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Schauder Estimates for a Class of Degenerate Elliptic and Parabolic
Operators with Unbounded Coefficients in R"

ALESSANDRA LUNARDI

1. - Introduction
We consider the differential operator
n n
(1.1) Au= Z qijDiju + Z bijxjDiu = Tr(QDzu) + (Bx, Du), x € R*,
i, j=1 i,j=1

where B is any nonzero matrix, Q = [g;j];,j=1,..,» iS any symmetric matrix
such that

1.2) E qij&§ >0, £ecR".

i,j=1

Moreover we assume that setting

1 .
(1.3) K, = ;/ eB0eBds, >0,
0
then
(1.4) detk, >0, t>0.

Condition (1.4) is equivalent to the fact that the operator A is hypoelliptic in
the sense of Hormander ([S5]). So, if f € C*(R") and u is a distributional
solution of

(1.5) Au=f,
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applicazioni . .. etc.”
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then u € C*®(R"). In this paper we shall define a suitable distance d in R"
such that if 0 < 6 < 1 and f € C§(R") then u € C;*(R"). C§(R") is the
Holder space with exponent 6 with respect to the distance d. Cﬁ*’o R™) will be
defined later.

The distance d is equivalent to the usual euclidean distance if and only if
det Q > 0, i.e. the equation is nondegenerate. In such a case, assumption (1.4)
is satisfied for any B, C3™°(R") coincides with the usual Holder space C2+°(R")
and the result has been proved in the previous paper [4].

To define the distance d we need to introduce another condition equivalent
to (1.4), namely

(1.6) Rank [Q'/2, BQ'2,... B 10 =n.

Such a condition is well known in control theory. It is called Kalman rank
condition. See e.g. [15, Ch. 1] for a proof of the equivalence.
Let k € {0,...,n — 1} be the smallest integer such that

Rank [Q'2, BQ'?,... ,B*Q'?| =n.

Note that the matrix Q is nonsingular if and only if k = 0. Set V, = Range
02, v, = Range Q'? + Range BQ!/? +..+ Range B"Q!/2. Of course,
Vi C Viyy for every h, and V;, = R". Define the orthogonal projections Ej as

Ey = projection on Vj,
1.7)

En.1 = projection on (Vu)tin Vyyy, h=1,...  k—1.

Then R” = @ﬁzo E,(R™"). By possibly changing coordinates in R” we
will consider an orthogonal basis {ej, ... ,e,} consisting of generators of the
subspaces E,(R"). For every h =0, ...,k we define I, as the set of indices
i such that the vectors e¢; with i € I span E,(R"). After the changement of
coordinates the second order derivatives which appear in (1.1) are only the D;ju
with i, ] € Iy.

The distance d is defined by

k
d(x,y) =Y |Ex(x — y)|/D,
h=0

where | - | is the usual euclidean norm. For 6 > 0 such that 6/2h +1) ¢ N
for h = 0,...,k, the space Cg(]R") is the set of all the bounded functions
f : R" > R such that for every xy € R", 0 < h <k, the mapping E;(R") — R,
x > f(xo+x) belongs to C%/@+D(E,(R")), with norm bounded by a constant
independent of xp. It is endowed with the norm

k

1o gmy =D sup ILf (xo+ )l corensn g, mmy -
h=0 XOER
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In particular, for 0 < 6 < 1 it is the space of the bounded functions f such
that

k

-1
[f]CZ(Rn) = sup |f(x)— f(y)l(Z |En(x — )’)|9/(2h+1)) oo

e”xy h=0

The definition of CZ(R") in the case where 0/(2h + 1) is integer for some h
will be given in Section 2.
The precise statements of our main results are the following.

THEOREM 1.1. Let 0 < 6 < 1, A > 0. Then for every f € C5(R") the problem
Au—Au=f

has a unique distributional solution u in the space of the uniformly continuous and
bounded functions. Moreover, u is a strong solution, it belongs to Cd+0 ®R"), and
there is C > 0, independent of f, such that

(1.8) 1012+ gy < CIF ety -

THEOREM 1.2. Let0<6 <1, T >0, ugeC3?(R"), andlet f : [0, T]xR" — R
be a continuous function such that f(t,-) € CZ(R") for every t € [0,T] and
supo<,<r I f (&, )l c Ry < 00. Then the problem

u(t,x) = Au(t,x) + f(t,x), t>0, x e R",
(1.9) {

u©0,x) =up(x), xeR",

has a unique distributional solutionu € C([0, T]1 xR") suchthatu(t,-) € C,%"'e (R™)
for every t € [0, T]. Moreover, u is also a strong solution, and there is C > 0,
independent of f, ug, such that

(1.10) sup |lu(, )"02"'9(Rn)<C(”u0”CO(Rn)+ SUP I f, )"CO(R"))

0<t<T

The proofs rely on (a) an explicit reprentation formula for the semigroup
T (t) associated to the operator A, (b) the Laplace transform formula for the
elliptic case, the variation of constants formula for the parabolic case, (c) in-
terpolation techniques.

The representation formula for T'(¢),

1

TOO) = G Det K,) 172

-1
(1.11) / e—EI?(Kt y'y>¢(e’8x —ydy, t>0,
]Rn

T(0)p =g,
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with '8 = Yomeot"B"/n!, gives the solution of the evolution problem

us(t, x) = Au(t,x), t >0, x e R*,

(1.12)
u@0,x) =¢(x), xeR",

for a wide class of initial data ¢. It is due to Kolmogoroff, see [6]. It lets
us give precise estimates on the sup norm of the derivatives of T'(t)¢ when ¢
belongs to L®(R") or to Cj(R").

The Laplace transform formula lets us represent the solution of the elliptic
equation Au — Au = f for A > 0 in terms of the semigroup 7 (¢):

(1.13) u= /+°° e MT @) f dt
0

whenever f is continuous and bounded. The variation of constants formula
lets us represent the solution of the parabolic problem (1.9) in terms of the
semigroup T (¢):

(1.14) u:T(t)u0+/0t T(@t—s)f(s,)ds, 0<t<T.

The space C§(R") arises interpolating between the space X of the uniformly
continuous and bounded functions in R" and the domain of the realization A
of A in X. To be precise, we prove that if 0 < 6 < 1 then

(X, D(A))g,00 = CH(R") N Yg,

where Y, is defined by

| f(Bx) = f)I - oo}

(1.15) Yy = {f €X:[fly = sup )

0<z<1

Once the interpolation spaces (X, D(A))p, have been characterized, we
get sharp Holder regularity results up to ¢ = O for the solution of the evolution
problem (1.12). See Corollary 6.5.

Moreover, T(t) has a good behavior in the spaces CZ (R™): indeed, there
are C, w such that

wt

Ce
(1L16) IT()flegan < g7z 1 Flcoany» >0, 00 <@ <3, f € ChRY,

which is the same behavior of the semigroups associated to nondegenerate
elliptic operators with bounded smooth coefficients in the usual Holder spaces.

Coming back to the representation formulas (1.13) and (1.14), since we
have good estimates for T'(¢), in both cases we get good estimates for u.
However, as one can expect, estimates (1.16) do not give immediately the
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optimal estimates (1.8) and (1.10). For instance, applying (1.16) to (1.13) with
o = 60+2 we get a nonintegrable singularity near ¢t = 0. To prove Theorem 1.1
we use an interpolation procedure, showing that if f € C5(R") with 0 < < 1
then the function u defined by (1.13) belongs to the interpolation space

CFR™), CGT2R™)1-a/240/200 =CqTR"), 6 <a <1.

Similar arguments are used to prove Theorem 1.2.

Techniques close to the present one have been used previously in [8, Ch. 3]
and in [4], [10] where we considered the cases B = 0, B # 0, B = B(x)
respectively, in the nondegenerate case det Q # 0.

Estimates (1.8) and (1.10) are used in the last section to extend the results
of Theorems 1.1 and 1.2 to a case in which the coefficients of Q depend
on x. We assume that there exists the limit limjy— o Q(x) = Qw, and that
the matrices Q(x), B have a certain block structure such that the projections
Ej(x) defined in (1.7) with Q replaced by Q(x) are independent of x. Then by
localization and perturbation methods we prove that the results of Theorems 1.1
and 1.2 hold also for the operator

n n
A= Z q,-j(x)D,-j + Z b,’jiji .
i,j=1 i,j=1
Other optimal Holder regularity results for the parabolic problem (1.9) in a

bounded domain have been recently obtained in [11] (also for operators with
variable g;;), by different techniques.

2. — The spaces C(R") and Cj (R")

For m € N we denote by UC™(R") the space of the functions f : R" — R
uniformly continuous and bounded together with their derivatives up to the
order m. To define the spaces Cj(R") for general @ > 0 we introduce the
Zygmund spaces C°(R"), s, m € N, defined by

C'(R") = {f e UCI(RY) :

p B f(y) — 2DP
fle= 3 sup |D”f(x) + D" f(y) —2D" f((x + ¥)/2) <oo}’

|ﬁ|=s—l x,ye]R"’,x;éy |x - yI
I flles@ny = [fles + D 1D fllco.
|Bl<s

Now we define Cj(R") as the set of all the bounded functions f : R" — R such
that for every xo € R", x — f(xo 4+ Enx) belongs to C¥/C*+D(E,(R")), with
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norm bounded by a constant independent of xy, for every A such that «/(2h+1)
is not integer, and x — f(xo + Epx) belongs to CY/Ch+) (E, (R™)), with norm
bounded by a constant independent of xo, for every A such that a/(2h + 1) is
integer. The space CJ(R") is endowed with the norm

Iflex@n = D sup If G0+ En)lcas@hn g, @y
h:a/(2h+1)¢N *0€R"

+ Z sup || f(xo+ En- )"ca/(2h+1)(Eh(Rn))
h:a/(h+1)eN *0€R”

We shall use also the spaces CJ(R"), defined as the set of all the bounded
functions f : R" — R such that for every xo € R", 0 < h < k, the mapping
Ex(R") = R, x — f(xo+x) belongs to C@+D(E, (R")), with norm bounded
by a constant independent of xp. It is endowed with the norm

k
"f“cg(Rn) Z sup || f(xo + Ep- )”CO/(Z’H'D(E;,(]R"))
h=0 xg€R”
Of course, CI(R") = CJ(R") if a/(2h + 1) ¢ N for every h = 0,... ,k.
Moreover it is not hard to see that if «/(2h + 1) € N for some h, then
Ci(R™) C C§(R") with continuous embedding.

To simplify notation for every f € Cg(R") we shall write || | ca/@n+1) E,R™)
instead of sup, cgn [|.f (X0 + )l cas@h+1) (g, ®ny- The same convention will be
used if C* is replaced by C*.

We shall use throughout the interpolation inequalities

4
(21) ”g“C991+(1 O)BO(E RP)) = C"g"CGO(E (R™)) "g”CGI (Ep (RM))

which hold for 0 < 6y <6;, 0 <6 <1, g € CP1(EL(R™)). See [14, § 2.7.2].
In the following lemma we prove further regularity properties of the functions
in C§(R"). They will be used in Section 8.

LEMMA 2.1. Let f € C3(R") with a'> 0. Assume that for somer =0, ... ,k,
a/@2r+1) > s, withs integer. Then the derivative DP f with respect to the variables
x;i, i € I, belongs to Cs_’(er)(R") for every multi-index B with |B| = s. There is
C > 0, independent of f, such that

107 £l ga=star+1 gay < Cll flcg@n -
Proor. It is convenient to use an equivalent norm in the Holder and Zygmund

spaces. For every h =0, ...,k and 8 > 0, m integer > 6, the space Co(EL(R™))
is the set of the bounded continuous functions g such that

> ( )(—U’g(xo +ly)} <00,
=0

2.2) [gleo (e, mny) = sup
(En(R™) = xpeR", yeEh(]R") y#0 |}’|9
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and the norm
g = "g"oo + [g]ce(Eh(Rn))

is equivalent to the Holder or to the Zygmund norm. For a proof see e.g. [14,
§ 2.7.2].

Let f € Cj(R"). We shall prove that for every xo € R" the restriction to
Ex(R™) of g = DP f(xp + -) belongs to CO—s@+D)/Ch+D(E, (R")). We shall
use (2.1) with 6p =0, 6; = a/Q2r +1), 6 =sQ2r + 1)/c.

Fix any integer m > «. For every h =0, ...,k and xo € R*, y € E,(R")
we have

m

Z('f) (~1)!'DP f(x +ly)} <

1=0

Z('}’) (=D FC+1y)
1=0

s@2r+1)/a

CS(Er (R™))

<C

> (';’) D fC+1y)
1=0

ce/Qr+1)(E, (R?))

1-sQr+1)/a

: Z(’;’) (=)' +1y)

1=0

L (R")

1-s2r+1
< CQ™ fllcamn) @+ ([f dar@nsn g, ny |y1%/ @) =D/

< Cliflcagn|y| @@ HD/EED

O

The statement follows.

Now we characterize some interpolation spaces between the space X =
UC(R") of the uniformly continuous and bounded functions and C3(R"). X is
endowed with the sup norm.

THEOREM 2.2. Leta > 0,0 < y < 1. Then
(X, CG(R"))y.00 = C3" R").

Prook. Let f € (X,C3(R™)y 0. Then f = u(0), where t > t!"Vu(t) €
L®(0,1; C3(R™), t — t1=7u/'(t) € L®(0,1; X). Forxo e R" and h =0, ... ,k
define

up(t)(x) = u(t)(xo +x), x € Ex(R").

Then ¢ > t!"7u,(t) € L®(0, 1; CY/@+D(EL(R™))), t = t177u)(t) € L®(0, 1;
UC(ER(R™))), so that f(xo+ Ep-) = un(0) belongs to

(UC(Ex®R™), C*/*D(E(R™))y,00 = C*V/ PV (ERR™)

([14, Thm. 1, § 2.7.2]).
Therefore, f € C“;”(Rn) and "f"c;’y(m") < C"f"(x,cf;(R"))y,oo-
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To prove the other inclusion we show preliminarly that if X is any Banach
space and Ap: D, — X, h = 0,... ,k, are infinitesimal generators of com-
muting analytic semigroups T;(¢) in X, 0 < 6, < 1, then for every y € (0, 1)

k k
(X, X, DA,,)e,,,oo) = (X, Da,)yop.00»
h=0 ¥, h=0

with equivalence of the respective norms.

Set Y = Nf_o(X, Day)oy,000 Yy = Ni_o(X, Day)ysy,00- The embedding
(X,Y)y,00 C Y, is obvious. To prove the converse, for f € Y, set

k
u@) =[[Tn¢"mf, 0<r<1.
h=0

Then for r =0, ...,k

4l x.D4,%, 00 < C(Iu(®)llx + S IE"~% A, T (E)u() | x)

<C(lfllx + o IE' % A, T (€ + %) fllx) < CE I Flx,pay ey o0 -

Moreover,

k k k
le@—flix <Y JT 1TEHTE =D flix <CY "1 F x4, )y0,,00 -

h=0i=h+1 h=0

Therefore, f € (X,Y)y,00, and

1
= sup — inf (t|la b
£ llx,%)y,00 Sup f=a+b( lally + I151lx)

1
= sup — Ue@lly +llu@) = flix) = Cllfly, -

O<t<

Now we apply this result taking Ay = (—1)" ‘”Afl, where r € N is such that
2r—2 <a(2h+1) < 2r, and 6, = a/2r(2h+1). Here A, is the realization of
the Laplace operator with respect to the variables x;, i € I, in X. It is easy
to see that A, generates an analytic semigroup in X, and by [14, § 1.14.3] we
have

(X, D)y = Da, (ry, 00) = {f € D((B1)*) 1 (A4) f € D, (0, 00))
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if ry =s+o0, s integer, 0 < 0 < 1. On the other hand, if 0 <ry < 1 it is
well known (see e.g. [13, Thm. 4*]) that

Da,(ry,00) = {f € X : f(x0+ )ig,®&n) € C?" (Ex(R™),

2.3
( ) sup ||f(x0 + .)"CZV’(Eh(R”)) < 00} .
xpeR”

Using the Schauder theorem we get easily that (2.3) holds also for ry > 1, 2ry
not integer. By interpolation it follows that (2.3) holds also if ry is integer:
indeed,

(X’ DAh))/,OO = ((X’ DAh)y—s,OOs (X7 DAh)V+6,OO)1/2,OO7 0<e< Y-

Choosing & such that 2r(y — ¢€), 2r(y + €) are not integers and using the
equalities

(CZ(Y—S)r(Eh (Rn))’ Cz(}"l‘E)r(Eh (Rn)))lﬂ,oo = Czyr (Eh (Rn))

we get (2.3). The statement follows. O
Using the Reiteration theorem ([14, § 1.10]) we get

COROLLARY 2.3. For0 <6 <, 0 <y <1

(CHR™), CERM)y.00 = CH I (R

3. — Estimates for 7' ()

The representation formula (1.11) for 7 (¢) is written in terms of the operators
K:, ¢'B. To give estimates on T(¢)f in several noms we need to know the
behavior of such operators for + — 0 and t — oo.

Set

wo= sup ReA.
A€o (B)

LEMMA 3.1. Let > wq. Then there exists C > O such that for0 < s, j <k,
t>0

i Ct5—Je®t, s>7,
3.1 IEse'®Ej|l = | Eje'™ Es|l <
Cte®, s<j.
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Moreover there exists C > 0 such that forO < h <k

_ C
(32 K E < p IEx K, < Ct*, 0<t<1;
(33) 2k <, 112K < € max(1,e®), t>1;
_ C wt
(34) |Ene® K7V < ,Lh 1K BE,|| < Ce”'t", t>0.

ProoF. The norm of E;e'®"E; is equal to the norm of Ee'PE; =
> meo EsB"Ejt"/n!. For s > n+ j, E;B"E; vanishes. (3.1) follows.
Let us prove estimates (3.2). Let the operators I'; be defined by

k
Iy=)Y t*"E, t>0.
h=0

It has been proved in [12] that
(3.5) 3 lim t~*1,K, T, =R,

the matrix R being nonsingular. We get now an explicit expression of R which
is not needed at this moment but will be useful in the case of coefficients
depending on x. We have

K, = l/t e(s_')BQe(s_')B*ds
t Jo
t +oo
/ m—'s 'stds B*Q(B*) = Zﬂ Zc 1BIQ(BY,
=0

with ¢j; = 1/(j —DU!(j+1). Recalling that E, B/ Q(B*)'E, =0 if h > j—1
or if r > [, we get

= llmt FthFt

t—0

2%k k J k
=lme Y /Y E Y e BT QBY Y TE,
j=0  h=0 1=0 r=0

(3.6) t—>0
k
= Y chirrExB"Q(B*)E,
h, r=0
Since R is nonsingular, (3.5) implies that

3 im0 KT = R
t—0



SCHAUDER ESTIMATES 143

Therefore for every z € R we have
K2 Enzl? = (z, EaK[ Enz) = %P (g, BT K T Epa)

where t*T7 1K IT;! goes to R™! as t goes to 0, so that it is bounded near
t = 0. The first estimate in (3.2) follows, and the second one may be proved
similarly.

To prove (3.4) for 0 <t < 1 we make a computation similar to the one
above. We write e "BK,e~'B" as

. 1 . * .
e—tBKte—tB — ;/0 e(s—t)BQe(s—t)B ds=2t] Ekj,lBJ_IQ(B*)l’

j=0 I=0

with k;; = (=1)//(j — DU!(j + 1). Arguing as we did in the computation of
R we get

11mt 2 o~tBg o 1B D, — Z knirrExB"Q(B*YE, =S,

t
—0 h,r=0

where
det § = lim det(t~%*T, K, 'T,)(dete™"2) = det R .

Therefore, there exists the limit
tli_%tzkrt—lew*K'—lexBFt—l =51,
Arguing as above we get
Ik 2 BEy | <Ct™", 0<t<1,

and (3.4) follows for 0 < ¢ < 1, recalling that ||Exe'" K, "/?|| = | K, /?e'BEy|.
Now we prove the estimates for £ > 1. For every z € R* we have
1Ce* -1
__(_____). [ z|2 ,
2w
and the second estimate of (3.3) follows. To prove the first one we note that
t — tK; is nondecreasing in (0, +00): indeed, for ¢t > 7y and x € R"

|K1/22|2 (K;Z Z / |Q1/2 sB* |2d < -

4 *
(tKix,x) — (toKyyx, x) =/ |02e*B" x|?ds > 0.
10

Therefore, t — (tK,)~! is nonincreasing, so that for > 1 we have (tK;)~! <
K;!. This means that for every z € R”

[t7V2K 2 = (e K) 2, 2) < K22,

and the first of (3.3) follows. Estimates (3.4) for ¢+ > 1 follow easily
from (3.3). ]
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From the representation formula (1.11) it follows immediately that

37 0T @) flloo < I flloos VfieX, t>0
and that T(¢z)f € C®(R") for every f € X and ¢ > 0. Estimates on the
first, second, and third order derivatives of T (t)f are provided by the next
proposition.

PROPOSITION 3.2. Let w > wg. ThenforO <h <kandi € I

Cewt
(3.8) ID:iT () flloo < t,,,r—mllflloo, feX, t>0,
forO<h,r<kandiely, jel
Ce2t
(3.9) IDi;T(#) flloo < m"f"oo’ feX, t>0;
forO<h,r,s<kandie€ly jel,lel
Ce3a)t
(3.10) I DijiT () flloo < tiH-r-l-—s+3/2"f"°°’ feX, t>0.
ProoF. For every t > 0 we have (D denotes the gradient)
12

(3.11) DT(t)f - _ / etB*Kt—1/2ze-‘|2|2/4f(et8x _ tl/thl/ZZ)dZ )
R®

2(4m)n/?

Therefore, the sup norm of each component of t/2K;?e~'8* DT (¢) f is bounded
by || flleo/~/7. By (3.4) we get
wt

* _ Ce
IEDT @) flloo = I Ene’™ KK, "¢ DT (1) flloo < 751 llo -

To estimate the second order derivatives, we note that if ¢ € UC!(R") then
(3.12) T@®Dy=e"B"DT(t)p, DTWt)p=eB"Tt)Dp, t>0.
It follows that for i € I, j € I, we have
IDi; T (#) flloo = ID:i(D;T /)T (t/2) fHll o
= IDi('””" T(t/2)DT (¢/2) ;oo

= Z(ew*)ﬂD,-T(t/2)DIT(t/2)f

I=1

C wt N
= prn EKetB it IDIT(#/2) flloo -

(3.13)

[e o]

Using (3.1) we get
IDi;T () f llo

3.14 c (=
G19 <t,,ﬂ,z(ZCtuE,DT(t/z)fuw;a-’uEzDT(t/z)wum).

Recalling (3.8) we obtain (3.9). The proof of (3.10) is similar and it is left to
the reader. ]
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COROLLARY 3.3. Let a € (0, 3], and let w > wy. Then for every t > 0 we have

b
(3.15) ITOllLx.cemmy = € (1 tan -

with =aw/k+1)ifw <0, B =awifw > 0.

Proor. For every f € X, xo € R” and t > 0, T(¢) f (xo0 + )|, ®n) belongs to
CY(Ex(R™)). By estimates (3.7) and (3.8) its sup norm is bounded by || f|lco>
and its C! norm is bounded by C(1+t7""1/2¢*")| flloo. By (2.1), with 6 = 0,
6=1, 0 =a/2h+1), we get

1T @) f | garenny g, @y < CUT@ Flloo) ™ (1T @) Fllcr gy @nyy) ™
g@at/(2h+1)

<c(1+ S5 )1k,

for every h if 0 <a < 1, for h > 1 if @ > 1. (3.15) follows for 0 < < 1.
For 1 < @ < 3 estimates (3.7) and (3.10) imply, for i € Iy and for every
w > wy

e3wt
“T(t)f||C3(E0(R”)) =< Cl1+ I37 "f"oo
By (2.1), with 6, =0, 6; =3, 6 = «a/3, we get
IT@) fllcegpmny < CUAT@ Flloo) P IT@) Fllcagpmny) ™
wot

e
EC(1+t—a/—2‘) 1 flloo »

and (3.15) follows for 1 <« < 3. O
THEOREM 3.4. Let 0 < 6 < o < 3. For everyt > 0 we have

e
(3.16) "T(t)"L(cg(R"),cg(R")) =C (1 + t(a—O)/Z) :

with B = wa/(2k + 1) ifw < 0, B = w(e + 0[] + 1)/a) ifw > 0.

Proor. It is sufficient to prove (3.16) for & = a non integer. The general case
will follow from this one and from estimates (3.15) by interpolation. Indeed,
since by Theorem 2.2 we have (X, C3(R"))6/a,00 = CZ(]R") for0<f0 <a<3,
choosing any noninteger a € (0, 3) we get

1-/ o/
IT N o mmy,camny = CUTONLxczmmy) " (T OllLcmny) ’,

and (3.16) follows.
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We shall show preliminarly that for @ > wp and for i € I, 0 < h <k,
f €CHR™) with 0 <8 <1 we have

G17)  IDiT(®)flloo < Ce®* max{l, e} ™"~ *2| fll o g, t > 0;

for i, j €Iy, f € C5(R") with 1 <6 <2 we have
DT (@) flloo < Ce™® max{1, e}t~ **2]| £l co g

(3.18)
feCl®R), 1<6<2,t>0;

fori, j,lely, f¢€ CS(R") with 2 < 8 < 3 we have
1D T @) flloo < Ce*** max{1, e}~/ £l o gy

feCl®"), 2<6<3,1t>0.

In fact for i € I, we get, using first the equality [gn zre~9%/%dz = 0 and then
estimates (3.3) and (3.4),
|D: T (2) f (x)]

172
tB* -—1/2 tB 1172 1/2
52(4n)n,2/ |Ene'® K V2] - | f(ex — 12K} %)

(3.19)

— f(e'Bx)le“|"|2/4dz

172 \160/Q@r+1) —|z12
= th+1/2/ ZIE (2K, )1 e MdZ[f]C"(Rﬂ)

(3.20)

8/@h+1) |72
= ,h+1/2/ Z max{1, e}t +!/2|])"/CHD el /4dz[flco(mn),

and (3.17) follows.
To prove (3.18) we use the identities [gn zure"*dz = 0 and

/ [(etB* Kt_1/2Z)i (etB* Kt_l/ZZ)j _ z(erB* Kt—letB)ij] e—|Z|2/4dZ =0,
]R"
from which it follows

1

N (Gl AL ARSI o
- f(eBx - 1/2K1/22)8_'z|2/4dz

4t(47r)"/2/ [ K 2™ K 2); — 2! K e P ]
(f(eBx +1'2K}2) — F(e'Bx)

— S DifEPx)(—1'PK! o)) e dy
lely
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and using the inequality

.f (x = 1'K ) — f) = Y _Dif () (12K, 2y,

lely

< |G = 12K}2) — fx =1 2EoK )|

+ |6+ 2 EK ) - £ = Y DIf (12K, 2|
lely

k
1/2 1/2
< C(#PUEKI 2 + 310 B 20O ) g
h=1

k

0/(2h+1)
< €Y (max{1, e Yzl) "l £l o gy
h=0

together with (3.3) we get (3.18).
To prove (3.19) we remark that for every continuous g with polynomial
growth at infinity we have

(3.22) (DijiT()g)(x) = / Giji(t, z)g(e‘Bx _ t1/2K;1/22)3-|z|2/4dZ ,
R"

where
t—3/2
 8(4m)n/?

Gin(t,2) = [(e‘B* K2 K 2 KT
+ 2B K e By (e KT P 2)) + 26 BT K e By (e KT )
2T KD K 2.

Moreover we use the identity (which holds for every i, j, [, r =1,...,n)

/n Gij(t, z)e"z'2/4(tl/zK;l/zz),dz =0.
R

It can be proved as follows: the function g,(x) = x, is such that T(t)g, is
affine with respect to x for every ¢+ > 0, so that its space derivatives of any
order bigger than 1 vanish. In particular, the third order derivatives vanish. By
formula (3.22) we have

0 = (DT (1)g,)(©0) = — / Gijn(t, e PAV2(K N2y, d7
R"
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Let f € CY(R™), with 2 <6 < 3. Then

1 —1712
DT 0T ) = gm gy /R Giji(t, 2)e 14

' [f ("x — 12K, "2) - f(®x) = ) D f (€ x)(~1"°K,2),
rely

(3.23)

1
P> D,sf(e'Bx>(—t‘/2K,”Zz),(—rl/zK,‘/Zz),]dz.

r,sely

Arguing as in estimate (3.21) we see that

’f(e‘Bx — 12K, %2) - f(e'®x) = Y D, f(@Px) (1" K[ *2),
rely

1
—.i Z D”f(eth)(_tl/thl/ZZ)r (_tl/thI/zz)r

r,sely

k
< €Y 1" max{1, e HzD” V1l fll o gy -
h=0

Replacing in (3.23) and using (3.4), (3.19) follows.
We are ready now to prove estimates (3.16).
Let 0 <8 <1, f € CY(R"). For xo, y € R", |y| > 1, we have obviously

IT(@) f (0 + Eny) = T@) fx0)] < 21l flloo < 21l flloolyl”/®**P

To estimate |T(¢t) f (xo+ Eny)—T (t) f (x0)| for |y| < 1 we distinguish two cases:
ly| < t@+D/2 and |y| > t@#+D/2 In the first case we use (3.17), getting

Ce® max{1, e“?*}
|T (@) f(xo+ Eny) — T(2) f(x0)| < oy Iyl "f"cs(Rn)

1
< Ce max{1, e}y "’ V)| £l co g, -

In the second case we use the representation formula (1.11) for 7'(¢) and esti-
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mates (3.1), getting

1 2
IT@F o+ Eny) = TOf00)l < ey /R olel/4

| f B xo + Eny) — 112K, *2) — f(e'Bxo — 1'/2K}*2)|dz

k
< Z lEretBEhyle/(zr-'-l)[flcg(kn)
r=0

h—1 k
< C ( Z(tea)t lyl)e/(2r+l) + Z t9(r—h)/(2r+1)|ewty|9/(2r+l)) [f]cg(]kn)

r=0 r=h

< C(k + 1) max{e*?, ewor/&kﬂ)}|}’|9/(2h+1)[f]cg(nn) )

and (3.16) follows.

Let now f € CZ(]R") with 1 < 8 < 2. It is convenient to use the semi-
norm (2.2) with m = 2. For xo, y € R* |y| <t'/2? and h = 0, we use (3.18) to
get

I(T () f)(x0) — 2T () f)(x0 + Eoy) + (T (t) £)(x0 + 2E0y)|

1 _
<5 2 IDyT@ fllolyl? < Ce™" max{1, e}~ 2|| f o gy Iy I*
i,jely

< Ce™ max(1, ¢ }yI° f | cae, -

For h=1,...,k, |y| <t®*D/2 we use (3.17) to get

(T (@) F)(x0) — 2T () f)(x0 + Eny) + (T () f)(x0 + 2Epy)|

<2)  IDiT () fllool Enyl < Ce® max({1, e} =1/240/2| £ g g Iy
iely

< Ce”' max({l, e"’o']|>’|0||f||cg(nn) .

For h =0,...,k t®*D/2 < |y| < 1 we use the representation formula for
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T(t), getting
[(T(t) f)(x0) — 2(T (¢) f)(x0 + Eoy) + (T(¢) f)(xo + 2Epy)|

1
=< (4”)n/2 / |f(ethO - t1/2Ktl/2Z) _ 2f(etB(x0 + Ehy) _ tl/thl/zz)
]Rn

+ F(€B(xo +2Eny) — 12K} 0)|e " Fdz

k
< C) _IEPEnyI" D f]oa g,
r=0

h—-1 k

wt . 10/2r+1) 6(r—h)/Q2r+1) ot .,16/(2r+1)

SC(Z;Ite yl +th le” y| )[f]cg(kn)
r= r=

<Ck+1) max{eaﬂt’ ewot/(2k+1)}ewtlyle/(2h+l)[f]cs(k,,) .

For |y| = 1 we have obviously
(T @) f)(x0) — 2(T (2) f)(x0 + Eoy)

+ (T(#) f)(x0 +2Eop)| < 4l flloo < 4l fllooly (67D

and (3.16) follows for 1 < @ < 2. The proof for 2 < 6 < 3 is similar and it
is left to the reader; one has to use estimate (3.19) instead of (3.18) and the
seminorm (2.2) with m = 3 instead of m = 2. ]

4. — The generator A of 7 (1)

As a semigroup in X, T(¢) is generated by A in a weak sense, which we
explain below.

For every ¢ € X and x € R" the function ¢ — (T (t)¢)(x) is continuous in
[0, +00) and it is bounded thanks to (3.7). Therefore for Re A > O the integral

4.1) RM\)o(x) = /04-00 e M(T(t)g)(x)dt, x eR",

makes sense, and it is easy to check that it defines a uniformly continuous and
bounded function. So, R(A) € L(X), and thanks to (3.7)

IRM ey < A7L.

Moreover R(A) satisfies the resolvent identity because 7T'(¢z) is a semigroup,
and it is one to one because for every x € R (R(A)p)(x) is the anti-Laplace
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transform of the real continuous function ¢t — (T (¢)¢)(x), which takes the value
@(x) at t = 0. Therefore there exists a closed operator

A:D(A)—~ X, D(A) =Range R(A) for Re A >0,

such that R(A) = R(A, A) for ReA > 0. In the notation of [1], [3], A is the
infinitesimal generator of the weakly continuous semigroup 7' (¢) in X. See next
section and [1, § 6].

To characterize the domain of A and the domain of the part of A in CZ (R"™)
we shall use some interpolation results which we collect in the next section.

5. — Some abstract interpolation results

We recall here some results proved in [9]. They will be crucial in the
characterization of D(A) and in the proofs of Theorems 1.1 and 1.2.

Let X be the space of the real uniformly continuous and bounded functions
defined in a Hilbert space H, and let T(¢t) be a weakly continuous semigroup.
This means that T(¢) is a semigroup of linear operators in L(X) such that

(a) for every T > 0 and f € X the family of functions {T'(¢#)f : 0 <t < T}
are equi-uniformly continuous;

(b) for every f € X we have lim;,o |T(#)f — fllLoox) = O for every compact
set K C H;

(c) for every f € X and for every bounded sequence {f,},en converging to f
uniformly on each compact set K C H, {T(t) f,}nen converges to T(t)f
uniformly on each compact set, uniformly with respect to t € [0, T] for
every T > 0.

Assume that there are Banach spaces Xo, X;, X5, such that X, C X; C
Xo C X with continuous embeddings, and there are 0<y; <1<y, ¢1,c2>0
such that 7 (¢) € L(Xo, X3) and

(5.1 tie” |\ TOllLxg.x,) <ci» t>0, i=1,2.

Assume also that for i = 1,2 and for every interval I C R, the following
holds. If ¢ : I — Xj is such that for every x € H the real function ¢ — ¢(t)(x)
is continuous in I, and ||@(#)|lx; < c(¢) with c € L(I), then the function

Fox) = /I o))di, xeH,

belongs to X;, and
”f"X, < "C"Ll([) .
Then the following results hold.
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THEOREM 5.1. Under the above assumptions let A be the linear operator in X
defined by

(RA,A)fHx) = /Ooo eMT@)f)x)dt, feX, xeH, L>w.

Then the domain D(Ao) of the part of A in X is containedin (X1, X2)(1-y;)/(y—y1),000
with continuous embedding.

Let us consider now evolution problems. For T > 0 we introduce the
functional space 5([0, T1; X), consisting of the functions f : [0, T] — X such
that (¢,x) — f(t)(x) is continuous and bounded in [0, T] x H, and f(t) is
uniformly continuous in H, uniformly with respect to . Moreover if Y is any
Banach space we denote by B([0, T']; Y) the space of all the bounded functions
f:[0, T~ Y.

For every f € 5([0, T1; X) the function

t

5.2) u(@®)(x) =/ T(t—s)f(s)(x)ds, 0<t<T,xeH,
(]

is said to be the mild solution of

W) =Au@®+ f@), 0<t<T,
(5.3) {

u0) =0.

See [3] for several properties of the mild solutions.

THEOREM 5.2. Under the above assumptions let f € C([0, T]; X) N B((0, T1;
Xo) and let u be defined by (5.2). Then u € B([0, T]; (X1, X2)6,00), With 0 =
(1 — y1)/(y2 — Y1), and there is C > 0 independent of f such that

sup [lu(®)llx;,x2)5.00 < C sup I f(®llx, -
0<t<T Ost<T

6. — Characterizations of D(A), (X, D(A))g,00y D(A)

Estimates (3.15) and Theorem 5.1 let us prove some regularity properties of
the functions in D(A).

THEOREM 6.1. D(A) is continuously embedded in C3(R").
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Proor. We use Theorem 5.1, with Xo = X = UCR"), X; = CJ[R"),
X, = CZ"""(]R”), a being any number in (0, 1), and T'(¢) defined in (1.11).
We have already remarked that 7(¢) is a weakly continuous semigroup in X.
Estimates (5.1) are satisfied with y; = ¢/2, y» = 14+a/2, thanks to Corollary 3.3.
The assumption about the integrals is easily seen to be satisfied: indeed, if 1
is any interval and ¢ : I — X is such that t — @(¢)(x) is continuous for every
x € R” and [lp(®)llcamn) < c(t) with ¢ € L(I), then for every x, y € R",
h=0,...,k we have

] ] «p(t)(x)dtl < / c(tydt,
I 1

l / 0(t)(x + Eny)dt — / «p(t)(x)dtl < / 0()(x + Eny) — p(0)()ldt
1 1 1

< / c(t)dt [y[/ @D
1

so that f(x) = [, ;1 9@)(x) belongs to X;. To prove that a similar property
holds with X; replaced by X, we use the seminorm (2.2) with m = 3. If
¢ : I = X is such that t > ¢@(#)(x) is continuous for every x € R" and
lo®ll co+agny < () with ¢ € L'(I), then for every x, y e R, h=0,... ,k
we have

3
Z(—l)’flfp(t)(xHEhy)dt'
3
> (=1'p)x + 1Epy)

=0
S /
=

so that f(x) = [; ¢(t)(x)dt belongs to X».
We apply Theorem 5.1 and Corollary 2.3, which give

D(A) C (C§R™), CT** (R™))1-a/2,00 = CHR™). g

Characterizations of D(A) are proved in the following theorem.

dt < /Kc(t)dt |h| Gt/ @ht)
I

THEOREM 6.2. The operator
Ag: D(Ag) ={p e UC’R") : Ap € X}, Ao =Ap, ¢ e D(Ay),
is preclosed, and A = Ao. In particular,
D(A) = {¢ € X : 3{@n}nen C D(Ag) such that ¢, — ¢, Agp, convergesin X},
Ap = lim Ag,, ¢ € D(A).
n—>oo
Moreover,
DA)={peX: Ape X}, Ap=Ap, ¢e DA,

where A is in the sense of the distributions.
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Proor. To prove the first statement we use the arguments of [3, Lemma 5.7].
First we show that D(Ag) C D(A) and that for every ¢ € D(Ap), A > 0 we
have

¢ =R, A)(Ap — Ap) .

Indeed, since T(¢) commutes with A4 on D(Ayp), then for each x € R"

R, A)(Ap — Ap)(x) =/O e M MT (0)p) (x) — (T (1) Ap)(x)]dt

o0 o0 8
- / e MIMT (1)) (x) — (AT () (0)ldr = / S M TR0t = 9(3).
0 0 t

This implies easily that Ao is preclosed and that D(Ag) C D(A). Let us prove
that A C Ag. Let ¢ € D(A) and let A > 2w > 2wy. Then ¢ = R(A, A) f
for some f € X. Let {f,}men be a sequence of functions in U C%(R") such
that ||f,n — flloo goes to O as m goes to oo. It is easy to see that there
exists C > 0 such that for every g € UC?(R") we have |T(0)gllyc2@ny <

c1+ ez“”)llgIIUcz(Rn). It follows that R(A, A)g € UC?(R") and

+00
AR\, A)g(x) = /0 e ™3/9t(T(t)g)(x)dt = AR(A, A)g(x) — g(x), x € R".

Therefore, AR(A, A)g = AR(A, A)g, so that R(A, A)g € D(Ap). Taking g =
Jm and @m = R(A, A) fn We get @, € D(A0), Om —> ¢, APm = Apm —> Ap— f
as m — 00, so that A C Ay.

It is easy now to see that D(Ag) C {¢ € X : Ap € X}, where A is in the
distributional sense. Indeed, let A* be the formal adjoint of .4, namely

n n n
A'u= " qiDiju—y_ bijjx;Diu—)y _ bju =Tr(QD*u)—(Bx, Du)—(TrB)u.
i,j=1 i,j=1 i=l1

For ¢ € D(Ap) let ¢, € UC*(R") be a sequence of functions converging
uniformly to ¢, such that Ag, converges uniformly. Then for every smooth &
with compact support we have

/ Aop Edx = / lim Agn&dx = lim / At dx
Rn R"? m—00 m—00 R”?

= lim om A*E dx =/ @ A*Edx .
]Rn

m—00 R?

This means that Agp = Ag in the distributional sense, so that D(Ap) C {¢ €
X : Ap € X}.

Let us show that {¢ € X : Ap € X} C D(A). Let ¢ € X be such that
Ag (in the sense of the distributions) is a function in X. Fix A > 0 and set
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rAp — Ap = f. We shall prove that ¢ = R(A, A)f, so that ¢ € D(A) and
Ap = Ap. Since R(A,A)f € D(A), then AR(A,A)f = AR(A, A)f in the
distributional sense. Therefore, AR(A, A) f — (A¢p — Ap) = AR\, A)f — f =
AR(A, A)f = AR(A, A)f, so that

ARR, A)f —¢) — ARR, A)f —9) =0.

The null function is the unique distributional solution of the equation Av —
Av = 0 belonging to X. Indeed, if v is a solution, then Av is continuous,
and it is nonpositive (respectively, nonnegative) at any maximum (respectively,
minimum) point for v. The classical maximum principle may be therefore
adapted to the present situation, again as in [2, Lemma 7.4], to get v = 0.
Therefore, R(A, A) f = ¢ and this finishes the proof. O

The domain of A is not dense in X. Indeed, the semigroup 7 () is not
strongly continuous in X, as the following proposition shows.

PROPOSITION 6.3. Set
6.1) Yo={peX: lim+ o(e'®x) — p(x) =0, uniformly for x € R"}.
t—0

For ¢ € X we have
‘lilgl+ IT®¢ —¢llo=0 <=9 e€l.
PrOOE. Set
62) (GO = : [ A0y, >0,
(4mt)/2(det K,)1/2 Jgn ’
It is not hard to check that for every ¢ € X we have
lim |G®)¢ — ¢llo =0.
t—0t

Splitting (T (t)¢ — @)(x) as
(Tt — p)(x) = [(G(t, 0)p) (e Px) — p(e'Bx)] + [p(e'Bx) — p(x)]
the statement follows. O

Proposition 6.3 may be rephrased as follows: given a uniformly continuous
and bounded initial datum uy, the solution of problem (1.12) goes to ug as
t — 0 uniformly for x € R” if and only if ug € Y.

The restriction of T(¢) to Yp is a strongly continuous semigroup. Its in-
finitesimal generator is the realization Ay of A in Yj, defined by

D(Ao) ={f € D(A): Af €Yy}, Aof =Af.

To know the rate of convergence of T (t)ug to ug for ug € ¥y we have to
characterize the interpolation spaces (X, D(A))g,0. By [4, Lemma 3.6], we
have (X, D(A))g,00 = (Yo, D(A0))9,00 for every 8 € (0, 1). Therefore, as in the
case of strongly continuous semigroups, .

T@)f —
sup I ()fg Slloo <oo}

(X, D(A))g,00 = {f €EX: [fle=
0<t<l1 t

and the norm f + || f|loo + [f]p is equivalent to the norm of (X, D(A))g,c0-
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THEOREM 0.4. For 0 < 6 < 1 we have
(X, D(A))g,00 =CYR") N Yy,

with equivalence of the respective norms.

ProOOF. We show preliminarly that if f € Cfe (R") and G(t) is defined by (6.2)
then

(6.3) IGOf = flloo < Ctellfllcgo(kn), 0<r=<1.
If 0 < 6 < 1/2, using the equality [,, e%/4dz = (47)"/? we get
R
1 —1z2/4 1/2 ¢-1/2
GOf - NHx) = W - 4 (fx+1t7°K,""2) — f(x))dz,

where, by (3.3),

k
1/2 1/2
f (& + 12K, 2) = f)l < Yl 2R K 21D £ 26 g,

h=0
6.4)
k
< Cztelzlm/(zh-H)"f"c29(Rn) .
h=0 d
Therefore,
ct?
IGE)f — flloo < W

k
—z12/4 2h+1
. /R LTS 2P D) £l ap ny = CHF N0 oy -
h=0

If 1/2 <6 < 1, f is differentiable with respect to the variables x; for i € I.
Using the equality [pn e~ lzdz =0 fori=1,...,n we get

GO f - Hx)
1 / T (f(x +1'2K ) — f0) =Y D;f(x)(t'/ZKtllzz)i)dz,
Rn

@y

Using now estimate (3.21) we get (6.3).
If 6 = 1/2 we argue by interpolation: we know that |G (¢)—1]||
3/2

CE NGO 32 gm, x, < Cr*. Since CR") = (€} R, C* Rz,
by Corollary 2.3, then ||G(t) — I|| Lel®mx) < ctl’?,

e 2am. 0 =
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Let us prove that C¥(R") N Y; is continuously embedded in (X, D(A))g,c0-
For f € CP(R")NYy and x € R" we have

IT®Fx) = FOI < IGOF — HEEn)| +1fEPx) - Fx)
< Ct (I g2 umy + 11135

so that C2°(R") N Y, is continuously embedded in (X, D(A))p,co-

Let us prove that (X, D(A))g « is continuously embedded in Cﬁ" (R™). We
know from Theorem 6.1 that D(A) is continuously embedded in C3(R"). It fol-
lows that (X, D(A))s, is continuously embedded in (Cf(]R"), X),00 = Cﬁe (R™).

Let us prove that (X, D(A))g, is continuously embedded in Yy. For f €
(X, D(A))s,0 and x € R" we have, due to (6.3),

If(eBx) — fF) < If(Bx) — (G@®) ) (eBx)|
+ T fx) - f&x)| < Ct? 1 Nc2o gy -

This finishes the proof. |

COROLLARY 6.5. Let ug € X, and let u be the solution of problem (1.12). For
0 < 6 < 1 and for every T > 0 the following conditions are equivalent.

(i) u is uniformly continuous and bounded in [0, T] x R", it is 0-Hélder continuous
with respect to t, and sup, cgn |u(-, x)llc6 0,17y < 005
(i) u(-,x) € CO([0, T]) for every x € R", u(t,-) € C¥(R™) for every t € [0, T],
and sup, cgn |lu(-, x)"co([o,r]) < 00, Supy,<7 llu(:, x)"cf,"(n") < o0y
(iii) uo € C2(R™) N Y,.

Proor. Condition (i) means that the function ¢t — u(t,-) = T(t)ug be-
longs to C%([0,T); X). Since T(t) is a semigroup, then t — T (t)ug is
0-Holder continuous in [0, T] if and only if it is #-Holder continuous near
t = 0. Thanks to Theorem 6.4, (i) and (iii) are equivalent. On the other
hand, if uy € (X, D(A))s,00 then t — T(t)up is bounded in [0, T] with
values in (X, D(A))s,00, SO that (iii) implies (ii). In its turn, (ii) implies
obviously (i). ]

7. — Proof of Theorems 1.1 and 1.2

We use the abstract results of Theorems 5.1 and 5.2 and the procedure of
Theorem 6.1, which works thanks to estimates (3.16).

Let X = UC(R™), Xo = C5(R"), X; = C3(R"), with 0 <0 <& < 1, and
X, = C§(R™). Let T(t) be the weakly continuous semigroup given by (1.11).
By estimates (3.16) T (¢) satisfies (5.1), with y; = (@ —60)/2, y» = 14+ (x—8)/2.
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The assumptions on the integrals in the spaces X; has been verified in the proof
of Theorem 6.1. Therefore, all the hypotheses of Section 6 are satisfied.

ProOF OF THEOREM 1.1. For every A > 0 and f € C(R") the equation
Au—Au = f has unique solution 4 € D(A). Thanks to Theorem 6.2, this means
that u is the unique distributional solution of the equation Au — Au = f in
X. By estimate (3.7), ||#)loo < Il flloo/A and therefore |Au|loo < 2|l fllco. Since
D(A) C (X, D(A))¢/2,00 C X1 with continuous embeddings (see Theorem 6.4),
then u € C5(R") and |lullx, < C|lfllo. Therefore, Au = Au — f € X;, and
lAullx, < C'llfllx,» with C’ = C’'(A). We apply now Theorem 5.1, which
given u € (X1, X2)1-@-6)/2,00 a0d [#ll(x},X9);_(g_py200 < C"Ilfllx;- On the
other hand, by Corollary 2.3 (Xj, X2)1-(a-6)/2,00 = C‘%“LG(R"), with equivalence
of the norms, and the statement follows. O

ProOF OF THEOREM 1.2. Let
t
u(t,) =T@ug +/ Tt —s)f(s,)ds=T@uo+v,:), 0<t<T.
0

By Theorem 5.2 applied to the function v such as in the proof of Theorem 1.1
we get v(t,-) € C;9(R™) for every t € [0, T, and

sup |[v(, )l 246 ny < C sup || £, -6 gn -
OE‘ET 2+ mn) i co®m)

By Theorem 3.4 we have

<
ozl,lgr |lT(t)uo||c‘3+0(Rn) = C||u0"cg+9(mn) ’

and estimate (1.10) follows.

It remains to show that # is a strong (and hence, distributional) solution,
and that the distributional solution is unique in C ([0, T] x R"). Let {fn}men be
a sequence of bounded smooth functions with bounded derivatives converging
uniformly to f on [0, T] x K for every compact set K C R". Then for every
compact set K C R” the sequence {up}men C CV2([0, T] x R") defined by
Un(t, ) = T(t)u0+f0' T (t—s) fm(s, -)ds converges uniformly to u on [0, T]x K,
and du,,/dt — Au,, = fn. Therefore u is a strong solution.

Concerning uniqueness, let v € C([0, T] x R") be a distributional solution
of (1.9) with f =0, ug = 0. For A > 0 the function w = e*'v is a distributional
solution of w, — Aw = Aw, w(0, -) = 0. Then w; — Aw is continuous, and it
is nonnegative (respectively, nonpositive) at any relative maximum (respectively,
minimum) point for w belonging to (0, T] x R". Then the classical maximum
principle may be adapted to our situation such as in [10, Lemma 2.4], to get
w =0 and hence v = 0. O
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8. — A case of x-dependent coefficients
We consider here the case in which the matrix O depends continuously on

x, Qx) = lgij(x)]i,j=1,...n, While the matrix B is constant. We assume that
Q(x) and B have a particular structure,

Oo(x) 0 O 00

0 00 00
(8.1 Q(x) = 0 00 00

0 00 00

0 00 00
where Qo(x) is a rg x ro symmetric matrix for every x, ro € {1,... ,n — 1},
and there is v > 0 such that
8.2) (Qo(x)&, &) = vIEPP, & eRY;

Moreover we assume that there exists the limit in L (IR"0)
(8.3) lim Qo(x) = QF°.
|x |00

By (8.2) Qf° is nonsingular, and it satisfies (8.2) too.
The matrix B is of the type

*  x % * ok
B x x *  *
8.4) B=] 0 B, =« *  *
0 0 By ... *x %
0 0 0 e Bk *

where the r; x r;_; blocks B; have maximum rank =r;, and ro >r; > ... 1y,
Yipri =n.

One can see easily that for every fixed xo € R" the matrices Q(xg), B
satisfy the Kalman rank condition (1.6). (We remark that the converse is also
true: it has been shown in [7] that if Q(xg), B satisfy (1.6) then there exists a
basis in R”, possibly depending on xg, such that Q(xp), B are given by (8.1),
(8.4) respectively).

Therefore for every xo € R" the operator with frozen second order coeffi-
cients

ro n
(8.5 A(xo)= Y qijxo)Dij + > bijx;Di = Tr(Q(x0)D*) + (Bx, D)

i,j=1 ij=1

is hypoelliptic. The structure assumptions (8.1), (8.4) guarantee that the pro-
jections E, defined in (1.7) with Q replaced by Q(xp) are independent of xg.
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So, the results of Theorems 1.1 and 1.2 hold for the operator A(xp), as well
as for the operator A.,, defined in an obvious way as

(8.6) Aso = Tr (QooD*) + (Bx, D-),

where Q is the n x n matrix having QF° in the first ry x ro block, and zero
entries in the other blocks.

We claim that the constants C of estimates (1.8) and (1.10) may be taken
independent of xp: indeed, they depend on xp through the estimates on K;(xo)
given by Lemma 3.1, which in their turn depend on x( through || Qo(xo)]|
and det(R(xp))~!, R being defined in (3.5). The representation formula (3.6)
implies that R depends continuously on xp, and that limy|-,c R(x) = R, the
one associated to the matrix Q.. Since the couple (Q, B) satisfy (1.6), then
det Ry, > 0. Therefore, inf,cgn det R(x) > 0, and this proves the claim.

We are able now to state extensions of Theorems 1.1 and 1.2. We set

ro n
(8.7) A= qijx)Dij+ Y bijx;D; = Te(Q(x)D*) + (Bx, D-)
i,j=1 i,j=1

THEOREM 8.1. Assume that Q(x), B satisfy (8.1), (8.2), (8.3), (8.4), and that
the coefficients q;; belong to CS R™), with0 < 68 < 1. Then for every A > 0 and
f e Cg (R") the problem

(8.8) e — Ax)u = f

has a unique solutionu € Cj’Lg (R™), such that x — (Bx, Du(x)) (in the sense of the
tempered distributions) belongs to cf;‘ (R™). Moreover there is C > 0, independent
of f, such that

(8~9) |Iu||C§+9(Rn) = Cllf”cg(]k")'

Proor. The main point is to prove the a priori estimates (8.9). Then existence
of the solution will be shown in a standard way by the continuation argument.

Let Dy be the subset of Cg“’ (R™) consisting of the functions u such that
x — (Bx, Du(x)) (in the sense of the distributions) belongs to CZ (R™). Dy is
a Banach space endowed with the norm

lullp, = Ilullcgw(kn) + l{B-, Du)llcg(kn) .
By Theorem 1.1 and Proposition 6.2, Dy is the domain of the realization of
A(xp) in Cs (R™), for every xo € R", and the norm of Dy is equivalent to the
graph norm.

Fix ¢ > 0. Then there exists R > 1 be such that

l9ij (1) — g1 s & for x| =R~ 1.
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Let n be a smooth cutoff function such that

{ n=0 in B(O,R —1), n=1 outside B(0, R),

IDin| < 1, |Dijn| <1, i,j=1,...,n.
Let u € Dg. Then nu satisfies (in the distributional sense)

A(nu) (x) — Aoo () (x)

0
= n()(ae(x) — Au(x)) = n(x) 3 (g5 ~ i () Diju(x)
(8.10) i,j=1

n o
— > bijxju)Din(x) — Y ¢ @x)Dijn(x) + 2Din(x) Dju(x)) ,
i,j=1 i,j=1

so that by estimate (1.8) and by Lemma 2.1 we get

Il 2+ ny < € (It = )l
0
(8.11) +e ). [Dijule emy + Cl(R)lluI!cg(Rn))

ij=1

< C(KlIAu — Aull ¢ gn) + eCollull 246 gny + C1(R)llutll 2 geny )
2 &Y (R™) SR

where K =1+ [77]03(111")'
Let now § > 0 be so small that

lgij(x) —qij(¥)| <& for|x —y| <46.
Let n be a smooth cutoff function such that

{ n=1 in B0, 1), n=0 outside B(0,2),

IDin| <1, |[Dijnl <1, i,j=1,...,n.

Fixed any xo € B(0, R + 1) let 1, be the function defined by

Mxo (X) = n(x ;xo), x €R".
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The function 7., u satisfies equation (8.10), with 7, replaced by 7y, g;; replaced
by gij(x0), A replaced by A(xp). By estimate (1.8) and Lemma 2.1, we get
again

Imsgull 246 gy < C ey e = Au)ll o g

0
D;; ny + C2(R n

(8.12) +8i,z=:1[ 7410 @ny + C2(R) lull 2 )

=< C(K(a)”)"u - ’/Iu”CZ(R”) + 8C0”u”c‘21+9(Rn) + CZ(R)"u"C‘%(Rn)) ’

Where K((S) == 1 + ”nxo ”Cg(]Rn)'
We recall now that for every g € C(R™) we have

su ] .
eﬂg’" [gle (B(xo,a))}

X0

2
[8]co @m) < max {5—9 llglloo,
It follows that

1
”u”05+9(R”) = C3(x(s)l€l£n ”u"C5+0(B(x0,8)) + a_enullcg(mn)) .

Using estimates (8.11) and (8.12) we get
ltl240 gy < C5C (eCollull 2+ ny +Ca(8, Rl 2 gn) +Cs @) l1Au—Aulgs ) -
Taking & = (2C3C)~! we get

lull 246 gny < 2C5C(Ca(8, Rl c2emy + Cs(®)l1Aue = Aull o gny) -
It is not hard to see that for every o € (0, 1) there is C(o) > O such that
(8.13) I8l c2eny = Olglca+ogn, + C@)lglo, Vg € CHR).
Taking o = (4C3CC4(8, R))™! we get

(8.14) el z40 gy < Collru = Aullga gn, + 1loc)

To finish the proof of (8.9) we estimate ||u|lo in terms of ||Au — Au|loo. This
can be done adapting the maximum principle to our case. We get

1 .
ltlloo = - llAu — Aulloo,
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which, added to (8.14), gives (8.9).
To conclude, we remark that for every A > 0 and f € cg (R™), the equation

A— Au = f

has a unique solution u € Dy. This can be seen using the continuity method:
for every ¢ € [0, 1] consider the problem

(8.15) At — (1 — &) Aot — AU = f .

The operator (1 — €)Ax + eA satisfies (8.1), ..., (8.4). Using the a priori
estimate (8.9) it is not hard to see that the set of all &’s such that (8.15) is
uniquely solvable in Dy is open and closed in [0, 1], so that it coincides with
[0, 1]. Taking ¢ = 1 the statement follows. O

An analogous result concerning the parabolic initial value problem associ-
ated to the operator .4 holds. Since the proof is quite similar to the one of
Theorem 1.3, we omit it. Of course the set Dy has to be replaced by

Py = {u € B([0, TY; C§+9(R")) NC(0,T] x R") : u; — (B-, Du)
€ B([0, T1; C5(R™) N C([0, T1 x R™)},

where u; — (B-, Du) is to be understood in the sense of distributions.

THEOREM 8.2. Assume that Q(x), B satisfy (8.1), (8.2), (8.3), (8.4), and that
the coefficients q;; belong to (:3 R™), with0 <0 < 1. Let T > 0, ug € C§+9 (R™),
and let f : [0, T] x R® — R be a continuous function such that f(t,-) € Cg (R™)
for everyt € [0, T] and supy_, 7 || f (¢, ')”cg ®ny < 0. Then the problem

ur(t, x) = Ax)u(t, x) + f(t,x), 0<t <T, x € R",
(8.16) {

u(0,x) =up(x), xeR",

has a unique distributional solution u € Py, and there is C > 0, independent of f,
such that

B17)  sup Jult, )l 2r0zny < Clluolcgam + S0P 1Sty
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