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Smoothness in Fractional Evolution Equations
and Conservation Laws

GUSTAF GRIPENBERG - PHILIPPE CLEMENT — STIG-OLOF LONDEN

Abstract. The regularity of solutions of the equation
(DY (= u0)) (1, ¥) + 0 (W (1, x) = f(t,%), 1, x>0,

where D denotes the fractional derivative, is studied in the case where ¢’ > 0. It
is also shown that the solution to the Riemann problem for the fractional Burgers

equation (where o (r) = %Lz) is continuous and has compact support (in the x-
direction). A result on the continuity of the interface is established. In order to
prove these results it is first shown that if A is an m-accretive operator in a Banach
space, k is log-convex with lim; o k(¢) = 400, and if  is the solution of

t
%/ k(t —s)(u(s) —y)ds+ A(u@®) > f@), t>0, u©) =y,
0

then A(u(t)) is continuous when t > 0.

Mathematics Subject Classification (1991): 35K99 (primary), 35L99, 45K05
(secondary.

1. — Introduction

Recently a new type of approximation of scalar conservation laws in several
variables has been introduced in [3]. Rather than adding a viscosity term (for
this appproach see, e.g., [8]), the order of derivation with respect to time is
lowered, that is, the derivative is replaced by a fractional derivative of order
a € (0,1). Furthermore, instead of using the Crandall-Liggett theorem as is
done in [4], another abstract result, [10], is employed to establish the existence
of a strong solution. In [3] the convergence of these strong solutions as o 1 1
to the entropy solution of u,; + divg(x) = 0 is proven and some estimates for
the speed of convergence are established.

Pervenuto alla Redazione il 23 giugno 1999 e in forma definitiva il 21 ottobre 1999.
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The aim of this paper is to investigate further these solutions in the one-
dimensional case, i.e., we analyze the regularity of solutions of the nonlinear
fractional conservation law

)] Df(u —uo) +o(u)x = f.

Here DY denotes the fractional derivative of order o € (0, 1), see [15, p. 133],
ie.,

gd [l
OO E & [ arat - s 120
dr Jo

h
o def ..
DF0©O L im & /0 g1a(h — $)0(s) ds,

where
def 1 P B—1

gp(t) = F(}T) ,

and where v is (at least) continuous and satisfies v(0) = 0.
As an important tool for studying this equation we consider the abstract
fractional nonlinear evolution equation

t>0, B>0,

d t
¢)) (—i—/ k(t —s)(u(s) —y)ds+ A(u@®)) > f(), >0, u()=y.
t Jo

In (2), u is the unknown function with range in a Banach space X, y € X and
f:RY — X are given, and k is a locally integrable real-valued function with
a singularity at the origin. The nonlinear operator A may be multivalued and
maps D(A) C X into (subsets of) X. Our primary current interest concerns the
continuity and boundedness of the function A(u(?)).

In [10], the existence of a strong solution u# of (2), satisfying A(u) €
L] .(R*; X), was obtained. Conditions implying that the solution u is continuous
were given in [3].

In this paper we demonstrate that under rather weak hypotheses one has
A(u) € C((0, 00); X). In addition this function is uniformly bounded on (0, T']
for each T > 0. Subsequently, these facts are applied to examine the regularity
of the solution of (1).

As a first application we get the continuity of the solution of the Riemann
problem for the fractional Burgers equation, i.e., for equation (1) with o(u) =
%gz and f = 0. This improves on a result of [11] concerning (1). (In [11] it
was assumed that ¢’(x) > ¢y > 0; an assumption not satisfied by o (1) = %f.)
The special structure of the fractional Burgers equation implies that the solution
vanishes when x > I'(1 — @)t?%, in contrast to the linear case where there is an
infinite speed of propagation. We also establish a result on the continuity of
the interface. Recall that the entropy solution to the Riemann problem for the
(nonfractional) Burgers equation is 1 when x < % and O when x > %

A motivation for studying the Riemann problem is, of course, that it is the

simplest case where one has a discontinuity. Recall also that many numerical
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methods use the solution to the Riemann problem (with other constant states
than just 1 and 0) and that this problem provides all solutions to the Cauchy
problem u, + o(u), = 0 which are invariant under the group of homotheties
(t, x) — (at,ax). This group leaves first order conservation laws invariant, see
[14, p. 43].

Furthermore, in Theorem 3 the results obtained on (2) are combined with
earlier Schauder estimates on linear equations, [2], to establish results on the
smoothness of solutions of (1).

The regularity, both temporal and spatial, of solutions of equations involving
fractional derivatives of order « € (1, 2) have been studied in several papers;
[51, [6], and [7]. See also the monograph [12] for further results and references.

2. — Statement of results

Our result on (2) is the following.
THEOREM 1. Assume that X is a real Banach space and that

(i) ke Llloc (R*; R) is positive and nonincreasing, lim, o k(t) = +00, andlog(k(t))
is convex;

(i) A is an m-accretive operator on X;
(iii) y € D(A), i.e., y € X and sup,_,llAxyllx < 0o;
(iv) feC(R*; X) is such that fOT wy,7(s)|k'(s)| ds < oo for each T >0 where wy,r

. I . def
is the modulus of continuity of f, i.e., wf,1(8) = SUP; 1,e0,71, 11 —1y1<s 1S (1) —

f@)lx.

Then there is a unique strong solution u of (2) such thatu € C(R™; X), u(0) =
v, and there is a function w € C((0, 00); X) such that supy_,.rllw(®)|lx < oo for
eachT > 0, w(t) € A(u(t)) forallt > 0 and

d t
©) a/o k(t = 5)(uls) = y) ds +w(t) = (1), 1> 0.

Moreover, if 0 <t <t +h < 7 then
t
lut +h) —u@®)lx < /O lf@+h—s)— f(@t—s)lxr(s)ds

4 +h
+ ( sup ||f(f)||x+SuP||AA()’)||X) / r(s) ds,
t

t€[0,h] >0

where r is the first kind resolvent of k, i.e.,

(&) kit —s)r(s)ds=1, e (0,rt].
[0,2]
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Here A, denotes the Yosida approximation of A, i.e., A, def %(1 —J))
where J, = (I +1A)~ .

A function u : R — X is a strong solution of (2) if there exists a function
w € L, .(R™; X) such that w(¢) € A(u(t)) a.e. on R* and [y k(t — s)(u(s) —
y)ds = [(f(s) — w(s))ds for every ¢ > 0.

Our next result concerns the homogeneous version of (1) with, essentially
o(r) =cr?, y > 1. In particular, this includes the fractional Burgers equation.

THEOREM 2. Assume that

() ke Llloc (R*; R) is positive and nonincreasing, lim, 10 k(2) =00, and log(k(1))
is convex;

(i) o € C'(R;R) is strictly increasing on (0, 1) and there are constants C and
y > 1 such that

1
Er” <o(r)=<Cr’, rel0,1]
Then there is a solution u of the Riemann problem

d t
©) a/o k(t — ) (u(s, X) = X(= 00,01(x))ds+0 W) (t,x) =0, t > 0, x €R,
u(0,x) = X(-0,0x), x€R,

which is continuous for (t,x) € Rt x R\ {(0, 0)} and is such that for eacht > 0
the function x — u(t,x) is absolutely continuous and nonincreasing, for each
x € R the function t — u(t, x) is nondecreasing (so that the function t — f(; k(t —
§)(U(s, X) — X(= 00,01(x)) ds is locally absolutely continuous), and equation (6) holds
a.e. on RT x R. Moreover,

1 [lo(r)

@) u(,x) =0whenx > —

dr. t>0,
“x0t r

and the function
() Zinf{x > 0| u(t, x) =0}
is continuous and strictly increasing.
Let X be a (complex) Banach space and let I be an interval. The Holder
spaces C)(I; X), y € [0, 1], are defined by

RO CIE

C(”)(I;X)déf{f:l—)X

su
s,tel [t —s[¥
SF#t
with norm
def f@®)— f()llx
Ifleony = supll f(Dllx + sup ————"—.
tel s,tel [t — s|

s#t
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If y € (1,2], then CVU;X) ¥ (f e cl(1; X) | f/ e cv~D(UI; X)) with

def
norm ”f”c(y)(I) = SUpP;¢y If®lx + ”f/”c(}’—l)(Iy Observe that C© #C and
¢ £t

We consider a function of two variables to be a function of the first variable
with values in a function space, that is, f(z,x) is the function t > (x

f(,x)).

THEOREM 3. Assume thata € (0,1), t > 0, & > 0, u € (0, @), and that

(i) o € CP?[R;R) and o' (x) > 0;

loc
(i) uo € CIT) ([0, £]; R) and uo(0) = up(0) = 0;

i) f e C™W ([0, 1, C([0, £]; R)) N C@*d ([0, 7], L'([0, £]; R)) where § > 0, and
f(,0) =0and £(0,x) € C@([0, £]; R).

Then there is a unique solution u of (1) on (0, t] x (0, §] with u(¢, 0) = 0 and
u(0, x) = uo(x) such that u, € C* ([0, ]; C([0, £]; R)).

3. - Proofs

Proor oF THEOREM 1. Let {k,}2, be a sequence of functions that satisfy the
assumption (i), except that lim, o k, (#)<oo, and are such that lim,_, « f(; k,(s)ds =
fék(s) ds, lim,_, o0 ks (t) = k(2), lim,, o k,,(¢) = k'(), and |k, ()| < [k'(¢)| for
all + > 0. We let p, be the first kind resolvent associated with k, (cf. (5));
thus p, satisfies

k,(t —s)p,(ds) =1, >0.
[0,7]

The measure p, then has the pointmass 1/k,(0) at 0 and is otherwise induced
by an integrable function, that is

pa((0, 1]) = +fnmm >0,
0

kn(0)

where r, is nonnegative and nonincreasing, because k, is log-convex, see [9,
Lemma 2.1]. When k is replaced by k, one can use (ii) and a standard fixed-
point argument to show that there is a unique solution of (2); we denote this
solution by u,. It is a consequence of [3, Theorem 1] that u, converges
uniformly on compact subsets of Rt to a continuous function u. However,
we need to know more. In particular our next purpose is to show that w €
C((0, 00); X) where w(t) € A(u(¢)) is defined by (14).
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By [3, formula (24)] we have for 0 <t <t +h
lan(t + ) — un(0)llx < /[O £+ =) = £ = 9lxpn(ds)
N3

8 + ( sup || f(D)llx + ||A1/k,,(0)(y)|lx>

7€[0,h]

x| (/ (kn(r—s)—kn(t—s+h—o))pn(da)) pu(ds).
[0,1] [0,h]

Now a straightforward calculation using (5) (with k& and r replaced by k, and
Pn, respectively) shows that

/ (/ (k,,a—s)—kn(t—s+h—a))pn<da>)pn(ds)
(9) [0,¢] [0,h]
t+h
=@+ = [ n©ds.
t

By [3, Theorem 1], (8), (9), and by the fact that lim,_, o p, ([0, ¢]) = fé r(s)ds,
we get (4).
By a change of variables,

h t t
/ (/ 7.(0) da) |k, |(s)ds = / (kn(t — 0) — kn(h))rn(0)do, O <h <t.
0 t—s t—h

Since the functions r, are nonincreasing, it follows that

h t
10) lim (/ rn(o) da) lk,|(s)ds = 0,
t—s

h{0 Jo

uniformly for » > 1 and uniformly for ¢ in a compact subset of (0, c0). Since
|k, ()| < |k'()| we deduce from (iv) that

h
an lhl?(}/ wy,-(8)]k;,(s)| ds = O uniformly in n.
0

Use (9) in (8), replace t + h and ¢ by ¢ and r — s, respectively, multiply by
|k, (s)|, integrate with respect to s over [0,4] and let 2 | 0. This gives, by
(10) and (11),

h
(12) tim /O Nt (t = 5) — un (@)l x[K, (5)] ds = 0,

uniformly for n > 1 and uniformly for ¢ in a compact subset of (0, 00).
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Now we can rewrite (2) (with k replaced by k,) for each ¢t > 0 as

(13)  ka(0) (un(t) — y) + /O (un(t = 5) — un (D), (5) ds + An (@) > £(2).

By (12), and as u, converges uniformly on compact subsets of R™ to the contin-
uous function u, it follows that k, (t) (un(t) — y) + fy (un(t — s) — u,(t))k,,(s) ds
converges uniformly on each compact subset of (0,00) to k(t) (u(t) — y) +

f(; (u(t —5) —u(t))k’ (s) ds which must then be a continuous function on (0, 00).
Let

def

(14) w(®) = f@) — k@) (u@) ~y) —/0 (u(t —s) —u(®)k'(s) ds,

so that (3) holds with w € C((0,0), X). Since A is m-accretive it is also
closed and therefore we have by (13) and by the convergence results that
w(t) € A(u(r)) for all ¢t > 0.

It remains to show that w is bounded on (0, 7] for each T > 0. Since
u(0) = y we get from (4), when we take r = 0, that

h
luth) — ylix < ( sup || f()llx +SUP||AA(.Y)”X>/ r(s)ds, h>0.
t€[0,h] A>0 0
Because & is nonincreasing there follows by (5) that k(z) f(;-r(s)ds <1 so that

k@) @) —Mlix < ( sup |If(D)llx + iulglle(y)llx) .

7€[0,¢] ‘

Similarly, replace ¢t and ¢ + & in (4) by t —s and ¢, respectively, multiply by
|k’(s)| and integrate over [0, ¢] to obtain

t(u(t —5) —u(®))k'(s)ds|| < twf‘t(s) o r(o)do|k'(s)|ds
0 0 Jo

+ ( sup || f()llx +sup||AA(y)‘||X> / (/ r(o) dcr) |k’ ()| ds.
t€[0,t] A>0 0 t—s

Moreover, by (5),

t t t
/ (/ r(o) da> |k’ (s)|ds = / (k(t —0)— k(t))r(a)do <1,
0 t—s 0

and so by the fact that k and r are nonnegative and by (iii) and (iv) we get
the desired conclusion. O
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PrOOF oF THEOREM 2. Since we will show that the solution takes its values
in the interval [0, 1] we may without loss of generality assume that o € C!(R; R)
is strictly increasing on R.

We easily see that by taking u(t,x) =1 for x <0 and ¢t > 0 we have a
solution in that region and we are left with the equation

8 t
5/ k(t —s)u(s,x)ds +om),(t,x) =0, t>0, x>0,
0

u(,00=1, >0,
u@,x)=0, x>0,

5)

In [11, Lemma 3] it is shown that if one lets D(A) = {u e LIR"; R)
o) e ACRT;R), u(0) =1, o(u) € L'(R*; R) } and defines A(u) = o (u),
u € D(A), then A is a closed, m-accretive operator in L'(RT;R). By [11,
Theorem 5] there exists a solution u# of (15), which is nonincreasing in the
x-variable and nondecreasing in the ¢-variable, such that the function x —
o(u(t, x)) is absolutely continuous for almost every ¢t > 0, and such that the
function ¢t — fék(t — s)u(s, x)ds is locally absolutely continuous for every
x >0, and (15) holds almost everywhere.

By Theorem 1 we know that the function ¢ — o (u(t, x)), € L'(R*; R) is
continuous on (0, co) and that (15) holds in L'(R*;R) for all + > 0. Since
o(u(t,0)) =o(1) for all + > 0 and o (u(t, x)) = fga(u(t, ¥))xdy+o(u(t,0)) it
follows that o () is continuous in (0, 00) x Rt and since o is strictly increasing
the same result holds for u. By Theorem 1 we also know that u(¢, x) — 0 in
L'(R*;R) as t | 0 and from the monotonicity properties of u we can therefore
conclude that u is continuous in R x R™ \ {(0, 0)}.

Next we derive an inequality that we will use repeatedly below. Assume

that xg def ¢(to) < oo and that xg < x; < ¢(t;) where #; > tp > 0. From the
proof of Theorem 1 we know that for each r > 0 we have

a t t

5/ k(t—s)u(s, x)ds = k(t)u(t,x)+/ (u@t—s, x)—u(t, x))k'(s)ds, x>0,
0 0

(where the derivative with respect to ¢ is a function with values in L'(R*; R)).

Since u(s,x) =0 when s < #) and x > xp (by the monotonicity properties of
u), we can rewrite this equality for ¢ > # as

% /Ot k(t —s)u(s,x)ds
£ k@t — tou(t, x) + / (w50 —u DK@ s, x> x0
0

Because k is nonincreasing and u is nondecreasing in its first variable, it follows
from the fact that (1) (or equivalently (3)) holds that for each ¢t > 7, we get

k(t —to)u(t, x) + o’ (u, x)u.(t, x) afe 0, x> xo.
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In particular, if we choose ¢ = ¢, then we know that u(z, x) > 0 for xog < x < x;
and it follows by the continuity of u that

u(ty,xg) ~/
(16) k(t — 10)(x1 — x0) S/ e )

u(ty,xq) r

Since clearly ¢(0) =0 we may take fy) = 0. Because the function @ is

integrable on [0, 1] and k() > 0, we see from (16) that we have @(f;) < 00
and that (7) holds.

The monotonicity properties of u imply that ¢ is nondecreasing. By the
continuity of the function u it follows that ¢ is continuous from the left, so in
order to establish the claim about continuity we suppose to the contrary that
there is a point 7o > O such that lim,,, ¢(z) = @(#%) + 6 for some § > 0. If we

choose xg &ef ¢(to) and x| = xo + 8, then x; < ¢(t;) for each #; > 1y and we
get a contradiction from (16) if we let #; | #o. Thus we have established the
continuity of ¢.

It remains to prove that ¢ is strictly increasing. Suppose that this is not
the case but that there are two points #; < #; such that ¢(f;) = ¢(t;). By
the continuity of u we know that #; > 0 and that we can choose #; such that
o(t) < @(t;) when 0 <t < t;. We define x; = ¢(t)).

We shall derive a contradiction and first we show that

Y
17) liTm a(u(tl,x)) (x; —x) v I =o0.
xtxy

!
Write & = 25 4 4(2%), use the inequalities in (ii), and the facts that

y > 1 and o(u(t;, x;) > 0, to conclude from (16) that when 0 < fy < #; and
xo = ¢(ty) we have

2Zy—1 r=1
k(11 = t0)(x1 — x0) < ;55C77 o (u(t, x0))

—1 Y M
Since ¢(t) < ¢(t;) when 0 <t < t; it follows that #; 1 ¢;, and hence k(¢; —1p) 1
o0, when xg 1 x;. By the above inequality we therefore obtain (17).
Next, let y be some small positive number and integrate both sides of
equation (15) over (x; — y,x;). Then we get, because u(¢,x;) = 0 for all
t € (0, ],

(18) ;%/Otk(t —5) /x:yu(s, v)dvds = a(u(t, x| — y)), t € (0, n].

We let r be the resolvent of first kind of k, that is, r satisfies (5). Our
assumptions on k guarantee that such a resolvent exists and that it is positive
and nonincreasing, see [9, Lemma 2.1]. Take the convolution (with respect to )
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of bofh sides of (18) with the function p(¢) &f fér(g —5)s%ds where o > f,—T’;
By (5,

(19) / tz(t ) /X1 (s,v)dvd /:2 (t2 — s)o (u( ))d
— 5 u(s, s = —s)o (u(s, x; — .
0 2 xX1—y 0 bl ! Y S

Using Holder’s inequality twice to estimate the left hand side of (19), we obtain

[} X1
/ (ty —5)* / u(s, v)dvds
0 xp—y

n o X1 y % y-1
(20) 5/0 (tp —5) /x[_yu(s, v)” dv dsy 7

1 y=1

1 ay 7
1 X1 Y -1 ty y—1
< (/ p(tz—S)/ u(s, v)’ dvds) y7 (/ 5 ds) )
0 x1—y 0

Since r is nonincreasing and not identically zero there exists a constant ¢; such
that p(¢) > c11**! when ¢ € [0, 1;] and therefore it follows from our choice of
o that

I grv-—
21 / ds < o0.
0

If we now let

X1

w(y) &f /Ot2 p(ty — ) o (u(s, v)) dvds,

x1-y
then the right hand side of (19) equals w’'(y), and so by (ii), (20), and by (21)
there is a constant ¢, such that
=1 1
w'(y) <y 7 wy)?.
Since w(0) =0 and w(y) > 0 for y > 0 we get

L\ e
w(y)S(C22yJTl) yr T,

and we conclude that there is a constant c¢3 such that
22) W) < 3y 7T

But from the definition of w, from the fact that u is nondecreasing in its first
variable, and by the monotonicity of o it follows that

tH—t
w'(y) > /02 ' p(s)ds o (un, x1 — ).

When this inequality is combined with (17) (where we take x = x; — y) and
(22), a contradiction follows. This completes the proof. O
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ProoF OF THEOREM 3. The idea of the proof is roughly as follows: First
we show that if one has a solution for ¢ on some interval [0, 7] (one clearly
has such a solution when T = 0), then it can be extended to a slightly larger
interval. From the proof of this fact one sees that if this extension proce-
dure does not give a solution on the entire interval [0, t] then there is some
maximal interval [0, T) on which there is a solution and which is such that
supT<f||a/(u)||C(,L)([0,T];c([0£])) = 00. In order to show that this last fact leads
to a contradiction we then apply the same argument as when establishing the
existence of a local solution, but we derive estimates for |[uxll e 0,71 210,27
instead of estimating ||ux ¢ qo.r3.co.x7)- It 18 of crucial importance for this
part of the proof that we derive these estimates for all X € [0,&]. In this
connection, the use of Theorem 1 is essential.

First we show that we may, without loss of generality, assume that there
are positive constants ¢y, ¢i, and ¢, such that

lo'(r) —o'(s)]

(23) 0<cp<0o'(r)<cy <ooand sup————— < ¢; < 0.
r#s [r —s|

By (i) it is sufficient to show that there is an apn'oﬁ bound for the solution.
In analogy with the proof of Theorem 2 we let

24) D(A) ={velLl(0,&;R) | o(v) € AC([0, €1; R), v(0) =0},
and
(25) A(w) =o@), veDA).

Then one can easily show (cf. the proof of [11, Lemma 3]) that A is a closed, m-
accretive operator in L'([0, £]; R) and that [|(I+AA)" |l zooqo.) < vllLooqo.e))
for all v € L*°([0,&];R) when A > 0. Then it follows from [3, Theo-
rem 4.(a), Prop. 5] that if we find a solution u of (1), then it must satisfy
SUP,co.£)U (2, X)| < sup, o ¢1luo(x)| + f(; 8a(t — $) SUp,cio £/ f (s, x)| ds and this
is the desired apriori bound. Thus we shall for the rest of the proof assume
that (23) holds.

Suppose next that there is a number T € [0,7) such that there is a
solution u € C([0,T] x [0,&]; R) of (1) on (0,T] x (0,&] such that u, €
CW([0, T1; C([0, £1; R)), u(0, x) = uo(x) and u(t,0) = 0; if T = 0 this solu-
tion is taken to be u(0, x) = ug(x) (so that this hypothesis holds at least with
T =0).

We intend to show that this solution can be continued to [0, f”] x [0, €]
where T > T and T —T is sufficiently small. We do this in two steps. In the
first step we solve (27) with ¢ given; in the second step we find a fixed-point
for the map ¢ — o’(v) (where v is the solution of (27) obtained in the first
step). This continuation procedure is concluded by formula (41).
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Thus we first show (using the same argument as in the proof of [2, The-
orem 1]) that there are constants § and M; depending on «, u, 7, &, cp, and
¢y such that if T € (T, t] and ¢ € CW([0, T]; C([0, £]; R)) satisfy

co <c(t,x) <c,
(26) c(t,x) =0'(u(t,x)), (t,x)€[0,T]x]I0,£&],
(T = TYllellew o, 71:cq0.8n) = 65

then there exists a unique solution v of the equation
(D (v — u0)) (2, X) + c(t, X)vc(t, x) = f(1,%), (&, %) € 0,71 x (0,8],

27) v(0,x) =up(x), x€l0,§],
v(t,00=0, tel0,T],

such that (clearly v(t, x) = u(t, x) for (t,x) € [0, T] x [0, &])

llox ||c<ﬂ>(‘[0.ﬂ:c<[0,x])) = Milluxlleoo qo.ryco.1)

@8)  * Milflew qorpeqen + Mille o@upe — FO. Ol k)
+ M |luyx "c(u)([()‘T];c([(),,g])) “C||c(u)([()j];c([o,3g]))’ X e[0,§]

Observe that the first and last term of this inequality are written in terms of
the space variable X € [0, £]. The proof of the existence of v satisfying (27)
will be completed by the paragraph containing formula (39).

To solve (27), we begin by studying the following equation:

29) (Df’(v — uo))(t,x) +b(x)v (t,x) =g(t,x), te©O,t], xe€(,E&]

with boundary condition v(¢, 0) = 0 and initial condition v(0, x) = uo(x) under
the following assumption on the function b:

30) beC@®R™;R) and 0 < cg < b(x) < c; < 0.

We denote by Bj, the linear operator in Co0([0, £1; C) = {g € C([0, £]; C) |

q(0) =0} with domain
D(By) = {q €C'([0,£];C) | ¢(0) =4q'(0) =0}
and defined by
(Bpq)(x) = b(x)q'(x), x€[0,&], q € D(By).

We denote by B the corresponding operator with b(x) = 1 and & replaced by
& = &/co.
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Thus (29) can be written as
3D DY (v —up) + Bpv = g.

Next, perform a change of variable y = [; #s)ds, so that equation (31) is
replaced by

(32) DX (v® —ul) + Bv® = gb,
where )
8@ y) =g, p(y),
- - € [0, 4]

W) =uolp(y),

and ,
t,y)=g(@%),
§ Ly =83 y € (&, &ol.

ub(y) = uo(§) + b(E)uh(E)(y — &),

Here &, = fOE ﬁds and p is the inverse of the function x — [ b—(ls; ds. By

[1, Theorem 6.(a)] equation (32) has a unique solution v® which satisfies the
bound

b b
Bv"(t) — g (0)”C(”‘)([O»f]200»—+0([0~$0]))

<M, (”Bug - gb(O)”C(g)([O,GO]) + ||gb(£) - gb(O)"c(#)([o,f];co'__)o([o,go]))) s

where M, depends on «, u, T and &. Now we change variables back again,
that is, we define

33) v(t, x) = vb (L, /X ﬁds) , for x €0, &].
0

We can therefore conclude that there is a unique solution v of (29) such that

!
ol o pcqoercy < M3 (nb@)uo@ =202l 0

(34)
+ ||g||c(u)([0,r];C([0,§]))) ’

where (with some crude estimates) M3 = %(Mz max{2, c? 1+ 1).

Our next claim is that (34) holds with 7 replaced by an arbitrary T e O, 7],
& replaced by an arbitrary X € [0, &], and with M3 unchanged. To see this,
choose T € 0,7], X € [0,&], and redefine b, uyp and g as b(x) = b(%),
upg(x) = up(X) + u{)(%)(x — X), and g(t,x) = g(t, %) for x € (X,&] and
t € [0, f"] and g(t,x) = g(f‘,x) for x € [0,£] and ¢ € (f”, t]. Then we can
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use the uniqueness of the solution and the definition of the Holder norms to
conclude that we in fact have our claim, i.e.,

ol et o 7roqo ey < M3 (nb@)ua@) — 50, D)

@10, %)
(35)
+ ”g”c(ﬂ)([o,ﬂ;cdo,x])))’ Te© 71, xel0,]
Choose
(36) 6= -—1—,
4M;

and T € (T, 7] such that the last part of (26) holds. Having a solution of (29)
satisfying (35) and having chosen T, we proceed to find a solution of (27).
Let P denote the set

P E {pec™(0,T1;C(0,£1:O) | pt, x) =uelt,x), 0<t=<T).
For each p € P we have to find a solution w of the equation
(37) Df(w —uo)(t, x) + (T, w1, x) = f(t, x) + (c(T, x) = c(t, 1)) p(t, 1),

on [0, f”] x [0, £] with boundary condition w(¢,0) = 0 (and initial condition
w(0, x) = up(x)) and ¢ as in (26). Note that this equation is of type (29).
Observe also that the right-hand side of (37) evaluated at t =0 is

£©O,x) + (c(T, x) — (0, x))ug(x),

and therefore the term b(x)ugy(x) — g(0,x) appearing in (35) is now, when
b(x) = c(T, x), equal to c(0, x)uy(x) — £(0,x). Thus we conclude from (ii)
and from the results above on (29) that we can find a solution w of (37) such
that w, € CW ([0, T]; C([0, £]; C)). Moreover, the uniqueness guarantees that
we have w, € P.

Let us denote the mapping p — w, by w, = G(p). Using the linearity of
equation (37), and (35) with b(x) = ¢(T, x) once more, we conclude that

I(G(p1) — G(p2))(t, £)||c(/t)([oj];c([o,x]))

(38)
< M3||(c(T, x) — c(t, x))(p1 — p2)(&, l)”c(u)([oj];c([o,x]))’ X e[0,€]

Let po = p1 — p2 and ca(t,x) = ¢(T,x) —c(t,x). Since p; and py € P it
follows that pa(f,x) =0 for ¢ € [0, T] and therefore we can, when analyzing
the term (c(T, x) — c(¢, x))(p1 — p2)(t, x), assume that c(t,x) = (T, x) for
t € [0, T]. Thus we conclude from the last part of (26) and from (36) that

1
sup [ea(t, x)pa(t, x)| < o5 S lpa(t,x)|, X e€][0,&].
tef0,T) 3 tef0,7]
x€[0,x] x€[0,x]
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Furthermore, if we write ca (t, X)pa (¢, x)—ca(s, X) pa(s, x) =ca(t, x)(pa(t,x)—
PA(s9x))+(CA(tvx)’“CA(S’x))(PA(S’x)“PA(T’X)) using the fact that PA(T’l) =
0, and use (26) once again, then we conclude that

l(c(T, x) — C(t x))(p1 — p2)(t, x)”c(u)([o,f];c([o,x]))

= W l(p1 — p2)(2, x)“C(“)([O,f];C([O,x]))’ X €[0,&].

Hence we have, using (38), for every X € [0, &],

1
(39) G (p1)—G(p2))(t,x) ”c(u)([oj];c([o‘x])) = 5 I(p1—p2)(,x) Hc(ﬂ)([oj];c([o,x])) )

and we see that the mapping G is a contraction and that there is a unique
fixed-point, i.e., a functlon v such that v, = G(v,). Thus we get a solution of
(27) on the interval [0, T]

If we take pg € P to be such that po(t, x) = u, (T, x) for t € [T, T] then

Il Poll ey o, 71 cr0.21) = N4xllcw qo,r1000, x)- Using inequality (35) to estimate
"G(P())Hc(u)([o 71:¢(10,%])) and then (39) to estimate ||G (v) —G(po "c(lt)([o 1.0, %)
we conclude that (28) holds with

My = max{1 + 4Mslicll o o 1.c0.en)> 2M3}-

With ¢ fixed, the solution v of (27) can of course be continued to [0, ] x
[0, £]. However, our goal is to solve (1), i.e., (27) with c(¢, x) =0 (v(t x)).
For this purpose we apply another fixed-point argument on [0, T] with T =T
sufficiently small (and recall that we have a solution of (1) on [0, T]).

We let M, be the constant

def
M, = c1 + cpmax{l, §} M ||luy ”c(u)([o,T];c([(),g]))

+EcaM, ”f“c(#)([o,r];c([o,g])) +EcaMyllo’ (o(0))up(x) — £(O, l)"c(g)([o £’
and choose T € (T, ] such that

)

(40) (T -T)" <
For our fixed-point argument we let

V= {c e cW([0, T1; €([0, £]; R)) | c(t, x) =0’ (u(t, x)), t€[0, T], x€[0, £],
co<c(t,x)<ec, tell,Tl, xel0¢&],

M,
lellew o freqoxy < Mae™, X €10, 8] }
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Note that V is convex and not empty. Now we define the function F(c) for
ceV by

FOt x) € o' (v(t, 1),

where v is the solution of (27). (By the definition of V and by (40) condition
(26) is satisfied and hence such a (unique) solution exists.)

By the uniqueness we know that we have F(c)(t,x) = o’(u(t,x)) for
t € [0,T] and x € [0,£] and by (23) we also have ¢y < F(c)(t,x) < ci.
Finally we note that since v(¢, 0) = 0 we have

FOtx) =0 (/fvx(z, " dr) ,

and it follows that

X
”F(C)||c(u)([oj~];c([o’x])) <c+ 02/0 llvx ”C(IL)([O,f];C([O,r])) dr

x
< M4+ M4/0 "C||c(u)([o,7"];c([o,r])) dr < M4CM43€’ X e[0,&],

where the second inequality is a consequence of (28) and the definition of My,
and where the last inequality follows because ¢ € V. This shows that F(c) € V.

Finally we observe that by [2, Theorem 1 and (4)] the set of solu-
tions of (27) one gets when ¢ € V is contained in a bounded subset of
clwra/d (10, T1; /D ([0, £]; R)) (for example) and therefore this set of so-
lutions, and hence also F(c¢) = o’(v) for ¢ € V is contained in a compact
subset of CW ([0, T1; C([0, £]; R)). (Note in particular that since our boundary
condition is now v(¢,0) = 0 we do not need the assumption that the function
x  c(t, x) is a continuous function with values in ([0, T1; R). Therefore
the constant M appearing in [2, formula (4)] depends on ”C"c(u)([o,f];cqo,gp)’
co and cj, but not otherwise on c¢.) Thus we know by the Schauder fixed-point
theorem that there is a function ¢ € V such that F(c) = ¢ and the corresponding
solution of (27) is then the unique solution of (1) on [0, f”] x [0, &].

If the claim of the theorem does not hold there is, by the continuation
argument above, a maximal number 7 € (0, 7] such that there is a solution of (1)
on (0, £) x (0, £], and such that u, € C™ ([0, T]; C([0, £]; R)) for all T € (0, 7).
If supy_;lluy llcw qo.11:cq0.67)) < ©© then this solution can be continued by the
argument used above, and we get a contradiction. Furthermore, it also follows
from the argument in the above that if sup;_;[lo”(u)|| c (0.TEC0.£T) < OO then
Supy . llux ”C(l‘)([O,T];C([O,é])) < 00. Thus we assume that

(41) supllo” (@)lleoo go,r3.cq0.61) = O

T<t

and we will derive a contradiction from this.
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We want to apply Theorem 1 and therefore we define the operator A by
(24) and (25). It is straightforward to check that by (ii) y = uo belongs to
D(A) C lA)(A) and that by (iii) the function ¢t — f(¢, x) € L'([0, £]; R) satisfies
the assumption (iv) of Theorem 1. Thus Theorem 1 may be applied to (1) and so
we obtain the existence of a unique (strong) solution u € C([0, 7]; L([o, £, R)).
By uniqueness, this solution coincides with the one constructed above on [0, T) x

[0, 1.
It follows from Theorem 1, together with the results on the local solution
that we already have established, that the function

t > o), (t, x) € L'([0, £]; R) is uniformly continuous on [0, 7).

An immediate consequence of this result, of (23), and of the fact that u(z, 0) = 0,
is that

“42) u is uniformly continuous on [0, T) x [0, £],
and hence we also conclude that
43) t > u.(t, x) € L0, £]; R) is uniformly continuous on [0, 7).

In the above, the results of [1] were applied to the operator u — u, in
the space of continuous functions. Now we shall do the same thing but with
integrable functions instead. We let & = &/cp and denote by B the linear
operator in L!([0, &]; C) with domain

D(B) = {v € AC([0,&]; C) | v(0) =0}
and
(Bv)(x) =v'(x), x€][0,&] veDDB).

As the norm in D(B) we can take |w|pp) = ”w/”Ll([O,EO])‘

If b € C(R*; R) satisfies cg < b(x) < c1, then we can use an argument
similar to the one employed when deriving (35) to conclude that it follows from
[1, Theorem 6] that there is a constant Ms (which depends on «, u, 7, &, co
and c;) and a unique solution v of (29) such that

44) |y ”c(/t)([(),f];Ll([o,x])) < Ms (“X[O,X](P(X))hO(P(X))HDB(I(%,OO)
+lig ”c<ﬂ><[0,f1;L1([0,x1))) :

for all T € [0,7] and X € [0,&] where ho(x) = b(X)uyx) — g(0,x), p

is the inverse of the function x > y = [ b—(ls-)ds, and where Dp(L) =
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(L'([0, &]; ©), D(B)) i o - In this argument one extends the functions as con-
stants in the #- d1rect1gn and as O in the x-direction (but ug is extended as a
constant) and changes the x-variable to the new variable y = fo Gy 98-
Having (44), our next goal is to estimate the first term on the nght hand
side. We claim that if / is an arbitrary function in C(& ([0, £]; R), which is

I3
extended as zero to (£, 00), then there is a constant Mg def 2c o+ 4, such that

@5 |xo, ae](p(y))h(p(y))HDB(& o0y < Msllhll X e[0,¢].

23 5
‘@) qoen

To see this we argue as follows: Let w(y) = x0,x1(0(¥))h(p(y)) and extend
this function as 0 on (—o00,0) and let ¢+ € (0,1) be arbitrary. Now write
w = wy 4wy where wy(y) = I %e‘%(w(y)—w(y—r))dr and where ws(y) =

foy ;e‘§w(y —r)dr. We note that w(y) =0 when y < 0 and when y > X, &

fox 6} ds. Because p is Lipschitz continuous with constant ¢; we know that
£ u

w(y) —w(y —r)| <cfre|h when 0 < r <y < X,. Furthermore,

lw(y) =Nl =cfref Ilc(g)([w) <Sr<sy=%,

[w(@) —w(y —r)| < IIhIIC(g)([O )
(because then either w(y) or w(y — r) vanishes) and |lw(y) —w(y —r)| =0

when 0 <y <ror X, <y=<X,+r

otherwise. It follows from these inequalities that ||w;||;1 < (tgc" ol (1+
q L([0,0D) X 1
2 — / 1
&)+ 2t)||h”c(§)([0’§])- Furthermore, |wz|ps) = "w2”L1([0,§0]) =7 ”wlnLl([o,;:O])
_u "
because wé(y) = %wl(z). Thus_we see that 1« ||11)1||L1([0,§0])+t1 @ |\ wallpsy <
M|l x Y 0ED and by the definition of the interpolation space Dg(£,00) =

(L1([0, &1; ©), D(B))/i o (see e.g., [13, Definition 1.2.2]), this is exactly what

we need in Order to get 45).
Using (45) we see that (44) implies that the function v that solves (29)
satisfies

46) llvxllcw o, 7.1 qo.x1) < M5 <M6”h|lc</g>([0£]) +lg ||c<u>([o,f1;L1([o,x1))) :

for all T [0, 7] and all X € [0, &].
Let c(t, x) & o' (u(t, x)). By (42) we can choose T € (0, %) such that

@7 sup  sup |c(t, x) —c(s,x)| < 2M5
t,s€[0,2) x€[0,§]
lt—s|<t-T

Let T be some arbitrary number in (T, ©).
Now we rewrite (1) in the form

(D (u = u0)) (t, %) + (T, Xux(t, x) = f(t, %) + (c(T, x) = c(t, %)) (t, %)
Lo, x), tel0,T], xel0,8]
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Note that this equation is of type (29); hence the estimate (46) may be applied
to u with b(x) = ¢(T, x) (and b extended as a constant for x > &). Also observe

that ¢(T, X)up(x) — g(0, x) = (0, X)uy(x) — (0, x) = o' (uo(x))uy(x) — £(0, x).
Thus we see by (46) that

Netellew o, 7321 0.2 =< M7

(48)
+ M5 ||X[Tyf‘](£) (C(T’ i) - C(L’ -l))ux(l.s 'l)“C(V“)([O,f];Ll([(),x]))’

where M; is some constant such that

’ ’
MS”f”c(ll)([()j‘];Ll([(),x])) + MsMs|lo (u0(£))u0(£) - f(O, i)llc(%)([o,él)

+ MS”X[O,T)(L) (C(T’ l) - C(L &))ux(b —x-)'lC(M)([O,f];Ll([O,}:])) =< M7s
for all X € [0, &] and for all T e (T, 7). Now a simple calculation shows that

“X[Tj‘](L) (C(T’ ﬁ) - C(L E))ux (L l)IIC(/‘)([O,f];Ll([O,:{]))

< sup sup |c(T,x) —c(t, x)|““xI|c(u)([0,i];L1([(),x]))
re[T,T1*€[0,6]

* Ic(t9 x) - C(S, x)l
+ sup_ A S| |ux (s, x)| dx.
t,5€[0,7]
t#s

Invoking this inequality together with (47) in (48) we get

lexllowo o, 73, L1 0,21y < 2M7
*le(t, x) — c(s, x)|
(49) +2Ms sup o |ux(s, x)| dx
1,se0,77 /0 |t —s|
t#s

x
<2M7+2Ms5 sup ”C”c(#)([()j‘];c([o’x])) |y (s, x)|dx.
se[0,717/0

Since c(¢, x) = o’ (foiux(g, r) dr) it follows from (23) that

(50) ”C”c(#)([o,f];c([(),x])) < c1+ calluy ”c(/t)([o,f];l_l([o,x]))’ x € [0, &].

From (49) and (50) it follows that for each X € [0, £] there exists a number
s(X) € [0, T) such that

fluex ||c(/t)([()j];141([()'x])) < 1+2M7+2c1Ms Sl(l)P llux (s, D L1 0.1
s€[0,7)
(D

x
+ 21‘4502/0 [luex ”c(ll«)([()j‘];Ll([(),x]))qu(s(x))a x)|dx.
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By (43) there is a finite set of points {#;}7_; C [0, T) such that if s € [0, 7)

Jj=1
then there is an index j(s) € {1,...,n} such that
(52) llux(s, x) — ux(tj(s% ﬁ)”LI([O,g] < 4M5Cz.

Let Mg = max{4M5C2, 24+ 4M7 + 4C1M5 SUPse0,7) “uX(Sa l)“Ll([o‘g])}, (by (43)
Mg < o¢). Then we conclude from (51) and (52) that we in fact have

kd
flux ”C(“)([O,f‘];Ll([O,x])) < Mg+ MS/O floex "C(I")([O,f"];Ll([o,x]))qu (tj(s(x))a x)| dx
x
< Mg+ M8/0 floex “c(/i)([()j];Ll([o,x]))P(x) dx,

where p(x) = max;<;<,|ux(tj, x)| so that we have p € L'([0, £]; R). But now
it follows from Gronwall’s inequality that

X
M, (5)d Mglipll, 1
Nt ll e o, 73;1.1 o, 21y < Mse 8o 08 < pge sy,

This inequality combined with (50) contradicts (41) and the proof is complete. O
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