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The Maxwell Equation in a Periodic Medium:
Homogenization of the Energy Density

P. A. MARKOWICH - F. POUPAUD

1. - Introduction

We consider the evolution of the electro-magnetic field quantities in a
periodic medium with a small period. Therefore let @ > 0 be a small parameter
such that the lattice spacing of the medium is in O(x), and denote by E* the
electric field and by H® the magnetic field. Assuming that the medium has
zero conductivity, the Maxwell equations for the fields then read:

(1.1) e(2)Er =culH®  xeRreR,
o

12) p(Z)HF=—amE*  xeRreR.
o

We impose the initial condition
(1.3) E*(t=0)=E%, H%(t=0)=H}, xeR>.

The functions &(;), u(;) stand for the permittivity and, respectively, perme-
ability of the medium; & = e(x), u = u(x) > 0 are assumed to be periodic on
a lattice with 0(1)-spacing, uniformly bounded away from O and in L®(R3; R).
We also assume that the initial data E¥, H® are in L2(R%; R)? and satisfy the
compatibility condition

(1.4)(a) div (5(2)5‘;) = div (,u(g)H}’) =0.

The homogenization limit @ — 0 of the field quantities E*, H* is well-known
(see, e.g. [BLP]). In particular there exist functions £ and H such that (maybe
after selection of a subsequence):

a—>0

(1.4)(b) E**2YE in L% (R,; L2(]R{3))3w — %
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o =0

23
(1.4)(c) HY*SH in L(R; L2®Y) w — *.
E and H are weak solutions of a homogenized versmn of the Maxwell equations
with initial data E;, H; such that

a—>0

(1.5) ECE, H'H, in LXR%R)1w.

For the precise form of the homogenized permittivity and permeability functions
we refer to [BLP].
An important quantity is the electro-magnetic energy density:

(1.6) n®(x, 1) _e( )lE"(x t)|2+u< )IH"‘(x N2,
\

whose Ll(Ri)-nonn (i.e. the total electro-magnetic energy) is preserved by the
Maxwell flow:

1.7) /n"’(x,t) dx = /n"(x,t =0)dx Vi eR.

R3 R3

The goal of this paper is to analyze the homogenization limit ¢« — 0 of the
energy density n®. Obviously the topology in which the limit (1.4) of the field
quantities takes place is not strong enough to carry out the limit of n* directly.
Thus, an alternative approach has to be taken.

We remark that compensated compactness methods can be used to
pass to the limit « — O in certain nonlinear expression, e.g. the limit of
e(x/a)|E*(x, t)|*> — u(x/a)|H%(x,t)|> can be carried out directly [BLP]).
However, these methods are not applicable to the energy density n®.

In this paper we proceed in analogy to the homogenization limit for the
Schrédinger equation in a crystal presented in [MMP]. We construct subspaces
invariant under the Maxwell operator by the well-known Bloch’ decomposition
[RS], set up the so called band-Wigner transforms of the projections of the fields
onto these subspaces as introduced in [MMP] and pass to the limit ¢ — O in
the evolution equation for the Wigner-functions obtaining a denumerable set
of kinetic equations. Finally, we show using an argument of [G] that the
homogenization limit of the energy density is obtained as sum over all bands
of the position densities of the limits of the band-Wigner functions. In this way
we exploit a somewhat hidden kinetic structure of the Maxwell equations.

We remark that the homogenization limits of the band-Wigner functions
are the so-called semi-classical measures introduced in [G]. Also, there are
obvious analogies to the construction of the full-space Wigner transform and
their limiting Wigner measures given in [LP].

Another approach based on H-measures has been proposed in [FM]. In
this work the authors give the measure limit of the energy density for the wave
equation when the coefficients do not depend on the small parameter.
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Our main result is the following. We construct infinitely many non-negative
measures wy(x, k), x € R3 k € R3,1 € Z, each of them corresponding to an

eigenvalue w;(k) of an elliptic problem indexed by k. For initial data oscillating
at the scale @ we obtain that:

n* -y / wri(x — Vi (k), dk) .
I'B

The bounded domain B is the Brillouin zone defined in the next section.

2. — Bloch decomposition of the Maxwell equations in a periodic medium

Let a(1), a), aa) be a basis in R3. Then we define the lattice

2.1 L ={awji +apij:+aa i, 2 j3 € Z}
and the dual lattice
2.2) L* = {a®ji +a®j, +a® js| j1, o, jz € Z)
where the dual basis vector a?, a®, a® are determined by the equations
(2.3) ag -a™ =218, I,m=1273.
The basic period cell of the lattice L is denoted by
3

2.4) C= {Za(j)tj|0 <t,th, 3 < 1}

j=1

and the Brillouin zone B is the Wigner-Seitz cell of the dual lattice:
(2.5) B ={k e R®||k| < |k —o| Yo € L*}.

Note that |C||B| = (27)? holds (| - | denotes the volume).
For the following let ¢ = e(x), u = wu(x) be the (real-valued) dielectric
and, respectively, permeability functions on R3, with the properties:

e, ue W R, R),

3g,8 p, i > Osuch thate <e(x) <& p <p(x) < onR’,

L
e, are — — periodic onR3,i.e. Vy € L we have
(A1) % 5 p 14

s<x+12/-)=s(x) .
on R’.

M(X + g) = pu(x)
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We set e%(x) = e(x/a), u*(x) = u(x/a).

For a domain € € R3? and a function a € L®(R3* R) we consider
the Hilbert space H(L2,a,div0) = {u € L*(R)3|div (au) = 0} which we
equip with the L2-scalar product on R> with weight a. The local version
Hyo. (2, a, div 0) is defined in the obvious way.

Now, let a € (0, ap) for some fixed o9 > 0. We introduce the Maxwell
operator

. . e%(x)! 0 0 curl,
@)@ Lr=ia ( 0 u“(x)‘l> (—curlx 0 )
with domain
(2.7)(b) D(L*) = (H (R, curl))?

where H(R3, curl) := {u € (L2(R%))3; curlu € L2(RY)}.
Note that L* is obtained from L! by the rescaling of the position variable

x = x/a.
The Maxwell equations (1.1), (1.3) then can be written as
o (E“ E*
. o — =L , telR,
(2.8)(a) ’“az (H"‘) (H“) €
(2.8)(b) E*t=0)=E}, H*t=0)=H;.

Assuming that the (real-valued) initial data satisfy
(2.9) EY € HR?, &%, div 0), HY € H(R?, u*, div 0),

there exists a unique solution (E%, H*) € Cp(R;, £%, div 0) x H (R?, u*, div 0)),
since L* maps D(L*)N(H (R3 &% div 0) x H (R3 u% div 0)) into H (R3 &% div 0)
x H(R3, u%, div 0).

As usual we start the Bloch-decomposition with the introduction of spaces
of quasi-periodic functions on R? x B. We define:

12, :={u=u@x b e (L ® xB))’|
(2.10)(a) Vy € L:u(x+ay, k) = u(x, k),
Vy* € L* tu(x, k+ y*) = u(x, k) ae inR3 x ]R3},
(2.10)(b) Hyo(curl) := {u € L} ,lcurlu € L} },

with the norms

1 ) 172
(2.10)(c) lwlloga = (ﬁ / jutx, k) Pdx dk) ",
aCxB
(2.10)(d) Ntllour e = (Nl 5o + llcurlufd ;o) '
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Also, for aL-periodic functions « € L*® (]R3; ]R) we define the space

(2.11)(a) Hyo(a, div 0) = {u € L} | div (au) = 0}

which we equip with the scalar product

(2.11)(b) U, V)acxBa = / a(x)u(x, k) -v(x, k)dx dk .
acxB
where “~” denotes complex conjugation.

The following proposition is straightforward:

ProposITION 2.1. The space L%,w Hy o (curl), Hy o (a, div 0) are isometric to
L%(R3), H(R3, curl) and, respectively, H (R3, a, div 0). The isometry I* is given
by:

(2.12)(2) U=U®>ux k) =Y Uk —ay)et?,
yeL
2.12)(b) w=ur, ) FS U = ﬁB/ u(x, kydk .

The proof follows directly from Parseval’s identity.
Thus, the problem of finding (E%, H*) € C(R;; (L2(R3))3)2, which
solves (2.8) under the assumption (2.9), is equivalent to solving:

.0 [e* o e
(2.13)(a) ma(h“> =1 (h"‘)’ teR

(2.13)(b) e“(t=0)=I1"Ef =1¢ef, h*(@t=0)=I"H} =:h{
in C(Ry; (Lg,a)3)2, where we set

(2.14) I“=1%0L*o (I*)7", D(@% = (Hyq(curl))?.
The assumption (2.9) then reads

(2.15) €% € Hyo(e% div0), h% € Hyo(u®, div 0)
and E%, HY are recovered from:

(2.16) E*(t) = (197 ¥ @), H*@) = I*) " 'he@).
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Obviously, we have

e e¥(x)"Tcurlh
Q.17 A =ia ( >
h —p*(x)"curle
for e, h € Hy o (curl).
For fixed k € B we introduce a space of k-quasi-periodic functions of R3:
(2.18) Lya(k) = {u € (L ®)’|
Vy € L :u(x +ay) =e*"u(x) ae. in IR3}.

We denote by [*(k) the operator (2.17) with domain

D% (k)

= Hioe (R?, curl)> N (Hige (R?, 6%, div 0) X Hioe (R?, %, div 0)) N Ly o (k)2 .
Note that [*(k) is a densely defined unbounded operator on the Hilbert space
(2.19)(@)  Hyo(k) = (Hioc R?, &%, div 0) x Hioc (R, u*, div 0)) N Ly o (k)*

which we equip with the scalar product

1 _ 1 -
QIO (1. k). (eah)) o =5 [e%er-dadx+ 5 [ whi-hads,

aC aC
ie.

I1%(k) : DA% (k) S Hy (k) —> Hyo(k).
An application of Green’s-theorem for the curl-operator on the Lipschitz-domain
aC using the k-quasi-periodicity shows that [*(k) is self-adjoint on Hj 4 (k).
We now consider the eigenvalue problem for /*(k). Since 1'(k) and 1%(k)

have the same eigenvalues, it suffices to analyze

1 e\ e
(2.20) 1" (k) (h) = w(k) (h)

for w(k) € R and (e, h) € D(!(k)). The eigenfunctions of [*(k) are obtained
from the eigenfunctions of I!(k) by applying the rescaling x — x/c (and vice
versa).

The eigenvalue problem (2.20) reads:

(2.21)(a) icurlh = w(k)e(x)e, div(e(x)e) =0,
(2.21)(b) —icurle = w(k)u(x)h, div (u(x)h) =0,
(2.21)(c) VyeL :h(x+y) =e*"h(x), e(x+y) = e*7e(x) ae. inR3.

At first we prove:
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LeMMA 2.1. For k € B assume that (k) = 0 holds. Then k = 0.

Proor. We obtain & = Vg;,e = Vg, from (2.21)(a),(b). Because of
(2.21)(c) we can write

2.22) Vo) = e u(x), =12
where u;, u; are L-periodic, i.e.
uj(x) =Y (o)™, (o) = l—é,I/uj(x)e_ix'”dx.
oelL* C
From (2.22) we conclude
0 = curl(e®*u;(x)) = (k + o) x 4j(0c) =0

and #;(0) = a;(o, k)(k + o) follows for all o € L* with scalar functions «; if
k # 0. We obtain ¢;(x) = —ie** Y . «j(0,k)e* +Cj € Ly (k), j=1,2
for k # 0. Note that no condition on #%;(0) is obtained if k = 0, which implies
Qj € Lny](k) +x- 12](0)

Multiplying the equation div (V) =div (vV¢;) =0 by ¢; and ¢,, respec-
tively, and integration over C implies ¢; =9, =0 for k€ B, k #0. O

Now let k € B, k # 0. Then since w(k) # 0 we can eliminate & using
(2.21)(b):

(2.23) h=—iok) 'uEx) " curle

and the eigenvalue problem to be solved reads

(2.24)(a) o)~ curl (u(0) ' curle) = w(®)’e, div(e(x)e) =0
subject to the k-quasi-periodicity condition

(2.24)(b) Vy eL:e(x+y)=e*"e(x) ae. in R.

We now consider the unbounded operator

(2.25) A(k) = e curl(u™! curl(-))

on Hi (R3, g, div 0) N Lg{(k) = Hﬁ(,ll) (k) equipped with the scalar-product

(226) (6’1, ez)c,g = /8()6)61 . ézdx .
c

A(k) is defined on its form domain

D(A®K) = {e € HY k)| /p,_llcurlelzdx < oo},
C

ie. D(A(K) = H}) (k) N Hioe (B?, curl).
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LEMMA 2.2. Let k € B. Then A(k) is self-adjoint and bounded below (by 0)
on Hy{ (k). Its resolvant (A(k) + 1)~" : H (k) > H{" (k) is Hilbert-Schmids
uniformly in k € B for every A > 0.

Proor. The self-adjointness as boundedness from below (with bound 0)
follow immediately from an application of Green’s theorem for the curl-operator.

Consider now the resolvant equation (A(k) +A)e = f for f € Ha('ll) (k) and
A > 0 written in weak form

/H_lcuﬂe'cuﬂ([—)d}c+)»/8€-¢dx=/gf.¢dx
c c

for ¢ € D(A(k)).
The Lax-Milgram lemma immediately implies the existence of a unique
solution with

llell2¢cy + |l curleIILz(C) = K"f"LZ(C) .

Since Hioc (R3, curl) N Hn(,ll) (k) is compactly embedded in Hﬁ(,ll) (k) for all k € B
we conclude that (A(k) + A)~! is compact. For k € B denote by

2.27) 0<61k) <dk)<...<bpk)<...> @

the sequence of eigenvalues of A(k), here listed according to their finite multi-
plicities. The min-max principle for eigenvalues [RS] implies §,,(h) > (1/1) -
¥m(k), where y,,(k) are the eigenvalues of the operator

1
B(k) := —curlcurl(-), D(B(k)) = D(A(k)).
€
Thus, we have to analyze the eigenvalue problem

1
—curlcurlu = y(k)u, div(eu) =0.
£

We set z = 4/eu and obtain the eigenvalue problem
Ck)z=yk)z,
where C (k) is the operator
1
Ck)z == ﬁ curl curl (Jié)
on Hiy (R3, /e, div 0) N Ly 1 (k) equipped with the usual L?(C)-scalar product.

A simple calculation using the condition div (4/ez) = 0 shows that for ¢ = ¢(¢)
sufficiently large .

/C(k)z»de > (l/é)-/IVzlzdx —;/|z|2dx
C C
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holds for all z in the form-domain of C(k), Thus, again, by using the min-
max principle we conclude that y,, (k) > (1/€)Bn(k) — ¢, where B,,(k) are the
eigenvalues of —A on Ly (k). Fourier analysis gives (after re-indexing)

B, (k) =|k+0o|>, oe€lL*

with three-dimensional eigenspaces.
Therefore we have

2 Gl TR (k)+x)2 = const 3 (|k+a|2+x>2

m=1 oelL*

which is uniformly bounded in k € B. O

Applying Lemma 4.1 of [G] we conclude that the functions §,, = 6, (k)
have uniformly Lipschitz continuous L*-periodic from B to R} for every m € N.
Also, the methods of [W] developed for the analysis of the Hamilton operator
with a periodic electric potential, can be adapted to the analysis of A(k). They
show that for every m € N there exists a closed set F,, C B of Lebesgue measure
zero such that the L*-periodic extension of 8, is analytic R} — U, cz+(Fin +0).
Moreover in R} x B and such that for all k € B — |J5_; F, they form a
complete orthonormed system in the space H(C, ¢, div 0) (equipped with the
scalar product (-, -)c.e)-

Since the positive and negative square-roots of the eigenvalues §,,(k) # 0
of A(k) are eigenvalues of /!(k) (and vice versa) we conclude that for k # 0
the operator /(k) has a sequence of eigenvalues

co—wpk) < —wp1k) < ... < —wi k) <0< wok) <...
(2.28)
< wmk) < opk) ...,

listed according to their (finite) multiplicities. The regularity properties of
wm (k)= 8, (k)'/? are as follows:

The L*-periodic extension of w,, = w,,(k) are uniformly Lipschitz-continu-
ous on R? if §,,(0) # O and, respectively, on every closed subset of R — L* if
8m(0) = 0. It is analytic in R,% —Uyer+(Fm +0) if 8,,(0) # 0 and, respectively,
in R} — L* — Uyep+(Fn +0) if 8,(0) =0
Obviously, w,(k) is in C%/2(B) even if §,(0) =0

The eigenfunction of !(k) corresponding to the eigenvalue +wy, (k) # 0 is
given by

(2.29) (em, £hm) = (em(x, k), tiwn, (k)" u(x) ! curl ey, (x, k)) .

It is an easy exercise to show that {h, (-, k)}men is a complete orthonormed
set in the space H(C, u,div 0) equipped with the scalar product (-, )¢, if
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ke B— F — {10} (we set F := Us_; Fx). The measurability of h,, is a direct
consequence of the continuity of w,, and of the measurability of e,.

These facts imply that {(e,, (-, k), £hm (-, k))}men is a complete orthonormed
system in H(C, ¢, div 0) x H(C, wn div 0) equipped with the scalar product (-, -)c
(see (2.19)(b)) for k € B — F — {0}.

The null-space of /!(0) can be easily computed. From Lemma 2.1 we
conclude (e, h) € Null (/!(0)) if and only if

e=Voi, ¢1=a x+ux)

h=Vg, @ =a-x+uxx)
where a;,a; € C? are arbitrary and u;, u, are L-periodic solutions of

div (¢(x)Vuy) = —div (e(x)ay)

div (u(x)Vuz) = —div (u(x)ay) .

Thus dim (Null ('(0))) = 6.

The eigenfunctions (ef, & h%) of I*(k) are obtained by the rescaling x —
x/a and by normalization with respect to the scalar product (-, -)oc. They are
given by

1 X 1 X
o — - o —_ —
(2.30) el (x, k) = a—3/2em(a,k), he(x, k) = a3/2hm(a,k).

The following decomposition theorem is a direct consequence of the spectral
analysis of the operator /% (k) and of Proposition 2.1 (see, e.g. [RS] for a proof):

THEOREM 2.1. For (E, H) € H(R3, &%, div 0) x H(R3, u®, div 0) set

Q@30)®) E*Gk,m) = /s(-:;)E(x) .&(x,k)dx, keB,meN,

R3

@31)0b) H*(k,m) = /u(;—‘)y(x)-ﬁ;’;(x,k)dx, keBmeN.

RrR3

Then the following statements hold:
(i) The maps
: HR?, &%, div 0) > @ L*(B)

meN

T H®S, p, div 0) > @ LX(B)

meN
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are isometries:

/ e(g)El(x) Ey(x)dx = / (k, m)ES (k.m)dk ,

?
RrR3
/ u( VH) - Fa()dx = — ﬁ“ m) HE (k, m)dk
IBI
R3
with inverses
E) = — > / E*(k, m)e% (x, k)ydk, x €R?,
IBl meN
B
He) = Z /H"‘(k mhg,(x, kydk, x eR’.
meN

(ii) Let (E, H) € H(R3, &%, div 0) x H(R3, u%, div 0) N H(R?, rot)? and denote

E Ey
L® = . Then:
( " Ho en

EZ(k,m) = om(k)H*(k,m), ke B, meN,

H%(k,m) = om(K)E*(k,m), keB, meN.

We now define the (Floquet) subspaces of H ((R3, &% div 0) x H(R3, &%, div 0):

232)a) S$° = {1_113_I< / o (k)e (x, k)dx, / o () (x, h)dx) ’or e LYB)}
B

B

@32)0b) §%, = {ll%l( /a(k)eg,(x, k)dx, — /a(k)h;(x, mdk)|o € L*(B)}
B B

for m € N. A simple calculation using Theorem 2.1 show that S%, S%, are
invariant under the action of L° that S} and Sy are orthogonal with respect

to the scalar product (-, -)g3 (given by (2.19)(b) with «C replaced by R?) for
my # my, my, my € Z — {0}, and that

@32©  H(R e, div0) x H(R, 4, div0) = @ (sz @ 5%,).

meN

Also the following result is obtained by a straight-forward calculation:
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LeMMA 2.3. Letm € N and denote by &, (y) the Fourier-coefficient of w,y, (k) :
Om(k) =3, c; @m(y)e*?. Then:

, E . E(x +ay) E o
w ot (H) _Z"’”‘(”)(H(Hay)) Jor (H) € Sn

yelL

. E\ _ . E(x +ay) E a
Wt <H>—_Zwm(y)(H(x+ay)) Jor (H)GS""‘

yelL
More explicit calculation can be carried out in the case of a homogeneous
medium:

LEMMA 2.4. Assume that € and | are positive constants, Then the eigenvalues
of the problem (2.21) are:

(2.33)(a) wy (k) = cly +kl,

(2.33)(b) w, (k) = —cly + k|

\
where c : (ei)'/? denotes the light velocity. The multiplicity of each eigenvalue is 2
a.e. in B.

Proor. For w(k) # 0 the problem (2.21) reduced to

h=—(uwk) licure

2
k
Ae:w(z)e, dive=0
c

e(x+y)=e*"e(x) VyelL ae. in R,

Expanding e in the Fourier series

e(x) =) _e(y)e'*tr=

yeL

leads to
w(k) = xcly + k|

e(x) = é(y)e' k=

(y+k)-é(y)=0.

Moreover |y +k| = |y’+k| with y # y’ if and only if 2k-(y —y') = |y =y /%,
which is the equation of a plane in R> and therefore a closed set of Lebesgue
measure 0. O
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This shows that, in general, eigenvalues are not simple. Since the sub-
sequent analysis we need a non-degeneracy hypothesis (which has to permit
multiple eigenvalues), we assume:

(A2) For all m € N the eigenvalue w, (k) has a constant multiplicity z(m) a.e. in

B.

To simplify the notation we set Z* := Z — {0} and w_,, (k) := —wn (k) for
m e N.

Now let {m;};czx be a sequence of integers in Z* with the property that
m_; = —m; and

@39@ oK) = o1 () = ... = Omyrzony-1(k)

ae.in B forall /eN,
Q@35(0b)  Omyy, €) # Omyreop®), kB forall LeN,

(2.34)(c) {Om (|l € Z*) = {wn(k)lm € Z*} ae. in B.

We define:
mpy1—1
(2.35) g= @ S, leZ.
m=ml
Since the Fourier-coefficients of the eigenvalues wy,(k), m = my,...,m =

myy+1 — 1 are the same we obtain the following extension of lemma 2.3:
LEMMA 2.5. Let (E, H) € {f*,1 € Z*. Then

E E(x +ay)
L* = E Am 62) < ) .
(H) yeLa) Y H(x +ay)

Obviously, we set @_,(y) = —@n(y) for m € N.

Thus, given an initial datum (EY, H}) € (R3, &%, div 0) x H(R3, u%, div 0)
we compute its projection (E7;, Hf;) € ¢/ and re-write the Maxwell equation
as:

.0 A M
(2.36)(a) zagE;’(x, =3 om(@)E(x+ay,t) xeR, teR,
yeL

3

236)b)  ie—H(x,1)=) &(y)H(x+ay,t) xeR’ teR,
at ~

(236)c) Ef(t=0)=E},, H{(t=0=Hj,, xeR

for all / € Z*. The solution (E%, H%) is reconstructed from

Ea Ed
2.36)(d = L)
e300 () =2 (%)
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3. — Wigner-Functions

We now define the /-th band Wigner-function:

o -5 ) 7
+ ;“( )Hl (X — %)’, t) -ﬁ;"(x + %)/, t)]eik'y

for x e R,k € B,t € R and I € Z*. For the basic properties of w® we refer
to [MMP]. In particular we remark that

3.1

ﬁ/ e ks = L) Ep e 0+ L () e 0 =i,
B

which we shall call the /-th band energy density.
A simple calculation using the L/2-periodicity of ¢ and u gives:

LemMA 3.1. The function wi satisfies the initial value problem

wi(x +ak, k) —wfi(x —ak, k1)
o

B —wf+i Y diy)e =0

ot yeL
for xeRkeB,teR

(32)b) wi(t=0)=wj,x¢€ R3,k € B, where wy; is given by:

G20 wich =3 e () Esi(x - 2v) B+ 2v)

+ ;M( )Hll( - %V) '_7,1(3“*‘ %V)]eiky

Also, we set up the Wigner function:

w*(x, k, t) = ; [%S(E)E“(x — %y, t) ~E“(x — %, t)

(3.3)

(=) mr(en e

Note that the energy density satisfies

w0 = ze(2)1E 0P + (21, 0

(3.4) 1
= — [ wx,k,t)dx.
IBlB/
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Later on we shall relate the limits of w®, n® to the limits of wf, nf .
The initial Wigner function is defined in the obvious way:

1

wi(x, k) = ; [58(2)E7 (x - %y) -E§ (x + %y)

+ lu(g)Hf (x=Sv)-Hp(x+ 3y)]eik'r .

(3.5)
2 2 2
We denote the weighted norm on L2(R?)? by
36  IE Blla = (% / [e(g)wﬁ+u(§)|mz]dx)”2
R3
and impose the following conditions on the initial data
(A3)() ICEF, HHNZ + LD EF, HDIlg < K,

where K is independent of o € (0, o],

o g e [ G (oo
(iii) (E%, HY) e H(IR3, s(;) div 0) x H(]R3, “(5) div 0) .

The first term on the left-hand side of (A3) (i) is the initial energy fR3 n%(x)dx,
where n¢ stands for the initial energy density

1 /x o1 1
G nx) = 5e(;)uzg(x)ﬁ + —z—u(&x—)lH;’(x)lz = mB/w;”(x,k) dx .

Obviously, the energy and ||| (L*)*(E®(t), H*(t))|||> are conserved by the motion
generated by the Maxwell equations (2.8):

(3.8)(a)
/n“(x,t)dx = /n‘}‘(x)dx <K VteR
R R3

(3.8)(b)
LYY E® (@), HX@)II? = IL)*EF, HOIZ < K VteR.
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Now take a function 0 < ¢ € C*®(R?) with ¢(x) = 0 for |x| < 1/2 and
¢(x) =1 for |x| > 1. Multiplication of (1.1) by E*(¢, x)¢(x/R), of (1.2) by
He(t, x)<p(x /R), summation and integration by parts gives

- / n(x, t)¢ dx < —/n“(x,t)dx= %/n‘}’(x)d»

R3 R3
Thus, (A3)(1), (i) imply

3.9 lim sup n%(x,t)dx =0 VteR.

R—00 40,0
ol 2 g

We conclude that, if the assumption (A3) is imposed on the initial data E§, Hy,
then it holds true for the solution (E*(t), H*(¢)) for all ¢ € R.

We point out that the assumption (A3) is equivalent to the condition of
«a-oscillating and compact at infinity data of [G].

A simple calculation using Theorem 2.1 gives

/n}’(x, t)ydx =

R3

m1+1 1

o 2
IBI/ Bk, Iml, O + | H*(k, Im], D] dx

IELY*(E* (@), HX )2 =
mypy1—1

-y I%l/w,,,(k)s[@“(k, ml, ) + | (k, Im], D] dx,
B

m=my

where E"’, H® are defined according to (2.31).
Thus, we have

(3.10) /n}’(x,t)dx <
R3
(from now on we denote by K not necessarily equal constant independent of
o € (0, ap)).
The assumption (A3) is sufficient to guarantee the existence of a subse-
quence of ¢ — 0 (which, by abuse of notation, we denote by the same symbol)
and of non-negative measures wy;, wr, w;(t), w(t) such that for all / € Z*

K
II(LY*ES, H)|I? <

1
L <K _
inf 80 (®) inf 8 (®)

0 0 .
(3.11)(a) wi, = wy; and wy S w; in Bw-—
o a—0

GIDob) ww,  and w* Pw in LOR; B'w— xw — x,

S 1 :
B.11)e) n* 2 = B /w,(x, dk,t) in L®(R; Co(R¥)*w — %)w — *,

1
B.11)d) n* —> n = ] /w(x, dk,t) in LR, Co(R®)*w — %)w — *.
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Here we denote the separable Banach space

(3.12)(@) Bi={p0x,n = ¢ 1)e?|p e I'L; R},
y€eL
(3.12)(b) lollz := 1B 16, V)l oo, -
yeL

The arguments used to show (3.11) are given in [MMP]. In particular, we
remark that the non-negativity of w; and w is a consequence of the Husimi-
regularization [MM, LP, MMP].

Multiplying (1.1) by E%c, (1.2) by H%, where o € S(R3), adding the
equations and integrating by parts gives

‘/n"adx‘ <C VreR.
R3

We recall that every bounded set of S’ (Ri) is precompact, therefore we obtain
(up to a subsequence) the uniform convergence in ¢:

n* >n in Cp(R;S'RY)).
Similarly we obtain by using (3.2):

wi > w; in Cp(Ry; Spe (R x B)),
nf —n in Cp(R;S'(RY)).

It was also shown in [MMP] that the limiting Wigner-measures w; satisfy
the transport equations

0
(3.13)(a) 5;w1 + Viwm, (k) - Vow; =0

in Dju (B x (B — (Fym U 10} x R,))
(3.13)(b) wi(t =0)=wy,

(the subscript “per” refers to L*-periodicity in k).

We remark that the point k =0 and the closed set Fj,, of measure O are
exempt because the necessary C%c]—regularity of wy,, for passing to the limit
a — 0 in (3.2)(a) cannot be guaranteed there. This problem will be remedied
later on.

We prove:
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LeMMA 3.2. Let (A1), (A2), (A3) hold. Then

(3.14) w= Z w, aein R,.
leZ*

Proor. Let a = a(t) be in C°R;), ¥* = ¥*(x,¢) and ®* = d%(x,1)
be uniformly bounded sequence in L*°(R;; (L2(R3))3). Following an idea of
Gérard [G] we introduce the (x,t)-Wigner transform

Wa[w? ®*)(x, k, ¢, r):=R/};L Ee(g)\pa (x - %,t — %s)

-W"(x + g)/, t+gs)a(t - Es)[z(t + %s)

2 2 2
(3.15)
O R LA TEE
aft = 5s)ale+5s) | v s,
We set also
B, SN, k1) = 3 Be(g) oo (x _ %y, ;). g (x + %y, t)|a(t)'2
(3.16) "~
sgu(2)0r (v = Srar)- 8% (s + 5 1) la:
such that
(3.17) / Wewe, &*ldr = w*[¥®, &%]
Re

holds. We have (see [MMP], [LP]), maybe after extraction of a subsequence:

(3.18)(a) Do, 129, in L (R, BY) — w*
(3.18)(b) werwe, 122 W, in  L2(R,; C*) — w*,

where the separable Banach-space C is defined by

C= {g(x,k, )= E@x, .t r)e"y"‘lé € I'(L; L"(R,; Co(R3 x R,)))}
yeL

Elle = 1B1S / 1G22 Tl oo e T -

yELRT
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The corresponding Husimi-functions read

(3.19)(a)
WEIPe, @9 = W [yY*, &%) *, G* %, F* %, G *; GY ,

(3.19)(b)
D% [W*, D] = B [W*, O] %, G* #; F*

with
1 |x|? o .

o _ o o _ _ = 2
G = oo (= 5y ) F® = e (= glvP +ikn),

yelL

o 1 Is|?
Gi(s) = ———(2”0[)1/2 exp ( — Z) .

The x,t and T convolutions are defined in the usual way and

1
@ o)) = / o1 (k) (k — k1)dky
B

for L*-periodic functions o1, 03.
The Husimi-functions are non-negative

(3.20) W >0, w%>0

and converge (after selection of a subsequence) to WO and wo respectively
[MMP], [LP].

Now let E, HY satisfy (2.36)(a)-(c). Then a somewhat tedious calculation
gives

ith‘[E;’] = —%/ [Zl’(t + %s)a(t - %s) ——é(t + %s)a’(t — %s)]

Ry

S Le(2) e 1= 20) i e 4 B
y€eL .

i) e W) (x + 3y kot 7))

yeL
e = =5 [ [ §e)ols = 5e) (5 50)]
() (== 2) (e s )
y€L

iy & iky wer e okt
l};Lwl(y)e il ,]<x+2y, ) ,T>
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where Wf‘ [ET], Wg [Hj*] stand for the first and, respectively, second term on
the right-hand side of (3.15) when W“ is replaced by Ej and ®* by Hf. We
can immediately pass to the limit « — O in the above equations obtain

( +sgn D (k)Wiy =0, (v +sgn (D (k) Wa; =0,
where we denote by ’WJLI, Wz,l the weak limits of subsequences of W{” [E}]
and, respectively, W7'[H]. Since W[E}, H¥] = W{[E}] + [W5[h{] we have
(t +sgn D (k)W =0,

where we write ’VVI for the weak limit (of a subsequence) of we [E?, H*].
It is easy to check that the assumption (A2) is sufficient to pass to the
limit in (3.17):

/ Widz = a(t)Pw,
Ry

and conclude that
(3.21) Wix, k, t, ) = |a()wi(x, k, 1)8(x + sgn Dy (k) -

Thus, the assumption (A3) implies that the measures W;, W; are mutually sin-
gular if | # j € Z*.

now let Ef, H be given by (2.32)(d). Then, due to the quadratic nature
of the Husimi transform Wg[E®, H*] we obtain(see [LP])

(322)  WHIE®, H*1=Y WHIEF, HM1+ Y. Rf,+ > 8¢,

lez* I,lpez* I1,lhez*
h#h h#h
where
(3.23)(a) R | < Wiy [ER1 /W (B )
(3.23)(b) o | < WeyHR 12 Wg y[HE1'2.

Here W{ ,[Ef'], W3 4 [H] are the Husimi transforms of WZ[Ef] and Wg[H,].
Taking ¢ € C°(R2 x B x R; x R;) and L*-periodic in k gives

/ WEIE®, H*lpdx dkdtdr = > / WS[ES, HY g dx dk dt dt
lezZ*

+ ) /R;"lh(pdxdkdtdt

(324) I ,lzeZ*
h#h

+ Y /;‘;,,Z(pdxdkdtdr.
ll,lzez*
h#h
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The methods [LP] show that
/ R podxdkdtdt =50,  L#b
/S,";,Izgodx dkdtdt 230, L #b
since Wll, le are mutually singular. Also we have
/W;",[E,“, H*l¢ dx dkdt dt ﬂ’/<pW,(dx,dk,dz,dr)
/ W,‘;‘[E‘;,H“](pdxdkdtdr — / oW (dx, dk, dt, dv)

where W is the weak limit of the (x, t)-Wigner transforms W[E“, H*]. We
estimate using (3.23), (3.17) and (3.10)

‘ /RZh(pdx dkdtdt

< ||¢||Loo\/ / Wi y[ES Jdx dk dt dt / Wiy [E dx dk d1 dt

||¢||Loo\/ [ 1ang, x.0atdx [ laeypag e, e dx

=

K/ ,gggazl(k)z inf §,(0%  if 8,(0)=0, &,(0)#0,
<4 K if 8,(0) =8,(0) =0,

K/ inf &, (k)* if 8,(00#0, 8,(0)#0.

The same bounds hold for the other terms on the right-hand side of (3.24).
From the proof of Lemma 2.2 we obtain

1 + Z 1
i 23 3 e <0,
i per A0 8y () inf 8y (k) 51:; Inf 5y (k)
2

where I denotes the finite set in Z* such that §;(0) =0 for [ € I.
The dominated convergence theorem applied to (3.24) and (3.17) gives

W=3 Wi=la®)lPw=1la® ) w. D

lezZ* lezZ*
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Note that (3.14) implies for the energy density

(3.25) n=> n VteR,.

lezZ*

To characterize the limiting energy density n completely we have to determine
the Wigner measures w; in the sets Fj; N {0}. Therefore we make another
assumption on the initial data:

(A4) R x (FU{0}) is a null-set of the limiting initial Wigner measure wj.

We prove:

LemMA 3.3. Let (A1)-(A4) hold and | € Z*. Then wy is the D, (R3x B xR,)-
solution of (3.13) given by

wi(x, k, 1) = wpi(x — Vo, (k)t, k) .

Proor. The energy-conservation properties hold

/n"‘(x, t)ydx = /n‘}’ dx vt e R

R} R}
/n;’(x,t)dx = /n‘}’, dx VieR, leZ*
R} R}

where nj,; = nj'(t = 0). Since (after selecting a subsequence)

a—>0 a—0 .
n*Sn, nf 5n in L®(R,Co(R)Y — x)w —
a a—0

. *
n® =—n;, nf,— n in Co(Ri)w—*,

we conclude from (3.9) and from (3.25):

(3.26)(a) /n(dx,t) = /nl(dx) vVt € R
R} R}

(3.26)(b) /nl(dx, t) = /n”(dx) VteR, leZ*
R3 R3

Now we denote by z; = z;(x, k, t) the solution of

0
EZZ + kaml (k) Ve = 0

21t =0) =wy,
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in D;m(Ri x B xR,), i.e.

(3.27) zi(x, k, t) = wri(x — Viwy(k)t, k) .

Let Q5 be open in B, of Lebesgue measure less or equal § and F U {0} C .
Then

(3.28)(a) //wl(dx,dk,t):/ / wi(dx,dk) VteR.

RS B—Qj R3 B-Q;

Passing to the limit § — 0 gives

(3.28)(b) //zl(dx,dk, t) =//w”(dx,dk)
R3 B R} B

since, by (3.14) and (A4), ]Ri x (F U {0}) is a null-set of w;; and, by (3.27),
also of z;(z).

Also, we have w;(¢) =z;(t) on R;’;x (B—(FU{0})) and, thus w;(¢)—z;(t)>0
on ]Ri x B. Then, (3.26)(b) and (3.28) give

//(w,~z,)(dx,dk,t)=//w,,,(dx,dk)i’190

R} Q5 R} Q5

and the assertion of the lemma follows. O

THEOREM 3.1. Let the assumption (A1)-(A4) hold. Then, maybe after selection
of a subsequence, the energy densities n® satisfy:

N 1
e Z m/wl(x,dk, t) € Cp(R;, CO(Ri)*)w —*,
lez* B

+
per

where the band-Wigner measures w;(t) € M (]Ri x B) are given by

wi(x, k, t) = wp(x — Viwn, (k)t, k), leZ*.
Here wy ; is the B* — w* limit (of a subsequence) of the initial band Wigner function
wy, given in (3.2)(c).

In the case of homogeneous media, the above theorem and Lemma 2.4
imply: '

COROLLARY 3.1. Let ¢ and . be positive constants and ¢ = 1/, /eq the light ve-
locity. Then for any initial data sequence satisfying (A3), (A4), the energy densities
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n® verify
1
n® 233" ] / (w} (x,dx, ) + w}, (x,dx, 1)) € Cp(Ry, CoR))*)w — *
yeL B
where the band Wigner measures w (t), w;, (t) € Mf, (R2 x B) are given by
+k
Fx,k, t) = wl —ct t,k),
wy(x ) w,’y(x c|y+kl )
w, (x,k, t) =w; (x+cy—+kt k) yeL
y s 1y Ly |y n kl ’ ) .
The measures wfy (respectively, wy, ) are the B* —wx limit of the initial band Wigner
E+a
functions w}f;,“ (respectively, wy ') given in (3.2)(c) with (HI'"};> (respectively,
Ly

H;y
—cly +k|).

E—-d
( Ly ) ) being the projection corresponding to the eigenvalue c|y +k| (respectively,
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