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The Cauchy problem for hyperbolic systems with Holder
continuous coefficients with respect to the time variable

KUNIHIKO KAJITANI AND YASUO YUZAWA

Abstract. We discuss the local existence and uniqueness of solutions of certain
nonstrictly hyperbolic systems, with Holder continuous coefficients with respect
to time variable. We reduce the nonstrictly hyperbolic systems to the parabolic
ones and by use of the Taunabe-Sobolevski’s method and the Banach scale method
we construct a semi-group which gives a representation of the solution to the
Cauchy problem.
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ary).

1. Introduction

We consider the following Cauchy problem:

d
du(t,x) =Y Aj(t. x)dju(t, x)
=1
FB(t, \)ult,x) + f(t,x), in[0,T] x R?, (1.1)

u(0, x) = up(x), x € RY,

where each A; and B are N x N matrix functions, f, u and ug are N component
vector functions and d; = 9/9¢, 9; = 9/dx;. We assume that this system has weak
hyperbolicity, that is,
d
(AD)  Alleigenvalues of » ~ A;(t, x)&; are real valued in [0, 7] x RY x (R{ \ {0})
j=1
and their multiplicity does not exceed v.

Many papers are devoted to the study of wellposedness in the Gevrey classes for the
Cauchy problem (1.1). When all A; are smooth enough with respect to ¢, then this
property was proved for the order 1 < s < 1+1/(v—1) by M. D. Bronsteinin [1] in
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the higher order scalar case and by K. Kajitani in [4] in the system case, respectively.
Moreover they have shown it in the case that the coefficient also depend on x.
When each A; has only p-Holder continuity in ¢ for some 0 < p < 1, the Cauchy
problem is also wellposed in the Gevrey classes but the Gevrey order must be lower
than the smooth case. The first result in the Holder continuous case was derived
by F. Colombini, E. Jannelli and S. Spagnolo in [2]. They proved that the Cauchy
problem to the second order equation u;; = a(t)uy, was Gevrey wellposed for the
order 1 <s < 14 u/2 and, it is important, this order is optimal. T. Nishitani in [§]
extended to the second order equations with coefficients also depending on x, and
then Y. Ohya and S. Tarama in [9] extended that the higher order scalar equation
was Gevrey wellposed for 1 < s < 1 4 u/v. The system case was investigated by
Kajitani in [5], and he showed that the weakly hyperbolic systems were wellposed
in the Gevrey classes for 1 <s < 1+ /(v + 1).

When the coefficients depend only on 7, D’ Ancona, T. Kinoshita and Spagnolo
in [3] proved the Gevrey wellposedness for 1 < s < 1 + pu/v to 3 x 3 weakly
hyperbolic systems with coefficients depending on . To prove it, they derived the
energy estimates for the approximate symbols and moreover Yuzawa in [11] has
treated the general systems of which coefficients depend only on time variable.

In this paper, we shall extend their result to any N x N system whose coeffi-
cients depend also on the space variables by using the other approach, semi-group
method called Tanabe-Sobolevski method (cf. [6, 10]) and consequently obtain the
energy estimates.

To state our results we shall introduce the Gevrey classes and their properties.

Definition 1.1. Let s > 1, then we denote by y ) (R?) the set of all functions
satisfying the following condition: for any compact subset K of R?, there exist
constants Cx > 0 and Ag > 0 such that
8%u(x)| < Cx Al |a|!*

for any x € K and & € N? and we define yo(s)(Rd) =y R N Cy(RY).
Definition 1.2. Let k£ be an integer and 0 < p < 1. For a Banach space Y, we
denote by Ck1([0, T1; Y) the set of functions u(¢) which are k times differentiable
in Y with respect to ¢ and (9/ a1)*u(t) are p-Holder continuous in Y: there exists a
constant C > 0 such that

1fu@lly <C O <l<k),  |0fu() = ofu@)lly < Clt —1'|*
fort, 1 € [0, T]. We write C*0([0, T1; Y) as C¥([0, T]; Y) in brief.
Definition 1.3. For p > 0,s > 1,h > 0and/ € R, we define

Hy  RY) = {u € LARY; (©)), " Pi) € LZRD],
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where (£);, = A2+ 2 A(p) = A(p. &5, h) = p (£),* and (&) stands for a
Fourier transform of u(x):

aE) = / ey (x)dx,
]Rd

and for p < 0 we define Hll\(p) (R9) as the dual space of Hg(l_p)(]Rd).

When p =0, H 11\(0) = Hé is a usual Sobolev space and we write them as H'
in brief. H [l\( ) is a Hilbert space with inner product

1/s 1/s
vy = (5) i u, (§) i v)

()

/s
and we define the norm of Hi(p) by ||u||H1,\(p) = | (&)} eP{E) a2

1/s
Definition 1.4. We define ¢2(?) = ¢”P)i’ a pseudo differential operator of order
infinity such as

1/s
eA(’O)u(x) — e,U<Dx>], u(x) =

for u(x) in Hj\(p).

Definition 1.5. Let p(t) be a positive definite function in [0, T'], k an integer >
0,0 < u < land! € R. Then, we denote by e~ 2P ki ([0, T]; H') the class
of functions f (¢, x) for which to every t € [0, T],

AP £ x) = PO p 1 xy e CRR (0, T HY.
We note the relations between yo(‘v) (R9) and HIZ\ ) (RY).

Proposition 1.6 (cf. Lemma 1.2 in [4]). Foranyu(x)in y\” (R?) and! € R, there
exists a constant p, > O such that u(x) in H IZ\ (o) (R9).

Conversely, if u(x) belongs to H /l\ 5 (R?) for some p > 0, then u belongs to
y O R

Now, we shall state the main theorems.

Theorem 1.7. Let 1 <s <1+ p/v,o =@ -1 —-1/s)and 0 < pn < 1 and
take § > 0 such that s(6 + o + 1) > 1 4 p. Assume that (A1) and the following
condition (A.Il) are valid,

(AID) each Aj(t, x) belongs to CO([0, T, y ) (RY) for j = 1,....d
and B(1, x) € CO([0, TT; y© (RY)).
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Then for every ug(x) in Hzl\(Tero) (R%) and for every f(t,x) ine 2T —1+P0) C([0,T1;
H'(RYY), there exists a unique solution u(t, x) of the Cauchy problem (1.1), which
isine M= (0, T]; HTRY)) Nne2T-DCL((0, T1; H71(RY)) and satis-
fies

t
Nu(t, Il ges =<C <|IuollHl +/ [1Lf @, )l g dr>, (1.2)
A(T—1) ) 0

AT+pp AT —r+pp)
foranyl e Rand0 <t <T.

Considering the property of the finite propagation of the solution for the weakly
hyperbolic system and Proposition 1.6, the following theorem is concluded by The-
orem 1.7.

Theorem 1.8. Assume that (Al) and (AIl). If 1 <s <14+ pu/vand0 < p <1,
then for any f(t,x) in C([0, T]; y(s)(Rd)) and uo(x) in y(s)(Rd), there is a unique
solution u(t, x) in C1([0, T1; y(s)(Rd)) of the equation (1.1).

2. Preliminaries

In this section we shall introduce some notation and fundamental propositions on
the pseudo differential operator theory.
We denote by S,T,a,z (0 <6 < p <1)aclass of symbols p(x, &) satisfying

) (x. 6)]

(&)=l 318 0,

|plgm, = sup
0.8,
(x,&)eR¥ |a+B|<I

where pég; (x, &) = Dfagp(x, &). We write ST' ; as §" in brief.
We denote by (SZ’“B’I)NXN aclass of matrix symbols P (x,§) = (p;;j(x.6))1<i j<N
such that all p;; are in SZ” 57 and we define

P = max ii .
|Plsm,, lii’jSNlpzjlsg{M

: m NxN m : : m m
We often write (Sp’(”) as Sp,s,l in brief and Sp,a = ﬂlSp’M.

For p(x,&) € S[’f’ 5» we define the pseudo differential operator p(x, Dy):

px, Dou(x) = / ¢ p(x, E)A(E)dE.

2m)?

The following proposition is well known as the boudedness in H? of pseudo differ-
ential operators.
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Proposition 2.1. Let0 < 6§ < p < 1 and

2 +lo+d+1 8(d+1
(Iq+1o N o [2@ED],
2-3 0—38

Mo(q) = [
Assume thatl > My(q) and p(x, &) be in Szl,a,l' Then, we have

llp(x, D)ullne = Cqlplsr [l g+, 2.1)

8.Mo(g)
foru e HI™™,
Next, we denote by F?fr, ; aclass of symbols p(x, &) satisfying

()
Ip (x, &)l
Iplpm = sup (B+y) < 0. 2.2)

! (x,£)eRM |a+B|<l,yeZd rivliy|ts (E)mi‘al

For a symbol p(x, &) € I'"_,, we define an operator pa () (x, Dy):

s,r0°

DPA(p)(x, Dy) = eA(/’)p(x, Dx)e_A(P),

where A(p) = p(Dy) }ll/ ¥, 1t follows from Kumano-go’s formula that the symbol of
PA(p) (x, Dy) give by

1 » _
o (Pap) (X, E) = Wos-f/ﬂw eTIIHAGED=A®) (x4 y E)dydny,  (2.3)

where Os-f [ means an oscillatory integral. We denote by pj (x, §) the symbol of
PA(p)(x, Dy) in brief.
From (2.3) and Taylor’s formula,

PA(E) =pE,E)+ Y poy(x. oy, (0, &) + r(p)(x, ), (2.4)

O<|y|<N
where
wy (p, &) = —e P%‘)hay(ep(%‘)h)
and
rn(p)(x, &) =

@m)d

xZ Os // /(1 o)YN L=yt AGTD=AE) ), (x+0y,E)wy (0,6 +1)dOdydn.
RZd
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Proposition 2.2 ([5]). Let p(x, §) be in T, A(p) = p(£),/* and s > 1.

s,rl’

(i) wy, and ry(p) satisfy the following inequalities:

188wy (0, §)] < Cay (o] + A7) (g), W 25
108 DEry (p)(x, )] < Capn (Ipl +h~ )N ()N 2.6

for (x,&) e R¥ «, B € 74, where k = %
(1) If p satisfies
ol < @4'dr)™', @2.7)

st/ , 4
[ = p— +1I+ 5 +1, (2.8)

then the symbol p(x, &) belongs to S;!. Moreover, there exists a constant Cy
such that

and [ satisfies

Ipalsy = Criplrr -

The following proposition is the fundamental property on the hyperbolic polyno-
mial:

Proposition 2.3 ([1]). Let p(t, x, 1, &) be a hyperbolic polynomial of order N, that
is, p can be factorized by real roots:

N
ptx, M E) = Y aja(t, ONE =T =2, x,8)),
L1

lot|+j=N J

where all 1;(t, x, &) are real valued for (t,x,&) € [0, T] x RY x R4, Assume that
the multiplicity of A;(t, x, &) is at most v(< N) and all the coefficients aj(t, x)

and Dfaj,a(t, x) (18| < v) are bounded in [0, T x R, then p(t, x, 1, §) satisfies
the following estimates:

! —N+v —KV
PGt x ko — BV E)] < C(r + ) &) (2.9)

PGt x4 — i(E)5. &)l

C(g), 1O (0 4+ Bl < v), (2.10)

for & € C such that Imh < 0 and for (x, &) in [0, T] x R4,
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3. The Cauchy problem in Sobolev spaces

In this section we assume that | <s < 1 4+ p/vand putx = 1/s.
We reintroduce the equation (1.1):

P(t,x, D)u(t,x) = —if(t, x), (t,x) € [0, T] x R4,

1.1
u(0, x) = up(x), x e R4, (.D
where
d
P(t.x.D)=D;— Y Aj(t.x)D; +iB(t,x),
j=1

and D = (D;, Dy) = (D;, D1, D>, ..., Dyg), D, = —i0; and D; = —i0;.

For some non negative and continuously differentiable function p(t), we set
v(t, x) = 2Py (s, x) = e”(t)(Dx>hu(t,x). Then we can reduce the problem
(1.1) to

{PA(t,x, Di, Do)u(t, x) = g(t, x), A

v(0, x) = vo(x),
where
D A = Dt Aoy = Dr + i,o/(t)(Dx)Z,
d
PA(t,x, Dy, D) = Dyl =Y Aja(t, x, D)D) +iBa(t, x, Dy),
j=1

for (t,x) € R4, vo(x) = e2PMyqg(x), g, x) = —iePO) £(z, x), and each
Aj a(t,x, Dy) and By are pseudo differential operators such as

Aj A, x, D) = Aj Aoy (1, X, Dy) = ePOPi A (2, x)e™ PP

BA(t, X, Dy) = Ba(p(ry) (1, x, Dy) = e?DPxli B(1, x)e= PO Pl

We shall solve the equation (3.1) in Sobolev space H' by using the semi group for
ip" ()(Dx)j) 1 — An(D)).

4. Construction of (A +ip'(v)(Dy )1 — Ap(r)!
Let 7 be fixed in [0, T']. In this section, we shall construct the inverse of ((A +

i,o’(r)(Dx)’;)I — A (7)) for a complex number A with ImA < —ho. We consider
the following resolvent equation :

(O +ip" (D)} — Ar(D)v = g, (4.1)
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for g € HY, where

d
A(t) = A(t,x,Dx) = ) Aj(r,x)Dj, 4.2)
j=1
and
d
AA(T) = Appe)(t, x, Dy) = Z Aj Ap)(T,x, Dy)Dj. 4.3)
j=1

Let us define several symbols as follows:

d
Alt, x,8) = 0 (A)(t,x,6) = ) A;(t, 0)Ej,
j=l1

AA(t7 X, %-) = G(AA(p(l)))(t» X, E) =

d
Ajapan(t, x,§)E;,

j=1

d
P(t,x,1,8) =0 (P)(t,x, 1, E) =Al — Y Aj(t,x,6)& +iB(t,x),
j=1
Pp(t,x, A, 8) = o (Pp)(t, x,4,8)
d
=al — ZAj,A(p(t))(l, X, 88 +iBapu)(t, x,8),
j=1
H(tvx’ )‘" E) = CO()"AI - AA([,X, é))’
p(t,x, A, &) =det(M] — A(t, x, §)),
pL(t,x, A, &) =det(Apl — Ap(2, x, §)),
L
p(t’xﬁ)"l\’é)
Aa =r+ip (0)(E)].

M(t,x, 1, &) =

We shall consider an operator P (¢, x, A, Dy) = (Al —Aa(t, x, Dy))oH (¢, x, A, Dy),
where H (t, x, A, D,) is the operator with the symbol H (¢, x, A, £) and o means an
operator product. By Proposition 2.2, if p(¢) satisfies

0<p@) <@4dr)™" in [0,T], (4.4)

then Ap(t, x, &) is in Sll,, so H(t, 1) is in Sll,v_l, where [’ satisfies (2.8). Since we

can take [ in (2.8) arbitarly, H(t, 1) € ﬂp>0Sl],v_l = SN=1 that is,
HE)(t, x, 2, 6)| < AL+ ()N 171, 4.5)

for (1,x,1,6) € [0, TI x R x C x RY, o, p € Z4..
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Denote by S’/’? s a set of symbols a(z, x, A, &) which are holomorphic in A €
{» € C: Imx < 0} and satisfying

8¢ DEa(r, x, 1, 6)] < Capl)y PP x £ e R A e CiImi < 0,0, f € Z2.
Next we shall compare py (¢, x, A, §) and

palt,x, A, &) = o (e®p(t, x, A +ip(t)(Dy)5), Dx)e ) (t, x, A, ). Since

plt.X, A E) = Y SEOT - A1z (1)) ANT(N)»

TeSy

where a;; = a;j(t, x, A, &) is the (i, j)-component of (Al — A(f,x,§)) and Sy
stands for the set of permutations of {1, 2, --- , N}, we can write

p(tv-xv)"va) = Z Sgn]T

HESN

X atz1)(X,A,Dy) 0 azg2)(x,A,Dx) 0 -+ -0anzny(x,A,Dy) +q1

and consequently

PA(t. X, D)= sgnmainya(x,Dx) 0 azn@)a(x,Dy) o

TeSN

cr0anz(NyA (X, Dy) +q1a,
_ LA —A SN—1
where ajx A (x, D) = e“ajre” " and g1 (1, x, 1, §) € S|, because

o(aiz),A(x, Dx) o azg),A(x, Dx) o - - oanzmy,a(x, Dy))(x,§)
= aiz(1),A (X, 8)a272),A (X, &) - -anzv), A (X, E) + gr (x, E)

for any w € Sy, where g, (t, x, A, &) € S’{Vo_l. Hence we have
PAa(t, x, 1, 8) = pr(t, x, 2, 8) + q2(t, x, A, §), (4.6)
where ¢ € S‘{\”O_l that is,
Q25 (8 X, 3, 8)| < Cap(A] + (ENV I, (4.7)

for (r,x, 1, &) € [0,T] x RY x C x R4, 31 < 0 and o, B e N9, Therefore it
follows from (4.5), (4.6) and (4.7) that we have

o (P)(t,x, %, §) = palt,x, ., )] + Q1(t, x, 1, &), (4.8)

where Q| satisfies
1015 (1%, 1, 6)] < Cap(I2] + (E)HN 11, “9)

for (£, x, 2, &) € [0, T] x R x C x RY, ImA < 0 and o, B EZi.
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We shall construct the inverse of (A 4 ip’(t)(D);)I — Ax(7)) of form
(Oip (DT =AN (D)™ =H (z, A+ip' ()(D)5)o(P) ™! (x, itip' (1) (Dx)}),

where (P)~! is the inverse operator of P. Let us show that (P)~! exists. Define a
operator S(t, L) = S(t, x, A, Dy) as

S(t,x, A, Dy)=1— P(t,x, A, Dy)o M(t, x, A, Dy). (4.10)

where M(t, x, A, &) = p(t,x, A + ip’(t)(Dx)Z, £)~ 1. Noting that p(t, x, A, &) is
elliptic for |A| > M (&), we can prove the following proposition by use of Propo-
sition 2.3.

Proposition 4.1. Assume that1 < s < v/(v — 1) and q satisfies My(q) < [, where
Mo(q) is given in Proposition 2.1 with p = k, § = 1 — k. Then, there exists a
positive constant h > 0 such that for any T € [0, T1and » € C  (ImA < 0).

8¢ DES (2, x, 1, &)| < Cap(A] + (§),) 17Ol =)IBI @.11)

Proof. If |A|> M (&), then p(t,x, A+ip'(1)(§)}, &) is elliptic for [A| > M (&), (M >
1), so we have

|p(t, %, & +ip () (&), E)] = coIA] + (E)p)™,

for |[A| > M(§),, which implies (4.11) evidently for || > M (£),. From (4.8), the
symbol of P(t, x, A, Dy) o M(t,x, A, Dy) is

o (ﬁ(r,x) o M(t,k)) (x, &)

1 1
-7 o )X, )\’ ) ( ) 1
t 2 S eatn ) e o)

O<|yl<n

! 1
— oW
+O§§<n ,Q (t,x,A,8) (p(t,x,k+i,0’(t)(§)z,.§)>(y)l+R"(t’x’)”’€)

where R, is in S(ll_flzu_'m
tion 2.3

. Moreover, by virtue of Proposition 2.2 and Proposi-

ey K en®) 1 1-201y| — a5
(PA(t,x,)»—i-l;O (t)@:)h’g)) (p(l‘,x,)»—l— ip/(t)(é:)Z,é:))(y)eSK’lK CSK,I*K

for 1 <|y| <n,and
1
PA

01, x, 1,6 (

K,1—kK K,1—kK

) (t.x, h+ip (). )1 € S 5o
62

for 0 < |y| < n,where §y = min{2« — 1,1 —v(l —k)} =1 —v(l —k) > 0.
Therefore we can see S(¢, x, A, £) is in S‘;fl_,(. This implies (4.11). O
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From Proposition 4.1 it follows that if we take the parameter 4 > 0 sufficiently
large, there exists a (I — S(z, 2))~! as Neumann series

(I =S )" =) 8.2
i=0 (4.12)

- —1
:{P(t7x7)\'aDX)OM(T’-X’)HDX)} .
Therefore we obtain the inverse operator of (A + i,o/(r)(Dx)z)I — Aa(p(r)) (1)) as
(O +ip" OUD)DT — Aoy (T, x, Dy) !

o0
= H(t,x,h, Dy) o M(t,x, ., Dy) o Y S(t.x, %, D)
= (4.13)

= H(t)o M(t)+ H(t) o M(1) 0 Z S(t).
j=1

Proposition 2.2 and Proposition 2.3 yield,
o(H(t,2) o M(z,M)(x,8) = H(t, A, §)M (7, A, §) + Qa(T, x, 1, §),

v(1=)=1=€ Moreover, noting that o (H o M o §) € 52172

where Q07 € § Py

K, 1—«K » We
get

o (A4 ip" (@) (D)) — An(p(ry (T, X, D) )(T, x, 4, &)

(4.14)
=H(t, , §)M(z, 1, §) + 03(7, x, 4, &),

)
where 03 € S_|_,

, where § = min{l + « — v(l — «),2(1 — v(l — k))} =
2(1 —v(1 —«)) > 0.

5. The equation with time-independent coefficients

In this section, we shall solve the following equation: for fixed T € [0, T),

PA(p(‘L'))(tsx’Dt,A(p(T))7 Dx)v(tv-x)vzg(t’x)y T 2 r> T,X GRd (5 1)
v(T, x) = vo(x). '
We define
Vo(t, 7) = Vo(t, T, x, Dy)
1 A — . _
=5 M (W +ip (D)) — An(poy (T, x, D)) d
Tl JIma=0

(5.2)

forO<t<r<T.
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Proposition 5.1. Let1 <s < 1+ % nw<lk=1/s,ando = (v — 1)(1 — k).
Then there is k' > 0 such that k < k' < 1,1 — k' < k' and Vy(t, ©) is a pseudo
differential operator of which symbol is in S,‘(’,’lik,. Moreover there is a constant
C > 0 such that

Vo(t, Dul|lye < Cllu to, T >1t>T, 5.3
IVott. Dullyg < Cllullgga. T = (5.3)

q
foru € HA(p).

Proof. Tt is sufficient to prove that there is «” > O such that 1 > «’ > 1 — k" and
|0 DY Vo(t, 7. x, §)| < Cap )y I T >t >0 xR (54

for o, B € N?. Since it is known from Proposition 3.3 in [6] that Vo (¢, T)(x, &) is
. v(l—k) .
in SK’l_K , it suffices to

Vo(t, )(x, &) < C(E)f, T>t>1,x,§&ecR" (5.5)
In fact, we can choose x’ such that ¥k > «’ and ¥’ > 1 — k’ because of k > 1 — k.
Vo(t, 7)(x, &) is in 8. ~¥) implies

|0 DY Vo(t, 7. x, §)| < Cap€)y I T >t >0 xRN (56)

1—k

for | + B| = -=5. Using the interpolation theorem we can get (5.4) from (5.5)

and (5.6). Now we shall show (5.5). (5.2) yields

1 ir(t—1) ) i -1
Vot (. §) = 3= | T ip (DT = An (o) T (7.5 6)d
ImA=
_ Ly i) o N — !
= ~— lim e (A Fip (@D} = Anp) (T, x,8))dA.
271 R—00 Jimj=0,|Rer|<R

Besides,

/ D (4 i (DT — Arip(r) (T, x, £))dA
ImA=0,|Rer|<R

= fc MO+ ip () (DY — Anpey) (T, x, £))dA

- / M 00" @OUDINT — Anpy)” (T x, E)dA,
YR

where Cg = {A € C;Imi = 0, |Rer| < R} U ygr,¥r = {|A| = R,Imr < 0}.
Noting

R— o0

lim / MDA+ i (DY — Anip(ey) ' (T, x, E))dA = 0,
YR
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we get

| .
Vot, T)(x, €) = — lim f MO H (T, x, 0, E)M (T, x, 1, €)
2mwi R—oo ImA=0,|ReA|<R

+ Q3(t,x, A, §)}d2
= Rli_)moo{llR(x, &)+ br(x, &)},

where

_ irt—1) H(z,x,2,§)
Nl = o /cRe PT 3+ ip (D E) &)

and

1 .
hrx,§) = >— /C M= 05 (1, x, A, E)dA
R

Noting that the roots of p(z, x, A +ip'(t) ()}, &) = 0 are contained in the domaim
Cpr for large R, we can prove similarly as Proposition 2.1 in [11] that I1g(x, &)

satisfies (5.5). Next we prove that Ig (x, &) satisfies (5.5). Since Q3 satisfies from
(4.14)

103(t, x, A, £)| < C(IA| + (£),)*0=0=D

we can estimate
1 in(t—1)
|[hr(x, &) = i ) e 03(t, x, A, §)dA
R

<c / (4] + ()20 DgIma
[ImA|<R
S C<§)i(U(I_K)_1)+1 S C<S>§[v—l)(l—/{)'

Here we used the inequality 2(v(1 — k) — 1) +1 < (v — 1)(1 — k) which is
V

implied by the assumption « > ﬁ > 47- Thus we compleled the proof of

Proposition 5.1. U

It is easily seen that V(¢, 7) satisfies

D Vo(t, ) ={—=ip'(1)(Dx)} + Arpy (T, X, D)} Vo, 1) (x<t<T)

Vo(t,7) =1 > G

where I means the identity operator. Thus we have obtained a solution v(z) of (5.1)

as follows:
t

v(t) = Vp(t, 0)vg —I—/ Vo(t, r)g(r)dr.
0
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6. Construction of the semi-group

We shall construct a semi-group V(¢t,7) = V(¢ 1,x, Dy) for the generator
P (t)(Dy)y — iAA) (. x, Dy) + B(t, x);

DV (t, x; 1) ={—ip"(t)(Dy)} +Ar ) (t,Xx,Dx) +iB(,x)}V (t,x;7),
t>1t>0, (6.1)
Vit,7)=1.

We note that V (¢, 7) has a semi group property, that is, V(¢,t) = V(¢,r)V(r, 7)
for T >t >r > t© > 0. In order to construct V (¢, t), we shall use Tanabe-
Sobolevski’s method and Banach scale method (cf. [6, 10]).

We shall seek the pseudo differential operator V (¢, 7) = V (¢, t, x, Dy) which
satisfies the following equation:

t
V(Z,T,X,DX)ZVO(I, T?-x’ Dx)"’/ Vo(t’rax? Dx)q)(r’ t’anX)dr' (62)
T
If V(z, 7) satisfies (6.1), ®(¢, x, D; ) must satisfy the following equation:
t
q)(ls TvvaX)ZR(tv ‘[’xli)+/ R(tvrvx’D.X)@(r’ Tvxv Dx)dr7 (6‘3)
T

where

R(t’ T, -xa Dx) = {_l:o/(t)(Dx>Z + AA(p(l))(t? X, Dx) + lp/(fxDx)Z

. (6.4)
- AA(p(T))(Tv X, DX) + lB(tv x)} o Vo(ts T, X, DX)

Conversely, if ®(t, 7, x, D) satisfies (6.3), then V (¢, 7, x, D,) satisfies (6.2).
We shall construct a solution ® (¢, 7, x, Dy) of the equation (6.3) as follows:

(o.¢]
O (1,7, x, Dx) = ) ®;(1, 7, x, Dy), 6.5)
j=0

where

do(t, t,x, Dy) = R(t, 7,x, Dy),
t

6.6
(I)]([’ Tvvax) Z/ R(t,r,x,Dx)oCDj_l(r, Tax»Dx)dV (] z 1) ( )

T

For simplicity of notation denote HZ( 0 by H, 7. We recall

K

1
ullgs = ||<Dx>zep<DX>hM||L2 o=
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We know that for/ > 0 and for pg > p' > p >0
DYyl gg < C0" = p) ™ lull o - ©6.7)
P

Let denote 0 = (v — 1)(1 — k) and take § > O such that 1 > s(o +4),1 4+ u >
s(140+36). Itis possible, because of the assumption so < land 1 +p > s(140).
Denote s1 = s(oc +8 + 1), so = s(o + ) and € = min{l — sg, |l + © — 51} =
14+u—s1>0.

Proposition 6.1. There is Cg > 0 such that for T >t > t > 0 and for py > p' >
p=0

| R(z, t)ulngw < Crilt = t1*(o" = p) ™" + (p" = p) "} llull yo (6.8)
P
Proof. It follows from (6.4), (5.3) and (6.7) that

IR Dyl g5 < CrlUt =1 (D) ull g 11D} ul )

< Crllt =71 (p" = p) ™" +(p' - p)_so}lluIIHZ,

for pg > p’ > p > 0, which proves proposition. U
Now we shall prove that (6.5) is convergent.

Proposition 6.2. There are Cy > 0, Cy > 0 such that for u € HZ,, T>t>1t>0,
and for po = p' > p =0

(t—1)*U+D 1
(p/_p)sl(j-i-l) + (p/_p)sg(j-i-l)
j == 07 15 Y

. (f—1)
1Pt ull ygs <Cjt—7) IIMIIHZ,M,

(6.9)
where sy = v(s — 1) +sandso = (v — 1)(s — 1) and
Cj= Clcg(j!)_e, e =min{l —so, 1 +pu—s1}=1+pu—s51>0. (6.10)

Proof. We shall prove this augument (6.9) by induction. Proposition 6.1 assures
(6.9) for j = 0. Assume that (6.9) holds for j — 1. Then from (6.6) and (6.8)

t
||q)'(t,T’X,Dx)u|| ‘I‘HSS ||R(t,r,X,Dx)Oq)'fl(r,f,x,Dx)u“ q+6dr
J HJ . J HJ

<c /{ - 1 } 6.11)
R (P TR VT ‘

. (r_-[)//-j
Cjir =) 1{ ' }
X G = O i+ G

dr||u||Hq/
P
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for pg > p’ > p” > p > 0. Here we choose p” = ptip, Taking account of the

j+l
following equalities and inequalities
: _ @Dy
(" = pP)P(p" — p)9 aPbi '
where p” = “’Z'fr[;p,,O <p<panda>0,b>0,p>0,q>0,

)athl Fa+ DG+
I'(a+b+2)

El

t
/ t —nrr— t)bdr =(t—

wherea > —1,b > —1,
(A + B)(A* + BY) < 4(A*+! 4 pktly,

where A, B > 0 and k a positive integer and
1\/
(1+_) Sea J:1723
J

(G+DTGp+D) (G+DMT()
C(+Du+1D) " T+p+1)

we can get from (6.11)

4¢°1Cj_1C g max{ (D0 <c;. (6.12)

By virture of the assumption s < 1+ % we can take € = min{l + u —s1, 1 — 50} =
1 + o — s1 > 0 such that

« : G+D'TG+D) G+ DTG

. A G e
NG+Dw+1D) T(G+p+1)
Therefore we can find Cy, C; such that C; given by (6.10) satisfies (6.12). O

From Proposition 6.2, we can observe that ®(z, 7, x, Dy) is well-defined by
(6.5),s0 V(t, T, x, Dy) can be also defined by (6.2). Precisely,

Proposition 6.3. Letg € R, u € Hg,, T>t>t>0andpy>p > p >0.
Denote s1 = s(c+6+1), so = s(0+68) and e = min{l—sg, | +u—s1} = 14+u—s;.
(1)  There exists a constant C>» > 0 such that

(x5 T)ull yg+s

<C<(I—T)”“+ 1 >ex C(;_T)u+1+ — 1Y l (6.13)
=2\ o) TP T oo T o) =
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(i)  There exists a constant C3 > 0 such that

1+/L .
—T —T1
IV Gl =€l 6 = 9750+ ( i )

(IO/_ Up)sl—i-sa (p/_p)SO‘HU

e (6.14)
c (t—)!+H N (t—1) }II I
x exp C3 - - ull e .
(p'=p)t  (p'—p)% Hy
Proof. (1): We note that for a positive integer j and x > 0
o xJ .
T E e <
implies that - < < forx > 0, ¢ > 0 and if we take x = (24)¢
o0
D AT e
Py
=0/
for A > 0, € > 0. If we take A like
I+u _
t— t T
PPN (Gl R e N
(" =p)yt  (p—p)%
we can see that (6.13) holds.
(ii): (6.14) is a direct result of (5.3), (6.2) and of (6.13). O

Put

t
v(t) = V£, 0)vo + / V(. g(rdr
0

then, it is obvious that v(¢) is a solution of the equation (3.1), moreover, it follows
from (6.14) that if we take p’ = pg, p = 0, there is a constant C > 0 such that for
T>t>0

t
(@, Ipgers = C (IlvolngO +/0 g (r, ~)I|Hgodr>- (6.15)

Since u(t, x) = e AT =Dy(z, x) satisfies (1.1) and (6.15) implies (1.2), we have
completed the proof of Theorem 1.7.
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