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Large Time Behaviour of a Diffusion Equation
with Strong Convection

S. CLAUDI - R. NATALINI - A. TESEI

1. - Introduction

In this paper we study the large time behaviour of solutions of the equation
(1.1) ug — (U =uzz  in (0,00) X (0, 00);
we always assume g > 1. Equation (1.1) is complemented with initial data
(1.2) u(z,0) = p(z) in (0,00) x {0},
and homogeneous Neumann boundary conditions
(1.3) uz(0,t) =0 in {0} x (0, 00).

A unique classical solution of problem (1.1)-(1.3) is known to exist, if the
initial data are non-negative, bounded and sufficiently smooth (see Section 2).

In spite of its simplicity, equation (1.1) allows one to investigate the
mutual effects of convection and diffusion. It can also be thought of as a
particular case of a more general model equation, which encompasses diffusion,
convection and source terms (see [RK]). The interest of such models, also from
the applicative point of view, can hardly be overemphasized (e.g. see [BE]).

Reaction-diffusion equations with absorption, yet without convective terms,
have been widely investigated. The asymptotic behaviour of their solutions for
large times reveals to be markedly different, depending on the initial data and on
the mutual size of diffusion and absorption. In fact, depending on this quantities,
the limiting behaviour is described in a suitable sense by some problems, where
either diffusion or absorption terms have disappeared (see in particular [KP1],
[KP2] and references therein).

Pervenuto alla Redazione 1’8 Ottobre 1993 e in forma definitiva 1’8 Marzo 1994.
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Much in the same way, it can be expected that any solution of problem
(1.1)-(1.3) approaches in a suitable sense some solution either of the hyperbolic
conservation law

(14) vt — (Uq)n: =0 in (0, OO) X (Oa OO),

or of the heat equation, as ¢ — oco. We also expect that the prevalence of either
situations will depend on ¢ and on the initial data.
Let us make the following assumptions:

(1) @€ L*®0,00), ¢ >0in (0,00);
(Ao) {

(i) there exists o € (0, 1) such that ¢ € C*** ([0, r])
for any r > 0;

1 .
g-1
(i) lim z%p(z) = A;

i) a<
(A;) there exist a > 0 and A > 0 such that

(i) there exist Z > 0, C € (0, A) such that z**!/(z) > —C

(i) ¢ €L®0,00), ¢'(0)=0, ' <0 in [0,00);
(A7)
for any z > .

Let us consider equation (1.4) with Cauchy data
(L.5) v(z,0) = Az™* for z > 0.

The method of characteristics easily gives a classical solution of problem
(1.4)-(1.5), which is the unique entropy solution of the problem (see Section
2). Observe that, due to the sign of the convection term in equation (1.1),
characteristics point towards the time axis. In particular, no boundary condition
at £ =0 is needed for problem (1.4)-(1.5) to be well posed. Define

(1.6) Bi=alg—1)+1,
(1.7) Puy(t) = {z > Oat? <z < bts} (t>0).

THEOREM 1.1. Let the assumptions (Ag)-(Az) be satisfied. Let u be the
unique solution of problem (1.1)-(1.3) and let v be the unique entropy solution
of problem (1.4)-(1.5). Then for any 0 < a < b < oo we have

t? sup |u(z,t) — v(z,t)) > 0 ast— oo.
z€P,4(t)

A similar, yet weaker convergence result holds if only assumptions
(Ap)-(A;) are made (see Theorem 6.1).

The above results are easily interpreted. Due to the boundary condition
(1.3), the solution of problem (1.1)-(1.3) is confined to the first quadrant. On the
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other hand, by assumptions (Ag)-(A;) its initial data are large at = = oo. This
enhances convection over diffusion (observe that the characteristics of problem
(1.4)-(1.5) emanate from z = co towards the axis z = 0); hence the large time
behaviour of solutions is “hyperbolic”.

Let us mention that qualitative results in the same spirit have been proved
in [EVZ] for the Cauchy problem

{ut — (u9); =uz; in R x (0,00)
U =1 in R x {0},

if up € L'(R) and q € (1,2) (the case ¢ > 2 had been previously investigated in
[EZ]). In this case the limiting behaviour of solutions is described by a suitable
source-type solution of the hyperbolic conservation law

v — (@) =0 in R x (0, 00)

(for the existence and uniqueness of such a solution see [LP]). In our case, due
to assumption (A,), the initial data of problem (1.1)-(1.3) need not belong to
L'(0, c0). Hence the large time behaviour is described by a solution of equation
(1.4), which is markedly different from the source type solutions considered in
[EVZ]. Let us mention that related results are proved in [PS].

Theorem 1.1 will be proved introducing the following family of functions:

(1.8) ui(z, t) = k*u(kz, kPt) (x>0, t>0).

Upon substitution in (1.1)-(1.3), it is easily seen that for any k£ > 0 the function
uy solves the problem

Ukt — (uz)z = k_(z_ﬁ)ukzz in (0) 00) X (O, 00)
(1.9) wee(0,) = 0 in (0, 00)
Uk(fl:, 0) = ‘Pk(-’ﬂ) in (Oa 00)

where
pr(x) = k*p(kz).

Since 8 < 2 (see assumption (A;)-(i)) and assumption (A;)-(ii) holds, problem
(1.9) formally reduces to problem (1.4)-(1.5) as k — oo.

To make the above remarks rigorous, we need uniform estimates for both
for u; and wug,. Preliminary estimates of the solution of problem (1.1)-(1.3)
and of its gradient are proved in Sections 4 and 5, respectively. In doing so,
a crucial step is constructing a nontrivial subsolution of problem (1.1)-(1.3);
this is made using a suitable solution of equation (1.4) (see Section 3). Then
uniform estimates of u; and wug, easily follow by assumptions (A;)-(ii) and
(Ay)-(ii) respectively; relying on them Theorem 1.1 is proved by well known
arguments (see Section 6).
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2. - Background

Let Q7 :=(0,00) x (0,T] for any T > 0; set also Q := (0, 00) x (0, c0). Let
us state the following result, concerning existence and uniqueness of classical
solutions of problem (1.1)-(1.3).

THEOREM 2.1. (a) Let assumption (Ay) be satis;ied; suppose also ©'(0) = 0.
Then there exists a unique solution u € L®(Q)NC>(Q)NC*1*1/2([0, r]x [0, 00))
for any r > 0 (where v =~(q,0) € (0,0]) of problem (1.1)-(1.3). Moreover, u > 0
in Q.
(b) Assume further that @' € L*®(0,00). Then u € WH(Q).

The proof makes use of classical approximation arguments (e.g., see [LSU,
p. 495]), thus it will be omitted.
Concerning problem (1.4)-(1.5) we have the following definition (see [Kr]).

DEFINITION 2.1. A function v : Qr — (0,00) is an entropy solution of
problem (1.4)-(1.5) in Qr if:

(i) there exists a constant M > 0 such that
0<v(z,t) < Mz™ in  Qr;
(ii)) for any L €R and any ¢ € C{°(Qr), ¢ >0
/ / {lv = L|¢; — sgn(v — L)(v? — LY)¢, }dzdt > 0;
Qr

(iii) for any 0 <7y <1y < 0

ess l(i)m / |v(z,t) — Az™%|dz = 0.

T

Entropy super- and subsolutions are similarly defined. Comparison results
can be found in [NT]; hence we obtain the following result.

THEOREM 2.2. There exists at most one entropy solution of problem
(1.4)-(1.5) in Qr (T > 0).

Existence of an entropy solution of problem (1.4)-(1.5) is easily proved.
Since the initial data are decreasing, a classical solution is found by the method
of characteristics. This gives the equality

2.1 z=Asv"s —qui't in Q.
Hence we obtain

2.2) 0<v(r,t) < Az™® in Q.
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By Theorem 2.2 the function v defined implicitly in (2.1) is the unique entropy
solution of problem (1.4)-(1.5) in Q. Observe that by scaling invariance we
have

(2.3) vz, t) =t Ff(£), €:=at,

where f is the unique solution of the problem

(§+ar)re57=0 in 0.0

f>0 in (0, o)
E2f— A as £ — oo.

In the sequel we shall encounter functions which solve problem (1.4)-(1.5) in
a sense slightly different from that of Definition 2.1 (see Theorem 6.1). This is
made precise in the following:

2.4)

DEFINITION 2.2. A function v : Qr — (0,00) is a mild entropy solution of
problem (1.4)-(1.5) in Qr if:

(i) there exists a constant M > 0 such that
0<v(z,t) < Mz™® in Qr;

(ii) for any L € R and any ¢ € C(Qr), supp¢ C Qr\{z =0}, ¢ >0

/ / {lv — L|¢ — sgn(v — L)(v? — L)¢, }dzdt +/ |Az™% — L|¢(z,0)dz > 0.
Qr 0

It can be checked that any mild entropy solution of bounded variation in
Qr is an entropy solution (in the sense of Definition 2.1). Hence there exists
at most one mild entropy solution of bounded variation in Qr to problem
(1.4)-(1.5).

3. - The associated conservation law

We aim at proving estimates of the solution of problem (1.1)-(1.3) by using
suitable solutions of the associated conservation law (1.4). For this purpose
we complement equation (1.4) with initial data ¢ satisfying the following
assumption:

(i) ¥ € L®(0,00) N C*([0,00]), ¥ <0 in [0, 00);
@3.1) ... there exist 7 >0, B € (0,A) such that

(i) P(x) =Bz for z> 7.
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Existence, uniqueness and comparison results for entropy solutions of problem
(1.4)-(3.1) are well known (e.g. see [Kr]). Clearly, problems (1.4)-(1.5) and (3.1)
differ in that the initial data for the latter is bounded in any right neighbourhood
of the origin.

The domain of influence of the interval (0,z) for such a solution is
contained in the region

3.2) Q :={(z,t)] t >0, 0<z<ZT(1 —t/D)},
where

—(g-1)
(3.3) t:= B . zP.

(see Fig. 3.1). We also set
3.4 Q, := {(z, )|t > 0, = > max{z(1—t/t), 0}},

o :={(z,1)[t € [0,7], £ =ZF(1 —t/D)}.

N
t
t
Q)
Q
o
N
7
T T
Fig. 3.1

We shall denote by w the unique entropy solution of problem (1.4)-(3.1).
In the region Q, it is given implicitly by equality (2.1), which now reads

3.5 z=Biw s — qu?'t.

In the following we shall need several inequalities concerning the solution
w and its derivatives. This is the content of the following lemmas.

LEMMA 3.1. In Q, we have:
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(i) 0<w< Bmin{z % z7%};
(i) w<(Bg it
PROOF. It follows by (3.5) and comparison results.
LEMMA 3.2. In Q, we have
—aB swstl <, < —%B‘ﬁwﬁﬂ.
PROOF. From (3.5) we obtain
(3.6) wy = —% in Q,
where
3.7 H(w,t) = o 'Biw ! +q(g — Dw?™2t.
By (3.5) and (3.7) we have
H=2Btwi -2,
[03 w
hence
(3.8) SBtuit < .;; < aB twi,

Then the conclusion follows.

®
(ii)

3.9)

COROLLARY 3.1. In Q, we have
wy > —aB min{z 2! g7 1};

a+l

atl 2— a+l
wy > —aq_TB_ﬂgt— f .
LEMMA 3.3. There exist constants ci, ¢; > 0 such that in Q,

2 2
crws*! < wy, < cowatl,

PROOF. We deduce from (3.6) that
H, H,

W S YT TR

where by (3.7)

H,=—(a+ l)oz’zBéw"i_2 +q(g— (g — 2wt
= —(a+Da2Bsw s 2+(qg— 1)(g- 2w {Bsw = — z}

= —ya2Biw a2 — (g — 1)(g — Dzw .

451
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Here we set
yi=—(g— 1)g—2)? +a+1.

It is easily seen that v > 0 for any ¢ > 1 and 0 < & < 1/(g — 1). From the
above expressions we obtain

(3.10) —~ya2Biw s < H, < —(a+1)a?Bsw =2 if 1<q<2,

or

(3.11) —(@+1)a?Bsw i 2 < H, < —ya2Biw s if ¢>2.

The conclusion follows immediately. O

LEMMA 3.4. There exists c3 > 0 such that in Q;

3
Wygy = —C3W atl,

PROOF. From (3.6), (3.9) we obtain

H: Hy,
Wegz = —3 fl% My
where
Hyw=(a+1DQa+1)aBsw a2 +q(g — 1)(g — 2)(q — Hw?™*t
=6a*Biw 3 — (¢ — 1)(g — 2)(q — 3)zw™>.
Here

6:=(g— D(g—2)(g—23)0®+(a+1)QRa+1)
and equality (3.7) has been used. If 1 < ¢ <2 or ¢ > 3, then

H,, >0.
Hence
H;
Wezy = -3 ﬁa

thus the conclusion follows by (3.8), (3.10), (3.11).
If 2 < g < 3, from the above expression of H,, we get the inequalities

1

sa Biw 3 < Hy, < (a+1)Qa+ o 3Biw™ 73,

The conclusion follows again by (3.8), (3.11). O

LEMMA 3.5. There exists c4 > 0 such that in Q,

2
wy < cqwatd,
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PROOF. From (3.6) we obtain

_1 Hy
Wy = —qw™! ek
Then the conclusion follows by (3.8), (3.10), (3.11). O

Let us mention for completeness another estimate from below of w, which
shows that the bounds in Lemma 3.1 are sharp.

LEMMA 3.6. In Q,

(3.12) w(z,t) > Bz’ + ¢BBY ')/,

PROOF. By Lemma 3.1-(i) and Lemma 3.2 w is a supersolution of the

linear problem )
{yt —qB¥ g7 Dy, =0 in

y(z,0)=Bz™® (x> T).

The expression in the right-hand side of (3.12) is the unique solution of this
problem. Hence the claim follows. O

4. - Estimates of u

A first estimate for the solution of problem (1.1)-(1.3) is given in the
following proposition.

PROPOSITION 4.1. Let assumptions (Ag)-(A1) be satisfied. Then there exists
a positive constant My such that

4.1) 0 < u(z,t) < min{||p||ew, Moz} in Q.

PROOF. By the maximum principle we have
0<us<plle in Q.
By assumption (A;)-(ii) there exists zo > 0 such that

o(z) < 2Az~* for any =z > xo.

1
1 n
My = max{ZA, 28]|2]loos [(9‘—;’—> zh 2] };

u(z,t) = Myz™® (x> 0).

Set

define also
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Due to the definition of M,, for any z € (g, 00) X (0, 00) we have

+1 —
Uy — (Ul)y — Ugy > cqugz_""_l (1 - _a__T zg 2) > 0.
q

M

Similarly,

u(zo,t) < ||@)loo < Mozy* =u(zo,t) for any t > 0,

u(z,0) < 24z7% < Myz™* =u(z,0) for any = > x.
Hence

u(z,t) < Moz™® in (zg,00) X (0, 00).
Since
lello < Mozy® < Mpz™ for any z € (0, zo]

the conclusion follows. O

As we shall see in Section 6, gradient estimates of u are also needed to
prove Theorem 1.1. In the case ¢ > 2 the proof of such estimates requires a
more refined estimate from below of u. This is the content of the following
Proposition.

Let B € (0, A). Due to assumption (A;) there exists zo > 0 such that

“4.2) p(x) > Bz~ for any z > xo.
Set also

(4.3) zp = (B B) 77,
“4.4) Z > max{zo, zp};

then consider the time ¢ and the region Q, associated with the above choice of
T and B (see (3.3), (3.4)). We have the following result.

PROPOSITION 4.2. Let q > 2 and assumptions (Ag)-(A,) be satisfied. For
any fixed B € (0, A) and T as in (4.4) consider the corresponding region Q,;
let w denote the unique entropy solution of problem (1.4)-(3.1) in Q. Then there
exists My € (0,1] such that

4.5) u > Mw in Q.

For the proof we need the following preliminary estimate.

PROPOSITION 4.3. Let the assumptions of Proposition 4.2 be satisfied. For
any fixed B € (0, A) and T as in (4.4) consider the corresponding time t. Then
there exists a positive constant M, such that

(4.6) u(0,t) > Myt™%  for any t € [¢, ).
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The proof of Proposition 4.3 will be given in the sequel. Assuming
its validity we proceed to prove Proposition 4.2. Observe that the half-line
oo := {(0,¢t)|[t >t} is contained in Q, by definition.

PROOF OF PROPOSITION 4.2. Observe that
m = min u(z,t) >0

(z,t)E0

n 1 o— min ]\ 1 q ] —z"ll l .
b 2 B ’ B ’ ’

u:=Mw in Q.

define also

Due to the choice of M; we have in Q,
uy — (U9 — gy = Mi[w, — MT ' (w7), — wy,] < —Miw,, < 0;

here we have made use of Lemmas 3.2, 3.3. Similarly,
() w(0,t) = Miw(0,t) < Myt % < u(0,t) for any t > %,
due to Lemma 3.1 and Proposition 4.3;
(i) ul, =MBz*<m<u,
due to equality (3.5);
(i) wu(z,0)= M,Bz* < u(z,0) for any z > T,
due to definitions (4.2), (4.4).
Then the conclusion follows. O

Let us now turn to the proof of Proposition 4.3. For this purpose let us
consider the following problems:

€fl =— (% +qfé"1> fi- %ff in (0, c0)
@7) fe>0 in (0, co)
f®)=¢c, fl0)=0,
where € and ¢ are positive constants;
<%+qf,‘f‘l> f,'t+%fh=0 in (0, 00)
4.8) )
>0 in (0, 00)

§*fw(&) — B if £ — +oo.
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Observe that problems (4.8) and (2.4) coincide if B = A. Hence the unique

global solution of problem (4.8) is implicitly given by the following equality
(see (2.1)):

4.9 €=Bif* —qff”" (€€l0,00).
In particular we have

(4.10) fu(0) = g 3 B7 =: cp.

It is immediately seen that

(4.11) £ <0, f#>0in [0,00),
which in turn implies

(4.12) ﬁz—%éﬂ

We shall write f.(-,c), fu(-,cp) to stress the dependence on the initial data. The
existence of a unique solution of problem (4.7) in some maximal interval (0, &)
follows by classical results. The following properties of this solution will be
proved in the sequel.

LEMMA 4.1. Let ¢ > 2 and a < q—% Then for any ¢ > 0 and ¢ > cp
4.13) fe>fn in (0, &).

COROLLARY 4.1. Let ¢ > 2 and a < qul Then for any e >0 and ¢ > 0
(4.14) fl<0 in(0,¢&).

Moreover, for any € >0, ¢ > 0 and & € (0, &)

(4.15) ﬂz—%m in (0, ).

1
COROLLARY 4.2. Let ¢ > 2 and a < q—l Then for any ¢ >0 and ¢ > 0

there exists a unique global solution of problem (4.7).

1
COROLLARY 4.3. Let ¢ > 2 and a < 7 Then for any e >0 and ¢ >0
q-

there exists a unique & € (0,00) such that f"(€) = 0. Moreover,

() f! <0in (0,6), (i) f >0 in (, 00).
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1
LEMMA 4.2. Let ¢ > 2 and o < — Then for any € € (0, Pa cé(q_l)>
q- a

there exists ¢ € (0,cp), such that f.(-,¢) < fu(-,cB) in (0, c0).

COROLLARY 4.4. Let ¢ > 2 and o < L Then for any € € ( Pa R D)
there exist € € (0,cp), € € (0,00) such thgt. :
() fd&0) = fu(€, cB);
(i) [0 = fi(€,cB);
(i) f¢ =0
Using the above result we can now prove Proposition 4.3.

PROOF OF PROPOSITION 4.3. (i) From definitions (3.3), (4.3), (4.10) and
(4.4) we have

£
. B _, p-G- 1) [ﬁq e 1)] =

t= z” >
q

Fix
(4.16) =17 < B4 e,
o

let ¢ € (0,cp), € € (0,00) satisfy equalities (i)-(iii) in Corollary 4.4. It is easily
seen that there exists a unique z; > 0 such that

4.17) £85 =5, — qB* 20 VL.

Due to (4.17) the point (Zf"l’ t) lies on the line of equation
€=z — ¢BI gVt

namely, on the characteristic of problem (1.4)-(3.1) issued at = = z; (see 2.1).
Let us consider the following regions (see Fig 4.1):
D= {@b|t>F 0<z< i)},
D, = {(z,t)[t > 0, z> max{z; — qu_lzl_a(q_l)t, Ef%}},
D :=D;UD,.
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N
t v
D,
(4]
D,
t
oy
02
AN
- —>
z T, 03 T
Fig. 4.1

Set also

~ = {(z,t) € Q|z = &7},

oo :={(0,t)|t > ¢},

o1 :={(z,D|0 < z < EF7),

02 :={(z,0)|0 <t <%, =1 — BT g%V},
03 = {(z,0)|z > z,}.

(Observe that o9 C D by definition.)

Define : _
vy =t 8 f(xt”?) for (z,t) € Dy,

vy = t_gfh(xt_%’) for (z,t) € D,,

where f, is the unique solution of problem (4.7) such that f(0) =¢. Clearly, v,
and v, are of class C? in D, respectively D,. Define also

()] in D1
V= R
vy in D,.

Due to the choice of £, v is well defined and of class C! in D (see Corollary
4.4).
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(ii) Let us prove that for any M3 € (0, 1] the function
u = Mjv
satisfies
(4.18) Llu] = u,, + (w9, —u, >0 in the open region D = D; U D,.

In the region D; we have

2t [t (§eany ') 25 )

=MyqMI 1)t ET e > 0

here the definition of the region D;, the choice (4.16) of ¢ and inequality (i)
in Corollary 4.3 have been used.
In the region D, we have similarly

> Mst7E 7 (7 gt - D ) 2 0,

due to inequalities (4.11). This proves inequality (4.18).
(iii) Now we can prove that for any M3 € (0, 1] small enough:

4.19) u> Mv in D.
Since by definition .
U(Oy t) =V (O) )= Et;ﬁ)

inequality (4.6) follows with M, := ¢M3, thus proving the result. To prove
inequality (4.19) we make use of a slight generalization of classical comparison
results. Since v; € C*(D,) and v, € C*(D,), from (4.18) we have

(4.20) Dl u+@w";—u, >0 in Di\(coUoy),
(4.21) Do u+ @9, —u, >0 in D;\(02U03).
Set
a:=quil,
q—1 _ ,q-1
b:=q z “ Uy,
Uu—u
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Observe that a, b are bounded in D since ¢ > 2, u € C'(D) and inequality (4.1)
holds. Inequalities (4.20)-(4.21) imply:

4.22) D . z+az;+bz—2 >0 in D;U~,

4.23) D} z+az,+bz—2>0 in D,U~.

As for the boundary conditions, observe that

(4.24) 25(0,8) = M3v1,(0,£) = Mat™ % £/(0)=0 for any t > %.

Moreover it is easily seen that:

(@)  ul,, = M3v(-,t) is non-increasing,

(b)  u|,, = M3Bz[® = constant,

(¢) m:=ming ., u>0.

Since v € C(D), by (a) and (b) above we have

ulr,uo, < u(0,8) = Myct 2.
Hence by (c)
(4.25) Eloluaz S u]U,U,,Z,

provided that .
M; < mt? / C.

Since z; >z, for any =z > z; and M3 € (0, 1] we have

u(z, 0) = M3vy(z,0) = M3Br™® < p(z) = u(z, 0).
Then if M3 € (0,1] we have
(4.26) oy < ulo,-

By (4.25)-(4.26) we have uls,us, < ulsus,- Hence by the strong maximum
principle

(427) Ela’l < ula;a

where
o :={(z,t) € D,}.

This in turn implies

(428) Ylgyuo! <u o1Uo
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Due to inequalities (4.22)-(4.24) and (4.28), the conclusion follows using the
classical maximum principle (which still holds in the present situation) in the
set {(z,t) € D|t > t}. O

We conclude this section proving Lemmas 4.1-4.2 and Corollaries 4.1-4.4.
PROOF OF LEMMA 4.1. Define
Pe(€) = fe(§) — fu(§) in (0, &).
From (4.7)-(4.8) we easily obtain

WO 2 ~ 59O - 2O - 1@
4.29) | w £
5 O/ Ye(@)dz — efp(§) (£ €(0,€)).
Set

& = sup{£ € [0, £)|pe(€) > 0}
(observe that € > 0, since %c(0) > 0, 9(0) > 0). Suppose £ < & then ¢(¢) =0,
Pi(€) < 0. Since

1
g>2=a<——<1,
qg—1
from (4.11) and (4.29) we obtain 1.(€) > 0. The contradiction proves the result.
O

PROOF OF COROLLARY 4.1. For any ¢ > 0 choose B > 0 so small that
¢ > cp (see (4.10)). Then inequality (4.13) implies

fe>0 in (0,&)

for any € > 0. Set

€ := sup{€ € [0, £)| (&) < 0}
(obs~erve that £ > 0 since fi0)=0, fI'(0) < 0). Suppose € < &; then fe’(é) =0,
fI(€) = 0. On the other hand, for any € > 0

ef!é) = —% f(d<o

by the above inequality; the contradiction proves the first claim.
As for the second, it follows from the inequalities

3
ef1(€) = —[% JA©) e — f3EN]+ = 0/ f.@)ds

> —§f€(§>+ ! SR> - 56 O<E<a<iy
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here we have made use of the assumption ¢ > 2 and of inequality (4.14). This
completes the proof. 0O

PROOF OF COROLLARY 4.2. This follows immediately from inequalities
(4.13)-(4.15). O

PROOF OF COROLLARY 4.3. According to inequalities (4.13)-(4.14) and
Corollary 4.2 we have

fe>0, f/<0 in (0,00),

which implies that f' has at least a minimum point £ € (0, 00). In fact, from
the obvious equality

3
S =c+ / f(@)dz,
0

we deduce that f/ cannot be non-increasing all over R*. Observe that at any
stationary point £ of f! we have
", F x [1+e q—20 F\ £l0 F
fe (@) =—f(&) e +q(g — D&

2— ﬂ+a

5 £ ‘(c‘]——~>0

S+qfiN(©

by inequality (4.14). Hence £ is the unique minimum point of f! in (0, co).
Since f!(£) =0 the conclusion follows. O

PROOF OF LEMMA 4.2. Set

we(f) = fe - fh in [07 00).

As in the proof of Lemma 4.1, from (4.7)-(4.8) we obtain

WO = =S 0O ~ U7 - [N+
(4.30) o
#1252 [ b= e, €e.0o.
0

For any ¢ € <0, Pa cé(q‘l)) choose ¢ € (0,cp) such that
o

(4.31) ¢ — et > e 5l

Bq
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Set
€ := sup{¢ € [0, 00)|9e(£) < 0}

(observe that £€* > 0 since ¥.(0) = ¢ —cp < 0). Suppose £* < oo; then 9.(£*) =0,
PL(€*) > 0. However, by (4.30), (4.12) we have

6*
UL =" — ch+ - 7 - / Ye(z)dz — ef3(€") <! —ch+e ﬁi &1 <0,
o q
due to inequality (4.31). The contradiction proves the result. O

PROOF OF COROLLARY 4.4. Fix € € (0, % cif"‘“). According to Corollary

4.3, there exists in (0, 00) a unique ¢ = £(c) such that
Y (£(),©)=0 (c > 0).

It follows by classical results that ¢ depends continuously on ¢ in (0, o).
By Lemma 4.1 the point ((cp), f(€(cp),cp)) lies above the graph of f;.

By Lemma 4.2 there exists ¢ € (0,cp) such that the point (£(¢), f(£(¢), &) lies
below the same graph. Let ¢ increase between ¢ and cp. Since the functions
£(-) and f.(-,-) are continuous, there exists at least a number ¢ € (¢,cp) such
that

fe(£(©), ) = fa(£(©), cB),

¢ (€@, =0.

The above equalities together with (4.7)-(4.8) imply
fi(€@©),0) = f1(£@), cp).

Setting € = £(¢) the conclusion follows. O

5. - Estimates of u,

Observe that z := u, satisfies the problem:

2 = 2, in (0, 00) X (0, c0)

z — qui'z, — q(g— Dut™%z
(GR)) z=0 in {0} x (0, c0)

z=¢'(z) in (0, 00) x {0}.

The following estimate will be of use in the sequel.
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PROPOSITION 5.1. Let assumptions (Ag)-(Az) be satisfied. Then there exists
a positive constant Ny > 0 such that

(5.2) 0> uy > —min{||¢ e, Noz™®'} in Q.

In the case ¢ > 2 the proof of Proposition 5.1 makes use of an additional
comparison argument.

Let B € (0, A). Due to assumptions (A;), (A2)-(ii) there exists £y > 0 such
that

(5.3) o(x) > Bz, ¢'(z) > -Cz~ > ! for any z > 2.
Now define
5.4) T > IIlaX{.’f:o, :ZJB}

(where zp is defined in (4.3)). We have the following result.

PROPOSITION 5.2. Let the assumptions of Proposition 4.2 be satisfied,
where T is defined in (5.4). Moreover let assumption (A;) hold. Then there
exists a positive constant N such that

5.5 0>u; > Nw, in Q.

PROOF. Since u € W'* under the present assumptions (see Theorem 2.1
- (b)), from problem (5.1) we obtain by the maximum principle

(5.6) 0>u; > _”50’”00 in Q.

Set

M ey + B oy
57 N :=max{c4 gMy ci+ B csz ﬂf"*‘ugo’lloo, C},

al¢ - DM{?a’B 342’ aB B

where the constants cg, M; in the right-hand side were introduced in Lemmas
3.2-3.5 and in Proposition 4.2. Define also

z:=Nw, in Q.
Due to the definition of Nj, in Q, we have
z—qui'z, —qlg— D2 — 2,
< Ni{wat — ¢M] ™ 0w wg, — qlg — DM Niw? 2w} — wesa}
< N1w§+q{04 - qu‘lcl —q(q — 1)M;1_2N1012B_%,B_2

+ BT 323} <0



LARGE TIME BEHAVIOUR OF A DIFFUSION EQUATION ETC. 465

here we have made use of Lemmas 3.2 - 3.5 and of Proposition 4.2. Similarly,

(1) 2(0,t) <0 for any t > t,
due to Lemma 3.2;

() zlp < -2 B al)s"' Ny = =2 B (BT )Ny < —[[¢lloo < Uslo
due to femma 3.2 and inequality (5.6);
(iii) 2z(z,0)= —aBNjz=* ! < —Cz *! < u,(z,0) for any z > 7.

Then the conclusion follows. O
Now we can prove Proposition 5.1.

PROOF OF PROPOSITION 5.1. (i) Let us first consider the case 1 < g < 2.
Set

(5.8) I = max{:fco, (”—"%)Z}
0

where M, is the positive constant in inequality (4.1), and

(a+D(a+2) 5,
qlg—1) 0

Observe that the definition of Z and inequality (4.1) imply

(5.9) Ny = max{ 72 |10 |loZ*, O}.

(5.10) u(z,t) < Moz in (Z, 00) X (0, 00).

Define also
2(z) = —Noz ! (z > 0).

Due to the definition of Ny, in (Z, 00) X (0, 00) we have

2z, —quiT'z, —qlg — Vw2 — 2z,
qg—1 M2

—a-3
< (a+ )(a+2)Noz [1 T (a+D@+2) 0

iz‘ﬂNo] <0.
Similarly,
() 2&)=-Noi™* ! < —||¢'|lo < uz(Z,t) for any t > 0,
due to inequality (5.6);
(ii') 2(z,0)= —Noz~* ! < —Cz*"! < u,(z,0) for any z > %,
due to (5.3), (5.8).

By the maximum principle and classical approximation arguments (e.g.,
see [LSU, p. 495]) we obtain

ug(z,t) > —Noz™® ! in (&, 00) X (0, 00).
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We also have, due to definition (5.9),
l€'lo < Noz=*~'  for any z € (0, Z].

The inequality
0>wu, inQ

is proved similarly. Then the conclusion follows in the present case.
(ii) Let ¢ > 2. By Lemma 3.1-(i) and Proposition 5.2 we have

ug > —aBNz7®! for z > 7.

Due to definition (5.7) we also have

B
€l < % Niz=®! for any z € (0,%].

Setting

N() = 7]\’1

the conclusion follows. O

6. - Convergence results

In order to prove Theorem 1.1 we have to investigate the convergence of
the family {ug}r>o defined in (1.8) as k — oo. Let us first establish some a
priori bounds.

LEMMA 6.1. Let assumptions (Ag)-(A1) be satisfied. Then for any k > 0
(6.1) 0 < ug(z,t) < Moz™ in Q;

here My > 0 is the constant of inequality (4.1).

PROOF. By inequality (4.1) and definition (1.8) we have

0 < ug(z,t) < k*My(kx)™ = Moz™® in Q. O

LEMMA 6.2. Let assumptions (Ag)-(Az) be satisfied. Then for any k > 0

(6.2) 0> ugg(z,t) > —Noz™* ! in Q.

PROOF. By inequality (5.2) and definition (1.8) we have

0> ugg(z,t) > —k* ! No(kz) ' = —Noyz™® ' in Q. O
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LEMMA 6.3. Let assumptions (Ag)-(Az) be satisfied. Define
Qo ={@&tz>p, t=2p} (p>0).
Then for any p > 0 there exist H > 0, 6 > 0 such that for any k > 0
(6.3) lur(z, t2) — ur(z, t1)| < Hlta — 1]'/? in Q,

whenever |t, — t1]| < 6.
PROOF. It follows from inequalities (6.2) by the results in [Gi]. O
Now we can prove the following convergence result.

PROPOSITION 6.1. Let assumptions (Ag)-(Az) be satisfied. Let v be the
unique entropy solution of problem (1.4)-(1.5). Then u, — v as k — oo,
uniformly on compact subsets of Q.

PROOF. Consider the family of sets Q;/,(n € N). By Lemmas 6.1-6.3 and

Ascoli’s Theorem, for any n € N there exist a subsequence {u{”} and a function
v™ € C(Q1/s) such that

u™ — o™ as k— oo

uniformly on compact subsets of Q;/,. By a classical diagonal argument we
find a subsequence {uy,} and a function 7 € C(Q) such that

6.4) uy, >0 asl— oo
uniformly on compact subsets of Q.

Let us prove that v is an entropy solution of problem (1.4)-(1.5) in Qr
for any T > 0; then v = v in Q by uniqueness (see Theorem 2.2) and the
conclusion follows. Condition (i) of Definition 2.1 is obviously satisfied (see

(6.1), (6.4)). For (ii) we can use a standard argument (see [Kr], [La]). In fact,
let n € C?*(R), p € C'(R) such that " > 0 and

Pw=-qu'n'w) @ER).
From problem (1.9) we obtain easily
(6.5) [l + [pwi)le — k™ P ()l <0 in Q.
Set

(6.6) NMm(u) = |u - L| * pm(U),
6.7  pm(w) = {-sgn(u — L)®! — L)} *x pp(u) (u,L ER; meN),
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where p,, is a suitable mollifier. Since

Nm(u) — |u — LI,

pm(uw) — —sgn(u — L)(u? — L)
in L'(Q) as m — oo, substituting (6.6)-(6.7) in (6.5) and taking the limit as
m — oo we obtain
, (6.8) / / {lur — L|¢: — sgn(ug — LY(ul — LY¢ + k™% Plug — L),z }dadt >0
Qr

for any L € R, T > 0 and any ¢ € C§°(Qr), ¢ > 0. Since convergence (6.4) is
uniform in the compact subsets of Q and inequality (6.1) holds, from (6.8) we
easily obtain

/ / {[v — L|¢; — sgn(@ — L)@? — L)¢, }dzdt >0 (T > 0)
Qr

for any L € R and any ¢ € C°(Qr), ¢ > 0. This proves the claim.
Let us finally prove that property (iii) in Definition 2.1 is also satisfied.
For this purpose the following claim is expedient:

(C) LetT >0, hg > 0. There exists a constant co = cy(ry, r2) > 0 such that
T2
(6.9) / luk(z, t +7) — ug(z,t)|dz < o Iirllsi}}o {|h| + %}
T

forany 0<t<t+7<T.

The proof of claim (C) will be given in the sequel. Set

/ [v(z,t) — Az~%|dz = / [v(z,t) — uk,(z, t)|dz
(6.10) +/ |uk (z,t) — pr(z)|dz

o)
+/ |k (z) — Az™¢|dz.
Let € > 0 be fixed. Due to inequality (6.9) there exists 7. > 0 such that

T2
(6.11) / |uk, (z,t) — o (x)|dz < %
T
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for any t € [0, 7). Since convergence (6.4) is uniform in compact subsets of Q
and inequality (6.1) hold_s, for any ¢, 7. as above there exists k; € N such that

(6.12) / [o(z,t) — up,(z,t)|dz <

T

€

3

for any k; > k;. Due to assumption (A;)-(ii), for any e > O there exists k, € N
such that

)
(6.13) / |k (z) — Az™%|dz < %

for any k; > k,. Now fix k; > max{k;, k,} in equality (6.10). Due to inequalities
(6.11)-(6.13), for any e > 0 there exists 7. > 0 such that

2
/ [o(z,t) — Az™|dz < €
71
for any t € [0, 7). This proves (iii) assuming (C).

Now let us turn to the proof of claim (C). This follows from [Kr, Lemma
5, p- 233] as soon as the following inequalities are proved:

2
(6.14) / |uk(z + h,t) — ur(z, t)|dz < To|h|

71
for any |h| < ho, €o > 0 being a suitable constant;

2

(6.15) / [ur(z, ¢ + 1) — ws(a, Oc@)da| < Golcflce 7

71

for any t, t+7 € (0,T] (r > 0) and any ¢ € C’g([rl,n]), & > 0 being a suitable
constant.

Inequality (6.14) is easily proved using the uniform estimate (6.2).
Inequality (6.15) follows similarly by problem (1.9) and estimate (6.1). This
completes the proof. O

Now we can prove Theorem 1.1.

PROOF OF THEOREM 1.1. By Proposition 6.1 we have in particular

k*u(kz, kP) — v(z,1) as k — oo
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uniformly on compact subsets K C (0, 00). Choosing
t=kP, 2 =kz= w(t')%

and dropping the primes again, we obtain by (2.3)

sup [thu(zt?,t) — f(z)) > 0 as t — oo.
zeK

Hence the conclusion follows. O
Let us state the following result, analogous to Theorem 1.1.

THEOREM 6.1. Let assumptions (Ap)-(A1) be satisfied. Let u be the unique
solution of problem (1.1)-(1.3). Then there exists a mild entropy solution v of
problem (1.4)-(1.5) and a diverging sequence {t} C (0,00) such that

a 1 1
klim tf lu(zt] , te) — vzt te)| = 0
—00

for any z € (0, 00).

The proof of Theorem 6.1 makes use of the following local energy
estimate.

_LEMMA 6.4. Let assumptions (Ao)-(A1) be satisfied. Then for any ¢ €
C(Q7), supp¢ C Qr\{z =0}, ¢ > 0 there exists a positive constant Hy such
that

Z_AE
(6.16) k™7 ||lukss || 2@ < Ho

for any k> 0.

PROOF. Let x € C{(Qr), suppx C Qr\{z =0}, x > 0. From problem (1.9)
we have

(6.17) / / {—ure — W x + k% Puy,x, }dzdt = 0.
Qr

Choose
X = Xk = €% ¢

observe that xx € C3(Qr) by regularity results. We easily obtain

/ / uge* ¢2dzdt = / / {(e"“gz)t—Ze“"ggt}dzdt
Qr Qr

=—2//e“"g‘§tdzdt—/ e?*¢*(z, 0)dz.
0

Qr

(6.18)
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Define

u

p(w) :=q/ 597 1le*ds;
0
then we have

(6.19) / / (u%)xe“"gzda:dt=—2 / / p(ug)¢¢dzdt.
Qr Qr

From (6.17)-(6.19) we obtain

k_(z'ﬁ)//e“"uixgzdzdt=+2/e‘o"ﬁ“z(z,o)dz
Qr 0

+2 [ [ enfeq - O Puss + ptupie
Qr
Observe that for any A € (0, 1)

2
/ / ™ |upz¢ ¢ |dadt < % / / e [»\uiz§2+%\’—] dzdt.
Qr Qr

Moreover, since supp¢ C Q7\{z =0}, by Lemma 6.1 there exists C > 0 such
that for any £ >0

sup  ug(z,t) < C.
(z,t)esupp ¢

Then from (6.20) we obtain

k=P / / ul, ¢*dzdt
Qr

2 (o
< lfl\ec {/ / {Igctl+§—f\+p(c')lcs*zl}dwdt+/ e‘“‘cz(z,O)dx} =t Ho.
Qr 0

This completes the proof. O

Observe that the constant Hy in (6.16) depends only on supp¢ and on the
constants My, No.

PROOF OF THEOREM 6.1. Consider the family of sets {Q/,}(n € N). By
Lemma 6.1 the family {u;} is uniformly bounded in Q,/, for any n. Hence
there exist a subsequence {u{”} and a function v™ such that

(n) (n)

Uy —v as k — oo
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in the L*(Q,/,) — weak* topology. By Lemma 6.4 and compensated compactness
results (see [Ta]) we also have

u — o™ as k — oo

in L (Qy/n) for any r € [1, 00). Therefore by a diagonal argument there exist
a subsequence {ug, } and a function v such that

U, —V a8 m — 0o

in L], .(Q) for any r € [1,00). This in turn implies existence of a subsequence

{uk,} such that

up, —v asl— oo

almost everywhere in Q.

Let us prove that v is a mild entropy solution of problem (1.4)-(1.5) in
Qr. Condition (i) of Definition 2.2 is clearly satisfied. To check condition (ii)
let n € C*(R), n" > 0; set

u

p(u) :=gq / s p'(s)ds  (u €R).
0

For any ¢ € CP(Qr) supp¢ C Qr\{z =0}, ¢ > 0 we have

/ / {n(ur)g + p(ur):} + / n(pr)(z, 0)dz
Qr 0

=k—(2—ﬂ)//{nl(uk)’ll,kzgz'l"’]”(uk)uiz

Qr
> =P / / N’ (k) ks
Qr

2 —k_(z_ﬂ)”nl(uk)”Lz(Supps‘z)“ukngHLZ(QT)
_2p
> —k™ 7 Holln'(wr)||z2(suppe.)»

due to inequality (6.16). By Lemma 6.1 the right-hand side of the above
inequality is infinitesimal as k — oco. Moreover, it follows plainly by assumption
(A;)-(ii) that

klirglo / n(pr)¢(z,0)dr = / n(Az™*)¢(z, 0)dz.
0 0

Proceeding as in the proof of Lemma 6.4 the claim follows. |
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Since ug, — v a.e. in Q as | — oo, we also have
ug(-,t) = v(-,t) asl— oo

a.e. in (0,00), for any ¢t > 0 not belonging to some set E C (0,00) of zero
measure. Fix € (0,00)\E. Define

1

4= fk{" , =z =zd)7F;

then the conclusion follows as in the proof of Theorem 1.1. a
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