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Transport Equations with Partially BV Velocities

NICOLAS LERNER

Abstract. We prove the uniqueness of weak solutions for the Cauchy problem for a
class of transport equations whose velocities are partially with bounded variation.
Our result deals with the initial value problem d;u + Xu = f, u|,_, = g, where
X is the vector field

N N;
ay(x1) - Oy, +ax(x1,x2) - dy,. a1 € BV(RY!), ay € L} (BV(Ry})),

with a boundedness condition on the divergence of each vector field a;, ap. This
model was studied in the paper [LL] with a W!-! regularity assumption replacing
our BV hypothesis. This settles partly a question raised in the paper [Am]. We
examine the details of the argument of [Am] and we combine some consequences
of the Alberti rank-one structure theorem for BV vector fields with a regularization
procedure. Our regularization kernel is not restricted to be a convolution and is
introduced as an unknown function. Our method amounts to commute a pseudo-
differential operator with a BV function.

Mathematics Subject Classification (2000): 35F05 (primary); 34A12, 26A45
(secondary).

1. - Introduction
In this article, we want to study some transport equations whose velocities
are partially with bounded variation. More precisely, we intend to prove the
uniqueness of weak solutions u of
ou+ Xu =0, U,_y = 0,
for vector fields X of the following type,

(L) X =ai(x1) - 0y, +aa(x1, x2) - Ox,, aleBV(RiV]'), azeL}cl(BV(Ri\?)),
7 diviag e L°@®M),  divaay € L¥(RN1HV2),
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Note that the BV vector field a; depends only on the x;-variables, but that
the vector field a; is only L' with respect to the x;-variables (and BV with
respect to x;). Note also that our condition on the divergence is stronger that
divX € L* since we want to control both divergences of the vector fields
ai,ay. This type of question is tackled in a recent paper by C. Le Bris and
P. L. Lions [LL], in which they examine vector fields of type (1.1), where the
BV regularity is replaced by a W'! assumption.

A short historical account of the problem

Let us recall briefly a part of the recent history of this problem. In 1989,
R. DiPerna and P. L. Lions proved in [DL] that the W' ! regularity of a vector
field, (along with a condition of boundedness on the divergence and a global
condition) is enough to ensure the uniqueness of weak solutions. In 1998,
P. L. Lions introduced in [Li] the so-called piecewise W!! class and extended
the results of [DL] for this type of regularity. In 2001, F. Bouchut studied in
[Bo] some cases of BV regularity corresponding essentially to W' ! singularities
occurring on hyperplanes. The paper [CL2] introduced the invariantly defined
class conormal BV, for which the authors prove the uniqueness of weak solutions;
moreover, their definition is simplified by the remark that closed sets whose
(N — 1)-Hausdorff measure is zero are unimportant for locally bounded vector
fields. Finally in 2003, L. Ambrosio fully proved in [Am] the conjecture
formulated in [DL] that BV vector fields (with bounded divergence) do have a
flow. The main new ingredient brought forward by the article [Am] is a deep
structure result on BV -vector-valued functions due to G. Alberti [Al]. Although
the full strength of the Alberti theorem is not needed as noted in the Remark 3.7
of [Am] and also below in our Remark 3.4, it is nevertheless a very helpful tool
for our investigation. It should also be noted that the classical counterexample
of M. Aizenman [Ai], the recent counterexamples of N. Depauw [De] and of
F. Colombini, T. Luo, J. Rauch [CLR] indicate that the BV regularity is close
to optimality for the uniqueness property.

The renormalization property

Following the method introduced in [DL], the main tool for the proof of all
these uniqueness results for vector fields X is a commutation lemma devised to
ensure that a (bounded) solution u of the equation Xu = 0 should be also such
that X (u?) = 0 and more generally should satisfy the renormalization property

(1.2) X(Bw) =B w)Xu

for any C' function B (to get uniqueness, it is enough to prove the Leibniz
formula X (u?) = 2uX (u)). The property (1.2) could fail even if both sides of
the equality make sense, as shown by the counterexample constructed in [De].
In that paper, N. Depauw shows that there exists a bounded measurable vector
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field a € LR, x Rﬁ;Rz) with null divergence and a bounded measurable
function u € L* (R, x ]R)ZC), supported in {t > 0} such that

o;u + 0y - (au) =0, u? = 1z, ().

For that particular vector field Xp = 0, + a(z, x) - dy and that function u, we
have Xpu?) = 8(t) and 2uXp(u) = 0, violating (1.2), in spite of the fact that
Xp(u?) and 2uXp(u) are both meaningful. A somewhat equivalent approach to
checking the property (1.2) is the fact that to get uniqueness for a vector field
X, one should be able to prove that it behaves like an ordinary vector field
with respect to the Leibniz formula, namely, assuming for instance that X is
in L], with L} divergence, and u, v are L functions such that X (u), X (v)
are in L} ., we have to check

X(uv) =uX@)+ vX(u).

Checking (1.2) can be reduced to a commutation problem. In fact, assuming
that X is a L}, vector field with null divergence and u is a L2, function such
that Xu = 0, checking X (u?) = 0 amounts to examine the bracket of duality

(¢ is a test function in CCI)
i g) = - [ (X

since the divergence of X is zero. Now assuming that R.u is C', bounded and
converging pointwise a.e. to u when € goes to zero, we get

(X p) = = lim [ ue) Ra(x) (Xg)dx = (X@Ra). ).

Now since R.u is C', one can use Leibniz formula X (uR.u) = (Xu)(Reu) +
uX (Rcu) and since Xu =0, we get

(Xuz, Q) = lin(l)(uX(Reu), Q) = lin(l)/(p(x) u(x) (XRcu)(x) dx.

Using again that Xu = 0, we obtain
(o) = lim [ () (1X. Rlu) (o) dx.

Since the function ¢u is bounded with compact support, to obtain Xu? = 0 is
thus reduced to proving that the commutator [X, R.]u goes to zero in Llloc.
o If the vector field X is W]})’cl, one can take the regularization operator R,
as any convolution by a C! function p(x/e)e™" (with integral 1).
e If the vector field has some singularities on affine submanifolds, for instance
on {x; = 0}, this translation invariance property leaves open the choice of
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a convolution operator, but with a structure respecting the geometry such

as

X1 X2\ —N; —N

o (—, —) € 6 2, 0<e<Ke.

€1 €

e If a simple jump for X occurs on a curved hypersurface, no convolution
operator will do the job, which is quite natural after all, since no translation
invariance is preserved. In fact one has to look for a regularizing kernel
of a more general form

(1.3) (Ra) = [ p(r.e”! e = )¢ Mutdy.

More pedantically, one could say that we intend to commute a pseudo-differential
operator of order 1 with a BV function. Our approach in the present paper
will be to take the kernel p in (1.3) as an unknown function, and we shall see
that the commutation property of [X, R.] can essentially be expressed as some
first-order PDE on that kernel p.

Note also that going from the property (1.2) to the uniqueness is now rather
standard a fact, since, taking for instance B(u) = u’, we produce non-negative
solutions, whose uniqueness is easy to establish (see e.g. Lemma 3.1 in [CL2],
Lemma 2.2 in [LL].

A sketch of our paper

Our goal here is in fact twofold. First of all, we wish to revisit the
Ambrosio’s argument of [Am] by following our approach of commuting our
vector field with a regularizing operator of type (1.3), checking which constraints
occur on the unknown kernel p (this is done in our Section 3). However, our
method will follow closely the arguments of [Am] and we shall try to be as
explicit as possible in our construction. In particular, if X is our vector field,
the canonical decomposition of its derivative can be written as

DX = DX*“ + DX*, |DX“|«m, DX’ 1lm
(m is the Lebesgue measure on RM).
Using the polar decomposition of the singular part, we get DX* = M|DX?|,

where M (x) is a N x N matrix. An “ideal” kernel p(x, z) to be used in (1.3)
should satisfy

(1.4) W M)z =0
9z

which is a PDE in the variable z, which should be satisfied |DX*|-a.e in the
variable x. Also the support in the z-variable should be compact. These notions
have to be clarified, at least for questions of regularity, and it is done in details
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in Section 3. However it is interesting to note that if M is an antisymmetric
matrix, one can choose p as a convolution kernel (i.e. independent of the
variable x) depending only on |z|?, and the equation (1.4) becomes 'zMz = 0
which is satisfied since M is antisymmetric: so we recover also the remark made
in [CP] that we could also generalize. Anyhow, to get compactly supported
solutions (in z) for the equation (1.4) requires some spectral condition on the
matrix M, and at least spectrum M C iR (naturally that condition is satisfied
by an antisymmetric matrix). At any rate, the spectral structure of the matrix
M (x) is playing a key role and we shall use some consequences of Alberti’s
rank-one theorem [Al]. More details are given in our Remark 3.4 below.

Our second aim is to use that constructive approach to tackle vector fields
of type (1.1) and to obtain a generalization to BV regularity of the results
of [LL]. This gives also a partial answer to the Remark 3.8(3) of [Am]. In
our Section 4, we concentrate our attention on the proof of the renormalization
property for vector fields of type (1.1). We shall use a regularizing kernel in
(1.3) of type p(x1, x2,22), which means in particular that we regularize only
in the x,-variable but in a way depending on the point (x;,x;). We have to
deal with another commutation problem between the vector field a;(x;)dy, in
(1.1) and our regularization operator. Moreover, we follow the construction in
Section 3 with parameters x; and we use the disintegration of the measure
dap/0x,. Also in our Remark 5.5, we give some invariance properties of the
matrix M under C"! diffeomorphism.

2. — Statement of the results
We concentrate our attention on the so-called renormalization property for

the vector field

X = a1(x1)0x; +az(xy, X2)0y,,

—_—
(2.1) X X
a1 € BVie®™), a2 € Lioo(R™'; BVioe(R™))

satisfying also

(22) div X; € Li(R"), divX, € L (RM1T12),

THEOREM 2.1. Let N, Ny, N, be non-negative integers such that N = Ny + N.
Let X be avector field on RY satisfying (2.1)-(2.2) and let w be a L%’C(RN)function
such that Xw € Ll .(RN). Then, witha € C'(R; R),

(2.3) X(a(w)) =o' (w)Xw.

The proof of this theorem is given in Section 4. Theorem 2.1 above along
with Lemma 3.1 in [CL1] imply readily the following local uniqueness result.
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THEOREM 2.2. Let X be a vector field satisfying the assumptions of Theorem
2.1 such that X € L2, div X € L. Let Q be an open subset of RN and S be a C!
hypersurface of Q such that X is transverse to S. Let ¢ and w be L% (S2) functions
such that Xw = cw on Q, and suppw C Sy (here Sy is the “half-space” above S).

Then w = 0 on a neighborhood of S.

Theorem 2.1 is also the key step to get the uniqueness of bounded solutions
for transport equations of type d; + X. Let T > 0 be given and X be a vector
field as above. Let ¢ be a L, (R¥*!) function and w be a L{2 (RNT!) function.
Let us recall that the following equation

dw—+Xw=cw on (0,T) xRV,
2.4) {’ ¢ ©,1)

w(0,x) =0 on RV,

holds weakly means that

T

(2.4) VYo € C([0, T) xRY), / /N w (3, 9+ Xp+@divX+ce)dxdt = 0.
0 Jr

The following theorem is a consequence of Theorem 2.1 above and of Lemma

3.3 in [CL1].

THEOREM 2.3. Let X be a vector field satisfying the assumptions of Theorem
2.1 such that

25 @) gy RO gy
L+ [xi] 1+ |x2]
(2.6) divX; € LR, divX, € L¥RY).

Let T be a positive number. Let c(t, x) and w(t, x) be L°°((0, T) x RN) functions
such that (2.4) holds weakly (i.e. (2.4)'). Then w = 0on (0, T) x RV.

We refer the reader to the paper [LL] for the statements of similar unique-
ness theorems that we are able to generalize by replacing in (HI) and (H4) of
[LL] the W'! regularity by the BV regularity.

In our Remark 5.6, we point out that an invariant formulation can be found
to express an assumption such as (2.1).

3. — Following Ambrosio’s argument with some modifications

In this section, we follow closely Ambrosio’s argument in [Am], based on
the Alberti rank-one theorem (Theorem 2.3 in [Am]). We give a few modifi-
cations and we take the regularizing kernel as an unknown function.
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THEOREM 3.1. Let Q be an open subset of RN, X be a real B Vo vector field
on 2 such that divX € LllOc and w € Ly, such that Xw € Llloc. Then, with
a € C'(R; R),

3.1 X(a(w)) =o' (w)Xw.

REMARKS 3.2. Note that proving the uniqueness of weak solutions requires
only to get X (w?) = 0 whenever Xw = 0 for w € Ly (see e.g. Lemma 3.1
in [CL1]). Also to obtain (3.1) on the open set €2, it is enough to prove it on
an open subset €29 such that

HYH(Q\Q0) = 0,

provided that the vector field X is also locally bounded as well as its divergence
(here HN~! stands for the N — 1 Hausdorff measure). For a L] vector field
X = > a;d; with an L} divergence and a L{> function w, the distribution
Xw is defined as

(3.2) Xw= Y dqjw) —wdivX.

1<j=n

PrROOF OF THEOREM 3.1.
Step 1: Preliminaries.
Proving (3.1) amounts to checking that for any test function ¢ € Ccl,(Q),

/a(w)(XqJ + @divX)dm + /a’(w)(Xw)<pdm =0,

where dm is the Lebesgue measure on RY. Let x be a C!(Q) function
identically equal to 1 on the support of ¢. Then for x € suppy, a(w(x)) =
a(x(x)w(x)), so that we need only to check

(3.3) —/oz(xw)(X(p—I—(pdivX)dm = /a/(xw)(X(xw))(pdm.

Note that, from the assumptions of Theorem 3.1,

1
comp’

v=yxwe LY Xv=wXyx + xXwelL

comp’

and we can use a mollifier with the properties of Lemma 5.2 of our appendix
to write

e—0

—/tx(v)(X<p+<pdivX)dm = —1lim [ a(Rev)(X¢ + ¢ divX)dm

e—0

= lim {/a’(Rév) (X (Rev) — Re(Xv))pdm + /o/(Rgv)Rg(Xv)gpdm} .
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Lemma 5.2 shows that R.(Xv) converges to Xv in L' and since R.v is bounded
independently of €, and converges almost everywhere toward v, proving (3.3)
amounts to proving

lin%)/goa’(Rev)[X, R.Jvdm = 0.
e—

Using Lemma 5.3 in the appendix, we get

-0

bounded ;1

/(po/(Rev)[X, R.Jvdm = /(po/(Rev)Te,pvdm +/mmdm
so that we need only to prove
(3.4) 6121}) pa' (Rev) T pvdm = 0,
that is, using (5.3)
sli_I)I(l) //sz(x, e (X () =X (x—€2)) (v(a—e€2)—v(x))p(x)a’ ((Rev) (x))dxdz =0.

Now if (vi)ren 1S a sequence of Cg functions converging almost everywhere to

the Lgf)’mp function v so that ||vg|l 0 < ||Vl 00, We set

w(e, k) = / a0 (x, z)e_l(X(x) — X(x—ez))(vk(x—ez)—vk(x))

1
3.3) x p(x)a’ ((Rev)(x))dxdz = /// hp(x,2) DX (x — €fz2)z
0

X (ve(x — €2) — v (x)) ()’ ((Rev) (x))dxdzdb,

which makes sense as a bracket of duality since the distribution derivative DX
is of order < 1. We have to prove

(3.6) lim (lim w(e, k)) = 0.

e—>0 k—o00

Step 2: Getting rid of the absolutely continuous part.

So far our discussion required only that X and div X should belong to
Ll (). In fact our assumption on X in Theorem 3.1 makes DX a Radon
measure. We consider now the canonical decomposition of that measure DX

DX = DX+ DX*, |DX%|«m, |DX'|Lm,
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where m is the Lebesgue measure on RY. We note that defining

1
wo(e, k) = //0 dhp(x,2)DX*(x — e@z)z(vk(x —€7) — vk(x))
x p(x)a’ ((Rev)(x))dxdzdo,

we get with

(3.7) Co= sup |a'(s)],

Is|=llvll 00

using that DX“ e L',
1
lim sup an(e. k)] < Co / / [ 10X (=02 (recv—0) Wl Izl o)
—00

and using Lemma 5.1, we get (3.6) for wy.

Step 3: Handling the singular part.

We are left with the bracket of duality (that we write as an integral),

1
w16, k) = / / a0+ €02, DX (2 (1000 = 00 )

X T_epr(X)e ((T_ep; Rev) (x))dxdzd®,

so that, using the polar decomposition of the measure DX* = M|DX®| with
the notation u = |DX?®|, we get

1
1€, k) = / / [ ouptx o+ €02, MWz (tee-anctk = T-ancu) )
X (T—et:0) (V) ((T_e Rev) (1)) d () 2d.

Using now that sup;  [ve(x)| < [lv|l o and that the measure p is positive, we
obtain

1
016, 0)] < Co2 vl e / / [onpeeoz oMoz
X |¢(X+€9Z)|dﬂ(x)lsuppp0(z) dzdo.

Since d,p and ¢ are continuous functions, |M(x)| < 1, u-a.e., the dominated
convergence theorem for the measure dudzdf gives

(3.8) limS(l)lp(SI;Ple(é,k)l) 5C02||v||Loo/ 1020 (x, )M (x)zll(x)|d pu(x)dz.
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We reach now the main point of the proof which amounts to choosing properly
the mollifier p so that the z-integral of the dot product Mz - d,p in (3.8) is
small. Let us consider the function

(3.9) p(x,z) = Foy(U(x)z)|det U (x)]

where, using the notation My (R) for the N x N real matrices, and Cg for the
C' functions bounded as well as their first derivatives,

(3.10) U e CL®RY: My(R), UU(x) >1d,

and Fy € C!(RV;R,), [ Fo(¢)d¢ = 1. Note that the function p given by (3.9)
satisfies the assumptions of Lemma 5.2; to check (5.1) we assume supp Fy C
B(0, rp) and we get, since |z| < |U(x)z|,

sgpp(x, 2) < sup | Fol1p(0,r)(2) ldet Ul Lo .
Similar estimates are true for sup, |ds .p(x, 2)|. We get
[[ 100 oM @relie iz
= [ 1IBw@aU@MEzI U Wlp@ldedz
< [Ww@M@U@lewiduw [ 1F6kde.

so that we obtain from (3.8) that we need only to prove
(3.1D) 0= inf 1U @M @)U )~ o) |d ().
satisfying (3.10)

It is possible to simplify further that condition by getting rid of the continuity
properties of U, U’ required in (3.10). First of all, (3.11) is a consequence of

(3.12) 0= 1 inf /||(Id+’V(x)V(x))M(x)(Id+’V(x)V(x))‘1|||<p(x)|du(x),
veCl®RN;My (R))

since the matrix U (x) = Id+ V (x)V (x) satisfies (3.10) for V € C(} (RY; My (R)).

We claim now that it is enough to obtain

(3.13) 0 :veLgon(lf(p‘dﬂ)/H (Id+V () V@) M @) [V 0V () e 0o ldu ).

To prove that claim, we consider a matrix V € L*®(|o|dp); since |p|dw is
a finite Radon measure on R", can find a sequence (V)) € C?(RN ; My (R))
converging to V in L'(|g|du) with

sup Vi) < 1V Il Loogap -
X
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Regularizing by a standard mollifier the matrices V;, we may suppose that they
are in C Cl (RY; My (R)) and, extracting a subsequence, we may also assume that
they converge pointwise |¢|du-a.e. to V. We note that |¢p|du-a.e.,

I1(1d +' V() Vi () M ) (Id+ Vi) Vi) 7l < 1T+ Vi) Vi)l
<1+ ”V”%OO(WJWM) s

so that the Lebesgue dominated convergence theorem for the measure with finite
mass |@|du gives

14 tim [ {14V Vi) ME0 (144 Vi Vi)™ Hpoldiato)
= [ 1144V @V ) M) a4V V) el

Thus the infimum in the rhs of (3.13), a priori smaller than the rhs of (3.12) is
actually the same, proving our claim. We are then reduced to proving (3.13).
The key argument relies on

THEOREM 3.3 (Alberti’s rank one theorem [Al]). Let Q be an open subset
of RN, a € BV(Q, RN/) and let Da = M|Dal| be the polar decomposition of its
distribution derivative. Then M (x) has rank one, i.e.

M(x) = &(x) ®n(x), |D’a| almost everywhere.

The product & ® n is the linear map defined by (§,7)n and if a is a
vector field on Q (2 C RY, N’ = N), the divergence of a is (£, n)|Dal| so that
the absolute continuity of the divergence with respect to the Lebesgue measure
amounts to the orthogonality of the unit vectors &, n, |D*a| almost everywhere.
We apply this theorem to the matrix-valued measure DX* = M|DX®|,u =
|DX?|, and we use the notation M = £ ® n, u-almost everywhere. We choose
now the L*®(u) matrix V(x) = y'/2M(x), where y > 0, and we note that,
from Lemma 5.4,

(3.15) I(Id+ V@) VE))MEId+HVEVE) < 0+~

Since y is an arbitrary positive number and |¢|du is finite, we obtain (3.13),
completing the proof of Theorem 3.1. O

ReEmaRrk 3.4. Looking at our proof, it seems quite obvious that the full
strength of Alberti’s theorem is not needed. For instance, in the paper [CL2],
the key argument could be modified to rely on the fact that the matrix M is
triangular with zeros on the diagonal. It is also pointed out in Remark 3.7 of
[Am] that a recent still unpublished proof of Alberti is using only the absolute
continuity of the divergence with respect to the Lebesgue measure, that is
TrM = 0. As far as our proof is concerned, from the analysis in (3.8), for
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fixed x, we need to have a compactly supported (in z) solution p(x,z) of the
equation

ap
(3.16) —(x,290M(x)z =0.
0z

The previous equation is simply given by a vector field in the z-variables, with
coefficients depending linearly on z (and with parameters x),

0
Yo D My a—f(x,z) =0.
J

1<j<N \I<k<N

For this vector field, to have a compactly supported solution require the spectral
condition,

(3.17) spectrum (M (x)) C iR.
However, the equation (3.16) need not to be satisfied exactly, and (3.17) may

certainly be relaxed.

REMARK 3.5. If we follow our Remark 5.5 below, we see that, although the
matrix M(x) = (%’;)15 jk<n does not carry any geometric meaning, its class

modulo LlloC has actually some invariance properties, so that it is not hopeless
to expect that a spectral condition of type (3.17) could be meaningful, even for
a vector field };a;0; more singular than BV.

4. — Sum of Leibnizian vector fields

In this section, we prove that the renormalization property holds for the
vector field

X =ay(x1)0x, +az(x1, x2)0x,,
—_— Y—
“.1) X Xy

ai € BVie®™), @ € Ll (RV; BVioc (RM?))
provided that

(4.2) divX; € L, (R"), divX, e Ll (RMT2),

In Remark 5.6 below, we point out that an invariant formulation of our statement
can be given, using a codimension N;-foliation of the reference open set.
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THEOREM 4.1. Let N, N1, N, be non-negative integers such that N = Ny + N.
Let X be a vector field on RN satisfying (4.1)-(4.2) and w € Lf(f’c(IRN) such that
Xw € L}, (RN). Then, witha € C'(R; R),

4.3) X(a(w)) =o' (w)Xw.

ProoF. To simplify our argument, we shall only prove that, if w € L®(R")
satisfies Xw = 0, then X (w?) = 0. Also, we shall assume that both divergences

in (4.2) are vanishing identically. Let us consider p € C 1(IR)ICV11 X Rivzz X Révzz; Ry)
such that

(4.4 [, ptarias e = 1,
RY2

(45) Sup (|10(x17 x27 Z2)| + |dx1,x2,Z2/0(xl7 x27 Z2)|) = PO(Z2) e Lg(cjmp

X1,%2

We define also for € > O the operator R, by

@6 Raptix) = [ plrnr e o = ym)e utr vy

We need now to commute R, with the vector field X;.

LeEmMmaA 4.2. Let X1, R, w be as above. Then, X|R.w and R X w belong to
L} andlime_ o, [X1, RJlw =0in L] .

PrROOF OF THE LEMMA. We have, since p is cl,

3 _ _
XiRew = - /al(xl)p(xl,xz,e (2 — y2))e Mw(xy, y2)dys
1

ap _ _
=/a1(X1)-a—m(x1,Xz,6 Yo — y)) e Mw(xy, y2)dys

3
+/P(xl,x2,€_l(x2_YZ))G_NZaT (ar(xDw(xr, y2))dy:
1

ap
= /a1 (x1) - a—xl(xl,xz, 22) (w(xr, x2 — €22) — w(x1, x2))d2z2

ap
+ai(xy) - / E(xl,Xz, 22)dz w(xy, x2) + Re X w,
1

=0 from (4.4)

which entails [ X, R.]Jw € LlloC and from Lemma 5.1 that lim._, o[ X, ReJw =0
in L .. Moreover, we have, using that p is C! and the equation Xw =0,

R X1jw=—-RXow = —//O(Xl, X2, € (02 — ¥2))e M2 (8 - aaw) (x1, y2)dy»
= — a—p(x X2, € (2 — y2))e 27 (aaw) (xy, y2)d
= 92 1, X2, 2= N 2 1, y2)ay2

which belongs to L], completing the proof of the lemma. O
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We have, using Theorem 3.1 and Lemma 4.2 (that is the fact that X, is
Leibnizian, Rew € LY, X1 R.w € L] )

X((Rew)?) = X1 ((Rew)?) + X2 ((Rew)?) = 2(Rew) (X1 Rew) + X2 ((Rew)?).

We note also that the function R, is C! with respect to x5, so that the ordinary
Leibniz formula can be used to get X, ((Rcw)?) = 2(R.w)(X2Rcw). We obtain,

X ((Rew)?) = 2(Rcw)([ X1, R Jw)
+ 2(Rew) (R X1w) + 2(Rew) ([ X2, Re]Jw) + 2(Rew) R Xow
= 2(Rcw)([X1, Re]w) + 2(Rew) (R Xw) + 2(R.w)([X2, R Jw)

which gives, since Xw = 0,
4.7 X ((Rew)?) = 2(Rew)([X1, Re]w) + 2(Rew) ([ X2, Re]w).

Since the term [X;, R.]Jw goes to zero in LllOc from the Lemma 4.2 and the
function R.w is locally bounded from Lemma 5.2 we are left with the bracket
[X2, Re]Jw. We recall that, with ¢ € C!(RY),

(X + X)W 9 ) ¢y == lim [ (Rw) (Xghm
e -0 Jr

= 613% . X ((Rew)?)pdm

= 2lim/ (Rew)([ X2, RcJw)pdm.
e—>0 RN

We need only to prove that the last term above is 0. We define
5@ = [ (Rew)(Xo, RIwigdm
R

ap _
=// (Rew)(xhxz)w(xl,xz)g(xl,xz,a)é N(Xa(x1,x2) — Xo (x1,X2 — €22))
2
(w(x1, x2 — €22) — w(xy, X2))dxodzadx;.

Now, we consider a sequence of continuous functions w; bounded by |w]|; oo
converging a.e. to w and we define

- ap _
e = [[[ R g 222 w1 e (X,
2
— Xo(x1, x2 — €22)) (wi(x1, X2 — €22) — wi(xy, X2))dx1dx2d 2.
We need only to prove that

(4.8) lim ( lim @(e, k)) = 0.

e—>0 k—o00
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We have, using an integral notation for the bracket of duality,

~ ! 3,0 aaz
ek = / / / / (Rew) (x1s 2209 (61, )P (31, 32, 22) 2 (31, 32 — €022)22
0 02> 0x2

(wi(x1, X2 — €22) — wi(x1, X2))dOdx1dx2dz,
1
a
= /// (Rew)(x1, x2 + €022)9(x1, X2 + 69Z2)£()€1, Xy + €022, 22)
0 2

da
X a—;(xl,xz)zz(wk(xl,xg—keezz — €22) — wi(x1,x2+€622))dOdx1dx2d 2.
2

From our assumption on the L'(R") function a,, that we shall make globally
for simplicity, we know that for my, -almost all x; in RV, the function R*2 5

Xy > ax(x1, x2) € RV is in BV (RM2) with an L' divergence and

(49) /|:||Cl2()€1, ‘)”BV(RNZ) + ||diva2(x1, ')”LI(RNz):Idxl < 0.

As a consequence, from the canonical decomposition of D,a,(xy, -), the polar
decomposition of Djas(xy, -)°, and the Theorem 3.3 along with Lemma 5.4, we
get that for my,-almost all x; in R,

(4.10) Dras(x1, -) = (Drax(x1, )™ + (Draa(x1, )",

(4.11) (Daas(x1,-))* = My (x2) ey, (x2), iy = | (D2aa(x1, )" |

and
(4.12)

1 (1d +y" My, (x2) M, (x2)) Mo, (x2) (Id +y" Mo, (x2) M (22)) Il < (14 9) 7,

with
(413) /]RN] |:||D2a2(x1’ ‘)aCHLl(RNZ) + ||D2a2(-x19 ')S||M(RN2):|dx1 < Q.

In particular, setting ky, (x2) = (Dyaz(x1, -))* we get that [on, ||kx, HLl(RNZ)dxl

< o0 and thus the function (xi, x2) > ky, (x2) belongs to LY(RM). Let us recall
the standard (see e.g. Theorem 2.28 in [AFP])

LemMA 4.3 (disintegration of the measure da,/0x;). Let N, N1, Ny as above
anday € L' (Rivll; BV(RJIC\?)). We denote by m; the projection RN x RN2 — RN,
by v the measure day/0x, and we set A = w1, (|v|). Our assumption implies that
W[(RN) < oo. The disintegration theorem gives

V=2Q vy
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where for h-almost all x| € RV, the My, -valued measure vy, is such that
vy, [(RY2) = 1.
It means that for F(x1, xy) € LY (RN, dv), we have, for A-almost all x; € RN,

F(x;,") € L'(RM, d|ve, 1), X1 > f]RNZ F(x1, x2)dvy, (x2) belongs to L' (RN, d))
and

/RNI xRN2 Fla, x)dvix, 1) = /RNI </]RN2 Fa, x2)d‘)xl(xz)> d(x1).

We note also that the measure A is absolutely continuous with respect to the
Lebesgue measure: let A be a Borelian subset of RV of Lebesgue measure 0.
We have from (4.9)

eL!®N)

MA) = V1A X B < [ TTDaaalCor, Ty dxt = 0.

We thus obtain that, with 7 € L'RM), v = A ® Vy, = hmy, ® vy, and thus
we have the disintegration formulas

3612 1, 5N
(4.14) o VT ® h(x)vy, =my; @ My sy + L (R™).

In fact for F € C?(RN ), we have with the notations of (4.10-13)

/RN1 (/RNZF(M, x2) My, (x2)d [y, (X2)> dx1+/RN1 </RN2F(X1, x2)ky, (X2)d)€2) dx;

= F(xy, x2)dv(xy, x
Loy P vt x2)

- /]RNI (/RNZF(XI’XZ)dvxl (XZ)) h(xy)dx;.

The term belonging to L'(RY) in (4.14) can be given the same treatment as
DX in Section 3 and the same method along with (4.14) gives

(4.15) limsup w(e)

e—0

ap
<2 fwl2e // (/w»(xl,xzn‘g(xl,xz,mwxl(xzm
2

We inspect then the arguments of Section 3, between (3.9) and (3.15). We
consider a function

dpis, (n)) dzadx;.

(4.16) p(x1, x2, 22) = Fo(U (x1, x2)22)| det U (x1, x2)|
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where U € C}(RY; My, (R)) is such that "U (x)U (x) >1d, and Fy € C}(R2; R)
satisfies [,n, Fo(¢)d¢ =1. We would like to choose

U(x) =1d+y' My, (x2) My, (x2),

but, as in Section 3, it is not directly possible because of the lack of regularity
of that function. The matrices M,,(x2) have norm < 1. For all x;, we can
find a sequence (Vi ;(x2))en of functions in Cj(R™2; unit ball of My, (R))
converging pointwise to the bounded matrix M, (x2). We can also regularize
these matrices with respect to x; by a standard mollifier, which will be enough
since the integral in the variables x, z, takes place on a fixed compact set. We
can conclude as in Section 3 by using (4.12). The proof of Theorem 4.1 is
complete. O

5. — Appendix
LEMMA 5.1. Leta € L'(RY) and v € L'(RY) N L®(RY). Then, we have

th_r)r(l)/ la()||v(x + 1) — v(x)|dx = 0.

Proor. We have for A > 0,

/|a(x)||v(x—r)— v<x>|dxsx/

lal <A

[v(x—1)— v(x)|dx+2 ||'U||Loo/ la(x)|dx

la]=A
< lm = vl 20l [LasalaColds.
so that, since v € L', limsup,_ [la()|v(x — 1) — v(x)|dx < 2[v] o [ Ljapa

la(x)|dx, which gives the result by taking the limit of the rhs when A goes to
infinity. O

REMARK. Assuming v € L* is enough, as proven in the Lemma 5.1 of
[CL2].
LEMMA 5.2. Let p € C' (RN x RV; R,) such that [,y p(x,z)dz = 1 and
(6.1 po(z) = sup|p(x, 2)| + sup|dy . p(x, 2)| € L5y,
X X

For € > 0, we consider the operator R, with kernel p(x, e l(x — y))e’N, defined
foru e L] by

(52) (Ra) = [ plr.e”!x = )¢ Mutdy.

Let 1 < p < 4ooand u € L?; then lim¢oRu = u in LP. Ifu € L,
|Reut|| oo < ||ut|l 00 . If u belongs to Llloc, the function R.u belongs to C'(RY) and
for almost all x € RN, lim_,o(Rcu)(x) = u(x).
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Proor. This lemma is classical for a convolution. We check here that this
more general regularizing kernel does not introduce any new difficulty. Let us
first assume that u € L? with 1 < p < +00. We have

(R () = () = [ pr. ) (utex = e2) — u()dz

so that, defining o = [|poll 1, we get from Jensen’s inequality

p
| Reu—ull?p < / ( / po(z)|<rezu—u>(x>|dz> dx<aP™! / p0(@) tezu—ull?y dz.

Since lime_¢ ||Tc;u — ullpp =0 and ||te;u —ull p <2 |lull;p, Lebesgue’s dom-
inated convergence theorem gives the result. Let us assume now that u € L°;
the estimate on ||R.ul|/ o is trivial. Moreover, we have for u € Llloc

|(Reu)(x) —u(x)| < / lu(x —€2) —u)ldz |l poll Lo

zesupp pg

and since supp pg is compact, the Lebesgue differentiation theorem gives that
this quantity is going to O with € for almost all x. Assuming u € L/, the
function

v p(x e e —)e Nu(y)

belongs to L' for all x since

/epro(é"(x =) luldy <€ ”iOO”LOO/ lu(y)|dy < oo.

X—e€ supp pg

Moreover the function x — p(x, e '(x — y))e Nu(y) is continuously differen-
tiable and for K compact

/sup ho(x, e tx—y))e ™ +ep(x, e (x - )’))G_N’ lu(y)ldy

xekK

<2 lpoll e e‘”‘l/ ()ldy < oo,
K —e supp pg

We obtain that the function R.u belongs to C!(R"), completing the proof of
the lemma. O

LEMMA 5.3. Let Q be an open subset of RN and let X be a Llloc vector field on
Q such that div X € Llloc(Q). LetvbeinL () and R be given by Lemma 5.1.
Then we have

00
comp

(XRev — R Xv)(x) = (Te pv) (x) + (New)(x)
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with lim_,o Nev = 0 in L}, and

(5.3) (T.,v)(x) = /Bz,o(x, e (X(x) — X(x — €2)) (v(x — €2) — v(x))dz.

Proor. To avoid confusion between the vector field X (for each x € ,
X (x) is a vector tangent to €2 at x) and the operator X acting on functions, we
shall denote by X the operator: we use the notation (Xw)(x) =dw(x)X(x) (a
scalar quantity as the product of the 1 x N covector dw with the N x 1 vector
X) and we write

xR = [p(r.e”! (= ) u0dyX ()
+ [ oaplr e = ) Mutay X o).

We note that d,p(x,e”'(x — y))e™! = —%(,o(x,e_l(x — y))) which gives,
using the identity [ p(x,z)dz =1,

= e’lv(x) =0

XRev = /81,0(x, DX (x)(v(x —€z) — v(x))dz+/81p(x, 2)dz X (x)v(x)
0
+ / 5 (p(x, e_l(x - .V))G_N) (X(y) — X(x))v(y)dy
0

- [ 5 (ol @ =) ) xu0y,
so that

XRev = Nejv(x) + /az,o(x, e (X (x) — X(x — €2))v(x — €2)dz

d
1 -NO
+/,0(x,e (x—y))e By (X(v(y))dy,

where the last term is in fact a bracket of duality. Since we have from (3.2)

d
3y (X(Mv(y) = Xv)(y) + (divX)(»)v(y),
we obtain

=(Te,p v)(x)

XR.v = Nejv + / ho(x, e (X (x) — X(x —€2)) (v(x — €2) — v(x))dz
+ /E)zp(x, e (X (x) — X(x — €2))dzv(x)

+ / p(r e @ — »)e N (Xv)() + @div X)) dy,
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which implies
XRv = Nejv + Te pv + / hp(x, e (X(x) — X (x — €2))dzv(x)

+ RXv + R.vdiv X.

Since z+> p(x,z) is compactly supported and C', the covector Jo2p(x,2)dz = 0.
Moreover, we have

—/82,0()6, 2)e ' X (x — €2)dzv(x) + (Rev div X) (x)
= —v(x)/,o(x, 2)(div X)(x — €z) + /p(x, 2)v(x —ez)(div X)(x — €z)dz

= /,o(x, 2) (v(x — €2) — v(x)) (div X) (x — €2)dz := Nerv(x)
and consequently
XRev = Nejv + T pv + Neov + ReXv.
We have for K compact subset of RY and py € L'(dz) given in (5.1)

goes to 0 with € from Lemma 5.1,
bounded above by 2||1x X || 11wl oo

/ Net(0)ldx < / / Lk ()X (0| (Terv — v)(0)dx po(2)dz,
K

so that Lebesgue’s dominated convergence theorem gives lime_l| Ne,1v [l 1 ,=0.
We have for K compact subset of RV

/K |Neav()ldx < / 1k supp pp GO (div X) (00 (x) = v(x + €2)] po(2)dzdx

which goes to zero with € from Lemma 5.1. The proof of Lemma 5.3 is
complete. O

LemMMA 5.4. Let E be a real Euclidean finite dimensional vector space. Let M
be an endomorphism of E such that M = & @ n with &, n orthogonal unit vectors.
Then for all y > 0,

(5.4) H(Id—H/’MM)M(Id—H/’MM)‘lH <1+ "

ProoF. Since for T € E, we have MT = (£, T)n we get M’T = (¢, T)
(6, mn =0 and
(M'MMT,, Tp) = (§,'MMT\)(n, T2) = (n, n)(§, T1)(n, Tr) = (MTy, T»),

which means M = M'MM and implies (1 +y)M = M + yM'MM = M(Id+
y'M M) and

(5.5 Jd+yMMYMJd+yMM)™' = MAd+yMM) ' =1 +y)"'M
implying (5.4). O
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REMARK 5.5. It worth noticing that for a BV, vector field X = 215 <N
a; (x)axi, the matrix

aaj
(5.6) M(x) = (8)%)
1<j,k<N

has some invariance properties, under C' diffeomorphism, at least modulo L]
matrices. In fact if x = x(y), y = v(x) is such a diffeomorphism, the vector
field X in the y-chart is

Yk Vi
X = Z aj(K(J’))Wayk = Z bi(y)dy,, br= Z eyl
1<j.k<N J 1<k<N 1<j<N J
ob, da; 0x,, 0
SO that_k — iiﬂ ]lOC’
Vi 1<j<N 0x, 0y 8)Cj
which means
oby. , , |
(5.7) Ny =(— =V (X)M@)K'(y) + Ly
ay 1<k,I<N

and since V' (x(y))x’(y) = Id, we find that matrices M(x) and N (y) are equiv-
alent, modulo a L} . matrix.

REMARK 5.6. Let us point out here that an invariant formulation of our
statement of Theorem 2.1 can be given, using a codimension Nj-foliation of the
reference open set. Let Q2 be an open subset of RY equipped with a codimension
N; foliation (in our coordinates the leaves are x; = cte). A vector field T is
tangent to the foliation means, in our coordinates, that T = B(xy, x2)dx, since
T (x1) should be identically 0. Let us call 7 the vector fields tangent to the
foliation. We introduce a vector field X such that,

(5.8) VT €T, [X,T]leT.

In our coordinates, it means if X = a(x, X2)dx, + a2(x1,x2)0x, and T =
B(x1, x2)dy, is any tangent vector field

[X7 ﬂ(X], xZ)axz] = alaxl (:3)8)62 - .Baxz(al)axl + a23x2(:3)8x2 - 138X2(a2)3x2

is tangent to the foliation. So to ask for this commutator to be tangent is
the requirement B0, (a;) = 0 for all B, which means d,,(«;) = 0, so in our
coordinates

X = ai(x1)0x; +ax(xy, x2)0x,.

If the open set Q2 is equipped with a Riemannian structure, X can be decomposed
in the sum of a tangential part to the foliation (a2(xy, x2)dx,) and a normal part
(a1(x1)dy,); to get the divergence property, we shall assume that the divergence
of both parts is zero. The geometric hypothesis (5.8) allows us to produce an
invariant result.
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Index of notations

[Ai]

[Al]

Let X = > 1oy ajaixj be a vector field on an open set of RY. DX

. daj . .
stands for the matrix (%)13,1{51\/. When X is a BV, vector field, DX is
a matrix of Radon measures and we can write the canonical decomposition

DX = DX*+ DX*, |DX%<m, wu=|DX’|Lm

where m is the Lebesgue measure on R". The polar decomposition of the
matrix DX’ is
DX’ = Mu.

For y € R and u € D'(RV),
(tyu, ©)pr.p = (U, T_y@)p' p> (1) (x) = o(x + y).

C} stands for the C! functions bounded as well as their first derivatives.

For £, n € RV, the product £®p is the linear map RY 5 T + (£, T)n e RV,
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