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Ck-Regularity for the 9-Equation on a Piecewise
Smooth Union of Strictly Pseudoconvex Domains in C"

JOACHIM MICHEL - ALESSANDRO PEROTTI

Introduction

In 1980 Lieb-Range [3] proved C**!/2-estimates for an integral solution
operator of the equation du = f on a smooth strictly pseudoconvex domain (for
d-closed C* (0, g)-forms f). Similar results were obtained by Aizenberg-Dautov
[1].

In 1973, on strictly pseudoconvex piecewise smooth domains, Range-Siu
[11] proved uniform and Holder estimates with a gain of 1/2—e¢, with € arbitrarily
small. In [7], Michel-Perotti proved C*—¢-estimates, also with arbitrarily small
€ > 0, on a piecewise strictly pseudoconvex domain which satisfies a condition
of real transversality. Under an additional condition for the boundary, involving
the complex tangent spaces, the first author showed in [6] that the same solution
operator satisfies C+!/2-¢_estimates, for any € > 0.

In this paper we consider the equation du = f, f € C§ (D), on a piecewise
smooth union of strictly pseudoconvex domains of C”, and for any ¢ sufficiently
large we construct a solution operator S, which has some boundary regularity.

We assume D =D;U...UDg, where the domains D; are smoothly
bounded strictly pseudoconvex domains, whose boundaries intersect real-trans-
versally (see Section 1 for exact definitions). Suppose that no more than L
among these domains intersect. On these domains we can solve the -equation
for d-closed forms of type (0,q), with ¢ > L (see Section 2).

We prove that there exist, for L < ¢ < n and k > (L+1)/2, linear operators
S, : C (D) N Kerd — Ct ,_1(D) with:

() 8S,f)=f on D,
(ii) for any € > 0, there exists a constant Cg,, independent of f, such that

1Se(Pllk=z-1/2-6,0 < Cree || fll&,D-

Pervenuto alla Redazione il 13 Settembre 1991.



484 J. MICHEL - A. PEROTTI

The estimates are optimal with the applied methods. There are no hints, if
the loss of regularity is really necessary for domains with non-smooth boundary.

If we drop the transversality assumption, the geometry of the boundary
becomes very complicated. Solution operators can be written down in an
analogous way, but with big losses of regularity. Compare Peters [14] for
non-transversal intersections of strictly pseudoconvex domains.

Another generalization can be done for piecewise smooth unions of weakly
pseudoconvex domains that have support functions. In this case the losses of
regularity would be very large.

1. - Preliminaries

(1.1) Let D be the union of K bounded domains D;, D,,..., Dg of C™.
Let L be the integer defined as

L =max{m | there exists a multi-index I = (41,122, ..., %m)

with 1 <7 < --- < 1,, < K such that ﬂD,-#(D}.

iel
For any multi-index I = (4},%,...,%m), With 1 <4} <1 < -+- < 1, < K, we

define
p'=(\b; c'=cn\|D.
i€l iel

Then D! = ¢ for |I| > L (here |I| denotes the length of the multi-index I).

We assume that the domains D;, 1 < 7 < K, are smooth and strictly
pseudoconvex and that they intersect real-transversally. This means that there
exist C*-functions p; on an open neighbourhood U; of D; (1 < ¢ < K), such
that:

(a) p; is a strictly plurisubharmonic defining function for D;;
(b) for any multi-index I = (i1,%2,...,1,) with DI'#@, the 1-forms
dpi,,dp;,,...,dp;, are linearly independent over R at every point of

n u,.

v=1

(1.2) We want to construct Cauchy-Fantappi¢ forms on the domain DI.
On any smooth strictly pseudoconvex domain €, there exists a Leray map
w(¢, 2) = (wi(¢, 2), . . ., wn(¢, 2)) Which satisfies the following properties:
(@) w(¢,2) is smooth on (U x W)\A, where U is a neighbourhood of 0Q, W
is a Stein neighbourhood of Q and A is the diagonal of C" x C";
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(b) w(,-) is holomorphic in z on W;

©) (w(,2),¢—2)= wi(¢,2)( —2)=1;

j=1
(d) w =P/, where P(¢,-) is holomorphic in z and @ is a barrier function
for Q.

REMARK. There exists a neighbourhood N of (C™\Q) x Q such that the
Leray map w(¢,z) verifies properties (a)-(c) on N\A. Indeed, we can extend
w(¢,z) in the following way. Let V be a Stein neighbourhood of Q, with
Q cc V cc W. We can assume that W\Q = U\Q. For any ¢ € C"\W,
the domain ¢/ -V = {v|v =¢ —2, 2z € V} is a Stein domain not contain-
ing the origin of C". Let U' be any open neighbourhood of ¢’ such that the
set A={v|lv=¢—2 ¢€U', z€V} is contained in a Stein domain B not
containing the origin. It is a well-known fact that on B we can find holomorphic
functions w},...,w, such that }  wi(v)v; = 1, where v = (vi,...,v,) is the

1=1
coordinate system of C".

Setting wi(¢,2) = wi(¢ — 2) € O(U' x V), we get (w'(¢,2),¢ —z) =1 for
(¢,2) € U' x V. In this way we can construct a locally finite open covering
U ={Us}aeca of C"\W, and functions wf(¢,2) € OUaxV) (€ 4, i=1,...,n)
such that (w*(¢,2),¢ —2) =1 for any a € 4.

Let Uy = U, w® = w, and let {¢s}ac(ojus be a smooth partition of
unity subordinate to the covering U = _{Ua}ue{o}uﬂ of U U (C™\Q). We set
W(¢,2) = Y, da(Ow(¢,2) on (U UC™\Q) x V)\A. Then @ is a Leray map

for Q which coincides with w on (U NV) x VO\A. .
Let ni(¢,2) = (w',d¢) = 3 wi(s,2)dg; = @i(s,2)™" 3 Pj(¢, 2)dg; be the

j } j

(1,0)-form constructed from the Leray map w'(¢,2) for D; when : > 0, and
from the Bochner-Martinelli barrier @ = [¢ — 2|*, P(¢,2) =¢; —Z; when i =0.
Like in [7], we define the differential forms

n—q—1 —

—_n pnfn—1 [ q
D, , = (2m) " (—1)1/%4 ”( ] >m AA Bt AN Depmi,

for 0 < q<n—1, Dy,(ny) =0, where 9, = 9, +dy. The forms D, 4(n;) have
degree q in z, and degree 2n—q—1 in (¢, A), where (¢, 2) are in a neighbourhood
of C! x D! and X belongs to the simplex

Aor = {(Ao, M-, AR) EREFL XN >0, Ao+ A1+ +Ag =1,
Aj=0 for j €0l =(0,21,...,im)}.
These Cauchy-Fantappi¢ kernels satisfy the following properties:

(1) dg,/\Dn,q(nI) = 5§,ADn,q(771) = (—1)q3an,q—1(7)1), where dg,A = dg +d;
(2) Dyy(n) =0 when A € A7 and g > 0;
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3) / D q(n1) = B,
Ao

We set Aé = (=1 / D, 4(np). The forms Ag(g, z) are C*-forms of type

Aor
(0,q) with respect to z, when z € D!, and type (n,n — q— |I| — 1) with respect
to ¢, ¢ € C!, such that, if we define the coboundary operators

i
SAL=3"(-1Y"'4¢ for [I|>1, 64i=-B,
J=1

(where I = (¢1,%2,...,%j-1,%j+1, ..., %m), and By is the Bochner-Martinelli kernel)
and we set AL, =0, on a neighbourhood of C! x DT we get

(*) §AL=(—D11{5.A]_, +(-1)"'5,40}

for any 1 < g < n —|I|. Equality (x) is an immediate consequence of properties
(1)—(3). Compare also Range-Siu [11] and Michel [5] for this construction.

2. - The equation du = f on D

(2.1) Let the domain D and the integer L be as in (1.1). Then D is
(L — 1)-cohomologically complete (see [13]). This means that for any analytic
coherent sheaf 7 on D, the cohomology groups HY(D, #) vanish for ¢ > L.
This fact is a consequence of Leray’s Theorem, since the open covering
U={Dy,...,Dg} is a Leray covering of D, and then we have the isomorphism

HYD,#)~ HYU,F) for ¢>0,

where H4(U, F) are the Cech cohomology groups. Since () D; = @ if |I| > L,
el

when ¢ > L there are no g-cochain of § with coefficients in 7 different from
zero. Therefore H4(D, ) =0 when q > L.

In particular, the vanishing of the groups HY(D,0), ¢ > L, and the
Dolbeault isomorphism, imply that the d-problem du = f can be solved on D
for any 9-closed form f € C3(D), q > L.

REMARK. If the domains Dy,...,Dg are complex-transversal (this means

that dp;,,...,0p;, are independent over C at every point of (] U;,, for
v=1

any multi-index I = (z1,...,2,)), then D satisfies a condition of strict Levi

(L — 1)-concavity, as defined by Nacinovich in [9]. It was proved there that the
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local cohomology for d in dimension L — 1 for differential forms that are C*
up to the boundary is infinite-dimensional.

Now we consider the equation du = f with f € C, (D), 8f = 0. From
what we have just seen, if ¢ > L it is reasonable to look for solutions u having
some boundary regularity. By C;’,(ﬁ) we denote the space of all continuous
(p,r)-forms on D which have continuous derivatives up to order [s] on D,
satisfying on Holder condition of order s — [s]. We prove the following result.

THEOREM 1. Let D be as in (1.1), and k > (L — 1)/2. Then there exist
for L < q < n linear operators S, : C’&q(-]j) NKerd — C’g,q_l(D) with:
() 9S,(f)=f on D;

(i) for any € >0, S, is a continuous operator from Cg,q(ﬁ) NKerd into the
space C§ (D), with k' =k — (L —1)/2 - «.

REMARK. If f € C3%(D), then Sy(f) € C5,_ (D).

REMARK. Under the additional condition on the complex tangent spaces
of the domains D; assumed in [6], by using cohomological arguments one
can find a solution which satisfies C¥-estimates, with k' = k — (L — 2)/2 -,
€ > 0. Under the hypotheses of Theorem 1, the same reasoning gives only
KF=k-(L-1+1/2-¢

(2.2) Let Dy be an open neighbourhood of D with piecewise smooth
boundary. We can define a continuous linear extension operator E : C***(D) —
C¥ Dp) (k > 0, 0 < A < 1). The domain D is locally diffeomorphic to a

t
set S={z € B|z; <0} (1 <t<2n), where B is the unit cube of R*"
i=1

centered at the origin. For any half-cube S; = {z € B|z; < 0}, there exists
a continuous extension operator E; : C**2(S;) — C**(B), which satisfies the
following property:

() E(f)s; = Ez‘(fls;nsj)lsj for any f e C¥*(S;) and any 1, j,1#;.

(see for example [8]-54.XV for the case k < oo, and [12] for k = o0).

Given two extension operators E; : C¥*(4,) —» CFA(B), E, : CF(4,) —
CHX(B), a new operator E : C¥*(4; U 4y) — C**(B) can be defined in the
following way:

Ef = Ei(f|a) + Ex(f|4,) — Ev(E2(f|a)]4))-

Applying this operation recursively to the pairs of sets (Si,S;), (S; U
85,83),...,(S1 U...U Sk, Spi1), and so on, we finally get a continuous linear
operator E : C"*’\(S) — Ck*(B), which is an extension operator because of
property (xx). By a partition of unity argument, we can glue together these
local extension operators and obtain the operator E : CcH\D) — C’(§+’\(Do).
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(23) Let feC;,(D) be a d-closed form. Applying the Bochner-
Martinelli-Koppelman formula to f on D, we get

f=a£ f/\Bq—E/f/\Bq_l.

D

If k > 0, we can apply the formula to the extension Ef on Dy. Since Ef
vanishes on 8Dy, we have on D

f=—/ 5Ef/\Bq—5D/0-Ef/\B_1.

Do\D
Now we want to transform the first integral. For |I| < ¢ < n, we introduce the
forms A(I) = / Ef NA]_ .

Do
On these forms we define a coboundary operator § as follows:

H

88N =Y (-1Y7'AI) if [I|>1, and

J=1

66(7) = —/ OEf A B,.
Dy

LEMMA 1. Let I = |I|, k > 1 and € > 0. If f € C} (D) is a d-closed
form, then B(I) € CE,_(D"), with k' =k + (I —1)/2 — €. The forms B(I) satisfy
68(I) = (1)} dB(I) on D!. Moreover, there exists a constant Cy,, independent
of f, such that

|18k, pr < Crie || f|lk,D-

PROOF. 6B8(I) = (—1)'8B(I) follows immediately from the properties of the
Cauchy-Fantappie forms (see (1.2)) and the vanishing of 0Ef on the boundary
of Do\D. The second statement will be proved in Section 3. O

(2.4) In particular, from the previous lemma, when ¢ > L we get on
- K
D; a particular solution f = 9(8() — / Ef A By_y). Since D = | D;, we

1=1
Dy
must show that we can glue together these solutions and obtain a form of class

CF(D), with k' = max(0,k — (L — 1)/2 — ).

PROOF OF THEOREM 1. Here the C¥-norm of a g-cochain is defined as
the sum of the C¥-norms of its components on the sets D, |I| =g+ 1.

If 7 is any sheaf on D, and U = {Vj,...,V,} is a finite, closed covering of
D such that the sections of F on any intersection V;,NV;, ..NV;, (1 <4y < s for
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m=0,1,...,p) can be extended to sections on D, then the Cech cohomology
groups H(U, 7) of F with respect to the covering U vanish for any g > 0.

Let 6 : CY(U,¥) — CY(U, ) be the Cech coboundary operator, where
Ci(U, 7) is the space of alternating g-cochains of U with coefficients in 7.
For any multi-index I = (d,...,%,) With 1 < 4o <4 < --- <4y < 5, we shall
denote by V; the intersection V; N...NV;,. For Ck-estimates we need an explicit
construction of the operator inverting 6§ on cocycles.

Let ¢ = (c(J))jyj=+1 € CU(U, F) be a g-cocycle, and let |I| =g — 1. For any
1, 1 <1 < 1y, we construct recursively an extension &(1:1) of ¢(12I) on V;;. Let
&(12I) be any extension of ¢(12I) on V,;. Since éc¢ =0, for any 7, ;j and I, with
1 <1<j <19, we have

be)ejI) = e@jI) — e(1jI) + c(1ad) — (6rc)(1ejI) =0 on Vigy,

1]
where  (§re)(LijI)=Y (= Dre(lijIy), and  In=(0,%1,- - -, th—1,Tht1s-- - 5 Tg—1)-
h=0

Let j > 2. Then the equation (6¢')(12j1) =0 on V;;; defines uniquely an
extension c'(15I) of ¢(15I) on V,j;. Let é(131) be any extension of ¢'(13I) on
V1. By imposing the condition (6¢")(137I) = 0 on V3;;(j > 3), we obtain an
extension ¢"(15I) of ¢'(1jI) on V3;;. We extend arbitrarily ¢"(141) on Vi by
é(14I). Proceeding in this way, we construct the cochains &(1¢I) on V;; satisfying
the condition (6¢)(125I) =0 on V;;; for any ¢, and I.

Now we define b € CT~1(U, #) by

b(1I)=0
b(:I) = é(1¢I) for any I of length ¢ — 1 and any 7, 1 <7 < 1.
Then (6b)(¢jI) = b(FI) — b(I) + (§b)(e5I) = &1 I) — é(1aI) + (6;8)(1ej 1) = e(ujI) =
c(ijI) on V;j, since (6¢)(1ejI) = O there. Therefore 6b = ¢, and the Cech
cohomology groups vanish for any g > 0.
Let p be an integer, 0 < p<g—1, and let k' = k+p/2 —¢, € > 0. Now we
apply the above result to the sheafs c’(;jq_p_l of germs of (0,q — p — 1)-forms

of class C¥, and to the covering U = {Dj,..., Dk} of D. Given a p-cocycle
c € CP(U,Ck,_,_)), we can find a (p— 1)-cochain b € C*~'(U, Cf,_, ,) such that
6b=c, and

Il < Ciellellw,

where Cp is independent of c¢. The constant in such inequalities may change
in the course of the proof but we denote it always by the same symbol. There
exists a continuous linear extension operator E! : C¥(DT) — C¥(D) (analogous
to E in (2.2)). To get the estimate apply this operator E. This so constructed
(p — 1)-cochain b depends linearly on ¢ = 6b.
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Now let a? be the p-cochain defined by
af(I)= B(I) for any multi-index I of length |[I|=p+1, p>0,

ao(i)=ﬂ(i)—/ EfAB,; forany 1<:<K,
Dy

where the forms G(I) are those introduced in (2.3).

Then from Lemma 1 we get (daP)(I) = 9fI) = (=168 =
(=1 (aP1)I) for p > 0. Therefore da? = (—1)**'6a?~! for any
0<p<gq-1, and

lla®|le < Cil| flk,p-

Here we use the same symbol 6 to denote the operator acting on cochains and
the coboundary operator defined in (2.3).
Since (| D; =0 if |I| > L, we have §a’~! = 0. From the vanishing of the

el
Cech groups, there exists b*~2 € CX-2(, C(’,‘:q_ 1) such that 6b%~2 = aX~!, and

16" 2lle < Ci|| f Ik
with k' = k+(L—1)/2—e. We set ¢L~! := a¥~! and ¢L~2 := a¥~2—(—1)L9b*~2. Then

dck! = (=) 6al~2, 9cl=2 = (—1)!~16al3, and §ct2 = §al 2 —(—1)LJcL! = 0.
Additionally, we have the estimates

le® e < Cellfllkp,  lle* -1 < Cellfllx-

Now we proceed by decreasing induction. We construct ¢Z=1,¢l=2 ... ¢® with
c? e CP(U,CE,_, ) (K =max(0,k — (L — 1)/2+p — €)), such that

Oc?=9a? forany 0<p<L-—1, 6c*=0, and ||c?||p < Cwl fllx.0-

In particular, when p = 0 we get a global form Sy(f) := ¢ such that
0S,(f)=08a" = f on D. S,(f) is linear and has the regularity property given in
the statement of the theorem. O

3. - Ck-Estimates

(3.1) We finish the proof of Lemma 1. Let D C C™ be the union of K
smoothly bounded strictly pseudoconvex domains Dy,..., Dg. Let L be defined
as in (1.1), and assume that the domains D; intersect real-transversally. Let
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g € Ci (Do), dg=0o0n D, 1=|I|, k>1and I < q<n-— 1. Then the Lemma
follows if we can prove for these forms

By(I) = / ag A A£_|I|,

Do\D

the estimate
1Bs(Dllk,pr < Cr.ellgllk,p-

with k' =k+(l — 1)/2— ¢, € > 0.
Without restriction of generality, we can assume I =(1,2,...,0). From the
definition of A;_I 1) (see (1.2)), it follows that we must estimate on D! integrals

of type

BgGANOAN A A A @noYO A ... A@enY: A(@.m0)7 ",
(Do\D)¢

with j0+]'1+---]'b=n—q— 1.
For the notations see also [7]:

a(g) is a coefficient of 3g;  nf(¢,2) = (P'(¢,2),d¢) = Y, Pi(s, 2)dg;,
7

Or=n; A...An; for L=(,...,L);
K(ag,ai,...,a,) = DL - B ... 0%;

E,(¢,2) is a smooth form on (Dy\D) x D', independent of g, which vanishes
of order v for ¢ = z.
Then we can write the above integral as

a(¢)Or(¢, 2) A Ei(¢, 2)

J(z)=/ K(@—1+1+jo, 141,147
Do\D

(3.2) Let D? be a differentiation in z of order p. Then DPJ(z) is a sum
of integrals

/ a(¢)Or(¢,2) A E (¢, 2)

K(a())a'l"-'aaw) ’

Do\D

with ¢ > /1 +1,...,a, > jo+1, a1 +---+a, < l+n—-—q—-1-jo+p1,
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g—l+1+jo<ay<q-Il+1+jp+ps,
200 —2(q—1l+1+jo) <v+ps—1, LCI, |L|=m=max( — p,,0),
‘ pP1+p2+p3=p.

REMARK. D? can be written as D? o DP', where D contains only vector

0 " o]
fields EP and DP' only vector fields 35 then p=p' +p", p1+p, < p' and
< Zj J

3 > .

(3.3) Let z € D! and ¢ € Do\D be fixed. On a neighbourhood U of ¢,
with z € U, we can choose

T = (I], ey IZH) = (Pl(f) - Pl(z), P2(§) - p2(z), ey PL(() - pt(z)’ Tytlyeeey 1’27,)

as real coordinates. Let z' = (z,41,...,T2,). The form Oy(¢,2) A E,(¢, z) can be
written as a sum of terms

E,(¢,z)dpi A...Ndp, ANdz, .1 A ...\ dzoy,

where now E, denotes a function.
Let 6§ = 6(z) = dist(z, 0D7). Then there exists a constant C such that

§ < C-min{|p1(2)],...,|p.2)|} for ze D'NT,

|®@;(¢, 2)] > C(|Im®;(¢, 2)| +|pj(¢)| +6 +|¢ — 2[*) for j=1,2,...,1, and
|®o(¢, 2)| = |¢ — 2> = Cp1(Q)] ++ -+ + |puO)] + 6 + ||

for ¢ € (D)\D)NU and z€ D' NU.

Moreover, since a(¢) is a C*¥~!-function which vanishes on D, we have
la(®)] < Cllgllk,pop1 ()" -+ - pl)™*  for ¢ € Do, With ry+-+-+r,=k—1

(see the geometric lemma in [7]). We use the same letter C to denote also
different constants, always independent of g.

(3.4) We must estimate the integral

I(z) = / a(OE,(¢,2)dpr A ... Adp, ANdx 41 A ... \dx)y,
- D ... D |¢ — 2|> '
Do\D

Assume p; > 0.
Let [ be even, and let p=p; +p, +p3 =k +1/2 — 1+ A, with A=0,1.



CF-REGULARITY FOR THE 8-EQUATION ON A PIECEWISE SMOOTH UNION ETC. 493
Since a1 ++--+a, <l+n—-q—1-jo+p; and n —q— 1 — jo > 0, there
exists an index ¢, 1 <17 <[, such that

1 1
at g <C b b 2 -7’
|®f ... ®| |D;] ;... D |p1($)* ... pu(O)] g — 2|2 1=

with bi+by+---+b,=p — 1.
We can assume 1 = 1. Then we get

la(O)| |¢ — z[*dpi A ... Adp, Adz i1 A ... Adoy
|, [2|®, ... D,| |p’{‘ ...pf‘l |¢ — z|2n—2e-T+vips

[I(z)| < C /

Do\D

“g”k’Dodpl A A dPL A dzl.+l VANIAA dzzn
<C
B |D12|D, ... D, [¢ — 2z|2n—e3+2A )

Do\D

since (py — D+p3 < (k- D+1/2-1+A
Set 2 =12, +---+x3,. Let € be a positive number.

(1) A=0. We get

o2dp; A do

R < CI .
(p1 +6 +02)2+ = llgllk,p,

[1(2)| < Ccl|gllx,po

(2) A=1. Analogously, we obtain

dp1 N\ do

e e < Cllalhnd ™

[1(2)] < Cdl|gllk, o

Now let I be odd. p=k+(—1)/2—1+A, with A=0, 1. Proceeding in the same
way as before, we obtain

“g”k,DodPl A...ANdp, ANdz A ... A\ dzo,
< \
|I(z)1 <C / |(I>1|2|(I>2 ] ~-‘1>L| |§ _ zlzn—L—4+2A
Do\D
(1) A=0.
o3dp; A do

11(2)| < Cellglle,n0 < Clg]lx,o-

(p1 + 6 + 022

(2) A=1.

odp; A\ do

_ < CI 6_6,
(p1 +6 +02)%+ = cllgllk.po

[1(2)| < Cellgl|x,p0

Now let p; =0.
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If [ is even, since p3 <p=k+1/2—-1+A, we get
llgllk,podp1 A ... Adp, Adzii A ... A dEop

I <
' (Z)| = C / |<I>1 . "(DL| |§ _ len—3L/2—-1+A
Do\D

do
< Clgllpy | = < Cillgll,p,-
6 +0)

If I is odd, ps <p=k+( —1)/2—1+A, and then

(1]

(2]

(31

(4]

(31

[6]

(7]

(8]

91

[10]

(11]

[12]

”g”k,Dodpl A...ANdp, ANdT A ... AdToy,
|®)...D,||¢ — z[2n—Cud)/2+4

)| < C /
Do\D

do
< Culolho, [ oo < Clllln
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