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Pseudoconvex Domains over g-Complete Manifolds
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Abstract. Let (D, 7) be an unramified Riemann domain over a connected complex
manifold X of dimension n. We measure convexity properties of D as a “function”
of the convexity properties of X and . For instance, if (D, ) is pseudoconvex
and X is g-complete, then D is g-complete. In particular, forg = 1, ie. X is
Stein, then D is Stein; thus we recover the theorem of Oka-Docquier-Grauert (with
a new proof). More generally, if (D, 7) is pseudoconvex of order n — g and X
is r-complete with corners, then D is (g + r — 1)-complete with corners. As an
application of this we get that if X is Stein,n > g+ 1,and n~ I(2)is g-complete
with corners for every smooth hypersurface ¥ C X, then D is g-complete with
corners. For ¢ = 1 we obtain the “right” statement of a well-known result due
to Lelong in the set-up of Stein manifolds. Finally, if X = P” and (D, ) is
pseudoconvex of order n — g (¢ < n), then D is g-complete with corners if D is
not biholomorphic to P" via 7.

Mathematics Subject Classification (2000): 32F10, 32E40, 32D26 (primary);
32F17, 32U05, 32F32 (secondary).

1. - Introduction

It is well-known that geometric properties of complex manifolds imply
strong analytic consequences. For instance, Stein manifolds are characterized
by the existence of a smooth strongly plurisubharmonic exhaustion function [14].

All the eigenvalues of the Leviform of a smooth strongly plurisubharmonic
function, or 1-convex function, are positive. If we assume only a precise number
of these eigenvalues to be positive we get the notion of g-convex function
and then that of g-complete manifolds for which important vanishing theorems
hold [2]. The meaning of a g-convex function is that there are directions with
respect to which the function becomes strongly plurisubharmonic. If ¢; and ¢,
are g-convex functions in C", then without knowing the eigenvalues, the best
one can affirm about their sum ¢; + ¢, is its (2g — 1)-convexity. However, if
at every point there is an (n — g + 1)-dimensional vector subspace of C" and
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in these directions ¢; and ¢, are 1-convex, then so is their sum; thus ¢; + ¢,
remains g-convex. In this way we arrive at convexity with respect to a linear set
M [32] and then at M-complete manifolds (Sect. 2.1). If codimM < g, we
recover the usual g-convexity.

On the other hand, there are many examples which appear in complex
analysis (for instance taking complements of analytic sets in complex mani-
folds) where we have to deal with functions that are expressed locally as the
maximum of finitely many g-convex functions, the so called functions g-convex
with corners. It is shown in [7] that such a function g-convex with corners
can be always approximated in the C°-topology by g-convex functions, where
g = n—[n/ql+ 1, n being the complex dimension of the ambient complex
manifold. Therefore we still obtain vanishing or finiteness theorems by [2]
if 29 < n (so that ¢ < n). This g-convexity with corners is more flexible
than g-convexity and the normalization is chosen such that manifolds which are
1-complete with corners coincide with Stein manifolds.

The fourth convexity notion to be used in this paper, pseudoconvexity of
general order (see Sect. 2.4), is very close to convexity with corners and has its
roots in Oka’s fundamental paper [29]. Roughly speaking, an open set D of C"
is pseudoconvex of order k if its complement C"\ D has the same continuity as
an analytic set of dimension k, k being an integer, 1 < k < n. For instance, if
D is g-complete with corners, then D is pseudoconvex of order n—q. By using
Hartogs figures of order k one defines pseudoconvexity of order k for domains
over complex manifolds.

The problem of measuring convexity of manifolds which are domains of
local homeomorphisms as a function of the convexity of the image manifolds
is very classical and has been central in complex analysis for more than two
decades (see [29], [16], [17], [13], [35], [36], [19], [20], [23], [8]). The
Levi’s problem, or the inverse problem of Hartogs, for domains over a complex
manifold, is stated as follows:

“Let (D, ) be a pseudoconvex domain over a complex manifold X. Under
what conditions is D a Stein manifold?”

Oka [29] solved affirmatively this problem in the original and fundamental
case, i.e., for domains over a Euclidean space C".

Since then there has been several extensions of this result for various com-
plex manifolds X which we now resume. First of all, Docquier and Grauert [8]
solved the case when X is a Stein manifold, Fuyjita [13] and Takeuchi [35]
considered X the complex projective space P", then Hirschowitz ([19], [20])
investigated the case when X is an infinitesimally homogeneous manifold. (See
also Ueda [37] which improved upon some result of Hirschowitz for the Grass-
mannian.) Also Takeuchi’s approach [36] revealed geometric aspects for the
case when X is a Kihler manifold.

On the other hand, a first attempt to a different set-up was made by Bal-
lico [3] who settled the case of topological coverings of g-complete manifolds,
and only recently some progress has been made for pseudoconvexity of general
order (see [25], [40]).



PSEUDOCONVEX DOMAINS OVER q-COMPLETE MANIFOLDS 505

It is now a natural question to ask for further convexity properties of pseu-
doconvex domains over g-complete manifolds, or, more generally, of domains
pseudoconvex of order k over manifolds X in a suitable class as mentioned
above.

This paper stemmed from answering these questions. Our first main re-
sult gives a natural generalization of Oka-Docquier-Grauert theorem which is
recovered for ¢ = 1 (with a new proof without using Remmert’s embedding
theorem) and completes Ballico’s result quoted above. It is stated as follows:

THEOREM 1. Let (D, m) be a pseudoconvex domain over a complex manifold X.
If X is M-complete with respect to a linear set M over X, then D is w* M-complete.
In particular, if X is g-complete, then D is q-complete, too.

We remark that Theorem 1 fails if we allow branching. However, if 7 :
D — X is a ramified covering and X is g-complete, then D is g-complete.
See Section 6.

A characterization of pseudoconvexity of order n — g via g-convexity with
corners as well as transitivity properties for pseudoconvexity of general order
are shown in Corollaries 3 and 10 respectively. In fact a more general statement
holds, namely;

THEOREM 2. Let (D, ) be a domain pseudoconvex of order n — q over a
connected complex manifold X of dimension n. If X is r-complete with corners,
then D is (q + r — 1)-complete with corners.

Again this theorem fails if we allow branching, but it holds true if m is a
ramified covering. See Section 6 for the correct statement. Note that a weaker
assertion is true, namely; if 7 : Z — X is a holomorphic map of complex
spaces which is locally g-complete with corners (see Sect. 2.2) and if X is
r-complete with corners, then Z is (g + r)-complete with corners.

In the same circle of ideas, applying Theorem 2 we obtain:

THEOREM 3. Let (D, ) be a domain over a Stein manifold X of pure dimension
n such that for every smooth hypersurface ¥ C X, n~1(X) is g-complete with
corners. If n > q + 1, then D is g-complete with corners.

The case ¢ = 1 improves on a result from [1] and gives the “right”
statement in the set-up of Stein manifolds of the classical work of Lelong [24]
in the euclidean space. It is stated as follows:

CoroLLARY 1. If (D, m) is a domain over a connected Stein manifold X of
dimension n > 2 such that for every smooth hypersurface * C X, 7 ~\(X) is Stein,
then D is also Stein.

The next result, viz. Theorem 4, may be regarded as a natural generalization
of R. Fujita’s and Takeuchi’s theorem quoted above which is recovered for g = 1.
For this we use g-plurisubharmonic functions (see Sect. 2.3).

THEOREM 4. Let (D, i) be a domain pseudoconvex of order n — q over P".
If D is not biholomorphic to P" via m, then D is q-complete with corners.

(A counterexample when we have branching is shown in [27] for g = 1.)
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2. — Preliminaries

Throughout this paper all complex spaces are assumed to be reduced and
with countable topology. For practical purposes we abbreviate “usc” and “psh”
for “upper semi-continuous” and “plurisubharmonic”, a complex manifold of
pure dimension n will be referred to as “n-fold”, and if U and V are subsets
of a topological space (which will be clear from the context) the notation
“U € V” means that the closure U of U is compact and contained in the
interior of V.

2.1. - Convexity with respect to linear sets

Let X be a complex space and 7, X denotes the Zariski tangent space of
X at x. Set TX = Uyex T X.

A subset M C TX is said to be a linear set over X if for every point
x € X, My :=MNT,X is a complex vector subspace. If 2 C X is open, we
have an obvious definition for M|q as a linear set over 2. Then we put:

codimy M := sup codimg, x M.
xeX
For practical purposes, when the ambient space is clear from the context, we
write codimM instead of codimyM.
Let m : Z — X be an holomorphic map of complex spaces and M
a linear set over X. For every z € Z we have an induced C-linear map of
complex vector spaces Ty, : I,Z — T, X, where x = m(z). We set

M= () T M),

z€eZ

Clearly, m*M is a linear set over Z and codimzm*M < codimy M.

A (local) chart of X at a point x € X is a holomorphic embedding ¢ :
U —> U, where U > x is an open subset of X and U is an open subset
of some euclidean space C". Holomorphic embedding means that ((U) is an
analytic subset of U and the induced map ¢ : U —> «(U) is biholomorphic.

Suppose ¢ : U —> U is a local chart at x; then the differential map
tyx : TyX —> C" of ¢ at x is an injective homomorphism of complex vector
spaces.
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“
Let D C C* be an open subset. A function ¢ € C*®°(D, R) is said to be
q-convex if its Levi form

n 32(p _
L = iSjs b4 = n’
(9, 2)(&) i; az,-az,.(““f £§eT,D=C

has at least n —g + 1 positive (> 0) eigenvalues for every z € D, or equivalenty,
there exists a family {M,},cp of (n — g + 1)-dimensional vector subspaces of
TD = D x C" such that L(p, )|y, is a positively definite quadratic form for
all ze D.

Let X be a complex space. A function ¢ € C*(X,R) is said to be g-
convex if every point of X admits a local chart ¢ : U —> U c C" such that
there is a g-convex function § € C®°(U,R) with ot = ¢|y. (This definition
does not depend on the local embeddings.)

We say that X is g-complete if there exists a g-convex function ¢ € C(X, R)
which is exhaustive, i.e., the sublevel sets {x € X; ¢(x) < c},c € R, are
relatively compact in X. We choose the normalization such that 1-complete
spaces correspond to Stein spaces.

The following definition is due to M. Peternell [32].

DerFINITION 1. Let X be a complex space, M a linear set over X, and
¢ € C*(X,R).

a) Let x € X. We say that ¢ is weakly 1-convex with respectto M, if there are:
a local chart ¢ : U —> U such that Yot =g|y and L(@, t(x))(txx(£)) =0
for every & € M,. We say that ¢ is weakly 1-convex with respectto M if
¢ is 1-convex with respect to M, for every x € X.

b) The function ¢ is said to be 1-convex with respect to M if every point of
X admits a neighborhood U for which there exists a 1-convex function 6
on U such that ¢ — 0 is weakly 1-convex with respect to M|y.

(It is not difficult to see that the extension ¢ of ¢ is irrelevant for the above
definition!)

Let X be a complex space and M a linear set over X. A function ¢ €
C%X, R) is said to be M-convex if every point of X admits a neighborhood D
on which there are functions ¢y, ..., ¢, € C*°(D,R) which are 1-convex with
respect to M|p and

¢|p = max(gy, ..., k).

Denote by C(X, M) the set of all M-convex functions on X, where M is a
linear set over X.

We say that X is M-complete if there is an exhaustion function ¢ €
C(X, M).

From [39] and [32] we quote respectively:
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ProposITION 1. Let M be a linear set over a complex space X and ¢ €
C(X, M). Then for every n € CO(X,R), n > 0, there exists § € C®(X, R) which
is 1-convex with respect to M and

p=<9<o+n.

In particular, if codim M < q, then ¢ is q-convex.

PROPOSITION 2. Let X be a complex space and ¢ a q-convex function on X.
Then there is a linear set M over X such that codim M < q and ¢ is 1-convex with
respect to M.

As a consequence of these propositions we get:

COROLLARY 2. Let X be a complex space and ¢ and  two functions on X which
are q-convex and r-convex respectively. Then for every n € C°(X,R) , 1 > 0, there
is a (g + r — 1)-convex function 0 on X such that

|6 — max(p, ¥)| < n.
2.2. — Convexity with corners

Let X be a complex space. A function ¥ € C°(X,R) is said to be g-
convex with corners [30] if every point of X admits a neighborhood U C X on
which there are finitely many g-convex functions v, ... , ¥ such that

Vly = max(y, ..., ¥i).

Denote by F,(X) the set of all continuous functions on X which are g-convex
with corners.

i Following [32] denote by S, the class of complex spaces X such that
F,(U) # @ for every open U € X. Also we denote S} those complex spaces
X such that on every relatively compact open subset U of X there are r-convex
functions. Clearly, S € S, for every r. The equality holds for r = 1. As
examples we give:

1) Every K-complete space belongs to S;. (A complex space X is K-complete
in the sense of Grauert if and only if for every point x € X the set of all
points y € X for which f(y) = f(x) for all global holomorphic functions
f has dimension O at x.)
2) If  : X —> Y is a holomorphic map of complex spaces with fibers in S
and Y € S (tesp. Y € &;), then then X € §F (resp. X € S,).
3) If A is an analytic subset of a complex space X and A € S, (resp. A € S)),
then there is a neighborhood V of A in X such that V € S, (resp. V € S}).
We say that X is g-convex with corners if there is an exhaustion function ¢
on X such that ¢ € F (X \ K) for some compact subset K of X. If we can
choose K =@, then X is sais to be g-complete with corners.

Let 7 : X —> Y be a holomorphic map of complex spaces. We say that &
is locally q-complete (resp. locally q-complete with corners) if every point of ¥
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admits a neighborhood V such that w~!(V) is g-complete (resp. g-complete
with corners). In case ¢ = 1 we also call & locally Stein.

Following [30], we introduce two subsets H,(X) and G,(X) of C%X,R)
as follows:

Hy(X) := the set of all h € C%X,R) such that for every x € X and
neighborhood U of x there is a neighborhod V of x with V &€ U and
fer)N C°(V,R) such that f(x) = h(x) and f <h on dV.

Gy(X) = C%X,R) NNyex G4(x), where for x € X, G4(x) := the set of
all functions g : X —> R such that there are: a neighborhood U of x and
f € F,(U) with f(x) =g(x) and f < g on U.

Clearly, one has F,;(X) C G4(X) C H,(X). The next lemma completes
Lemma 1 in [30].

LEMMA 1. F,(X) is dense in Hy(X) with respect to the C°-topology; a fortiori,
Fy(X) is dense in G 4(X) with respect to the C-topology.

ProoF. We have to show that for A € Hy;(X) and n € CY%X,R), n > 0,
there is h € F;(X) with |h —h| <.

STeEP 1. We claim that for every compact set K C X and open set @ € X
with K C € one has the following property. For every x € K, there are
neighborhoods V and U of x, V € U € €, and f € Fq(U)ﬁCO(U,]R) such
that:

(%) flv>hly,f <h+nonU, and f <h on 3U.

Put n = dim, X; then let € > 0 with 2¢ < infgn and W neighborhood of
x such that W € €, |h(y) — h(2)| < € for y,z € W and, dimyX < n for
weWw.

By hypothesis there is a neighborhood U € W of x and g € F,(U)N
C%(U,R) such that g(x) = h(x) and g < h on dU. If ¢ > n+1, then F,1(W)
is dense in C%(W, R) and property (x) follows easily. If g <n, then g < h+¢
on U. In order to see this, we let u € dU such that g < g(u) on U (by
applying the maximum principle for functions g-convex with corners); hence
for y e U, g(y) —h(y) < gw) — h(u) + h(u) — h(y) <e.

Take f :=c + g where ¢ > 0 is such that ¢ < mingy(h — g) and ¢ < e.
Since f(x) > h(x), the existence of V follows by continuity, whence the claim.

Step 2. To conclude, fix a locally finite open covering {€2;};c; of X by
relatively compact subsets. Then choose compact sets K; C £2; whose union
equals X. The above step gives open sets V;; € U;; € £2;, j runs over a
finite set of indices J;, and f;; € F,(U;;) N C°(U;;, R) with property (x) from
the claim in Step 1. Furthermore one may assume that K; C U;V;;.

Define # : X — R by setting: h(x) = max; ;{fij(x); x € U;}. Itis
easily seen that h has all the required properties. O

LEMMA 2. Let U be a complex space, V an r-fold, and f € F,,(U x V),

sup f < +00. Defines : U — R, s(x) = sup{f(x,y); y € V}, x € U, and let
. xo € U such that there is yo € V with s(xo) = f(xo, o). Then s € G4(xo).
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Proor. See [30], Lemma 4, pag. 256. |

LEMMA 3. Let Y be a complex space and S C Y an analytic set. Then there
exists h € C*(Y,R) such that h > 0, {h = 0} = S, and log h is quasi-psh in the
sense that for every point y € Y there exist a neighborhood U and 0 € C*® (U, R)
such thatlogh 4 0 ispshon U \ S.

Proor. See [32]. O
Now we are prepared to prove

PROPOSITION 3. Let w : E —> X be a locally trivial holomorphic fibration of
complex spaces with fiber Y. Suppose Y is compact and let r = dim(Y). Then E is
(g + r)-complete with corners (resp. (q + r)-convex with corners) if and only if X
is q-complete with corners (resp. q-convex with corners).

ProoF. Let A :={x € C®R,R); x' >0, x" > 0}.

We consider the “if” case. Since Y is r-dimensional, F,,;(Y) is dense in
CO%Y,R); let 6 € F,,1(Y), 6 > 1. Then consider open sets V; € U; € W; €
X such that UV; = X, {W;}; is locally finite, and 7' (W;) >~ W; x Y, where
the index i runs through a set I. Let p; € Cg°(W;,R) such that —1 < p; <1,
pi =1 on V;, and p; = —1 near dU;. Consider ¢; : x~1(W;) — [1, 00)
canonically induced by # via the composition 7= !(W;) ~ W; x ¥ — Y. Let
¢ € C%(X,R) be exhaustive and ¢ € Fy(X \ K) for some compact set K C X.
Let L be a compact neighborhood of K; if K = @, then we choose L = @.

For x € A define a function &, : E —> R by setting:

@, (§) = sup{x (¢ (§))) + ¥i(§)pi(w(§)); i such that U; > w(§)},§ € E.

Clearly @, is continuous and exhaustive, and if x’ is sufficiently large, then
P, € Fyyr (E\ 7~ !(L)). (Notice that if Y is smooth, then one can take simply
d> @om.)

Here we consider the “only if” case. Let § C Y be an analytic set such that
Y \ S is a complex manifold of pure dimension r. Let A C E be the analytic
set canonically induced by S so that E, \ A, where E, = 77 1(x) ~ Y is the
fiber over x and A, = ANE, ~ S. Let V be a neighborhood of A in E such
that V; # E, for every x. Apply the Lemma 3 and get & € C*°(E, R) such that
h >0, {h =0} = A, and logh is quasi-psh. Let ® € C°(E,R) be exhautive
such that ® € F,,,(E\L) for some compact L C E. Let K C X be a compact
set such that Jt‘l(K ) is a neighborhod of L (if L =@ we choose K = @#). For
X € A with x’ large enough one has x(®)+logh € Fq+,(E\A) and x (P)+logh
is exhaustive for £ \ V. Let ®:E—R given by o = hexp(x(®)) and
consider ¢ : X —> R defined by

@(x) = sup{®(&); & € Ex}, x € X.

Then ¢ is continuous and exhaustive for X and by Lemma 2 we get ¢ €
G4(X \ K), whence the proof of the proposition applying Lemma 1. O
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2.3. — g-plurisubharmonic functions

In order to deal with pseudoconvexity of general order we need g-pluri-
subharmonic functions which are defined below.

Let X be a complex space, ¢ : X —> RU{— oo} an upper semicontinuous
function (usc, for short), and ¢ € N, g > 0. We say that ¢ is:

(1) subpluriharmonic if for every open set £ € X and every pluriharmonic
function £ on a neighborhood of Q, ie., his locally the real part of a
holomorphic function, if ¢ < h on 92, then ¢ < h on Q.

(2) g-plurisubharmonic (q-psh, for short) if for every open set G C C? and
holomorphic map f : G — X the function ¢ o f is subpluriharmonic.
Denote by P,(X) the set of all g-psh functions on X.

(3) strongly q-plurisubharmonic if for every 6 € C3°(X, R) there is € > 0 such
that ¢ + €6 € P,(X). Denote by SP,(X) the set of all strongly g-psh
functions on X.

(In O. Fujita’s terminology [11], g-plurisubharmonic functions in C* are called

“pseudoconvex of order n—g” and they coincide with “(g — 1)-plurisubharmonic

functions” in the sense of Hunt and Murray [21]. For the equivalence of these

notions see [12].)

As a motivation for our choice we note that a function ¢ € C%(D,R),
where D is an open subset of C”, is g-psh iff the Levi form L(g, z) has at
least n —g +1 non-negative eigenvalues for every z € D. Any function in F, (D)
is strongly g-psh. Also usual plurisubharmonicity equals 1-plurisubharmonicity
and an usc function ¢ : D — RU{—o0}, D C C? is open, is g-psh if and
only if ¢ is subpluriharmonic.

Denote by Grg(n) the Grassmann variety of g-dimensional planes of C".
Here we improve on a result from [12] to:

PROPOSITION 4. Let D C C" be an open subsetand ¢ : D —> RU{— oo} anusc
function. Assume that for every point a € D there is a dense subset H, C Gr,(n)
such that the restriction of ¢ to ({a}+ H) N\ D is subpluriharmonic for every H € H,,.
Then ¢ is q-psh.

Proor. For the commodity of the reader we give a proof of this following
the arguments in [12] where the case H, = Gr,(n), a € D, is treated.

Consider for ¢ € R, Q. := {(z, w) € D x C; ¢(z) +log|w| < c}. By [40],
¢ is g-psh if and only if Qo C C"*! is pseudoconvex of order k :==n+1—gq.

In order to check this, we let ® : D x C — R U {— oo} defined by
®(z,w) = @(z) +log|w|,z€ D,w e C.

Observe that every g-plane I' C C**! is: either in the form I' = IV x C
for some (g — 1)-plane IV C C", thus the restriction of ® to ' N (D x C) is
subpluriharmonic; or I' = {(z,(z)); z € '}, where ' C C" is a g-plane and
l: C" —> C is C-linear, hence for arbitrary such / and I'” € Hy, the hypothesis
implies that the restriction of & to I' N (D x C) is subpluriharmonic.

Suppose now, in order to reach a contradiction, that €2 is not pseudoconvex
of order k. Hence after scaling and translation, without any loss in generality,
we may assume that A"(1) € D, (0,0) & Q0, and dAY(1) x {0} C Q.
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Thus there is r > 0 such that K := dA9(1) x A¥(r) C Qo and a g-plane
I' C C**! with IT'N (A9(1) x dA*(r)) =@ and @ restricted to T' N (D x C) is
subpluriharmonic. Now, as the natural projection from I' N (A9(1) x A¥(r)) into
A9(1) is proper and bijective (standard exercise in linear algebra), the maximum
principle for subpluriharmonic functions implies that ®(0, 0) < maxgx ®. Hence
®(0,0) < 0. Thus (0,0) € R, which. is contradictory! O

From [40] we quote the following aproximation result.

PROPOSITION 5. Let X be a complex manifold. Then the subset F (X) of
SP,(X) N CO(X, R) is dense with respect to the C°-topology.

2.4. — Domains over complex manifolds

Let X be a n-fold. By a a domain over X we mean a pair (D, ) where D
is a connected topological space which is Hausdorff and w : D —> X is a
continuous map which is locally homeomorphic. Clearly D inherits a complex
structure via 7w with respect to which mw becomes locally biholomorphic.

A branched Riemann domain over X is a pair (Y, w), where Y is a connected
n-dimensional complex manifold and 7 : ¥ — X is a holomorphic map with
discrete fibers. A branched Riemann domain (Y, w) over X is locally Stein if
there exists for every x € X a neighborhood U (x) with 7Y (U (x)) Stein.

For r > 0 set A*(r) :={z € C*; |z1| <7r,...,|zx| <r}. A Hartogs figure
of order q in C", or more precisely a (q,n —q) Hartogs figure (see [10]), g an
integer, 1 < g < n, is defined by:

H, = (Aq(l) x A"-q(r)) U ((Aq(l) \ D)) x A"—‘I(l))

where 0 <r,s < 1. Put ﬁq = A"(1).

DEFINITION 2. A domain (D, ) over a complex manifold X of pure
domension n is pseudoconvex of order n — q, q an integer, 1 < g < n, if for
every injective holomorphic map f : ﬁq —> X such that fl|g, lifts to D,
then f lifts to D.

REMARK 1. We can also say that a domain (D, ) over X is locally
pseudoconvex of order n — q if every point of X has a neighborhood U such
that the domain (7 ~1(U), Tl 1) 18 pseudoconvex of order n —q over U. As
a matter of fact, by [40], this is equivalent to psedoconvexity of order n — g.

Usual pserdoconvexity means pseudoconvexity of order n— 1. For practical
purposes, every domain is pseudoconvex of order 0. Note that a domain (D, )
over X is locally pseudoconvex iff 7 is locally Stein. A general statement is
given below in Corollary 3.

Specialize now to the case (D, ) is a domain over C". Denote by S the
unit sphere in C", ie., S = {w € C"; |w|| = 1}. For each w € S define the
Hartogs radius of (D, ) in direction w as a function

Rw . D e (09 w]’
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where for £ € D we set Ry (§) := the supremum of all r > 0 such that there
is a neighborhood U of & in t~!(L,) which is mapped biholomorphically via
T onto the disc in L,, of center t(§) and radius r, where L, is the complex
line L, ={t(€)+tw; t € C}.

Then R,, is lower semi-continuous and if § denotes the boundary distance
function for the domain (D, ) over C", then

8 = inf R,,.

wes

Let us recall the following more or less known fact (a nice exercise in topology)

ProposITION 6. Let A and B two metric spaces, Ay C A and By C B two
subsets, and f : A —> B a continuous map such that:

1) fla, is homeomorphic onto By;
2) For every x € A there exists a neighborhood Vy of x in A such that f|y, is
homeomorphic onto a neighborhood of f(x) in B.

Then there exists a neighborhood V of A1 in A such that f |y is homeomorphic onto
a neighborhood of B, in B.

Consequently, our Hartogs radii, which are easier to manipulate, equals
those from [25]. Now, combining results from [25] and [40] give:

ProPOSITION 7. Keeping the notation as above, the next statements are equiv-
alent:

(i) (D, m) is pseudoconvex of order n — q over C".
(ii) Foreveryw € S, —log R,, is q-psh.
(iii) —log$é is g-psh.
(iv) D is q-complete with corners.

From this and [40] we have:

COROLLARY 3. For a domain (D, ) over a n-fold X pseudoconvexity of order
n — q is equivalent to 7 is locally q-complete with corners.

COROLLARY 4. Let (D, ) be a domain pseudoconvex of order n—q over C" and
8 its boundary distance function. If x (D) is bounded, then for every p € R, p > 1,
there is 8 € C°(D,R), 8§ > O, such that 1/p < §/8 < p and —log$ is q-convex
with corners.

Proor. Let & > 0 be any 1-convex function on C* and positive constants €
and c such that 2¢ = log p and c6 < € on w(£2). Since —logé is continuous and
q-psh, by Proposition 5, there is ¥ € F,(£2) such that [y +logd —c(@o7)| < €.
Finally, § := exp(—y) is as desired. O
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3. — An abstract patching lemma

LEMMA 4. Let Z be a topological space and G a sheaf of germs of continuous
functions on Z such that for every open set U C Z, arbitrary constants a, b € R,
a > 0, and arbitray sections o, t € G(U) one has: ao,o + t,0 + b, max(o, 1) €
GU). Let ® € G(Z) and {a;}; an increasing sequence tending to oo. Set Z; :=
{ze Z; ®(2) < a;}, i € N. Assume that

(#) For every i € N there exists ®; € G(Z;) such that the subsets of Z; given by
{€ € Z;; ®;(¢) < ¢}, c €R, are relatively compact in Z.
Then there is an exhaustion function ¥ € G(Z).

REMARK 2. Notice that the above ®,’s are not required to be exhaustive
for Z,. This lemma will be invoked in the following form. Z will be a complex
space and for G we take: (i) the sheaf of germs of functions g-convex with
corners; (ii) the sheaf of germs of continuous (strongly) g-psh functions; and
(iii) the sheaf of germs of M-convex functions with respect to a linear set M
over Z.

THE ProoF oF THE LEMMA 4. We follow the recipe of Oka [29]. In order
to do this, choose an exhaustion {A;}; of Z by open sets such that A; € A;4;
and A; € Z; fori=1,2,---. Put
A ={€Z; @) <}, i=12,...,

and
A;’ ={te€eZ,; P;,(¢)<Bi},i=3,4,...,

where the constants «;, 8; will be determined one after the other in the order

o1, B3, a2, B4, - .., s Big2, it
so that one has
Ai C A:’
{ A; € Al,
A NP < (@i +ai11)/2} € A,

(Condition () shows that one can choose the constants «;, Bj.) Now we con-
struct a sequence of sections ¥; € G(Z;), i =2,3,..., as follows. Set

Yy = ®s.

In order to get 3, let Y3 € G(Z3) defined by:

Y3 i= cy max (fb — (a1 +a)/2, @3 — .33)-
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If c; > 1 is large enough, we may arrange things so that

Y3 <V, on Af;
{ Y3 >a; on Z3\ A
Y5 >y, on dA;.

(This is possible since we have A} € {¥3 < 0} = AJN{® < (a1+a2)/2} € A).
Hence for some € > 0, {y' < €} C A}. Note that here Z3\ A} is not supposed
to be relatively compact in Z.) Then we define 3 by setting:

Uy = { max(y2, ¥3) on A);
2T v on.Z3 \ A.

We note that Y3 = ¥, in A} and Y3 > ay in Z3 \ A). Now, we iterate this
process and obtain the sequence of sections V¥, ¥3, ..., ¥, ..., such that:

{ Yi =Yi-1 on Al_y;

¥ > aj—1 on Z; \ A}—l’ i >j> 1.

Finally, ¥ :=limy; belongs to G(Z) and is exhaustive for Z. O

The above lemma gives us the following interesting consequences in the
spirit of Docquier and Grauert [8].

COROLLARY 5. Let Z be a complex space and M a linear set over Z. Suppose
there is a M-convex function ® on Z such that for every ¢ € R the sublevel set
{® < c}is M-complete. Then Z is M-complete. In particular, if codim M < q, Z
is q-complete.

In order to state another application of the method used in the proof of
Lemma 4 we make the following observations.

If Z is a complex manifold and ® € C*(Z, R) is g-convex on Z\ A, where
A C Z is a rare closed subset, then for every r-convex function o defined on
a open set U C Z, the function ® 4 o is (g +r — 1)-convex on U. This fails
if Z has singularities; for instance, let Z C C"(n > 2) be the complex curve
given by Z = f(C), where f : C — C",t — (t",... ,12 1), Let 6 be any
1-convex function on C” and set @ := (—6)|z, 0 := 6|z. Clearly ® is 2-convex
on Reg(Z) = Z \ {0} and o is 1-convex on Z. However, ® + o (= 0) is not
n-convex. In fact, if u is any smooth function on C" such that u|z; = O then
its Levi form L(u; 0) vanishes identically by [38].

The question of studying convexity properties for Z when similar properties
for Z\ A and A are given (A is, for example an analytic subset of Z) is motivated
by an example due to Grauert [15] who, mutatis mutandis, produced a complex
manifold Z together with a hypersurface A C Z such that one has:

(i) There is a smooth proper plurisubharmonic function ¢ : Z —> [0, 00)
which is strongly plurisubharmonic on Z \ A.

(ii) Z is not holomorphically convex.

Here we give the following corollary.
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COROLLARY 6. Let Z be a complex manifold and ® € C®(Z, R) exhaustive
such that there is a rare closed subset A C Z (not necessarily analytic) and ® is
g-convex on Z \ A. If there is a neighborhood V of A with V € S,, then Z is
(g + r — 1)-complete with corners. Moreover, if r = 1, then Z is q-complete.

ProoF. As in Lemma 4, put Z; = {¢ < i} and define ®; := €;0;+1/(i — D),
where ¢; > 0 and 0; € C*(Z, R) is r-convex with corners on a neighborhood V;
of ANZ;;;. Clearly ®; is exhaustive for Z; and ®; € F 4,—1(V; N Z;); if ¢
is small enough, then &®; is g-convex near Z; \ V; C Z;. Fix such an ¢; > 0
and set on Z3

Y3 = max(03 + c2(® — (a1 + @2)/2), c2(P3 — B3)),
for c; > 1, and proceed similarly as in Lemma 4. Then y; are (g+r—1)-convex
with corners and the first part of the corollary follows.

To show the “moreover” we observe that there is a linear set M over Z,
codim M < g, such that ® is 1-convex with respect to M on Z \ A and for
every open set U C Z and any 1-convex function 6 on U, ® + 6 is 1-convex
with respect to M on U. (As a matter of fact, let M! be the linear set over
Z \ A given by Proposition 2, codimM! < g, such that ® is 1-convex with
respect to M! on Z\ A. Since Z is a complex manifold, for every a € A there
is a there is F, C T,Z a complex vector space of codimension < g such that
L(®, 7) is semi-positive when restricted to F,. We define M over Z by setting
M; = M; for z€ Z\ A and M, = F, for z € A.) Using this we deduce that
¥/, i=2,3,..., are M-convex; hence the proof results as above. ]

RemaRrK 3. The condition on A are fulfilled, for instance, if A is analytic
and r-complete (with corners).

On the other hand, Norguet and Siu [28] showed that a complex space X
is Stein if it is K-complete and admits a continuous exhaustion function which
is psh on Reg(X).

In the same circle of ideas we give the next result (viz., Corollary 7)
which may be regarded as a natural extension of the theorem of Norguet and
Siu quoted above which is recovered for ¢ = 1 with an elementary proof. As
a first step to show this we state the next proposition.

PrOPOSITION 8. Let Z be a complex space, ® € CY%Z,R) exhaustive, and
A C Z a rare analytic set such that: either (a) ® isq-pshon Z\ Aand Z € S,;;
or (b) ® is strongly g-pshon Z\ Aand A € S,. Then Z is (@ + r — 1)-complete
with corners.

COROLLARY 7. A K -complete complex space Z admitting a continuous exhaus-
tion function which is q-psh on Reg(Z) is q-complete with corners.

Proor oF ProposiTION 8. The key observation is that for a complex space
Y one has P,(Y)+ P,(Y) C Pgy,—1(Y). This follows, for instance by definitions
and Proposition 5.

Now, in case (a), by [42] we get that ® € P,(Z) and one concludes by
Lemma 4. In case (b) we adapt the proof of Corollary 6 in a straightforward
manner. We omit the details. (]
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CoROLLARY 8. Let Z be a complex space and ® € F,(Z) such that for every
c € R, if weset Z(c) = {® < c}, then there exists ¢. € F,(Z(c)) with the property
that the open subsets of Z(c), {¢ € Z(c); ¢:(¢) < b}, b € R, are relatively compact
in Z. Then Z is q-complete with corners.

COROLLARY 9. Let Z be a complex space and & € F;(Z) such that for every
¢ € R the set {® < c} is g-complete with corners. Then Z is q-complete with
corners.

4. — A patching procedure for domains

Consider (D, ) be a domain over a complex manifold X equipped with a
complete hermitian metric g. Without any loss in generality, we shall assume
that (D, ) is not univalent (otherwise m follows injective and D may be viewed
as an open subset of X; in this case Theorems 1 and 2 are easier to prove.
See the remark in Sect. 5.)

Let g* be the hermitian metric canonically induced on D via w. For x € X
and r > 0 denote Bg(x;r) := {y € X; dist;(y,x) < r}. Define the boundary
distance function

§:D— (0,00)

as follows. For ¢ € D. Set x := m(¢{) and put §(¢) := the supremum of all
r > 0 for which there is an open set U > ¢ in D which is biholomorphic with
Bg(x;r) via w. Such an U will also be denoted by U(¢;r). Note that for
teD,U;r)C{é eD;distgx(§,8) <}

For € > 0 set D, :={¢ € D; §(¢) > €}.

Also if Z is a differentiable manifold and {V,},ca is a family of open
subsets of Z, we say that a family of functions {fy}s, fo € C®(V4,R), has
the real Hessian locally bounded from below if for every point a € Z there is a
coordinate patch © > a and coordiantes (s, ... ,s,) on 2, m = dim(S2), such
that for fome C € R one has

3% fa
0s;0s;

(x)=C,

forall 1 <i,j<m,a€ A and x € 2NV,. A standard example is when
{Va)}aen is locally finite and f, have compact supports.

If G is a sheaf over X, then & induces canonically a sheaf 7*(G) over D.
Suppose G is a sheaf of germs of continuous functions on X with the following
properties:

(i) For every open set U C X and arbitrary sections 0,7t € G(U), one has

o + 1, max(o, ) € G(U).

(ii) If ¥ € G(X) is exhaustive, then for every family {Vy}aea Of Open subsets
of X, and family of functions {f,}s, fo € C*°(Vy, R), with the real Hessian
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locally bounded from below, there exists x € C®(R, R) strictly increasing
and convex such that x(y) + f, € G(V,) for all a.
(Typical examples for this situation are: the sheaf of germs of ¢g-convex functions
with corners and the sheaf of germs of M-convex functions for a linear set M
over X.) Under the above notation we give:

LEMMA 5. Let ¥ € G(X) be exhaustive. Then for every t > O there exists
¢ € m*(G)(D;) such that

{¢eD,; p(¢)<c} € D,VceR.

Proor. STEP 1. Fix real numbers €,r and s with 0 < € <r < s —e€.
We claim that for every ¢ € Dy and x € X with d((¢), x) < € there exists
& € m~!(x) such that U(§;r) € D, and U(&;r) > ¢. Take o a section of
 over B(w(¢);s) with o(mw(¢)) = ¢. Since B(x;r) C B(mw(¢);s), the claim
results easily.

In particular, if {x;}; is a set of points in (D) such that {B(x;; €)}; covers
(D), then {U(&ij; r)}ij covers Ds, where {{;j}jen; = 7 ().

Step 2. Put € = t/4. Consider {x;};c; be a discrete set (in X) of points in
n(D;) such that {B(x;; €)}; covers m(D;). Write {;j}jen; = 77 1(x;), A; being
a set of ir’giices.

Therefore the “balls” in D, {U(¢;j; €)}ij cover D,. Moreover U (;;; 3€) C
D.. Denote B] := B(x;; €), B; := B(x;; 2€), B/’ := B(x;; 3¢). Correspondingly
we have U,-’j, Uij, U,.’}, and let o;; : B,’; — U,.’J'. the sections of m, 0;j(x;) = &j.

Let D!, D?,..., D%, ... be the connected components of D.. Fix points
& € Df and let Ay : Df —> R defined by At(¢) = dist(¢, &). Then consider
A : D¢ —> R defined by A|D§ = k + Ar. One checks readily that the subsets
{A <c}, ceR, of D, are relatively compact in D.

Consider now the functions h;; : B; — R, hijj = A oo0;j. Clearly,
hij = k+ Ay oo;j for some k depending on i and j. The key observation is that
these are uniformly Lipschitz in the sense that for all indices i € I, j € A;,
one has:

Ihij (x) — hij ()] < dist(x, y), Y, y € B].

SteP 3. Here we recall the standard riemannian convolution smoothing on
a riemannian manifold (M, g) of dimension m (see [18]). Let u: R — R be
a smooth nonnegative function with support in [—1, 1], a positive constant on
a neighborhood of 0, and has the property fve]km u(vlh) =1.

If K is a compact subset of M then there is a positive number €x such that
for all x € K and all v € T, M (the tangent space of M at x) with ||v| < ek,
exp, v is defined. Now given a continuous function T : M —> R define for
each positive € less than €g /3 the function 7. by

1
re(x) = — / _ udiol/e(enp v)

Gm
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where the integral is taken relative to the Lebesgue measure on T, M determined
by the riemannian metric g. Then there is a neighborhood U of K on which
the functions 7. are all defined; if U is chosen, as it may always be, to have
compact closure in M, then for all sufficiently small positive €, the functions 7.
will be C* on U. Also 7. — t uniformly on U as € — 0.

Moreover, if t is Lipschitz on U, i.e., |t(x) — t(y)| < Cdist(x, y) for
all x,y € U, then for every coordinate system (x;,---,x,) centered at a point
of K, the second order derivatives of 7. are bounded from below by a constant
which depends only on € and C.

Step 4. Consider now smooth functions w; : X —> [—1, 1] with compact
support contained in B/, u; =1 on B}, and u; = —1 on 3B;. Note that {B/};
is locally finite.

Using Step 3, for every i € I, there are: open neighborhoods W; C B} of
B;, smooth functions f;; : W; — R, j € A;, such that | f;;—h;j| <1 on B; and
the family { f;| B;; }ij has the real hessian locally bounded from below. Therefore
there exists x € C*(R,R), x' > 0, x” > 0, such that x(¥) + u; € G(X) for
all i and x(¥) + fij € G(B;) for all i and j € A;. Then define 6 : D, — R
by setting

6(5) = sup{fij(w(£)) + pi(w(£)); i, j such that 7 (¢) € B;}.

Thus the function ¢, := 2x (¥ o 7)|p, + 6 belongs to n*(G)(D;) and has the
required properties. O

5. = Proofs of Theorems 1 and 2

Here we deduce firstly Theorem 1 using Lemmas 4 and 5 as follows. Fix
¥ be a smooth exhaustive function on X which is 1-convex with respect to M;
let § the boundary distance function of (D, ) according to Section 4. In order
to apply Lemma 4 we have to define a function ® on D which is 7* M-convex
and such that:

(b) For every a € R there exists € > 0 with D(a) C D, where D(a) = {¢ €

D; &) <a}.

Then ®, := @c|p), Where ¢, is given by Lemma 5 for G equals the sheaf of
germs of M-convex functions on X, will conclude the proof.

For the construction of & we use a patching technique due of M. Pe-
ternell [30]. (See also [25], Lemma 4.) Let {(U;, Fj)}jes, Ui € X, be a
locally finite covering of X by coordinate charts with F;(U;) a ball in C". Set
D; = n~}(U;); hence (Dj, Fj o) is a Stein domain over C*. If §; denotes
the corresponding boundary distance in the domain (Dj, Fj o w) over C", then
—logd; is a plurisubharmonic continuous function such that for every compact
subset K C U; N Uj, 8;/8; is bounded over K. See Lemma 3 in [25].
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Now apply Corollary 4 to get functions 6~, on D; such that 1/2 < 8~j/8j <2
and -—log8~j is 1-convex.

Choose open sets W; € V; € U; so that UW; = X; then select smooth and
non-negative functions p; on X with support contained in V;, p; =1 on W;.
There are positive constants C; > 0 such that

) Cj(pjom) —logd; < Ci(p; o) —logd;on =~ (W; NaV)),
J\F] J J

for all indices i and j. For c e D put I(¢) :={jeN; ¢ € n_l(Vj)}. Define
a function s : D'—> R by setting for ¢ € D,

h(¢) = max{C;p;(m(¢)) — log&;(¢); i € I(£)}.

The above inequality (f) implies easily the continuity of A. On the other
hand, if x > 0 is a rapidly increasing convex function on R so that x(y) +
Cipj, j € N, are M-convex, the function ® := x (¥ om)+h results 7 * M-convex
on D and

® > —logs; on DNr~(V));
{ m({® <a}) € X, for every a € R.

Moreover, for each index j there are constants b; > 0 and ¢; > 0 such that
distg (x, y) = bjl| Fj (x) — F; (),

if xeV;,yeU; and || Fj(x) — Fj(y)|l < €. From this last property, condition
(b) can be easily fulfilled.

The proof of Theorem 2 results similarly; we only note that in the above
proof we choose 5] with —log8~j be g-convex with corners; then ¢ € F,(X)
exhaustive. Thus we get ® € F,,,_1(D). We omit the details. Observe that
Theorem 2 in case #(D) € X holds under the weaker assumption X € S,. O

REMARK 4. If (D, ) is univalent, then & itself is exhaustive for D.
As a consequence of Theorem 2 one has:

CorOLLARY 10. Let X, Y, and Z be connected complex manifolds of dimension
n such that (X, ) is a domain pseudoconvex of order ki over Y and (Y, o) is a
domain pseudoconvex of order ky over Z. Then (X, o o) is pseudoconvex of order
koverZ fork =k +ky+1—n.

Below we discuss the situation when we allow branching. First we state
some positive results. In order to do this, we recall from [23] the following.

Let m : Z — X be a holomorphic map of complex spaces. We say that
7 is a ramified covering if X and Z have the same dimension and every point
x € X admits an open neighborhood U such that for each connected component
W of #~1(U) the induced map 7|y : W — U is finite (i.e., proper with finite
fibers).
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More generally, we call w locally semi-finite (here we do not assume that
X and Z have the same dimension) if every x € X has a neighborhood U
such that #71(U) is a disjoint union of complex spaces {W;}ic; (I an at most
countable set of indices) such that every n|w, : W; —> U is finite.

It is easy to see that if 7 is locally semi-finite, then 7 is locally hyperconvex
in the sense that every point of X has a neighborhood U such that 7 1) is
hyperconvex. (A complex space Y is said to be hyperconvex [33] if Y is Stein
and there is a continuous plurisubharmonic proper function ¢ : ¥ — [c, 0) for
some ¢ < 0. For instance, if o : W — Y is finite and Y is hyperconvex, then
W is hyperconvex. Also a disjoint union of hyperconvex spaces is hyperconvex.)

Now the method of [39] gives readily the following result which generalizes
Le Barz’s result, with a simpler proof, namely;

PROPOSITION 9. Let w : Z —> X be a locally hyperconvex holomorphic map
of complex spaces (e.g., w be locally semi-finite). Then one has:

(a) Assume M is a linear set over X such that X is M-complete. Then Z is
w* M-complete. In particular, if X is q-complete, then Z is q-complete.
(b) If X is g-complete with corners, then Z is q-complete with corners.

In the remainder of this section we mention two counter-examples for branched
coverings (as alluded to in the introduction).

ExampLE 1. For every g > 1 there is a branched Riemann domain (D, )
over a g-complete open set X C C9*2 such that (D, ) is locally Stein and
HY(D, Op) is not separated. A fortiori, H(D, Op) does not vanish; hence D
is not g-complete by [2].

First we recall that Fornass [9] produced a branched Riemann domain
(Y, ) over C? (z is 2: 1) which is locally Stein but ¥ fails to be Stein.

Let V C C? be an open set such that the cohomology groups H/(V, Oy),
j=1,...,q9 — 1, are separated and H?"!(V,Oy) # 0. For example, V =
C9 \ {0}.

Set D:=YxV,X:=C?>xV,and 7 :=t xid. Clearly (D,n) and X
fulfil the required properties but for the non Hausdorff property which we now
check using a Kiinneth formula in the version of Cassa (see [4]).

Let Fs and Fr be coherent analytic sheaves on complex manifolds S and T
respectively. We denote by Fs » Fr the analytic tensor product p3Fs ® prFr
on § x T, where ps and p§ denotes the canonical projections on S and T
respectively. (E.g., Osx*Or = Ogxr.) For a topological vector space E, denote
by Esep its canonically associated separated space, i.e., the quotient of E by
the closure of {0}.

If H/(T,Gr) is separated V j € N, then Yk € N there exists a topological
isomorphism

HES x T, Fs # Fr) = @ ((H'(S, Fo)ey ® H/(T, Fr)) ® R
it+j=k



522 VIOREL VAJAITU

where R;; are complex vector spaces of infinite dimension (with the trivial topol-
ogy) if H'(S, Fs) is not-separated and H’/(T, Fr) does not vanish; otherwise

R;j = {0}.
With these preparations, the example concludes if we notice that H(Y, Oy)
is not separated by a result of Jennane [22]. |

ExampLE 2. For every g > 1 there is branched Riemann domain (D, )
over a g-complete manifold such that (D, ) is locally Stein and D is g-convex
with corners.

We proceed as follows. Let M be a compact connected complex manifold of
dimension g — 1, for example, M = P4~!, With the notation from Example 1,
set D:=YxM, X :=C?>xM, and w := t xid. Since Y is not Stein,
Proposition 3 shows that D is not g-convex with corners. The same procedure
as in Example 1, gives also in this case that HY(D, Op) # 0. O

6. — Proof of Theorem 3

This is done in several steps.

STeP 1. As in [8] consider X as a complex submanifold of a Stein open
subset B C CN such that there is a holomorphic retraction p : B —> X. Let
Q := D xx B be the fibre product of (D, ) and (B, p) over X and 7 : 2 — B
the canonical projection. Then (€2, ) becomes a domain over B, therefore over
CN. Since D is a complex submanifold of £, to conclude we establish that Q
is g-complete with corners. This will be accomplished in Step 4 from below.

Step 2. Let (z1,...,zy) be the complex coordinates in CV and S the unit
sphere in CN. For e CV, A #0,put Hy, ={z ¢ CNizidi+ -+ zvAy =0}

We claim that a domain (2, ) over C¥ is g-complete with corners (g+1 <
N) if and only if for every a € t(2) and w € S there is a dense subset HS C H,,
(depending on a) such that t=!({a} + H,) is g-complete with corners for every
Ae H;,A#0.

In order to verify this, let R, be the Hartogs radius of (€2, r) in direction
w € S. By Proposition 6, it is enough to see that —log R,, is g-psh; thus, by
Proposition 4, we have to check that the restriction of —log R,, to T~!({z}+ )
is g-psh for every z € T(2) and every g-plane £ C CV running through a dense
subset of Gr,(N) (which may depend on z). But this is obvious by hypothesis
and Proposition 6 again, since for I' the plane generated by w and X, then
g <dim(") <g+1 < N and 8, restricted to T~1({z} + ') equals the Hartogs
radius of the domain (t7'({z} + £), t) over {z} + £ = X in direction w.

Step 3. Here we give:

LEMMA 6. Let B C CV a Stein domain and X C B a complex submanifold
of pure dimension n > 3. For )\ € CN-=1 consider holomorphic functions f, on



PSEUDOCONVEX DOMAINS OVER q-COMPLETE MANIFOLDS 523

X given by fo, = (A1z1 + -+ + An—12Zv-1)|x. Then the set {, € CN=!; 3x ¢
X with fi,(x) = 0 and df,(x) = 0} has zero Lebesgue measure in CN~1.

Proor. Consider h : U — CN, U C C" open, 0 € U, h(0) = xo, be a
local parametrization of X around a fixed point xo € X. Define for A € CN~!
a holomorphic function F, : U — C by F), = Ahy +---+ Ay—1hny—1. Then
the lemma reduces to the next:

CLaiM. The set A :={A € CVN~1;3¢ € U such that F,(1)=0 and dF,(t) =
0} has zero Lebesgue measure in C¥~1.

In order to show this let ¥ ={h; =...=hy_1 =0}. Clearly Y C U is
analytic of dimension < 1. Let Y’ denote the singular set of Y together with
the isolated points of Y. Thus Yy :=Y \ Y’ is a smooth Riemann surface.

Corresponding to the decomposition of U = (U \ Y) U Y, UY’ one has
A = A; UA;UA3. We show that each A; has zero Lebesque measure in
CN=1. For A; and Aj; this is easy. (For instance A3 is an at most countable
union of proper complex vector subspaces of C¥~! and for A; we use Bertini-
Sard arguments.)

We take now the case of Aj. At a point y € Y, after some coordinate
changes, on a suitable neighborhood W of y in U we may assume Y is given
as {(0,2,); t, € A(r)} for r > 0 and that on W one has: h1 =1t,... ,h,—1 =
ta_1,h, = t,. Denote ¢t := t,. Hence h,(0,t) = --- = hy_1(0,t) = 0 for
t € A(r). Thus it suffices to show that the subset T of C¥~! given by

N-1 n
oh;
. N-1, J L —
T := {A e C" 73t € A(r), Mdyy+- - -+ Au_1dt, 1+ E Aj E o (0, t)dt, _O}

]

j=n i=1

has zero Lebesgue measure. Reinterpretting the above definition, 7 equals the
set of those A € CV~! such that for some ¢ € A(r) one has:

N-1

oh; .

A,-+ij-a~t7_’(o,t)=o,z =1,...,n—1;

j=n
N-1

oh;

Ai—L(0,1) =0.
> 15 00
j=n

Define holomorphic functions on ay, ... ,a, on A(r) by setting fori = 1,... ,n:

oh, dhy-
ai(t) = — ( (DI} t)) 1 EA(r).

Therefore, it we decompose A = (A',1”) € C"~! x C¥~" one obtains

T= [J (A ai®) ..., (A, ano1(0)), A"

teA(r)
A" e CVT" (), an (1)) = O}
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Consequently, in view of Fubini’s theorem, it suffices to check that T,» :=
T N(C" ! x {A"}), viewed as a subset of C*~!, has zero Lebesque measure for
every A” € CN~". But Ty~ is contained in the complex curve {(< A”,a;(t) >
yeer s <A an_1(t) >); t € A(r)}, which has zero Lebesgue measure in C"~!
since n > 3. O

StEP 4. End of proof of Theorem 3. Here we verify the claim of Step 2.
Keeping the notation as in Steps 1 and 2, let w € S and a € B. For A € H,,
A#0, put fA =A1(z1y—a))+---+An(z1 —an))|x. Then by Lemma 6 the set
H) :={\ € H,; 3x € X with f,(x) =0 and df;(x) = 0} has zero Lebesgue
measure in H,. Thus for A € H,, \ H,, {f, =0} is a smooth hypersurface of
X where f, has multiplicity 1. Since t=!({a} + H,) is a complex submanifold
of 7~1({fi = 0}) x B which is g-complete with corners by hypothesis, then
v~ 1({a} + H)) is g-complete with corners, whence the claim. This concludes
the proof of Theorem 3. O

7. - Domains over P"

In this section, in order to prove Theorem 4, we need criteria for g-
plurisubharmonicity, so we recall the following definitions.

Let X be a complex space, ¢ : X —> R U {—o00} usc, and xp € X. We
say [11] that ¢ is:

a) subpluriharmonic at x if there is a Stein neighborhood U of x( (sufficiently
small) such that:
(1) ¢(x0) < sup,y ¢ for every neighborhood V of xo, V € U.
(i) The above inequality persists if we replace ¢ by ¢+Ref, V f € OU).

b) gq-plurisubharmonic at x if for every open set G C C?, G 3 0, and holo-
morphic map f : G — X with f(0) = x¢, the function ¢ o f is subpluri-
harmonic at 0.
(If X € Sy, then ¢ if subpluriharmonic if and only if ¢ is subpluriharmonic at
every point of X. See [42].) Note that if D C C" is an open set, ¢ : D —>
R U {— o0} is usc, and ¥ € C%(D,R) psh (in the usual sense), if ¢ is g-psh
at a point zg € D, then ¢ + ¢ is also g-psh at zo. (For smooth v, write on
an open ball B around zp, ¥ = ¥y + Reh with A holomorphic on B, ¥ be
1-convex on B and ¥ > ¥o(z9) = 0. Otherwise, we choose a sequence ¥® of
smooth psh functions which converges uniformly to ¥ and proceed by standard
arguments. )

Suppose now that X is a Kihler manifold with Kéhler form @ and ¢ :
X — RU{—oc} usc. For every x € X and open ball B around x (in some
local coordinates) we may write @ = i3dW¥ with ¥ be 1-convex on B. Set

Ay :={A € R; ¢ — AV is g-plurisubharmonic at x}.
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It is easy to see that A, does not depend on W as above and if A € A,, then
(—00,A] C Ay. The modulus of q-plurisubharmonicity of ¢ at x, Wy[p](x), is
defined by setting:

W,lpl(x) :=sup A,,

where by convention sup@ = —oo. (W,[pl(x) might be +00.) W,[p](x) is
intrinsically defined. W,[¢] is therefore an extended real-valued function on X.
We observe that if ¢ is of class C? near x and A; < --- < Ag < -+ < Ay are
the eigenvalues of L(¢; x) with respect to some normal coordinates (zy, ... , Zn)
centered at x, then W,[¢](x) = A,;. (Another modulus was introduced in [26].
If we denote this by M,[¢](x), then M [¢](x) > W,[¢](x). We do not know
if they are equal.)

The following are straightforward consequences of the definitions and sum-
marize the elementary properties of W,[-]. Let X be a Kéhler manifold, xo € X,
and ¢ : X — R U {—o00} usc. Then one has:

1) ¢ € Py(X) iff Wy[p] > 0. Therefore ¢ € SP,;(X) iff every x € X admits
an open neighborhood U for which there is A > 0 with W,[¢] > A on U.

2) Let u be psh near xo. Then W,[¢ +ul(xo) > W,[e](xo) with equality if u
is pluriharmonic near xo.

3) If ¥ is usc on X and supports ¢ at xg, i.e., ¥ < ¢ near xo and ¥ (xg) =
@(xp), then W,lpl(xo) > Wyl[¥l(x0). In particular, if x € C*(R,R) is
increasing and convex, then W,[x(¢)1(x0) > x'(¢(x0)) W,[¢](x0). (We set
x'(—o00) =lim x'(¢) as ¢ tends to — co. By convention 0- (— 00) = —00.)

4) Let ¢, k € N, be usc functions such that for some A € R, W,[gi](x0) > A
for all k € N. If the sequence {¢;}; either decreases pointwise to ¢ or else
converges uniformly on compact sets to ¢, then W,[¢](xp) = A.

5) Let ¥ be usc on X. Then W;[max(¢p, ¥)] > max(W,[¢]l, W,[v¥]).

Property 3) will be used in a crucial way and we would like to describe it
explicitely. Suppose we wish to show ¢ is g-psh. By 1) this is equivalent to
showing W,[¢l(x) > O for each x. However, it is sometimes possible to find
a function v suporting ¢ at x for which we compute easily W,[y](x) (for
instance if ¥ is of class C? near x).

From Proposition 4 we get:

CoroLLARY 11. Let (D, ) be a domain over P*, ¢ : D — R U {— o0}
usc, and . € R. If Wolel-1x)] = Aon 7~ Y(X) for every q-dimensional linear
subspace T of P", then Wy[p] > A on D.

Also one has the next

LEMMA 7. Let X be an n-dimensional Kéhler manifold, xo € X, ¢ : X —
R U {— o0} usc, and A € R such that there exists a (n — q + 1)-dimensional
submanifold Y near xo with Y > xo and Wi[g|y](xo) > A. Then W,[@l(x0) = A.

Proor. This is obvious since for f : G —> X holomorphic, G C C" open
with G 3 0 and f(0) = xp, there is a holomorphic map # : A — G (A
the unit disc in C) such that £(0) = 0 and f(h(A)) C Y. Then we use the
definitions. O
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ExaMPpLE 3. For a € P9 set Q :=P?\{a} and let § be the boundary distance
of Q, 8(z) = dist(z,a) for z € Q. Then & : @ —> (0, w/2] is continuous and
there is ¢ > 0 (independent of a) such that on Q one has

Wyl[—logé] > c.

Note that if v : C**1\ {0} — P” is the natural projection and (u,v) =
Zj u;v; is the scalar product in C"*1, then for two points u* = 7(u) and
v* = t(v) of P" one has dist(u*, v*) < 7/2 and

(u, v)[?

02 - * ok
sin dlSt(u , U ) =1-— .
lluel? - lvll2

In order to verify the example, in view of the above lemma, it suffices to settle
the case ¢ = 1 which is an easy exercise.
The key fact in proving Theorem 4 is the next result.

THEOREM 5. Let (D, o) be a domain pseudoconvex of order n — q over P" and
8 its boundary distance function. If D is not biholomorphic to P" via o, then there
exists ¢ > 0 (which does not depend on the given domain) such that:

W,[—1logé] > c.

PrOOF. Let ¢y € D; put xp := o({o) € P". There exists yo € P* with
yo € o(D) and §(¢y) = dist(xg, yo). Let L be a g-dimensional linear vector
subspace of P", L 5 xo. We shall find ¢ > 0 (independent of L and (D, o)) such
that W, [(— 10g6)|¢,_1(,_)](§0) > ¢, which, in view of Corollary 11, concludes
the proof of the theorem.

We distinguish two cases. If L passes through yp; then let §; be the
boundary distance of the domain (o~!(L), o) over L. Therefore 8|, > §; with
equality at Zo; hence it suffices to settle the case ¢ = n and the assertion follows
using Example 3 and Property 3 of W,[-](-). (f d : P4\ {yo} — (0,7/2],
d(x) = dist(x, yp), then §(¢) < d(o(¢)) near ¢ with equality for ¢ = &.)

Consider now the case L F yo. We reduce ourselves readily to n =q + 1.
Assume this and take inhomogeneous coordinates (zi, ... , Z44+1) on P9t! such
that its domain Up(>~ C?*') contains xy and yo, the line passing through x
and yp is given by z; = --- =z, =0, and the z,4; coordinates of xo and yo
are a and —a respectively with |a| < 1.

The domain (o~!(Up), o) over Uy being pseudoconvex of order n — g, if
R(¢) is the Hartogs radius with respect to z441, by Proposition 6, —log R is
g-psh on o ~1(Up). Since Lo := LNUy is given by z,41 =a+hz1+- - +1,24
for some constants #; € C, consider for w € Lo the line I'(w) defined by
21 =Wy,...,2 = wy. Take ¢ € D such that z=0() € Lo and R({) < +oo.
Thus there is a point w € I'(z) with R({) = |zg41 — wg41|. Observe that
R(%) = 2|a|. Using the inequality

. Js — ¢ |s — 1]
sin < 2arctan ———
VA +IsPDA +t?) 2

arc
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for s # ¢t in C (equality holds for s = —¢ and |s| < 1), and the distance formula
in P*, we get
R(%)

8(¢) < 2arctan
2\/1 o1 @) + -+ log (©)?

for ¢ € D with 0(¢) € Ly and R(¢) < +oo, with equality if ¢ = ¢. Here
o = (01,...,04,0441) in o~ (Up) over Uy = C2t1. Note that 01(5) = -+ =
04(%0) = 0. Obviously the above inequality holds true if R({) = oo. Consider
¥ 0~ (Up) — R U {—00}, defined by

. _
Y(©) = —log R(¢) +log2 + - log(1 + o1 () + -+ log (D), ¢ € a7 (Uo)

and x € C®(R,R) defined by x(t) = —logarctan(exp(—¢)),t € R. Since x
is strictly increasing and convex, —logé > —log2 + x(¥) on o~ '(Lo) with
equality at g, and W,[¥]({o) > 1/2, we obtain applying property 3) from
above al

a

W, [—log 81(%0) > (1 + |al?) arctan |a|’

whence the desired estimation (note that |a] < 1). O

Finally, the proof of Theorem 4 concludes similarly to that of Theorem 1
using Lemma 4, Proposition 5, and Lemma 5. Note that in Lemma 5, instead
of ¥ o we use —logés. The key estimation is given by Theorem 5 and we
omit details. O

For the sake of completeness, we add a complement to the above set-up.
So for the rest of the paper we suppose X is a connected Kéhler n-fold, (D, m)
a domain over X, and § its boundary distance function (see Section 4).

LEMMA 8. Let {y € D be such that there exists yo € X with the following
properties:
(i) 8(%o) = dist(xo, yo), where xo = 7 (%o)-
(ii) There exists a geodesic T joining xo and yj.
(iii) There exists an (n — q)-dimensional complex submanifold Y near yo such that
Y>yandY C X\ w(D).
Then we have the inequality

W,[—log 81(5o) = min(K /12, K'/4),

where K is the minimum of the holomorphic bisectional curvature of X along the
geodesics T as in (ii).

ProoF. This is a small variation of [26], Lemma 4.1, p. 96, and we omit it. O
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LEMMA 9. Assume that X is not compact and let (D, i) be pseudoconvex of
ordern — q over X. If (D) € X, then there are constants €y and c, €9 > 0, such
that

W, [~ 1og81(¢) = c,

for¢ € D, 6(¢) < €. The constants €y and c depend only on the compact set 7t (D).
Moreover, if the holomorphic bisectional curvature of X is positive, then one can
choose ¢ > 0.

PrROOF. One deduces this by similar arguments as those in [36] and [26]. O

Assume from now on that X has positive holomorphic bisectional curvature.
If X is compact, then by a theorem due to Siu and Yau [34], X is biholomorphic
to P, thus there is no loss in generality if we take X noncompact. We show:

THEOREM 6. Let (D, ) be a pseudoconvex domain of order n — q over X as
above. If (D) € X, then there exists a constant ¢ > 0 such that :

W,[—1logd] > c.

ProoF. In order to apply Lemma 9, we recall from ([30], p. 257) the
following

LEMMA 10. Let Z be a complex manifold and ¢ € Fy(Z). Then for A running
through a dense subset of R, the open subset Z(A) := {¢ < A} of Z has the following
property: Forevery zog € dZ(A) there is a (n — q)-dimensional complex submanifold
Y near zg suchthatY > zoandY C Z\ Z(A).

Now we let €9 and ¢ > 0 be as in Lemma 9. Set Q :={¢ € D; 8(¢) < €}
Since —logd € CO%(2,R)NS P,(£2), by Proposition 6, for every n > 0 there is
¢ € F;(2) such that |logd + ¢| < n. Consider € > 0 such that 2¢ < €. For
n >0 and A € R define

D, := Dy U{L € Q2; ¢(¢) < A},

where n and A are such that n —loge > A > n —log2e, in order that the
boundary of D relative to D is contained in {¢{ € ; ¢(¢) < A}, D. C D,
and A chosen according to Lemma 10; hence D, fulfils (i), (i), and (iii) of
Lemma 8.

Therefore, if &, denotes the boundary distance of the domain (D, 7) over
X, we have W,[—logs.] > c. As € tends to 0, 8, tends to 8. The assertion
follows immediately by using the properties of W,[-](-). O

We, finally, obtain:

THEOREM 7. Let X be a connected Kiihler manifold of dimension n which is
non-compact and has positive holomorphic bisectional curvature. Let (D, 1) be
a pseudoconvex domain of order n — q over X such that n(D) € X. Then D is
q-complete with corners.
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