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Abstract Evolution Equations on Variable
Domains: an Approach by Minimizing Movements *

UGO GIANAZZA - GIUSEPPE SAVARE

0. - Introduction

In a recent work ([15]) E. De Giorgi has proposed a very general
method, the so-called Minimizing Movements method, which provides a unifying
framework for different problems relative to Variational Calculus, Partial
Differential Equations and Geometric Measure Theory.

Here we consider a problem suggested in [15] concerning a parabolic
equation on a non-cilindrical domain. The Minimizing Movement’s tool leads
to study a time discretization of an associated penalized equation in a fixed
domain, the discretization step and the penalizing term being related to each
other.

We study this problem in the framework of abstract evolution equations
in Hilbert spaces (see [23], [24], [3], [7], [8], [21]) so that De Giorgi’s problem
will be recovered as a special case; the same abstract setting can be applied
to study parabolic equations on a fixed domain but with mixed (and varying)
lateral boundary conditions and parabolic variational inequalities on variable
convex sets.

We study the convergence properties of the approximation procedure under
general assumptions on the data and on the interplay between discretization and
penalization, proving weak and strong convergence results depending on the
regularity of the solution of the continuous problem. New regularity results for
this solution are also given, with sharp error estimates in the “energy norm”.

The plan of the work is the following: in Section 1 we introduce the
notation and state the main results with the related applications; in Section
2 we prove the basic existence and convergence results; refinement of the
regularity properties of the continuous solution are given in the next Section,
and in the last one we prove the stronger convergence and continuity results
with the error estimates.

Pervenuto alla Redazione il 27 Marzo 1995.

* This work has been partially supported by M.U.R.S.T. through 60% funds and by I.A.N.
-C.NR.
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1. - Notation and Main Results

We begin with De Giorgi’s definition (see [15]) of general Minimizing
Movements (D,

DEFINITION 1.1. Let us consider a topological space S, a functional
F:10,1[XN X S x § > R U {—o00, 00}
and an initial datum w® € S; we say that u:[0,00[— S is a Minimizing

Movement in S associated to F and u® and we write u € MM (F,u%; S) if there
exists a family of sequences {u*}ien depending on t €]0, 1[ such that

U, = u’
1.1
(-1 F(r, k,uf*! uk) = min F(r, k, s,uf), VkeN, 7€lo,1[
SE.

and v is the pointwise limit in S, as 7 goes to 0, of the step functions
u,: [0, c0[— S defined as
u,(t) =uk, if telIf=[kr,(k+1)r][,

that is
(1.2) Tlg(r)& u.(t) =u(t), Vte][0,oo[. -
Let us now choose S = H!(R") and a measurable function
fiR* x [0,00[—= R
with an open set E C R" x [0, co[, whose sections at fixed ¢ € [0, oo[ we call
E,={zeR"(z,t)e E};

De Giorgi suggested the following:

2
1/dt</{w—wu)l+|Vv(z)|2
T T

Ik R

PROBLEM 1. Let

(1.3) F(r,k,v,w)=

- 2f(z, t)v(z)}dz +(—log 1) / |v(z)|2d3:> .
R'\E;

() The original definition of [15] is slightly different and can be obtained by the change of
parameters A=r-!; following [1], we have also made explicit the initial datum «°.
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Find conditions on f, u® and E in order to obtain MM (F,u° S)#8. .

De Giorgi himself observed that, setting u(z,t) = u(t)(z) for u €
MM(F,u% S), the term

—logt / [v(z)|2dz
R'\E;

in the previous problem leads in the regular cases (for example E = {(z,?): |z|*
< t+1}) to the parabolic boundary value problem in a non-cylindrical domain:

%—1: —Au=f inE,
(1.4) u(z,t) =0 on 3E;, t >0,

w(z, 0) = u° in Ey.

Therefore, besides the general question stated in Problem 1 above, it is also
interesting to characterize the elements of MM (F,u%; S) as the solutions, in a
suitable sense, of (1.4). In this case, the choice of H!(R") for S (instead of the
weaker L?(R™)) requires stronger assumptions to obtain the convergence of the
approximating family », but allows uniqueness and better regularity properties
for u € MM (F,u°% S). We say in advance that we can give a satisfactory answer
to these questions when {E:}:>o is a non decreasing family of open sets.

REMARK 1.2. It is obvious that different topologies on the same set S give
rise to different classes of Minimizing Movements; therefore we shall distinguish
between the weak and the strong topology of H'(R"). Strong convergence will
be achieved when E is sufficiently smooth. =

Before stating our results, let us point out the particular structure of the
functional F which is common to more general situations; we set

(1.5) a(v) = / |Vu(z)|*dz, Yve HY(R™,
R'
(1.6) b(t; v) = / |v(@)]*dz, Vt>0, Yve HY(R".
R'\E:

In order to simplify the integrals defining F, we also introduce:

(k+1)r
(1.7) Vv € H'(R™) bf(v)=% / b(t; v)dt
kr
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and

(k+Dr
(1.8) ff(:):% / f(z,t)dt, for ae. z R
kt

In this way F' becomes:
1
(1.9) F(r,k,v,w) = - llv — w3 + a(v) — log 7bE(v) — 2(ff, v) 2w

and it is easy to see that F' admits a natural generalization in the usual framework
of every Hilbert triple.

More precisely, let V C H be a couple of real (separable) Hilbert spaces,
the inclusion being continuous and dense; the norms on V' and H and the scalar
product on H are denoted respectively by || - ||, | - | and (-, -). We identify H
with its dual H', so that the dual space V' is the completion of H with respect
to the dual norm and the relations

(1.10) VcCH=H'cV'

hold with continuous and dense imbeddings; moreover (-, -) can also be used
for the duality pairing between V and V'.
Let us consider a symmetric bilinear form

a(-, - ):VxV >R, a@)=a(v,v)
which we assume continuous and (weakly) coercive

- { IM, >0: Vv, weV, a@w)< M| |w|

Ve>03Jda.>0: Vvev, a(v,v) +¢v)? > a|v|*

We also consider a (weakly) measurable® family of lower semicontinuous

convex functions
b(t; -): [0,00[XV — R U {+o0}

with
(H2) Vi>0, YveV, bit;v)>0
and define
1 (k+1)r
(1.11) Vv eV, bf(v) == / b(t; v)dt.
kr

@ That is, YveV the map t—b(t;v) is measurable.
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The term — log = will be replaced by a penalty coefficient ;! > 0, for 7 €10, 1],
such that

(H3) lim e, =0.

7—0

Let a function f € L} ([0, +oo[; H)® be given and set, as in (1.8):

(k+1)r
1

Ji=- / ft)dt € H.
kr

Now Problem 1 is a particular case of the following:
* PROBLEM 2. Let

v — vl

2
(1.12) F(r,k,v,w) = +a(v) + ;1- bk (w) — 2(f¥, v).

Find conditions on a, b, u°, f such that there exists a function u: [0, co[— V
with u € MM (F,u%V).

REMARK 1.3. Let us see another example which can be formulated in our
abstract framework (see [24], [2], [7]). Let us fix a smooth open subset Q C R*
and consider G C dQ x [0, oo[, with G; = GN(AQ x {t}). Choosing V = H!(Q),
H = L),

a(v,w):/(Vv,Vw)dz, b(t;v) = / [v?d¥™!
Q I\G

the Minimizing Movements procedure of Problem 2 leads (at least formally) to
the mixed boundary value problem:

aug;, D _ Au,t) = f(z,t) in Q,
M =0 on G’
on
u(z,t)=0 on 9Q x [0, 0o[\G,
u(z,0) = u in Q. .

) For a generic Hilbert space ¥, L?(0,T;¥) will be the Banach space of the strongly
measurable (classes of) functions »:10,T[— ¥ such that the map t— ||v(t)|| is in the usual L?(0,T) space,
for pe[1,001, T>0; the corresponding norm will be (for p<oo)

T 1/p
””"LP(O,T:N):{ f ||v(t)||’;(dt}

0
with the obvious changes in the p=co-case. Analogously, v:{0,00[—¥ belongs to L? ([0,00[;¥) if its
restriction to any interval 10,T[ is in L?(0,T:¥).
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To state our result we assume that, Vv € V
(H4) the family b(¢;v) is non-increasing in time: ¢; < ¢, = b(t1;v) > b(ty; v)
and we choose
(HS) €L} (0,00[; H); u’eV:b0,u’)=0®.

We have the following results:

THEOREM 1. Let us assume that (H1-HS) hold; then there exists a unique
element u of MM(F,u%V,), where V, is the topological vector space V
endowed with its weak topology.

In order to characterize the Minimizing Movement u, it will be useful to
introduce the family of closed convex sets
(1.13) N; ={u e V:bt;u) =0}
which, by (H4), are nondecreasing with respect to ¢t. As usual we denote by
A:V — V' the linear continuous operator induced by a(-, -)©®. We have

THEOREM 2. The Minimizing Movement u belongs to H'0,T;H) N
L0, T;V)® for any T > 0 and it satisfies the inequality:

u(t) € N, for t >0,
(1.14) (W'(t) + Au(t) — f@®),ut) —v) <O VYo €N, for ae t>0,
#(0) = uf.

REMARK 1.4. If N, are subspaces(?) then the second of (1.14) becomes:

W' @)+ Au®) — ft),v) =0 Vv e N,, forae. t>0. .

4) We could also choose fEBVioc([0,00[;V") OF in a “sum space” as in [3], [4], [29], obtaining
analogous results; we limit ourselves to the L? setting in order to simplify the proofs. The condition
on u¥ can be replaced by the slightly weaker

b(t,u%)=0, Vt>0.

®) Which is defined as (Av,w)=a(v,w), Yv, weV.

© g10,1;%) is the Hilbert space of the absolutely continuous functions w:10,T[— ¥ such that
w'e€L?(0,T;¥) (see [24]).

@ For example if b(t;-) is p-homogeneous (with p>1), that is

bt:Av)=|A[Pb(tw), VAER, VeV
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REMARK 1.5. From now on we choose the usual Lebesgue representative
for u, that is we assume that

t+o

1
(1.15) u(t) = lim — / u(§€)d§;
o—0* 20
t—o
we easily find that  is continuous in H, and in V,, too. .

REMARK 1.6 (Problem 1). We can now give a precise meaning to (1.4);
in fact if E is an open subset of R"X]0, co[ with

to <t = Ey, C Ey
and
(1.16)  f € L}, ([0, 00[; L*(R™) «’ € H'(R*) with u’(z) =0 for ae. z ¢ Ey
then u € MM(F,u’; HL(R*)) belongs to Hlloc([O, oo[; LA®R™) N L2 ([0, ool;

H'(R™)) with B
supp(u(-;t)) C By, Vt>0®.
Moreover, if we denote with u again the restriction of u to ET = ENR*x]0, T7,

we have
us, Au€ LHET); wu,—Au=fe L*EY)

so that the heat equation is surely satisfied in the sense of distributions on E.
]

We investigate further regularity properties of wu:

THEOREM 3. The solution u is right-continuous with respect to the strong
topology of V and the set of its discontinuities is (at most) countable; moreover
it belongs to the Besov space B%Z(O, T;V), VT > 0, that is

T
(1.17) 30 =C(T) > 0: / llu(t + h) — u(@®)||*dt < Ch, Vh > 0.
0

REMARK 1.7. Let us recall that in the framework of evolution equations
on a constant domain (that is, if N; = V, V¢) this result is quite easy, since

®) In this sense the lateral boundary condition is satisfied; this relation holds for any ¢
thanks to the weak continuity in H'®") and the easy property

Ei=U,t E,, Vt>0.

Observe that if E; has a continuous boundary, then the restriction of u(-:t) to E; belongs to H}(E:)
(see [20]).
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we read from the equation that Au € Lfoc([O,oo[; H) and use the well known
interpolation results of [28]®). When N, = K is a proper convex subset of V,
to estimate Au in H some compatibility condition (see [11], [13]) are required;
nevertheless the symmetry of A ensures the continuity in V (see [11]) and
the Besov’s intermediate regularity (see [29]). In our case, on the contrary, we
have neither a similar information on Au (which is false, in general; see [7])
nor a fixed convex set, and we must follow a different procedure to obtain
the previous theorem. Let us recall that analogous interpolation estimates, at a
lower level of regularity, can be found in [30]. =

We can give some more information about the convergence of u,, which
shows that a w in MM (F,u%;V,) is “almost” in MM(F,u% V).

THEOREM 4. The family u, converges in H to u uniformly on every
compact interval [0,T] and strongly in LP(0,T;V), Vp < oco. Moreover, if u is
continuous at t, we have:

(1.18) lir(r)l+ u(t) =u(t) strongly in V.

In particular (1.18) holds except for an (at most) countable subset of 10, oo[
and u belongs to MM (F,u®; V) if it is continuous with values in V.

Thanks to this last result, a “weak” Minimizing Movement is also “strong”
if it is strongly continuous in V; therefore it is interesting to find general
conditions ensuring this continuity.

A natural way in the framework of inequalities is to introduce a compa-
tibility assumption of the type (see [13]):

(1.19) 3g € L2 ([0, 00[; H): v+ MA — gt))v € Ny => v EN;, for ae. t > 0.

That yields an estimate of Au in LIZOC([O,oo[;H ) and the desired continuity, as
briefly sketched in the previous remark.

However, since Problem 1 does not satisfy (1.19), we have to consider a
different setting; for the sake of simplicity we assume that

(H6) N; are subspaces
and we consider the related family of Hilbert spaces:

(1.20) D;={ve N;:3C >0, a(v,w) <Clw|, Yw e N}

® In fact « would be in CO([0,T1:V)NH2(0,T;V), VT>0; see also [27].
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with the seminorm (19

(1.21) [vi= sup a(v,w)

wWEN,|w|<1

and the norm |jv||3, = ||v]|* + [v]}. We have

THEOREM 5. Assume that for any T > O there exist two constants 6r,
Cr > 0 such that, Vt, t+h € [T — é7,T)
(H7)  a(u,u—v) < Cr||ullp,{|v — v|+h|v||D,..}, Yu€ Ny Vv E Npyh.

Then u is strongly continuous in V and belongs to MM (F,u% V).
REMARK 1.8. (H7) can be substituted by intermediate conditions of the
type:
a(u,u —v) < Cr{|Jullp, Ju ~ v| + d&; W)|[ullp.||v] p.s) ~°lull l0]1°}
Yu € Ny, Vv € Nyp, Vi, t+hel[T —6r,T]

(HT)

where d: [T — 6r,T1x]0, 6r[— [0, oo is a positive function such that

t+h
=" dt, by < / oV, p e LT — 87, T)

t

for some 6 €]0,1[. For “4 = 0” we find (H7) again; observe that a larger 4
requires a stronger (H7') but a weaker (H7"). "

APPLICATION. In the context of Problem 1, with (1.16), let us assume that (1)

E; is a nondecreasing family either of bounded convex sets

or of bounded uniform by C*! regular sets.

(1.22) {

Then we will show that (H7') holds if 8 = 1/2 and d(t; h) = dist(d E;, 0 Ev4p),
where dist is the usual Hausdorff distance between closed sets 12). Consequently,

0) a(-) is coercive on N; this is a norm.
D) gee [20]; in both cases, it is easy to see that
Di={veH' ®):v|5, € H)(E)NHX(E)}.
(12) We recall that given two bounded closed sets B,, B,cR" we define

dist(B,By)=Sup d(b1,By)+Sup d(bz,By).
b€By 5€B,
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if 3p € LXT — é7,T) such that:

t+h
(1.23) dist(3E;, 0 Ep) < / p(NdX, Vt, t+he [T — 67, T11Y
t

then Problem 1 has a unique solution; let us point out that (1.22), (1.23) allow
a dicrete set of t > 0 such that:

E#() E.

s>t

and also “tangential points” as in
t—1
E:{(z,t)ER"X[0,00[:|z|<2+W}, ’l’]<1/2. [ ]

Finally, we want to study some error estimates between u, and « in the “energy
norm” of L*(0,T;H)N L*©,T;V).

Let us recall that in the simplest case when b is the indicatrix function of
a (fixed) closed convex set K C V, that is

0 if u ek,

+oo otherwise,

b(t;u) = Ix (u) = { a4

we know that (see [31] for the linear case and [29] for the nonlinear one) the
optimal estimate is

(1.24) lw = url| oo, L2017 = OG/T).

In our case we must take into account the penalty term and we want to highlight
some simple parameters which the order of convergence will depend on.

Since N; is the null set of b(t;-) we shall assume that this penalty
function measures the “distance” from N; with respect to some intermediate
norm between V and H; correspondingly we suppose a sort of compatibility
between D;, V and A, which we shall make precise by the tool of interpolation
theory (see [21], [25] for a different type of assumptions and applications).

Following [14], [6], we denote by (Yo, X1)ep, 0 €10,1[, p € [1,00], the
family of the real interpolation spaces between X, ¥;. We have

(13) 1 et us remark that (H7) requires the more readable:

dist(8E;,0E.n)<Crh, Vi, t+he[T—6r,T].
(14) Which obviously implies N.=K.
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DEFINITION 1.9. We say that the couple a(-), b(t; -) is (uniformly) of class
v, for v €]1,00[ if there exists 6 €10,1[ and p € [1, 00] such that (15

(1.25) D, is continuously imbedded in (V, D(A))sp

with a uniform (with respect to t) bound of the embedding norm, and for any
M > 0 there exists a constant C = Cy > 0 such that:

(1.26) nf [lo ~wl[§m,, < Oub;v), Vo€V, |lol| < M

with 1/p+1/p' = 1. .

REMARK 1.10. Let us quickly consider the limiting cases “6 =0, 1” we
excluded in the previous definition. When “6 = 0” (1.25) is always satisfied and
(1.26) says that b(t;v) penalizes the distance from N; (at the power ~) with
respect to the (strongest) V-norm. When “0 = 1” we are penalizing the (weakest)
H-distance from N; but (1.25) requires D, C D(A). In both these cases (H6)
is unnecessary and (1.25) for § =1 can be replaced by (1.19). .

When the function b(¢; -) is related to the H-distance from N;, in order
to check the previous definition the following could be useful:

REMARK 1.11. Assume that (1.25) holds with p = oo and a proper 0;
moreover suppose there exists a family of operators {7, }scjo,00f With P, : V — N;
such that:

(1.27) Yu €V ||Pul| < Cllull; |u— Pulf < cb(t;u).

Then the couple a(-), b(-; -) is of class 3/6. In fact, by the usual interpolation
inequalities, we have:

inf |jv— w||}m,, < v = Pollvme, < llv— Pol|'~*lv — Pol®
wEN; ’
< (1 +C)M " Ocb(t; v)’/P

In particular we will show that for Problem 1 we can choose § =1/2 and g =2,
so that the couple a, b is of class 4. "

THEOREM 6. Assume that
(H8) a(+), b(-;-) are of class ~;
then we have the estimate
flu — ur”im(o,r;y) +[ju - uT”%,Z(O,T;V) < C(f,u%; Tl7 +€7]

(5) We recall that
D(A)={veV:AveH} equipped by the norm |lv[}3, , =lv|>+ 4v[*.
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where we set:

ifv=2,
(1.28) o=d7"
- if y€[1,2[.
v
In particular, choosing
& =0(17)

we obtain the optimal order of convergence O(\/T).
REMARK 1.12. In the framework of previous remark with 8 =2 we obtain
o =6/(2 — 0), so that for the solution of Problem 1 we obtain

sup lu(z, s) — u (z, 3)|2dz
0<s<T

T < C(f,u’, DIr +€!].
/ / |Vu(z,t) — Vu,(z,t)|*dz dt
0 R

2. - Proof of Theorems 1 and 2

In this Section we consider the functional F' as in the formulation of
Problem 2 and we assume that (H1-5) hold true. First of all we fix 7 €]0, 1]
and look for u* given by the recursive formula (1.1); by standard results on
convex functions (see [25], [17]) it is easy to see that:

PROPOSITION 2.1. For every t €]0,1[ there exists a unique sequence
{uF}ken which satisfies (1.1); for each k € N, uF*! solves the variational
inequality

k+1 k

Ur —”r_'_A k+1 k  k+l 1 b (ukt!

- Ur — JrUy —wW )+ o— r(ur )
T 2e;

2.1) .
< —bfw) YweV. .
2¢e;

In the previous Section we have already defined u.(t) as the piecewise constant
function whose value in I* = [kr, (k + 1)7[ is u*. We set

U,(t) = u,(t +7), so that U,(t) = u**! if t € I¥,
and we also use the piecewise linear interpolant 4,(t) which satisfies:

a. (k) =uf, @)= @t/r — KW + (k+1 - t/r)uk on IF.

T
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Analogously, we call b.(t; -) the piecewise constant family of convex Ls.c.
functions such that:

(2.2) YoeV b(tv)=bfw), iftelk.

The next proposition gives the basic stability estimates on u.(¢f) and ,(t) in
some suitable function spaces.

PROPOSITION 2.2. Assume that (H1-5) hold; with the previous notation,
we have:

”'0'7“3,2(0,1';}{)
sup a(u,(t)
(2.3) t€[0,T) < [a@®) + |f 320 r4mm), VT >0

L b w41
&

and there exists a constant C = C(T) > 0 such that 10
(2.4) llurll oo,y < Nliiel|zo0,2) < CAN WOl + | f 1l 220,74m:m0 }-

PROOF. If we choose w = u* in (2.1) we obtain17)

2
uk+1 _ ik

T T

2T

+a(uf!) + a(ut! — uf) + 1 b',‘(uf”)
(2.5) Er

|
< alup)+ — b @) + 207, ugt - up)

where we took into account that
b¥(uF) < bE(ub).

and we set u7! =u0, b71(-) =b2(-). If we define

k+1 k

gho Ur T U

;= ——
T

A6) 1f 4 s strongly coercive on v we can choose C independent of T.
(7) We use the simple identity:

2(Au,u—v)=a(u,u)—a(v,v)+a(u—v,u—v), VYu, veV

which holds for every symmetric bilinear form on a vector space.
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and add up for k=0,...,m < T/r we obtain

m m 1
T |65 + a(u™ ) + 72 a(8%) + — ™™
(2.6)

< a(u®) + ~ B + 7 YU
Er k=0

By (H4) we have b%(u°) =0 and by construction we have

) (k+1)r
7P < /Iﬂm%% k>0
kTt

T+1
so that the sum on the right-hand side is bounded by / |£(¢)|?dt; analogously,
since 0

@) =6F, if telkr,(k+

we obtain (2.3). Finally, (2.4) follows from (2.3), and the (weak) coercivity
assurnption (H1). .

Let us now fix a T > 0; we denote by N(0,T) the closed convex subset
of L*(0,T;V)

.7 N@©,T)={v e L*0,T;V):v(t) € N;, for ae. t€]0,T[}

which can also be viewed as the “kernel” of the lower semicontinuous functional
(see [12]):

T
ve LX0,T;V) — / b(t; v(t))dt.
0

Analogously we set:
(2.8) N:(0,T) = {v € L*0, T; V): b,(t;v(t)) =0, for ae. t€]0,T[}.

This simple lemma shows the relation between N and N;:

LEMMA 2.3. For each 1 > 0 N,(0,T) is a closed convex subset of N(0,T);
we have

_—12(0,TV) ———L[*(0,TyV)
(2.9) NO,T) = M0, T) =J 4.0,

for every sequence {r,}nen CJO, 1[ with lim 7, =0.
n—00
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PROOF. We observe that
v € N(0,T) & b)) =0, for ae. te [kr,(k+1)r[
and

{veV:bkw) =0}=) N,

telk

so that N;(0,T) Cc N(O,T).
On the other hand, it easy to see that if v € N(0,T) then the function:

_ i T
(2.10) () = {v(t r) if t €lr, T,

0 if t €10, 7]
belongs to N;(0,T); since
lim v — vl 2ory) =0

we are done. n

THEOREM 2.4. The family 4, weakly* converges in HY0,T;H) N L*®
(0,T;V) to the unique solution u of

ue NO,T)NHY0,T; H)
T
(2.1 / (W'(t) + Au(t) — ft),ut) —v(t)dt <0 Yo e N©O,T)
0

u(0) = u°.
PROOF. Taking account of (2.1), we have that 4, and U, satisfy

@ + AU, — f,,U, —v)+ % b, (&, Us)
(2.12) !

1 .
< Ebf(t;v) Yv eV, ae. in 0, T].

If we choose v = v(t) € N;(0,T) and we integrate from 0 to T, by (2.8) and
(H2) we obtain

T
/ (@, U + aU,, U,) + (@, + AU, —v)
(2.13) J

- (fT’ UT - ’U)]dt S 0, Vv € N‘r(Oa T)-
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In order to pass to the limit in previous formula, we observe that (1®)
T T
/ @, U,)dt = f [, U, — i) + @, )1t > 3 |, (D — 1 P
0 0
and we get Vv € N;(0,T)
T T
@14) 3 la 0+ [ adt+ [ 1@+ AU, )~ (1,0, - ola < 5 WP
0 0

We now choose a decreasing sequence j — 7; €]0,1[ such that 4, weakly*
converges to a function u in H'(0,T; H)N L*(0,T;V); u is surely the weak*
limit for {U, }jen in L*(0,T;V) too, since the first formula of (2.3) and the
previous note imply

(2.15) llar — Ul z=o,r:m < C(f,u® TV

in particular we have
T T
(2.16) [w(T)|* < liminf |é, ()% / a(u(t))dt < liminf / a(U,, (t))dt.
J—oo J—oo
0 0

Let us now fix a function v € N(0,T) and set v; = /v as in (2.10), so that
v; € N, (0,T); }LI?O llv; = vll20.1w) =0

Substituting 7 with 7; and v with v; in (2.14), and passing to the limit as
J — oo we get

T T
(2.17) %lu(T)|2+ / a(u(t))dt + / [(u + Au, —v) — (f,u — v)]dt < %|u°|2,
0 0

and consequently

T
/(u’+Au—f,u—'v)dt§0 Yve NO,T).
0

(18) Recall that
U, (#)—a, (#)=(k+1—t/T)[uk —ukl=r(k+1-t/m)a. @), if tel?

and 0<k+1-t/r<1 for teI*; consequently, (&!,U,—a,)>0.
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Let us check that u € N(0,T), too; from (2.3) we have:
. T
= [ bt U@t < 6+ 11y
0

On the other hand, on any interval I* the integral of b,(t;U,(t)) is the same as
the integral of b(¢; U,(¢)), U,(t) being constant. Therefore

T
/ b(t; U, (t))dt < Ce,.
0

As g, — 0 we obtain

T
lim / b(t; U, (t))dt = 0
0

and since b is positive and lower semicontinuous we can conclude that

T T
/ b(t; u(t))dt < lim (i){xf [ bt; U,(@))dt =0
0 0

that is u € N(0,T).

At this level of regularity the uniqueness of the solution of (2.11) follows
by standard arguments (see [11], [24]); consequently we obtain the (weak*)
convergence of the whole family 4, to w. =

REMARK 2.5. The pointwise formulation of Theorem 2 is a straightforward
consequence of the integral one (see [11]): if we choose in (2.11)

ut) if t <ty
v(t)= vif t € (to,t0+0)
u) if t>to+o
and v € Ny, it is clear that we obtain

toto
% / (W' (t) + Au(t) — ft), u(t) — v)dt < 0.

to

If we now pass to the limit, for a.e. t;, we have

(u'(to) + Aulto) — f(to),ulto) —v) <0 Vv € Ny,. .
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COROLLARY 2.6. With the notation of the previous theorem, we have
u € MM(F,u%V,).

PROOF. By the weak convergence of i, to w in H!(0,T; H ) and by (2.15)

we have
u,(t) — u(®) in H, Vt>O0.

{ur(¢)}rep0,1; being bounded in V, the weak convergence in V' follows imme-
diately. .

3. - Proof of Theorems 3 and 4

PROPOSITION 3.1. The solution u of (1.14) belongs to leﬁ O, T;V), YT >0.

PROOEF. Since w € N(0,T) implies that u(t — ¢) € N(O,T), Yo > 009,
from (2.11) we obtain

T
/ (W'(@t) + Aut) — f(@t), u®) — ut — 0))dt < 0.
0
We then have

T
/ [% a(u(t)) — % a(u(t — o))+ % a(u(t) — u(t — a))] dt
0

T
< / (F&) — W' (8), ult) — ult — 0)dt
0

and also
T T
/ a(u(t))dt + / a(u(t) — u(t — o))dt
T—o 0
< 0a@®) +2||f — || oz ||ut) — ult — 0)||p20,1;m)-
Since

lu®) — ult — Ol zor.m < ollulmorm < Co{llw’ll +11fll20z:m}

using the weak coerciveness of a(-) we obtain (1.17). n

19 We put u(t)=u® when te[~a,0[.
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By the same technique, we prove:
PROPOSITION 3.2. The solution w of (1.14) satisfies:

t
3.1 a(u(t1)) < a(u(to)) +2 / (f@®) —u'@),u'(t))dt, Vio < t1. "

to
PROOF. Let us start from the pointwise inequality (1.14) and choose
u(t —o) ifte [to+0,t1];
v(t) = { .
u(tp) if t € [to,to+o[.
Integrating between ¢y, and ¢; and repeating the previous calculations, we get

t t

> / a(u(®)dt < a(ulto)) +2 f (f(t)—u’(t),

t1—0 to

u(t) — u(t — a)) &
o

Passing to the limits as ¢ — 0* and using the weak continuity of » in V', we
get (3.1). .

COROLLARY 3.3. The function u is right continuous in (the strong topology
of) V.

PROOF. We already know that » is weakly continuous; from (3.1) we de-
duce that:
limsup a(u(?)) < a(u(to)), Vo € [0, 00l

t—vta
and by note (17
lim a(u(t) — u(tp)) =0
t—t}
that implies the strong limit in the V-norm by the weak coercivity of a. "

COROLLARY 3.4. The discontinuity set of u (with respect to the strong
topology of V') is at most countable.

PROOF. By the previous argument we find that:
lim [[u®) - u(to)]] = 0 ¢ lim a(u(®)) = a(u(to))

From (3.1) we deduce that the map
t
b atu) — 2 [ (1) = w6
0

is non increasing, so that it has an (at most) countable discontinuity set.
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1
Since t > 2 / (f(s)—u/(s),u'(s))ds is absolutely continuous, we conclude.
0

| ]
THEOREM 3.5. i, converges to u in L*(0,T; H)N L*0,T;V), VT > 0.
PROOF. In order to simplify our formulas we call
ut—r71) ift>7
‘r'u'(t) = { 0 .
u if t € [0,7].

Starting from (2.12), we choose v = ;u(t) obtaining:

1
('&,’,.,'ﬁq— —u)+alU; — u)+ 2_6"br(';Uf)

<(fr, U —w)+@@,, 4, — U,)+aGu,.v—U)
since b,(t; ,u(t)) = 0. Recalling that (see 17))
(@), a,@t) — U, (@t) <0, forae t>0
we have:

1
(ﬁ’fr - Tulaﬁ“r —ru)+aU; —;u) + g b.(-;Ur)

< Ur —ru)+ (o' u — d,) + a(-u, v — Uy)

and integrating from O to t < T we get:
1 r 1
5 |'ﬁ"r(t) - ru(t)|2 +/ [a(Ur(s) — ru(s)) + g‘ b,(s; U,-(S))] ds
! T

(3.2) t
< / [(£1(5), Us(s) — +u(s)) + ((5), ru(s) — s(8))
0

+ a(;u(s), ru(s) — Uy (s))lds.
By the previous weak convergence results we deduce that the right-hand side
goes to 0 as 7 — 0, so that
T
3.3) 4,(t) » u@®) in H, Vt>0; lin(} aU; —u(®)dt =0
0

By (2.15), u, and U, pointwise converge to u in H, too; the uniform
boundedness implies the convergence in L*(0,T; H) and the convergence in
L*0,T;V) follows now from (3.3).
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Finally, from (3.2) we find

lar — rullz=oz:m < O, 6 D{|lre = el 2o + 1Ur = rellzzoran}
and we obtain the uniform convergence in H. .

REMARK 3.6. The convergence in LP(0,T;V), Vp < oo, follows from the
above result and the uniform boundedness in L*(0,T;V). m

From (3.2), we easily find:
COROLLARY 3.7. For any T > 0 we have:

T
lim - / b, (t; U, (t))dt = 0. .
0+ &,

T

0
THEOREM 3.8. Assume that for a fixed t > 0 it holds

lim sup a(u(s)) < a(u(®));

st~

then we have:

(34 lim [ju.(2) — u(®)]| = 0.

PROOF. We shall show that, under the previous assumption, from ev-
ery decreasing sequence {7, }n,eny With lim 7, =0 we can extract a subsequence
n—oo

Tn; such that

(3.5) lim sup a(ur, (1)) < a(u(t))

J—oo

We choose 7; @9 in such a way that for a.e. s >0
. 1
(3.6) ],lirg ||ur, (s) — u(s)|| = 0; }ff,lo = br;(5;Ur(s)) =0
7

which is always possible, thanks to the integral convergence of the previous
results.

Let Z be the subset of [0, 00 where (3.6) holds; in particular ¢ is an
accumulation point of Z, since its complement has empty interior.

Let us fix s € Z with s <t and choose

sj> tj € {krj}ken:sj < s <sj+71j, t; <t<tj+7;

(20) For the sake of simplicity, we write 7; for 7.
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with:
21
m; = s,-/Tj, M;' = tj/'rj( ).

Repeating the argument of Proposition 2.2, we obtain:

Mj—l
M 0l m s mee
a(ur’) < a(ur’) + — by (u’") + 7 IFE1?
j j &r 7 7 "y
7 kmj+l

that is:

ti
1
a(try () < @t () + — br, (53 Ur(s)) + / | fPdA.
7
5
Passing to the limit as j — oo:

J—oo

¢
lim sup a(u,(t)) < a(u(s)) +/ |f(A)|2dA, VselZ, s<t

and as s — t:

lim sup a(u,(t)) < limsup a(u(s)) < a(u(?)). [

Jj—oo s—t~

4. - Proof of Theorems 5 and 6

We assume now (H6-7', 7") and we prove Theorem 5; we fix T > 0 and
we have to show that

4.1) lim sup a(u(s)) < a(u(T)).

8—T-
Since we are interested in the behaviour of u(t) for t < T, it is not restrictive
to assume that
“4.2) Ny=Nr, fort>T

since the solution of (1.14) relative to this new family of subspaces coincides
with u in the interval [0, T].
Now we choose h €]0,6r[, s € [T — é7,T — h[, and recall that

s+h T+h T
4.3) % / a(u(t))dt < % / a(u(t))dt + / a(u(t), u(t) — u(t + h))dt.
s T s

@D 1n this way we have uf;f =uq(t) and u:;,j ”=U,]. (s).
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Our aim is to estimate the last integral.
We observe that from (1.14) we obtain
T+ép
4.4) f @, dt < C(f,u% T),

so that
T

/ a(u(t), u) — u(t + h))dt

8

< Cr | ||u®)||p,|u®) — ult + h)|dt

+Cr | dX / p(t + N[||u@)||p, |ut + h)|| D, 01 u@)|| [Ju + h)||1°dt

S

/
ol

where we extended p()) to O outside [T — é7,T]. The first integral is bounded

by
T+h

h [ @I, + ' ds

while the second one is controlled via

T+h

1-6
/ ||u(t)||%)tdt} .

8

hllp”%l/B(T_.sT,T)“u”%o“(O,T+h;V) {

Recalling (4.3) we have:

1 s+h ] T+h
o / a(u(t))dt < o / a(u(t))dt
s T

Tsh T+h 1-6
+C(f,u,T, p) f ||u||%,+|u’|2dt+[ / Ilu(t)ll%,dt]

As h — 0%, by the right continuity of u with respect to the V-norm we get

T T 1-6
a(u(s)) < a(w(T) +C / Uu®|3, + |&'@)ldt +C [ / ||u(t)||%,‘dt]
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and finally

lim sup a(u(s)) < a(u(t)). n

REMARK 4.1. We have already observed that (H7) is a particular case of
these more general assumption; the L!/-norm of p becomes the L*-one, and
the calculations are the same. .

Let us now check the validity of the application given in Section 1. First
of all we recall some basic estimates on functions of Sobolev spaces and their
traces at the boundary.

LEMMA 4.2 ([30]). Let Q be a (strongly) Lipschitz open subset of R"; then
there exists a constant C > 0, depending only on the Lipschitz bound of the
boundary, such that:

4.5) [ wEaxt < ClollsalVelsam, Ve H'@.
aQ

LEMMA 4.3 ([30]). Let Qy C Q, be (strongly) Lipschitz open subsets of
R"; then there exists a constant C > 0, depending only on the Lipschitz bound
of their boundaries, such that:

(4.6) / [v(z)|*dz < C dist(0, dQ)||v] 2|Vl ey Vv € H'(Q).
Q\Qo

COROLLARY 4.4. In the same hypotheses of the previous lemma, we have:

4.7 / lv(@)’dz < C dist(8Q0, 0Q)||V||3aqpry, Vv € Hy(Q).
Q\Q
PROOF. It is sufficient to apply (4.6) to the new open sets R*\Q C R*\Q,
and to the trivial extension of u outside Q. "

LEMMA 4.5 ([20]). Let {E:}+>0 be a non decreasing family of convex open.
bounded sets and T > 0 such that

(4.8) t1i111‘1~ dist(0E;,0Er) = 0.

Then there exists a 6r > 0 such that E; are uniformly Lipschitz for t €
[T - ér,T1.

We have now all the elements to show (H7', H7"). First we note that
Vvt > 0:
D; = {v e H'R"):v|g, € H}(E;) N HX(E})}
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with (see [20])

4.9) [v]? = / |Av(z)|2dz>z /

z]l

2

6z,3z]
If w € Dy, v € Dy, standard Green formula gives:

a(u,u —v) = / (Vu(z), Vu(z) — Vu(z))dz = / (Vu(z), Vu(z) — Vo(z))dz

ou(zx)

n—1
3n v(z)dH

- / Au(z)(u(z) — v(x))dz — /

E, OE;

ou

anll, lvlog, || 262,

(OE:)

< ||lullp,|lu = vl 2@y +

(1.23) implies that (4.8) is satisfied; applying (4.5) in the left neighborhood of
T > 0 given by the previous lemma, we get Vt, t+h € [T — 6r,T1]

”'U”%,Z(BE,) < OTH””LZ(R"\Eg)”VUHLZ(]R"\Et;R")

4.10)
= Cr||vll 2@\ Eo I V¥l L2 @i\ BB
and
du|?
(4.11) s < Crl|Vul| g [
" ll120E,)

Since v € Hy(Ei1), by (4.7) we get
ol @m\E) < Cr diSOEy, 8 Epsn)|| V| 2B up\Eusr)-
Applying (4.5) to Vv € H (Ey,; R*) we get, thanks to (4.9):
IVl L2 g\ Birm < Cr iSO Ey, 8 Epn)|| V|| L2g,, 1) []esn:

Combining all these estimates we get:

a(u,u — v) < |{ul|p|lv — v| 2@

+ Cr dist(d Ey, 8 Evun)(|| Vil | 2 gmy [ ]| V| L2s,, 1y [V ]e00) 2

and by (1.23) we conclude. .

REMARK 4.6. It is now easy to check that uniform by CU! regularity for
E; allows analogous bounds. "
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Now we assume (H1-6, 8) and prove the last theorem of Section 1; we
shall denote by c all the constants independent of the data and by C those that
depend only on f, u® and T. We start with a simple lemma:

LEMMA 4.7. The bilinear form a(-,-) can be continuously extended to
D; x (V, H)o,p/ with

(4.12) a(v,w) < c|v|lp|lwllw,my,,, Yv€D: Ywe (V,H)gy.

PROOF. Observe that the real bilinear form
(v, w) — a(v,w)

is continuous in the product spaces V x V and D(A) x H. By standard results
on interpolation (see [28], [6]) it is also continuous in

(V7 D(A))a,p X (V7 H)e,p'a 0 E]O’ 1[-

Since D, C (V, D(A))y, we conclude. n

PROPOSITION 4.8. Let u be the solution of (1.14), and 4. be the
usual piecewise linear Minimizing Movement; then there exists a constant
C = C(f,u% T) such that

T
/ [(u,s u— ﬁ'r) + a(u, u— UT)]dt

(4.13) 0

T
S/ [(f,'u——U,)+2t13 b(t;UT)] dt+C[r +¢€l].
0 T

PROOF. Let us start from the lefthand side of (4.13), and choose w € Ny;
we easily get

W', u—1a,)+a(u,u—U,)
=@ +Au— fu—U)+ @, U, —4,)+(f,u—U,)
< (' +Au— fiw—Up)+ W, U; —47) +(f,u - Uy)
< |’ = fllw = Uy +ellul|p[|Ur — wllw,my,,
+(f,u—Up) + 7| |].
Since w is arbitrary and (V, H)gy C H we obtain
(W', u — i) +a(u,u — Ury) < (f,u—Ur)

4.14) . )
+rl| it + o' = £+ elullo] inf |07~ wlloan,,.
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Choosing in (1.26)
M = sup ||Ur||e0rv)

7€]0,1[
we can estimate the last addendum of the righthand member; from Proposition
2.2 we would get

4.15) léljf\; ”U,- — ’w”(V’H)W < [Cmb(t, UT)]I/’Y < CE:,/'1
but we can obtain a better exponent; (4.14) is bounded by *?
CeVr | — f| +elfullp T + 22 bEU,), ify>2
and
O inf [Ur — wlzhy, ' = 11+ lulln,Jbcts U V2
‘ | ifl1<y<2
< CeX — fIP + ||ul3,]1+ 5 bt U,
Integrating on (0,T) we obtain (4.13). .

PROPOSITION 4.9. With the same hypotheses of the previous proposition,
we have:

1
2e;

T
/ @, a4, — u)+a(Uy, Uy — u) + — b(t; U,)dt
(4.16) 0

T
1
p /(fnUr —w+za(u-Undt+Cr.
0

PROOF. Again we have:

1
(@, 8r — w) +aU;, Uy —u) + 72, b U

1
= (’&.’r, iy — ru) +aU;,U; — ;u) + g bt U, — ru) + (’ﬁ,:. + AU, ;u — u)

< (fr’ UT - Tu)+(ﬁ:"ﬁ’7 - UT)+(ﬁ‘{r +AUT7TU’ - u)

<(fr,Ur—ru)+ |12',| |Tu - ul +aU; — u,,u —w) +a(u, u — u)

1 1 1
< (fn UT - Tu) + |la1’| |Tu - ul + E a(UT - u)+ 5 a(ru) - E a(u)'

(22) We use the standard inequality (p,g€]1,00))

oy<® aP+ iz 49, Vi,y, 020, 1/ptl/e=l.
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Integrating, we conclude. n

COROLLARY 4.10. In the usual hypotheses we obtain:
llu — af“%,m(O,T;H) +ju - Ur||%2(o,:r;v> < Clr +¢7]

where o is given by (1.28).
PROOF. Summing up (4.13) and (4.16) we obtain

T T
1 1
3 |w(T) — ﬁT(T)IZ + 3 / a(u — U)dt < / (f = frou—Udt +Clr +£7]
0 0
and we only have to control that

T
/(f = fryu = Un)dt < C7||fl| o parsmllvll 2 0,14mm)-
0

We refer to [29]. .

Finally we control that Problem 1 belongs to the class 4, following Remark
1.11.
From [30] we have:

D, C (H*®RY), H'®")1/2,00

uniformly with respect to ¢, so that (1.25) is satisfied with § = 1/2; we conclude
explaining how to construct 7.

We know that for every Lipschitz open set Q there exists a bounded linear
extension operator T: L*(Q) — L?(R") such that

(Tv)g=v

and
vEH' Q)= Tve H'®Y, ||Tvpe < Crlvlme-

Moreover the norms of T as linear operator in L? and H' depend only on the
Lipschitz bound of Q.
Therefore we consider the extension operator T; relative to R*\E; and we
set
Pv=v— 72(’0|R..\E).

Since the restriction operator is bounded from H'(R") to H'(R"\E;) we easily
check the first bound of (1.27); moreover

v = Pooll ey = | Te@lgm)ll ey < Cllollaenz,y < Cbtiv)'/2. .
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