/e (2.9)
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In terms of (2.9) equations (2.1), (2.3-5) become

d(pK) + prypdE = 0, (2.10)
4npr,dx, = H,dH), — H,E.d¢ + E,dE,, 2.11)
4nprdr, = H,dH, + H,E,d¢ + E,dE,, 2.12)

dE, = H,d¢, dE, = — H.d¢. (2.13)

Equations (2.2) and (2.8) by (2.13) become

8npi(dr, + Kodl) = — 8ndp — d(H*?), (2.14)
4npr(dry + kidE) = EldH, — E,dH,, — (E)2 + E.2)de,  (2.15)
where H*? is defined by (1.22).
The equation (2.14) by virtue of (2.10) is written

d(H*2/87) = k' 2dp — dp. (2.16)

The differentiation of Ejx,=H.x,—H . and E k= H, x|, —H}«/ (con-
dition of ideal conductivity) with use of (2.10-13), (2.15) yields

k' 2HLdp = p(k.2 — ai)(E;dé + dH)), (2.17)
k;ZH'ydﬁ = p(x.? — ai)(— E.d¢ + dH’y), (2.18)

where
a = (H;,2 - E’f)/47rﬁ; H, =H, EZ = E’y2 + E2. 4 (2.19)

Equations (2.17) and (2.18) by virtue of H,E_ + HJE, + H.E, =0
(the condition of orthogonality of E’ and H’ due to (1 .21)) yield

(2 — a})(H,E,d¢ + H,dH, — HdH.) = 0. (2.20)

The set of equations (2.10), (2.13), (2.16), (2.17-18) (and also (2.15)
if necessary) is used below as a main system, electric field E’ being considered
instead of transversal velocities k, and k. In case I this system is enlarged
with the equation (2.7)

K(pdI — dp) = 0. 2.21)

We start in analysis of this system with the case when over the region

of the wave K, = 0. 2.22)

A simple wave in which (2.22) takes place does not travel through
fluid particles. Due to (2.10) in this case d¢ = 0 and V = const so that
the wave propagates (together with particles of fluid) without distortion
of its profile.

As (2.17-18) shows there are two types of simple waves with (2.22)
subject to the value of H/? — E2.
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If H? — E = 0 (this situation may be realized only if Hj, = 0 and then
E) = 0) the only condition
12 r2
p+ o B - B _ const (H = Hi? + H2, B, = E,)
which is the consequence of (2.16) must be satisfied over the wave while
H,, H, and v,, v, may vary arbitrarily. Such a simple wave is called tan-
gential.

If €, = 0 but H)? — E?? # 0 in the wave H = const, E = const, V = const
and p = const. In case II also § = const so that one simply has a region
with constant parameters. In case I due to (2.21) the variable p = (mnc?)%w
may be altered arbitrarily in the wave as well as other thermodynamic
variables (in particular entropy) except pressure. Such a simple wave
is called entropic.

Let us now consider simple waves in which (2.22) does not take place.
In case I it follows from (2.21) that entropy must be constant throughout
the region of wave so that p is a function of 5.

As (2.17-20) show two possibilities then arise.

The first is

K2 =ad: (2.23)
throughout the wave.

This relation in terms of initial variables is written by virtue of (1.13)
and (2.19) as

u?=U32, U3 = (H)? — E)/4nw. (2.23q)

In accordance with (2.16-18) over the region of the wave § = const,
p = const, H*? = const. Equations (2.10) and (2.13) yield (h')dé=0
where h' is given by (1.21). The equality (k') = 0 which leads to

H? —EZ = —|h*u?
in accordance with given below equations (2.27, 2.30) may take place
only in degenerate case H;? — E{> = 0 together with u, = 0 so that over

the region of wave d¢ =0 and also Hj, = const, E| = const.
Throughout the region of the wave by virtue of (2.15) and (1.21)

(k') = const.
This may be written in covariant form since (n'Y is directed along x!-axis as
hin; = const. (2.24)

Such a simple wave is Alfven wave.
Alfven waves travel through fluid particles without distortion of its
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profile. Unprimed values (in initial system) depend in this case simply
upon x — Vi, where V = const. The components of n' are the same f
each phase ¢ so that primed system of reference is a single inertial system
for all phases. In this system the front of Alfven wave is in rest.

Now we consider along with primed system also all other systems in
which wave front is in rest. We call each of them w-system. It may have
an arbitrary velocity in the plane of front, i. e. in (y, z)-plane.

Let us consider a 4-vector [4]

Vi= (Kn)u' — (u*ny)h'. (2.25)

Components of V' are expressed by (1.16) in terms of H), and E| as

(Vo =-H, (VIy=0 (V) =E, (V¥=-E, (2.26)
so that

ViV, =H? - EZ. (2.27)

The quantity H;? — E? has the same value in each w-system. As

H;} — E'? > 0 in considered case of Alfven wave one can choose among

w-systems such one in which E, = 0 and because of orthogonality of E’

and H’ also Ej, = 0 i. e. electric field E’ = 0. In such w-system vectors &’
and H’ are collinear and due to (2.24) and (1.21) also

| 7’| = const, |H'| = const

throughout the wave. The only parameter that may be changed arbi-
trarily over the wave is in this case an orientation of joint direction of ¥’
and H’. Insuch a sense Alfven waves are also called rotational.

All conditions in Alfven wave can be written in manifestly covariant
form.

The formula (2.23) since u, = (u') = — (u'n;) is written by (2.27) as

w(u'n)? =ViV,/an. (2.28)

In view of (2.26) over the region of Alfven wave

Vi = const. (2.29)
According to (2.25) and (1.15) V'V, is expressed by
ViV, = (Fn)? — (u*n)? | h |2 (2.30)
Substitution of (2.30) into (2.28) yields
U'n)* { 4w + | h|*} = (h*ny)?, (2.31)

so that in Alfven wave
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either (4nw + | h|2) Y2 (u*n) = ¥, or (dnw+|h|*)!*(u¥ny) = —h*n,, (2.31a)

that corresponds physically to propagation in opposite directions.
Let 4-vectors ./' and #' be introduced by

oA = (nw + | )V — K, B = (4w + |hP)Pu 4+ B (2.32)

As (2.31a) shows in Alfven wave either .«/'n; = 0 or #'n; = 0.

In Alfven wave with .«/'n; = 0 4-vector V' is written due to (2.25) and
(2.31a) as Vi = (u*n,).o/" so that by virtue of (2.29) throughout such a
wave

A'n; =0, .o/ = const (2.33)

By analogy in the wave with #'n; =0
B'n; = 0, A' = const. (2.33a)

(2.33-33a), (2.29) and (2.24) together with the condition of invaria-
bility of p, 5 and | h|* form the set of relations in Alfven simple waves in
manifestly covariant form.

Let us now consider the propagation of Alfven wave over medium which
is in rest with magnetic field H*. The velocity of wave along the normal
to its front is being designated by D,, components of H* along the direc-
tion of propagation and at the perpendicular direction being designated
accordingly by HY and 135

Together with Lorentz transformation of field (2.23a) yields

D2 = 2H}?/(4nw + H*?). (2.34)

The value of H? — E? in Alfven wave is expressed in terms of parame-
ters in rest by (2.23a) and (2.34) as

ViV, = H}? — E? = 4nwH}?*/(4nw + H}?). (2.35)
(2.28) and (2.30) give the covariant relation
ViV, = 4aw(h'n)?/(dnw + | h|?). (2.36)

Formulae (2.35) and (2.36) shows that in the case when H} # 0 (i. e.
when (h'n) # 0) in Alfven wave H;? — E2 > 0 and 4-vector V' is time-
like one. If Hf = 0 then Hj, = E| = 0, 4-vector V! reduces to zero,

(W'n)=0, (un)=0  D,=0.

This case is the transitional one between tangential and Alfven waves.
Returning to general analysis of simple waves let us now consider the
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second from the above-mentioned possibilities when (2.22-23) does not
take place. It corresponds to magnetoacoustic simple waves.

It is essential that in magnetoacoustic simple wave d¢ # 0 unlike the
cases of tangential, entropic and Alfven waves. Fronts of fixed phase ¢
travel according to x = V(p)t + f(¢) with different velocities V for diffe-
rent ¢ so that wave profile is distorted during propagation. As phase ¢
the variable § may be implied for instance. If f(¢) = O the wave is called
centered. Lines ¢ = const in (x, t)-plane form a set of straight lines which
has an envelope.

Equations (2.17-18) together with (2.13) yield

pd(H? — E2)/dp = 22H2/(k2 — a?). (2.37)

Differentiation of orthogonality condition H,E, + H,E, + H,E, =0
with assistance of (2.17-18) gives

PAER)dp = 2B — ad) 2.3
The equation (2.16) due to dp = a?dp becomes
d(H*?/87) = (k2 — a?)dp. (2.39)

The comparison of (2.37-38) with (2.39) leads to biquadratic equation
for x2:

*2 12 _ w2
()? = (aw)?  af — a§,<a2 1 ~) + aZH”—Fl— =0. (2.40)
4np 4np

The equation (2.40) holds also true for small disturbances propagated
through medium with constant parametres as well as for weak disconti-
nuities in which discontinuity may occur only in derivatives of hydrodyna-
mic and electrodynamic variables.

Physically the equation (2.40) expresses the fact that fronts of fixed
phase travel through fluid particles with the speed of small amplitude
magnetoacoustic wave. In (x, t)-plane lines ¢ = const which form a
set of straight lines coincide with characteristics of the corresponding
family.

The equation (2.40) in terms of initial variables according to (1.13-14a)
is written

—— =0. (2.400)

w? H*2> HZ?-E? o?
+ .
dnw  c“—w
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In covariant form the equation (2.40a) by (1.22) and (2.27) is written as

w? |h|2> VIV,
U4 — U? — )+ — =0. 2.40b
(cz —w?  4nw/  dnwc? — w? ( )
The roots of (2.40-40a) are
1, H*
Ky = * ay, ay = {E_az * i
o [[oe I WEE] L
- 4np 4n2p? ’
1] ? H*2
—. Ui’ Ui . -
=T 2l —w?  4nw

t—w 4w 47’ w?

G = E e, - e B
(2.41a)

The upper sign in (2.41-41a) (the values a* and U*) corresponds to
fast magnetoacoustic waves whereas the lower sign (values a~ and U7)
does to slow waves.

According to ideal conductivity condition (1.20)

E? = (vi/c)*H sin? &

where ¢ is an angle between ¥] and Ijl’l_ so that values of H? — E}? are
non-negative:

H? —EZ?=HZ{1-(vi/c)*sin? 6} >0, (2.42)
the equality H? — E'2 = 0 taking place only when H} = 0.

In view of (2.42) since (2.40) may be written as

(k2 — a®)x2 — a}) = k2(H? — E})/4np
the following inequalities for magnetoacoustic speeds become apparent
(a% and U3 are defined by (2.19) and (2.23a)):
(am)=max (a?, a3), (ay)* <min (a?, a3);

(w/c)? (w/c)?

2 _ . (2.43)
(U ) > max (m, Ui), (U )zsmln (m, Ui),

where signs of equality may take place with excluding the degenerate
case k, =0 only when H? — E/? =0 i. e. when H} = 0.
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For fast magnetoacoustic waves stronger inequality may be written:

*2 2 *2
(am)? = max (az, I:n~>, (U*)? > max <%, %) (2.43q)

In process of rarefaction in magnetoacoustic simple wave as j diminishes
the value of H*? in accordance with (2.39) and (2.43) increases in slow
waves and decreases in fast ones.

As (2.38) shows there exist solutions with E, = 0 over the region of
wave. In the case when E, # 0 the diminution of 5 leads to increase of
EZ in slow waves and to its decrease in fast waves.

Values of H)? — E?? in slow magnetoacoustic waves due to inequa-
lities (2.43) may not become negative, H;? — E}> being equal to zero
together with x/2.

In contrast with the case of slow waves the value H;? — E? in fast waves
may become negative.

In order to clear up the conditions under which such a situation may be
realized we consider now fast magnetoacoustic wave of small amplitude
or fast weak discontinuity and study its propagation with speed D along
a normal to wave front through medium in rest with field H*, the compo-
nent of Fi* along a direction of propagation being again designated by H.

In view of

H? — EZ = {H}? — (D/c)?H*? } /{1 —(D/c)*} (2.44)

the equation (2.40a) yields

4 2 2 2
(&> (4nw + H*2) — (ﬁ) { (9> (4nw + H3?) + H*2} + H;';2<(£> =0,
C C C \C

(2.45)

Roots of (2.45) are the speeds Dy of fast and slow weak discontinuities
(and also of fast and slow small amplitude wave):

(w/c)*(4nw + H}?) + H*?
D {i{[(cz)/c)2(47tw+H;';2)—H"‘2]2+47:w(w/c)2H’f2}”2 12
M=C .

2.45q
24nw + H*2) ( )

By analogy with (2.43-43a) the inequalities hold true (D2 is defined
by (2.34)):

(Dy)? = max {w?, *H**/(4nw + H*?)}, (Dy)*<min (w? D3), (2.46)

where signs of equality takes place only when Hf = 0 (for Dy # 0).
Let us now consider the propagation of weak discontinuities for fixed
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values of w, @ and H*? and at various angles to the direction of H* (i. e.
for various H¥). The calculation of extreme values of H)? — E7? and D
in dependence upon H} according to (2.44-45) in view of (2.46) shows
that H;,z — E7? for both types of discontinuities approachs its maximum
value which is equal to H*? when H* = 0 i. e. when the propagation occurs
along H* and H? — E? approachs its minimum value vybhen HY=0
i. e. when the propagation occurs in a perpendicular to H* direction.
Minimum value of H)? — E2 is equal to O for slow waves and is equal
to negative value

— [(w/c)*4nw + H*?JH*?/[1 — (w/c)*}4nw

for fast waves.
Therefore for slow weak discontinuity as well as for Alfven one the value

12 12
H? —EZ > 0.

It vanishs when H} = 0, Dy being equal to 0 and this case being transi-
tional one between slow magnetoacoustic and tangential discontinuities.

In fast weak discontinuity H/? — E? is positive according to (2.44)
if (Dy)? < c*(H}/H*)?, and it becomes zero or negative if

(Dyi)? = c(H3/H*)~ (2.47)

The physical meaning of (2.47) becomes apparent after consideration
of speed Dy, with which the wave front, being propagated at an angle to H*,
is displaced along the direction of H*. Vector Dy, is received from vec-
tor D of propagation velocity of discontinuity along a normal to its front
by addition with the vector of velocity in the front plane so that to direct
the resulting vector along H*. The condition (2.47) means that Dy,
is equal to light velocity ¢ or greater than it (the velocity Dy, is naturally
less than c).

Substitution of (2.47) into (2.45) gives conditions under which the situa-
tion with (2.47) takes place

(H3/H*)? > dnw[l — (w/c)2)/{ H*2[1 — (w/c)*] + 4nw . (2.48)

When H*, w and w are given the condition (2.48) is realized for a suffi-
ciently large (H¥/H*)? i. e. for propagation of fast discontinuity at a suffi-
ciently large angle to the direction of magnetic field.

We call magnetohydrodynamic weak discontinuities as well as small
amplitude waves and also shock waves for which H? — E7> < 0 by super-

fast.

The covariant description of the above-mentioned situation may be
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given in term of 4-vector V' (2.25) in view of (2.27). For slow waves
4-vector V' is always time-like apart from the transitional case between
slow and tangential waves when V' is equal to zero. For fast waves V'
may be both time-like and isotropic or space-like in the case of superfast
waves.

It must be emphasized that the existence of superfast waves is essentially
relativistic effect.

Returning to magnetoacoustic Riemannien waves we now consider
the behaviour of fast simple wave near the points where H, = 0. In such
points k72 in accordance with (2.43) is equal to the greater from values of
a* and a3: k2 = a* when a® > a3 and k2 = a2 when a? < a%. If in the
the point with H] =0 «!2 = a® then is this point according to (2.37)
and (2.13) also dH}/dp = 0 so that H] = 0 over the region where k2 = a2,
Yet, if in the point with H} = 0, x}2 = a2 (this case, naturally, being pos-
sible when H;? — E? > 0) then in this point in accordance with (2.37),
(2.13) and (2.43) the derivative d(H'?)/dp > 0. This inequality shows
that a rarefaction below the value p for which H}, = 0 would lead to nega-
tive values of H? and because of this is impossible, so that the value p
for which tangential field is switched off utterly is the maximum degree
of rarefaction in fast magnetoacoustic wave (an analogous fact is true also
in nonrelativistic approximation).

In slow simple wave in points where H, = 0 and k2 = a3 in accordance
with (2.37) and (2.43) the derivative d(H{?)/dp < 0 and this leads to switch-
ing on of transverse magnetic field H} with a diminution of j.

Let us now consider the angle o of H; and the angle g of E| with y-axis.
Reducing of the second brackets in (2.20) to zero yields

da/dé = H,E, /H2. (2.49)
Equations (2.13) give
dp/d¢ = — H,E,/E2. (2.50)

As it was already mentioned above there exist in accordance with (2.38)
the solution when E, = 0 over the region of simple wave (such is in parti-
cular the case when fluid before the wave is in rest). In this case vectors H
and E| are orthogonal (due to (E’lﬁ’l) = —E_H,) and in view of (2.49-50)
their orientation remains invariable. If E, # 0 then vectors H) and E}
are rotated in the wave. The angle (« — B) between H) and E, monoto-
nously (with &) increases or decreases over the wave in dependence upon
a sign of E_H,. In this case, yet, vectors H, and E, may not become
orthogonal in any point because it leads to E, = 0 in point where H, #0
Kf # a3, this being incompatible with (2.38).
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In the framework of nonrelativistic approximation the equation (2.49)
reduces to du = 0, @ = const, so that such polarization effects vanish.

Let us now receive the equation which displays the character of distor-
tion of magnetoacoustic Riemann wave profile. The differentiation of
(2.40) with taking into account (2.10), (2.13) and (2. 39) yields

ke = a?[(Hj? — EP)/4np] - az(v;/c)[(H’ E, —H.E})/4n]

= 1(— v,dp/epde) {322 — a?) + [k — (H)} — EDX)/Anp]d[(ap)*)/pdp }.
2 (2.51)

We shall assume the following inequalities for the thermodynamic
functions (formulae (1.13) are used):

in case I
(Fpppdam = [02(1/D)/0p* )5 > 0, i €. 0%(w/n?)/p?|,,, > 0;
. (2.52)
in case II
5 . d(ww)
p
In addition we assume as before that
dp - . 2 _ 2
a’=-—>0, ie 4,<0, e w?<c? (2.53)
dp
what means
0 )
in case I (_p) <1, in case I1 i <l (2.54)
€ Join de

In consequence of (2.52) in magnetoacoustic Riemann wave the deri-
vative d[(ap)?)/dp > 0. The expression in braces in the right side of (2.51)
according to (2.43) is positive for fast simple waves and is negative for slow
ones. The analysis of the sign of the left side of (2.51) with utilization of
(2.40) which is complicated by the presence of the third term shows that
this sign is positive for fast waves and it must be negative for slow ones,
so that in magnetoacoustic simple wave

— v dp/dé > 0. (2.55)

The inequality (2.55) shows that the points of magnetoacoustic simple
wave profile with greater values of 5 propagate more rapidly than the points
with lower values of §, so that a profile of 5 during wave propagation with
increasing time flattens out in the domains of rarefaction and steepens in
the domains of compression. This leads to toppling down in the domain
of compression and to arising of discontinuity.

ANN. INST. POINCARE, A-XI-4 24



360 1. S. SHIKIN

§ 3. SHOCK WAVES

We shall consider now strong discontinuities at the surface of which an
actual jump takes place in the values of hydrodynamic and electrodynamic
variables. The results of this paragraph hold true both for flat and for
curved space-time. For obvious physical interpretation of the relations
being obtained we shall use also for each element of discontinuity surface
a local geodesic system of reference in which metrics for this element is
reduced to Galilean form and given element of discontinuity surface is
in rest. We shall call such a system w-system.

In study of classification of strong discontinuities the results of previous
analysis of Riemann waves prove to be available. Among Riemann waves
entropic, tangential and Alfven waves as it was already mentioned above
propagate without distortion of their profiles with equal for each points
velocity and a distribution of parameters in a connected with wave w-sys-
tem does not depend upon time. In these waves some of hydrodynamic
and electrodynamic variables can vary arbitrarily so that there exist a
free parameter which for given state ahead a wave admits a certain arbi-
trariness in a distribution of variables within a wave. In particular a
width of wave region may be zero and a distribution of variables may be
chosenasa jump. Insuch a case we obtain correspondingly contact (accord-
ing to entropic wave), tangential and Alfven strong discontinuities.

Such a reasoning fails for magnetoacoustic Riemann waves which
propagate with a distortion of wave profile so that the corresponding strong
discontinuities which are called magnetohydrodynamic shock waves
require special study.

Let a unit 4-vector of a normal to hypersurface which conforms to space-
time domain occupied with discontinuity be denoted by ni(n'n, = — 1).
In w-system n' is directed along x-axis.

We shall mark the side of discontinuity surface faced to a fluid which
flow into it by means of index 1 and the opposite side by index 2 so that
a fluid flows from state 1 to state 2. We shall assume that 4-vector n'
has the same direction as a velocity of fluid in w-system.

The difference of values &, and &, of a variable & at opposite sides
of discontinuity surface will be denoted by [#] =%, — Z ;.

In accordance with energy-momentum conservation laws (1.1a) where
energy-momentum tensors for matter and for field are given by (1.4)
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and (1.7) and according to Maxwell equations (1.18) the following rela-

tions must be satisfied at points of discontinuity surface:

[Wi]=0, W =Tkn= w+Mi ui(un) — +B1|—2 n"—ihi(h"n) (3.1)
0 WEIRET 4, UL Lt

which expresses the continuity of energy-momentum flux along a normal

to discontinuity surface, and

[V]=0, Vi=(Hn)' — (urn)h'. (3.2)

The physical meaning of components of 4-vector V'in w-system is exposed
by formulae (2.25-27).
In this paragraph values in w-system are denoted without prime. We

also shall denote
H,=H, E? + E2 = EZ, H} + H? = H?, E,=E,
so that in w-system
ViV,=H2—-E? [H]=0  [E]=0. (3.3)

The set of relations (3.1-2) in case II when an equation of state has a
form w = w(p) is closed.

In case I when an equation of state has a form w = w(p, n) the rela-
tions (3.1-2) must be enlarged according to (1.6) with the condition of
continuity of particles flux

[n(u'n,)] = 0. (3.4

As it was already mentioned above and as it results from (3.1-2) and
(3.4) strong discontinuities with u'n; = 0 through which flux of matter
is absent may be of 2 types.

At tangential strong discontinuity

Vi=0, (u'n) =0, (h'n) =0, (3.5)
and the only relation takes place for a jump of variables:
[p + (| h]?/8m)] = O. (3.5a)
At contact strong discontinuity (in case I)
(u'n)=0, Vi=(hn ), [u]=0, [A]=0, [p]=0. (3.6)

At such a discontinuity a jump may occur in all thermodynamic variables
(in particular in entropy o/n) apart from pressure and a value of jump
may be arbitrary.
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In further consideration of relations at discontinuity surface we start
with an analysis of relations (3.1-2) without using the condition of conti-
nuity of particles flux (3.4). In case I1 it gives a complete analysis of closed

set of relations at discontinuity. In case I the relation (3.4) must then
be added.

From 4-vector W' the components along n* and V' may be extracted.
It must be noticed that vectors V' and n' are orthogonal:

Vin, = 0. 3.7
Since u'u; = 1 is follows from the definition of W' (3.1) that
) TR h|? |
Win, = (w + I—i—)(u'ni)2 + (p + |—|> — — (h'ny)?, (3.8)
4z 8n 4

the scalar (W'n,) in view of (3.1) being continuous at discontinuity surface:
[(Winy] = 0. (3.9)

The relation (3.8) is also written due to (2.30) as

) . Viv, h|?
Win; = wu'n))? — — + (p + |~—|—> (3.8q)

4n 87

The projection of W' onto V' by virtue of definition of W (3.1) and of
orthogonality condition h'u; = 0 yields

WiV, = w(ukn)(h*n,), (3.10)
the scalar W'V, due to (3.1) and (3.2) also being continuous
[(WV)] = 0. (3.11)

Let the component of W' which is orthogonal to n’ be denoted by X,
so that W' in accordance with (3.8a) is expressed as

. . ViV, h|? . .
Wi= — w(u'n,-)z———'+<p+u>}n'+f'. (3.12)
4n 8n

Due to (3.1) and (3.9) " is continuous at discontinuity surface
[ =0. (3.13)
The length of 4-vector 2™ due to (3.1) and (3.12) is equal to

. . Viv,)?
A, = {w(u‘ni)2 - —’}
4n

vy, h2\ ViV, |h|?
in)2 _ ‘ _ e 3.14
+ { w(u'n) o }(w + o + i \Y + i ) (3.14)
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it also being continuous in accordance with (3.13):
(] =0. (3.15)

Now let us resolve k' and ' into the components along n' and the com-
ponents perpendicular to n':

= —(Knn'+t, u'=—(@un)n'+g', t'n=gn=0. (3.16)

According to (3.16), (3.1) and (3.12) X" is written as
| 2

h o1 .
EL—)(“"nk)g' i (Hn)e. (3.17)

f‘=<w+

In terms of g and ¢ due to (3.2) and (3.16) V' acquires the form
Vi = (Kny)g' — (u*ny)t, (3.18)
which explicitly demonstrates the orthogonality of V' and ' (3.7).
Let us now extract from " its component along V' under assumption
that V'V; # 0 i. e. excluding the case when V' is an isotropic 4-vector.

The expression (3.17) in view of 4V, = WV, and of (3.10) after calcu-
lations yields

(VEVOA = wu'n)(Hn )V + F, FV, =0, 3.19)

where

i k., 12 Vkvk k i 20,k i
F' =< wukn)? — e {(Fn)t — | h|P(u*n)g' }. (3.20)
It is evident due to (3.13), (3.2) and (3.11) that at discontinuity surface
[F1=0, (3.21)
and also

[FF]=0, (3.22)

where

k

2
FF =—(VV) { w(ukn,)? — V4:"} (1h|> = ViV). (3.23)

Finally, in case V'V, # 0 4-vector W' is expressed due to (3.12)and (3.19)
as

. ViV, RA\) .1 S
Wi= — {w(u‘n,-)z— — 4+ <p+ Ldi n'+ —— { wn)(h'u)Vi + F' ),
4n 8n ViV,
(3.24)
where Vin, = #'n, = #'V, = 0, and so the conditions [W] = 0 at discon-

tinuity surface may be replaced by (3.8a-11) and (3.21) which express the
continuity of components of W' along the invariant directions.
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If VIV, = 0, the relation (3.12) with 2" given by (3.17) stays true. It is
easy to verify that for V'V, = 0 the relation (3.19) with #* given by (3.20)
remains valid and 4-vector &' becomes equal to —(W*V,)V', so that in
the case of isotropic V' the condition (3.21) does not give anything new
as compared with (3.10-11).

Let us consider for clear physical interpretation the corresponding rela-
tions in w-system.

The relations (3.8a-9) in w-system in accordance with (3.3) and (1.22)

become
[wui _H-E + (p + H*2>] =0. (3.25)
4n 8n :
The relations (3.10-11) in view of (1.21) in w-system become
[wu (H,u® — Eu, + E u,)] = 0. (3.26)

The relations (3.20-21) according to (3.16) and (1.17) in w-system are
written (component &' = 0):

H? — E?

FO = {wu§ - }(EZHJ, - EH,), [#°=0;

4n
H? — E?
7= {W“?c - T}(EXEY +HH,), [#=0; (.27
H2 _ EZ
F = {W“?v - %}(Esz +HH,), [#]=0.
Y[

Due to (1.22) and (3.3) in w-system
|h|*> = ViV, = H? — EZ (3.28)
The relation (2.42) gives
H2? — E2 = H?{1 — (v, /c)* sin? 6 } > 0, (3.29)
the equality to zero taking place only when H, = 0.
With keeping in mind (3.28-29) we shall denote
|h|? = VIV, = k% (3.30)

In view of (3.30) the relations (3.22-23) in case V'V, # 0 and (3.19, 21)
in case V'V, =0 yield

[k { w(uin)? — \:Zi H =0. (3.31)
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In w-system (3.31) becomes

H2 — E2
[k (wui - —"——t>] =0, (3.32)
47

k=(H2 — E2)'2 = (|h|2 — ViV,)'72, (3.30a)

where

the choice of sign in formulae (3.30a-3.31) being reasoned below.

Now we shall consider in which cases #' would reduce to zero. Accord-
ing to (3.23) this may take place either if w(u'n;)*> = V'V /4r at both sides
of discontinuity surface, or if k = 0 at both sides of it, or if k = 0 at one side
of discontinuity surface and w(u'n)?> = V'V,/4n at another. The last of
these possibilities according to (3.29) corresponds to waves which switchs
on or switchs off the transverse magnetic field. The second of these
possibilities corresponds as it may easy be shown to usual gasdynamic
shock waves which propagate along magnetic field and does not interact
with it (H,=E,=0). The first of these possibilities corresponds to
Alfven strong discontinuities. Since #' = 0 the number of relations at
Alfven discontinuity decreases so that for given state 1 state 2 is not deter-
mined uniquely and there exist a free parameter at wave. The relation
at Alfven discontinuity as it was already pointed out above are analogous
to those in Alfven simple waves so that the analysis of behaviour of variables
in these waves given in § 2 and relations (2.31a-36) remain true also for
Alfven strong discontinuities.

For magnetohydrodynamic shock waves 4-vector &' differs from zero
(apart only from the case of shock waves which switch on or switch off
the magnetic field).

The further consideration is concerned with MHD shock waves.

The relation (3.21) shows that 4-vector &' is the same for states 1 and 2
and together with V' it determines (in case V'V, # 0) the orthogonal to
4-vector n' hyperplane which remains invariable while the surface of dis-
continuity is crossed (if V'V, =0 such hyperplane is composed by #°
and V')

In w-system the combination #2E, + #°E, from (3.27) due to inva-
riance of H2 — E2 yields

H2 — E2
[E,(wuf e )] =0. (3.33)
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It also follows from (3.27) due to (3.3) and (3.33) that

. H2 — E?
[Ht(wui - ¥>] =0, (3.34)
4

so that vectors ([TI,)1 and (H,), are located at the same plane [/].
Relations (3.33) and (3.34) give

E, H, =E,H,,. (3.35)

By virtue of (3.29) and (3.35) one may choose among w-systems such
one in which E, =0 at both sides of discontinuity surface. In such a
w-system due to (3.30a) k is equal to absolute value of H..

The solution of relations (3.8a-9) and (3.31) with respect to w(u'n;)?
in states 1 and 2 gives

i AL [p + (Lh1?/8m)]
{W(u ni)z }1 - 47 . + kZ [k] s
i 2
{W(Hini)2}2=VVi+k1 [p+(hl /87'5)]. (3.36)

4 [k]

The substitution of (3.36) into (3.14-15) in view of (3.30) yields

k2 2 2
l:P + _] (ky + k3) — [P + k_] {lﬁ_kz_[k“] + (woky — Wlkz)}
8n 8n 2

Viv,
— =R = w) = 2p = p)} =0 (3.37)

The relation (3.37) binds up thermodynamic quantities w and p and elec-
tromagnetic field parameter k in states 1 and 2 at both sides of discontinuity
surface.

It is known that reasons of compatibility of shock wave with outgoing
small disturbances lead to the existence of two types of MHD shock waves
namely of slow and fast shocks with the following inequalities for fluid
velocities ahead and behind a shock front (evolutionary conditions [2]):

“for slow MHD shocks U,, > (1,); = Uy, (u), <Uj3,

) _ . (3.38)
for fast MHD shocks (u,); = Uy, Uy, < (uy), < U7

where the speeds of Alfven and magnetoacoustic waves U, and U* are
defined by (2.23a), (2.40a-41a) (the signs of equality correspond to waves
of small amplitude; switch-on and switch-off shocks are not taken into
account here).
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In a covariant form relations (3.38) are written as

for slow MHD shocks

YV (Wi > (U (in) ), < (U3,
Amwy (3.380)
for fast MHD shocks
. V'V
{(u'”i)z b= (U;L)Z, 4——‘nw2 < {(u'n)? 12 < ( ;)2

The fact of existence of slow and fast MHD shocks is in agreement with
the existence of two types of small amplitude MHD waves and also of
weak discontinuities.

The evolutionary conditions (3.38a) in particular mean in view of (2.43)
that

) Vi, ViV,
for slow shocks  {w(u'n)?}, < 4—', {wu'n)*}, < T’
n n
i (3.39)
. ViV, ViV,
for fast shocks {w(u'n)?},>——, {wu'n)*},>—
4n 4n

It follows from (3.39) that 4-vector V' for slow MHD shocks is time-
like one (V'V; > 0). In view of (3.37), (3.36) and (2.25) there also exist
the limiting possibility when Vi = 0, (u'n;) = (h'n;) = 0, this being a transi-
tional state between slow shock and tangential discontinuity.

For fast shocks, yet, in accordance with (3.38a) as well as for fast weak
discontinuities 4-vector V' may be both time-like and also isotropic or
space-like in cases of superfast MHD shocks. Due to inequalities (3.38)
and (2.44) such a situation is realized in particular for shock propagation
through medium in rest with parameters which obey (2.48).

For fast MHD shocks with an isotropic 4-vector Vi when ViV, =0
the relation (3.37) acquires an especially simple form

2
ViV, =0, (ky + kz)[ k ] - M — (wWoky —wik,)=0. (3.370)
8n 2n

If 4-vector V' at a shock point is time-like then in accordance with (3.3)
a w-system can be chosen in which E = 0. In such a w-system due to
(EH) = 0 also E, = 01. e. at both sides of discontinuity surface the electric
field E = 0, vectors of velocity © and of magnetic field H being collinear
and fluid moving along a direction of magnetic field. In this system 4-vec-
tor V' is directed along time axis. For slow shocks as well as for Alfven
discontinuities such a system always may be chosen.



368 I. S. SHIKIN

In case of superfast shocks for which V'V, < 0 in accordance with (3.3)
a w-system can be chosen in which H, = 0 1. e. at both sides of a shock front
vectors of magnetic field are parallel to shock surface. In such a system V'
and n' have pure space directions which are orthogonal to each other.

It follows from evolutionary conditions (3.39) that in w-system in view
of (3.34) fields H,, and ﬁ,z must have the same direction and in for-
mulae (3.32) in both sides of equality one may consider k as arithmetical
value of square root (with sign +), this being assumed in corresponding
formulae (in accordance with (3.30aq).

In case II when an equation of state is of form w = w(p) (in particular
in case of ultrarelativistic state equation e = 3p) the relation (3.37) with
given values of Vi, p,, k, and of one from p, and k, determines the value
of the other. Then formulae (3.36) determine (u'n;) in states 1 and 2
and (3.10), (3.20-21), (3.2) and (3.18) determine for given state 1 other
values for state 2.

In case of state equation of form w = w(p) which obeys (2.54) the equa-
tion (3.37) with given value of V' in (p, k)-plane determines a curve which
passes through the point p = p, k = k,. Straight lines p = p; and k=k;
divide the plane (p, k) into 4 quadrants. Due to (3.37) for points of the
curve if p = p, then necessarily k =k, and vice versa, so that each branch
of the curve is disposed entirely in one of quadrants. It follows from (3.37)
also that the equality [p + (k?/8n)] = 0 takes place only together with
[k] = [p] = O so that in each quadrant a sign of [p + (k*/8n)] and a sign of
[p + (k*/8m))/[Kk] along a corresponding branch of the curve (3.37) remain
invariable.

Near p = p,, k = k, the points of the curve (3.37) correspond to small
amplitude waves and (u'n;) coincides with one of magnetoacoustic speeds U*.
The relations (3.36) in view of (3.30) become in the limit
L |2> VY (/8]

— 2y, = — =
when p, - p, (wU*), <4n 1"" l[k] an 1 k]

(3.40)

It follows from (3.40) and (2.43-43a) that for weak waves in case k, #0
the branch of (3.37) with [p)/[k] > 0 and also with [p + (k?/8m)]/[k] > O
corresponds to fast waves while the branch of (3.37) with [p]/[k] <0 and
also with [p + (k?/8n)]/[k] < O corresponds to slow waves.

The invariance of a sign of [p + (k?/8n)]/[k] along the curve (3.37) in
each quadrant leads then in view of the evolutionary conditions (3.39)
to the conclusion that the branch of (3-37) for which [p]/[k] > O might
correspond to fast shocks while the branch of (3.37) for which [pl/Ik] <O
might do to slow shocks.
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For media with state equation w = w(p) which obeys along with (2.54)
the thermodynamic inequality (2.52) apparently the parts of inequalities
in evolutionary conditions (3.38) which contain magnetoacoustic speeds
lead to the conclusion that the pressure p, behind a shock must be greater
than the pressure p, ahead it i. e. shock waves are compression jumps. Then
at fast shock the field k increases ([k]>0) whereas at slow shock k decreases
([k] < 0) and it can be switched-off (k, = 0). The proof of this statement
must use the relations (3.36), (3.37) and (3.40) and be concerned with
analysis of curve (3.37).

For ultrarelativistic equation of state e= 3p, w = 4p which obeys the
inequalities (2.52-54) the equation (3.37) is reduced to quadratic equation
in (p; —py):

2 k3 —2kyky — ki vivi
w=4p; (p2=p1) Gky —kz) = (p2 = p )k —————— +4p, -
4n 2n
K21k (1K)
8 8n

A degree of compression in slow MHD shocks is restricted by maximum
(finite) value of p, when the field k, becomes switched-off completely
(k, = 0). In contrast with slow shocks at fast MHD shocks arbitrarily
large values of p, are admitted. When at fast shock p, — oo then

kZ - 3k1’ (vx)l - G (“x)z - 1/8 (3'42)

If a w-system is chosen in which a fluid flows into the shock normally
to its front then in such a w-system according to (3.36), (1.20) and (3.26)
a fluid must flow out also normally to shock front with the velocity which
is equal in virtue of (3.42) to

(vy) = ¢/3, (3.42qa)

fields E, and H, being orthogonal in both the states 1 and 2 and
Hrl = El(Enl = EnZ = 0’ Hr2 = 31{!1)

It must be pointed out for comparison that the relations for velo-
cities (3.42-424) at MHD shocks of maximum intensity coincide with the
corresponding relations for shocks in absence of magnetic field, this being
connected with the fact that magnetic intensity remains finite while p, — 0.

In case I when an equation of state has a form w = w(p, n) the relations
considered above must be enlarged with the relation (3.4) which expresses
continuity of particles flux or of rest mass flux:

[mn(u'n;)] = 0. (3.43)
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Let us denote in accordance with (3.43)

j={mnc(un)}, = { mnc(u'n,) },. (3.44)
The value of j in nonrelativistic limit turns into pu,.
The relations (3.8a-9) and (3.31) because of (3.44) yield
AN
 4n [kw/(mnc)Y’
. [p + (k*/8m)]
2
= - — 3.46
/ [w/(mnc)?] ( )
Now let us return to the equations (3.14-15). It follows from these
equations in view of (3.8a-9) that

[(#x )= [Wz(ui"i)z] —[pl{ wu'n)?|, + W(“i”i)2|2 }
2 i 2
T {%ﬂ[w(uinykﬂ - [%](W(u‘ni)zll T wung?ly) — % [%] }

The last term in the right side of this relation (in braces) by virtue of (3.31)
reduces to [w(u'n;)*](k, — k,)?/87 so that the relation becomes

i2

(3.45)

(o) = [} {wn)Ply + wiain e} + I =0, (.47

The equation (3.47) with use of (3.44) transforms into the equation of
shock adiabat (Hugoniot relation):

Tl o e o
mnc) |7 (mnc)? 1+ (mnc)*/, +8_7t (mnc)? (kr=ky)=0. (3.43)

It is essential that the relation (3.48) in terms of variables (1.13) becomes
written in the form which formally coincides with the form of shock adia-
bat in nonrelativistic MHD [5] if variables (1.13) be treated as the corres-
ponding nonrelativistic quantities (with the only distinction that k must
be replaced by H,). This circumstance permits to apply the known
procedure of thermodynamic analysis in nonrelativistic version of MHD
to the present case. An analogous fact is valid for shock waves in absence
of magnetic field [3].

In connection with this it must be emphasized that though equa-
tions (3.45, 36) in terms of (1.13) look also like the corresponding non-
relativistic relations the value V'V, in nonrelativistic limit reduces to H?
so that in nonrelativistic version of MHD superfast waves phenomenon
vanishes.
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In order to ascertain the character of jump in values of thermodynamic
variables inequalities for an equation of state must be formulated. We
assume that an equation of state obeys the inequalities (2.52-54) as well

as the inequality
Ip,e = 0(1/p)/0(a/n)|, > 0. (3.49)

In terms of (1.13-14) the set of inequalities (2.52-54), (3.49) is analogous
to usual set of thermodynamic inequalities in nonrelativistic theory and
under these conditions at shock waves in virtue of increasing of entropy
in irreversible processes the pressure p and 5 as it known must increase.
Therefore in present case [4]

p2>pi (1P/w)y > (n?/w),, (3.50)

and also in view of (3.46)
[p + (k*/8m)] > 0. (3.500)

Due to the evolutionary conditions (3.39) in view of (3.36) and (3. 50q)
when shock front is crossed the value of k increases at fast shocks and
decreases at slow ones. At slow shocks k, may be diminished up to zero,
in this case transversal field H, being switched-off completely. Using
also (3.45) we have therefore

for slow MHD shocks
[k] <O, lkw/(mnc)?] < 0 (3.51)

for fast MHD shocks

>0 when VV,>0,
[k] > 0, [kw/(imnc)’] € =0 when ViV, =0,
<0 when V'V, <0.

Along with (3.50) at shock wave (in view of .9, > ) also
(w/n), > (w/n), and n, > n,. (3.500b)

In conclusion let the case be pointed out when at shock wave (h'n)) = 0.
According to (3.10-11) at shock front the equality (h'n;), = 0 takes place
together with (h'n;), = 0 and vice versa. In this case 4-vector Vi in view
of (2.25) is space-like and is directed along /' so that such a shock must be
superfast.  4-vector W' (3.12) in this case is orthogonal to V' and is repre-
sented with use of (3.17) in the form:

. h? B2 . e |
Wi= — {(n-—l— %)(u"ﬂk)z + <p+ |81—7!E) } n'+ (W—i— %)(“knk)g', (3.52)
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the relation (3.2) being written as
Vi= — (Fnh, [Vi=0. (3.53)

The addition to (3.52-53) of the condition of continuity of particles
flux (3.43) yields in view of (3.53)

(K =0,  (1h1*/n*), = (|h*/n?), = b, (3.54)
and (3.52) in virtue of (3.54) becomes

i . . b? b?
Wi= — {w*(u*m)® + p* } n' + w*(ukn)g'; w*=w+ o n? p*=p+—ni
T 8n
(3.55)

The expression (3.55) for W' formally coincides with the expression for
W' in relativistic hydrodynamics in absence of field for a fluid with heat
function w* and pressure p*.

In the present case among w-systems such a w-system can be chosen
in which (7), =0. Then in view of [W] = 0 also (¥,), = 0 and according
to (h'n;) = 0 and (1.21) also H, = 0. In this w-system matter flows nor-
mally to a direction of magnetic field which is parallel to shock wave front.
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