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An Example of Irregular Solution to a Nonlinear
Euler-Lagrange Elliptic System with Real Analytic
Coefficients

WENGE HAO - SALVATORE LEONARDI - JINDRICH NECAS

1. - Introduction

Given in R, n > 5, the ball

Q={zeR"|z| < 1}

and a nonlinear analytic function

F:R"*" 5 p F(p) €R,

let us consider the functional

D(u) = / F(Vu(z))dz,
, Q
where
wQ - RY
is a function belonging to the admissible space to be precised later on. We will
prove that the above functional achieves the minimum at a point which is a
Lipschitz function but not of class C'.

In the literature, an example of “irregular” solution (not C') of the Euler-
Lagrange system, arising from a functional of the above type, was already
constructed by Necas in the paper [5], but that counterexample was not optimal;
namely, it was valid for very high Euclidean dimension.

Besides this result nothing was up to this moment known e.g. for n =3,
4, 5.

So our goal was to write a counterexample which had validity in an as low
as possible euclidean dimension. But all efforts for modifying it as well as for
sharpening the involved estimates in order to reduce the dimension (< 5) were
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not successful; so there still remains a hope that Euler-Lagrange systems will
have, at least for n =3 (for n = 2 there is regularity), only regular solutions
provided the functional is smooth enough and convex. The case n =4 is still
an open problem.

Indeed, this is the last possibility to get the regularity in the three-
dimensional euclidean space because, as it is well-known, famous counter-
examples (se [1], [4]) have shown that for elliptic systems of the type

rs Ou; Opr rs oo 1 ny.
/ A5 (z) E)—a:i Fro 0, Aj(@)€L®Q), @€ HQ,R");
Q

and

rs auj a(pf T8 : 1 n
/ A,](’u.) a_zs a_zz = O, Al](u) analytlc, "2} S Ho(Q,R )
Q
there do exist non-regular (not C%*) solutions in R? (see [2]).
Moreover, it is also known, see for instance [6], that for elliptic systems
of the form

O ar
az; (A;(Vu) =0
with A} real analytic satisfying usual conditions of coercivity and monotocity,
non-smooth solutions do exist from n > 3.

For further details concerning regularity and counterexamples to the
regularity to non-linear elliptic systems the reader can refer to [2], [3], [7].

2. - Notations and auxiliary results

Throughout this paper we will make use of the Einstein’s summation
convention and the following notations:

2.1) Q={zeR"|z| <1}, n>5
(2.2) u=(u;(x), 1, j=1,...,n,
2.3) |Vu| = (%’Z ‘;’;: )1/2

2.4) Tu = %%,

2.5) Viu= —;- <%’j + ?)L;; + nu) :
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N . ) Ouj; Oug; Ouy

. Vijku = é <aa’l:,': + 631;:' + aaqlk + az]k + a.:,] + 6:):;)
_ ?2:%11) (6i Vi + 61 Vju + 61 Viu).

Moreover we will set

7 = zl‘;l] - %5ij|~""|-

From (2.7) we deduce easily:

Oliy;  Oyxj+6jkx;  TixjT) 1 Tp
(2.8) = - - =5 —=.
Oz || lz> n |zl
Let us note that because of & € C%L(Q, R"z), then its gradient exists almost
everywhere and it is bounded and measurable.
Put then
o g
h=| oy L=[ %2 voewlt @R,
) Tl J T

it easy to deduce, integrating by parts, that:

2.9) /93'159—‘91’]-‘=(n+1)11—””12,
Oz Oz n
Q
. nd—nl+n 2n —1
(2.10) / VijkVijep = ——5——— T - D) I,
Q
21 21 1
2.11) / Viavip= "1 @ Do+l
n 2n
Q
2 _ 1 3
(212) / ViﬁVjﬁVkﬁVijk(p= - <n n ) / V.;jkﬁv,‘jk(p,
Q Q
n? -1
(2.13) / VipV;aViiiVijii = — - / V;uV;p,
Q Q
_ 2 _
(2.14) / Vyiirp = &—")fl”—ﬁ L.

Q
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3. - The counterexample

We will prove that the matrix-valued function (2.7), which belongs to C?!
(Q, an) but not to C1(Q, R"Z), is the global (unique) minimum of the functional

O(u) = %! / |Vu|4 + %Q / |V'u,|2 + % / VmuVmuV,-jkuVijku
Q Q Q
o a
3.1) + TZ / (VijkuVijru)® + 73 / (ViuV;u)?
Q Q
+ ay / ViuV uViuVijru + as / Viur;u + 2‘2_§ / T UT, U
Q Q Q

being u € {u € W'*(Q,R*):u = & on Q} and

oo n
T @2n2—-n-—1)3

@0 = n?—1

4

n
S = < 50
o = { Wr)mi—1 "=
0 n > 50

2_12
a2=n2—1—<n )al
n

3 2
a3=( n ) [—aln 1+3n+n(n2—'ﬂ+4)(,31+,32)_,33(n+1)

n?—1 n
n \2
(3.2) oy = <’n,2 — 1) (1 + 51+ P2)n
n—4+803(n+2)
) T 2m-n - "=
=Y 14 8B8(n+2) s
26— D) ">
a6=%n3
(&%)
1-n
'B=n(n3—n2—n+1)
Br=—PB(n+2)p3

B2 =2p(n — Das

] 2
’B3=a0+<2n2—n—1) '
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The proof will consist of several steps. To begin, we perform the Gateaux
derivative of ®(u):

ouy; 0p;;

! _ 2 OUij ij
[® (u+t<p)]t:o—a/ [Vu| —azk —sz
Q

Oui; 9pij
+ o / a—z: 5:# + o / VijkuVijkuVmuVmw

Q Q
+ o / ViV uViiruVijee + o / Vi VijeuVapeu Vope o
Q Q
(3.3)
+ a3 / ViuViuViuVjuVjtp + oy / V,'uvj'uvkuvijkw
Q Q
+ 3y / VigijquuVijku + a5 / V,"LLT,'(,O
Q Q
+ as / TuVip + os / TUT; P,
Q Q
Vo € W, H(Q,R™).
Then, because it must be
(34) [@(@+tp)h0 =0, Vi € Wy (Q,RY),

using (2.8)-(2.14) we must thus satisfy the linear system

[ 2_ 1\ ] R3— 2,
Bi(n+1)+ a2+<n2 )al nonxn

where a, ap, ai,...,a¢ are unknowns. Such a system is satisfied if we chooce
o, ap, 1,...,06 aS in (32)
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To prove that @ is the unique minimum of our functional we must show
that (see later on Theorem 3) there exists a constant ¢; > 0 such that

(3.5) @ urtlea > e [(A+[VuPIVePE, Y, o,
Q

where

[+t = [ [Vu [Tl
Q

dui; dpi; \ / )
+2a/(62k B2 +a0 | |Vl
Q Q
+ag / VijkuVijkuVmoVmp + a / VmuVmuVikp Vijke
Q Q
(3.6) +4ay / VinuVmpViieuViee + a; / VikuVijku Vabe© Vabep
Q Q
+2an /(V,’jkuv,'jkgo)2+a3 / V;uV;uVijj¢+2a3 /(V,'uv,'go)z
Q Q Q
+ 60y / V;uVj<ka<pV,-jku+6a4/ VngjquuV;jkgo
Q Q

+2as / Vieripo + as / TiPTip.
Q

More precisely we shall prove that for the Euler-Lagrange system the
following condition of strong ellipticity is satisfied:

D2, F(VW)atcbish > 0, VE = (&j0) € R¥™,

We prove the following two lemmas:
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LEMMA 1. The following two inequalities hold: for any real number K
ViikPVijkp ViVt + Vi o Vo VijkuVijeu
+6K2[V;uVuV;oV;p + 2 ViuVip)’]

6 n 2
3.7) “ni2 (;ZT -k ) ViuViuVieVie
24‘n 48 2 ) ) 2
* ((n+2)(n2 ik ) (ViuVip)

+ 6KV,-uVj<ka¢V.~jku + 6KV;§0VjquuVijk§0 >0;

(3.8) 2K\ Viprip + Kitiprip + 2" Vol >0, K= P
0

PROOF. To prove (3.7) put, at first

07éc2 = ViuViu,

eijk =c [V;jkgo + -ﬁ—g (V,-<ijquu + ViuV]«kau + V;uVjuVup)
n
n?—1 K
n+2

__2K
2(n+2)

(Vipbji + Vipbi; + Vipbir)
(Vi"."sjk + Vkué.-j + Vjﬂ&ik)(viuviSD)] N

we have of course
3.9) 0 < 0,51 0;j.

Analogously, put
0#& = VipVip,

~ K
6;,-,: =c [V,-jku + cq (V,"U,ngov;ap + V;gijqugo + V;goVﬂkau)

_n_
n?—1
n+2
__2K
E(n+2)

- K
(V;u6jk + Vkutsij + Vju6s'k)

(Vipbjx + Vipb;; + Vj‘P5ik)(Vi“ViS0)]
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we have
(3.10) 0 < 6,16k
The proof is achieved using (2.5), (2.6) and summing together (3.9) and
(3.10)"[‘0 prove (3.8) we argue in the same way noticing that

0 < (Vip + K11:0)* = VipVip + 2K Viprip + Km0

9
< 2K Viprip + Kitiprip + 3 n3|V<p|2. n

LEMMA 2. Let K, > 0 and K € R be constants such that

3 n 24 12n 2
11 A S Gy T o B 7 . O g PN
@1 Kz['n+2<n2——1 >+n+2 (n+2)(n2—1)K]-3’
then
K[ VijkuVijk Ve Ve + 2(VijkuVijiw)’]
6 n 2
(312) + 4VmuVm<pV,~jkuVijkgo + m (ﬁ — K) V,;’U,V,"U,Vj(pv]‘(p
48 _, 24n 2
_ uV.0) > 0.
<n+2 (n+2)(n? — 1)K> (ViuViey 20

PROOF. By the Cauchy-Schwartz inequality it turns out that:

K[ VijkuVijkttVabe© Vasew + 2(VijkuViji0)?] + 4V u Vo ViikuVijke

6 n 2
m (m - K) V,UV,UV]PVJW

48 24n

0 g2 e . N2
(3.13) + (n+2K WD K) (ViuV;p)

> 3Ky (VijkuVijkp) + 4VmuVmp VijkuVijrp

6 n g 48 2 24n 2
n+2 <n2— I _K> +<n+2K T+ 2)m? - 1)K>] (Vauveer:

and the quadratic form on the right-hand side of (3.13) is positive-definite by
hypothesis. "
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Lemma 1 and Lemma 2 enable us to prove the following final:
THEOREM 3. Sufficient condition for satisfying (3.5) is that n > 5.

PROOF. Suppose at first that 5 < n < 50: put

-1

2
oy 21 3 n 24, 12n
K= K== (=" _ K- K
o K273 [n+2 (n2—1 K) M) n+2)m? —1) ’

from (3.7), (3.8) and (3.12) we deduce

V = a1l VijkpVijko Vimu Vit + Vi 0 Vi Vijiu Vijiu
+ 4V uVr o ViiruVijre]

+ K301 [V 54 VijktuVase© Vave + 2(VijkuVijep)?]
(3.14) 2 2
+6K al[ViuV,-ungoV]«p + 2(ViuVi(p) 1+ 6a4ViuVj<kagoVijku
+ 604 VipV;uViuVirp + 205 V070

3ain’

3
TPTIP + a|Ve|* > 0.

And because of n > 5 we have:

ay > a1 K,
(3.15)
a3 Z 6K2a1
and so
(3.16) [D"(u+to)l=o > /(I+|Vu|2)[V<p|2+/ V.
Q Q

When n > 50, taking into account (2.5) and (2.6); we notice that

Viik@Vijk o Vmu Vit + Vi, 0 Vi 0 Viieu Vi

3.17) 5 5
-1
<2 (i-n—) Vit Vit Vabe Vabe
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and then we get:

(1]

(2]

(31

(4]

(3]

0 < Vi Vijk o ViV + Vi o Vi o Vipu Vi

+6K2[VuVuV;pV;p + 2(V;uVip)*]

6 n 2

24n 48 o\ oo
* ((n+2)(n2— nE-a0 X ) (ViuVie)

+ 6KV,"uleka<pV,'jk'u + 6KV,'§OVjquuV,'jk§0

2(n? — 1)?
< A" — 1) Viikt Vijku Vabe @ Vare @ + 6 K2 [ViuViuV;o Vo + 2(ViuV,p)?]

12n 2
+ m K[V,UV,UVJSOVJQO + Z(V,'U,V,(p) 1

+ 6K V;uV;0oVioVijru + 6 K Vo VuViuViip.

2 _
Thus, set K =2ay4 n !

, as in the previous case we obtain (3.5). n
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