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Héolder a Priori Estimates for Second Order
Tangential Operators on CR Manifolds

ANNAMARIA MONTANARI

Abstract. On a real hypersurface M in C"+! of class C>* we consider a local CR
structure by choosing n complex vector fields W; in the complex tangent space.
Their real and imaginary parts span a 2n-dimensional subspace of the real tangent
space, which has dimension 2z + 1. If the Levi matrix of M is different from zero
at every point, then we can generate the missing direction. Under this assumption
we prove interior a priori estimates of Schauder type for solutions of a class of
second order partial differential equations with C% coefficients, which are not
elliptic because they involve second-order differentiation only in the directions
of the real and imaginary part of the tangential operators W;. In particular, our
result applies to a class of fully nonlinear PDE’s naturally arising in the study of
domains of holomorphy in the theory of holomorphic functions of several complex
variables.
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1. — Introduction

In this paper we prove a priori estimates for solutions of the linear subel-
liptic equation Hv = f in R*"*!, where

2n
(1) H= Y hwZnZj— 2o,

m,j=1

the coefficients A, 4,,; are a-Holder continuous and such that h,,; = hj,, m, j =
1,...,2n, and

2n 2n
) > hwinun; =MD 7, ¥p =i, ..., n) € R
m,j=1 j=I1
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for a suitable positive constant M. Here the first order differential operators Z;
are

V4 9 + 9

= — +wy—,

2 3y, 213[

3) 0 9
Zoj_] = — i —,
20—1 8xl+wzz lat

Zz(ZlaZ27---,Z2n)a

where (x1, y1,...,Xu, Yu,t) € R>"*! and the coefficients @ = (wy, ..., wy,) are
of class C!@.

The operator H in (1) is not elliptic at any point. In order to overcome the
lack of ellipticity we make the following crucial hypothesis: we assume that
the missing direction is generated by one of the commutators [Z;, Z,],! # p.

We explicitly remark that we can not apply to our operator H the regularity
theory developed in [15], [16], [25], [3], because in those works the smoothness
hypothesis on the coefficients of the vector fields is crucial.

Schauder-type estimates for sum of squares of smooth linear vector fields
satisfying Hormander condition have been proved by C. J. Xu in [31]. In that
paper also operators formally of the type (1) were considered, with coefficients
w; € C*® and h;; € C*, but neither that result nor that technique work in our
situation, because in our case the coefficients @ of Z are only C%. Moreover,
even if the coefficients of the vector fields were smooth, operators of the type
H as in (1) are studied in [31] by simple using a change of variables, which
transforms the operator in a sum of squares. If the coefficients h;; are only
C¢, as for the linearized Levi Monge-Ampere equation (see [22]), this change
of variable is not possible.

The motivation for studying operators of the type (1) in our assumptions
is very strong. Indeed, the vector fields in (3) naturally arise in the study
of envelopes of holomorphy in the theory of holomorphic functions in C"*+!
(see [14], [18], [20], [24], [27], [28], [30] for details).

In order to clarify our motivation let us introduce some notations. Denote
by z = (z1,...,2n41) a point of C"*' and by M = {z : p(z) = 0} a real
hypersurface in C"*!. Assume for example 0z,.10 # 0 at zo € M. Denote by
TCM the complex tangent hyperplane to M at zo, and choose

0z,

hy =e — entl

azn+1
with (e,)p=1...+1 the canonical basis of C"*!.
Since, for every [ =1,...,n

n+1

9z, P 9z, p
(hi, 8zp) = <€1 — T —enyi, Z(asz)€j> = 0yp — Lpazmp =0,
J

azn+1 i=1 aZn+1
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where (-, -) denotes the inner product in C"*!, then CalU = {h;,l =1,...,n}
is a complex basis of T M.
By identifying e, with the first order complex differential operator 9, for

every p=1,...,n+1 and h; with the first order complex differential operator
0z,
(4) Wi=0, — —"—0,.,.
BZyH_] Io
for every I =1,...,n, we obviously get W;p =0 for every [ =1,...,n.

In the sequel we will denote by
&) Wr=Ww,

for every [ =1,...,n.

If p is of class C? then the vector fields in (4) and (5) introduce a CR
structure on M, because they are linear independent and [W;, W,] =0 (see for
example [14, p. 93]). Moreover, let us define

1 1
(6) T=——d,  —— .
8Zn—&-l'o o azlH—l'O s
Then,
(7 (Wi, Wil = A ()T .

This defines the n x n Hermitian matrix A;5(p), which is called the Levi matrix
and we assume it is different from zero at every point.

Since we have assumed 9., ,p # 0 at zop € M, it is not restrictive to
take its imaginary part different from zero. With this convention, there is a
neighborhood U, of zo such that M N U, is the graph of a C? function
u: Q2 — R, with Q an open bounded subset in R2*t1 Then we can choose
the defining function of M as p = Im(z,4+1) — u(zy1, ..., 2y, Re(z,4+1)). By the
coordinate change

§i=2zj I <j=<n, t=Re(zpr1), r=Im(z,q1)—u(zi,...,zs Re(@s1))

the vector fields WJf become (see for example [29, p. 547]) the following
tangential Cauchy Riemann operators on M

ou

9 ag;

®) Wi=—=+—3
agj i— B_M

dt

0
({1»"'7§H9Z)E'
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Introduce real coordinates § = x; +iy; for every [ =1,...,n and put
o 3
g
Zy =21 — - s D— |,
2 m 3§1+i—%(§1 Cn )at
(9) u
0 27 0
Zy_1 =2Re | — L ) P
2-1 e 8{1+i—%—’;({1 Sn )at

Then, the vector fields Z have the same structure as those in (3) with coefficients

0y = _Mx, + Uy Uy
(10) 1+u?
Uy = Uyl
wr—1 = ﬁ
+ u;

where subscripts denote partial derivatives.

A regularity theory for sum of squares of C'* vector fields of the type (9)
has been recently established by Citti in [4], [5], [6] and by Citti and the author
in [12], [13].

In particular, by using the techniques developed in [12, Theorem 4.1], one
can prove the following.

PROPOSITION 1.1. Let hyjj, h € Cyiov®(R2), w € Cyit (), m > 2 and let v €

C55c(2) be a solution of equation Hv = f with H as in (1) and f € Cly1.:%(<2).
Then the solution v belongs to C;J{Olc'ﬂ(Q) forevery B € (0, ).

Here C* denotes the class of functions whose tangent derivatives of order
m are a-Holder continuous with respect to a distance dz naturally associated
to the vector fields Z; (see (12) and (13) for precise definitions).

This result has been used in [12] to study regularity properties of quasi-
linear equations of Levi’s type, but it is not useful for studying fully nonlinear
equations such as the Levi Monge-Ampere equation, whose second order part is
the determinant of the Levi matrix in (7) (see [21]). In that case the coefficients
hi; depend on the second tangential derivatives of a solution and » depends
on the first tangential derivatives of a solution. In particular, if u € C%”TOC(Q)
is a solution of the Levi Monge-Ampere equation, then h;; € CZ,.(€2) and

w € Cé’j‘oc(Q) and it is not possible to apply to it Proposition 1.1.

In Section 2, by means of a method relying on the lifting argument first
introduced by Rothshild and Stein in [25], and of a non standard freezing method
already used in [12], [13], [4], [5], [6], we reduce the study of the operator H
to the analysis of a family ﬁéo of left invariant operators on a free nilpotent
Lie group of dimension N = 2n%+n + 1. The fundamental solution Féo of the

operator Hg, is used as a parametrix of the operator H in (1) and provides
an explicit representation formula for solutions of the linear equation Hv = f
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in spaces of Holder continuous functions C%’“. Then, we twice differentiate
this formula with respect to the intrinsic derivatives Z;, j = 1,...,2n and in
Section 3 we estimate it at two different points.

Our main result is the following interior Schauder-type estimate for classical
sollutions of Hv = f, with h;;, A, f € C*, and the coefficients w of Z of class
che.

THEOREM 1.1. Let hjj, A € C%(R), w € Cy;*(R) and v € C3*(Q) be a
solution of equation Hv = f € C%(2). Thenif ' € Qwithdz(2',9Q) = 5§ > 0,
there is a positive constant ¢ such that for every 8 € (0, o)

() SIZvlGg + 81 Z%vIGe + 8270 g < c(sup vl + 115 0:0)

where c depends only on the constant M in (2), on Ih,-jloza;g, Iklgagg, lefa;g, as
well asonn, a, §, Q.

Our method also requires interpolation inequalities between some weighted
norms naturally associated to the geometry of the problem. The proof of these
inequalities is inspired to a standard method for the elliptic case (see [17]),
however in Appendix 1 we carry on it in details for reader convenience.

In a forthcoming paper [22] we will apply our Theorem 1.1 to prove
smoothness of strictly Levi convex solutions of the fully nonlinear Levi Monge-
Ampere equation.

2. — Preliminaries

In this section we first introduce some classes C'* of Holder continuous
functions naturally arising from the geometry of the problem. We then write a
representation formula for C%‘“—solutions of Hv = f with H the linear operator
defined in (1).

For every [ = 1,...,2n let us define the first order vector fields Z; as
in (3) with coefficients w € C'*(). Moreover, let us assume that the vector
ﬁe;lds Zy, ..., 2o, [Z1,Z;,] are linearly independent at every point and span
R n+1‘

If the coefficients of the vector fields were smooth, then the linear op-
erator H would satisfy Hormander’s condition of hypoellipticity. In our con-
text the coefficients are only C'%(2). However, for every £,& e Q there
exists an absolutely continuous mapping y : [0, 1] — R?>"*!, which is a piece-
wise integral curve of the vector fields Z introduced in (3), which connects
& and &. Then there exists a Carnot-Carathéodory distance dz(&,&p) natu-
rally associated to the geometry of the problem (see for example the distance
04 defined in [23, page 113]). Precisely, if C(§) denotes the class of abso-
lutely continuous mappings ¢ : [0, 1] — € which almost everywhere satisfy
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¢'(1) = X7 aj()Zj(p(1) with |a;(1)| < 8, define

(12)  dz(&,&) =inf{§ > 0 : ¢ € C(5) such that p(0) = &), ¢(1) = &}.

The fact that dz is finite follows because the commutators of the vector fields
Z span R?"*! at every point. This was first proved by Carathéodory for smooth
vector fields; for vector fields with C:% coefficients the proof is contained in [4].

We now define the class of Holder continuous functions in terms of dz:
for 0 <a <1

Cy () = {v : 2 — R s.t. there exists a constant ¢ > 0 :

[v(§) — v(o)| < cdZ(§, &) for all &, & € Q}

and
CriQ)={veCiR) :3ZveCiQ) Vj=1,...,2n).

If the coefficients w € CYZ"_I’“(Q), m > 2, we define
(13)  Cr)={veCy Q) : ZveCy ™) Vj=1,...,2n}.
Obviously (see [12])
C™*(Q) C Cy*(Q) C C™>%(Q).
For every m > 0 we also define spaces of locally Holder continuous functions:
Crc@=v:Q=>R:veCy*Q) VQ eQ}.
If v e C%(2) we define

s @ =)l
Whoo= S0 = ey

Denote by
7' =272, Z,
where
(14) I'=(@,...,in)
is a multi-index of length |I| =m. If v e C;*(R), with m =0,1,2,..., and

0 < a <1 we define the seminorm
z I
[v]Z. = sup sup|Z v]
|I|=m

VA 1. .17
[Vl wo = sup[Z7v]5.q .
|I|=m
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and the norms
m
lZo = | supsup|zv] |,
j=0 [=j

VA Z VA
|v|m,(x;ﬂ = |v|m;§2 + [v]m,ot;Q .

We must remark that the Lie algebra generated by the vector fields Z; is of
Step 2, because we need one commutator to generate the whole space. But our
fields do not satisfy the minimal number of relations at every point, so that
the Lie algebra is not free up to Step 2. So we need to apply the technique
introduced in [25] to add new variables and lift the vector until the algebra
becomes free.

Denote by & = (x1, y1, X2, Y2, .., Xn, Yn, ) in such a way that &, = t.
We now proceed to lift the vector fields Z; as follows.

We have 2n fields and need one relation to generate the whole space, so
we must add (22") = n(2n — 1) variables to obtain a free algebra. The total
number of variables becomes

N=2n+14nC2n—1)=2n>+n+1.

If £ = (51,..., 611, Eniar ..., Ex) € RY, we denote by 9; = % for every
j=1,..., N and define

Z1 =7

Zy =7,

Zy =73+ & dra + E200013

k-1
7y =Zp + Z‘Tg,am%(k_])ﬂ for3 < k < 2n, and
j=
T = Adopp1 + Oy -
Then we introduce the liffed linear operator
H=> hj;ZiZ—T.
i,j=1
For every f € Cé’“ (2) we define the first order Taylor polynomial of f at
& € Q in the directions of the vector fields Z;:

2n
PofE) = FE) + > Z &) E — &) -
j=I

We need the following lemma whose proof can be found in [43, Remark 2.3].

Lemma 2.1. If f € Cé’a () anddz (&, &) < 1, the following inequality holds:
|Pey f&) = O < [f 1T 00d; (6. 60), Ve,
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It is easy to check that for every f € Cé’“(Q) and &, &), ¢ € Q

2n
Py, f(§) = Pef(8) = Pey f () — FE) + D (Zi f(&0) — Zi f(EN(E — &);

j=1
and from this equality, together with Lemma 2.1 we also get

Lemma 2.2. If f € Cé’“(Q) and £, &) € 2, dz(§,&) < 1, the following
inequality holds:

Py f(©) = Pe f (O] < [l (@™ (&, &) + d3(E, E0)dz(6.0), VI eQ.

For k =1,...,2n we define the frozen vector fields
(15)  Zrgy = O + Pey(@)r1 + (Zi — Z1),  Tgy = AME)Bonst + Oy -

We recall that, from the definition of the fields Zk’s, we have

k—1

Zy— Zx = ;Sj82n+("‘2>2("“)+j :
j:

We remark that the following identity holds:
[Zl,so, 22,50] = g(50)02n+1

where the map &, — g(&p) is of class C* and g(&)) # 0, so that the Zk,go’s
are nilpotent vector fields of Step 2. Moreover, the Lie algebra generated by
the vector fields Zkggo’s and Téo is free, by construction.

Then we can define the frozen operator

2n
Hg, = Z hij(§0)ZigZjgy — Ty, -
i,j=1

The matrix (hij)%’}zl is positive definite and the functions & > h;;(&) are
«-Holder continuous; then we can find an orthogonal 2n x 2n matrix U such
that B _ _

(hij o)== UEU  (€0)  UT (&) = i}, -

The maps & > u;;(§p) are of class C* as composition of analytic functions
with «-Holder continuous functions, mainly due to the fact that the matrix
(hij);,; is positive definite.

Put

(16) We, = UT (&) Zs, ,
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with ,W\;go = (Wl,go, R W2n,§o)’ then for every i =1, ..., 2n,

150 Z’h}(éO)Z] & -

j=1

We stress that the fields /VVI-,;O, Tfo are still linearly independent and generate a

free algebra of Step 2 in R"Y. Moreover, the operator can be written in terms
of the new fields as a sum of squares plus a potential:

Z jo

and we call féo (’5, -) its fundamental solution with pole at g
We can introduce a pseudo-distance Jgo associated to the frozen fields W; g,

and Téo in the following way: for every £, €RV let y be the integral curve
such that

2n 2n
v = eWigy + > elWigy, Wigyly +enTyyy
“ =1 =t
y(0) =&
y(h)=¢
Define o
dgy(§,8) = |l(e1, ..., e, (€ij)i<js en)ll
where, for every n = (n,...,ny) € RV,

1
4
(17) lInll = (Z(m) - Z (n)) ) :

j=2n+1
Then the homogeneous dimension of R" with respect to || - || is
O=2n+2nn—1)+2=4n>+2.
For every &, ¢ € R, let & = (£,0), £ = (£, 0) and define
dy (€, ) 1= dg, (€, 7).

Precisely, it is dg,(§, {) = (Z —1(ej )4+(€12)2)4 and the homogeneous dimension

of R¥"*1 with respect to it is Q = 2n +2. By the results in [4] the following
equivalence locally holds:

(18) dg, (50, §) =~ dz (%0, 0)

where the distance d; was defined in (12).
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Now, let J = (ji,...,Jjs), jn = 1,...,2n for every h = 1,...,s, be a
multi-index of length |J] = s; we denote by Wg{), Zgjo the derivative operators
of order s

— .
Wi, = WiregWirgo - Wisgo
= 5 = N

Zéo =Zj5Zjrk Lisky -

Then by [26], for every compact set K C R" and for every multi-index J there
is a positive constant ¢; such that:

19 |%ﬁw§asmg?“ﬂéb
|24 Tey €, )| < cydg 2 7VIE, 0)

for every EE c K.

REMARK 2.~1. If in (x) we choose E = (&, 0) then we get the canonical
coordinates of ¢ around (&, 0), see for example [25]. Moreover, the change
of variable

:Q x RN-@ntD _ RN
(20) Vo
Ve, (§) = (e, ..., e, (€ij)i<j, en)

is such that for every function f € C'(Q x RN~-@+D R)

Wieof = Wi(fove), Vi=1,... 2,
Teof =T(f o ¥gy).

where the first order vector fields W;, for all i = 1,...,2n and T are left
invariant on a nilpotent Lie group and do not depend on the frozen point

(o0, 0).

In the sequel we will denote by I' the fundamental solution of the second

order operator iji | WJZ —T, and by d the distance defined by the norm in (17)

d(,m) = Inll.

This remark has been used in [13] to prove estimates of the dependence of the
fundamental solution on the frozen point in a similar situation to that considered
here. Precisely we have:
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__ProposITION 2.1. Let &, &), ¢ € ' and let £, &, L € Q x RN"2"1 dofined
as & = (£,0), & = (&9, 0). Then, for every multi-index J, there exists a constant
¢y > 0 which depends only on J and on the compact set ', such that

B dg (50, €) dey (0, &
@1) W, Fey Go. )= WY Te @, Dl <cy (~a-i°+ e ) ~)
dS() (507 ;) dgo (507 é‘)

e g o dg (50, €) dgy (Eo, €
(22) 1Z{, T Go. ;)—Zgrs(s,c>|5c1( . L L f)~>
(507 ;) dgo (SOa {)

for every E such that 6750 (%0, E) > 221;0 (Eo, E).

ProoF. Inequality (21) was proved in [12, Proposition 3.5]. In order to show
that inequality (22) holds, we first recall that Z = VW, with V = (UT)"! :=
(vij)i,; (see (16)). By inequalities (19), (21) and the fact that the coefficients
of the matrix V are a-Holder continuous, we get

1Z¢,Tey (B0, §) — ZeTe (£, 0)
= |(Vey — Vi) We Dy (80, §) + Ve (W T (60, £) — Wele (€, 0))

< |(Vs - Vs)Wgorgo(éo O+ |V§(W50Fgo(§o ¢ — srs(é 9)]

< const - (dgo(éoy £)dz, $E. ) + @)
dSO (%0, 0)

For multi-indexes I, J as in (14), we define:
(23) Vi =iy Vi
so that
z/ =Y v/w',
=]

and inequality (22) follows by applying the same proceeding as in the case
|J| =1 treated above. O

In the following proposition we write a representation formula in term

of 1:50 for the solution v of the linear equation Hv = f. This representation
formula will be the main tool in the proof of Theorem 1.1.
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ProprosITION 2.2. Let v € C%’“(Q). For every K| € K, € Q2 we choose
K, € K, € Q x RN=C+D) gych that
KiN{(,0)eRY : r e Ry = K,

K>N{(Z,0 eRY : ¢ eR"™ N} =K,

and fix a real valued function ¢ € Cg([%z) such that ¢|1?1 = 1. For every & € Q
and € = (£, &) € K, we have

v(E) = v(E)P(E) = — / e, (8, O Hu (L) (0)dC

- / Fe, B, D)o (0) Hey (0T

2n

£ 60 [ o OPrgon — 00100 21y O

i,j=1

2n
= 3 @) [ To@ D20 Zigd ©de

i,j=1

+ / ey (8, O)(M(E0) — M(E))Dons10(0)P(0)dE

2n
-> / ey (€. O)(hij (o) — hij(©) Zi Zjv()p (0)dC

i,j=1

2n
£2 3 hiye) [ Zieg Ty .0 Py = 00008 ©)dE

i,j=1

2n
+ > hij(o) / Tey (8. O)(Zjwi(50) — Zji () D100 ()T

i,j=1

2n
— > hij(&) / Tey (€, 0)(Pyywi — @) (Pgy; — )20 410(0) D019 ()T
i,j=1
2n o S
- Z hij(0) P Vg, (/32n+11_‘g0(§, $) (Pgyw; —wi)(Psowj—wj)32n+1v(C)¢(§)d§)-

ij=1

In the last integral PVy, [ denotes a principal value integral depending on & as in
[12, Definition 3.1].
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PrOOF. Let v € C%(2). By taking into account that v is a function of the
first 2n 4+ 1 variables, for every & = (§,&") € K| we have:

v() = v(E)$ E) = — / Fey 8. D) Hey (@) E)dE
_— / Fey €. ) Hey v(©)E)dE — / Fe €. D) Heyd )dT

2n
= 3 60 [ To@.0Zigu©) 2y ¢ ©)dE

ij=1

_— / Fey B, DY HUO)p(G)dE — / Fe B, D) (Hy — H)o(0)p(E)dE

2n
- [Fo@ D0 g @de =3 6o [ Foo . )Zi0(6) 20 @1

i,j=1

2n
= 3 6 [ Te@ O Zigy — Z0v(6) Zjg 1L

ij=1
Let us compute Hg, — H.

2n

Hg, — H = Z (hij(60)Zi gy Zjgy — hij(§)Zi Zj) — (A(§0) — A(£))d2n+1
Q=1

2n
= Z hij(0)(ZigyZjeo — ZiZj)
i =1
2n

+ Z (hij(§0)—hij () Zi Zj — (A (E0) —A(£))2nt1

i,j=1
where

ZiggZigyg — ZiZj = (Zigy — Zi)Zjgy + Zi(Zj gy — Z))
= (Pgywi — 0i)0nt1Zjgy + Zi (Pgywj — @;)0241)
= (Pgywi — 0i)0on+1Zj 5y + (Ziwj(§0) — Ziw;(§))02n+1
+ (Pgywj — ;) Zi0p 41
= (Pgywi — 0i)0nt1Zj 5y + (Ziwj(&0) — Ziw;(§))02n+1
+ (Pgywj — wj)(Zi — Zigy)Oon+1 + (Peywj — 0;) Zi g,02n+1
= (Pgywi — 0i)0nt1Zj 5y + (Ziwj(§0) — Ziw;(§))02n+1
— (Pgywj — ) (Peywi — ;)83 +(Peyj — @) Zi g, 2n+1 -
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By replacing the expression of Z; ¢, Z; ey — ZiZ; in Hgy — H and this last in
the representation formula for v we get

v(€) = v(E)PE) = — / Fey B, D Hu(O)$ ()T
2n

= 3 (&) [ Ty @ OPror = @) Zigv(©)$ ©)dE

i,j=1

2n
=" hijo) / Ty (. O)(Ziw;(50) — Ziwj () Dm0 ()T

ij=1

2n

+ > hijo) / ey (€. 0)(Pyyw; — ) (Pgyo — 01)3, ()@ (0)dE
i,j=I1
2n

= 3 g6 [ T @ Doy — ) Zigydar v @

i,j=1

2n
= 3 [ Fo@ D (60 — iy (©)) 229 @0de

ij=1
+ [ Fo@D(1E0) — 20)) o119 @0
- [ P 0 Ayp €1

2n
= 3 60 [ T @ D26 Zjb O
i,j=1
. i
= 3 g6 [ Ty @ O(Prgor = @) v(©) 2@ OdE
ij=1
By remarking that [32,11, Zjg,] = O for every j = 1,...,2n, and that the
formal adjoint operator of Z;¢, is —Z; ¢, integrate by part the second integral
of the previous equality with respect to Z; g, the fourth with respect to 92,1,
and the fifth with respect to Z; ¢ . Then remark that
Zj gy (Peywi — o) + Zi gy (Pgywj — ®j) — dopt1((Pgywi — ;) (Pgywj — w)))
=(Zj sy — Z))(Pgywi —wi) +(Zjw;i(§0) — Zjwi(()) + (Zigy — Zi) (Pgyw; — w))
+ (Ziwj(&0) — Ziw;(§)) — 02p41((Pgywi — wi) (Pgywj — w;))
= (Pgyw;j — @) dopt1(Pgywi — wi) + (Zjw;i(§0) — Zjw;({))
+ (Pgywi — i) 11 (Pgywj — ;)
+ (Ziwj(§0) — Ziwj(£)) — dont1 (Pgywi — ;) (Pgywj — w)))
= +(Zjwi(60) — Zjwi(§)) + (Ziw;(§0) — Ziw;(§)) .
By taking into account that h;; = hj; the thesis follows. O
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We now differentiate the representation formula of Proposition 2.2 with
respect to the vector fields at &.

ProposITION 2.3. Let v € C%’Q(Q). For every multi-index 1 = (i1, i) of
length 2 and &y = (&9, 0) € K

2'v60) =~ [ 24Ty G HVOOE) ~ Huo)d G
— Hu(&) Y V](E)o’

1J|=2

- / Z},Tey (6o, Ov(§) Hyy$ (§)dC

2n

£ 60 [ ZL ey G O (Prgor = w0110 Zigy b 0
ij=1
2n o B o

= 3 e [ ZLFeg o D2 ) 210 e

i,j=1

+ [ 25T 0. D0ED) — 16DB1 v @

2n
=3 [ 2P o, D 60 — iy (€) 229 @)

ij=1

2n
$2 3 i) [ 24 Zigy T 0. ) Py = 09 0(©) (E1dE
ij=1
2n

+ Y hij(€o) / Z{ Tey €0, O)(Zjw; (50) — Zjwi (£)) 000 10(0)$ ()dE

ij=1

2n
- Z hij(éo)/zglofgo(go, ) (Pey @i — ;) (Pey @) — )32 110(8) D21 (£)dC
ij=1
2n

=Y hij(&o) / Z{ 0041 T ey (Bo, O) (Peyi — 1) (Pey @) —0) 0 1100 (£)dC

ij=1
with V/ as in (23) and by using the notations of Remark 2.1

leg(oi 77) dHN—l

ol = W, T, n—L
| DA (0, n)|

{(nerRN :d(0,7)=1} 72

’

for J = (ji, j2)-
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ProoF. Let us call v(§) = 2}21 v (&, &) with v;(&, &) the [-th line of the
representation formula proved in Proposition 2.2. It is a standard fact that, for
any multi-index [/ of length 2

Z"v1 (5, &) = — / Z} Tey (B0, H(H()$ Q) — Hu(Eo) (Bo))dE
— Hv(&) Y V(o
1J]=2

and

2600 =~ [ ZL, ey G, O0(6) Hegd (€12

2n
Z'vs3(E0.80)=+ Y hij(%0) / Z{ Tey €0, ) (Peyoi — 0100 10(0) Z £y (£)dC

i,j=1

2n
Zatobo) = =3 hiy(E) [ 24Ty G 200 Zyeg (E1dE
i j=1
Zlus(Go.60) =+ [ 24Ty 0. DIAED) — 1ENB01 0@

2n
Z'e(50.80=— ) / Z{ Tey €0, O) (hij(B0) — hij () Zi Zjv()¢ (£)dC

i,j=1

2n
Zvg(E0,60) =+ _hij(§0) [ 2L Tey (o, O)(Zjwi (50) = Zjwi (£))dans1v ()P ()dE
i,j=1
2n o o
Z"vo(&0,80) = —Z hij (&0 Zglorso(f‘?o,é“) (Pgywi — ;) (Pgyj — @) 02041 0(8) 0201 P (O L.

i j=l
Note that vy is a principal value integral. However, we can define

2n

w(E) ==Y hij(€0) | Z£ d2m11T s, o, ) (Peyi—;) (Pey0—) 30410 (0)p ()d
i,j=1

and the integrals are well defined, because by (19) and by Lemma 2.1
S1a  FE T G
| Z g, 02n+1Tg, (50, §) (Pgywi — @) (Prywj — )| < cdy, (%0, 2) .

Let us fix a function 6 € C*°(R) such that 0 <6 <1, 6(r) =0 for all t <1
and 6(r) =1 for all T > 2. For every ¢ > 0 let us define

vie €)=

o) o (L ED\ -
—Z hij (So)/aznﬂrso (§,0) (Pgywi — ;) (Pgywj — @) 0210 (5) P (£)O (@) dg.

ij=l
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Arguing as in [12], we get

sup  [0i5(€) — (€, &)| < 1677,
dgy (6.50) <€ /2

and for any multi-index / of length 2

sup  |Z10{ (&) — w(&)| < 28,
dg (§.50)<e/2

with ¢, cp positive constants independent of &;. Thus, we conclude that

Z 190, &0) = w(o).
Analogously, define

2n - o - g ~’~ R
i (6) =23 _hij (&) / Zje)Tey €. O (Peyoi — 01)320110(0)$ (6)0 (—éo(f “) dt

ij=1
and
2n o o o
WE) =23 hij(6) [ ZL,Zye0 ey G O (Prgor = )0 s10(©)B )T
ij=1
We have

sup ¥ (&) — v1(€, &) < et
dg, (5.80)<€/2

and for any multi-index / of length 2

sup | Z10S0(E) — W(&)| < cae”,
dg, (§.50)<e/2

with ¢y, cp positive constants independent of &,. Thus, we conclude that
Z"v1(&0, &) = W (%).

3. — Schauder-type interior estimates

In this section we prove Theorem 1.1 for the operator H defined in (1).
ProoF oF THEOREM 1.1. We divide the proof in four steps.

Step 1. Let K, fl, K>, fz as in Proposition 2.2. For every (&, 0) = § € 1?1
and |I| <4 we set

w'(©) = [ ZTeE Dee@i
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with ¢ — gg(E) a C* function with compact support in K, and such that

g:(§) =0.
In this section, in order to simplify notations, we shall denote by de the

distance dg introduced in Section 2, and for every (§,0), (&,0) € K 1 we set

d=dz(,5).

We will prove the following statement:

If|I| < 4 and for every (£,0) = €, (&, 0) = & € K, the functions
fo @l oy l8l) - g0l

df() (EO’ {) d{-'o (%_0’ é_)

are bounded over K, then

up 180 @1
e AT G, )

1% () — g:(0)]
cr dE.D

lw! (&) —w' ()| < cd” s
(24)
+c(In M —In2d) su

with M = sup{ds(§. ) : (£,0) = £ € K1, ¢ € K).

Denote by d the Carnot-Carathéodory distance associated to the vector
fields Z as in (12). Let us set

= € Ky 1 d3(.0) < 2d) ={{ e K> :d5(E.0) > 2d).
Hence, for every |I| <4 we get
lw (5o) — w' (€)] < /M | |ZE Tey (Bo, )18, (O)1dE + /M | FAVIGESIIFAGI
+Aaaﬁw%b—zﬁ@bmmaﬁ
+ /M2 ZITe @, Dllgey @) — g DldE
=A] + AS+ AL+ AL
We shall first show that if |I| < 4 and for every (€,0) = & € K, the function

~ g (0)]
¢ — dg1|—2+a(g’ 3)
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is bounded over Eg, then

(25) AI+AI+A1<Cda Su %.
e, AT @, 0

By the triangle inequality, for every E € M, we get
(26) d5(&0.¢) <d5 (0. &) +d;(E.0) <3d.

Hence M C Ml = {E : dz('g}), E) < 3d}. Then we use (26) and the estimate (19)
to obtain

N T N A I S
Al+AS <c i de (€, ¢)~ 21 1||g§(§)|d550/ﬁ7] de(E,0)7¢F md
d 186 (©) |86 (0)]
Sc/ 0 1J“)‘d,o sup ai <cd® sup I = ="
0 e, deTTHEL D) e, AT TPE D)

By estimate (22)
Al < e /M de €. 2)~ 02 |g, (©)IdE + cd /M de (€. 5)~ 0+ |g, (2)1dE
2 2

N T T (3 |
4% d: (€, Q+a4d
<c "y E(S {) da‘H” 2(S {)

Py, I 12 (0)] ~
+d/ di(§,0)”CFI-lHe__25>7 g
s :(5,70) T2 T ¢

M M |
« ~l+a ~2ta g (0)]
<C(d / 1% I+ dp+d 1Y z+ d,O) sup W
2d 2d Tem, 4z &.0)

. 18: (D))
< cd® sup T = = -
Zemy deTTHEL D)

We shall now prove that if|I| < 4 andforevery (€,0) = &, (&, 0) = & € K,
the function

~1ge(€) — 8 (©)
[ — o SN0
d'"E, 0

is bounded over 122, then

27) AL < c(In M —1n2d) sup w ‘

ek, (60, %)
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Again by estimate (19)
Apsc | dE D0 gy @ — g @®ld
2

SC/ dg(g,g),émsol(ﬁ)z gé(§)| E
M

€. 0)
M _ =~
Sc/ o tdp sup |g§0|5|§_)2—~g§~(§)| <c(In M —1n2d) sup —Igso‘gf_)z ~g§~(4)| .
2 tem, 4z T(6.0) Tem, 4z (6. 0)

By interchanging & with & in (25) and (27) we get (24).

Step 2. For every & € Q let § = dz(&, 0R2) and r = ud with p €]0, 1/4]
a positive constant to be specified later.

Let K1 ={¢ € Q:dz(&,¢) <r} and Ky, = {¢ € Q :dz(&y, ) < 2r}.
For every & € K|, & # &, we will apply estimates (24) to Z'v(&) — Z'v(&)
and, by also choosing the cut-off function ¢ in the representation formula of
Proposition 2.3, we will prove that

2+,3|Zlv(§0) ZIU(§)|
(28) d5 (&, &)

< c(r**[Hvlgk, +7° sup |Hvl| + r*[v]f g,

+r I gk, +r[v]1 K> +SUP|U|)

By Proposition 2.3 for every & € K| and |/| =2

6 2n
—z'vE) = > wl @+ Y wiE +w"PE + Hu@) > Vi@

i=1 j=1 /=2

where |(/, j)| =3 and |(/, 1,2)| = 4. B
Choose tlle Sut-off function ¢ in Proposition 2.3 as follows: ¢(¢) = ¢(p)
with p =dg,(¢, &), and ¢ € C§°(]0, 2r[), such that 0 < ¢(p) <1 and

bop=r o)l < * ") <~ Vpelo,2
p(p) = 0. p>2r" Iso(p)l_;, pr(/O)I_r—2 o €[0,2r[.

For every £ € K» = { = (£,¢) € Ko x RN-@n+D) . dz(z, &) < 2r} set
2t (¢) = Hu()$(C) — Hu(&)¢(&). Then,

1880 = [HV(©)$ () — Hu(E)p (E)]
< |Hv(¢) — Hu®)||¢ )] + [Hu(E)||$ () — ¢(€)]
< [HV)Z g, d5 . &) +r 7' [Hu(@)|d;E, 0)

< cd(E, O (LHVI, i, + 17" sup [ Hv)
1
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Remark that, as in (18), the equivalence d}(g, Z) ~ dg(g, Z) locally holds.
Hence,

g’ @1 _ 18 @)l
af' E ) dEE D)

< c([Hv](iK2 +r %sup|Hvl).
K

Moreover, since d’i(g, £) =dz (£, &) <r

187 (0) — 88 ()| = [Hv(E)¢ (€) — Hv(£0)op (§o)|
< [(Hv(€) — Hv(E0)p ©)| + |Hv(E) (@ E) — ¢ ()

< [Hvlf g d5(E &) +r" sup |Hvld5(, &)
< dj (& E)[HV, g, +r 7" sup |Hvl).

For every multi-index I of length 2,
wl® = [ ZITE. 05" ©)dE

Hence, by (24)

B lwi (§) — w{ (%) < (dz(é, £0)

a—p
(r*[Hv)Z &, + sup |Hv))
db (&, &) ) 2

r

(29)

dz(€,&)\*° r o
e ( r > fn <dz(§,$0> (r [HU]OZ[’KI +s11{11p|Hv|)-

For every E € Ez set géz) (E) = v(;)ﬁ;d;(z). Then,

182 (O] = V(&) Hep (O]

<r7? sup |v] .
K2
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Moreover,
182@) — &) (O] = () (Hep () — Hey (0))] = [v(0)I|(He — Hey)p (0]

= [v({)]

2n 2n
(Z hijE)(ZigZije — ZigyZjgy) + Z (hij(§) — hij(60)) Zi gy Zj 5

ij=1 i,j=1

— (A(&) — A(so)>azn+1) 1e3)

= [v(©)]

2n
(Z hij(§)(Psw; — Pgy;)0on+1Zj 5y + (Ziwj(§) — Ziw;(§0)) dan+1
ij=1

+ (Pewj — Pgyw;)(Pew; — Peyw;)d3,, 1+ (Prowj — Pgowj)zi,goaan) 109)

2n
+ [v(©)] (Z (hij(§) — hij(§0)) Zi gy Zjgy — (A(E) — )"(SO))82n+l> ¢ ()

i,j=1

by Lemma 2.2

2n
< sup lvlr—2dg (&, &) (mm +) [h,-,-]a;m)
2

i,j=1

2n
+ sup | (Z sup |hij | (r (@110 k, A2, &0)

1Y) i j=1 Ki

+ 3 wil1ask, (dETE, £0) + dS(E, E0)d2 (¢, £0))
+ 1 Hwi ek, [0)11 0k, (AT E, E0) + dS(E, E0)d2 (¢, so>>2>>

< cd2(&, Eo)r % sup |v].
Ky

For every (§,0) = E € K, and for every multi-index / of length 2,
wh® = [ ZITcE. Dg” ©)dE
87 @1
dLE.D)
z

not bounded in 122. However g§2)(E) =0 in El, so if 2d;(€,&) < r then

Remark that we can not directly apply (24) to it because E —
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Al + AL =0, while if 2dz(&, &) > r we can estimate A] + A} as follows

Al+Aysc / __ de(3,9)724¢ sup |87 (0)]
MN(K\KY) Tk,

2dz(¢.80) ~ 2dz (&, o) ot
e [ tap swp 1620 = e (FER) sup 150 @),
r teky d teKy

Moreover,

Aéy(d%(s,sw 4.0 %¢

MyN(Kx\K 1)

+dz(E.&) | _ _ de(E, E)é‘d2> sup g7 (0]

MyN(Kp\K 1) tekKy

2r 2r
— — 2)
<c % &) p~'dp+dz (&, &) p~%dp | sup|gt” (0]
max({r,2dz (§,5p)} max({r,2dz (§.5p)} Zekvz

o 2r
=¢ <d2(‘§’ o) In (max{r, 2dy (€, so)}>

dz (&, &o) dz(€, &) o~
* (max{r, 2d7 (£, &)} 2r ));;I% |85 (©)]

dz(%', éO))) @ =
dz (&, 50)) * 2r ES:I% 18: (D)1

<c (d%(é, §0) In (

To estimate A! we use (27)

Al < c(In M —1n2d)d% (&, &)r > sup |v] .
K>
Hence, by the previous estimates

rﬁlwé(é)—wé(éo)lfc nax 0,( r )ﬂln<2dz(é,€o)>
db (€, &) 2dz (€, &) r

1-p
.\ (dz(s,so)) ) +~2sup o)
r Ky

dz(&,&)\*? r w2
+c< ’ ) 1“<dz<s,so>>(r seplvD

< c(r ?supvl).
Ky

(30)
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For every ¢ € Ky set g{(¢) = hij(€)(Psw; — 01)9110(¢) Zj ¢¢(Z). Then,

185 (O] = 1hij () (Psw; — 0)320410() Zj 6 (0]

< r 7 MhijEloilf gk, d7 " &, ) sup [0 < cd3 (€, Ovl5k, -
€k

Moreover, by Lemma 2.1 and Lemma 2.2

1857 (0) — 8£) (D) < |(hij (§) — hij(£0)) (Pew; — )20 410(0) Zjs (0]
+ |hij (E0) (Psw; — Peyi)dan10(8) Zj s ()]
+ |hij (§0) (Peyi — 1) 8010 Z;.60 () — Zj 6,6 (D))

< r 7 hijlak, d 6, €)@l 4. g dy (6, 0) sup 020410

r i (G0 l(d5 T (€, €0) + d5(E, £0)dz (&, O] 4.k, sup 9204 10]
+ 2R G 4k, d7 6, ) Sup 1 vl(dz (&, €0)
dy (&, &0)dz (&, D)l .k, < cd3(E E)VIF g,
For every (£,0) = £ € K, and for every multi-index / of length 2,
wi© = [ ZITE. Dg” ©)dE
Hence, by (24)
1) — wl) (dz(é;, &))“‘ﬁ Tl )

31) dz(f o) e e
V4 » SO r o VA
‘ (T) " (dz@,so)) i)

For every ¢ € K5 set g7 (§) = hi;(§)(Ziv(§)Z; e () — Ziv(€) Z; s (£)). Then,

185 @©)1<1hij (E)(Ziv(©) = Ziv(EN Z; s ()| +1hij (§) Ziv(E)Zj e (§) — Zj 6 (E)]
< 1 b W] ek, d E. O + r 2 R ()], d5 . 0
< cdSE D0 I i, + 7 T Iy -

Moreover,

187 (@) — 86 ()] < |(hij (§) — hij EDNZiv () Zjsh (§) — Ziv(§) Zj £ (B)]
+ |hij (E0) Ziv () (Zj 60 (C) — Zjgyd ()]
+ 1hi; G 1(Ziv(E) — Ziv(E0) Z;sh €]
+ |hij G ZivE0) 1 Zj.ep €) — Zjgy (E0)|
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by Lemma 2.2

< r hijla:k, A3, E0) ]k,
+ 72N hij G0 [(dy T (€, &) + d3 (&, E0)dz (5, O)il] ook, [V k)
+ i €I 4k, d5 (8, £0) + 7 | (o)l Ziv (€0 |d5 ., €o)

< cdy (&, €)Wl g, +r 0l gk, 1 IR -
For every (§,0) = E € K, and for every multi-index I of length 2,
wi® = [ ZITeE. 0gf" ©)dE

Hence, by (24)

B |wi (§) — wi (o)l ¢ <dz(f§, )

a—p
) I g, + 1 0] k)

32 dy (&, &) r
d ( . ) oa—p —l4a —lTa -
—|—c( - i go) ln(dz(;éo)> = [v]lz;K2+r " [v]lz,a;K2+r 1[v]lZ?KI)’

For every ¢ € K and |J] = 2 set g (0) = (8(5) — g6 Z/v(§)p(©), with
g(€) = 1(§) + hij(€) + Z;;(£). Then,

1820 = (&) — gENNZ ()P (D)
< 81k, d5 &, Ol < cd2E, Ol -

Moreover,

185 (0) — 88 (D) = I3(&) — gGIZ v(D) 1P (©)] < [81Z k,dS(E. &V,

< cd3(§, &)l g, -
For every (§,0) = E € K, and for every multi-index / of length 2,
wl(€) = / ZITLE, D Dz .

Hence, by (24)

i) —wiGo)l _ (dz@, a»)“‘ﬁ Q1)
R A

dz(&,&)\*? r v 17
+c< r > ln<dz<s,so>>(r i)
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For every ¢ € K> set g () = hij (€)(Pew; — ;) (Pewj =) 82410(£) 2119 (0.
Then

182 = 1hij E)1|(Pewi — 0)||(Pew; — op)|[20510(©)]1820416 ()]

< r il ., (01 4k, d7TE, 0 SUP. 3204104
{ekKy

< cd(E, Or ik, -
Moreover, by Lemma 2.1 and Lemma 2.2
1887 (@) =g (O = [(hij (&) — hij (50)) (Pew; — 1) (Pew; —07) dan 1 0(§) Doy 1 6 (0]
+ |hij () (Psw; — Peywi)(Pew; — @))320410(0) 820110 (£))]
+ |hij (§0) (Peyi — ) (Pswj — P32 110(§) D201 (D)

< r 7 Thijlack, d5 &, €@l o iy [01] 4, d7 2, 0) SUP [03n+10]
2

+ 1| hij (Eo)|(d3 T (€. £0) + d (€. E0)dz (5. 0))(dy ™ (€. 0)
+dy o, Ol oy l0i)] .k, SUP 9310
2
< cdy (&, E0)r*[vl5k, -
For every (§,0) = £ € K, and for every multi-index / of length 2,
wj(©) = [ ZITe@ O Ot
Hence, by (24)

I | a—p
B lwg (é; we (50) | < (dz(é, éo)) (rza[v]iKz)
(34) dZ(Sv SO) r

dz(&,£)\*” r e 7
“( ; ) 1“(dz(s,so>)(r Whix)-

For every ¢ € K let g () = hyj (€)(Pew; — 01)(§)82410(£)$(Z). Then,
187 (@O = 1hijE(Pewi — @) (1820110 (D]

< sup gl ., 41 €. Oy = edJHE DI,
1

Moreover,
1887 (@) — 88 (O < 1hij (€) — hij E|(Pew; — @) (O)1820410 ()16 (D)
+ 1hij (E) | (Pew; — Peyo) (180410 (D))
< [hij17 k45 E0lwilf o, d7 &, OIS g,
+ hij o)y (5. &) + dg (&, E0)dz (&, )V,
< c(d3 (€, &0)d5E, O) +dy (&, &) vI5 g, -
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For every (§,0) = E €K 1 and for every multi-index / of length 3,
wl(€) = / ZITLE, D (D)dE .

By (25) for every multi-index I of length 3 we get
Al + AL+ Af < cdz(§, &) vk, -

18t @55 O

Let us remark that the function E — s is not bounded over K.
(&,

However, in this case

Mze | @@ 0N @ - g Olac
MyNK»y

<c / deE.0) 0N A6 E0d5 G D) + dLTE, Bl g dE
MzﬂK2
2r 2r

¢ (d%(fa ) p~'dp +d;* (€, &) Pzd[)) [v].x,

2dz (&,&0) 2dz (§,&p)
<c (d“@ so>1n( : ) AL (&, &) (; - i)) [w]?
AN dz (&, &) 2dz (5, &) 2r 2K

. ' L[, dsE )
<ctgteto (s )+ (1- 55 v

Hence, by the previous estimates

_ a—p
1) — Wil (dz@r,so)) “Tol )

(35) dy (5. &) o
Z\S»S0 r o V4
+C< , ) (ln (dz(s,so>>+ 1) kg, -

For every ¢ € K let g (€) = hj(§) (Psw; — ;) () (Pew; — ) (£)20410(£) (0.
Then, by arguing as for g(6)

1857 @)1 < 1hiy N g i, (01 ., A5 (&, ) sup 1021410 (0)]
€Ky

< cdZE O,
Moreover,

1887 (©) — 8 (I = [hijlak, A5 E. E)i1] ok, (071 ., A7 ¢)SUpldzn1v]
2

+ |hij (Eo) [(dST(E, &0) + d2 (&, E0)dz(E, )AL, ©)
+dy €0, ON@ilf gk, [0i1f 4k, SUP [33n+10]
2

<c(d3(€, 50)d7 (¢, ¢)
+dy &, E0)dy T €, O+ (&, E0)d7 T E Ol i, -
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For every (§,0) = E €K 1 and for every multi-index / of length 4,
wi(®) = [ ZITe@ 0g @0z

By (25) we get

Al + AL+ AY < cdz (€, &)r* vl g,

for every multi-index I of length 4.
185 -5 @)l

The function E — 260 is not bounded over K,. However, in this
=,

case

Al < /M _d:E D0 @) - o @)ldE

2NKy
<c / ;G006 0)d2 B D)+ £y B DS g, dT
MrNKy

2dz (§.80) 2d7 (§.80)
<c(d3(5.60(2r) "= (2dz(€,60)) +dy (5,600 (2dz(5,50)) = 2r) 9 [vI5 4,

<cdy(§, 5)rvl5g, -

2r 2r
<c (dg (€. £0) p~"*dp +dy (€, &) p“‘*dp) [k,

Hence, by the previous estimates

(36)

B |w§ (§) — w§ (o) < (dz(é, )

a—p
15 g,) -
d5 (€, &) ) 2

r

Obviously

1 _ 1 a—p

sl HVE)V] (5;(;?)@0)‘/, @)l _ <dz(s, so>> HUZ . < relH
78550 r

and estimate (28) follows by estimates (29)-(36).

Step 3. For every &, &y € Q2, & # &), assume & = dz (&, 0Q2) < dz(&,0R)
and r = pé. For every multi-index I, |I| =2, if dz(§, &) > r then

e |Z10®) = Z'v0)
d5 (€. &)

Since r = ud then

<12 @)+ 12" v(E) < 27 v -

82+ﬁIZ'v($) — Z'v(%)| -

2/L_’382[v]z. .
d5 (€, &) ze
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If dz(&,&) < r by (28) we get

Z'(E)—-ZM
g+ (2 VD=2 VO (1o 520 ), -+ P8 supl Hol 4 P800
dy (&.£0) K ’

AP e TSI P P sup (),
LY

so that, by combing these two inequalities, we obtain

526 |ZIU(§;) — Zv(®)] <
dz(gv SO)
(37) e T L) A T Rl (1)
+u ' PS[v1E g+ Fsuplv))
Q

(1 P8 [Hvly.q + pn 8% sup |H|
Q

+2u 8 )i -

Step 4. We now need the following interpolation inequality, whose proof
is contained in Appendix 1.

PROPOSITION 3.1. Let v € C3*(S2), where S is an open subset of R*"+!. Define

jta|Z70(E) = Z7v (&)

%o = sup 8L1Z7vE)|,  [v]*5,. o= sup § ,
j’O’Q ‘ileQ § 5 L E,é‘oEQ E’EO d% (E’ EO)
=j 1=j

where 8¢ = dz(§, 0R2), 8¢ g, = min{d¢, 8¢, }. Then for any & > O there is a positive
constant C = C (&) such that

(V)" pie < Csuplul + el]"Yocg
forevery j =0,1,2,0<a,86<1,j+B<2+4a.
By Proposition 3.1 and estimate (37) we get
W) g0 < c(u* P8 [Hul g + 778 sup | Hv|
+u Pl g+ [v]*f(,;g+M*‘*ﬁ[v]*ﬁg+u’2’ﬁsgp |v])
+2u ] g
< CUHVIZ g+ sup oD+ e (™ + n* P~ 4 0 P4 207 ] . -
Q

Choosing & = '+ we obtain

[0]*F g0 < CW) (| HvlZq + sup v]) + cn Pl pg .
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We now choose u €]0, 1/4[ such that cpt P <1 /2 and use again Proposi-
tion 3.1 to arrive at the estimate

[/ .0 < CUHVIZ o + sup lv]),

for every j =0,1,2; 0 <a,B8 <1, j+ B <2+ «a. In particular, for every
Q' e, if § =dz(Q,09), then

8P oy < 01*F g < C(IHVIZ.o + sup o)),
’ Q

forevery j=0,1,2; 0<a,8<1, j+B <2+a. O

Appendix 1

In this appendix we give a proof of the interpolation inequality stated in
Proposition 3.1. For smooth vector fields an analogous result was proved in [31]
(see also [17] for the elliptic case).

Proor or ProprosiTION 3.1.

Case I. Assume j = I;a = B = 0. For every & € Q let 6¢, = dz(§, &o).
We set r = udg, with u < 1/2 a positive constant to be specified later and
D = Dz(&,r) = (¢ € R 1 dy(&,&) < r}). Forevery i =1,...,2n
let y; : [0,2r] — €2 be the integral curve of the vector field Z; such that
y;(r) = &. Precisely y; is the solution of the Cauchy problem:

{ Y/ (v) = Ziyi (1),
vi(r) =%.

Let us set & = y;(0), &” = y;(2r). For some 7 €]0, 2r[ we get

2r d 2r
v(E") —v(E) = /0 E(v oy)(t)dt = /0 Ziv(yi(1)dt = 2rZiv(yi(r)) .
Let £ = y,(7). Then

S

[=]

_ m o ’ 1
(38) ZwE)) = LED —vEI_ -

> plvl.

]

Moreover,
_ " d
Ziv(o) = Ziv(yi(r)) = Ziv(yi(r)) +[ E(Ziv o yi)(t)dt

— Zv@) + / (Z:Ziv) (i (0)dt
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and by (38)

- _ 1
(39) |Ziv(E0)| < |Zv@)| + Ir = Flsup|ZiZivl < —sup[v] + rsup|ZiZ;vl .
D D D

For every £ € D 8 = 85y —r = (1 — w)dg, > 85,/2. By (39) we get

8¢y Ziv (o)l < " sup [v] + 4ulv]* 5
D

Now, for every & > 0, choose i < &/4 and C = u~! to obtain

(40) ]* g < ngp lv] + e[v]*]q -

Cask II. We assume j =2; 8 =0,«a > 0. With notations of the first case

we have
|Ziv(E") — Ziv(E")]

1Z;Ziv ()| = >

1
< —sup|Zv|
rp
and ~ B
|Z: Ziv(&o)| < |Z: Ziv(E)| +1Zi Ziv(o) — Zi Ziv(§)] .

For every § € D we have &, 8z ¢, > 8¢,/2 and
88,1Zi Ziv(Eo)| < 217" sup( | Zi(E)]) + 2T o [ol*5 5
EeD

Hence, by also using estimate (40), for every ¢ > 0O there is a positive constant
C = C(e) such that

1) [W]*fq < C sup o] + el*y .0

for every j =0,1,2.

Casg III. Assume j <2; 8> 0,0 > 0. Let §, &y € Q with §, < &¢ so that
3¢50 = Og,- Choose r = udg, with u < 1/2 and D = Dz (&, r).

If £ € D then there exists an absolutely continuous mapping y : [0, 1] = D
such that ¥ (0) = &, y(1) = & and almost everywhere y’(¢) = Elzil ui()Z;y(t)
with |u;(t)| < dz(§, &) for every i = 1,...,2n. Hence,

1y 1/ 2n
b(E) = (&) =v(y (1D)—v(y (0) = /0 £ woy)ndi = /0 (Zm(t)(ziv)y(t)) dr,
i=l1

and

2n
v(E) — v(Eo)| < dz(, &) ngp |1Ziv].
i=1
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In particular

WE) —vE) .
(42) 8L 20— < P > sup | Ziv]
0 abE, &) 5“,; p
for every £ € D.
If £ ¢ D then
V(&) — (&) _
(43) §f 2o U <2u P sup|vl.
0 B &) o

Combining inequalities (42), (43) and using (40), (41), we obtain for 0 < 8 < 1
and for every ¢ > 0 there is C > 0 such that

(44) (V10 = Csup vl +el0]'S g

The proof for j = 1 proceeds in the same way after replacing v with Z;v. In
place of (42) we now have for every & € D

z, _z 2n
st 120®) ~ Zv @Ol iz S up 17,2,
dy (&, &) j=1 P

and for £ ¢ D in place of (43) we now have

61+ﬁ|ZiU(E) — Zjv(&)|
0 A s

< 2,u*/3850 sgp |Z;v] .

Case IV. Assume j = 2; 8 < «. With the same notations as above, if
EeD

52+ 1ZiZjv(§) — ZiZjv(&o)| _ LB g |Z:Zjv(§) — Zi Z;jv(6o)|
%0 d5 (&, &) - %0 d3 (£, &)

’

while if £ & D

52+ |Zi Zjv(§) — Z: Z;jv(&)| <20 Pl
0 (€, &) %

Combining these inequalities and taking the supremum over &, &, € Q2 we get
the desired estimate. O
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