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Global Calibrations for the Non-homogeneous
Mumford-Shah Functional

MASSIMILIANO MORINI

Abstract. Using a calibration method we prove that, if I’ C €2 is a closed regular
hypersurface and if the function g is discontinuous along I" and regular outside,
then the function ug which solves

Aug = Bug —g) inQ\T
dpug =0 ondQQUTI

is in turn discontinuous along I' and it is the unique absolute minimizer of the
non-homogeneous Mumford-Shah functional

/ IVul?dx + H"™'(S,) + B (u — ) dx,
Q\Sy Q\Sy

over SBV (Q2), for B large enough. Applications of the result to the study of the
gradient flow by the method of minimizing movements are shown.

Mathematics Subject Classification (2000): 49K 10 (primary), 49Q20 (secondary).

1. — Introduction

The Mumford-Shah functional was introduced in [19] within the context
of a variational approach in Image Segmentation. In the SBV setting proposed
by De Giorgi (see [9] ) it can be written as

Fu) = / IVul>dx + aH" " (S,) + B (u— g)*dx,
Q\Sy Q\Su

where g : Q — R is the given input function, & and S are positive parameters,

H"! is the (n — 1)-dimensional Hausdorff measure, u is the unknown function
in the space SBV(L2) of special functions of bounded variation in €, S, is
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the set of essential discontinuity points of u, while Vu denotes its approximate
gradient (see [5]).

In dimension two, the function # which minimizes F over SBV (£2) (whose
existence is stated in [4]) can be thought to represent a piecewise approximation
of the input grey level function g, while S, represents the set of relevant contours
in the image. One of the mathematical features of the Mumford-Shah functional
is a very strong lack of convexity, which produces, for example, non-uniqueness
of the solution and makes the exhibition of explicit minimizers a very difficult
task. Concerning this last point, the calibration method recently developed by
Alberti, Bouchitté, and Dal Maso in [1] seems to be a powerful tool. For
some applications of this method see [1], [8], [18], or [16]. Coming back to
F, throughout the paper we keep the parameter « fixed (and, without loss of
generality, equal to 1) and we are interested in minimizers of the functional

(1.1) Fﬂ,g(u)z/ |Vu|2dx+H”_l(Su)+ﬁ/ (u — g)* dx,
Q\Sy Q\Su

with g piecewise smooth function. It is intuitive that taking S large means
penalizing a lot the L>-distance between g and the solution, which is therefore
forced to be close to the input function. More precisely it is easy to see that,
if for simplicity we take g belonging to SBV(£2) such that

(12) Fyo(g) = / Vg2 dx +H™1(S,) = C < 400,
2\Sg

then, denoting by ug a minimum point of Fg,, we have

N2 Fpglup) _ Fpele) C
/Q(u,g g) dx < i < 5 B

that is ug — g in L?*(Q) as B — +oo. This suggests that, in agreement with
our expectations, if B is large, then ug should be an accurate reconstruction
of the original image g. Actually, T.J.Richardson in [21] has proved also the
convergence of the discontinuity sets in dimension two: more precisely, he has
shown that if g is a function of class C%! outside any neighbourhood of the
singular set S, satisfying (1.2), and if S, has no isolated points (i.e. for every
x € S, and for every p > 0, Hl(Bp(x) N Sg) > 0), then, as B — +o0,

Sug = S, in the Hausdorff metric  and  H'(Sy,) = H'(S,).
In the main theorem of the paper (see Theorem 3.1), using the calibration
method mentioned above, we are able to prove that, under suitable assumptions
on the regularity of 2, g, and S,, a much stronger result holds true:

Suppose that T is a closed hypersurface of class C** contained in the n-dimensional
domain 2 (satisfying in turn some regularity assumptions), and let g a function
belonging to W (Q\T'), with S; = I" and infycr (g7 (x) — g~ (x)) > O (where g™
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and g~ denote the upper and the lower traces of g on I"). Then there exists By > 0
depending on T, on the W'*°-norm of g, and on the size of the jump of g along T,
such that, for B > Bo, Fg o has a unique minimizer ug which satisfies

Sug =T

Let us take a look into some technical aspects of the proof; we start
by recalling the theorem on which the calibration method is based. We shall
consider the collection F(£2 x R) of all bounded vector fields ¢ = (¢*, ¢%) :
QxR — R"xR with the following property: there exists a finite family (U;);cs
of pairwise disjoint and Lipschitz open subsets of €2 x R whose closures cover
Q x R, and a family (¢););c; of vector fields in Lip(U;, R*xR) such that ¢
agrees at any point with one of the ¢;.

An absolute calibration for u € SBV(2) in 2 x R is a vector field ¢ €
F (2 x R) which satisfies the following properties:

(a) divg =0 in U;, for every i € I;

(d) vyu,-¢T = vyy, -~ = vy, - H"-a.e in JU; for every i € I, where vyy, (x)
denotes the (unit) normal vector at x to dU;, while ¢+ and ¢~ denote the
two traces of ¢ on the two sides of dU;;

(9" (x, 2))*

4
zeR;

(d) ¢*(x, u(x)) =2Vu(x,y) and ¢*(x, u(x)) = |Vu(x)[* — B(g(x) —u(x))* for
almost every x € 2\ S,;

< ¢*(x,2) + B(z — g(x))2 for almost every x € Q and every

(©

ut (x)
(e) ¢ (x,z)dz = v,(x) for H* '-ae. x € S,, where v,(x) denotes the
u—(x)
unit normal vector at x to S,, which points toward u*;

0 / ¢ (x. 2) dz

(g) ¢*(x,z)-v(x) =0 for H"-a.e. (x,z) € (2 x R), where v(x) denotes the
unit normal vector at x to 9.

<1 for H" '-a.e. x € Q and for every s, t € R;

Note that conditions (a) and (b) imply that ¢ is divergence free in the
sense of distributions in 2 x R.
The following theorem is proved in [2].

THEOREM 1.1. If there exists an absolute calibration ¢ for u in QXR, then u is
an absolute minimizer of the Mumford-Shah functional (1.1) over SBV (X2).

REMARK 1.2. If for a.e. x € Q the inequality in (b) is strict for z # u(x),
then u is the unique absolute minimizer of (1.1). The proof can be obtained
arguing as in the last part of Paragraph 5.8 in [2].
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The main difficulty in constructing the calibration comes from the fact that
the candidate ug, which is the solution of the Euler equation

{A”ﬁ:ﬂ(uﬁ_g) in Q\T

(1.3) dyitg =0 on 3(R\TI),

presents, in general, a non vanishing gradient and a nonempty discontinuity set.
We remark that the case of g equal to characteristic function of a regular set
(i.e. with vanishing gradient) and the case of g regular in the whole 2 (i.e. with
empty discontinuity set) have been already treated in [1] and require a simpler
construction. From the point of view of calibrations, the interaction (actually the
clash) between the (non vanishing) gradient and the (nonempty) discontinuity
set is reflected in the fact that we have to guarantee simultaneously conditions
(d) and (e), which push in opposite directions. Indeed condition (d) says that
¢* on the graph of u is tangential to I' while (e) implies that ¢* must be on
the average orthogonal to I' for x € I" and ¢ between u~(x) and u™(x); so we
have to “rotate” suitably ¢*, preserving at the same time condition (f). Another
difficulty comes from the fact the we have to estimate how quickly the gradient
of ug changes direction; indeed if near I' it becomes suddenly orthogonal to
I' and (e) holds true, it could happen that condition (f) is violated: this risk
is overcome by carefully estimating the L*°-norm of the Hessian matrix VZu B
with respect to B. In order to perform such an estimate we need to assume that
[ is of class C%¢, for some o > 0. We underline that, at least in dimension
two, the regularity assumption is close to optimal, since, by Bonnet Regularity
Theorem (see [6]) (proved for n = 2) in a neighbourhood of any regular point
the discontinuity set is of class C'!, for every g € L>°(R). As an application
of our theorem, we give a proof of the following fact: if u( is regular enough
outside a smooth singular set S,,, then the gradient flow u(x,t) of uo for the
homogeneous functional

(1.4) Fo(u):/Qqu|2dx+H"_l(Su),

keeps, at least for small times, the singular set of u(-,7) equal to S,,, while
u evolves in '\ S, according to the heat equation with Neumann boundary
conditions on 9(£2\ S,,). This result was proved in dimension one by Gobbino
(see [12]), with a slightly different definition of gradient flow.

The plan of the paper is the following. In Section 2 we recall some defini-
tions, fix some notations, and collect some results which will be useful for the
proof of our theorems. In Section 3 we give the proof of the main result and, in
dimension two, we extend it to the case of 2 with piecewise smooth boundary
and of I touching the boundary (orthogonally). Section 4 is devoted to the study
of minimizing movements while in the final Appendix we collect the proofs of
the announced technical estimates for the solutions of the Euler equation.

ACKNOWLEDGEMENTS. I am grateful to Gianni Dal Maso for drawing my
attention on this problem and for interesting discussions.
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2. — Preliminary Results
In this section we collect some technical results that we will need in the

sequel.
2.1. - Signed Distance Function

For fixed R > 0, we introduce the following class of sets:

Ur ={ECR",E open:Vp € dE 3p’, p":

(21) ! i / i
p€dB(p',R)YNIB(p".R), B(p',R) CE, B(p",R) CCE },

and

(2.2) Ur(Q) ={E elUr: E C Q, dist(E, 3Q) > R}.

If E belongs to Ug and p € dE, we denote the centers of the interior and exterior
balls associated with p by p’ and p” respectively; moreover, we call S the
class of all coordinate systems centred at p such that the vector #(p” —p)
coincides with the n-th vector of the coordinate basis. The following proposition
is proved in [17]

ProposITION 2.1. There exists a constant p > O (depending only on R), such
that for every E € Ugr(2) and for every py € OE, if we call C the cylinder {x €
R"~!: |x| < p}x]—R, R[ expressed with respect to a coordinate system belonging
to 8,’;0, then 9 E N C is the subgraph of a function f belonging to W*>®({x € R"~! :
lx| < p}). Moreover, the W>>-norm of f is bounded by a constant depending only
on R (independent of po, of E and of the choice of the coordinate system in S g‘) ).

REMARK 2.2. Note that if Q is bounded and of class C? then there exists
R > 0 such that Q e Up.

For E C R", we define the signed distance function
dg(x) = dist(x, E) — dist(x, CE).

Now we are going to state some basic properties of that function; for a proof
see, for example, [10].

LEMMA 2.3.
1) Let x be a point of R". Then dg(x) is differentiable at x if and only if there
exists a unique y € JE such that |dg(x)| = |x — y|. In this case, we have
X =y
Vdg(x) = ——
de(x)

and we can define the projection on 0E wg(x) 1= y.
ii) Let dE be a hypersurface of class CX, k > 2. Then, for every x € JE, there
exists a neighbourhood V of x such that dg € CX(V) and wg € C*~1(V).
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LEMMA 2.4. Let E C R" be an open set whose boundary is a hypersurface of
class W, Then for every x € 3, there exists aneighbourhood V of x where mg; is
well defined and such that dg € W>>°(V (x)). Moreover, denotingby A; < --- < A,
the eigenvalues of V*dg and by ki(y) < --- < k,_1(y) the principal curvatures of

oF at w(y), we have
0 ifi=1
Aj = { ki—1(»)

Tk J1>
LEMMA 2.5. Let E be an open set belonging to Ug, for some R > 0. Then the

projection wg is well defined and of class W™ in the (R /2)-neighbourhood of 3 E
while d is of class W> in the same neighbourhood. Moreover we have:

ldell 2.0 < C and l7mellyie < C,

where C is a positive constant depending only on R.

Proor. The fact that 7y is well defined in the (R/2)-neighbourhood of 0 E
(denoted by (0E)g/> ) is an easy consequence of the definition of Ug: indeed
let x be a point of (0E)gr,, NCE and let p € 9E such that dg(x) = |x — pl.
We claim that such a p is unique. Indeed let B(p”, R) C CE be the exterior
ball associated with p (see the definition (2.1)); since the vector p” — p is
parallel to x — p (indeed both vectors are normal to dE at p), it is clear that
B(x,deg(x)) \ {p} € B(p”, R) C CE and so p is the unique minimum point.

Concerning the smoothness, it is enough to prove that d is of class W2,
then we conclude by the equality

mg(x) =x —dp(x)Vdg(x).

Exploiting the definition of Ug in a way similar to the one we did above, we
can easily see that, for every ¢ € (0, R/2),

(23) (E)e € Up_¢ and d(E)g =dp — ¢,

implying that d((E),) is in turn of class W>»*. So if x € (0E)R/2, then
x € 0((E),) for ¢ =dg(x). By Lemma 2.4 there exists a neighbourhood V of
x where d(g), is of class W>* and ||d(g), |l y2.0c < C, with C depending only

on R. Recalling (2.3), we are done. O

2.2. — Global estimates for solutions of the Euler equation

Given a hypersurface I' of class C>% we can define

V,u(x) - Vs
(2.4) Ay = sup VP = Vv Q)]
x,yel |)C - yla

El

where v is a smooth unit normal vector field to I' and V, denotes the tangential
gradient along I'. The following theorem provides the preannounced estimate
on the Hessian V2u of the function u which solves (1.3); we recall that (9Q)g
denotes the R-neighbourhood of 9.



GLOBAL CALIBRATIONS FOR THE NON-HOMOGENEOUS MUMFORD-SHAH FUNCTIONAL 609

THEOREM 2.6. Let Q@ C R" be a bounded domain of class C''.

i) Forevery R > 0, we can find two positive constants fy = Bo(R) and K = K(R)
with the property that if Q' is a domain belonging to Ug(S2), then for every
B > Bo and for every g € W1 (Q \ SZ’) the solution u of

Au=Bu — inQ\
25) pu—g) \&,
dyu =0 ond (\Q),
satisfies
_1 U 2
[Vullo + B 21 Aulloc + 827~ sup [[V7ul| . —
(26) xoeﬁ\ﬁ LP (B(xo,ﬁ)ﬁg\ﬂ )

= Kllgllyt.oc-

A similar conclusion holds for the solution of
Au=pBu—g) in,
@D { du =0 on Y.

ii) For every R > 0, for every A > 0, and for every y € (0, o) (with a € (0, 1)),
there exist two positive constants By = Bo(R, A,y) and K = K(R, A, y)
with the property that if Q' is a domain of class C** belonging to Ug(2), and
A (d) < A, then, for every B > By and for every g € W1 (Q\ &), the
solution u of (2.5) satisfies

2 1
v “”L"o((m/)km(sz\@)) < KBT liglyco-

A similar conclusion holds for the solution of problem (2.7).

For a proof of the theorem see the Appendix at the end of the paper.

In the two dimensional case it is possible to extend the estimates also to
the case of domains with angles. Let & C R? be a curvilinear polygon such
that d€2 is given by the union of a finite number of simple connected curves
T1,..., T of class C3 (up to their endpoints) meeting at corners with different
angles aj € (0,m) (j =1,...,k). We denote by S the set of the vertices, i.e.
the set of the singular points of 9S2.

PrOPOSITION 2.7. Let I' be a simple connected curve in Q2 joining two points
x1 and x, belonging to 3Q \ S. Suppose in addition that T is of class C> up to x,
and x> (actually it would be enough to take T of class C* in two neighbourhoods U,
and U, of x1 and x> respectively, and of class C>, for some a > 0, outside those
neighbourhood). Let us call Q| and 2, the two connected components of Q2 \ T.

Finally set d = dist(x;, S) A dist(xp, S). Then for every § < d and y € (0, %),
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there exist two positive constants By and K depending on 8, y, and T, such that, for
every B > By and for every g € Wh(Q;) (i = 1,2), the solution u; of

Au; = B(u; —g) in;
(2:8) { ou; =0 on 0%,
satisfies
2.9 Vu, (%) v2y, <K
(2.9) [ ”l||L°°((I‘)5ﬂ§2,-) + B I ”z||L00((1")5m§2i) < Kllglly.c0-

A proof the result is given in the Appendix at the end of the paper.

3. — The calibration

3.1. — The regular case

Let © C R" be a bounded open subset of class C! and let Q; C Q be
an open set belonging to Ur(£2) (see (2.2)). We set Q2 := Q\ Qp, I' := 09y,
and, for every x € I', we denote the unit outer normal to 92; at x by v(x).

THEOREM 3.1. Let Q@ C R” be a bounded open set of class C'' and let Q; C Q
be an open set of class C*% for some a € (0, 1) and compactly contained in Q.
Let R > 0 such that Q2; € Ur(R2) (see (2.2) and Remark 2.2) and set " := 902;.
Then for every function g belonging W (2 \ T), discontinuous along T (i.e.,
S, = I') and such that gt(x) — g7 (x) > S > 0 for every x € T, there exists
Bo > 0 depending on R, S, A*(I") (see (2.4)), and || gl 1.00, sSuch that for g > Bo
the solution ug of

31 Aug = Bug —g) inQ\T,
G- {avuﬁ:o ondQUT,

is discontinuous along I" (S, = I") and it is the unique absolute minimizer of Fg ,
over SBV (2).

As announced in the Introduction the proof will be performed by construct-
ing a calibration ¢; adopting the notation introduced there, the vector field ¢
will be written as

P(x,2) = (9" (x,2), $°(x, 2)),

where ¢*(x, z) is a n-dimensional “horizontal” component, while ¢ is the (one
dimensional) “vertical” component.
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e Idea of the construction

We start by remarking that is not possible to define ¢*(x,z) = 2Vug(x)
in a neighbourhood of the graph of ug. Indeed for x € §,; and for & > 0
sufficiently smooth we would have

u;+s ug u;+s
|1 vwoa= [T ewnas [ ewoa
M/s uﬁ uﬂ

= Vug (x) +2eVug(x),

and (f) would be violated since v, 5 and Vug are orthogonal on S, I’z Therefore
we have to inject a normal component as soon as we part from the graph of
the candidate function. If x € S, the “horizontal” component ¢* must satisfy:

¢x(x,z)~vuﬁ(x)>0 if ug <z <ug+e or ug—8<z<u§
(;bx(x,z)-vuﬂ(x)<0 if u§<z<u;§+8 or ug—e&<z<ug,

for a suitable ¢ > 0. The starting point is the principle of foliations. Suppose
that a neighbourhood of the graph of ug is fibrated by the graphs of a family
of functions (v;),;cr all satisfying

(3.2) Avy = pv —g)

for every ¢. In this situation we can define

(33) ¢(x,2) i= Vo)X, 2), VU (X, 212 = B (X, 2) — g(x, 2))?)

where 7(x, z) is the unique ¢ such that (x, z) belongs to the graph of v, and
the vector field ¢ turns out to be divergence-free. We must choose the family
(vr); in such a way that vy coincides with ug and 9,v; # 0 on I" for ¢ # 0.
The family v, := ug + rvg, where vg solves

Avg = Bvg in
vg =1 on I
dyvg =0 on 082,

meets all the requirements in 2, and with this choice (3.3) becomes

2

z—up z—ug

Vg

Vvﬂ, Vuﬁ -+ Vv,g

<2w,3 +2 — Bz g)2>

in a neighbourhood of the graph of ug intersected with the cylinder €2, x R.
A similar construction of course can be performed in a neighbourhood of ug
intersected with Q2 x R.
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The above construction has the drawback that all the functions involved
depend on B. As a matter of fact it is convenient that the normal contribution
is given by the gradient of a fixed function. This can be accomplished by
replacing vg by vg, , with By > 0 sufficiently large (so that the normal gradient
at the discontinuity set is big enough) but fixed. Of course in order to keep
the field divergence-free we have to perturb suitably the vertical component and
we end up with the following definition:

2

— B(z—8)*+(B—Po)up—2)*].

34) (2Vup+22 " v, Wup+Z L vy,
VBy fo

Unfortunately this construction presents still a drawback: it is defined only
in a neighbourhood of ug and it is not easily extendible, more precisely the
function vg, cannot be extended to a function defined in the whole domain and
satisfying still the same equation. We will overcome the problem by considering
subsolutions of the equation

Av = Bu

instead of exact solutions; we remark that the freedom of working with sub-
solutions will enable us to construct such functions with a “nice” symmetry
property, as shown in the following lemma.

LeEMMA 3.2. There exist two positive constants ¢ and By, depending only on
R, such that, for every B > Bo, we can find two functions z1p : 21 — R and
22,8 Q2 — Rof class W2 with the following properties:

1) % <zig<1linQ;, fori=12and 255 = % in a neighbourhood of 02,
il) Az;p < cBzipin 2, for=1,2;
i) z1,8(x) = z25(x) = L and 8,21, g(x) = —dyz2,5(x) > /B for everyx € T';
V) IVziglloo < /B and V2 glloo < cB.

Proor. Let us denote the signed distance function from €2; by d and let
7 the projection on I' which, by Lemma 2.5, is well defined in (I')r; we
2

begin by constructing z, g. Let wg : [0, +00) — (0, +00) be the solution of
the following problem

wy = 16fwg,
wg(0) = 1/2,
wy(R/2) =0,
which can be explicitly computed and it is given by
R R
1 —4ypR EN/ES
(3.5) ws(t) = = —— N L L o,
2VFT e VRS 24VBT 4o tVPY

and let 6 : [0, +00) — [0, 1] be a C* function such that

(3.6) 6=1 in[0,R/4] 6=0 in[R/2,4+00) and  [|f]2 < co,
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with ¢o depending only on R. We are now ready to define z5 3 : Q2 — R as

0O (wp(d(x)+1/2)+(1 =0d(x)N1/2 if 0 <d(x) < R/2,
22,8(x) ~—{ 1/2 otherwise in £2,.

First of all note that, as it is a convex combination of two functions with range
contained in [1/2, 1], z5 g itself has range in [1/2, 1]. Using the expression in
(3.5) it is easy to see that there exist fyp > 1 and ¢; > 1 depending only on R
such that

(B7) w0 =—/B |wjl<ciy/B in[0,R/2] and [wj<ciB in [0,R/2],

for every B > Bp. From the first inequality we obtain immediately iii) for z; g.
Moreover, by (3.6) and (3.7), we can estimate

[Vzo 8] = |9(d)w/’3(d)Vd +0'Vd wg(d)|
< |wjl +10] < e1v/B +co < /B,

with ¢ depending only on R. Finally, using again (3.6), (3.7), and Lemma 2.5,
we have
V222,61 < [w)l|V2d] + [w)l[6] + |w)| + 16”] + 16| V2] + 16| |w)]
< C1C2\/B+ C()Cl\/,B-i— c1B +co+coca + CQC[\/,E,

where all the constants depend only on R so that we can state the existence of
¢ > 0, still depending only on R, such that

V2224 < cB VB > Bo.
To conclude, we define z; g : 21 — R as follows:

O(=d(x))((wp(=d(x)) +1/2) + (1 — 0(=d(x)))1/2
z1,8(x) = if 0 >d(x)>—R/2,
1/2 otherwise in . O

ProoF OF THEOREM 3.1. In the sequel we will denote the signed distance
from Q) by d and the projection on I' by 7: by Lemma?2.5, the two functions
are well defined in (I")g/2. Moreover, in that neighbourhood, d and 7 are at
least of class W>> and W' respectively.

e Preparation

Without loss of generality we can suppose that g+ coincides with the trace
on I' of g from €, while g~ is trace from ;. First of all let us choose £/,
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depending only on R, S, and ||g|l;y1.« and G depending on R, such that, for
B=H,

S .
(38)  lug —glleo = 16 and  /Bllug — glloc < Gllglyroc i=12:
this is possible by virtue of Theorem 2.6.
As a second step, it is convenient to extend the restriction of ug to £;
(i=1,2) to a C"! function u; g defined in the whole €, in such a way that

uip(x) =ug(x) for x € Qi, |luigllyzo0 < cllugllyz.co,

(3.9) 3
and ujg—usg > ZS for every x € Q,

where ¢ is a positive constant depending only on R: this operation can be
performed in many ways, for example, to construct us g we can extend the
resctriction of ug to €2, in a neighbourhood of I" by a standard localization
procedure and then we can make a convex combination through a cut-off func-
tion with ug — (3/4)S (recall that by definition of § and by (3.8), we have
ug —ug > (3/4)S on T'); it is clear that all can be done in such a way that

the constant ¢ depends only on the “C'!'-norm” of I" and therefore only on R.
We require also that
8vu1,ﬂ =0 on 0€2.

By (2.6) and (3.9), we can state the existence of two positive constants K
and B” depending only on R such that

(3.10) IVuiglloo < Kliglhyioo i =1.2.

for every B > B”.
Let B > 0 satisfying

] !/ "
(3.11) 6‘/ " = max {4(K||g||W1,oo)2,64/52, g, B ,ﬂo} +1,

where By is the constant appearing in Lemma 3.2. Let z; g~ and z; g be the
two functions constructed in Lemma 3.2 with A = B” and define vy, v, as
follows

Zl’ﬁ///(x) if x € Qil
v (x) = ’ .
— 2. (x) if x € Qz
and . _
22,8 (x) if x € QQ
v (x) = ) .
— Zl’ﬂ///(x) if x € Q.
From the properties of z; 4 (i = 1,2), as stated in Lemma 3.2, it follows

immediately that v; € W>*(2) and

(3.12) [Vville < K1v/B", 1V20illeo < K1B” i=1,2
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where K is a positive constant depending only on R. Note that Vv (x) =
—Vuy(x) for every x € Q2. We remark also that, for x € I', by construction,
Vui(x)  Vu(x)
[V (x)] Vs (x)]

(3.13) v(x),

where v(x) denotes the unit normal vector at x to I' (outer with respect to 21).
We set

1 1
V2 V2

for every x € I'. Moreover, using (3.12) and iii) of Lemma 3.2, we can find a
positive constant D < R/2, depending only on R, S, and ||g|;1.00, such that

(3.14) i(x) = —= |V "2 = —|Vy| 2

[V (x)] -1— 251
v; (x) 323

Applying iii) of Lemma 3.2, we get

(3.15) [Vui(x)|> =, h*(r(x))

if [dx)|<D,i=1,2.

N —

(3.16) |Vv,-(x)|% > \ﬂ4],8’” > max {8/, 1} i=1,2,

where the last inequality follows directly from (3.11).
Moreover, combining Lemma 3.2, (3.10), and (3.11), we deduce

1 1
(3.17) 4| Vu; g(x)* — Vil = 4(KIgllyi.o0)* — gVB =1

and analogously

1

1 1
(3.18) Vi ()| 2||Vui glleo < —= i=1,2,
ﬁl "2 Vuigll Ve
for every x € I' and for every g > ”.
Let ¢ € (0, 1) be such that
1
(3.19) 6e(| Vit plloo 4 4€% | Villoo < 1 fori =1,2 and g > B";

by (3.10) and (3.12) (and the definition of B”") we see that ¢ can be chosen
depending only R, S and ||g|ly1.0. By (3.14), it follows, for every x € I',

4(h)? IV villeo = 402 (=1) 9,0 = 4

’

FN-

>

N[ =

therefore, by (3.19),

(3.20) e <h(x) VxeTl.
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Let y be a fixed constant belonging to (0, 1 A «): by applying ii) of
Theorem 2.6, we can find two positive constants v and K, depending only
on R and A“(I") (and y) such that

1
(3.21) IV2ug] ( )§K2ﬂ2+yllgllwl.oo,
Lo (Mg

for every g > g".
We can define, for g > 0,

A _gin i
) { (A = pr11d@] ) ve i [d()| <D
& if |[d(x)| > D,

where y; is a fixed constant belonging to (y, %). It is easy to see that there
exists B¥ > 0 depending on D (and therefore only on R, S, and [ g|ly1.00) such
that g is continuous (in fact Lipschitz) for g > g".

Using (3.16), (3.14), (3.12), and Lemma 2.5, we have

1 /s
(3:22) Vil 50(% (g +1) 1920 oo IV oo+ 82771 ||Vd||oo> < Kypii,

where K3 is a positive constant depending on R, S, and [ g[ly1.c0-
Finally we set

(323) ,31 :max{,B”, :3/”’/31\/’ IBV’ 1}
and
(3.24) i (x) = 200,

v; (x)

notice that by (3.12) we get

Klﬁ///

(3.25) wi(x) < 500

< 2K for every x € Q .

e Definition of the calibration

From now on we will assume B > ;. Let us consider the following sets
(326) A :={(x,2)€QxR:u;px)—hg(x)<z=<u;gx)+hgx)}, i=1,2.

Since, by (3.9),u1 g(x) — uzg(x) > %S everywhere, noting that hg < S/8 ev-
erywhere (by (3.16) and (3.14)), we see that

S
dist(Ay, Ay) > E for B > Bi.



GLOBAL CALIBRATIONS FOR THE NON-HOMOGENEOUS MUMFORD-SHAH FUNCTIONAL ~ 617

As we already explained, the crucial point is the definition of ¢ in a neigh-
bourhood of the graph of ug and then it is matter of finding a good extension
which preserves all the properties of calibrations. We start by giving the global
definition of the horizontal component ¢*:

i B2 . h +
2V p —2 =V, — 48 ((—1)’(z - ui,ﬁ)—Tﬂ) Vu, 4
(327 ¢*(x,z2) = if (x,2)eA;,i=12,
0 otherwise in 2 x R.
Note that the definition is like in (3.4) with v; in place of vg, and with an
additional term which is aimed at annihilating the tangential part given by the

other terms in order to fulfil condition (e). Concerning ¢*, we begin by defining
it in A; N (Q; x R):

2
—B(z—g)*+(B—wi)(us — 2)*+¥;(x, 2)

V(x,z) € A; N (ﬁl XR),

ug—=2z i
Vuﬂ— P V!

vl

¢; (x,2) ==

(3.28)

where u; is the function defined in (3.24) and

dt.

@ |16 : hp\ ™"
W, (x, 2) ZZ/ div, | — (—l)l(t — I/tl"ﬁ) - — Vu,;ﬁ
ui g hg 2

Let us make clear that in the formulas above ()T stands for (-) v 0. Again
the definition is like in (3.4) except for the additional term W; which must be
added to keep the field divergence-free.

h

For x € Q; and —hg < (—1)/(z —up) < £, the field ¢ reduces to

ug— ug—z
p Viug— P2,

1

Z
VU,',

(3.29) <2Vuﬂ -2

2
—ﬁ(z—g>2+<ﬂ—m(uﬂ—z>2>

1

and so, by some easy computation and using the definition of ug and u;, we
have

dive (x, 7) = 2 (Auﬁ S ZAv,-) —2B(z — §) = 2(B — i) (up — 2)

1

=2B(upg —g) —2ui(ug —z) —2B(z—g) — 2(B — ui)(ug — z2)=0.

For x € @; and hTﬂ < (=Di(z - ug) < hg, ¢ is the sum of the field in (3.29)

and
16 ((—l)i( —ug) — hﬁ)+ Vug, W;(x, z)
/’llg Z uﬂ ) uﬁ, i\X, Z s
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which is clearly divergence free by the definition of W;. Eventually we have
(3.30) divg =0 in (2; x R)NA;.

It is time now to extend the definition of ¢°. Before writing the explicit
expression, we remark that conditions (a) and (b) of Section 1 imply that such
extension is essentially unique. More precisely, if (U;);=1,. 10 is the family of
all connected components of (2 x R) \ (0A; UdA, U (y x R)), it easy to see
that ¢ is uniquely determined on (2\I') xR = U}ilUj by (3.27), (3.28), and
the two following necessary conditions:

o 0.¢° = —div,¢* in U; for j =1,...,10 (which ensures condition (a) of
Section 1),
o 9" . Vou; = ¢ - Vyu; on oU; for every j =1,...,10, where ¢ and ¢~

denote the traces of ¢ on the two sides of dU;.

The only freedom is in the choice of ¢* on dU; according to the condition

¢ vou; =" Vo, = ¢ - vau;-

We are now ready to give the complete definition of ¢*; for (x, z) € (2 xR)\A;
we define ¢*(x, z) as follows:

Q" (x,ug+hpg)

~(—Vuﬁ—Vhﬁ)+¢z(x,uﬂ+hﬂ) if Z>Mﬁ+hﬁ,
¢ (x,up—hg)
(—Vug+Vhg)+¢*(x,ug—hg) if ug—hg>z>usg+hg,
(3.31)
X1(x,2)+@*(x,uz,p+hp)+¢* (x,uz g+hp)-
‘(Vup g+Vhg) if up g+hg>z>uspg—hg,
@* (x,u2p—hg)
-(—Vuz,ﬁ+Vh,3)+¢Z(x,u2,ﬁ—hﬁ) if uz,ﬂ—hﬂ >z,
where

M2,ﬂ+hlg
x1(x,2) = / div,¢* (x, 1) dt.
Z

We remark that in the first and in the second line we used the definition of ¢*°
already given in (3.28), in the third line we used the definition of ¢*(x, uz g+hg)
given in the second one, and finally in the last line we exploited the definition
¢“(x,uzp — hg) given in the previous one.
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Analogously, for (x,z) € (22 x R) \ A, we define ¢*(x, z) as follows:

¢ (x, ug — hg)
“(=Vug + Vhg) + ¢*(x, ug — hg) if z <upg—hg,

@ (x,ug + hg)
(=Vug — Vhg) + ¢*(x, ug + hp) if ug+hg<z<uyp—hg,

(3.32)
x2(x,2) +¢*(x,uy p—hg)+¢* (x,u1 g—hg)
(Vuy g — Vhg) if uyp—hp<z<uig+hg,
¢ (x,ur g+ hg)
~(—Vu1’[3 — V/’l/g) + o (x, upg —|—hﬂ) if uyp +h,3 < Z,
where

ui,p—hp
x2(x,2) = / div,¢* (x, 1) dt.
V4

Finally we set
¢*(x,2) =0  on ('NR)\ (A} UAy);

this concludes the definition of ¢ which, by construction (and recalling (3.30)),
satisfies conditions (a) and (b) of Section 1.

o ¢+ B(z — g)?> > |p*|>/4 for almost every (x,z) € QL x R with 7 # u(x).

We first prove the condition above in A; N (2; x R), and then in the
remaining. For x € ; and —hg < (—l)i(Z—Mﬂ) < %ﬂ, by (3.29), we have that

19*1°

¢+ Bz -8’ = 2

’

x|2
+ (B~ mi)up —2)° > "Z—'

so condition (c) of Secton 1 is trivially satisfied, with strict inequality.

For x € ; and %ﬂ < (=Di(z — ug) < hg, using the definition of ¢ we
see that (c) is equivalent to

(1) := (B — wi)(ug — 2)* + ¥i(x, 2)

3.33 16)2 16
539 (16) |VM5|2<[---1)2—E[---](vuﬁ_

upg—=z
> -7
4(h,3)2

1

Vv,-) Vug := (2),
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Fig. 1. A cross section of the sets A and Aj: the vector field ¢ is purely vertical out of the shaded
regions.

where we wrote [---] instead of [((—1)i(z —up) — ’%ﬂ)ﬂ; by (3.20), (3.8),
(3.10), and (3.22), we have

< 16 16
Wi (x,z) > / (—h—[-“]lAuﬁI — [Vugl| - ’V (h—["-]) D dt
ug B B

16 16 16S
> —?SZLB(”ﬂ — &) = SIVugl (8(|V”ﬁ| + [Vhg)) + SQIWI/SI)

v

16
—;SWBGngan,oo
165

16 1 1
— SKllgllw1.o <?(K||gllwl,oo + K32 + ?Kﬁz“’l) :

therefore, recalling that the all the constants appearing in the last expression
depend only on R, S, and ||g||1.00, there exists a positive constant C depending
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on the same quantities such that
1
(3.34) Wi(x,z) = —CA2™;

recalling that |ug — z| > %ﬂ > % we finally obtain

€

2
&2 1.

(3.35) (=B - ui)Z —CcB2™ for B large enough .

Analogously exploiting (3.19), (3.20), (3.10), and (3.12), we discover that
(3.36) (2) =y,
where Cy depends on R, S, and ||g||1.00; combining (3.35), (3.36), and recalling
(3.25), we finally obtain that there exists by > B; depending only on R, S, and
lgllyy1.00 such that (3.33) holds true for g > by.

Before proceeding let us observe that arguing as for estimate (3.36), we
easily obtain

(3.37) ;i (x, )| = Co(IVuigllos + I Villoo) = C3 for every (x,z) € A,

where C3 depends only on R, S, and [ g|ly1.00. For (x,2) € (£2; x R) N A;
(i # j), by the definition of ¢* and, by (3.20), we have
| divy¢®|
(3.38)
= Ca(IV25, oo+ 1201 oo 1 V5,126 4 10 124 1V 1l oo | Vg o)

where C4 depend only on R, and S; by using (3.9), (3.10), (3.12), (3.22), and
recalling that y; > y, we deduce, from (3.38), that

1
11 = SCa (CslighyroB2™ + Cs + Kifr + (Kligl )’
1
(3.39) +KB1 + K gl KapT™)
< Cep?,

where Cg depends only on R, S, A“(I'), and [|g[ly1.0 -
Using the definition (3.31) for (x,z) € (2; x R) N A,, we have

(3.40) ¢ (x,2) = x1 = 2l¢" 1 (IVuz glloc + IVhglloo) + ¢*(x, ug — hg),
where, by (3.28),

(3.41) gbz(x, Uup — l’lﬁ) > —,B(uﬂ - h}g - 8)2 + \1’1 (X, up — hﬁ).
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Therefore, for (x,z) € (2; x R) N A, combining (3.40) and (3.41), and
using (3.10), (3.22), (3.34), (3.37), and (3.39), we obtain

X2
¢ (x.2) + B —8) - @ > Bl -9 = (g —hp— 97| = i
= 20" oo (1 V5100
6" 11%
4

+ ”VuZ,ﬂ”oo) + W (x, ug — hﬁ) —

> BI(7/16)282 — (3/16)28%] — Csp™N

1 1 C3)?
—C3(K3B2 ™+ K| glly1,00) —CB2T — %
where we used also the fact that that [z—g| > [z—ug|—|ug—g| > S/2—5/16 =
(7/16)S and, analogously, that lug—hg—g| < §/16+5/8 = (3/16)S (see (3.8));
as %—l—yl < 1, there exists b; > 0 depending only on R, S, A*(I"), and | g[ly1.00
such that

(3.42) ¢ (x,2) + Bz —g)* — 0,

¢ >
_ >
4

for B > b; and for (x,z) € (2 x R) N A,. Analogously we can prove the
existence of a constant b, > 0 depending on the same quantities such that (3.42)
holds for 8 > b, and for (x,z) € (2 x R) N A;. Arguing exactly in the same
way (in fact exploiting the same estimates), one can finally check that there
exists b3 > 0 depending on R, S, A*(I"), and ||g|l\y1.00, such that (3.42) is true
for (x,z) € (@xR)\(A]UA) and B8 > b3. If we call B, := max{by, by, by, b3}
we have that for § > B, condition (c) of Section 1 is satisfied for almost every
(x,z) in  x R with strict inequality if z # u(x).

o d(x,up) = 2Vug, |Vugl|> — Bug — g)*) everywhere in Q\T.

Condition (d) of Section 1 is trivially satisfied, as one can see directly from
the definition of ¢.

uy,p(x)
° / ¢ (x,1)dt = Vug = —V H" -a.e. on T.
up g(x)

By direct computation, for x € I', we have
VUl

uLp Vv
(3.43) / ¢ (x.2)dz = (hp)*—2 — (hp)?—2
up g %) V1

Using (3.13), (3.14), and the fact that v; = 1 on ', we obtain

uy

B 1 Vv 1 Vv
¢x('x7 Z)dz =+= 2 - A 1 = -V,
uy g 2 |Vv2| 2 |V'U1|
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so that condition (e) of Section 1 is satisfied.

° <1 forevery t1, t € R and for every x € Q.

12
/ 6 (x, 2) dz
1

It is convenient to introduce the following notation: for every x € 2 and
for every s, t € R, we set

1x, [s. 1) :=/ " (x. 2) dz,

where, with a slight abuse of notation, [s, ¢] stands for the interval [s A, s V¢]
positively oriented if s < ¢, negatively oriented otherwise. We define

h(z(x)) — ¢

dg(m(x)) == ,3%+V1

If |d(x)| > dg((x)), recalling that, by definition, hg(x) = & we have

uy pte 16 P +
[1(x,t1,0)] < / 2IVu glloo + — IV glloo (ul,ﬁ - == Z)
ul.ﬂ—s & 2
+4{uy g — Z|||VU1||oo) dz
u, pte 16 P +
(3.44) +/ 2[Vuz gllo+ —IVuz gl | —t2,5 — Stz
uy g—¢ &

+4uzp — ZIIIszlloo) dz

< 6|V glloo + 462 Vi lloo + 62| Viz gl + 422 VUalloo

IA

1
2
where the last inequality is due to (3.19), therefore condition (f) is satisfied.

Let us consider now the case of a point x where |d(x)| < dg(m(x)). For

x € Q;UI we set
Vvl sz
n(x) = — = —
Vol [V

note that n(x) = v, 5 (x) for every x € I'. Given any vector valued function

£:Q — R"”, we call £+ and £/ the vector valued functions such that &1 (x)
and £l(x) are equal to the projections of £(x) on the orthogonal space and on
the space generated by n(x), respectively. We denote the open unit sphere of
R" centred at the origin by B and the open ball of R" centred at the point
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—rn(x) with radius r, by A(x,r). Finally, for x € Q and r € R we introduce
the following vector

bi(x. 1) = (—1) 20t — uip) — ji(x. 1) (Vuip)" .

where j; is defined by

5 B A N P A
i) = h /u,;ﬂ (( 1 (uip — 2) 2) dz.

CraiM 1. There exists a positive constant ¢y > 0, depending on R, S,
A*(I"), and ||g|lyy1.00, With the property that for every x € Q such that |[d(x)| <
dg(m(x)), for every t € R such that |t —u; g(x)| < hg(x), and for B > ¢y, we
have

(3.45) (=D (x, [uip, 1) + bi(x, 1) € A(x, 1/3).
A straightforward computation gives
(=D e, [y g (0), 1) +bi (x,0) = 2(= 1) Vg g(t = uip)+(=1) ji(x, ) Vuy g

1 Vi
+ (=D i)

F2(=1) (1 — uip) (Vuig)
F (=D i, 1) (Vug)

= (=)™t —uig) — jix, ) (Vu g)*
[V;]|

(t — uip)n(x)

1

and so the claim is equivalent to prove that

, - Vo ?
Q= i, 0 = uip)” (Vi) TG = wip)” + 5= —uip)*
2 |Vu;
—3' - Lt —uip)? <0

as 0 <2 — ji(x,0)(t — ui,ﬁ)_l < 2 everywhere, it is sufficient to prove that

(3.46) (%) := 4| (v )J_‘2+h2|vvi|2 21Vul _

. *) 1= ‘ uip g viz 3w < 0.

Since, by (3.14), h/29 lvvv-il = % for x € I', we can estimate
1|V

(3.47) (%) = 4[(Vui,;;)l]2 _ 8| v; | <0 on T

i
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where the last inequality follows from (3.17). In the following we denote by
0jq the differential operator

da) f(x) =V f(x) - V]d(x)],
defined for x € (I') g \ I'; noting that, by the estimates (3.12), we have
2

Vi

Vi

SC9

91|

where C depends only on R, S, and ||g|l;;1.00, and using (3.15), (3.19), (3.21),
(3.9), and (3.22), one sees that

a1 (%)) = 8(Vui p) " - dja)(Vui p)*

[Vil? 2o IVuilP 2 |Vl
oz ahe + hgda— 53— = S0

i i

+2

%
i e 1
= 8cK KB |glljy100 + C1 = S K32 4 87C 4 C
as y; > y and since all the constants appearing in the last inequality depend
only on R, S, A“(I'), and ||g|lyy1.00, it is clear that there exists c¢o > 0 depending
on the same quantities such that 9)4/((x)) < 0, for x ¢ I' such that |d(x)| <

dg(m(x)) and for B > c¢o. Therefore, taking into account (3.47), (3.46) follows
immediately: Claim 1 is proved.

CraiM 2. There exists a positive constant c;, depending only on R, S,
A*(I"), and || glly1.00, such that for every x € Q, t1, h € R, with |d(x)| <
dg(m(x)), |ti —ur gl < hg, |to —us gl < hg, and for every B > c;, we have

(3.48) I(x, [uzp,u1g]) — bi(x,11) — ba(x, ) = b(x, t1, )n(x),
with b(x, t;, 1) < 1.
First of all observe that for every x € 2 I(x, u g, u1,g) is a vector parallel

to n(x), by (3.43); it is also clear that

[ (x, [uzp,urg]) —b1(x,1) — ba(x, 1)]

=< 11 g w1 gD+ | (Van )| 1@ + i, )

+|(Vua,p)| @y + e, )

A

7Gx, luz g urp DI+ 4hp (‘(Wl,ﬁ)u‘ + ‘(V”lﬂ)”D

=:mg(x);
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therefore it is sufficient to prove that mg(x) < 1 for |d(x)| < dg(mw(x)), if B
is large enough. Since mg(x) = |[I(x,uzg,u1,)| =1 for every x € I', it will
be enough to show that 9,ymg(x) < O for x such that |d(x)| < dg(m(x)). We
don’t enter all the details, indeed arguing as above, that is using (3.10), (3.21),
(3.12), and (3.22), one easily sees that the derivative of hg which is negative

1

and of the same order as 27!, dominates the other terms and so there exists
a positive constant ¢; > 0 depending on R, S, A“(I"), and | glly1.00, such that
Olgmp(x) < 0 for B > ¢;: Claim 2 is proved.

We set 3 = max{cg, c;} and we are going to prove that condition (f) of
Section 1 is satisfied for § > 3. We will check the condition only in 2; x R:
for 2, x R the argument would be analogous. Let x € Q) and £, < f; two real
numbers such that |t —us g(x)| < hg(x) and [t; — ug(x)| < hg(x); first of all
it is easy to see, by explicit computation, that
(3.49) I(x,[12, 1] - n(x) = 0;
recalling that, by Claim 1,

I(x,[ug, n1)+bi(x,11) € A(x,1/3) and I (x, [z, uz ) +b2(x, 1) € A(x, 1/3),

we have

I(x,[t2, 11]) = I(x, [uz,p, ugl) — bi(x, t1) — ba(x, 1) + I (x, [12, uz,8])
+ba(x, 1) + I (x, [ug, t1]) + b1 (x, 11)

€ I(x, [uzp, ugl) — bi(x, 1) — ba(x, ) + 2A(x, 1/3),
therefore, taking into account (3.49),
(3.50) 1(x,[r2,11]) € (I (x, [uz,p, upl) = b1(x, 1) =ba(x, ) + A(x,2/3))NHT,
where H* is the half-space {& € R" : & -n(x) > 0}. By elementary geometry it

is easy to see that (bn(x) + A(x,r)) NH* C B for b < 1 and for r € (0, 1),
and hence, invoking Claim 2, we get

I(x,[t,n]) € (I()C, [MQJ;, uﬂ]) —bi(x,t1) — by(x,0) + A(x, 2/3)) NHT
(3.51)
= (b(x,t;,b)n(x) + A(x,2/3) N H' C B.

If (x,7;) and (x, ;) belong to A; it is easy to see, by explicitly computing the
integral, that

(3.52) [ (x,[t1, ]| < hg(x)

Vo] 25 251 251
v;

Vi gl < 1= 22— 42—,
g hslVuisl <1=5 Bt 5 A
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where the last inequality follows from (3.15), (3.18), and (3.14) (we recall that
for B large enough dg(m(x)) < D, for every x, being D the constant introduced
in (3.15)).

We now consider the general case. Let x € Qy, 71, 1, € R with #; < t3;
since ¢* vanishes out of the regions A; and A;, we have

I(x, [t1,])=1(x, [t1, )N [uag—hpg, us g+hgl)+1(x, [t1, 21N [ug—hg, ug+hgl);

by (3.52), each integral in the expression above has modulus less than 1, so that
if one of the two is vanishing condition (f) is verified. If both are non-vanishing,
then

[t1, 2] N [uz g — hg, ug + hgl = [s1, 521,

with |s; —u g| < hg and |so —ug| < hg, so that, again taking into account the
fact that ¢* vanishes out of the regions A; and A,,

[1(x, [t1, D] = I (x, [t1, ] NV [uz g — hg,ug + hgD| = |1 (x, [s1, 52D < 1,

where the last inequality follows from (3.51): condition (f) of Section 1 is
proved.

Since, by construction, ¢ has vanishing normal component on 92 x R,
if we set B := max{B, B2, B3} we have that conditions of Section 1 are all
satisfied for B > B: the theorem is proved. O

A similar result holds true also if I' is made up of several connected
components, as the following theorem states: we omit the proof, since it is
essentially the same as the previous one.

THEOREM 3.3. Let Q2 as above and let 2y, ..., Q2 a family of open disjoint
subsets belonging of class C** andlet R > 0 suchthat Q; € Ug(Q) fori =1, ...,k
and dist(€2;, 2;) > R for every i # j. Set " := 9Q U ---U 9. Then for every
function g belonging W' (Q \ I), discontinuous along T (i.e. S, =T') and such
that g7 (x) — g~ (x) > S > 0 for every x € T, there exists By > 0 depending on R,
S, A¥(T") (see (2.4)), and ||gll\y1.00, such that for p > By the solution ug of (3.1)
is discontinuous along I' (Suﬁ = I') and it is the unique absolute minimizer of Fg ,
over SBV (Q2).

REMARK 3.4. We remark that refining a little the construction, it is possible
to improve the result of Theorem 3.1 as follows:
there exist §* > 0 and By > 0 such that, for every B > By and for every g €
Whoo(Q\ IN), with llgllytoco < 55* and such that infr (g™ — g7) > S, the solution
ug of (3.1) is the unique absolute minimizer of Fg 4 over SBV (£2).

The main difficulty comes from the fact that instead of (3.10) we have the
weaker estimate

*
IVuglloo < KB® .
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Such a difficulty can be overcome replacing, in the construction above, v; and
vy by vy g and v, g defined as

2y oo+ (X) if x e Q

v g(x) = { )
2 — Z2,cﬁ48* ()C) if x € Qz

and ) _
Z2,cﬁ45* (x) if x € Qz

v p(x) = { _
p 2 — 2y ps* (x) if x € Q,

where z, B4 and z, (pisr are the two functions constructed in Lemma 3.2 with

A= cﬂ“*. One can check that if §* is sufficiently small and ¢ sufficiently
large, all the conditions of Section 1 are still satisfied for g large enough.

3.2. — The two-dimensional case

As stated in the Introduction, in dimension two we are able to treat the case
of 2 with piecewise smooth boundary (curvilinear polygon) and of I" touching
(orthogonally) 0€2.

LeEMMA 3.5. Let 2, S, and T be as in Proposition 2.7 and denote by 21, 2, the
two connected components of Q2 \ I'. Then for every § > 0 there exist two positive
constants ¢ and By depending on I" and § (and 2 of course) such that, for f > Py,
we can find two functions 21,8 : Q1 — Rand 228 : Q2 — R of class W2 with
the following properties:

) i<zig<linQfori=12andz;ip=13%inQ\ (D),

i) Azjg < cBzipinQy, for=1,2;
iii) z1p(x) = 22,5(x) = Land 3,z g(x) = —8,22,4(x) > /B for every x € T';
i) [Vziplloo < ev/B and Vi glloo < c.

Proor. Let us denote by x; and x; the two intersection points of I with
9. If we are able to find a function d belonging to W2 ((Iy N Q) (for a
suitable 8 < dist(S, ")) such that d is vanishing on I', positive in 2, N (I')g,
negative in ;N (I")g, satisfying dyd =0 on 92NT? and 3,d # 0 on I', we are
done: indeed we can proceed exactly as in Lemma 3.2 using d in place of d.
We briefly describe a possible construction: as in Proposition 2.7 we can find a
neighbourhood U; of x; (i =1,2) and a C"! function v; vanishing on I' N U;,
positive in 2, NU;, negative in ;N U; and such that d,¥%; =0 on 02N U; and
d,¥; # 0 in ' N U;. Now we can define d:= 01y + 0d + 6,3, where 0y, 65,
and 65 are suitable positive cut-off functions such that 6; 4+ 6, + 63 = 1, while
d is the usual signed distance function from I', positive in 2, and negative in
Q; (it is well defined in 1Y if § is small enough). O
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THEOREM 3.6. Let 2, 21, Qo, and T as in the previous Lemma and let g be
a function in WH(Q \ T), discontinuous along T (i.e. Se = I') and such that
gt(x) — g (x) > S > 0forevery x € T. Then there exists By > 0 depending on
I', S, and ||g|l 1,00, Such that for B > By the solution ug of (3.1) is discontinuous
along T’ (Suﬂ =T') and it is the unique absolute minimizer of Fg , over SBV (L2).

PrOOF. As above, let us denote by S the set of the singular points of 9.
If @ is regular (i.e. S = (J) we can recycle exactly the same construction of
Theorem 3.1. If S # ¢, an additional difficulty is due to the fact that we are
not able to prove that ||Vugl|lzoc@) < C with C independent of . Since we
can perform such an estimate only in a neighbourhood of I" which does not
intersect S, the idea will be to keep the construction of Theorem 3.1 in that
neighbourhood and to suitably modify it near the singular points in order to
exploit estimate (5.29).

Denote by y; and y, the two curvilinear edges of 2 containing the inter-
section points of I" with 92 and choose § > 0 so small that (I')s NS = 0,
(IMsNA2 = (I')sN(y1Uy»), and d and 7 are well defined and smooth (according
to Lemma 2.3) in that neighbourhood.

Let us choose B/ > 0 and G > 0 such that, for 8 > g/,

S .
(3.53) llug—gllLo) < 16 and /Bllug—gllzo@) < Gliglhytoo i=12,:

this is possible by virtue of Proposition 5.7.
Again it is convenient to extend the restriction of ug to ©; (i =1,2) to a
C!! function u; g defined in the whole Q, in such a way that

”i,ﬂ(x) = ”ﬁ(x) in €, ||Mi,ﬁ||w2,00(9) = C“”ﬂ”wZ,DO((F)(SmQ),
(3.54) 3
and wuyp—urpg > A_LS everywhere,

where ¢ is a positive constant independent of . We require also that
dyu;p=0 on 0%2.

By (2.9) and (3.54), and by (5.29), we can state the existence of two positive
constants K and B” depending only on I', such that

Vi gllLoouimsne) < Kllglhyioowq
(3.55) , 1
for i = 1, 2, and ”vuﬂ”LOO(Q) < ﬂ4K||g”W100(Q)

for every B > B” (above and in the sequel, i denotes the complement of i, i.e.,

! is such that i,7 = {1,2}).
Let B > 0 satisfying

1
(3.56) VB =max {4(Klglly1.)’ 64/S* B B o} + 1.
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where By is the constant appearing in Lemma 3.5 and z; g, and let z; g be

the two functions constructed in Lemma 3.5 with A = 8. We denote by v,
vy the functions defined as follows:

Vi (x) = Zl_ﬂw(x) if x € Q_l
BT 2 ) ifx e

vy (x) = Zz,lgw(x) if x € Q_z
2 o 2— Z]’ﬂ///(x) if x € 2,

and we choose 0 < D < § in such a way that

Cvz X 9 n-(mw(x Vi 32 \/_, 1 X , 1l =124,
Where
3‘ ;7 X) = V‘U X 2 = Cv X 2 S .
\/E ! \/_2 2

Then we choose ¢ € (0, 1) in such a way that
1
(3.58) 12¢]|Vui gl oo @ uirypne+4€* [ Vvill o) < i for i=1,2 and B>p".

Let y be a fixed constant belonging to (0, % A «): by Proposition 2.7, we
can find two positive constants " and K, such that

1
(3.59) Vsl oo gy < K2B27 lgllyt coqy-

for every B8 > p".
Now we can define, for g > 0,

(AGreo) — T 1aeol) ve it ld] <
() =

SISl

fp(d(x)]) if |d(x)| >

’

where y; is a fixed constant belonging to (y, %) and fg : [§, +00) — R is the
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continuous function satisfying

D 1 -1
(3.60) D
for t > D fg is affine in {5, D].

It is easy to see that there exists 8¥ > 0 such that hg is continuous (in fact
Lipschitz) for g > V.

Finally we introduce a new function i; g which is a modification of u; g
in the region where we cannot perform a uniform control of the L®-norm of
its gradient; such a function must satisfy, for i = 1, 2:

ft,-’ﬁ(x) = u,-y,g(x) for x e Q;UT)p NQ
(3.61) :
and ﬁ,-,ﬁ(x) = g(x) for x € Q,‘ \ (F)D,

IViti gllLoe@) < c([Vuglloo(ryy) V IVEllLe@)
(3.62)
and luig — gllLoe) < llup — gliLoo(w),

where ¢ > 0 is independent of 8: a possible construction is given by
iip () =0 (=100 i + [1 -0 (=D'd®)] gx),

where 6 is a smooth positive function such that 6(r) = 1 for +t < D/2 and
0(t) =0 for t > D. Now for 8 > B; := max{B”, 8”, B, B} we consider the
sets

(3.63) A; :=={(x,20)€QxR: i g(x) —hg(x)<z=<itj g(x)+hpg(x)}, i=12;

setting
hp(x) = [1 + (2/D)(|d(x)| — D/2)*] hg(x),

we can define

u; g — 16 h *
ZVui,ﬂ -2 i.p . ZVU,' — ;l— <(—1)i(z — ”i,ﬂ) — 7ﬁ> Vu,-,,g

)C( ) i
¢ (x,z) = p
if (x,z) € A;,

0 otherwise,
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and

—Z

2
u .
%14 n@, xr) = ‘v”ﬁ - Vo[ —B(z— ) + (B — wi)(ug —2)* + ¥,

where the functions W; and p; are defined exactly as in the proof of Theo-
rem 3.1. At this point, as in the proof of Theorem 3.1, the vertical component
¢* can be extended to the whole 2 x R in order to satisfy conditions (a) and
(b) of Section 1 (we do not rewrite the explicit expression). First of all observe

that in ((F)Q N Q) x R the definition of ¢ is the same as in Theorem 3.1,
2

then, we can state the existence of a constant B, > 0 depending on I', S, and
llglly1.00 such that ¢ satisfies (a), (b), (c), (d), (e), (f), and (g) of Section 1 in

((F)% N sz) x R.

From now on we focus our attention on what happens in (Qi \ (I') Q) xR.
2

Concerning (d), we have only to check that for B large enough the graph
of u; g belongs to A;, but this follows from the fact that, by (3.60), A; contains

the sg-neighbourhood of the graph of ii; g, where sg is of order ,B_%, and from
the fact that, by (3.53) and (3.62), it holds

A ~ -1

luip — tiplloe < lluip — &lloo + lltti,p — glloo < CB™ 2.
Concerning condition (c), it is clearly satisfied in A;, then it remains to check,
for B large enough, the inequality ¢*(x,z) + B(z — g)* > 0 holds true outside
A;. For x € (Qi \ (F)g) N I's such an estimate can be performed using

estimates (3.55), (3.59), (23.62) and arguing as in the proof of Theorem 3.1.
Now let (x, z) belong to [(€2; \ (I')p) x R]\ A; and suppose also that i g(x)+
hg(x) < z < i1 p(x) — hg(x) (the other cases would be analogous); since
¢*(x,2) = ¢(x, ;g + (—1)hg) - (=Vii; g + (—=1)'*'Vhg, 1) and observing that
¢ (x, ;g + (—1)'hg) reduces to

(2Vup, 1Vusl = pa — 90 + Blus — ) |
we obtain

¢*(x.2) + Bz — &)% = —|Vugl|Visg| — 2| Vug||Vhg| + Blup — 2)*
> —|Vug||Vii; g| — 2|Vug|[Vhg| + Bs:

1
in the last expression the positive term ﬂsé, which behaves like 82 (see the
definition of sg) dominates the negative ones, indeed these are either bounded

1
or of the same order of |Vug| which is less or equal to the order of g4, thanks
to (3.55): therefore for B large enough we get the desired inequality.
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About condition (f) we first observe that if #;,/, €R and x € ((I")D\ (F)Q) N
2
2 then we obtain

=

2 N o
uj pthp 16 ' ;
< Z [/ A <2||vui,ﬂ”oo E—IIVui’ﬂ||oo <(_1)l(z _ ui,ﬂ) _ 7[3)

B

+4uip — 2l Vvilloo) dZ]

2 P2
h
<> [4||w,~,,3||ooe + 462V villoo + 21 Vitiplloc {(u,,ﬁ — i p)? + f”
"

2
16 o

> [4||Vu,~,ﬂ||ooe + 467 V0 lloo + 11 Viti glloo(utip — it p)* + 8||Vu,~,ﬁ||oos}

= B

l

=<
2 _3
< 3" [120Vus pllct + 420Vl + CB ]

— o~

3
the fact that £||Vui,ﬁ||oo(u,-,,3 — ﬁi,ﬁ)z < CB~ 4 follows from estimates

(3.55), (3.53), (3.62), and the definition of sﬁ]

=

’

N =

if B is large enough, thanks to (3.58).
If x € Q;\ (I')p then we can estimate

)
/ ¢ (x, 2) dz
al

1
< 2s58lIVui glloo + 258 Vuz glloo < o

by (3.55) and the definition of sg. Also condition (f) is proved; since, by

construction, ¢ has vanishing normal component along 9<2 x R, the theorem is

completely proved. O
Now we can state a theorem which is the analogous of Theorem 3.3.

THEOREM 3.7. Let 2 as in Proposition 2.7 and " = y;U- - -Uyy where for every
J = 1,...,kyj is either a simple, connected, and closed curve of class C%* con-
tained in 2 or a connected curve with the same regularity outside a neighbourhood
of its endpoints (where it is supposed to be of class C?), which meets orthogonally
0Q2 in two regular points (see Fig. 2); suppose in addition that y; N y; = 0 if
i # j. Then for every g € W"*(Q \ ') discontinuous along T and such that
gt (x) — g7 (x) > 8§ > 0 for every x € T, there exists By > 0 depending on T, S,
and ||glly1.00, Such that for B > By the solution ug of (3.1) is discontinuous along
r (Suﬁ = I') and it is the unique minimizer of Fg 4 over SBV (2).
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B

Fig. 2. An admissible discontinuity set I'.

4. — Gradient flow for the Mumford-Shah functional

In this section we are going to apply the previous results to the study
of the gradient flow of the Mumford-Shah functional by the method of mini-
mizing movements with an initial datum uy which is regular outside a regular
discontinuity set I': we will show that, for an initial interval of time, the dis-
continuity set does not move while the function evolves according to the heat
equation. Let us first recall the definition of gradient flow for the homogeneous
Mumford-Shah functional (1.4) via minimizing movements (see for instance [7]
or [3]). Let 2 be a bounded open subset of R"” and consider an initial datum
ug € L*(2). For fixed § > 0 (which is the time discretization parameter) we
can define the §-approximate evolution us(-) : [0, +00) — SBV(R2) as the affine
interpolation of the discrete function

SN — SBV(Q)

Si Uusi,

where u;; is inductively defined as follows: uso = ug and us; is a solution of

1
min /|vU|2dx+H"—‘(SU)+—/ v — usi_|>dx.
veSBV(Q) Jo s Ja

The existence of a solution of the problem above is guaranteed by the Ambrosio
theorem (see [4]). We call minimizing movement for Fy with initial datum u,
the set of all functions v : [0, +00) — SBV(L2) such that, for a suitable
subsequence 8, | 0, us, (t) — v(t) in L*(Q), for every t > 0.

Our main result is stated in the following theorem:

THEOREM 4.1. Let Q2 and T" be either as in Theorem 3.3 or as in Theorem 3.7.
Suppose that ug is a function belonging to W>*°(Q \ ), discontinuous along T,
and such that ug'(x) —ug(x) > S > 0foreveryx € I" and 9,u9g = 00n dQQUT.
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Then there exists T > 0 such that the minimizing movement for the Mumford-Shah
Sfunctional is unique in [0, T] and it is given by the function u(x, t) satisfying

Su(.’[) =T VvVt € [0,T],

d
an du = Au in (Q\T) x [0, T],

du=20 on d(Q2\T) x [0, T],
u(x,0) =up(x) inQ\T.
Moreover if
. + —
minu, —maxu, >0
r r
then we have T = +00.

Proor. For fixed § > 0, let vs(¢) be the affine interpolation of the discrete

function
vs : SN — H' (Q\ I

v5(8i) > w54,

where vs; is inductively defined as follows:

Us,0 = Uo,

4.1) vs.; is the unique solution of
- 2 1 2
min |Vz|” dx + = |z —vsi—1]” dx.
zeH @\ Jo\r 8 Javr

CramM 1. For every T > 0, we have that
Vs — VU in L0, T]; L*®°(R2\T)) as § — 0,

where v is the solution of

v = Av in (2\TI') x [0, T],
4.2) dv =20 on d(R\T) x [0, T],
v(x,0) =up(x) in Q\T.

We will show that the functions (vs)s~¢ are equibounded in C%!([0, T]; L®(22\
I')): since it is well known that, for every 7" > 0, vs — v in L*°([0, T']; L2(§2\
') as 8 — 0 (see for example [3]), the a priori estimate in the C%'-norm (via
Ascoli-Arzela Theorem) will give the thesis of Claim 1. First of all we will
show that

(4.3) [Avislloo < [[Aupllc V6 >0, Vi € N.
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We first prove it for vs1: if € > |[Auglleo/B, then v :=up+¢ and vy ;= up—e
satisfy:

Avy < B(vr —up) in Q\T Avy > B(v2 —up) in Q\T
{ d,v1 =0 on d(2\T), { d,v, =0 on d(2\T),

that is v; and v, are a supersolution and a subsolution respectively of the
problem solved by v;s. This implies that

| Auolloo

B

lvis — uolloo <

which is equivalent to
[Avislloo < | Aupllco-

By the same argument we can prove that
[Avislloo < [[AVi—1slle Vi=2

and so (4.3) follows by induction on i.
By a standard truncation argument, one can prove also that

(4.4) lvsilloo =< llutollc V8 >0, Vi eN.

Then for s, t > 0, using Claim 1, we can estimate

1s(1) — v () oo < / 10s) (€)oo dE < / Sup | Ay o dE = [[Auolloclt —s1;

this, together with (4.4) concludes the proof of Claim 1.
As a consequence of (4.3), by the well-known Calderon-Zygmund estimates,
we get the existence of a constant C such that

(4.5) Vvisllo < CllAV; slloo < CllAuollo V6 >0, Vi e N.
It is well known (see, for example, [15]) that

v(t) — up in L2°(Q\T) as t — 07

therefore, by our assumption on u, for every 0 < ¢ < S we can find 7, > 0
such that

(4.6) inlf whx, 1) —v (x,1)] > c vt € [0, T,],
Xe
and therefore, by Claim 1, we can choose &y > 0 such that

4.7 inf [v; (1, x) = vj (1, 0)] > % Vi € [0, T.], V8 < 6.
Xe
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We recall now that, by Theorems 3.3 and 3.7, there exists B such that, for
every function g € W>°(Q\ I') satisfying

. _ c
(4.8) Vglloo = CllAugllo inf |g*(x) — g~ ()] > 3,
xel 2
where C is the constant appearing in (4.5), and for every 8 > B, the function
ug o solution of (3.1), minimizes the functional Fg, over SBV ().

CrLaM 2. For every § < 8y A (B)~! the §-approximate evolution us(r) (see
the end of Section 2 for the definition) coincides in the interval [0, 7] with the
function vs (7).

Clearly it is enough to show that

T.
Vs, = Us i fOI'l.=0,...,|:FL:|,

and this can be done by induction on i: indeed for i = O the identity is trivial,
and suppose it true for i — 1 (for i < {%} ); this means in particular (by (4.5)
and by (4.7)) that g = us;_ satisfies (4.8) and so, being % > B, we have

Us; = U1l = Vsi-
8,0 $ous i1 8,1

Claim 2 is proved and the first part of the thesis is now evident. The last
assertion easily follows from the Maximum Principle. O

5. — Appendix

In this Appendix we are going to prove Theorem 2.6 and Proposition 2.7.
We will use some technical results coming from sectorial operators theory and
from interpolation theory.

First let us recall what a sectorial operator is.

Let X a complex Banach space and A : D(A) — X a closed linear operator
with not necessarily dense domain; call p(A) the resolvent set of A and for
L € p(A) denote by R(x,A) the resolvent operator (A/ — A)~! belonging to
L(X).

DerFINITION 5.1. A is said to be sectorial (in X) if the following two
conditions are satisfied:

i) there exist w € R and 6 € (%, ) such that

Sow = {1 € C: Jarg(h — w)| < 6} C p(A);
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ii) there exists a positive constant M such that, for every A € Sy ,, there holds

RO, A < .
IR, Dl < 7=

We recall that D(A), endowed with the norm
Ixllpeay = lIxllx + IIAx | x
is a Banach space continuously embedded in X.
Let @ be either R" or R} and let A : @ — R"" be a matrix with
coefficients belonging to W!*°() and uniformly elliptic, i.e., satisfying
AWE-§ = hols? VxeQ, VEeR,
where )¢ is a suitable positive constant; set

D(Ao) =

=uelL®(Q):uc ﬂWli’Cp(Q),div(AVu)eLoo(Q) and AVu -v=0 on 0Q
p=1

D(A)) := {u € D(Ay) : div(AVu) e W“"’(Q)},

where v(x) denotes the outer unit normal vector at x to 2, and define the
operators

Ao : D(Ag) = L=(S)

5.1) u+— fdiv(AVu),
and

. 1,00
. A1 D(A) - Whe(Q)

u+— fdiv(AVu),
where f: Q — (0, +00) is a positive function of class W' satisfying
fx)=x1>0 Vx € Q.
The following fact is proved in [15] (see Theorem 3.1.6, page 77, Theorem
3.1.7, page 78, and 3.1.26, page 103) when the coefficients of the matrix A are

of class C!, but the same proof works for Lipischitz coefficients (alternatively
one can use a standard approximation argument).
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THEOREM 5.2. The operators Ay and A, are sectorial in L*>°(2) and W'*°(Q)
respectively. In particular there exist two positive constants By and K, depending
on the constants Ao, Ay, on WL norm of A and f, such that the problem

{ fdiv(AVu) =B8u—g) inQ,

(5-3) AVu-v=0 in 0%,

admits a unique solution u € D(A), for every 8 > By and for every g € L*°(R).
Moreover u satisfies

1
(5.4) lulloo + B2 Vutlloo = Kl lloos

if g belongs to WH2°(Q) then the following estimate actually holds
_1 . =12
lullyico + B 211 f div(AVu)[los + sup 27 [[V7ul|
(5.5) xpeQ LP (B(xo,ﬁmsz)
<Klglyo-

Given a sectorial operator A : D(A) — X there is a natural way to construct
a family of intermediate spaces between D(A) and X, by setting for 6 € (0, 1)

D(A, 6, 00) = {x ex: swp (FIARC, Axl) < +oo},
t>2wVv1

where o is the real number appearing in i) of Definition 5.1. Setting

(5.6) ¥paoes = sup (I/IAR( Axllee)

t>2wV1

one sees that [x]p(4.0.00) 1S @ seminorm and D(A, @, 00) endowed with the
norm

(5.7) Xl pcas.00) = Ixllx + [X]D(4.6,00)
is a Banach space. Moreover, for 0 < 6; < 6, <1,
Y C D(A, 6,00) C D(A, 01, 0) C X,

with continuous embeddings. An important fact is stated in the following propo-
sition

ProposITION 5.3 (see Proposition 2.2.7, page 50 of [15]).

Ag i D(A, 0 +1,00) :={x € D(A): Ax € D(A, 0, 00)} - D(A, 0, 00)

x = Ax,

is sectorial in D(A, 0, 00); moreover

(5.8) IRX, Aol LpcA.6.00) < IR(A, DllLx).

Next theorem gives a useful characterization of the intermediate spaces
D(A, 6, 00) in the case of elliptic operators.
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THEOREM 5.4 (see Theorem 3.1.30, page 108 of [15]). Let A be the operator
defined in (5.1). Then for every 6 € (0, %),
D(Ao. 0, 00) = C**(Q),

with equivalence of the respective norms. In particular there exists two constants
C, and C, depending only on the W"*-norm of A and f and on the constants A
and Ay, such that

(5.9) Ciligllpiag.o.000 = 18l c0.20 () = C2lIg N D(Ag,0,00)-
LEMMA 5.5. Let 2 be either R" or R, and Ay be the operator defined in (5.1).

Then for every y € (0, %) there exist two positive constants Ko and Py, depending

only on the constants of ellipticity ko, A, on y, and on the W'-*°-norm of the matrix
A and of the function f, such that for every B > By and for every g € C*'=7(Q)
the solution u of (5.3) satisfies

1_
(5.10) B2 llu = gllcor g < Kollgll oy -
Proor. Recall that u — g = AgR(B, Ap)g: in order to obtain the thesis we

1
have to estimate the quantity 827" [|AoR(B, Ao)gllc0.y - By Theorems 5.2
and 5.4, by (5.6) and (5.7), there exist Cy > 0, C; > 0, and By > 0, depending
only on Ay, Aj, on y, and on the W!*_norm of A and f, such that

AR (B, Ao)gllco.r g
< CollAoR(B, Aﬂ)g”D(AO,%,oo)

(5.11)
4
=Gy (IIAOR(ﬁ, Ao)glloo + Szlép lﬂ AR (t, Ag) AgR(B, Ao)glloo>
t=2ppV
and
1-y
(5.12) sup 172 [ AgR(7, Ap)gllos = Cillgllco1-y )

2V 1<t

We observe that (5.4) implies the existence of two positive constants Sy and
C»,, depending in turn on Ag, A; and on the W1 _norm of A and f, such that

(5.13) IBR(B, Ao)llLL>w) < Ca,
for every B > By. Using (5.13) and (5.12), we can estimate

1
sup B2V AR, Ag) AgR(B. A0)gloe

2BpVI<p=t

1
= sup BTV AGR(B. A0) AR (t, Ap)gllse

2BpV1<p=t

(5.14) (ﬁ )
= sup —
2ppvi<p=t\ !

Iy
<(C2+1) sup t 2 || AgR(t, Ao)gllco
2BpVvI<t

= (G2 + DCillglcoa-y,

=

71,
t

SNBRB, Ag) — D AR A)glloo
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and analogously

1_, v
(5.15) ,, Sup B27tZ [ AoR(t, Ap)AoR(B, Ap)glles < (C2+ DCilIgllco.1-y -
Bovi<t=<p

Combining (5.14), (5.15), (5.11), and using again (5.12), we finally obtain

1_
sup B2 AoR(B. Ap)gllco )
B=2BpV1

p=2pv1

1
=< Co( sup B2V AoR(B, Ao)glloo

1
+ sup B2V AR, Ap) AR (B, Ao)glloo>

B.=2ppv1
< Co(C1+ Cr+ Dgllco1-y -

PrOOF OF THEOREM 2.6. We will prove in details only ii). Fix p € 9.
By Proposition 2.1 there exist two positive constants n and M;, the former
depending only on R while the latter also on A%(d€2) , such that the cylinder
C":={x e R": |x| < n}x]—R, R[ (expressed with respect to a coordinate
system belonging to 85,), intersected with’ is the subgraph of a function f
belonging to C>%(S) (S := C" N {x, = 0}) and satisfying

(5.16) I fllcze < M.
Let 6 € C2%(C"), 0<6 <1 and 6 =1 in 27'C", such that
(5.17) 360 =00ndQNC" and |02 < Ma,

where M, depends only on R.
Set v = 6u and note that v solves
Av=pBw—h) in Q' NC",
o,v=0 on (' NCM,
where 1= 6g 4+ B~ (AGu + 2VuVe); finally, denoting by ¥ the map

C" — Y (C)
(XI, AR axn—hxn) = (-xlv . -~7xn—laxn - f(-xl’ ---7xn—l))7

and setting v :=v o ¥~ ! and h:=ho ¥ ~!, one sees that (recall that o and h
have compact support in ¥ (C"))

fdiv(AVD) = B(@ —h) in R",
{ AVY v =0 on (R™),
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where A and f are W' *-extensions to R’} of the matrix-valued function A :=
[Dw(Dw)*

ety ] } oy ~! and of the function f := |dety/| o ~! respectively , satisfying

”A”WLOO(R'JIF) = ”A”WLOO(,/,(C'))), ”f”WLOO(R"Jr) = ”f”WLOO(]/,(C??))

and
A 1 2 n n ~ 1 n
A(X)E'SZEISI Vx e Rl, V§ e R", f(x)EEVxe]RJr

(since A(0) =1 and f(0) =1, by (5.16), we can choose n depending only on
R such that the property above holds true in ¥ (C7)).

The solution ¥ can be suitably decomposed as v = v; + Uy + U3 in the
following way: set hy = 6g, hy = B~'Vuve, hy == B~ Abu, and fz,- = hjoy~!
(i =1,2,3) and choose v; as the solution of

div(AV9;) = B(#; —h;) in R%,
{ AV v =0 on J(R™),
fori =1,2,3.
Applying Lemma 5.5 we have, for i =1, 2, 3,

1 . ~
(5.18) B2 N0 — hillco.y = Kollgllco.-y

where Ky is a constant depending only on y and on the norm of A, therefore
(by definition of A and by (5.16)) only on y and R.

Estimate for v1. From (5.18), (5.16), (5.17) and the definition of hi we deduce

1., . ~ _
B2V |01 — hll oy < KoKi(lgllcoa—y + B ullco.1-),

where K depends only on R, and therefore, since by (5.8) and (5.9), we have

lullcoi-y < Kallgllco1-y,
we obtain .
B2 V01 — hillcoy < KoKiKallgllco.1—y s

where K, depends only on R. Combining the above inequality with the well
known Schauder estimate, we finally obtain

V20 [loo < K3||fdiv(AV51)||c0vy

| | -
(5.19) = K32 B277 |0y — Iyl co.y
1
< K3KoK1 K282 || gl 0.1y
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where K3 depends only on C ¥ norm of A and f and therefore only on R
and A.

Estimate for v,. Arguing exactly as in the previous point, we obtain
1., - ~ _
(5.20) B2V |02 — hall oy < KoKiB™ I Vull o1y

By the Sobolev Embedding Theorem and by estimate (2.6) (with p = %) we
have, for B > By and for every x € Q\ @/,

[Vu] N AN < 0olViull »
c0.1-y <(Q\Q/)mg(x,,37)> LY (Q\Q'NB(x.p 2))

(5.21)
_Y
< 00018 2 llgllyi.c0,
and
(5.22) IVitlloo < O1llglly1.00,

where Qg is the constant of Sobolev Embedding and depends only on y while
Q1 depends only on R. If [x — y| > ,B_%, then, by (5.22), we infer

[Vu(x) — Vu(y)| Iy 1y
=B 22| Vulle =20187 2 lIglly1.co-

5.23
629 lx — y|t=r

Combining (5.21), (5.22), and (5.23), we get
IVl oty < Q1(Qo+ DB Zliglly1oe.
and substitution in (5.20), together with Schauder Estimate, yields
2~ Ao x S TV TV
(5.24) IV 02llee = K3l f div(AVD) o,y l:szﬂz B2 7 Nv2 — hallcoy
< K3KoK101(Qo+ DB 2 [Igllyi.co-

Estimate for vs. First we note that, by (5.8) and (5.9),

vsllco.y = Kallhsllco.y,
with K4 depending only on R; so we can estimate
03 = h3llcoy < Nsllco.y + Ih3llcoy

< (K4 + D3l coy < B Ky + DM |ull oy
< BN Ks+ DKM gl yyt.o0-
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By Schauder Estimate we finally obtain,

(5.25) IV253]lo0 < K3(Ka + DKallgllyi.co-

By (5.16) and again (2.6) we have

2 2~ ~
IVl o1y < € (IV25 gy + 18l oo )

2~ 2~ 2~
< CC' (V21 ll ooy I V282l oo )+ V203 ooy g oo )

where C and C’ depend only on R. Using (5.19) (5.24), and (5.25), we finally
deduce for 8 > By Vv 1

) 1
IV2ull e o100y < CC'C7 (BT lIglhyooary + Igllwrooger) )

oL
<2CC'C"BIT gllwrooan )

where C” depends only on y, R, and A. Repeating all the above argument for
every p € Q' we get ii).

The proof of statement i) can be done in a similar way: by localizing,
straightening the boundary, and using Theorem 5.2. O

In the following @ C R? will denote a curvilinear polygon such that 3
is given by the union of a finite number of simple connected curves 1y, ..., T
of class C? (up to their endpoints) meeting at corners with different angles
aj € (0,7) (j=1,...,k). Finally we will denote by S the set of the vertices,
1.e. the set of the singular points of 9.

PROPOSITION 5.6. Let 2 be as above. Then there exists fy > 0 and K > 0 such
that for every B > Bo and for every g € L>(R2), the solution u of

Au=Bu—g) inQ
(5.26) { ou=20 on 9L2,
satisfies
_1
(5.27) ltlloo + B2 Vutlloo = KIglloo-

Proor. The estimate is proved in [13] for the corresponding Dirichlet prob-
lem in a polygon, but one easily sees that the same proof actually works also
in our case: indeed the change of boundary conditions does not affect the
argument, and the main tool, which is a Calderon-Zygmund type inequality,
proved in [14], is actually available also for curvilinear polygon, as shown, for
example, in [20]. O

The following proposition is proved in [20].
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PROPOSITION 5.7. Let Q be as above. Then there exists K > 0 such that for
every B > 0 and for every g € WH*°(Q), the function u solution of (5.26), satisfies

1
(5.28) B2u = glloo = K[[VElloo-

PROPOSITION 5.8. Let Q2 be as above. Then there exists a positive constant K
such that for every B > 1 and for every g € W'(Q), the solution u of (5.26)
satisfies

1
(5.29) Vulloo = Kliglly1.00B%.
Proor. Fix B > 1; by Proposition 5.6 there exists 1y > 0 independent of
B such that, setting g, = %, for A > Xy we have

| Aulloo )
=K —|—«/X Ulloo | -
( e flull
_ lAulleo

Now set Amin := Tl and suppose that ||Aullec > Aollglleo. It follows that
Amin > Ao (recall that |lu]lo < |lglleo): therefore, taking A = Api, in (5.30), we
obtain

| Aull
IVilloo < KAl g1 lloo < Kﬁ< . =+ ||u||oo>
(5.30)

1
IVilloo < 2K [ Aullsollulls

and therefore, by Proposition 5.7,

—_

3 (pral 2 1
IValloo < 2K 813 (K'B21V8lI00)* = K" lIglly1B%,

where K” is independent of B.

If |Aulloo < Mollglleo, then we simply use the Calderon-Zygmund type
estimate proved in [20] (it is crucial here the hypothesis that all the angles are
less than 7) to get the existence of a constant C > 0, depending only on €2,
such that

1
lully2p < Cliglleo = CligllocB?.
We conclude by applying the Sobolev Embedding Theorem. O

PRroOOF OF PrOPOSITION 2.7. The estimate can be performed by a localization
procedure as for Theorem 2.6 and in fact we have only to look at what happens
in a neighbourhood of x; and x;. We will look only at x; considered as a
point of 9€2;, the other cases being analogous.

First of all, as in [20], we can find a neighbourhood U = B(xy,r) N
of xj, for a suitable r < §, and a diffeomorphism which transforms U into a
right angle, more precisely we can construct a one-to-one map ® = (&, P;) :
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UNQ; — &U N of class Ch! such that V& (x;) = I and &(U) = {w =
(wi,wy) € RZ: w; >0, wy > 0NV, where V is a neighbourhood of the
origin; we can endow @ with the further property that if v is a function defined
in U with normal derivative vanishing on dQ N U, then v o ®~!' has normal
derivative vanishing on ®(dQNU) and vice-versa. It follows, in particular, that
@, (x) has the following properties:

o Oy(x) =0 for every x e ' NU;
e 9,0, =0o0n 02NU.

It is easy to see that we can choose a positive convex function f such that
f(0)=0, f/(0)=0, and A(f o®P3) >0 on U’ := B(x1,r')NQy,

with ' < r, if needed. Thus we see that f o @, is a subsolution of
Au=0 in U’
u=20 on'nU’
du =0 on IQNU’
u=fod, ondU'\ (AQUTI)

and therefore f o ®, < u in U’. By Theorem 5.1.3.1 of [14] (actually it is
stated only for polygons, but it can be extended to curvilinear polygons, by
the continuity method used, for example, in [20]) and the Sobolev Embedding
Theorem, u is in C?(U”), where U” = B(x;, r”) N Q, with r” < r’. Therefore,
since V(f o ®)(x;) # 0, and so Vu(x;) # 0, we can say that the map
W := (v, u), where v is the harmonic anticonjugate of u, is conformal in a
neighbourhood U” := B(xy, ") N Q, with r” < r”, it belongs to C*(U")
and W(U") = {w = (w;,wp) € R : wy > 0, w, > 0}NV, where V is a
neighbourhood of the origin. Now take a cut-off function 6 of class C* such
that 0 = 1 on B(xy,r"”/2) N Ry, 6(x) =0 for |x| > (2/3)r", and 9,60 =0 on
dQUT NU™; note that v := (Bu;) o ¥~! solves

Aw)Avy = B(vy —h) in W(U")
{ 8VU1 =0 on {w1 =0}U{LU2=0}0‘~I/(UW),

where h = [0g + B~ (AOu +2VuVe) o W~ and A := |[Vu|> o WL

Moreover we have that ,A =0 on {w; =0} NW¥(U"), indeed, in view of
the conformality of W, this is equivalent to say that 3,|Vu|> =0 on dQNT”,
which is true by the following computation

3| Vul* = 8,(8,u)* = 20,ud’ u =0,

where we used the fact that u € C*>(U”) and d,u = 0 on QN U"”. As a
consequence, the function
A . A(wl, U)Q) if wi| > 0 and (wl, 1,U2) S \IJ(UW)
T A(—wy, wp)  if wy <0 and (—wy, wp) € W(U™)



GLOBAL CALIBRATIONS FOR THE NON-HOMOGENEOUS MUMFORD-SHAH FUNCTIONAL 647

turns out to be of class C! up to the boundary; in particular it can be extended
to a function, still denoted by A, belonging to C'(R%) N WI*OO(R%F). Now it

is easy to check that, denoting by #; and & the extensions by reflection of v,
and h respectively,

A(w)AT = B(@ —h) in R2
{ 3,01 =0 on {w; = 0};

at this point we are in a position to apply the regularity theorems stated at the
beginning of the Appendix, obtaining the desired estimate for v;. To complete
the proof we can now proceed exactly as we did for Theorem 2.6. O
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