ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

JENS FREHSE

MICHAEL RUZICKA

Existence of regular solutions to the steady Navier-Stokes
equations in bounded six-dimensional domains

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 23,

n°4 (1996), p. 701-719
<http://www.numdam.org/item?id=ASNSP_1996_4_23 4_701_0>

© Scuola Normale Superiore, Pisa, 1996, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique I’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1996_4_23_4_701_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Existence of Regular Solutions to the Steady Navier-Stokes Equations
in Bounded Six-Dimensional Domains

JENS FREHSE - MICHAEL RUZICKA

1. - Introduction

In this paper we establish the existence of a weak solution to the steady
Navier-Stokes equations in a bounded six-dimensional domain €2, which addi-
tionally satisfies

u?
M) sup ('2— + P) <c

Qo

for all compact subdomains 2y €C 2. Consequently, from former results of
the authors [5], [9] follows the existence of a regular solution. )

In a series of papers Frehse, Ruzi¢ka [2]-[6], [9] have studied the regularity
of solutions of the steady Navier-Stokes equations"

—Au+u-Vu+4+Vp=f
(1.1) in Q.
diva=0

In the case of a bounded domain Q € R¥ with Dirichlet boundary conditions
we proved the existence of a regular solution only for N = 5. On the other hand
in the space periodic situation the existence of regular solutions was established
for 5 < N <15 (cf. Struwe [10], who studied the case = R).

The existence of a regular solution for a bounded five-dimensional domain is
based on a general result (cf. [5]), which states that every “maximum solution”,
i.e. inequality (M) is satisfied, is regular and on the construction of such a
“maximum solution” (cf. [2]). The idea, which worked for N =5, at the first
sight can not be carried over to higher-dimensional situations. Here we show,
using a “dimensional reduction”, that also for N = 6 a “maximum solution”
can be constructed.

Pervenuto alla Redazione il 22 marzo 1995 e in forma definitiva il 27 settembre 1995.
(Here we normalized the viscosity v to one, but all arguments work also for arbitrary v > 0.
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2. — Maximum property for the head pressure - + p

Let 2 C R® be a bounded smooth domain and let f € L®(2) be given. We
want to prove the existence of a weak solution u, p to the steady Navier-Stokes
equations

—Au+u-Vu+Vp=f
in
2.1 diva=0
u=0 on 9%2,

which additionally satisfies for all 9 CC Q

u?
2.2) sup| —+p| =<
Q \ 2

As in [2] we use the following approximation of (2.1) for ¢ > 0

—Au+u-Vu+sIu|2u+Vp=f
in
2.3) divu=0
u=0 on 0€2.

Here and in the sequel we will drop the dependence of solutions of the con-
sidered equations on various parameters, but we will clearly indicate this de-
pendence in estimates. One easily gets:

LEMMA 2.4. Let f € L*°(K2). Then, for all ¢ > 0, there exists a weak solution
u =u’, p = p® to (2.3) satisfying for all ¢ € C°(2)

3u, d ou;
2.5) an a‘/’l+ 13 (p,+g|u| u,(p,dx+/a—(p,dx—/f,(p,dx
j 0%j
such that
lalli2 < K,
(2.6)
ellulg, < K,
(2.7) leulul?[lo.4/3 < K '/*,
lIlpliies < K,
(2.6)

Iplia/3 < c(e),

where the constant K is independent of €.
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One possibility to get a maximum property is to use the so-called duality
method. Let us therefore consider the Green-type function G solving

—AG —v-VG =68,(xp) in Q
(2.8) G=0 on 9€2.

Here v=vieV={ve C§°(2), div v = 0} is an approximation of the solution
u = u® of (2.3), such that v* — u in W,'>(2) and 84 (xp), 0 < h < dist(xo, IR),
is a smooth non-negative approximation of the Dirac distribution satisfying

2.9) supp 8 (x0) < By (x0), /Q Sh(xo)dx = 1.

In the same way as in [2], [9] we get:

LEMMA 2.10. Forall e > 0, h > 0 and k € N there exists a solution G =
Gk , € C®(Q) N Wy () to (2.8) satisfying

(2.11) /VGV(pdx—/v~VGq)dx=/8h(x0)(pdx Vo e WA (Q),
Q Q Q

such that

G>0,
(2.12) >
I1Gllo,00 < c(h),
2.13) IV2GIE, < e+ VI3 ),

IVGIg4 < cm)A +IVVIG),
where the constant c(h) is independent of € and k.

The weak formulation of the pressure equation for the approximative sys-
tem (2.3) reads
au,- du j

2.14) /Vleﬁdx:/ de—&‘/ |u|2|1-V10dx+/f~Vlﬁdx.
Q Q 0x; dx; Q Q

for all Y € L“(Q)OW(}A(Q). From (2.12), and (2.13), follows that ¥ = G¢2,
0 < ¢ € C§°(R) is an admissible test function in (2.14). On the other hand
¢ =uG¢? is due to Lemma 2.4 an admissible test function in (2.5). Thus we

: = Oy %)
get, denoting Vuo Vu = Bx; Bxi”

2 2
/ v (“— + p) VGt +u-V (-"— +p) G¢?dx +8/ u[*G¢? dx
Q 2 2 Q
@19 = [ (uo V- [VuP)Getdx —e [ julfu- V(Ge?) dx
Q Q

+/ f- V(G +f-uGetdx.
Q
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Using now Vuo Vu — |Vu|? <0 and (2.12); we obtain

/QVC%Z +p)V(GE) +u- V(%2 +p)Gedx
(2.16)

<-—¢ / lul?u - V(G¢®)dx + / f-V(GeH +f-uGeldx.
Q Q

Because all estimates in Lemma 2.10 are independent of k we can justify the
limiting process k — oco. From (2.11) and (2.16) we thus get

/QSh(xo)(E;" +P)52dx

@.17) 5/Qu.vgz(“;+p)de_2/QGv(u72+p)w2dx

uz
- / G(— +p)Ac2dx —¢ / lulu - V(G¢*ydx
@ \2 Q2
+/f-V(Gcz)+f-uG§2dx,
Q

where u = u® and G = Gy, ;.

Let us now analyse the limiting processes ¢ — 0 and then # — 0 in
inequality (2.17). There are two main difficulties. Namely, in the first integral
at the right-hand side appears the term |u|> and thus we need an L*-estimate of
G independent of ¢ and A, but only away from the singularity xo (due to V¢2).
Further, if we would use in the last integral on the right-hand side only the
information u € W2(Q) — L3(R), we would need G € L*?(Q) independent
on ¢ and h near the singularity xo, which is even more than holds for the
Laplace operator. Therefore we also need additional information on u.

We will deal with these two problems in the next two sections. Namely,
we will prove:

PRrOPOSITION 2.18. Let G = Gy, . be the solution of (2.8) (now with u = u°
solving (2.3) instead of v). Then:

@
/ IGl9dx <K Vg ell,3/2),
(2.19) @
/ IVG|* dx< K Vs e[l,6/5),
Q

where K is independent of € and h.

(ii) Let Bor € 2 be a ball such that By, (xg) N Bg = 0@ for 0 < h < hy. Then we
have

(2.20) G llo,00,8 < c(R),

where c(R) is independent of € and h.
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ProprosITION 2.21. The solution u of (2.1), obtained as the limit as ¢ — 0 of
the solutions w® of (2.3), satisfies for q € [1, 4)

(2.22) lhallo,g,loc < K,

where K = K (q) is independent on ¢ and h.

Based on Proposition 2.18, Proposition 2.21 and Lemma 2.4 we can handle
the limiting processes ¢ — 0 and then £ — 0 in (2.17) and obtain that the
right-hand side of (2.17) remains bounded. Indeed, we have for some small
§>0

2
u
(5 +2) 00) < UV 21Glo.0.2184 00 + 17813 211G llo.c0.281y )

2
+ Ifllo,00 1G Il1,6/5-5 + lIfll0,00 l0llo,a—51G ll0,3/2—5)
and therefore we proved:

THEOREM 2.23. Let f € L®(2). Then the weak solution of (2.1), obtained as
the limit as ¢ — 0 of the solutions W of (2.3), satisfies for all compact subdomains
Qo CC Q

2

u
(2.24) sup (- +p) < (€ Q).
Qp 2

O e w

In a former paper Frehse, RuZi¢ka [5, Theorem 1.8] it is shown that every
weak solution of (2.1) satisfying (2.24) is regular. Thus we proved:

THEOREM 2.25. Letf € L*®°(2) and letu, p be the solution of (2.1) constructed
before. Then u, p is regular, i.e. for all g € (1, 00).

e Wr(Q),
(2.26) “1”
peWhi(Q).

3. - Properties of the Green-type function G

In this section we study the properties of G, which are independent of &
and ¢. In the same way as for the-Laplace operator one can show (see e.g. [2]):

LeEmMA 3.1. Let G = Gﬁ,e be the solution of (2.8). Then we have

/ IGl9dx <K Vg ell,3/2),

(3.2) @
/IVGdesK Vs €[l,6/5),

Q

where K is independent of €, h and k.
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This proves Proposition 2.18 (i). In order to prove Proposition 2.18 (ii) we
will use a method, which we would call “dimensional reduction”. This method
however is different from the dimensional reduction used e.g. in [1].

Let us fix some R > 0 and a ball B,g, such that Byg N supp &, (xp) = @,
and let further R < r < s < p < 2R. We now multiply (2.8) by
xs|G — Gr|'"2(G — Gg), where | € R, and ¥, is the characteristic function
of the ball B;. The constant Gg will be specified later on. After integration
over 2 and partial integration we arrive at (note that due our assumptions the
integral involving &, (xo) is zero)

a—n/|VGﬂG—Gﬁ4¢x
Bs

= v-VG|G — Gg|""2(G — Gg)dS
. /3 V- VOIG ~ Gal G~ Gy)

1

+-/ v-v|G — Gg|'dS
1 JaB,
=hL+15L.

Using Holder’s and Young’s inequalities the integrals I;, I, can be estimated
as follows:

L 5/ IVG| |G — Ggl""'dS
0By
21
2 201_2 20
<c IVG|? |G — Gg|TT2dS
dBg
21

2, 2
34 +c |G — Ggl|21°dS
3Bs

21
20

2 20, 5
56(/ IVG|* |G — Gg|2t dS)
3B
: 7
10, 10
+C</ |G — GR|T dS)
3Bs
1 I
i< [ V16 = Gal'ds
I Jag,
3 7
1 10 10 10, 10
/ lv|3 dS / |G — Ggr|7°dS
1 \Jag, 3Bs
2 3 7
\ 2 (/ 10, 10
+ |Vv|©dS |G — Ggr|7°dS s
(/aas (9 By) AL 3Bs N

|

(3.5 <

IA
~I| 0
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where we also used the Sobolev embedding in the last line and where p denotes
the five-dimensional surface measure. Indeed, from the Sobolev embedding
theorem in dimension 5 we get

v — vllo,10/3,38, < KIIV¥llo,2,38, »

where v = |<9+is| A p, VdS. Consequently, we obtain

10 1 s 5 3
</ [v]3 dS) <c (Ivl +/ |Vv| dS)
dB;s dBs

(3.6) ) %
[v| 2
_ vv|©dS .
= (/33 w@By TV )

From (3.3)-(3.6) we get

-1 | |VGP? |G —Gg|'?dx
Bg

2 20/, o
50(/ IVG)? |G — G| dS)
3B
7
10, 10
+c |G — Gg|7"dS
9B;
2 3 7
c [v]| 2 10, 10
+ - / + |Vv|*dS (/ G—-GRrl7T°dS .
l ( aB; m(9By) V¥l ) ale

We use now the following lemma, which will be proved in the appendix
(cf. Lemma 5.1):

LemMma 3.8. LetO <r <s < pandletg; € L'(B,\B,), i = 1,2,3. Then
there exists a set E C [r, p] with |E| > %(p —r), such that for all s € E and
i=1,2,3

21
20

3.7

4
(3.9) / lgilds < —— [ laildx.
9 B; P — T JBy\Br

For

20
g1 =|VGP |G — Gg|21'?
P

w(B)R>
10,
83 =1G — Ggrl|7

(3.10) £ + Vv
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we obtain from (3.7)

(-1 [ |VGP? |G- Ggl|%dx

Bs
21
4 2 20,_, 0
<c / IVG|* |G — Gg|2ZT" ™ “dx
P — 7T JB,\By
7
10
tel -2 /IG Geld
Cc _— -_ X
(3.11) o—r R

Bp\Br
1

4 2 2
+2 / S \/u—" YN
I'\p—rJp,\ u(B1)R

7
4 10, 10
. / |G — Gg| 7 dx .
P — 7T JBy\Br

The last inequality holds for all s € E, where the set E C [r, p] of course
depends on ¢, h,k,l and R. The left-hand side of (3.11) is estimated from
below by

(-1 [ |VG]*|G - Gg|%dx.

Br
Furthermore, v = v* is a smooth approximation in W12(2) of u = u®. Due to
estimate (2.6); we have ||v||;2 < K, where K is independent of ¢, 4, k and R.

Using this at the right-hand side of (3.11) we get for p —r <4, R < 1

(-1 [ IVG]?|G - Gg|%dx
By
21

K / 2 20, 5 »
< IVG? |G — G| 2 dx
(p —r)2/20 < Bp\Br &l
7
1 1 1 10
(3.12) +K( + ) / IG — G| 7 dx
(o =70 T TR (o =15 ) \ap\s,
21

K 20, 20
P

7
K 10, 10
_— G —Ggr|7T'd ,
+ I(p — r)5/5 (/Bpl Rl x)

where K is independent of ¢, h, k, p,r and [.
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Let us now specify the constant Gg such that

1
nw({x € Bp; G — Gg > 0}) > EM(BR)
(3.13)

1
u({x € Bg; G —Gr <0} = EM(BR)

Applying now the Sobolev inequality (cf. [7, p. 81]) for (G — Ggr)+ and
(G — GRr)- we get
yi

10, 0
|G — Gg| 7" dx
Bp
21

10, 2 0
(3.14) <K / |V1G — Grl3 [ dx
Bp
21

21 2 20,_, 2
< Kl10 IVG|” |G — Gg|2" “dx
Bp
where k is independent of &, k, k, R, and I. Thus we arrived at

/ IVG)? |G — Gg|2dx
B,
(3.15) 21

J11/10 ) 20,_, 20
_Km /B IVG|® |G — Gg|21" “dx ,
0

which holds for all R <r < p < 2R, and where the constant is independent of
&, h,k,p,r and I. But inequality (3.15) is nothing else than the starting point
for the Moser iteration technique (cf. (4.22), (4.23)). If we put

21 21 21\}
Io ==, Lin=—L=(=)1
0 10 i+1 20" (2()) 0

(3.16)

Ry = 2R, (2——Zk2>

and use Lemma 5.8, which shows that the starting point of the iteration is finite,
we proved:

LEMMA 3.17. Let By be a ball such that Byg Nsupp 8, (xp) = @for0 < h < hy.
Then we have for the solution G = Gf,’ ¢ of (2.8)

(3.18) IGllo,c0.8x < K(R),
where the constant K (R) is independent of ¢, h, k.

But (3.18) is independent of k and thus the limiting process & — oo is
possible. Hence we proved Proposition 2.18 (ii).
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4. — Regularity of u

In this section we will establish the higher integrability of the solution u
of (2.1), which is needed to prove the full regularity as stated in Theorem 2.23.
We will use a similar Green-type function as in Sections 2 and 3. Therefore
the treatment will be brief and we discuss only the additional new features.
Let us consider H solving

X+

— %W an
lx —xol* ° ’

—AH —-v-VH =

4.1)
H=0 on 9S2.

Here xp € Q9 CC Q is an arbitrary point, v = vk € V is the same approximation

of u = u® as in Section 2, y is the characteristic function of the set {x; %(x)+
p(x) > 0}, a € [4,6) is fixed but arbitrary and w, is the usual mollification
kernel.

The right-hand side of (4.1); is non-negative and belongs to the space
Li/%(Q), q € [4, 6) independent of ¢ > 0 and p > 0. In the same way as in
Lemma 2.10 we obtain:

LEMMA 4.2. Foralle > 0, p > 0 and k € N there exists a solution H =
H¥, € C®(Q) N W24/* 0 Wy ?*(Q) 1o (4.1) satisfying

/VHdex—/v-VHgodx:/L*wpgodx
Q Q Q

43) Ix = xol*
Vo e CP(RQ),
such that
H >0,
“4.4)
1 Hllo.00 < c(p),
“s) IVH S 10 < c(@)1 + IVVIE,),

IVHIG 4100 < c(0)A +1VVIIG )
where the constant c(p) is independent of € and k.
LEMMA 4.6. Let H = H /’7(75 be the solution of (4.1). Then we have

/|H|qu5K qu[l, 6 )
Q a—2

/ IVH’dx <K Vse€l[l,6/5),
Q

4.7

where K is independent of ¢, p and k.
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ProoF. In the same way as in Lemma 3.1 we get (4.7), and (4.7); for
— H"
q €[1,3/2). In order to prove (4.7); completely we use ¢ = Gramum T > 1,
m > 0® in (4.3) and obtain (note that the convective term vanishes)

) Hr__l ) Hr+m—1
r/QIVH| (—I:H_m)lmdx‘F(r—l)/QlVH' Wmdx

=/ X+ * il dx
lx —xol* (1 + Hm)m
and consequently (g < 6,r > 1)

r+1 .2 1
!|V|H|%—| AT

Hr
(1 + Hm)H—l/m

X+

4.8 _ %
@) |x — xol @

o

q/a

C"H”(r 1)_9_

Further, we have for 3 > y > 1 (using (4.8))
rtl r+l1
H| VIH|T
1H ] 21, < IVIHU ] o
2 5ty

r£l 2 +y
/ ( lVIHl%_—I ) (1+H'")'3’ir3+77dx
Q

4.9) (1 + Hm)+1/m
)

IA
4+ £

7, e, (1080

Setting now
r+1 m+1 3y

(4.10) A 35 =(r _1) —

we get restrictions on y and r in terms of «, namely

@.11) ye[l, 3 ) re(l, 4 >
147 oa—2

Finally we get

where "ty ¢ [1 T), which is (4.7),. O

@ The factor w is a normalization which changes the polynomial growth of the test

function only slightly.
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We shall also need a statement for H similar to that one in Proposition 2.18
(ii). Let us first state a Moser iteration lemma, which will be proved in the
appendix (cf. Lemma 5.14).

LEMMA 4.12. Leto > 1,1y > 1, 5,¢t, ¢ > O be given and let us denote for all
neN

(4.13) Al < clS Al Il APTE

Int1 =

Then we have
“4.14) Axp = li)xgoA," < 00.

PROPOSITION 4.15. Let H = H} , be a solution of (4.1), let R > 0 be arbitrary
but fixed and let 0 < p < R. Let yy be such that dist(xg, yo) > 4R. Then we have

(4.16) 1 H llo,00,Br () < €(R),

where the constant c(R) is independent of p, € and k.

Proor. The proof follows the lines of that one of Proposition 2.18 (ii).
Let yo and R be given and let R < r < s5.< p <2R. We multiply (4.1) by
xs|H — Hg|'~2(H — Hg), where [ € R, and x; is the characteristic function of
the ball B;(yo). The constant Hg will be specified later on. We get

(- 1)/ \VH|? |H — Hg|' 2 dx
Bs

= v-VH|H — Hg|"">(H — Hg)dS$
dBs

1
(4.17) +_/ v v|H — Hg|'dS
! JaB,

+/ Xt w,|H — Hg'"(H — Hg) dx
Bs |x — xol*

=h+L+15.

The left-hand side of (4.17) and the integrals I; and I, will be treated in the
same way as in Section 3. Let us therefore discuss /3. We have (note that
O0<p<R

1 _
A 5/ ﬁ-/ wp(x — y)dy|H — Hgl'~ dx
Bs Bp(x)

1
< — |H Hg|'dx
Ra

o, , \ ¢
< — Rot—9/5 (/ |H — Hg| 7 dx) .

(4.18)
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If we specify the constant Hg similar as in (3.13) we get (see also (3.14))

J21/10 2 Fa-n
4.19) |I3] < K—I—QZT/S / IVH|2 |H — HRlﬁl—de
Bp

Alltogether from (4.17), (4.19) and a similar treatment of I; and I, as in
Section 3 we obtain

\VH|? |H — Hg|'"%dx

B,
J11/10 X 0, 21/20
420) sK s (/B,, I\VH|? |H — Hg|ZT dx)
[21/10 ) 2,_, a1
+ K s </B,, IVHP? |H — Hg|™T dx>

If we denote

21 21 21\!
lo=— li+1=_‘li=< )lo

10’ 20 20
4.21)
6 <~ 1
Ry=2R, R;= 2—;2;5 R
k=1
and
1/1;
A, = (/ IVH|? |H — Hg|i™? dx)
Bg; (0)
4.22) o
A = ( / \VHP dx
Byr(y0)
we get
I l,~7/2 I; l,-s/2 -3
(4.23) A1:+1 < KFAIE + K_R7Ali

and thus be Lemma 4.12, Lemma 5.12 and

> —
Ali > |1H HR"%I,',BR_,'(YO)

we get (4.16). O
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Based on Lemma 4.2 and Lemma 2.4 we can use H¢? as a test function
in the head pressure equation and we obtain (cf. (2.15))

/ u? 2 u’ 2
v ?+p V(H{")+u-V 5 tp H{ dx
(4.24) “

< —s/ |u|2u-V(H;2)dx+/ f-V(H:>) +f-uH{?dx.
Q Q

With the appropriate changes we now proceed in the same way as in Section 2.
Concerning the limiting process ¢ — 0, let us only mention that the right-hand
side of (4.1) converges strongly in L9/%(Q2) as ¢ — 0. We arrive at

2
‘ X+ u 2
— % — d
/szlx—x0|°’ wp<2+p)§ *

. £ 2 Iuelz £
<lm [ w -V ——+p° | H, dx
e—=0 Jo 2 ’

l12 l.l2
—Z/HV —+p V;zdx—/H —+p | AL%dx
Q 2 Q 2

—s/ |u|2u-V(H§2)dx+/f-V(H§2)+f-uH§2dx,
Q Q

(4.25)

where u is a solution to (2.1) and H = H,, solves (4.1) with v replaced by u.
Now Proposition 4.15 ensures that the first term on the right-hand side of (4.25)
remains bounded also as p — 0. We can handle the last term at the right-hand
side of (4.25), as p — 0, due to Lemma 4.6, especially (4.7);. Hence we have

PROPOSITION 4.26. Let a € [4, 6) and let xy € QL CSC Q be given. Then the
weak solution u, p of (2.1) constructed before satisfies

2 w2
4.27) /———— —4+p| dx<K,
Q|x —xol* \ 2 +

where the constant K = K (&) is independent of xy € €.

In particular for « = 4 we can proceed as in Frehse, Ruzicka [5, Theo-
rem 2.1, Theorem 2.11] (cf. [9]) in order to prove Proposition 2.21.
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LEMMA 5.1. LetO <r < s < pandlet g; € L'(B,\B,), i = 1,2,3. Then
there exists a set E C [r, p] with u(E) > %(p — 1), such that for all s € E and

i=1,2,3

4
(52) / gildS < —— &l dx .
0Bs 1Y

— T JBy\Br

ProoF. Let us denote

4
(5.3) Gi={telrpl |gildS = —— |gildx}
3B; P — T JBy\Br

and E; = [r, p]\G;. Then we have

4
(5.4) / / gilds dt > ——u(Gy) / lgildx .
G; JoB; p—r Bp\By

On the other hand we have

5.5) / / \gildsdr < / gildx,
G; JOB; Bp\Br

and hence
p—r 3
(5.6) w(G;) < 3 W(E;) > Z(p —r).

This immediately implies

3
1
5.7) W (ﬂ Ei> = 2=
i=1

Indeed, we have E; N E;, = E; N Fip, where Fip = E; N ([r, p\E1).

implies
p—r
w(F2) = plr, PNED) = —— .

Further we have

1
w(Er N Fr2) = p(Ey) — u(F2) > 5([) -r).

This

The same argument, with E; replaced by E;NE; and E; replaced by E3 yields

1
w(Ey N E;NE3) > Z(P—r),

3
which is the assertion of the lemma if we put E = () E;.
i=1
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LEMMA 5.8. Let G = Gﬁ, . be the solution of (2.7) and let By be as in Section 3.
Then

(5.9) /B IVGPdx < c(R),
R

where the constant c(R) is independent of k, h and e.

ProoF. We just have to modify the procedure from Section 3 a little. Let us
multiply (2.7) by xs(G+1)'"!, t > 1. Thus we get for s € E (cf. Lemma 3.8)

t—1) | |VG*(G+1)?dx
Bs
1
=/ u.VG(G+1)‘—‘dS+—/ v-v(G+1)'dS
3Bs t JyBs

(5.10) 1

1
q q q
<5 (/ 'Vqudx> (/ G +1“7"a dx)
p—r Bp\By Bp\Br
1

c |V|2 5 2
" / S —
t(p—r) ( Bo\B, M(B1)R> )

7

10, 10
. / |G+ 1|7 dx .
Bp\Br

Using (3.2) we see that the right-hand side is finite if ¢ < 6/5 and ¢ < 21/20.
Thus we get from the Sobolev embedding theorem

IG + 1la,8, < E‘IIVGIIG%_,BJ + 111G + 1lla, 5

6+a

3a “6a
VG2 6+ ) 3
= (/ ((c;| +1|)2—_,> G+1° ”mdx)
Bs

S ¢
+ecsa™||G + 11,5,

2-n5% Sa
< c¢(R) G+1 6-2udx +c(R).
Bs
Choosing o = %t we get

6
(5.11) G e W' (B,).

Using now the new local information (5.11) instead of (3.2) we can repeat the
procedure and thus we obtain

6t;
G e W' (Bg),

where
; 21t 6t;
i+1 < ==t < —
+1=90 %= 31

and R; are as in (3.16). The lemma follows immediately. O
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LEMMA 5.12. Let H = H},‘YE be the solution of (4.1) and let Byg be as in
Section 4. Then

(5.13) /B IVH?dx < ¢(R),
R

where the constant c(R) is independent of k, p and ¢.

Proor. The proof follows the lines of he previous lemma and that one
Proposition 4.15. Due to the right-hand side of (4.1) we get one additional
term and thus we have

IVGI*(H + 1) 2dx
Bs

1 g1

7 N q
= </ Ilequ) </ |H+1] l)"_ldx>
p—r Bp\Br Bp\Br

1
c |V|2 ) 2

5.13 + / —————— + |Vv|%dx

©19) t(p—r) ( Bo\B, M(B1)R )

7

10t 10
: / |H+1|7"dx
Bo\Br

)
¢ / o)
T X .
+ R=95 \ Jp\5, I

Using Lemma (4.7) we see that the right-hand side is finite if ¢ < 6/5 and
t < 21/20. We conclude the proof in the same way as in the previous lemma.
O

LEMMA 5.14. Leto > 1,1y > 1, s,t, @ > 0 be given and let us denote for all
neN

(5.15) Al Sl AL+l Al

Then we have

(5.16) Ax = lim A}, < 00.
n—>00

ProOF. There are two possibilities. Either
(5.17) Jco3ly — 00:Vn Al <cf,
which gives immediately (5.16), or
V co 3 jo (minimal) : Vi > jj

li

5.18 )
( ) A;: >cq -



718 JENS FREHSE - MICHAEL ROZICKA

This together with (5.15) implies

| . 1
Aj,, <t A] (1 + —> Vi > jo

a

€o
and hence
o0 o0 #_t_
(5.19) Ay sc [T+ [T4" Ay, Vizjo.

Now either jo = 0 and we get immediately (5.16) (cf. [7]) or jo > 0. But then
we have Aljo—l < ¢p and thus we obtain

i1 i1 1
AJO < lS+t A]O 1 + o
lio = Ho=1"jg—1 c§

and consequently

S+t
. L1
Ay < o1+ g o110
This together with (5.19) implies
(o] o s_lﬂ
(5.20) A <c J] a+egov I &7 -
i=jo—1 i=jo-1
Inequality (5.20) again immediately gives (5.16). O
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