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On isometries of the Carathéodory and
Kobayashi metrics on strongly pseudoconvex domains

HARISH SESHADRI AND KAUSHAL VERMA

Abstract. Let € and Q) be strongly pseudoconvex domains in C" and f :
Q1 — 7 an isometry for the Kobayashi or Carathéodory metrics. Suppose that

f extends as a C1 map to Q. We then prove that flag, : 921 — Q2 isaCR
or anti-CR diffeomorphism. It follows that €2 and €2, must be biholomorphic or
anti-biholomorphic.

Mathematics Subject Classification (2000): 32F45 (primary); 32Q45 (sec-
ondary).

1. Introduction

Complex Finsler metrics such as the Carathéodory and Kobayashi [14] metrics and
Kihler metrics such as the Bergman and Cheng-Yau Kihler-Einstein metrics [5]
have proved to be very useful in the study functions of several complex variables.
Since biholomorphic mappings are isometries for these metrics, they are referred to
as ‘intrinsic’.

This work is motivated by the question of whether (anti)-biholomorphic map-
pings are the only isometries for these metrics, i.e., is any isometry f : Q; — 2
between two domains €2 and 2, in C" (on which the appropriate intrinsic metrics
are non-degenerate) holomorphic or anti-holomorphic?

To be more precise by what we mean by an isometry, let Fq and dg denote an
intrinsic Finsler metric and the induced distance on a domain 2. In this paper by
a C-isometry we mean a distance-preserving bijection between the metric spaces
(821,dg,) and (22,dq,). Fork > 1, a Ck-isometry is a Ck—diffeomorphism f
from Q1 to Q> with f*(Fq,) = Fq,. A Ck—isometry, k>1,isa CO—isometry and
if the Finsler metric comes from a smooth Riemannian metric (as is the case with
the Bergman and the Cheng-Yau metrics), the converse is also true by a classical
theorem of Myers and Steenrod.

Both authors were supported by DST (India) Grant No. SR/S4/MS-283/05.
Received December 7, 2005; accepted in revised form July 28, 2006.



394 HARISH SESHADRI AND KAUSHAL VERMA

The question above makes sense for a large class of domains (for example bounded
domains). However, we confine ourselves to bounded strongly pseudoconvex do-
mains in this paper.

We note that the question has been answered in the affirmative (for strongly
pseudoconvex domains) for the Bergman and the Kahler-Einstein metrics in [12].
The proof is essentially based on the fact that the metric under consideration is
a Kéihler metric whose holomorphic sectional curvatures tend to —1 as one ap-
proaches the boundary of the domain. Note that the Bergman metric and the Kéhler-
Einstein metric both have this property.

The case of the Carathéodory and the Kobayashi metrics is more delicate. A
technical reason is that these metrics are Finsler, not Riemannian, and moreover
they are just continuous and not smooth for general strongly pseudoconvex do-
mains. Despite these issues, the results in this paper indicate that the answer to the
main question might be in the affirmative.

Before stating our results we remark that all domains we consider have at least
C?-boundaries. Our main theorem asserts that, an isometry is indeed a holomorphic
mapping at ‘infinity’.

Theorem 1.1. Let f : Q1 — Q2 be a C'-isometry of two bounded strongly pseu-
doconvex domains in C" equipped with the Kobayashi metrics. Suppose that f
extends as a C! map to Qy. Then flag, : 021 — 0822 is a CR or anti-CR diffeo-
morphism. Hence 21 and 23 must be holomorphic or anti-biholomorphic.

A similar statement holds for the inner-Carathéodory metric if we assume that
Q) and 92 are C3-smooth.

A few comments about the C'-extension assumption: any C'-isometry be-
tween strongly pseudoconvex domains €21 and €2, equipped with the Kobayashi or
inner-Carathéodory metrics extends to a C'/> (Holder continuous with exponent
1/2) map of Q) by the results of [1]. See also the remark after Lemma 3.2. A
key ingredient in the proof of this result is that strongly pseudoconvex domains
equipped with the Kobayashi or inner-Carathéodory metrics are Gromov hyper-
bolic.

It would be interesting and desirable to prove the C!- extension property for
Kobayashi/inner-Carathéodory isometries and hence render the assumption in The-
orem 1.1 unnecessary. More precisely, what needs to be investigated is whether
C'/? -boundary regularity implies C'-boundary regularity of the given C!-isometry.
This is known to be valid for holomorphic mappings and the reader is referred to
[19, 24] and [8] among others for further details. Thus the study of isometries
seems to fit in naturally with the study of the boundary behaviour of holomorphic
mappings.

We now summarize the ideas behind the proof of Theorem 1.1. The main
idea is to use the rescaling technique of Pinchuk [25] to study the derivative of the
isometry at a boundary point. We construct a sequence of rescalings of the isometry
near a boundary point p and show that this sequence converges (see Proposition
3.2 and 3.3) to an (anti)-holomorphic automorphism of the unbounded realization
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of the ball in C". On the other hand, we observe that the horizontal components
of these rescalings converge to the horizontal component of the derivative of the
isometry at p. Here by a ‘horizontal’ vector we mean a vector in the maximal
complex subspace of the tangent space at a boundary point of the domain. In fact,
we show that the restriction of the derivative to the horizontal subspace at p can
be related to the values of the holomorphic automorphism acting on certain points
in the ball (see Lemma 4.2). This fact is crucial; indeed, in conjunction with the
(anti)-holomorphic limit of the scaled isometries, it allows us to show the complex-
linearity of the derivative on the horizontal subspace of the tangent space of p.
Much of the technical work in the proof is in showing the convergence of metrics
under Pinchuk rescalings which is needed to show that the scaled isometries are a
‘normal’ family. This problem is not faced when dealing with scaled holomorphic
mappings.

To the best of our knowledge, this interpretation (cf. Lemma 4.2) of Pinchuk
rescaling that relates the derivative on the boundary in the horizontal direction to
values of the (anti)-holomorphic limit at certain points in the ball is new. It may
be possible to use this interpretation to re-formulate the question about boundary
regularity of holomorphic mappings in terms of the scaling method.

A related theme that has been studied in detail is the following: What can be
said about a holomorphic mapping between two domains in C" which is known to
be an isometry in some fixed Finsler metric in the domain and range, at a single
point? The reader is referred to [4, 11, 20] and [29] which study this question, the
conclusion in all being that the holomorphic mapping is biholomorphic. The main
theorem dispenses with the hypothesis of having a global holomorphic mapping and
replaces it with a global isometry at the expense of assuming some apriori boundary
regularity.

The first important technical lemma that we need is about the behaviour of the
distance to the boundary under isometries (Lemma 2.2). Here we use the two-sided
estimates for the Kobayashi distance obtained in [1].

2. Preliminaries

2.1. The Kobayashi and Carathéodory metrics

Let A denote the open unit disc in C and let p(a, b) denote the distance between
two points a, b € A with respect to the Poincare metric (of constant curvature —4).
Let Q be a domain in C". The Kobayashi, the Carathéodory and the inner-
Carathéodory distances on €2, denoted by dg s a’g and dg respectively, are defined
as follows:
Let z € Q and v € T;Q a tangent vector at z. Define the associated infinitesi-
mal Kobayashi and Carathéodory metrics as

K : 1 . l
Fg (z,v) = inf 5: a>0,¢ec 0, Q) withp(0) =z, ¢'(0) =av
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and -
FS(z,v) = sup {ldf (2)v] : f € O, A)},

respectively. The inner-Carathéodory length and the Kobayashi length of a piece-
wise C! curve o : [0, 1] — € are given by

- 1 N 1
zC(a)=/ FS(o,0")dr and X (o) =/ FX(0,0)dr,
0 0

respectively. Finally the Kobayashi and inner-Carathéodory distances between p, ¢
are defined by

d&(p.q) = inf (X (p.q)} and dS(p.q) = inf {I€(p. q)}.

where the infimums are taken over all piece-wise C! curves in Q joining p and g.
The Carathéodory distance is defined to be

d§(p.q) = sup {p(f(p), f(@): [ €O, A)}.

We note the following well-known and easy facts:

e If 2 is a bounded domain, then dg , dg and dg are non-degenerate and the
topology induced by these distances is the Euclidean topology.

e These distance functions are invariant under biholomorphisms. More gener-
ally, holomorphic mappings are distance non-increasing. The same holds for
F&(z,v) and F§ (z, v).

e We always have

d§(p,q) < dS(p,q) < dS(p, q).

e If @ = B", all the distance functions above coincide and are equal to the dis-
tance function of the Bergman metric go on B”. Here the Bergman metric is a
complete Kéhler metric normalized to have constant holomorphic sectional cur-
vature —4. Also, for B", the infinitesimal Kobayashi and Carathéodory metrics
are both equal to the quadratic form associated to gg.

2.2. Convexity and Pseudoconvexity

Suppose €2 is a bounded domain in C", n > 2, with C 2_smooth boundary. Let
o : C" — R be a smooth defining function for , i.e, p = 0 on 32, dp # 0 at any
point of 3Q and p~! (=00, 0) = Q.

A domain with C? smooth boundary 2 is said to be strongly convex if there is
a defining function p for 02 such that the real Hessian of p is positive definite as a
bilinear form on 7,02, for every p € 9Q2.

Q is strictly convex if the interior of the straight line segment joining any two
points in € is contained in Q. Note that we do not demand the boundary of Q be
smooth. Strong convexity implies strict convexity.
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Let 2 be a bounded domain. A holomorphic map ¢ : A —  is said to be an
extremal disc or a complex geodesic for the Kobayashi metric (or distance) if it is
distance preserving, i.e. dg (@(p),p(q)) = p(p,q) forall p,q € A.

The following fundamental theorem about complex geodesics in strictly con-
vex domains will be repeatedly used in Section 3 of this paper:

Theorem 2.1 (L. Lempert [16]). Ler Q be a bounded strictly convex domain in C".

(1) Given p € Q and v € C", there exists a complex geodesic ¢ with ¢(0) = p
and ¢'(0) = v (or d¢ (ToA) = P, where P, C T,Q is the real -two plane
generated by the complex vector v).
¢ also preserves the infinitesimal metric, i.e., Fé (P(q); dop(w)) = Fal(g; w)
forallw € TyA.

(2) Given p and q in Q, there exists a complex geodesic ¢ whose image contains p
and q.

(3) The Kobayashi, Carathéodory and inner-Carathéodory distances coincide on
Q. Also, the Kobayashi and Carthéodory infinitesimal metrics coincide on 2.

The Levi form of the defining function p at p € C" is defined by

n 2

Lyw)= )"

ij=1

_ v;v; for v =(vy,..,v,) € C".
3ZiaZj (P)vi J (v n)

For p € 32, the maximal complex subspace of the tangent space 7,92 is denoted
by H,(0%2) and called the horizontal subspace at p. By definition, €2 is strongly
pseudoconvex if L, is positive definite on H,(d€2) forall p € 9. It can be checked
that strong convexity implies strong pseudoconvexity.

For a strongly pseudoconvex domain, the Carnot-Carathéodory metric on 02
is defined as follows. A piecewise C! curve « : [0, 1] — 3K is called horizontal if
a(t) € Hy(r)(0€2) wherever & () exists. The strong pseudoconvexity of € implies
that 0€2 is connected and, in fact, any two points can be connected by a horizontal

curve. The Levi-length of a curve « is defined by [(«) = fol Loy (a(t)) : d . Finally
the Carnot-Carathéodory metric is defined, for any p, g € 9€2, by

du(p,q) = igf [(a),

where the infimum is taken over horizontal curves « : [0, 1] — 92 with «(0) = p
and a(1) = gq.

2.3. Notation

o Ai={zeC: |zl <1}, A, :={zeC:|z] <r}.

o p = distance function on A of the Poincare metric of curvature —4.
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o Forn>2, B":={zeC": |zl <1}and B,(r) ={z € C": |z —a] <r}.

oY, ={z=(1,...,z) €C": 2Rez; + |z1> + ... + |za—1]* < O}, the
unbounded realization of the ball B”, which is a Siegel domain.

o H,(3S2) C T,d2 denotes the horizontal subspace of 7,32, p € 9<2.

o Given p € 022, forany v € C", v = vy + vy corresponds to C" = H,(02) &
H,(0Q)*.

o z = (Z, zn) corresponds to C" = C*~! x C.

o 8(x) =d(x, 92) denotes Euclidean distance of x € 2 to 9€2.

) dglz( , dg and dg denote the Kobayashi, Carathéodory and inner-Carathéodory
distances on €2.

o F g and F, g denote the Kobayashi and Carathéodory infinitesimal metrics on £2.

o If f: Q) — € is a smooth map between domains Q2| and Q, in C", then
dfy : R2" — R?" denotes the derivative at p € .

Finally, the letters C or ¢ will be used to denote an arbitrary constant throughout
this article and which is subject to change, even within the limits of a given line,
unless otherwise stated.

2.4. An estimate for the distance to the boundary

We prove that C°-isometries approximately preserve the distance to the boundary.
This is needed for the convergence of Pinchuk rescalings in Section 3. For a domain
2 and a point x € 2, (x) denotes the Euclidean distance §(x) = d(x, 9€2). Our
proof uses the results and notations of [1] in a crucial way and we refer the reader
to it for further details.

We note that in the lemma below we do not need to assume that the isometry
has a C!-extension to the closure of the domain.

Lemma 2.2. Let Q| and Q2 be strongly pseudoconvex domains in C" and f
Q1 — Q a C° isometry of the Kobayashi on Q1 and Q. There exist positive
constants A and B such that

B§(x) = 6(f(x)) =Adx)

Jorall x € Q1. A similar statement holds for an isometry of the inner-Carathéodory
distance if we assume that 021 and 92, are C 3 smooth.

Proof. Since Q has a C? boundary, given x € Q sufficiently close to the boundary,
there exists a unique point 7 (x) € 92 such that |[x — w(x)|] = §(x). Extend the
domain of 7 to be all of 2. Such an extension is not uniquely defined but any
extension will work for our purposes.
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Following [1], define for any strongly pseudoconvex €2, the function g : Q2 x 2 —
R by

B dy(m(x), 7(y)) + max{h(x), h(y)}
g(x,y) =2log )

Vh(x)h(y)
where h(x) = 4/8(x) and dp is the Carnot-Carathéodory metric on 9€2.
The Box-Ball estimate (Proposition 3.1 of [1]) implies that the topology in-

duced by dg on 02 agrees with the Euclidean topology. Hence, (02, dg) is com-
pact and, in particular, has finite diameter, say D. This implies that

p D+S
2log % <glk,y) <2log (Wh()’))

where we have used max{h(x), h(y)} > h(y) in the first inequality and where
S = sup,cq h(x). Hence

@ < eg(x,y) < L
h(x) — ~ h(x)h(y)

Now we consider the functions g1 and g» associated to 21 and ;. By Corollary
1.3 of [1], there exists a constant C such that

2.1)

g1(x,y) — C1 <d§ (x.y) < gi(x,y) + Ci (2.2)

for all x, y in Q.

According to [2], such an estimate holds for the inner-Carathéodory distance
as well, if one assumes C3-regularity of the boundaries.

Combining (2.2) and (2.1) gives

A h(y) - edgl(x,y) - By
") = = h(x)h(y)’

A similar inequality holds on 2, (with A, etc). Fixing y € Q1, using dgl (x,y) =

dSIZ(z (f(x), f(»)), and comparing the inequalities on 2| and €2,, we get the required
estimates. The proof for the inner-Carathéodory distance is the same. U

An immediate corollary of Lemma 2.2 is that for C'-isometries which have C!-
extensions, the derivative of the boundary map preserves the horizontal distribution
of T'. Note that necessarily f(9€21) C 9€22, by Lemma 2.2.

Lemma2.3. Let  : Q — 0 be a C'-isometry of strongly pseudoconvex do-
mains equipped with the Kobayashi metric. If f extends to a C'-map of Q, then

dfp (Hp(9821)) C Hy(p) (9822),

Jor any p € 02. This holds for an isometry of the inner-Carathéodory metric as
well if we assume that 021 and 02> are C3-smooth.
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Proof. By [17], there exists §o > 0 such that for any x € | with §(x) < §p and
for all v = vy + vy € C" (where this decomposition is taken at 77 (x)), we have

lon|? Ly (vy) <<FS§1(x )>2< lon |? 4Ln(x)(UH)‘

85(x)2 45(x) = 28(x)? 8(x) 3

One has similar estimates for d fy (v) = dfy (v) g +dfy(v)y . Since f is an isometry
we have FSIZ{I (x,v) = ng(f(x), dfx(v)). Now assume that v € H,(3%2), i.e.,
v = vy . Comparing the estimates (corresponding to (2.3)) for v and d f, (v), we get

ldfc()n|? Lr(raydfx()m) - 4Ln(x)(UH)
83(f(x))? 45(f(x)) - s(x)

(2.4)

We can assume that L) (w) < c|w|2 forallw € H,(0€21), g € 9€21. Combining
this with Lemma 2.2 and (2.4), we get

ldfx(v)n] = C 3(x)|v]

for some uniform positive constant C. Letting x — p and using the continuity of
df we obtain df,(v)y = 0. O

Remark: Once it known that §(x) = §(f(x)) uniformly for all x € 1, it follows
by well known arguments that f < C'/2(Q2)). Indeed, from (2.3) and the fact that
f is an isometry we get

AROL < FE (@, dfw) = F 0) < a|<l;|>

Vo(f(x))
for all tangent vectors v at x. Hence
dfi) <€ —o
V8(x)

Integrating this along a polygonal path as in [22] yields

1f(p) = f@I <Clp—ql'?

uniformly for all p, ¢ in ;.

3. A metric version of Pinchuk rescaling

Throughout this section, we will assume that the boundary of the domain under con-
sideration is C3-smooth when dealing with the inner-Carthéodory distance. Other-
wise we assume that 92 is C2.



HOLOMORPHICITY OF ISOMETRIES 401

Let p € 02, and fix a sequence {p,} in 2 converging to p. It has been shown in
Lemma 2.2 that

d(pn, 0821) = d(f(pn), 9822). (3.1)

In particular { f (p,)} will cluster only on d€2,. By passing to a subsequence we can
assume that g, = f(p,) — g € 0;. Fix a defining function p for 92| that is
strongly plurisubharmonic and of class C? in some neighbourhood of ;. Similarly
let o’ be such a function for €2;. The following lemma in [23] will be vital for what
follows.

Lemma 3.1. Let Q be a strongly pseudoconvex domain, p a defining function for
092, and p € 0. Then there exists a neighbourhood U of p and a family of
biholomorphic mappings hy : C" — C" depending continuously on ¢ € 9Q N U
that satisfy the following:

@) hy(g)=0.
(ii) The defining function p; = p o h;l of the domain Q¢ = h¢ ($2) has the form
pc(z) = 2Re (2, + K¢ (2)) + He (2) + a; (2)

where K¢ (z) = szzlaij@)zl'zj', H:(z) = Z;l,j:1 a;5(£)zizj and ag(z) =
o(|z|*) with K (Z,0) = 0 and H,(Z,0) = |Z|*

(iii) The mapping h takes the real normal to d$2 at ¢ to the real normal {Z =y, =
0} to 3¢ at the origin.

To apply this lemma select {; € 0K, closest to px and wy € 92 closest to
qr = f(pk). For k large, the choice of ¢; and wy is unique since d€2; and 9<2; are
sufficiently smooth. Moreover ¢y — p and wy — q. Let hy := hg, and gg = gy,
be the biholomorphic mappings provided by the lemma above. Let

Q1= h(Q1), Q8= g(22) and fii=gro foh ' Qf — Qb

Note that fj is also an isometry for the Kobayashi distance on Q’f and Qé
Let Ty : C" — C” be the anisotropic dilatation map given by

11
T (2, z0) = <—Z, —z )
n \/gk (Sk n
and let
Qb =T @b, Q=T and & i=Tio fioT M QF - QL.

Again &y is an isometry. Let us note that the explicit expression for @y is

| 1 -
Dy (z) = (—5fk<¢§kz, 8kzn), gm«/&cz, akzn)).
k
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For notational convenience, let us denote the compositions of the rotations and the
scalings by

Hy:=Trohy and Iy :=Trogr = Py =1I;o f o Hy. (3.2)

Note that the defining functions for fl’f and Q’é are given by

5 1 5 5 1 -
Pk (2) = — ok (V8iZ, 8kzn)s  pr(w) = — pi (VSx 1, Sgwy)
Ok NI

respectively.
The family of functions {/;} converges uniformly on compact subsets of C" to
the identity mapping, as do their inverses hk_l. Thus it follows that for k£ > 1

1 d(h(z), 9k 1 _d L 09
B d(z, 9921) B d(w, 982)

for some constant B independent of z and k.
Combining (3.1) and (3.3) shows that for k > 1

%d(z, Q%) < d(fi(z), 995 < cd(z, 9QK) (3.4)

where c is independent of k, for k >> 1 and z € SZ’I‘ . Moreover, since p and p’ (and
hence p; := pg, = p o hk_1 and p; 1= p,, = p'o gk_l) are smooth, it follows that
there exists a uniform constant ¢ > 0 such that

1 dz a9 1 dw, 395)
- < — <cand - < ———— <
C

<c < — (3.5)
|0k (2)] ¢ Lo (W)

fork > 1 and ze Q%, we Q8. Let S =d (hi (pr), 322%) and i = d(gk(qx), 325).

Two observations can be made at this stage: first, for k > 1, hi(pr) =
0, =6x), gr(qx) = (O, —yx) and [ (0, —d8;) = (0, —yx) as follows from Lemma
3.1, and secondly (3.4) shows that

1
-0 = vk < ¢ (3.6)
c
for some ¢ > 0. ~
It has been shown in [23] that the sequence of domains {QII‘} converges to the
unbounded realization of the unit ball, namely to

Y. ={zeC": 2Rez, +|Z]* <O}

The convergence is in the sense of Hausdorff convergence of sets. Similarly { Qg}
will converge to X,,, the unbounded realization of the ball in w coordinates.
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Proposition 3.2. Let 21, Q25 be smoothly bounded strongly pseudoconvex domains
in C". Suppose that f : Q1 — Qo is a C-isometry with respect to the Kobayashi
(respectlvely mner—Caratheodory) dtstances on Q1 and 2. Define the sequence of
domains Ql, Q and mappings ®y, : Q — Q Then there exists a subsequence of

{Dy} that converges uniformly on compact subsets of X, to a continuous mapping
DX, > C".

Proof. The case when @ is an isometry with respect to the Kobayashi distance will
be dealt with first. By construction ®;(0, —1) = (0, —yx /) and (3.6) shows
that {®; (0, —1)} is bounded. The domain ¥, can be exhausted by an increasing
union {S;} of relatively compact convex domains each containing (0, —1) Fix a
pair S;, € Si,+1 and write 1 = S;, and S> = Sj,41 for brevity. Since Q converges
to X, it follows that S| € S, € QII‘ for all £ > 1. It will suffice to show that {®Dy}
restricted to Sp is uniformly bounded and equicontinuous. Fix sy, s> in S;. The
following inequalities hold for large k:

Aoy (Pr(s1), Pi(s2)) = dgy(51,) = dg(s1,50) <clsi =92l (BT

for ¢ > 0 independent of k. Indeed the equality holds for all k since ®; is an
isometry and the 1nequa11tles are a result of the following observations: first, the
inclusion $ — Q is distance decreasing for the Kobayashi distance and second,

since S, is convex, the infinitesimal Kobayashi metric F’ Ig (z, v) satisfies

[v]
8y(2)

where z € S>, v is a tangent vector at z and §,(z) is the distance of z to 957 in the
direction along v. Now joining s1 and s by a straight line path y (#) and integrating
(3.8) along y () yields the last inequality in (3.7).

To estimate dg,zC (Pr(s1), Pr(s2)) note from (3.2) that

FE@v) < (3.8)

Ay (Pi(s1), Pi(s2)) = dg, (f 0 H ' (s1), f 0 Hi'(52)) (3.9)

since I is an isometry. Since f is continuous at p € 921, choose neighborhoods
Uy, Uy of p, g = f(p) respectively so that f(U; N Q1) C Uy N2,. Note that p,,,
and ¢, as chosen earlier lie in U; N €2 eventually. For & large, H,~ ! S1) cUing
and hence both f o H_ '(s1) and f o H; '(s2) lie in Uy N Q. It is well known
that the Kobayashi distance can be localized near strongly pseudoconvex points in
the sense that for every choice of Uy, there is a smaller neighborhood p € Us, U3
relatively compact in Us, and ¢ > 0 such that

¢ dfy,ng, (¥, y) < d§, (x, ) (3.10)

forall x,y € U3 N Q2. We apply thistox = f o Hk_l(sl) andy = fo Hk_l(sz),
both of which belong to Uz N 2, for large k, by shrinking U if necessary.
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Moreover, thanks to the strong pseudoconvexity of d€2; near ¢, it is possible to
choose U, small enough so that for k > 1,

g(UrN ) C{weC: lwy,+ R+ 0> <R C

where Q := {w € C" : 2 R (Re w,) < —|w|?} for some fixed R > 1.

Note that € is invariant under the dilatation T} for all k and moreover  is
biholomorphic to B". Thus, Ty o g (U2 N §22) C Q and hence ®x(s1), @i (s2) both
lie in Q2 for k large. From (3.9) and (3.10) it follows that

¢ dg (Pr(s1), Pi(52)) = dgg (Pr(s1), Pr(s2) (3.11)
for k large. Combining (3.7) and (3.11) gives
df (Dr(s1), Pr(s2)) < ¢ Is1 — 52 (3.12)

for sy, so € Sy and k > 1.

Let ¢ : Q — B”" be a biholomorphic mapping. To show that {®y(S})} is
uniformly bounded, choose s; € S; arbitrarily and s, = (0, —1). Then (3.11)
shows that

dg (®i(s1), Pr(0, = 1) =< ¢ |s1 = 52| < 0.

Since {®4(0, —1)} is bounded and B” (and hence ) is complete in the Kobayashi
distance, it follows that {®y (s1)} is bounded.

To show that {®; } restricted to S is equicontinuous observe that the Kobayashi
distance in B” between ¥ o @y (s1) and ¥ o Py (s2) equals

df (Dr(s1), Pr(s2)) < ¢ Is1 — s2l.

Using the explicit formula for the Kobayashi distance between two points in B",
this gives

Yo @ulsi) —YroPulsa) | _ exp2clsi —sf) — 1

L= o®(s) Yodi(s)! ~ expQclsi—s)+1

Since {®x(Sy)} is relatively compact in Q for k > 1, it follows that so is {Y o
@1 (S7)} in B”. Let {¢ o ®¢(S1)} C G € B". Hence

1= o @r(s)y o Pi(s2)| = ¢ >0
for k large and this shows that

-1
W 0 Br(st) — ¥ 0 Dy (sp)] < SRz =1 _ o o)
exp (¢ |s1 —s2) + 1

This shows that {®;} is equicontinuous on S; and hence there is a subsequence of

{®y} that converges uniformly on compact subsets of X, to a continuous mapping
d: 3, > C".
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It may be observed that the same proof works when f : Q2 — €27 is an isometry
in the inner-Carathéodory distance on the domains. Indeed, the process of defining
the scaling does not depend on the intrinsic metric that is used as a distance func-
tion. Moreover the Carathéodory distance enjoys the same functorial properties as
the Kobayashi distance and even the quantitative bounds used in (3.8) and (3.10)
remain the same. Hence the same proof works verbatim for the inner-Carathéodory
distance. U

Proposition 3.3. Let f : Q — Q0 be an isometry in the Kobayashi distance on
smoothly bounded strongly pseudoconvex domains 1, Q2 in C". Then the limit
map map ® : ¥, — C" constructed above satisfies:

D (X)) C Xy
(i) ®: ¥, - X, is a CO-isometry for the Kobayashi distance.

The same conclusions hold when f : Qi — 2 is an isometry in the inner-
Carathéodory distance on the domains, provided the boundaries are at least C>
smooth . In particular ® : £, — X, is an isometry in the inner-Carathéodory
distance (which equals the Kobayashi distance) on ¥, and X,.

Proof. Let @y : Q’l‘ — Qé be the sequence of scaled mappings as before. Without
loss of generality we assume that ®; — & uniformly on compact subsets of %,.
The defining equations for Qg and Q'f are respectively given by

5 1 - - 1 -
Pr(w) = — P (Vor, Sxwy) s pr(z) = —— Pk (VkZ, Skzn)-
N LT Sk

It is shown in [23] that these equations simplify as

Ar(w) =2 Re wy, + [W]* + Br(w) , fr(w) =2 Re z, + |Z1> + Ar(w)
in neighborhoods of the origin where

|Br(w)| < [wl*(evdr + n(Sclwl®) . 1Ax(@)] < |z1* (Vi + n(klz1?)

with n(t) = o(1) as t — 0 and ¢ > 0 is uniform for all k large.
Fix a compact subset of X, say S. Then fork > landz € §

2 Re(®y)n(2) + [Pk (2) > + Br(Pr(2)) < 0 (3.13)

where _
|Bi(@r(2)] < [Pk(2)*(cV/8k + (8| Pr(2)]%)).

By the previous proposition {®y} is uniformly bounded on S and hence & | Dy (z) |2
converges to 0, with the result that 1(8;|®x(z)|?)) — 0 as k — oo. Passing to the
limit as k — oo in (3.13) shows that

2Re ®,(2) + | P> <0
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which means exactly that ®(C) C X,. Since S C X, is arbitrary it follows that
®: %, — X,. If ® were known to be holomorphic it would follow at once by the
maximum principle that & : ¥, — X,,. However ® is known to be just continuous.

Let D C X, be the set of all points z such that ®(z) € %,. D is non-
empty since (0, —1) € D as can be seen from (3.6) and the fact that ®; (0, —1) =
(0, —yx /). Since @ is continuous, D is open in X,.

Claim. It suffices to show that
dg (z1,22) = d5, (P(21), P(22)) (3.14)

for z1,z2 € D. Indeed, if zo € 9D N X, choose a sequence z; € D that converges
to zg. If the claim were true, then

d¥ (z;. 0. 1)) = d¥ (@(z)), ®(0, —1)) (3.15)

for all j. Since zg € dD, ®(z;) — 9%, and as ¥, is complete in the Kobayashi
distance, the right side in (3.15) becomes unbounded. However the left side remains
bounded, again because of the completeness of %,. This contradiction would show
that D = ¥, knowing which the claim would prove assertion (i) as well.

It is already known that

dg (21, 22) = dg ((21), P(22))

for k > 1. To prove the claim it suffices to take limits on both sides in the equal-
ity above. This is an issue of the stability of the Kobayashi distance, to under-
stand which we need to study the behaviour of the infinitesimal Kobayashi metric
<I>§2§ (z,v) as k — o0. To do this, we will use ideas from [13]. Once this is done,

an integration argument will yield information about the global metric K ak-
Step 1. It will be shown that

kli)nolo Fg,f(a, v) = F{i(a, V) (3.16)

for (a, v) € ¥, x C". Moreover, the convergence is uniform on compact subsets of
3, x C,

Let S € ¥, and G € C" be compact and suppose that the desired convergence
does not occur. Then there are points @y € S converging to a € S and vectors
vk € G converging to v € G such that

0 < &0 <|Fg(aj, v)) = Fg (aj,v))|
for j large. This inequality holds for a subsequence only, which will again be de-

noted by the same symbols. Further, since the infinitesimal metric is homogeneous
of degree one in the vector variable , we can assume that |v;| = 1 for all j. It was
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proved in [13] that Fé( is jointly continuous in (z, v). This was a consequence of
the fact that X, is taut. Thus

0 < e0/2 < |Fg(aj, v)) = Fg (@, v)].

The tautness of X, implies, via a normal families argument, that 0 < Féi (a,v) <
oo and there exists a holomorphic extremal disc ¢ : A — X, that by definition
satisfies ¢ (0) = a, ¢’(0) = v where u > 0 and Fg(a, v) =1/pu.

Fix 8 € (0, 1) and define the holomorphic maps ¢y : A — C" by

i (§) = (1 =)&) + (ak — a) + u(l = 8)&(vx — v).

Observe that the image ¢ ((1 — §)&) is compact in X, and since ax — a, vy —> v it
follows that ¢ : A — Q’l‘ for k large. Also, ¢ (0) = ¢(0) + ax — a = a; and that

91 (0) = (1 =8)¢'(0) + u(1 — &) (vx — v) = (1 = (v + ve —v) = u(l — .
By the definition of the infinitesimal metric it follows that

1 F§ (a,v)
w(d—=38)  1-8

Fe(ak, ve) =

for j > 1. Letting § — 07 it follows that

11211 sup F;’jf (ak, vi) > F§ (a,v). (3.17)
— 00

Conversely, fix & > 0 arbitrarily small. By definition, there are holomorphic map-
pings ¢ 1 A — Qll‘ satisfying ¢x (0) = ax, ¢>,/C(O) = urvg where i > 0 and

FL (a, vo) = L. (3.18)
I Mk
The sequence {¢y} has a subsequence that converges to a holomorphic mapping
¢ : A — X, uniformly on compact subsets of A. Indeed consider the disc A, of
radius r € (0, 1). The mappings Hk_loq)k A — Qpand Hk_loq&k(O) — p € 0.
Fix a ball B, (8) of radius § around p, with § small enough. Since p € 0Q; is a
plurisubharmonic peak point, Proposition 5.1 in [27] (see [3] also, where this
phenomenon was aptly termed the attraction property of analytic discs) shows that
for the value of r € (0, 1) fixed earlier, there exists n > 0, independent of ¢ such
that kal o ¢r(A;) C Bp(8). If 6 is small enough, then there exists R > 1 large
enough so that

he(Bp(8) N Q) C{zeC" |z, + RI*+ 2> < R*} C Q.
where (as in Proposition 3.2)

Q=1{zeC":2R [Rezy) < —|3.
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Again, we note that Q is invariant under 7} and that Q = B”". Hence ¢ (A,) C Q2
for k large and this exactly means that

2 R (Re (¢n)n(2)) + P (2)1> < 0

forz € A,.

It follows that {(¢%), (z)} and hence each component of qgk (z), forms a normal
family on A,. Since r € (0, 1) was arbitrary, the usual diagonal subsequence yields
a holomorphic mapping ¢ : A — C" or ¢ = co on A. But it is not possible that
¢ = oo on A since ¢ (0) — a. B

It remains to show that ¢ : A — ¥. For this note that Q’f are defined by

r(w) =2 Re z, + 21> + Ar(w), (3.19)

where B
1Ak (2)| < |z1*(cvV/8k + n(SklzH)

Thus for¢ € A,, r € (0, 1),
2 R (Re (¢0)n(2) + gk (D> + Ak (dr(2)) < 0

where

Ar(r(2)) < | (@) (ev/Bi + 1kl (2)H))

as k — oo. Passing to the limit in (3.19) shows that

2 R (Re (¢)n(2) + e (2)* < 0
for z € A,, which exactly means that ¢ (A,) C f)z. Since r € (0, 1) was arbitrary,
it follows that ¢ (A) C X, and the maximum principle shows that ¢ (A) C Z,.
Note that ¢ (0) = a and ¢'(0) = lim o0 ¢;(0) = lim ;o0 pxvx = pv for
some > 0. It follows from (3.18) that

liminf FX (a, ve) > FX (a,v) —e. (3.20)
k—oo  §2 ¢
Combining (3.18) and (3.20) shows that
lim F¥ (ax, v) = FE (a,v)
k—>oo 2 <
which contradicts the assumption made and proves (3.16).

Step 2. The goal will now be to integrate (3.16) to recover the behaviour of the
global metric, i.e., the distance function.
Lety :[0,1] - X, bea C! curve such that y(0) = z; and y(0) = z2 and

1
dy (z1.22) 2/ FE (v, y)dr.
0
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Sincey € X, y € Q]f for k large. By Step 1, it follows that
1 1
/0 Fa(y.yhdt = fo FE (r,yNdt+e=d5 (z1,22) +¢

By definition of K at (z1, z2) it follows that

1
dgk(m,zz) S/ ng()/, yHdt < dgz(m,zz) + &.
1 0 1

Thus

limsup df (z1,22) < d (21, 22) (3.21)
k— o0 1 )

Conversely since z1,z0 € D CX_, it follows that 7y, zp € Q'f for k large. Fix ¢ >0 and
let B, (1) be a small enough neighbourhood of p € 9€2. Choose 12 < 17 so that

F§ (2,0) < F ine, @5 v) < L+ &) FE (2, v). (3.22)
for z € B),(172) N 21 and v a tangent vector at z. This is possible by the localization
property of the Kobayashi metric near strongly pseudoconvex points.

If k is sufficiently large, H '(z1) and H, '(z1) both belong to B, (1) N .
If n is small enough, B, (n1) N 2y is strictly convex and it follows from Lempert’s
work that there exist m; > 1 and holomorphic mappings
Ok 2 Ay — Bp(1) N2y,
such that ¢ (0) = H ' (z1), (1) = H, ' (z2) and

dgp(m)ﬂle (Hk_l(Zl), Hk_l(Zz)) = PAn, 0, 1)
! (3.23)
=/0 FBK,,(m)le@k(t),¢;ﬁ(t))dt.

Integrating (3.22) and using the fact that H; are biholomorphisms and hence
Kobayashi isometries, it follows that

iy yngn @15 22) = (14 e)dg (@1, 22),

Hence (3.23) shows that

1 mp +1 K -1 —1
Slog (S ) = o, (0.1) = dff (0, (B @) ' @2))

= dgk(Bp(m)mQI)(Zl, 22) < (1+ E)dgll( (z1, 22).
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But
dgf(a, 22) <df (21.22) + & < 00

and hence my > 144 for some uniform § > O for all k >> 1. Thus the holomorphic
mappings oy := Tpohgody : A14s = Trohi(UNQy) C Q’f are well-defined and
satisfy 0y (0) = z; and oy (1) = z5. Now exactly the same arguments that were used
to establish the lower semi-continuity of the infinitesimal metric in Step 1 show that
{ox} is a normal family and o — o : Aj4s5 — X uniformly on compact subsets
of Aqys. Again using (3.22) and (3.23) we get

1 1
K K K
/(; FQ/;(Gkvalg)dt = /0 FHk(Bp(m)le)(Uk,Ujé)dt =de(Bp(m)091)(Z1’Z2)

= (1 +0)dg (21, 22).

Since oy — o and o;, — o uniformly on [0, 1], Step 1 shows that

1 1
/ Féi(o,o@dts/ Fli (o, o)dt + & < df (z1,22) + Ce
0 0 ! 3

for all large k.
It remains to note that since o (¢), 0 <t < 1 joins z1, 72 it follows that

1
= [ Flonopdrsafazbce  G24)
: 0 1 1

Combining (3.21) and (3.24), we see that
dg/]c(a, 22) = df (21, 22)

for all z1, z2 € D. Exactly the same arguments show that it is possible to pass to
the limit on the right side of (3.14). The claim made in (3.14) follows.

To complete the proof of the proposition for the Kobayashi distance, it remains
to show that ® : ¥, — X, is surjective. This follows by repeating the argument of
the previous proposition for f~! : Q> — Qi and considering the scaled inverses,
ie. Vp = de_l : SNZIE — Q'f . This family will converge to a continuous map
v : ¥, — C”" uniformly on compact subsets of X,,. The arguments of this
proposition will then show that ¥ maps X,, to X,. Finally observe that for w
in a fixed compact subset of X,

lw—®oW¥(w)| = |Pr o Vr(w) — Do W(w)]
< | P o Wi (w) — P oW (w)| + |P o Vp(w) —DPoW(w) — 0

ask — 00. Thus DoV =id =V o .
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We now deal with the case when f : Q) — €2 is an isometry for the inner-
Carthéodory distance on €21 and €2».
One possibility is to first show that
lim dS,(z1,22) = d$ (21, 22)
k—oo £ N
for z1, zo € ;. Knowing this, the following inequalities hold:
ds (z1,22) = lim d§,(z1,22) < lim d§, (21, 22)
< k—oo k—oo
< lim d%(z1.22) = df (21, 22).
k—o00 1 N
Since dS. = dS = d¥ | it would follow that
dg_(m,zz) = lim d<,(z1.22).
< k—oo 2
Hence it suffices to show the stability of the Carathéodory distance.
As before let 71,70 € S € X;. For large k, 71,22 € Q’f Let ¢ : Q’f — A be

holomorphic maps such that ¢ (z1) = 0 and

dep (21, 22) = p(0, $r(22)).

The family {¢y} is uniformly bounded above and since Q’f — X, all mappings ¢,

k > ko, are defined on the compact set S. Thus there is a subsequence which will

still be denoted by ¢y so that ¢ — ¢ : £, — A and ¢(z1) = 0. If |¢(z0)| = 1 for

some zp € X, then |¢(z)| = 1 by the maximum principle. Thus ¢ : £, — A and

in particular p(0, ¢x(z2)) — p(0, ¢(z2)). Therefore dgk (z1,22) = p(0, 9 (22)) +
1

& < dg (21, 22) + &, which shows that

lim sup dg,f (z1,22) < dgz (21, 22)- (3.25)

k— 00

Conversely, working with the same subsequence that was extracted above, we have:
C K c
ds (z1,22) = dg (21, 22) < dgi(21,20) + ¢
z 2 .

for k large. But
dgy (21, 22) = dgy, (H ' (20), Hi ' (22))

and since H,~ ! (z1), H, ! (z2) are both close to p, for k large, it follows that

df, (H ' (z0), H '(22)) < dff ng, (H ' @), By ' (@2) + 6
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where B),(71) is a small enough neighborhood of p. Since Bj(n;) N € is con-
vex Lempert’s work shows that the Kobayashi and Carthéodory distances coincide.
Combining the aforementioned observation, we get

ds (z1,22) < djg (yne, (Hy 20, Hy '(22) + 26 (3.26)

To conclude, it is known (see [23]) that the Carathéodory distance can be localised
near strongly pseudoconvex points , exactly like the Kobayashi distance. hence

dy oney (He @0, H ' (22)) < () d§ (B @), By '(@2) (3.27)
= (1 +8) d5 (21, 22).
1
With this (3.26) becomes

ds (z1,22) = (1 + £)d§, (21, 22) + 2¢.
- 1
Since dg’f (z1, z2) are uniformly bounded by (3.25) it follows that

d§ (21, 22) < d§, (21, 22) + Ce (3.28)
1
combining (3.25) and (3.28), we see that
lim dgk(zl, ) = dg, (21, 22).
k—00 1 <

Hence the claim made in (3.14) also holds for the inner-Carathéodory metric. The
concluding arguments remain the same in this case as well. This completes the
proof of the proposition. O

Since the Kobayashi and Caratheodory distances coincide with a constant mul-
tiple of the Bergman metric on X, and %, it follows from [12] that the limit map
d: ¥, — X, is (anti)-biholomorphic.

4. The boundary map is CR/anti-CR

We prove Theorem 1.1 in this section. Throughout, f : € — £, will denote a C'!-
isometry of the Kobayashi or inner-Carathéodory metrics which has a C I_extension
to 1.

Fix p € 9. For the rest of this section we assume that p = f(p) = 0 and
that the real normals to 21 and 2; at p and f(p) are given by {Z = Im z,, = 0} and
{w = Im w, = 0}. This can be achieved by composing f with transformations of
the type in Lemma 3.1.
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Fix a sequence 6y — 0 and define x; € 2| by x; = (6, —0k). Then x; — p as
k — oo. Because of our choice of x, in the notation of Section 3, the map h; = id.
Recall that f, = gx o f and & = T o f o Tk_l. More explicitly

1 - 1
Dy (z) = (——;;—fk(«/ékz,akzn),5;(1k>n(«/3kz,5kzn)>
k

Lemma 4.1. For any a € C such that Re a < 0, |fk(0, Sra)| = O(8x) as k — oo.

Proof. Let m be an upper bound for |df| on €. The condition on « just ensures
that (0, 8xc) lies in 2, which is the domain of Jr-

Now, noting that fk(xk) =0and |9| < |v| for any v € C", we have

| (0, 8ke)| = | fie () — fie(0, 8xe)]
< CIf(xp) — f(0, )|
= Cm|a + 1|6k

[ fk (k) — fx(0, Sre)|

<
< Cmlxg — (0, §rc)|

since x;y = (0, —d8;). The second inequality above can be explained as follows:
First, gr — id in C® on compact subsets of C". Hence on any compact set which
contains 0, there is a constant C such that |dgx| < C for large k. Then an application
of the mean-value inequality completes the argument. O

The next lemma provides the crucial link between the limit of the re-scaled isome-
tries and the derivative of the boundary map. We clarify the notation used in the
statement and proof: First, even when we use complex notation, all quantities will
be regarded as entities on real Euclidean space. In particular C" is identified with
R by z=(z1,.--,20) = (¥1 + v/ —=1x2, ..., Xou—1 + /= 1x20) = (X1, ..., X20).
Second, by the normalizations made at the beginning of this section we note that,
at p, the decomposition 7,21 = C" = H,(02) ® Hp(ale)J- coincides with
C" = C" ! @ C. Hence, by an abuse of notation, for v € 7,Q1, if v = vy + vy
then v = (vgy, vy). Similar remarks hold for f(p) and £2;.

Next, by Proposition 3.3, a subsequence of {®;} converges to a (anti)-hol-
omorphic automorphism @ : ¥, — ,,. For the statement of the lemma it helps to
regard X, and ¥, as subsets of 7,21 and T'r(p)£22 respectively.

Lemma 4.2. With notation as above, for any z=(Z, z,) € X, we have j}‘;(i, 0)=
dfp(z,0) = @(2).

Proof. The first equality is clear from the definitions. As for the second, consider
any mapr : C" — C" Y withr = (r1,...,rn—1). Given 8 and a € C, we write

1
NG r(v/8z,82,) =

r(V58Z,82,) — r(0,8z,)  r(0,82,)
7 .

Vs Vs
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By using the mean value theorem for one-variable functions repeatedly, we can
rewrite the above equation as

1 - - }"(0,82,1)
— 862,0zy) = N _
\/(S_r(«/—z Zn) 4+ NG

Here N is a real matrices of size (2n —2) x (2n — 2) with entries N;; = gTr;(S,- 7(8)).

4.1

Also, 7 is regarded as a column vector of size (2n — 2) x 1. The entries of &;;(5) lie
between the entries of (0, §z,) and («/52, 82n).
Now apply this to r = f; and § = §; and let k — oo. The only point to be noted is
that since (z, z,) € X by hypothesis, we have that (V8iZ, Skzn) and (0, 8xz,) lie
in Q]f for large k. Since QII‘ is the domain of definition of f, the above equations
make sense.

As k — oo in (4.1), the second term on the right-hand side goes to zero
by Lemma 4.1. Since {gr} converges to the identity map as k — oo, we have

a(f k)’ (él’j 8r)) — a f’ (0) by the continuity assumption of df on Q1. Hence the first

term converges to d fp (z,0).
To complete the proof, we observe that since & — , «/‘Lsfk (V82 Skzn) —
k

d~>(z). O

We proceed with the proof of Theorem 1.1. Recall that if 2 and 2, are
domains with smooth boundaries in C”, a C' map ¢ : 2] — 92 is said to be CR
if, for every p € 921, the following two conditions are satisfied

dep(Hp(3821)) C Hp(p)(9€22)

and
dopoJi = Jrodo,

where J; and J; are the almost complex structures on H,(9€21) and Hy ) (9€22).
Similarly, an anti-CR map satisfies d¢, (H,(0€21)) C Hy(p)(0€22) and d¢, o J; =
—Jrod¢, forevery p € 32;.

In our case, df satisfies the first condition by Lemma 2.3. We claim the second
condition is satisfied due to Lemma 4.2. It follows from this lemma that the map
T:B"~ I " !givenby T'(Z) = ®(Z, —1) is the restriction of the R-linear map
df, fp : C*~1 — C"*=!. On the other hand, ® is holomorphic or anti-holomorphic
(s1nce d is so). Combining these two observations, it follows that 7 is actually the
restriction of a C-linear map. Hence,

O(J 1 (v), —1) = £/ P, —1), (4.2)

for any v € B"~! and where J;, J» denote the almost-complex structures on
H,(0€21) and Hg(p)(0€2) respectively (note that we have used the identification

of the horizontal subspaces with C"~1).
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This implies that df), is actually a C-linear or conjugate linear map on crl =
H,(0€21). More explicitly, let v € H,(9€21). By scaling v by some constant
o > 0, we can assume that (¢v, —1) € ¥,. By Lemmas 4.2 and 2.3, we have

dfp(av, 0) = (®(av, —1),0).
Using the C-linearity/conjugate-linearity of ® as in (4.2), we have
dfp(J1(@v), 0) = (®(Ji(av), —1),0) = £(LHP(av, —1),0) = £/df,(av, 0).

Hence we conclude that the boundary map is CR/anti-CR.

Now we prove that df), : T,021 — Ty(p)d€2; is an isomorphism. First,
note that dflep(agl) 1 Hp(0R21) — Hpy(p)(0€22) is invertible. To see this, let
H, := X, Nn{©0,z,) : zo € C}. Then ®(H,) c H, by Lemma 4.2. On the
other hand, it can be checked that the induced Riemannian metrics on H, and H,,
are just the hyperbolic metrics. From the completeness of these metrics it follows
that ®(H,) = H,. But if df), is not injective on H,(3£21), then there would
be a (v,0) € H,(dQ;) such that df,(v,0) = 0. By scaling v we can assume
that (v, —1) € X, and use Lemma 4.2 to conclude that ®(v, —1) € H,,. This
contradicts @~ (H,,) = HL..

Next, as in the proof of Lemma 2.3, Equation (2.3) shows that df),(v)y # 0
for any v € HP(BQl)J-. Hence df), : T0Q21 — Ty(p)0€2; is invertible and f is a
CR/anti-CR diffeomorphism.

To conclude that 2] and €2, are biholomorphic we proceed as follows: Note
that the connectedness of d€2; implies that f : 9Q2; — 9% is either CR or anti-
CR everywhere. Let us assume that f is CR everywhere, the other case being
exactly similar. It follows that there is a neighborhood U; of d€21 and a holomorphic
mapping F : U; N Q) — 0 such that F is C'-smooth upto 3Q2; and F = f on
0€21. By Hartogs’ theorem, F extends to a holomorphic mapping F : ©2; — 2.
Similarly f~! has a holomorphic extension, say G : Q2 — 1, which agrees with
f~1on d$,. Since fo f~! = F o G = id on 995, the uniqueness theorem of
[21] forces F o G = id on 25 and likewise G o F = id on 1. Thus ©; and 2,
are biholomorphic. ([l
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