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A Relative Dobrowolski Lower Bound over Abelian Extensions

FRANCESCO AMOROSO - UMBERTO ZANNIER

Abstract. Let o be a non-zero algebraic number, not a root of unity. A well-
known theorem by E. Dobrowolski provides a lower bound for the Weil height
h(a) which, in simplified form, reads h(x) > D™ 1-¢ where D = [Q(a) : Q).
On the other hand, F. Amoroso and R. Dvornicich have recently found that if o
lies in an abelian extension of the rationals, then A(«) is bounded below by a
positive number independent of D. In the present paper we combine these results
by showing that, in the above inequality, D may be taken to be the degree of o over
any abelian extension of a fixed number field. As an application, we also derive
a new lower bound for the Mahler measure of a polynomial in several variables,
with integral coefficients.

Mathematics Subject Classification (2000): 11G50 (primary), 11Jxx Gecondary).

1. — Introduction

Let @ be a non zero algebraic number which is not a root of unity. Then,
by a theorem of Kronecker, the absolute logarithmic Weil height A(x) is > O.
More precisely, let K be any number field containing «. By using Northcott’s
theorem (see [No]), it is easy to see that h(a) > C(K), where C(K) > 0 is a
constant depending only on K. In other words, 0 is not an accumulation point
for the height in K.

In a remarkable paper, Lehmer [Le] asked whether there exists a positive
absolute constant Cy such that

Co
Q@) : Q]
This problem is still open, the best unconditional lower bound in this direction
being a theorem of Dobrowolski [Do], who proved:

Ci log(3D)
h@) 2 D <log log(3D)

h(a) >

-3
) ) D =[Q(a) : QI,

Pervenuto alla Redazione il 11 novembre 1999 e in forma definitiva il 2 maggio 2000.
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for some absolute constant C; > 0. However, in some special cases not only the
inequality conjectured by Lehmer is true, but it can also be sharpened. Assume
for instance that Q(«) is an abelian extension of the rational field. Then the
first author and R. Dvornicich proved in [Am-Dv] the inequality:

log 5
h(x) > — = 0.1341
@@=

(notice that such a result was obtained long time ago as a special case of a
more general result, by Schinzel (apply [Sch], Corollary 1°, p. 386, to the linear
polynomial P(z) = z — «), but with the extra assumption |«| # 1).

The aim of this paper is to generalise both a result of this type and
Dobrowolski’s result, to obtain:

THEOREM 1.1. Let K be any number field and let L be any abelian extension
of K. Then for any nonzero algebraic number o which is not a root of unity, we have

G2 (K)

ha = 2 (

log(2D) )-13
loglog(5D) ’

where D = [L(@) : L] and C,(K) is a positive constant depending only on K.

This result implies that heights in abelian extensions behave somewhat
specially. In this respect, it may not be out of place to recall the following
result recently obtained jointly by E. Bombieri and the second author.

Let K be a number field and consider the compositum L of all abelian extensions
of K of degree < D. Then Northcott’s theorem (see [Nol) holds in L, that is, for
given T, the number of elements of L with height bounded by T is finite.

The main ingredients for the proof of Theorem 1.1 (given in Section 5) are
a generalisation of Dobrowolski’s key inequality (Section 3, Proposition 3.4),
which follows as an extension of some ideas from [Am-Dv], and a conse-
quence of the absolute Siegel Lemma of Roy-Thunder-Zhang-Philippon-David
(Section 4, Proposition 4.2).

Let F € Z[xy,...,x,] be an irreducible polynomial. Define its Mahler
measure as

1 2 4 . .
M(F)=exp{(27r)n/O /0 log‘F(e'el,... ,e’e")

Then it is known (see [Bo], [Law] and [Sm]) that M(F) = 1 if and only if F
is an extended cyclotomic polynomial, i.e. if and only if

d91-~d0,,}.

A A I
F(x1,... %) = x; o xmp(xfl - xhn)

for some (Aq,...,An), (U1,..., 1n) € Z" and for some cyclotomic polynomial
¢ € Z[x].
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If n=1 and « is a root of F, then log M(F) = deg(F) - h(a); hence, if F
is not a cyclotomic polynomial,

log(3D)

-3
08P ) " D =deg(F),
10glog(3D)> ce(F)

log M(F) > C, (

by the quoted result of Dobrowolski. Recently the first author and S. Da-
vid ([Am-Da2]) extended this result in several variables. Assume that F is not
an extended cyclotomic polynomial. Then, as a special case of Corollaire 1.8
of [Am-Da2],

log M(F) 2 s iiam "\ fog (0 + D og((n + D D))

-3
1 ( log((n + 1)D) )
where C3 is a positive absolute constant and D = deg(F).

Using Theorem 1.1 and a density result from [Am-Da2], we can now prove
(see Section 6):

COROLLARY 1.2. Let F € Z[xy, ..., X,] be anirreducible polynomial. Assume
that F is not an extended cyclotomic polynomial and that d = min;_, deng (F)
> 1. Then

log(2d) >—13
log log(5d)
This estimate is stronger than the quoted result of [Am-Da2] if at least

one of the partial degrees of F is small. We also notice that the constant in
Corollary 1.2 does not depend on the dimension n.

log M(F) > C,(Q) (

2. — Notation and Reductions

Throughout this paper, we denote by ¢, (m > 3) a primitive m-th root of
unity and by p the set of all roots of unity. We also fix a number field K and
we denote by P the set of rational primes p > 3 which split completely in K.
For p € P we choose once and for all a prime ideal 7, of Ok lying above
p and we identify m, with the corresponding place of K. We normalize the
corresponding valuation v so that |p|, = p~'.

Let L be any abelian extension of K. For a given p € P, we define e, (L)
as the ramification index of 7, in L. Let v be any valuation of L. extending .
Since L/K is normal, the completion L, of L at v depends only on p. Since p
splits completely in K we also have K, = Qp. Then L, is an abelian extension
of Q, and so L, is contained in a cyclotomic extension of Q, (see e.g. [Wal,
p. 320, Theorem 14.2), which we denote by Q,({n). We take m = m,(L)
to be minimal with this property and we define e},(]L) as the maximal power
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of p dividing m. We remark that e, (L) = 1 for all but finitely many p € P
(if m, does not ramify in L, then L, € Q,(¢n) for some integer m with p { m:
see [Wa], p. 321, Lemma 14.4 (a)). We also define

ey =) (e, —1).
peP
We note that if ' C L are abelian extensions of K, then &'(I) < €'(L).
From now on we let C»(K) be a positive real number sufficiently small to
justify the subsequent arguments.
Let L be an abelian extension of K and let o ¢ p be a nonzero algebraic
number which contradicts Theorem 1.1:

G2 (K) ( log(2D) )“3
D \loglog(5D) ’
where D = [L(a) : L]. We may assume that D is minimal with this property,

i.e. that for any B ¢ u of degree D' < D over an abelian extension of K, we
have:

2.1) h(a) <

G2 (K)

@2) np) = (

log(2D") )“3
loglog(5D)
Notice that ¢ — t-(log(2t) / log log(5t))13 is an increasing function on [1, +00)

and that the Weil height is invariant by multiplication by roots of unity. Hen-
ce (2.1) and (2.2) imply that:

(23) [L'(¢a):L']1> D for any { € p and for any abelian extension L'/K

Let A be the set of abelian extensions /K such that [L(¢«) : L] < D for
some ¢ € u. We define

P oo i )
24 ¢ :=mine L).

Replacing if necessary o by {« for some { € p and L by L N K(a), we may
assume that there exists an abelian extension L/K contained in K(«) satisfying
the following properties:

2.5 [Le):Ll=D,

26) )=,

(2.7) for any ¢ € p such that K(¢a) € K(a) we have K(¢a) = K(x) .
Since K C L C K(«), we also have

(2.8) K(er) = L(e)

From now on we fix once and for all an algebraic number a and an abelian
extension L/K contained in K(«) which satisfy (2.1), (2.2), (2.3), (2.5), (2.6), (2.7),
and (2.8). We also put e, = e,(LL) for p € P.

The following lemma will be used several times in the next section.
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LEMMaA 2.1.
i) For any integer n we have L(a") = L(w).
ii) For any integer n such that gcd(n, [K(a): K(a")]) =1 we also have K(a") =K(w).

PrOOF. We shall use an argument from Rausch (see [Ra], Lemma 3). As-
sume first
r:=[L(@) : L&M)] > 1

for some n € N. The minimal polynomial of « over L(a") is a divisor of
x" — a". Hence its constant term, say B8 € L(«x"), can be written as ¢a’,
where ¢ is a n-th root of unity. Moreover,

D =[LpB):L1<[L@"):L]l<D,

and B ¢ pu. Hence, by (2.2),

C2(K) ( log(2D") )“3

h(B) = D’ loglog(5D’)

Since rD’ < D and ¢ — log(2t)/loglog(5¢) increases, we deduce that

C2(K) ( log(2D) )“3

1
h(a) = ;h(ﬂ) =7 loglog(5D)

which contradicts (2.1).

Assume now r = [K(x) : K(&¢")] > 1 and gcd(n,r) = 1. Arguing as
before, we find a n-th root ¢ such that {o" € K(a"). By Bézout’s identity,
there exist A, u € Z such that An + ur = 1. Hence

o =aoM - (¢)" e K@) S K().

This contradicts (2.7). O

3. — Congruences

The following two lemmas generalise Lemma 2 of [Am-Dv]. We first prove
a result which shall be applied to tamely ramified primes.

LemMMA 3.1. Let p € P. Then there exists &, € Gal(L/K) such that
ly? —@pyly < p~'/er

for any integer y € L and for any valuation v of Q extending Tp.
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Proor. Let g be a prime of L above 7, and let G’ C Gal(LL/K) (resp. I C
Gal(L/K)) be the decomposition (resp. inertia) group of g | 7,. Since G'/I is
isomorphic to the Galois group of the residue field extension (O /)/(Ok/7p),
there exists ®, € G’ such that

y?P=®,y (mod p),

for all integers y € L. Let o € Gal(L/K). Putting 0~!y in place of y in this
congruence and applying o we get

yP = ad>pa‘1y (mod o).

On the other hand Gal(L/K) is abelian, and therefore the first displayed con-
gruence holds modulo each prime of L lying over m,. Lemma 3.1 follows. O

We now consider primes having a large ramification index.
LEMMA 3.2. Let p € P. Then there exists a subgroup H), of Gal(LL/K) of order

o(Hp) = min{e,, p}

such that
ly? —oyPly < p~!

for any integer y € L, for any o € H), and for any valuation v of L extending mp.
Moreover, for any extensiont € Gal(Q/K) ofo € H,\{Id}, we have ta? # a?.

ProoF. Let v be any valuation of L. extending m,, let L, be the completion
of L at v (we recall that L, depends only on p) and let m = m,(IL) be the
smallest positive integer such that L, € Q,(¢»). We decompose m as m =q-n
where g = e;,(IL) is the maximal power of p dividing m.

If m, does not ramify in L the lemma is trivial (we have ¢, = 1 and
we take H, = {Id}). Therefore we assume that m, ramifies in L, whence
a fortiori in Q,(¢m,). This implies that plg. Let X, be the Galois group of
Qf(gm)/Q,,(;m/,,). Then X, is cyclic of order p or p—1 depending on whether
p”lq or not. By the minimality property of m we have that ¥, does not fix L,,
and hence induces by restriction a nontrivial subgroup H; of Gal(L,/Ky,). Note
that if p? 1 g, the order of H; is at least e, (since Q,(&m/p)/Qp is unramified),
while if p? | ¢, necessarily H} has order p.

We define H, to be the (isomorphic) image of H} in Gal(L/K). If v is
another valuation of L extending 7,, we have v’ = tv for some t € Gal(LL/K)
and the embedding of LL in L,/ is obtained by composing t with the embedding
of L in L,. We thus see that L, = L,, and so the group H, does not depend
on v. The same argument shows that H, = t~!H,t. Therefore, since L/K
is abelian, we have H, = H,. Hence this group depends only on p, and we
denote it by H,. By the previous arguments we have:

o) { o(H,) > e, and o(H,) | o(S,) = p— 1, if p*tq;
' o(H,) = o(Z,) = p, if p?1q.
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Let O be the ring of integers of Q,(¢y). To prove that |y? —oy?|, < p~!

for any integer y € L, it suffices to verify the congruence
y? =oy? (mod 7,0)

for every y € O and o € X,. In fact, if this is true we have in particular that,
for all integers y € L and for all o € H),, the integer y” —oy” € L has order
> e, at v, whence the assertion.

To prove the last displayed congruence, recall the well-known equality
O = Zp[ln]. Put then y = f(&m), where f € Z,[X]. Let o € Hp; since o
fixes Qp(&m/p) We have o¢? = ¢P. Combining these facts with Fermat’s little
theorem we find

oy’ =ofm)? =0f@h) = f¢h) =y? (mod pO),
as required.
We now prove the last statement of the lemma. Let o € H,, o # Id and
let T € Gal(Q/K) be any extension of o. Assume ta? = a? and denote by E

the subfield of L fixed by o. We notice that the minimal polynomial of «”
over L has coefficients in E. Moreover L(«?) = L(x) by Lemma 2.1 i). Hence

3.2) [E(@?) :E] =[L(¢?) : L] =[L(e) : L1 = D.

We quote the following sublemma:

SUBLEMMA.
o(X,)=p.

Proor. Since E g L, we have [L(x) : E] > [L(«) : L]. Therefore, by (3.2),
(3.3) [L() : E(@P)] > 1.
Remark that K(e) =L(x) (see (2.8)) and KCE(«a?) CL(e). Hence [L(x): E(x?)]
divides [K() : K(x?)]. If we had K(a) = K(a?), then T would fix K(x) =
L(«), hence a fortiori L. Therefore K(a) # K(a?), and, by Lemma 2.1 ii),
[K() : K(aP)] = p. We infer that
[L() : E@P)] | p

and, by (3.3), [L(x) : E(@?)] = p. Since the field extension E C L is Galois,
[L(x) : E(a?)] divides [L : E] which is < p. Therefore

o(Hp) =[L:E]=p

and, by (3.1), |X,| = p, as claimed. O
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Let now fix the (primitive) g-th root of unity ¢, = ¢,. Since L,({,) €
Qp(&m), the Galois group X, induces by restriction a nontrivial subgroup of
Gal(IL(,)/K), which is necessarily cyclic of order p by the sublemma. Let
F C 1L(g,) be its fixed field and let p be a generator of Gal(L(¢,)/F). Then

34 FOE
and
(3.5) P8q = 8y

for some primitive p-th root of unity ¢, (recall that p { n).

We claim that there exists an integer u such that {“« € F(a”). We may
assume « ¢ F(aP), otherwise our claim is trivial, hence a fortiori F(aP) g
L(¢4, @). Moreover, by Galois theory, [IL(¢;, ) : F(a?)] divides [LL(¢,) : F] =
p and L(¢;, aP) = L(¢;, ) by Lemma 2.1 i). Hence [L(¢y, ) : F(@?)] = p
and, again by Galois theory, the restriction

r : Gal(L(¢y, @) /F(af)) — Gal(L(g,)/F)

is a group isomorphism. Let o be a generator of Gal(IL(¢,, «)/F(a?)). Then,
by (3.5),

P8y =¢p¢y and pa = ;';,‘a
for some u € N. Hence {,“« is left fixed by o and so belongs to F(a?), as

claimed.
By (3.2) and (3.4) we have

[F(, “a) : F] < [F(a?) : F] < [E(e”) : E] = D.
Since Fy € Qp(¢m/p) and F C IL(¢,), we also have

e,(F) <q/p <q=e,L);
e(F) <ej(L) for [eP, I#p.

Therefore
[F(¢, “@) :F1< D and €'(F)<e@)=¢,

which contradicts the definition (2.4) of €. O

We shall deduce from the two previous lemmas two propositions which
generalise the key argument of [Do]. They will be used to extrapolate in the
proof of Theorem 1.1. To do this, we need the following further lemma, which
is an easy consequence of the Strong Approximation Theorem.
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LEMMA 3.3. Let E be any number field and let v be a non-archimedean place

of E. Then, forany yi, ... , y, € E there exists B € Og such that By; is an algebraic
integerfor j =1,... ,nand

1Bly = max{L, %]y, .. » [Valo} ™"

ProoF. See [Am-Dal], Lemma 3.2.

PROPOSITION 3.4. Let Ly and Ty be two positive integers. Assume that there
exists a polynomial F of degree < L\ with algebraic integer coefficients, vanishing
at all the conjugates a;, . .. , ap of a over L with multiplicity > T. Let also p € P
and let v be any valuation of Q extending 7,. Then

|F*(@P)], < p~ 11/ max({l, |a|,}P*1,

for any t € Gal(Q/K) extending ®,,.

ProoOF. Let T € Gal(Q/K) extend ®,. We extend v to the field Q(x) in
the canonical way (i.e., by setting [x|, = 1). Let a(x) = ap+a1x +--- +
ap_1xP~1 4 xP be the minimal polynomial of & over L. By Lemma 3.3, there
exists B € Op such that

(for---» fp) := (Bao, ... , Bap_y, B) € OP*!

and max;{|tf;|,} = 1. Therefore
fG&) = fo+ fix+--+ fpx® € OLlx]
and | f*|, = 1. Using Fermat’s little theorem and Lemma 3.1 we find that
|f@)? — @), < p~er.

Again by Lemma 3.3, there exists an algebraic integer 8’ € K() such that '«
is also integer and |8'|, = max({l, lod,} L. We have

1BPP f7(@F)|y = IBPP f(@)? — B'PP f¥(aP)|, < p~'/ep.

Hence
If7@P)]y < p~ /¢ max(1, |e|,}?P .

Since F has algebraic integer coefficients and since | f*|, = 1, by Gauss’ lemma
we have the factorisation F =g¢q - fT1 with |¢%|, < 1. Hence

[F*(@P)|y < p~ "1/ max({1, |a],}"!

as claimed. O
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ProposITION 3.5. Let p, v and ay, ... ,ap be as in Proposition 3.4. Let L,
and T, be two positive integers. Assume that there exists a polynomial F of degree
< L, with algebraic integer coefficients vanishing at of , . .. , of with multiplicity
> T,. Then

|F* @)y < p~" max{L, |a],}*2,

for any v € Gal(Q/K) such that Ty, € H,,.

ProoF. Let 7 € Gal(Q/K) be such that 7y € H,. As in the proof of
Proposition 3.4, we extend v to the field Q(x) in the canonical way and we
select a multiple

f@&) = fo+ fix+--+ fpxP
of the minimal polynomial of o over L, such that f € Op and |f*|, = 1. Let
g(x) = go+ g1x +--- + gpxP be the polynomial obtained by multiplying the
minimal polynomial of a? over L by f}. Then again g € O[x] and |g*|, = 1.
Moreover, g is irreducible by Lemma 2.1 i). Using Fermat’s little theorem we

find that
lgj — fFlv < p~! and |tg - tffly < p

for j =0,...,D. Moreover, by Lemma 3.2,
\ff —<fflv<p™. j=0,....D.

Therefore

lg(x) —g" @), < p'.

As in the proof of Proposition 3.4, we deduce that
8" @P)ly < p~' max{L, erl,}"”

and
|F*(@P)|y < p~™ max{L, |a|,}"*2,

as claimed. O

4. — The Absolute Siegel Lemma

Let S € Q" be a vector subspace of dimension d. Following Schmidt
[Schm], Chapter 1, Section 8, we define the height h,(S) as

F,:Q,
ha(S) = Zﬁlog %0 A+ A Xaly

v

In this formula xi, ..., X, denotes any basis of V over the ground field, F is
a number field containing the coordinates of the vectors x;, and || - ||, is the
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sup norm if v is finite and the euclidean norm if v is archimedean (we endow
A9Q" with the standard coordinates and the induced euclidean metric). Let
a € Q" and let S be the one-dimensional subspace generated by it. By abuse
of notation, we put hy(a) = hy(S).

The following result improves the main result of D. Roy and J. Thunder
(see [Ro-Th], Theorem 2.2). It is a consequence of Theorem 5.2 of [Zh] and
is proved in [Da-Ph] (see Lemma 4.7 and the remark which follows it).

LEMMA 4.1. For any ¢ > 0 there exists a nonzero vector X € S such that

ho (S logd
2()+ 2

ha(x) < >

As an immediate consequence, we find:

ProposITION 4.2. Let By, ..., B be distinct algebraic numbers and L, T
two positive integers with L > kT. Then there exists a nonzero polynomial F
with algebraic integer coefficients, of degree < L, vanishing at By, ... , Bx with
multiplicity > T, such that:

kT L& 1
ho(F) < 7—= {(T+1/2)1ogL+;Zh(ﬂ,~)}+510gL.

j=1

ProorF. Let us consider the vectors:

A+1 L—1 o .
Yj,A=(O,...,O,1,< N )ﬁ]< N >ﬁjp ; A)GQL

(G=1,....k; A=0,...,T — 1). Using the inequality Y~_} (1?2 < 2T+,
we easily obtain

¥l < max{1, | 8]}, if vtoo;
Yirllo = LT*1/2 max({1, |B;|,}*, if v|oo.

Hence hy(y;;) < (T +1/2)log L + Lh(B;). The vector subspace
S={xeQ |yj-x=0, for j=1,...,k and A=0,...,T —1)

has dimension d = L — kT and the vectors y;, are a basis of its orthogonal
complement S+1. From [Schm], Chapter 1, Section 8 we have

k
ha(S) = ha(S*) < 3 ha(yjp) <KT(T +1/2)logL+T Y h(B)).

Jik j=1

We now apply Proposition 4.2, taking & = § log 1. o
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5. = Proof of the Main Result

In the sequel we denote by cy, ¢y, ..., c16 positive constants depending
only on the ground field K. We also denote by C a positive, sufficiently large
constant, chosen so that the inequalities below will be satisfied. We fix two
parameters:

6 2
—C° (log(2D)) and E=C3 ( log(2D) )
(loglog(5D))? loglog(5D)

Let A be the set of rational primes p € P such that c;N < p < N. If ¢
is sufficiently small we have, by the Chebotarev Theorem,

s N __
~ logC loglog(5D)

Let A be the subset of primes p € A such that ¢, < E and let A, be its
complement in A, i.e. the subset of primes p € A such that e, > E. We
distinguish two cases.

PRI .
~ 2logC loglog(5D)

We introduce two other parameters:

log2D) \° log2D) \?
Ly = |C*D (~3g—(—i> and T =|C* (ﬁ(—)—> :
loglog(5D) loglog(5D)
Using the absolute Siegel lemma (Proposition 4.2) we find a nonzero poly-

nomial F with algebraic integer coefficients, of degree < L;, vanishing at
ay, ... ,ap with multiplicity > T;, such that:

o First Case:

DTy 1
hy(F) < ——(T; 1/2)log(L 1 Lih —logL
2()_L1—DT1{(1+/)0g(1+ )+ 1((x)}+20g 1

3
log(2D) ) @,

< c3logC -log(2D C'D | —="
<c3logC -log(2D) +c4 (loglog(SD)

Using the upper bound (2.1) for A(x) we obtain

loglog(5D) ) 10

hy(F) < 31 .log(2D 4
2(F) < c3log C -10g(2D) + c4C Cz(K)< log(2D)

5.1)
<cslogC -log(2D),

if C2(K) < C~*logC. _
Suppose that there exist a prime p € A; and v € Gal(Q/K) extending
®, such that F*(a?) # 0. Let F be a field containing the coefficients of F*
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and o. Using the product formula, Proposition 3.4 and the inequality e, < E,
we obtain:

[]F Qv]log'FT(ap)'v
T IF: Q]

1
Therefore, inserting the upper bounds (5.1) for A>(F) and (2.1) for h(wx),

C D(log(2D))!?
(loglog(5D))!!

loglog(2D)
< —c10C log(2D Cley(K)—="22
< —c10Clog(2D) + cs 2(K) log(5D)

0 < —¢7;Clog(2D) + ¢ h(a) + cglog C - log(2D)

Hence, if C>(K) < cg‘lcmC‘16 we have F(raP) = 0 for all primes p € A,
and for all T € Gal(Q/K) extending ®,".

Let p € A;. By Lemma 2.1 i), [L(e”) : L] = D. Hence there are
exactly D homomorphisms 7:L(x?) — Q extending <I>;1. Moreover, if p # q

and if 7, 7, € Gal(Q/K), then Tia? # ma? by a lemma of Dobrowolski
(see [Do] Lemma 2 i). From these remarks we obtain:
DN
Ly > degF > DIA|| > 5o - :
2logC loglog(5D)

which contradicts our choice of parameters. Theorem 1.1 is proved in the first
case.

2 N
2logC loglog(5D)°
We introduce two new parameters:

P log(2D) )8 _[ log(2D) ]
L= {C b (loglog(SD) and I = | O 10gGD) |

e Second Case: |Ay| >

Let oy, ... ,ap be the conjugates of o over .. We apply Proposition 4.2 (the
absolute Siegel lemma) to the set of algebraic numbers

{of suchthat j=1,...,D and pe€Ay}.

We find a nonzero polynomial F with algebraic integer coefficients, of degree

< L, vanishing at «f, ..., af with multiplicity > 7> for all p € A, such
that:
DT5|A;) 1
hy(F) < ————————{(I» + Dlog(Ly; + 1/2) + LoNh(a)} + < log L
2()_L2—DT2|A2|{(2+) g(L2 +1/2) + LoNh(e)} 5 log La

(log(2D))"

log C - log(2D C¥p——=
< enlog C-log(2D) +enC D GpH

h(a).
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From the upper bound (2.1) for k() we obtain:
ha(F) <cy1logC -log(2D) + C]2C19C2(K) loglog(5D) < c13log C -log(2D),

if C2(K) <C PlogC.

Suppose that there exist a prime p € A; and T € Gal(Q/K) such that
7L € Hp and F*(a?) # 0. As before, let F be a field containing the coefficients
of F' and «. Using the product formula, Proposition 3.5 and the upper bounds
for h(«) and hy(F), we obtain:

1 r
0= [IF : Q] ; []Fv . Qu] 10g|F (ap)lv

1
< —cuuThlog p + pLoh(a) + hao(F) + 5 log L,
< —c15C log(2D) + ¢16C* C,(K) log log(5D)

Hence, if Co(K) < cjgc16C~'° we have F(zaP) = 0 for all primes p € A
and for all T € Gal(Q/K) such that 7, € H,.

Let p € A; and let 0 € H,. By Lemma 2.1 i), [L(ax?) : L] = D.
Hence there are exactly D homomorphisms 7:L(a?) — Q extending o. Let
G € Hp\{o} and let 7, 7 € Gal(Q/K) extend o and G respectively. Then, by
the last statement of Lemma 3.2, ta? # TaP. Moreover, if p # g and if 1,
7, € Gal(Q/K), then tja? # 1,09 by the quoted lemma of Dobrowolski ([Do]
Lemma 2 i). From these remarks and from the inequalities e, > E and p >
ciN > E (p € P) we obtain:

. e DNE
Ly>deg F>S D|H,|>S D »P}Z|A2|DE> '
2 >deg _pgz | p|_peZA2 min{ep, p}>|A,| ~2logC loglog(5D)

which contradicts again our choice of parameters. The proof of Theorem 1.1
is now complete.

6. — Proof of Corollary 1.1

We may assume d = deg, (F) > 1. Let ¢ > 0. Then, by Proposi-

tion 2.7 of [Am-Da2], the set of algebraic points (w;, ..., w,—1, ) such that
W1, ... ,Wp_1 € U, O(#O,
log M(F
h(a) < Ld(_) +¢

and F(wi,...,wn—1,0) = 0, is Zariski-dense in the hypersurface V C G},
defined by F = 0. Since F is not an extended cyclotomic polynomial, V is
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not a union of translates of subgroups by torsion points. Hence, by a result of
M. Laurent (see [Lau]), u" NV is not Zariski-dense in V. This implies that
there exist wy,... ,w,_1 € p and « € @*\u such that

h(a) < log M(F) IZ(F) +¢

and
[Qwi, ..., 0n-1,0) : Q1, ... ,0p-1)] < d.
Applying Theorem 1.1 with K= Q and L = Q(w;, ... , w,—1), We obtain:

log M (F C loglog(5d)\ "
og M( )—i-ezh(a)z z(Q)(og og( ))
d d log(2d)
Corollary 1.1 easily follows. O

ADDED IN PrOOF. The main result of the present paper can be slightly
improved if the number of rational primes ramified in the abelian extension is
small. We have:

THEOREM 1.1.B1S. Let K be any number field and let L. be any abelian extension
of K. Let also o be a nonzero algebraic number which is not a root of unity and
put D = [L(a) : L]. Assume that the number of rational primes ramified in L is
bounded by co(ﬁgﬂ)2 for some positive constant cy. Then

loglog(5D)
C(K,co) ( log(2D) \7°
D <log 10g(5D)) ’
where Co(K, cp) is a positive constant depending only on K and cy.

h(a) >

Proor. Assume that the conclusion of Theorem 1.1 bis is false. Then,
in Section 2, we can choose an abelian extension L and an algebraic number
o satisfying (2.1), (2.2) (with the exponent —13 replaced by —3 and C,(K)
replaced by Cy(K, cp)), (2.3), (2.5), (2.6), (2.7), and (2.8). We choose in

2
Section 5, the parameters N = C3 (1%21(()21()5)1)))) and £ = 1 and we remark that
the set A; of rational primes p € P such that c;(N < p < N and e, = 1
has cardinality > ﬁf . @Olg(ﬁ, by the Chebotarev Theorem and by the extra
assumption of Theorem 1.1 bis. As in Section 5, we introduce two other

parameters:
log(2D) \? log(2D
L= Cc?Dp (ﬂ(_l_) and Ty = [C_og_(_)_] .
loglog(5D) loglog(5D)

The same arguments show that there exists a nonzero polynomial F with al-
gebraic integer coefficients, of degree < L, vanishing at ta? for all primes
p € A and for all T € Gal(Q/K) extending Cb;l. As in the original proof, we
deduce that DN

log(5D)’
which contradicts our choice of parameters. Theorem 1.1 bis is proved. O

c2
L, >degF > D|A{| > :
1 2 deg F = D 1'—1ogc log
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Theorem 1.1 bis allows us to improve Corollary 1.2:

COROLLARY 1.2 BIS. Let F € Z[xy, . . ., x,] be anirreducible polynomial. Assume
that F is not an extended cyclotomic polynomial and that d = I¥1in deng (F)y=1.
j=1,....,n

Then

log(2d) \ 3
logM(F>zcz(Q,1)(ﬁ(g—(§)5) .

ProoF. Let 1 be the union of the sets of primitive p-roots of unity, p
being an arbitrary prime number. We remark that, by Proposition 2.7 of [Am-

Da2], the set of algebraic points (@, ... , ®w,—1, @) such that w;, ... ,w,—1 € f1,
@ #0, hie) < 2% 4 ¢ and F(wy, ..., ws 1, @) =0, is Zariski-dense in the

hypersurface V = {F = 0} € G},. The sequel of the proof is the same as in
Section 6, but we apply Theorem 1.1 bis instead of Theorem 1.1.
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