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ON A GENERAL DIFFERENCE GALOIS THEORY I

by Shuji MORIKAWA

ABSTRACT. — We know well difference Picard-Vessiot theory, Galois theory
of linear difference equations. We propose a general Galois theory of difference
equations that generalizes Picard-Vessiot theory. For every difference field extension
of characteristic 0, we attach its Galois group, which is a group of coordinate
transformation.

RESUME. — La théorie de Picard-Vessiot aux différences, la théorie de Galois
des équations aux différences linéaires, est bien connue. Nous proposons une théo-
rie de Galois des équations aux différences générales qui généralise la théorie de
Picard-Vessiot. Pour toute extension de corps aux différences de caractéristique
0, nous attachons son groupe de Galois qui est un groupe de transformations de
coordonnées.

Introduction

This is the first part of our general Galois theory, the second part being
collaboration [8].

In the first part, we propose a general Galois theory of difference equa-
tions, which includes in particular Galois theory of g-difference equations
and as a geometric counterpart, Galois theory of discrete dynamical sys-
tems on algebraic varieties. Our theory generalizes Picard-Vessiot theory,
Galois theory of linear difference equations ([3], [9]). For a general Galois
theory of differential equations, we have the differential Galois theories of
Malgrange and Umemura ([7], [11], [10], [13], [12]). We attach to an ar-
bitrary difference field extension L/k of characteristic 0, a formal group
Inf-gal (L/k) of infinite dimension in general and of particular type called
a Lie-Ritt functor (Definition 2.19).

Keywords: General difference Galois theory, dynamical system, integrable dynamical
system, Galois groupoid.
Math. classification: 12Hxx, 37Fxx, 58 Hxx, 14Hxx.



2710 Shuji MORIKAWA

In section 1, we recall the definition of the Lie-Ritt functor, which is a
group functor of coordinate transformations defined by a system of partial
differential equations.

In section 2, we canonically construct a difference-differential ring, the
Galois hull £/K for a given difference field extension L/k (Definition 2.19).
Our Galois group Inf-gal (L/k) is the infinitesimal automorphism group of
the difference-differential ring extension £/K.

In section 3, we show that for a Picard-Vessiot extension L/k, our Galois
group Inf-gal (L/k) is isomorphic to the Lie algebra Lie Gal (L/k) of the
Galois group Gal (L/k) in Picard-Vessiot theory (Theorem 3.3).

In section 4, we give a conjecture that the canonical morphism Lie
(Inf-gal (L/k)) — Lie (Inf-gal (M /k)) is surjective for a tower of difference
field extensions L/M/k (Conjecture 4.2). We believe that this conjecture
is true.

In section 5, we give a few examples. The reader finds extensive examples
in the second part [8].

We explain in the second part [8], how our Galois group Inf-gal (L/k) is
related with Malgrange’s Galois D-groupoid ([1], [2], [4], [7]). We expect
that we can apply our method to establish a general Galois theory for
differential equations in [5] and [6].

I would like to express my thanks to my advisor Prof. H. Umemura for
giving me the opportunity to carry out these studies. My thanks should
also go to Dr. F. Heiderich who carefully read the first version of the paper,
pointed out an error in the proof of Theorem 2.15 and improved English.

All the rings except for Lie algebras are assumed to be commutative, to
have a unit element and to contain the rational number field Q. We denote
by N the set of natural numbers and 0. Namely, N := {0,1,2,...}.

1. Lie-Ritt functor

Let us recall the framework in sections 1, 2 of [10]. Let A be aring , N(A)
be the ideal that consists of all nilpotent elements of A. For indeterminates
X1,T, ..., Xy, Al[T1,22,...,2,]] is the ring of formal power series with
coefficients in A. We define T',,(A) by setting

Th(A) ={® = (d1,02,---,0n)|d: € Al[z1,T2,...,2s]]for all 1 <i< n,
® = (z1,x2,...,2n) mod N(A)[[z1,z2, ..., z.]]"}

ANNALES DE L’INSTITUT FOURIER



ON A GENERAL DIFFERENCE GALOIS THEORY I 2711

LEMMA 1.1. — Let & = (¢1,¢2, - ,¢n), U = (1/)1,1/}2, - ,1/}n) be ele-
ments of T'y,(A). We define the multiplication of ® and ¥ as the composite

QoW = (¢1(¢17¢2,- .- a¢n)7 s awn(¢17¢27- . 7¢n))
Then T',,(A) is a group.

Proof. — See Proposition 1.6 of [10]. O
Let R be a Q-algebra. The category (Alg /R) is the category of R-algebras
and the category (Group) is the category of groups.
DEFINITION 1.2. — The group functor
I'nr: (Alg/R) — (Group), A~ T,(4)
is called the Lie-Ritt functor of all the infinitesimal coordinate transforma-

tions of n-variables defined over R.

R[[z]] := RJ[z1,22,...,24]] is a differential ring with derivations
{0/0xi}1<i<n.
Let {¢1, ¢2, ..., Pn} be independent variables or symbols. For J = (j1, jo,
..yJn) € N" and 1 < I < n, we introduce the symbols

ollg, dirtiztFing,
Oz 0hz, 0wy Oing,
So if we define
o [l ol +1Lil g,
oz, ( B ) SV ES

where 4
7
1, =(0,...,1,...,0),
then we get a partial differential ring R[[z])[0!!¢1/0”2]1<i<n, senn with
derivations {0/0x;}1<ign. For a differential ideal I of

R{[z])[0"\ 1 /07 )1 <icm, senm,
let 14 be the differential ideal of

All))[0" 61/ 07 )1 <i<n, senn
generated by I.

DEFINITION 1.3. — A subgroup functor G of I',,g is called a Lie -Ritt
functor if there exists a differential ideal I of R[[2]][0!|¢1/0” x]1<i<n, senn
such that

G(A) ={® €T,r(A) | F(®) =0 for all F € 14}
for every R-algebra A.

TOME 59 (2009), FASCICULE 7



2712 Shuji MORIKAWA

Let k be a field of characteristic 0. Let G : (Alg/k) — (Group) be a
Lie-Ritt functor from the category (Alg /k) of k-algebras to the category
(Group) of groups. For a k-vector space V', we define an algebra structure
in the k-vector space k @ V by defining the multiplication

(a,u)(b,v) = (ab,av + bu) for (a,u), (b,v) € kD V.
We denote the ring k@& V by D(V).
The natural projection p : D(V) — k, (a,u) — a induces a group
morphism
G(p) : G(D(V)) — G(k),
so that we get a functor
L¢ : (Vect /k) — (Set), V — Lg(V) = ker(G(p))
from the category (Vect/k) of k-vector spaces to the category (Set) of sets.
DEFINITION 1.4. — Let A = k[e]/(?) and pa : A — k, a+ be — a be

the natural projection. Then for a Lie-Ritt functor G, we denote ker(G(pa))
by Lie G := Lg(A).

LEMMA 1.5. — If the functor Lg : (Vect /k) — (Set) transforms prod-
ucts to products, namely Lg(Vy x Vo) & Lg(Vh) x Lg(Va) for arbitrary two
k-vector spaces V1, Vs, then Lie G is a k-Lie algebra.

Proof. — See Lemma 2.3 and Proposition 2.14 of [10]. O

2. Definition of infinitesimal Galois group
of difference field extensions

DEFINITION 2.1. — A difference ring (R, o) is a ring R equipped with
a morphism o : R — R.

Remark 2.2. — In the Picard-Vessiot theory [9], a difference ring is a
ring equipped with an automorphism. We have to treat a more general case
so that we can apply our theory to concrete equations.

For a ring A, we consider the set
F(N,A) :={u:N— A}

of functions on N with values in the ring A. Since A is the ring, F'(N, A) has
a natural ring structure. In fact, for u,v € F(N, A) and n € N, we define

ANNALES DE L’INSTITUT FOURIER
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the ring structure by
(utv)(n) := u(n) +v(n),
(u-v)(n) := u(n) v(n).

Moreover, F(N, A) is a difference ring with shift operator ¥ : F(N, A) —
F(N, A). Namely, for a function u € F(N, A), we define

Y(uw)(n) =u(n+1) for neN
Thus we get a difference ring (F(N, 4), X).

DEFINITION 2.3. — Let (R, o) be a difference ring and A a ring. An
FEuler morphism is a morphism

(R,0) — (F(N, 4),%)
of difference algebras.
PROPOSITION 2.4. — Let j : A — B be a ring morphism. Then
j:F(N,A) - F(N,B), uw~ (n+~ j(u(n)))
is a difference morphism. Namely
(Alg) — (Difference Alg), Aw— F(N,A)
is a functor from the category (Alg) of algebras to the category (Difference
Alg) of difference algebras.

Proof. — This is an evident consequence of the definition. O

We often denote the difference ring (R, o) simply by R if there is no
danger of confusion of the choice of the operator o. In this case, the abstract
ring R of (R, o) will be denoted by R?.

For an element a of a difference ring (R, o), we can consider a function

Ug : N — RY, n— o"(a)
on N so that u, € F(N, R?).
PROPOSITION 2.5. — The map
tr: (R,0) = (F(N,R%),Y), aw u,
is an injective Euler morphism.

Proof. — The map tg is a difference morphism because o is a difference
morphism. Let tg(a) = tr(b). Then a = tg(a)(0) = tgr(b)(0) = b. Therefore
LR IS injective. 0

By Proposition 2.5, we have an isomorphism (R, o) & (tr(R),X). So we
may identify the difference operator o with X.

TOME 59 (2009), FASCICULE 7
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DEFINITION 2.6. — We call the Euler morphism v : (R, o) — (F(N, RY),
Y)) the universal Euler morphism. See Proposition 2.7.

We show in the next proposition that in fact the Euler morphism ¢g is
universal among the Euler morphisms.

PROPOSITION 2.7. — For a difference ring R and a ring S,
Hom, (R, F(N, S)) = Hom (R", S).
Proof. — Let j € Hom(Rh ,5). Then by the method of Proposition 2.4,
we have a difference morphism j : F(N, Rh) — F(N,S). Since tp : R —

F(N, Rh) is a difference morphism, j oty is a difference morphism from R
to F(N,S). So we have a map

o : Hom (RN,S) — Hom, (R, F(N,S)), jr jotg.
Conversely, the map
fo: F(N,S) =S, uw~ u(0)
is a ring morphism. So for ¢ € Hom, (R, F(N,.S)), we have a ring morphism
foo € Hom (Rh,S). So we have
B : Hom, (R, F(N,S)) — Hom (R',S), 1t — foo,
These maps «, 3 are an inverse of each other. O

CONDITION 2.8. — Let (k,0) be a difference field of characteristic 0
and (L, o) be a difference extension field over (k,o). The abstract field L is
finitely generated over k as an abstract field and L is algebraic over o(L).

A Picard-Vessiot extension is a Galois extension for linear difference
equations [9]. We need a more general definition of a difference Galois
extension. In fact, we replace Galois extensions by the Galois hull (Defini-
tion 2.10).

Let

Der (Lu/k‘h) ={0: L'=1r | 0 is a derivation with 8(1@‘“) = 0}.
So Der (Lh /k‘h) is a vector space over L" and the dimension of the L*-vector
space Der (Lu / k‘h) coincides with the transcendence degree L/k. Namely,
dim,z Der (L' /k) = tr.d. [L": &'

Let d be dim,: Der (L' /k*) and Dy, Dy, ..., Dy be a mutually commuta-
tive basis of the L' -vector space Der (Lh/k;h) so that D;D; = D;D; for 1 <
1,7 < d. Thus we have a partial differential field

Lf = (L' ,{Dy,Ds,...,Dg}).

ANNALES DE L’INSTITUT FOURIER
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For a function u € F(N, L) and 1 < i < d, we define D;u € F(N, L) by
setting

(Dju)(n) := D;(u(n)) for neN.

Thus F(N, LF) has the difference operator ¥ and the differential opera-
tors Dy, Da, ..., Dy. We denote the difference-differential ring F (N, Lh) by
F(N, L*).

PROPOSITION 2.9. — The operators ¥, D1, D, ..., Dy of the ring F(N,
L*) commute mutually.

Proof. — We only have to prove the commutatively of % and D, for
1 < i < d, because the differential operators Di, Do, ..., Dy commute
mutually by the assumption.

In fact, for u € F(N, Lf) and n € N,

D;(X(u))(n) = Di(o(u(n))) = Di(u(n + 1)) = (Dsu)(n + 1) = E(Diu)(n).
So the proposition is proved. O

DEFINITION 2.10. — Let L/k be a difference field extension satisfy-
ing condition 2.8. We denote by L the {X, D1, Ds, ..., Dg}-invariant sub-
ring of F(N, L¥) generated by the image t1,(L) of L by the universal Eu-
ler morphism t;, and by the ring of constant functions L* of the differ-
ence ring F(N, L*). We also denote by K the {¥, Dy, Dy, ..., Dgq}-invariant
subring of F(N, L*) generated by the image t1,(k) and L*. So L/K is a
difference-differential ring extension with difference operator ¥ and deriva-
tions D1, Dy, ..., Dy. We call the extension L/K the Galois hull of L/k.

Remark 2.11. — Since the image ¢z, (k) of the universal Euler morphism
and the constant field Lf of the difference ring F(N, L*) are closed by
Dy, Ds,...,Dg and X, the difference-differential ring C is generated by
(k) and L as a ring.

DEFINITION 2.12. — Let (R,{D1, Ds,...,Dg4}) be a partial differential
ring. The universal Taylor morphism is the map

7:R — R[[Wl,WQ,...,Wd”.

1 mi m2 mq mi m2 mq
a Z o DU DS e DY @ W W W

from the partial differential ring R to the formal power series ring R[[W1,Wa,
..., Wy]]. The universal Taylor morphism is a partial differential ring mor-
phism compatible with the derivations D; and 9/0W; for 1 < i < d.

TOME 59 (2009), FASCICULE 7



2716 Shuji MORIKAWA

Since (Lh,{DhDg, ..., Dg}) is a partial differential field, we have the
universal Taylor morphism

(2.1)
- L”[[VlVH = L([W1, W, ..., W]
a — Z mDrlD?Z“'Ddd(a)Wf'”W{”2~--Wd a

By the universal Taylor morphism (2.1) and Proposition 2.4, we have the
following difference-differential morphism

L < F(N,Lf) - F(N, L' [W]]).
Let A be an Lh—algebra, so that we have the structural morphism j : L' —
A. Then we have a difference-differential morphism
£— F(N.L'[[W]) — F(N, A[[W])).
This morphism is denoted by id4 : £ — F(N, A[[W]]). Now let N(A) be
the ideal of all the nilpotent elements of the Lh—algebra A.

DEFINITION 2.13. — Let L/k be the difference field extension satisfying
Condition 2.8. For an Lh—algebra A, we set

F(L/R)(A) :=={f € Homs,p, p,,...0, (£, F(N, A[W]]))[ flx = idax,
f(a) = ida(a) mod F(N,N(A)[[W]]) for all a € L},

so that F(L/k) : (Alg /Ln) — (Set) is a functor from the category (Alg /Lh)
of Lh—algebras to the category (Set) of sets. Here f|x means the restriction
of the morphism f to K.

We show that the functor F(L/k) is independent of the choice of a basis
of the L -vector space Der (L/k).

Let Dy, Ds,...,Dq and D}, D5, ..., D/ be two bases of the L’ ~vector
space Der (Lh/k;u). Let F(L/k), F'(L/k) be the functors defined by using
each bases.

LEMMA 2.14. — The functor F(L/k) is isomorphic to F'(L/k).

Proof. — Let {x1,z2,...,z4},{y1,¥2,. .., ya} be two transcendence bases
of L" over k'. Then {0/0x1,0/0xs, ...,0/0x4} ,{0/0y1,0/0ys, . ..,0/dyq}
are commutative bases of the L' -vector space Der (Ln/kh).

Here we have

d
/0y =y ai;0/0x;

j=1

ANNALES DE L’INSTITUT FOURIER
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for some a; ; € L for 1 < 4,7 < d with determinant |ai,j\ #0.
Let 71, 75 be the universal Taylor morphisms with respect to {9/9z1,0/
61'2, N ﬁ/ﬁxd}, {8/8:1;1, 6/8y2, N ,8/6yd} Namely,

(L g y) = LW W W) = L[]

n (L8 )) = L2224 = L'lIZ)
We define Lu-morphisms
a: L([W]] - L'[[Z)], B:L[[Z)] - L[[W])
by
a(W;) = mo(mi) — x4y, B(Z:) =711 (yi) — i
Then we have

aof=1d,: Boa=1d,:

(21 wip

where Id is the identity map.

Define
d B
« = 27'2(aij)7a
( ) = 0Z;

then « is a differential Lh—isomorphism. So the differential morphism «
induces a difference-differential Lh—isomorphism

0
ow;

o : F(N, L[[W])) — F(N, L'[[2])
and a natural difference-differential A-isomorphism
U, : F(N, A[W]]) — F(N, A[[Z])).
We must prove that
F(L/k)(A) — F'(L/K)(A), [ Toof

is an isomorphism for any Lh—algebra A.

Since \Tfa is A-isomorphism, we have \Tla oid; = idy. Here id; = idy €
F(L/k)(A) and ide =idg € F'(L/k)(A). Therefore the above map is well-
defined and F(L/k) = F'(L/k). O

We denote a function u € F(N, A) by u(n) where n is a variable on N
in order to distinguish it from its particular value u(l) at a number | € N.
The value u(l) will also be denoted by u|,—;. The image ¢1,(a) € F(N, L)
of an element a € L by the universal Euler morphism ¢y, is a function on
N that we denote by ¢z (a;n). For an L -algebra A and idy € F(L/k)(A),

TOME 59 (2009), FASCICULE 7



2718 Shuji MORIKAWA

the image ida(tr(a;n)) € F(N, A[[W]]) is a function on N with values in
the A[[WW]] that we denote by ¢r(a;n, W). Namely, for a € L,

tp(asn) = p(a),

(2.2) u(ain, W) = ida(er(a;n)).

LEMMA 2.15. — For an L' -algebra A and f € F(L/k)(A), there exists
a coordinate transformation
W= (W17 WQa KR Wd) = (I)(W) = ((bl(W)? ¢2(W)’ T ¢d(W))
satisfying the following conditions.
(i) ¢ps(W) € A[[W]] foralll <i<d,
(ii) ¢:(W) =W; mod N(A)[[W]] foralll<i<d,
(iii) f(er(a;n)) = p(a;n, ®(W)) foralla € L.

To prove Lemma 2.15, we will use the next lemmas.

LEMMA 2.16. — Let L/k be an algebraic extension of a field of charac-
teristic 0. Let M be a commutative ring over k. If k-morphisms p,q : L —
M satisfy (p — q)? = 0, then p coincides with q over L.

Proof of Lemma 2.16. — Let 6 € L be algebraic over k and
PX)=X"4an 1 X" '+ +aX+ay (a; €k)

be the minimal polynomial over & of §. Since (p—q)? = 0, (p(8) —q(#))? =0
i.e., there exists a nilpotent element n of A such that n? = 0 and p(6) —
q(0) =n.

= p(P(9))

= p(0)™ + p(am-1)p(0)" ! + - + plao)

= (@(0) + )™ + q(am-1)(g(0) +n)" " + - + q(ao)
0
—a(P(O) +na 55©))
oP

— (5 ).
Since OP/0X ()" €0, we have (9P/0X(0))~! € L. So we have n =0, p = ¢
over L. 0

LEMMA 2.17. — Let L/k be an algebraic extension of a field of char-
acteristic 0. Let S be a Noether ring over k and N(S) be the ideal of all
the nilpotent elements of S. For k-morphisms p,q : L — S, if p(a) = q(a)
mod N (S) for all a € L, then p coincides with q over L.

ANNALES DE L’INSTITUT FOURIER
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Proof of Lemma 2.17. — First, we prove
(2.3) p(a) = q(a) mod N(S)?*
for all s € N and a € L by induction on s.

By assumption, equation (2.3) holds for s = 1.

We assume that p(a) = g(a) mod N(S)® for all a € L.

Let ms;1 be the natural projection w41 : S — S/N(S)*T1, and psyq =
Ts11 0P, s+1 = Ts+1 © ¢. Since p(a) — g(a) € N(S)* for a € L, we have
(Ps+1 — qs+1)? = 0. Therefore by Lemma 2.16, we get psy1 = gsi1. SO we
have

pla) = qla) mod N(S)"+*
for a € L. By induction, we have equation (2.3). Therefore we have
pla) —q(a) € [ N(9)°
seN

for a € L. Since S is a Noether ring, we have N(S)" = {0} for sufficiently
big integer n € N and hence NgenN(S5)* = {0}. So we get p = q. O

Proof of Lemma 2.15. — Let x1,zs,...,24 be a transcendence basis of
L over k. Then Dy = 9/0x1, Dy = 0/0z3,...,Dq = 0/0z4 form a basis of
the L’-vector space Der (Lh / kh). We prove the lemma using this basis in
the definition of F(L/k).

Since ¢p,(x;;0) = x;, we have

Dj(tp(x:50)) =6;; for 1<4,5<d.
So we have
tp (20, W) = a; + Wi

So for f € F(L/k)(A), there exists ¢;(W) € A[[W]] such that

flen(@isn))ln=—o0 = x; + ¢i(W).

Then ®(W) = (¢p1(W), p2(W), ..., ¢a(W)) satisfy the first and second
conditions. So we have to prove the third condition.

First, we will prove f(ir(a;n))|n=0 = tr(a;0,@(W)) for all a € L.

For an intermediate field M := k(x1,x2,...,24) of L/k, we know

fleL(@isn))ln=o0 = tr(xi; 0, 2(W)).
Let F' and G be morphisms
F:L—AlW]l, a— f(rla;n)ln=o

and
G:L— A[[W]], ar~ tp(a;0,D(W)).

TOME 59 (2009), FASCICULE 7



2720 Shuji MORIKAWA

Then we have
Fla =Glu
and
F(a) =G(a) mod N(A)[[W]]

for all a € L.
We fix an integer [ € N and an element a € L. Moreover we may identify
M with id g otr,(M)|n=0. We consider an M-algebra S defined by

S == M[F(a), G(a)][[W]]/(W)".

Here to be precise, M [F(a),G(a)][[W]] should be understood as (id 4otz (M)
[F(a),G(a)][[W]] C A[[W]]. Then S is a Noether ring over M. Moreover the

morphisms F' and G induce M-morphisms
F,: Mla] — S

and
GL(1 : M[a} — 5.
Since a € L is algebraic over M, by Lemma 2.17 we have

(2.4) Flo=Gq.

Let m be the natural projection m : A[[W]] — A[[W]]/(W)! and F, :=
m o F, Gy :=m o G. Then since Fj(a) = G;(a) by (2.4), we have

F =G
for all [ € N. Since Mjen(W)! = {0}, we have
F=aG.
Namely, we have
flr(a;n))ln=o = tr(a;0, 2(W))

for all a € L.
Next, for l € N and a € L,

(
Therefore we have f(tr(a;n)) = cp(a;n, ®(W)) for all a € L. O

ANNALES DE L’INSTITUT FOURIER
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By Lemma 2.15, for f € F(L/k)(A), there exists u(W) € (N(A)[[W]])?
such that
flr(asn)) = p(asn, W+ p(W))
for all a € L. By Taylor expansion,

fr(a;n) = (asn, W+ u(W))
[m|
=3 (i asn ) vy

= 3 LA (D g a5 m))) (V)

Therefore we regard f(iz(a;n)) as an element of ida(L)®: A[[W]] for

a€ Land f € F(L/k)(A). Here & is the completion of the ring id (L) ® 11

A[[W]] with respect to the W-adic topology. We may identify id 4 (£) with L.
Therefore we get

(2.5) f(L) C L& A[[W]]
for all f € F(L/k)(A).

Remark 2.18. — L and A[[W]] are linearly disjoint over L¥ in F(N,
A[[W])).

Proof. — Let us take elements aq,as,...,a; € A[[W]] that are linear
independent over L!. Assume that we have 22:1 c;a; = 0 with u; € L.
Then u; € L is a function from N to L*, so we have u;(n) € L¥ for n € N.

Since .
Z u;(n)a; =0
i=1

for all n € N and ay,as, ...a; are linear independent over L, we get
ui(n) =0

for all n € N. Therefore we have u; = 0 for 1 < i < t. So ay,as,...,a; are
linearly independent over L. O

Now we can define the Galois group.

DEFINITION 2.19. — For an Lh-algebra A, we set

Inf-gal (L/k)(A) := {¢ € Auts p, p,.....0,(LOLA[[W]] /KD s A[W])]) |
¢=1d mod L& N(A)[W]]}.

Here 1d is the identity map on L&+ A[[W]]. Then the infinitesimal Galois

group
Inf-gal (L/k) : (Alg/Lh) — (Group)
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is a functor from the category (Alg/Lh) of Lh—algebras to the category
(Group) of groups.

We will see that the infinitesimal Galois group Inf-gal (L/k) is a Lie-Ritt
functor (Theorem 2.22).

THEOREM 2.20. — Let A be an Lh—algebra, then the infinitesimal Ga-
lois group Inf-gal (L/k) (A) operates on the set F(L/k)(A). Moreover the
operation (Inf-gal (L/k)(A), F(L/k)(A)) is a principle homogeneous space.
In other words, (Inf-gal (L/k), F(L/k)) is a principle homogeneous space.

To prove this theorem we need the following lemma.
LEMMA 2.21. — For all f € F(L/k)(A), we have in F(N, A[[W]])
LE[L, A[W]]] = LAf (L), A[[W]]].

Here overlines express the closure with respect to the W-adic topology.

Proof. — We use the notation of (2.2). Then for all f € F(L/k)(A), we
have to prove

fQrlasn)) € LEL, A[[W]]] and  ida(ew(asn)) € LAE(L), A[[W]]].
There exists u(W) € N(A)(W)?4 such that f(ir(a;n)) = tp(a;n, W +
w(W)) for all @ € L by Lemma 2.15. By Taylor expansion,

Flesaim) = 30— ida(D"™ (1 (a1m))) (W)™ € T, ATWI]L
and

aisa:m) = 30— D (1 a1m))) (- (W)™ € TEFD), ATWILL

Therefore we get

LHL, A[WIN) = LAf (L), A[[WT]].
O

Proof of Theorem 2.20. — For all f € F(L/k)(A), we have f(L) C
L& A[[W]] by (2.5). So by composing with ¢ € Inf-gal (L/k)(A), we have
po feF(L/k)(A). Thus Inf-gal (L/k)(A) operates on F(L/k)(A).

Next we prove that the operation (Inf-gal (L/k)(A),F(L/k)(A)) is a
principle homogeneous space. So we have to prove that for all f € F(L/k)(A)
there exists exactly one ¢ € Inf-gal (L/k)(A) such that f = poida.

For f € F(L/k)(A), we define an A[[W]]-morphism

pr 2 LHL, A[W]]] — LE[L, A[[W]]
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as ¢r(u) = f(u) for all w € L. Then the following diagram is commutative.
L =% LoRAW]) —— DL, AW
(2.6) | s
£ = LELAW] —— DL AW
The automorphism of the second arrow of (2.6) is the morphism
L& A[W]] — LEL,A[W]]], u® a— ua.

Since both L* and A[[W]] are constants of ¥ and f is a difference-differential
morphism, ¢ is a difference-differential morphism. Therefore we get ¢f €
Inf-gal (L/k)(A).

We assume @ oidy = 9 oidy for ¢,v¢ € Inf-gal (L/k)(A). Then for all
u® 1€ LRy A[[W]], we have

plu®l)=gpoida(u) =voida(u) =¢(u®1).
Since ¢ and ¢ are A[[W]]-morphisms, we have ¢ = 1. O

THEOREM 2.22. — The infinitesimal Galois group Inf-gal (L/k) is a Lie-
Ritt functor.

Proof. — Let I be a differential ideal generated by constraints of L
over K.

Since (Inf-gal (L/k), F(L/k)) is a principle homogeneous space by The-
orem 2.20, we have

Inf-gal (L/k)(A) = F(L/k)(A).

For the function u € £, ida(u) € F(N, A[[W]]) is the function on N with
values in A[[W]] that we denote by u(n, W). By Lemma 2.15, we get

F(L/R)(A) = {2(W) € A[W]* |2(W) =W mod (N(A)[W]),

u(n, ®(W)) =u(n, W) foralluel }.

Thus we can regard the infinitesimal Galois group Inf-gal (L/k)(A) as co-
ordinate transforms defined by a differential ideal. Therefore Inf-gal (L/k)
is a Lie-Ritt functor. O

3. Equivalence with Picard-Vessiot theory
In this section, we assume that for every difference field (F,0),0 : F — F

is an automorphism, and for the base field (k, o), the field C' of constants
of k is algebraically closed.
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We consider

(3.1) o(y) = Ay

a linear difference system with A € GL,(k) so y = (y;,;) is an unknown
(n x n)-matrix. Let X = (X, ;) be an (n X n)-matrix of indeterminates
over k. We define the extension of o to the k-algebra k[X; ;, (det X)~!] as
o(X) = AX. If I is a maximal o-invariant ideal of k[X; ;, (det X)~1], we
call the difference ring k[X; ;, (det X)~!]/I a Picard-Vessiot ring. We know
that the Picard-Vessiot ring is determined up to automorphism ([3], [9]).
The total Picard-Vessiot ring L is the total ring of fractions of the Picard-
Vessiot ring. Let Gal (L/k) be the group of automorphisms of the ring L
over k that commute with the action of o. The group Gal (L/k) is called
the difference Galois group of equation (3.1) over the field k. The following
theorem is well-known.

THEOREM 3.1. — The difference Galois group Gal (L/k) has a natural
structure of linear algebraic group over C'.

See Theorem 1.13 of [9].

THEOREM 3.2. — Let L/k be the total Picard-Vessiot ring. Then there
exist idempotents eg, e1,...,e;—1 € L with e;e; =0 for 0 <i#j<t—1
such that

(1) L= LQ @Ll D---D Lt,1 where Ll = Lei,
(ii) o(ei) = €i+1 mod t
(iii) (Lo,0")/(k,c") is a Picard-Vessiot field.

Moreover there exists an exact sequence
(3.2) 0 — Gal (Lo/k) — Gal(L/k) — Z/tZ — 0.

See Corollary 1.16 and Corollary 1.17 of [9].
By exact sequence (3.2), we get an isomorphism

Lie (Gal (Lo/k)) = Lie (Gal (L/k))

of C-Lie algebras. As we are interested in the Lie algebra of the Galois
group, we may assume that the Picard-Vessiot ring R is a domain so that
the total Picard-Vessiot ring L is a field. So we consider a difference field
extension (L, o)/(k, o) such that

(1) L =k(Zij)i<i j<n;

(2) 0(Z2) = AZ, with Z = (Z, ;) € GL,, (L),

(3) Cr = Ck.
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We take a basis Dy, Dy, ..., Dy of the L' -vector space Der(Lh/kh). We
can state equivalence between the difference Galois group Gal (L/k) and
the infinitesimal Galois group Inf-gal (L/k) in the following way.

THEOREM 3.3. — Let L = k(z;j)/k be a Picard-Vessiot field of a lin-
ear difference equation o(y) = Ay so that A = (a;;) € GLq4(k) and
0((zi,5)) = A(zi;). Let Gal (L/k) be the Galois group of difference Picard-
Vessiot theory. Then we have an isomorphism

Lie (Inf-gal (L/k)) 2 Lie (Gal (L/k)) ®¢ L’
of L' -Lie algebras.

Proof. — We define a matrix (4) = ((a; j)x1) € F(N, My(L¥)) by
(3.3) (A)(n) :== " H(A)o"2(A)---0(A)A
for n € N. Then the image of Z = (z; ;) by the universal Euler morphism
tp 2 L— F(N,L%) is

wu(Z2) =(A)Z.
Since D(0™(a;,5)) = 0 for any D € Der (Lh/kh) and n € N, we have
D({A)) =0.
Moreover we have
2((4)) = L (A)(A).
Therefore a ring generated by IC and (a; )k, is closed under the operators

of ¥, D, so that L is the ring generated by K and (a; ;j)x,;. Let us consider
natural group morphisms

p ¢ Inf-gal (L/k)(L'[£]/(c%)) — Inf-gal (L/k)(L°),

q @ Aut,(Loc L'[]/(2)/(k®c L'[e]/(€2) = Auto(Lec L' /koc L),
Since ker ¢ = Lie (Gal (L/k)) ®¢ L°, by Lemma 1.5 it is sufficient to prove
the group isomorphism

ker p = ker q.
An element p € kerq defines a k ®@c L’ [€]/(€?)-automorphism of L ®¢
L [€]/(£%) so that there exists a matrix M, € Md(Lh) such that

b b
piLocLE/(e?) = Loc L[el/(€%), (2i;) @1 (i) © (La+eM,).
Here I; is an unit matrix of degree d. Now we need the next lemma.

LEMMA 3.4. — Let L/k be a Picard-Vessiot field. Then the ring K and
the image tr,(L) by the universal Euler morphism vy, are linearly disjoint
over the image i1, (k) in the ring L.
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We assume Lemma 3.4 and we continue to prove Theorem 3.3. After the
proof of Theorem 3.3, we prove Lemma 3.4.
By Lemma 3.4, we have a ring isomorphism

(3.4) K&, )te(L) =L, a®b— ab.

For the derivation Dy, Do, ..., Dy over L, we define a differential struc-
ture over K ®,, i) tz(L) by

Di(a®1)=D;(a)®1,
Di(1®e1((2,3))) = e0.((2i,5))(20,5) " Dil(2i,5)) € L= K @, 1y (L)
for a € K. And the difference structure over K ®,, ) t2(L) is
o(a®b) =o(a) ® o(b).

Then the isomorphism (3.4) is a difference-differential morphism.
The difference automorphism p induces a difference-differential mor-
phism

pu t LEK®, g (L) — LEOLL[El/()[W]]
1®er((zi)) = (215) ® (Lo + €M)
a®1 — a®1

Since p,, € .7-'(L/l<:)(Lh []/(e%)), by Theorem 2.20 there exists 7, € Inf-gal
(L/k) (Lh [€]/(e%)) such that p,, = 7,0 id  ; (e]/(e2)" Therefore we have a map

(3.5) a : kerqg — kerp, p— T,

Conversely, since 7 € ker p is a difference-differential morphism, there exists
a matrix M, € Md(Ln) such that

T((zi5) ®1) = (2:5) ® (1 + eM,).
So we have a difference k ®¢ L [€]/(€?)-automorphism
e+ LRLE/(€2) = LOo L [E/(€2),  pir((205)1) = (21)@(142My ).
Therefore we have a map
(3.6) 8 : kerp —kerq, T+ .
Since maps (3.5) and (3.6) commute with each other, we get

ker p = ker q.
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Proof of Lemma 3.4. — Let ay,az,...,a, € L\0 be linearly indepen-
dent over k and linearly dependent over IC. So there exist u; € K,1 <i<n
such that

u1a1 + g + -+ -+ + Upay, =0

and at least one of the u;’s is not equal to 0.
Since L/k is a Picard-Vessiot field, we have KC = k - L#. Therefore for all
1 < i < n, there exist a; ; € k and 3; € L such that

ui =) i .
j

Therefore one of the a;jeO. So

;Uiai = Z (;Oéi,jﬁj)ai = Z (;ai,jai)ﬂj.

i J
Since ay, ag, ..., a, € L are linearly independent over k, we have ) " «a; ; a: el
for a certain j. So there exist dy,ds,...,d, € L such that linearly inde-

pendent over k£ and
(37) cidy +codo + - + C7ndm =0

for certain ¢; € L#\0. Here m is a minimum number satisfying the above
condition. Since L and L* are fields, we have from (3.7)

14+codo+---+cpdy =0
for ¢; € Lt and d; € L. Therefore we have
c2(dz — @(dz)) + -+ + cm(dm — #(dm)) = 0.
By the minimality of m, we get
di€ LNL*=Cp=Cy Ck.

This is contradiction to dy,ds,...,d,, are linearly independent over k. [J

4. Surjection conjecture

In our theory, we can not expect Galois correspondence. In Galois theory
of algebraic equations, the following surjection theory is as useful as Galois
correspondence, for example to prove that we can not solve general quintic
equation by extraction of radicals and the arithmetic operations =+, x, +.

THEOREM 4.1. — Let L/M/k be a tower of Galois extensions. Then we
have a surjective group morphism Gal (L/k) — Gal (M/k).
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For a tower of difference field extensions L/M/k, it is natural to expect
an analogous result for Inf-gal (L/k) — Inf-gal (M /k).

Let M; (resp. K1) be the difference-differential ring of F(N, M*#) gener-
ated by the image of the universal Euler morphism ¢p; (M) (resp. tar(k))
and M?. Let Dy, Ds, ..., D, be a basis of the M -vector space Der (Mu/k‘h ).
Let D1,Ds,...,Dy, Dypy1,...,Dg be a basis of the L"-vector space Der (Lh
/kh). By these derivations, we can construct the Galois hull £/K of L/k.
We denote by M the difference-differential subring of £ generated by the
image ¢, (M) of the Euler morphism and Lf. Then we get the difference-
differential isomorphism

M= My @y L.
Therefore for an L’-algebra A and a morphism f € F(L/k)(A) so that f :
L — L@p: A[[W]], the restriction f|rq,e ,1: to M1®@ LF is considered as
an element of F(M/k)(A). So we have a map F(L/k)(A) — F(M/k)(A).
By Theorem 2.20, (Inf-gal (L/k)(A),F(L/k)(A)) is a principal homoge-
neous space. Therefore we can define a functorial group morphism
Inf-gal (L/k)(A) — Inf-gal (M /k)(A).

CONJECTURE 4.2. — The canonical morphism Lie (Inf-gal (L/k)) —

Lie (Inf-gal (M /k)) is surjective.

5. Examples

DEFINITION 5.1. — Let A be a set and u € F(N,A) so that u is a
function on N with values in A. We denote the function u : N — A by a
matrix

0 1 2 ... no .
w(0) wu(l) w?2) - wn) - )
We denote the constant function v : N — A so that v(n) = a for alln € N
by a. Namely
( o1 2 -« n ... )
a= .
a a a ... a DY
We give three examples here. The reader finds extensive examples in

section 5 of the second part [8].

Example 5.2. — Let L be the rational function field C(x) of 1-variable
x over the complex number field C. For a non-zero complex number a
satisfying a™ # 1 for all n > 2, we consider a C-morphism

oc:L—L, x+— ax.
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So (L,0)/(k,1d;) = (C,Id¢) is a difference field extension. In particular,
the extension is a Picard-Vessiot extension. We calculate the Galois group
of (L,0)/(k,1Idy). Since transcendence degree of L/k is 1, we choose d/dx €
Der (L/k) that spands the L-vector space Der (L/k).

First, we determine the Galois hull £/K. Since K is generated by the
image t7,(k) of k by the universal Euler morphism ¢;, and the field L*
of constant functions of the difference ring F(N, L¥), we get K = C(z)*.
Moreover since L is a difference-differential subring of F(N, Lh) generated
by the image ¢z (L) and the constant filed L*, we investigate the image of
x by the universal Euler morphism.

The image of © € L by the universal Euler morphism ¢y, is

o) = 0 1 2 .. ...
Y=\ 2 az a2 - a"z -

(01 2 - n -

_(1 a a2 - " >x

= (a)x.
Here = means the constant function with value x and - is the product in
the ring F(N, L*) and the function (a) € F(N, L*) is (a)(n) = a™ for n € N.
Since o({(a)) = a - (a) and d/dz (a) = 0, a ring generated by L* and (a)
is closed by ¢ and d/dz. Therefore the Galois hull £ is generated by (a)
and K. So K = C(z)¥ and £ = C(x)*.(L). We calculate the Lie algebra
Lie (Inf-gal (L/k)). By Theorem 2.20, (Inf-gal (L/k), F(L/k)) is a princi-
ple homogeneous space. So we can determine Inf-gal (L/k) by considering
F(L/E). The Lie algebra of Lie (Inf-gal (L/k)) is the kernel of

Inf-gal (L/k)(L"[¢]/(e2)) — Inf-gal (L/k)(L")
by section 1.
Let f: L — F(N, L [€]/(e®)[[W]]) be an element of J”-'(L/k)(Lh €]/ (2)).
Then since f commutes with o, we have
o(er (@)~ (@) = (o (er (@)~ flo (e ()
= (arz ()™ flarg(2))
= up(2) 7 fe(@)).
Therefore (v, (x)) "L f (11 (z)) is a constant of 0. So there exists a constant

map o : N — A[[W]] such that f(cr(z)) = auep ().
Moreover f commutes with the derivation d/dx. So we get

61 gt = 1 () = 1 (u@) - Tau()
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On the other hand, we have

62 i fesle) = giplanse) = i)+ (Gl )
do 1
=W v () + Ot;LL(JC).
By (5.1) and (5.2), we get
j—;/ tr(z) =0

and since ¢r,(x) is invertible, we have

do

W —_— O.

Namely « is independent of W. Since f =id e]/(e2) mod F(N, el w1,

there exists u € L' such that f(u1(x)) = (1+ep)er (). This means the Lie
algebra of the infinitesimal Galois group of (L, o)/(k,Idy) is 1-dimensional.

Example 5.3. — Let L be the rational function field C(z,y) in two
variables x,y. We consider the C-morphism o : L. — L given by =z —
2z and y — zy, so (L,0)/(k,1dx) := (C,Idc) is the difference extension
field. Since the transcendence degree of L/k is 2, we choose d/dx,d/dy €
Der (L/k) so that [d/dz,d/dy] = 0 and {d/dx,d/dy} spans the L' -vector
space Der (Lh/lch ).

Now, we consider the image of x,y by the universal Euler morphism ¢y,
to seek the Galois hull £/K of (L, 0)/(k,1d;). The image of z,y are

LL(x):(O 1 2 ... n )
z 2z 2%z ... 2%x ..
and
0 1 ) n
trly) = < y wy 222y .. 23n(imlgng )
So we have the following conditions.
(5.3)

|

—_
>

<
S
N
<
N

(o) =1 (z), {m (12(9))

L
Yy (t(y) =t y),

{U(LL(QJ))ZZ v (),
o(er(z))=rr(x) - er(y).

Here 14 € F(N, Lh) denotes the function 14(n) = n for n € N. So we get
(d/dx)14 = (d/dy)1a =0 and 0(14) = 14 + 1. The Galois hull £ is the
difference-differential subring of F(N, L) generated by ¢1,(z),tr(y), 14, K.
Thus we have K = C(z,y)* and £ = K(vp(2),t1(y), 14)-
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As in Example 5.2, we consider F(L/k) to calculate the Lie algebra of
Inf-gal (L/k).

Let f € f(L/k)(Lh[a]/(52)). Then by constraints (5.3) and f = id
mod F(N,eL’[[W]]), we get

Flr(@)) = (@)1 +ep),
Fr®) =) +eln+ Lap + ulz — 1) log(1 + X)),
f(lA) =1y —i—Ehu.

Here p," u, 7 are elements of L. Since (Inf-gal (L/k), F(L/k)) is a principle
homogeneous space by Theorem 2.20, we know that the dimension of Lie
algebra of Inf-gal (L/k) is 3.

Let M be the rational function field C(x) of 1-variable x. Since the re-
striction of o to M is a k-morphism over M, (M, o) is the difference fields.
So we have the difference field extension (M,o)/(k,Idx) = (C,Idc) and
(L,0)/(M,0). Since both difference extensions are Picard-Vessiot exten-
sions, we can show that the difference Galois groups are Gal (M/k) = G,
and Gal (L/M) = G,,. So by Theorem 3.3, we have dim(Lie Inf-gal (M/k))
=1 and dim(LieInf-gal (L/M)) = 1. Therefore we have an inequality

3 = dim(Lie Inf-gal (L/k))"e dim(Lie Inf-gal (L/M))
+ dim(Lie Inf-gal (M/k)) = 2
Example 5.4. — The reader finds this example in Example 5.3 of the
second part [8]. Let L be the rational function field C(x) in one variable
x. We define a C-morphism ¢ : L — L by o(z) = 2% Then we consider
the difference field extension (L,o)/(k,Idg) := (C,Id¢). We choose the

derivation d/dz as a basis of the L-vector space Der (L/C). The image of
x by the universal Euler morphism ¢y, is

() = 0 1 2 - n ...
bL\) = x :172 ’r22 “e x2n e ’
So we get x(d/dx)ir(z) = 2% (z) and o (i (7)) = (1z(x))?, where 2¢ €
F(N, L*) is the function such that 2¢(n) = 2" for n € N. Since (d/dz)2¢ =
0 and o(2%) = 2-2% the Galois hull £/K is given by K = C(z)* and
L =K(p(z),29).

Let f € f(L/k)(Lh [€]/(?)). Then by the constraints of ¢z (z) and 2°,
we get

{f(L( ) = en(x )(1+€2G(u+ ulog(1 + %)),
F(26) =26(1 + &)
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. b b
with u, ue L .

Since the Lie algebra of the infinitesimal Galois group Inf-gal (L/k) is
2-dimensional non-commutative Lie algebra, the Galois group is the 1-

dimensional affine transformation group.
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