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of (9/2)-type and of a Certain Fourth Order Non-linear
Ordinary Differential Equation

SHUN SHIMOMURA

Abstract. In this paper we prove that a degenerate Garnier system of (9/2)-type
has the Painlevé property. The restriction of the system to a complex line gives an
example of a fourth order non-linear ordinary differential equation such that all
the solutions are meromorphic on the whole complex plane.

Mathematics Subject Classification (1991): 35Q58 (primary), 34A20, 34A34,
58F07 (secondary).

1. — Introduction

The purpose of this paper is to prove that a degenerate Garnier system
of (9/2)-type has the Painlevé property, which means that, for every solution
of it, all the movable singular loci (i.e. singular loci depending on the initial
condition) are poles. Furthermore we give an ¢xample of a fourth order non-
linear ordinary differential equation such that all the solutions are meromorphic
on the whole complex plane.

As will be explained below, a Garnier system is derived from the isomon-
odromic deformation of a linear differential equation of the Fuchsian type.
The isomonodromic deformation problem, which was initiated by R. Fuchs [2]
and developed by R. Garnier [3] and L. Schlesinger [14], has been formu-
lated and extended by several authors [1], [5], [13], [15]. A formulation by
K. Okamoto [13] is described as follows. Consider an equation of the Fuchsian

type

d’y dy
(11) zx‘E—F(l](x)a +(12(X)y=0

with the singularities below:

Pervenuto alla Redazione il 30 marzo 1999.
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@x=0,1,00,t, (v=1,...,N) are regular singular points with the char-
acteristic exponents (0, ko), (0, 1), (Poo> Poc + Kxo), (0, 8,), respectively, where
none of kg, K1, Koo, By 1S an integer;

(b) x =Ax (k=1,...,N) are non-logarithmic regular singular points with
the characteristic exponents (0, 2).

In this equation the coefficient a>(x) contains the accessory parameters

ur = Res ap(x), K, =—Resar(x) (*k,v=1,...,N),
x=Ak x=ty

and the non-logarithmic condition (b) means that K, (v =1, ..., N) are certain
rational functions of ¢t = (#1,...,t8), A = (A1, ... ,AN), 0 = (U1, ..., UN).
Then the isomonodromic deformation of (1.1) is governed by a completely
integrable Hamiltonian system of the form

Bkk 3Kv Buk 3K,,
1.2) o o on - on k,v=1,...,N);
that is to say, there exists a fundamental system of solutions of (1.1) whose
monodromy representation is independent of ¢ = (1, ... ,ty), if and only if
(@), ..., An()) and (u1(2),..., un(t)) satisfy (1.2). Furthermore, by a
symplectic transformation q; = ¢q;(¢t,A), pi = pi(t,A, ), s, = s,(t) (@G, v =
1,...,N), system (1.2) is changed into a Hamiltonian system of the form

9qi oL, opi aL, .
G — = s _— = — s =1,...,N,
(Gv) dsy  dpi sy 9gi v )
where the Hamiltonian functions L, (v =1, ..., N) are polynomials in (g, ... ,
gn), (p1, ..., pn) with coefficients rational in (s, ... ,sy) ([8]). In particular,

when N = 1, the function A(?) (= A;(¢) = q;(¢)) satisfies the sixth Painlevé
equation (VI) ([2]), which follows from (G;) or (1.2). We call (Gy) (or (1.2))
an N-dimensional Garnier system. The Painlevé property of (Gy) is verified
by using the results of T. Miwa [10] and of B. Malgrange [9] (see [4; p. 229,
Corollary 7.3.4]).

It is known that the five Painlevé equations (I) to (V) are given by the
isomonodromic deformation of linear differential equations with regular and
irregular singular points ([1], [3], [6], [13], [15]). These Painlevé equations are
also obtained from the sixth Painlevé equation (VI) by the use of a process
of step-by-step degeneration, and the corresponding linear equations are derived
from (1.1) with N = 1 (or an equivalent one) by confluences of singularities
([3], [13]). For 2-dimensional Garnier system (G;), H. Kimura [7] carried out
the process of degeneration, and consequently obtained seven degenerate Garnier
systems. They are completely integrable Hamiltonian systems, and govern the
isomonodromic deformation of linear differential equations which are derived
from (1.1) with N = 2 by confluences of singularities. The most degenerate
one is written in the form
BQi aHv 8pi aHv

=- (i,v=12),

dG = )
( 9/2) asy opi asy 9g;
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where
§1
3H = (q22 —q1— g) pi+20:p1p2+ p3
S S
+9 (m + gl) 773 (q22 —2q: + 51) — 35291,

s 52
3Hy = qp? +2p1p2+9 (qé‘ —3q193 + 4 — glql - ng) .
For an arbitrary a € C, we put sy = a, hy, = Hs(a, 2,491,942, p1, p2). The
restriction of an arbitrary solution of (dGy,>) to the complex line s; = a satisfies
the Hamiltonian system
dg; 0Oh dp; oh
49; _oh2  dpi M2 (i=12).

1.3 _ o _
(13 i, ~op ds . 9a

Eliminating p;, p2, q; from this system, we arrive at a fourth order non-linear
ordinary differential equation of the form

8
(GEy)2) n® = 20nn" 4+ 10(y')* — 400> — 8an — 35 (=d/ds,

where n = g3, s = s5. Conversely, for every solution n of (GEg/,),

(14) (q1,92 p1, p2) = (=" /4+3n*/2+a/6, n, 3n'/2, =30 /8 + 3ny')

satisfies (1.3). Recently, by M. Noumi and Y. Yamada, higher order non-linear
equations of somewhat different types have been obtained from the isomon-
odromic deformation of certain systems ([12], see also [11]).

The main results are stated as follows:

THEOREM A. Every solution of (dGy,2) is meromorphic on C2.
THEOREM B. Every solution of (GEy,2) is meromorphic on C.

Since system (dGg/;) is completely integrable, Theorem B immediately
follows from Theorem A and (1.4). For (GEg,,), local expressions of solutions
around a movable pole are given by the following:

THEOREM C. Around each point s = sy € C, equation (GEg;) possesses
two kinds of families of solutions S(so) = {¢(so, b, b',b";s) | (b,b',b") € C*}
and Sy(s0) = {@«(s0,b,b';5) | (b,b') € C*}, in which ¢(so, b, b',b";s) and
©« (S0, b, b'; s) admit Laurent series expansions in powers of o = s — sg:

@(s0, b, b, b";8) = 072 4b + c20% + b0 + c40* + c50° + b0 + Z cjo!,
j=7
cy=-3b"—a/5, c4=—10b> —4ab/T+s0/21,  cs=3bb'/2+1/30,

@5 (50, b, b'; 5) = 30_2+c3‘02 + 0204 + cg‘aS +bo® +bo® + Z c}‘oj,
Jj>9
c; = —a/3s, c; = —s0/189, cs = —1/90.
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Here the coefficients cj (j > 7T) (or ¢} (j > 9)) are polynomials in (so, b, b', b")
(or in (so, b, b')), which are uniquely determined. Conversely every solution with a
pole at s = sq belongs to either S(so) or S« (so).

Theorem A is proved by the following procedure (Sections 2 to 5). As in
the case of (Gy), the result of [10] on the Painlevé property of deformation
equations in [5] plays an essential role. But our theorem does not immediately
follow from this result. In Section 2, we sum up some known facts which will be
used in our proof. In addition to the results of [5], [10] (Theorems 2.2, 2.3), we
describe a linear differential equation (denoted by (Lg/2)) whose isomonodromic
deformation yields (dGo2). In Section 3, we find a Schlesinger system (denoted
by (S)) from which (Lg/7) follows. Because of the property of highly confluence
at an irregular singular point of (Lg/2), the coefficient matrix of (S) is of a certain
restricted form. Furthermore it has an apparent singularity at z = 0. For these
reasons we cannot immediately apply the result of [10] to (S). On the other hand
the symmetric form of (S) is suitable for deriving the deformation equation and
for examining its properties. In Section 4, we give the deformation equation
(denoted by (DS)) which governs the isomonodromic deformation of (S). In the
process of deriving (DS), we have to check the consistency with the restriction
on (S) remarked above. In Section 5, using a Schlesinger transformation, we
get a Schlesinger system (denoted by (S*)) which has the same monodromic
structure as that of (S) and is free from an apparent singularity. Observing the
restriction of the form of (S*) and the relation to (dGyg/,) carefully, and applying
Theorem 2.3, we show the Painlevé property of (dGg,2). In the final section,
Theorem C is proved.

2. — Known results

2.1. - Linear differential equation associated with (dGy,2)

The following linear differential equation is obtained from (1.1) with N =2
by confluences of singularities:

d*y Z 1 dy
dx? S X — M | dx

(Los2)

— [9x5 + 9123 + 300+ 3kox + 3K, - 3. ) y o,
Kor2 X T M

Here x = A1, A, are non-logarithmic regular singular points, 111, 1, are accessory
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parameters, and K, K, are rational functions given by

- P(Ax) ( 2 Mk 5 3 2)
3Ki =) U — = —9x% — 9 A3 —3nA2 ),
S N TR Py T T T T TR

3K, = Z !

oo NG
AG)=E-r)E —22), PE)=§—-211— Ay,

(,LLI% - 9)\.2 — 9t1)\.2 — 31‘2)\,]%),

which are non-logarithmic conditions of the singularities x = A, A;. Then
equation (Lg/;) has the formal solutions

exp(£(6x"? /7 + t1x3* + x /%)) x 71/ Zcfx‘j/z, ci=1
j=0

near x = oo, and the Riemann scheme of it is described as

A 00 (1/2)
2.1 (o 6/7T 0 0 0 -1 0 —1, 1/2)
2 6/T 000 t 0 1t 12

(see [7; p. 37, p. 40]).

THEOREM 2.1 ([7; pp. 69-73]). The isomonodromic deformation of (Ly/,) is
governed by (dGy,) with

(q1,92) = MArr —t1/3, A1+ X2), (p1,p2) = (

(Sl, S2) = (tl, _t2)-

Mi— 2 Apg — )»2#2)
A — A ’ A — A ’

2.2. — Isomonodromic deformation of a Schlesinger system

Consider a Schlesinger system of the form

6
=0

which has an irregular singular point at z = co. Here A_, (0 < v < 6) are
2 by 2 matrices. Assume that (2.2) possesses the formal fundamental matrix
solution

(2.3) Y®(2) exp T™(2)
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with
Y@ =) Y* Ye=1
Jj=0
7 .
T®(2) =Y T2/ /(=) + Tg°log(z ™),
j=1
T =diag[z!), 7?1 (1<j<7, T = diaglao, —aol.

By d we denote the exterior differentiation with respect to 7 = (rfi}) i=
1,2; 1 < j <7). Consider a matrix of 1-forms with respect to T expressed as

;
Qe =Y Z,@d" =) o),
1<j<7 k=0

i=1,2

where ®_;(7) (0 <k <7) are defined by

7
Y () =Y*@dT>@)Y ™).

=—00

We take the entries of 7 as the deformation parameters and those of A_,
(0 < v < 6) as the unknowns. Then we have the following ([5; Theorem 1
or 3.3]):

THEOREM 2.2. The isomonodromic deformation of (2.2) is governed by

2.4) dA() = a%sz(z, ) +[2( ), AQ)],

which is completely integrable.
By [10], this system has the Painlevé property:

THEOREM 2.3. Every solution of (2.4) is meromorphic on the universal covering

space Of{T = (‘L'Sj)) (S (C14 ' T£17) — tiz’]) ?é O}

3. — Schlesinger system which yields (Lo/>)

We wish to choose a Schlesinger system from which equation (Lg/2) follows.
Consider a system of the form

dé oo e (f
s) T=B@E  Bo=-3 B2 &=(g)

v=-—1
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In this expression the coefficients are given by
B_¢=6J, B_s=ul, B_4=PK-QJ, B_3=vL,

3.1
B_,=RK —-SJ, B_j=wL, By=-r(J+K), By=(-L)/2,

where u,v, w,r, P, O, R, S are complex parameters and

62 1=(y 7). 7=(p 5). &=(2 o). £=(1 o).

The background of the choice of B_, (—1 < v < 6) is explained as follows.
For a 2-dimensional system of the form

dy _ (Un(kx) Upx) _ (N
3.3) ac = Yy, U(x)_(UZI(x) Uzz(x)>’ y_(yz)’

we have the following:

LeEMMA 3.1. For an arbitrary solution'y of (3.3), the first entry y = y; satisfies
the linear differential equatton

d2
3.4 12 + Pl(x)— + Py(x)y =0,
d
Pi(x) =-Uy —Up — d——logUlz,
X
d dUy;
Py(x) = U Uy — UiUy + U“Zf logUys — T

By this lemma, if we take U(x) such that
Uy (x) = —Upn(x) = ax* + aix + ao,

Un(x) =x"+a’x + a5’ = (x — L)(x —ha),
Upyi(x) = 9x3 + a%lx2 + a1 Ix + ao ,
then the coefficients of the corresponding linear equation are
4

ZIOEEDY li, Py = =955 = px’ + 3 —HE

k=1,2% ~ Mk V=0 k=12 X~ Mk

(compare with those of (Lg/2)). On the other hand, for the same U(x), the
change of variables

e (b Qe w-(3 )

takes (3.3) into a system with the same form as of (S), in which u, v, w, r,
P, Q, R, S are written as linear combinations of a,, a’. Therefore, for our
purpose, we start from system (S) satisfying (3.1).

In view of Riemann scheme (2.1), in what follows except Proposition 3.2
and its proof, we impose on (S) the condition below containing the deformation
parameters 1y, tp:
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(MSC) System (S) possesses the formal fundamental matrix solution
(3.5) E()=Y(@)expT(z)
with
Y@) =) Yz, Yo=1,
j=0

T(z) = T72" /(=T) + T_32°/(=3) + T_1z/(~=1) + Ty log(z™ 1),
T ,=6J, T 3=34nJ, T_1=tlJ, T0=(1/2)I.

The following proposition guarantees the feasibility of imposing such a
condition.

ProposITION 3.2. System (S) fulfills (MSC), if and only if, between the param-
eters, there exist the relations below:

(3.6) Q =u?/12,
(3.7) S = =3t +uv/6 + (Q* — P»)/12,
(3.8) r=—t,+uw/6+v>/12+ (QS — PR)/6.

Then the relation between (S) and (Lgjz) is described as follows:
ProposiTION 3.3. For an arbitrary solution € = £(2) of (S), the first entry of

(3.9) y(x) = ((1) x?/z) H7'eG'"™),  H= (g —11)

satisfies equation (Lo/2) with Ay, i (k = 1, 2) defined by

(3.10) A+ A= (P + Q)/6, AAz = —(R + S)/6,
(3.11) i = —(uAl + vig + w)/2.

Proor ofF ProposITION 3.2. Note the facts below:

LEMMA 3.4. Between the matrices given by (3.2), the following relations hold:

J2 =1, K?=—1, L’ =1,
JK=-KJ=1L, KL=—-LK =1J, L] =-JL=—K.

LemMA 3.5 ([5; Proposition 2.2 and the proof]). The formal power series
matrix Y(z) = > >0 Yjz~! in (3.5) is decomposed into a product of the form

Y@)=F@DR), F@=) Fz/, D@=) Dz,

j=0 jz0
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where

Fo=Do=1, Fj=fiL+gK,  D;=diagld d] (j=1).
Moreover the condition (MSC) is written in the form
(3.12) F'(2) + F(2) (D’(Z)D(z)‘1 + T’(Z)) = B(2)F(2).

Suppose the condition (MSC). Comparing the coefficients of z6™ (1 <
m <7) in (3.12), we see that F; = f;L + g;K (1 < j <7) satisfy

m—1 m—1
(B13)  Booym =6[Fu, J1—= Y B_oim_jFi+ > FiT-74m_j
j=1 Jj=0

where T_¢ = T_.s = T_4 = T_, = 0. Using Lemma 3.4, from (3.13) with
m =1, we have
ul = —-12f1K — 12¢g,L,
and hence F; = g, K, g = —u/12. From (3.13) with m =2, we obtain
PK — QJ =-12f,K — 12g,L + ug;J.

This implies Q = —ug1, F» = foL, f» = —P/12. In this way, comparing the
coefficients of J, K, L in (3.13) with 1 <m <7, we derive the relations below:

F1=g1K, g1=—u/12;

Q = —ugi,

F2=f2L, f2=—P/12;

F3 = g3K, g = (0g1 —v)/12;

§=-3t1 —ug3+ Pfa — vg1,

Fy = f4L, fa=(Qf2 — R)/12;

Fs = gsK, 8 = (0g3 + Sg1 —3n1g1 —w)/12;

r=—t—ugs+ Pfs—vg3+ Rfr —wg,

Fe = foL, fo = (Qfs+ Sfa—3t1fo+1)/12;

F; = g1K, g7 =(1/2+ Qgs + Sg3 +rg1 — 3183 — 1281)/12,
from which (3.6), (3.7) and (3.8) immediately follow.

Conversely suppose that (3.6), (3.7) and (3.8) hold. Choose F,,, (1 <m <7)

as above. Then it is easy to see that F,(z) = Z}:o Fjz7/ satisfies

F@T' @ = (B@ + 2 + 812+ 827 )) @+ Ejz 7,
j=2
where §; (i = —1, 1, 3) are linear combinations of fj,g; (1 < j <6), and E;
(j > 2) are 2 by 2 matrices. Observing that tr(F,(z)T'(z)Fx(z) ™) =t T'(z) =
—Toz™ !, we have 6_; = 8; = 83 = 0, which implies that (3.13) is valid for
1 < m < 7. Furthermore, comparing the coefficients of 257 (m > 8) in (3.12),
we can recursively determine F, (m > 8) and D; (j > 1) in such a way
that (3.12) holds ([5; Proposition 2.2]). Then the condition (MSC) is fulfilled.
Thus the proof is completed. O
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In the proof of Proposition 3.3, we use the following:
LEmMA 3.6. If a linear equation of the form

2

d2+au) Y+ Py =0,

where Py(x) (k = 1, 2) are rational functions, possesses the formal solutions

(3.14) p+(x) = exp(:i:(6x7/2/7+t1x3/2+t2x1/2))x_1/4 Zdjix_j/z, dat =
j=0
then near x = 00,

Pi(x) =0k, Py(x) = —=9x° — 911x3 — 36x2 + O(x).

Proor. Substitute (3.14) into

” 4 d
¢ (x)  ¢l(x) - —log W(p_, ¢1),

d
Pi(x) = —d—xlog W((P—, (p-!-)v Py(x) = _(X) o_ (x) dx

where W(p_, o4) = ¢_(x)¢) (x) — ¢’ (x)¢1(x). Then we obtain the lemma. O

PRrOOF OF PROPOSITION 3.3. By a straightforward computation, we can verify
that y = y(x) given by (3.9) satisfies a system of the form (3.3) with

3
Ux) =) U_x",

v=0
vs=(g o) 02= (36 02 up2)

—v/2 —(P+0Q)/6 —w/2 —(R+S5)/6
U‘1=(3(R—S)/2 v/2 ) Vo =( —3r w/2 )

By Lemma 3.1, the first entry of y(x) satisfies the linear equation

d%y 1 dy Mk
3.15) — — E 9 E j_ E =0,
(3.15) dx? ( x—Ak) dx (x T2 vx X — Ak Y

k=12 Jj=0 k=1,2

where Ay, uy are given by (3.10), (3.11), and y; (0 < j < 4) are polynomials in
u,v,w,r, P, 0, R, S. By (MSC) equation (3.15) possesses the same Riemann
scheme as (2.1) of (Los2). Hence, by Lemma 3.6, y4 = 0, y3 = 91, y» = 30.
The non-logarithmic property of the singularities A; (k = 1, 2) implies that y; /3
and yp/3 are determined to be rational functions of Ay, u, t,, which are equal
to K> and K of (Lo2), respectively. Hence (3.15) coincides with (Lg/2). Thus
the proof is completed. ad
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4. - Isomonodromic deformation of (S)

The following proposition gives a Pfaffian system which governs the isomon-
odromic deformation of system (S).

ProOPOSITION 4.1. There exists a fundamental matrix solution of (S) whose
monodromy representation is independent of (t1, tp), if and only if (u, V,v, W, w)
withV = P 4+ Q, W = R + S satisfies a completely integrable Pfaffian system of
the form

du =2(S — W)dt +2(Q — V)dn,,
dV = —Qw +uW/3)dt; — Qv+ uV/3)dn,,
(DS) dv = (2r + (QW — SV)/3)dt; + 2(S — W)dt,
dW = (=2 + (wV —vW)/3)dt; — Qw + uW/3)dt,
dw = ((u —rV)/3)dt, + 2rdt,,

where
0 =u?/12,
S=-341+uv/6 +VQRQ-V)/12,
r=—t+uw/6+v*/12+ (QW + SV — VW)/6,
and d denotes the exterior differentiation with respect to (t1, t2).

To prove this proposition, we start from the fact below. This is verified
by the same argument as in the proof of [5; Theorem 1 or 3.3], though our
system (S) has an apparent singularity at z = 0.

ProposITION 4.2. Consider a matrix of 1-forms with respect to t = (t1, tp)
written in the form

3
Qe =) d,nF

k=0
with ®_;(t) (0 < k < 3) defined by

3
@.1) Y e =YR)(-dn —2dn)IY ().

k=—00

Then the isomonodromic deformation of (S) is governed by

4.2) dB(z) = ;_ZQ(Z’ 1) +[2(z, 1), B(2)].

We compute ®_;(¢) (0 < k < 3). Substituting the formal series

Y=Y Yz Y@ l'=) Yl Yo=Yy =I
j=0 j=0
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into B(z) = Y@QT' @Y @)™+ Y' (@Y™ (= d/dz), and comparing the
coefficients, we have, for 3 <m <5,

6—m
4.3) B.y=6Y Yom ;JY.
j=0

On the other hand, from (4.1), we have, for 0 < k < 3,

3—k 1-k
44) O =- (Z YjJY;_k_j) dt; — (Z Yijl—_k_j> dy.

j=0 Jj=0
By (4.3) and (4.4),

®_3(1) = —Jdn, Q_»(t) = —(B-s/6)dn,

4.5)
P_i(t) = —=(B_4/6)dt; — Jdty, Po(t) = —(B_3/6)dt; — (B_5/6)dt,.

Proor ofF ProrosiTION 4.1. Using (4.5) and
0
5.2 @n = 30 _3(1)2% + 20 _2(0)z + D1 (1),
we can verify that (4.2) is equivalent to the following:

4.6.1) du = —2Rdt) — 2Pdn,,

(4.6.2) dP = —Qw + Su/3)dt; — Qv + Qu/3)dt,

4.6.3) dQ = —(Ru/3)dt; — (Pu/3)dt,,

(4.6.4) dv = Q2r+ (QR — PS)/3)dt; —2Rdt,,

4.6.5) dR = (1 —ur/3+ Qw/3 — Sv/3)dti — Qw + Su/3)dt,

(4.6.6) dS = (-3 +ur/3+ Pw/3 — Rv/3)dt) — (Ru/3)dt,,

4.6.7) dw = (u/3 — Pr/3 — Qr/3)dt; + 2rdt,,

(4.6.8) dr =(Q/6 — P/6+ vr/3)dt; — (1 — ur/3)dt,.

First we regard the system of these equations as a Pfaffian system with the
unknown (u, P, Q,v, R, S, w,r), and denote it by (Pf). Then the completely
integrability of (Pf) is verified by a straightforward computation. From (4.6.1)
and (4.6.3), we have d(Q —u?/12) = d Q—(u/6)du = 0, which implies that (Pf)
has the integral expressed as (3.6). Let (Pf)) be the Pfaffian system generated
by 4.6.m) (1 <m <8, m # 3) with Q given by (3.6). Then (Pf;) is also
completely integrable, and has the integral expressed as (3.7). In fact, by (3.6),
4.6.1), (4.6.2), (4.6.4), (4.6.6),

d (5= (=30 +uv/6+ (0% - PH/12))

=dS — (—3dt; + (udv + vdu)/6 + (QdQ — PdP)/6)
—dS — (=3 +ur/3 + Pw/3 — Rv/3)dt; + (Ru/3)dt, = 0.



PAINLEVE PROPERTY OF A DEGENERATE GARNIER SYSTEM 13

Repeating such a procedure, we arrive at the completely integrable Pfaffian
system (Pf,) with the unknown (u, P, v, R, w) which is generated by (4.6.m)
(m = 1,2,4,5,7) and contains (Q,S,r) given by (3.6), (3.7), (3.8). Every
solution of (Pf,) satisfies system (Pf). Then, by Propositions 3.2 and 4.2, the
isomonodromic deformation of (S) is governed by (Pf,) (with (3.6), (3.7), (3.8)).
It is easy to see that the transformation (V, W) = (P + Q, R + S) takes (Pf,)
into system (DS). Thus the proof is completed. O

5. — Proof of Theorem A
We give a Schlesinger transformation, by which the apparent singularity

z = 0 of (S) is removed. (For the procedure of finding the transformation
see [6].)

PRroPOSITION 5.1. By the Schlesinger transformation

1
(5.1) ¢=V@¢ VY= (_ul/u —u/12+z)’

system (S) is changed into

d¢ 6
(%) pri C(2)¢, Ci)=- z:(:) c_.z",
where
Cs=6J, Cs= (—P —Ou2/12 _52) : Ca= (v +_u‘(//6 8) ’
Cs= (—(R +l;:r/g‘-/r/22w72) —(v i‘;ws)) G2 = (w +_uWW/6 v(:/) '
ca=(,_ uﬁ%u—v‘%y/n —(w iVZW/6)> > G = (—(1)/2 8) :

Furthermore this system admits the formal fundamental matrix solution
(5.2 E«(z) = Yi(2) exp Ti(2)
with

Y.@) =) Yz ™/,  Yo=1
j=0

T.(2) = —((6/12’ + h2’ + thz — (1/2) log(z ™)) J.
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Let (u, V,v, W, w) be an arbitrary solution of (DS). Then, by Proposi-
tions 4.1 and 5.1, system (S*) also has the isomonodromic property. By The-
orem 2.2 with ag = 1/2 of (2.3), deformation equation (2.4) admits a special
solution (A_,(t); 0 < v < 6) such that, for each v, the restriction of A_,(t)
to the subspace

o @6 @3, D= Qo

V=0 (=12 j=24,5.6)

coincides with C_, = C_,(#1, ). Hence by Theorem 2.3, the entries V, W,
v+ uV/6, w+ uW/6 are meromorphic functions of (#,#). From this fact
combined with Proposition 3.3 and Theorem 2.1, it follows that (q, q2, p1, p2)
with

q=-W/6—s51/3, q=1V/6,

p1=wWV/6+v)/2, pp=-VuV/6+v)/12— uW/6+ w)/2

is a solution of (dGg/2) meromorphic for (s1, s2) = (1, =) € C2. Furthermore
the quadruplets with entries (5.3) range over all the solutions of (dGg;;). In
fact, for an arbitrary (q?, qg, p?, pg) € C4, if we choose a solution (u*, V*, v*,
W*, w*) of (DS) such that it takes the value (0,6q2,2p), —6g7) — 217,
—2(p(2) + p?q?)) at (11,h) = (t?, tg), then the solution (¢f, g3, p}, p3) of
(dGy,2) derived by the argument above takes the initial value @, 49, p, P9
at (s1,8) = (t?, —tg). Therefore every solution of (dGgz) is meromorphic on
C2. This completes the proof of Theorem A.

(5.3)

6. — Proof of Theorem C

6.1. — Formal series expansions

We write
Dlnl = n® = 20nn" — 10(n')* + 400 + 8an + (8/3)(c + %), o =5 — 5.
Observe the following fact:

LEMMA 6.1. Let x(0) = > ;5 » rio’ and w,(0) = ijn pjo’ be formal

Laurent series, where r_, = 1 and n € {—1, 0} UN. Then we have
D[x(0) + wa(0)] = DIx(0)] = n(n — 3)(n — 6)(n + 3)p,0"* + Y Tic'.
i>n-3

PrOOF. Observing that
D(x(0) + w,(6)] — Dlx(0)] = 0P (0) — 20(wn(0)x" (@) + w, (@) x (0))
—20w), (o) %' (o) + 120w, (o) x () + Z [iol,

i>n-3

we have the lemma. d
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Similarly we obtain the following:

LEMMA 6.2. Let X *(0) = Yjsal} *o/ and w}(0) = > j=n Pio?  be formal
Laurent series, where r*, = 3 and n € {—1, 0} U N. Then we have

Dlx*(©)+w}(©)]~Dlx*(©0)] = (1-6)(n—8)(n+3)(n+5)pfo" *+ Y Tfo'.

i>n—3

Suppose that =3, ¢jo/, c.y #0, (m € N) is a formal solution of
(GEg/2). Substituting thls mto D[n] 0 and comparing the terms of the lowest
degree, we have m = 2, and c_, = 1 or 3. Consider the case where c_, = 1.
By a straightforward computation we can verify that, for arbitrary constants
b,b',b", the function

X6(0) =024+ b+ cr0? + b0 + cso* + ¢s6° + b0

with ¢, ¢y, ¢s of the theorem satisfies D[xs(0)] = Y_;53 [io’, where I; (i > 3)
are constants depending on sg, b, b', b”. By Lemma 6.1, D[xs(c) + c7067] =
(28007+F3)0’3+Z,~24 Io'. Take ¢; = —T'3/280. Then D[x7(0)] = Y4 Ilot,
where x7(0) = x¢(0) + c70”. Similarly, for j > 7, we can successively de-
termine ¢; (j > 7) in such a way that x;(0) = xe¢(0) + Z‘; ,cy0” satisfies
Dlxj(0)] = 3> ;»;_3 /o', In this way we construct a formal solution of the
form ¢(so, b,b',b"; s) = x6(0) + }_j;7¢jo’. Suppose that ¢(so, b, b, b";s) =
ij_z 5jaf is another formal solution satisfying ¢_» = 1, ¢ = co = b, ¢3 =
3 = b,C = cg = b", and that ¢(so, b, ', b";s) — @(s0,b,b',b";5) =
ZijO(cj —cj)o’, ¢jo — Cjy # 0, jo # —2,0,3,6. Then, by Lemma 6.1, we
have jo(jo — 3)(Jjo — 6)(jo + 3)(cj, — Cj,) = 0, which is a contradiction. There-
fore (GEy;») possesses a unique formal solution of the form ¢(so, b, &', b"; s)
(c.2 = 1). Using Lemma 6.2, we can similarly verify the existence and unique-
ness of a formal solution of the form ¢, (so, b, b’; s) (c*, = 3) as well.

6.2. — Proof of convergence

For a matrix A = (apy) (1 < p <A;1 <gq < p), we define the norm of
A by Al = max{}}/_ 1|an| | 1 < p < A}; in particular, for a row vector
vV=(i...,v), IVl = |vi|+ -+ |v,|. We shall show the convergence of
the formal solution (s, b, b', b"; s). Consider a column vector given by

P ="(Y1, Y2, ¥3, Ya),
Y= '7—‘7—2’ (2} =UW{, V3 =U'/f£, ¢4=Ulﬁ§, o =S5 —5).
Then (GEy,,) is written in the form

6.1) o' =a,(@) + M+ D aj0),

1<|jll<3

§= Gt jo jar o) € NU{ODY, b = ' w2y Pylt
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Here aj(o) (0 < ||jll < 3) are 4-dimensional column vectors with entries poly-
nomial in o such that a;(0) = o, and M is a matrix of the form

0

A= OO

1 0
0 0 1
0 0 O
0 -54 9

Note that (6.1) has the formal solution

P ="(00(0), 0p}(0), 529}(0) +0¢)(0), 03¢5 (@) + 3024 (0) + ag)(0))
672, =2072, 4072, —80‘2)

k t 4
= ot ¢ = (Ck1, Ck2, Ck3, cka) € T,
k>0

where ¢o(0) = @(so, b, b’, b";s). Now we choose an integer k¢ so large that,
for k > ko, {|(kI — M)~'|| < 1. Then, the formal series 8(c) = Zkzko cyok
satisfies

(6.2) o8 —M6= > bj(c)¥,
<3
where
dy
bj(o) = ijid', by = "(bji1, bjin, b3, bjia) € C*,  dp € N,
i=0

b;j(0) =0 for |jll =1, boi =0 for0<i<ky—1.
By (6.2), for each k > kg,
¢ = (kI — M)~ 'vi(byi, € [ljl <3,0 <i <do, ko <k <k—1),
where v; is a 4-dimensional column vector function whose entries are polyno-
mials in bji,, ¢, (jIl £3,0 <i <dp, ko <« <k—1,1<:<4) with positive
coefficients. Put

= lvi(Bol, vil; llill =3,0<i <do,ko <k <k—DI (k= ko)

with By = max{|Ibs | | il <3,0 <i <dp},1="(1,1,1,1). Then, we see that
Y& > |lekll (k > kp), and that the formal series ©(o) = Zk2k0 ok satisfies

do
(6.3) ® =4 [Z ol + (Za ) O+ (za) (1002 4 200°)
i=0

i=kq



PAINLEVE PROPERTY OF A DEGENERATE GARNIER SYSTEM 17

By the implicit function theorem, near o = 0, equation (6.3) possesses a unique
holomorphic solution whose series expansion coincides with © (o). This implies
that the series @(so, b, ', b”;s) converges around s = so. The convergence of
@« (80, b, b'; 5) is also verified in the same way.
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