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Is an Operator on Weak L* which Commutes with Translations
a Convolution?

LUCA BRANDOLINI - LEONARDO COLZANI

Let S be a linear translation invariant operator with domain the space of
test functions on the real line R, and bounded with respect to the norm of
Weak-LP(R) = LP*(R), 1 < p < +00, id est ||S f||p,c0 < ¢||f|lp,c0- To this operator
S it is naturally associated a tempered distribution » such that for every test
function f one has Sf =u =« f. (See e.g. [8].) Since the test functions are not
dense in LP*°(R), it is natural to ask if there exists an extension of this operator
from the space of test functions to all of L»®(R), and whenever an extension
is possible, if it.is unique.

Of course similar questions can be asked for operators on LP*(G), with
G a group, for example the integers Z, or the torus T =R /Z.

It turns out that the extension of the operator from the space of test
functions to the whole space is always possible, but the duestion of uniqueness
of the extension is more subtle. Let us consider whats happens in the limiting
cases p=1 and p = +oo0.

Using the Hahn-Banach theorem it is easy to prove that there exist invariant
means on L*(R) which are not identically zero but vanish on test functions.
A classical example is given by a suitable limit of the sequence of functionals

+n
Anf = % / f(z)dz. By multiplying the limit of these functionals by a constant

function one obtains a non trivial translation invariant linear operator bounded
on L*(R) and vanishing on test functions.

In general W. Rudin has shown in [5] that when G is an infinite locally
compact amenable group, then on L*(G) there exist many invariant means.

P. Sjogren has proved in [7] that there exist translation invariant linear
operators bounded on L“*°(R), which are not zero, but vanish on L'(R). His
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example is a suitable limit of the sequence of operators

n—1

]
Snf @) = oo gé (£ X{1n<lfi<n}) (@ — K/n).

Similar constructions work as well on other groups.

By “interpolation” between 1 and +oo it is then natural to conjecture that
these “singular” translation invariant operators exist also on the spaces LP®(G),
1 < p < +oo. But let us try to construct one of these operators on the torus T.

The most natural way to proceed is the following. It is known that there
exist non trivial continuous linear functionals on L»(T), 1 < p < +oo, which
vanish on simple functions. (M. Cwikel has given in [3] a description of the
dual space of Weak-LP.) By averaging over T these functionals can be made
translation invariant, and by multiplying by a constant function, which belongs
to LP°(T) and is invariant under translations, one produces continuous linear
translation invariant operators on LP°°(T) which are zero on simple functions.
The surprise is that the invariant functionals and the associated operators are
identically zero. To give an idea of this let us consider the following example.

Lest A be a suitable limit, as ¢ — 0,, of the functionals A.f =

gl/p-1 / f(z)dz. This functional A kills all bounded functions, but if g(z) =
0

P T However for every non trivial translation 7,9 one has

|z|~/? then Ag =
Aryg =0, so that by averaging over T one obtains zero. (By the way, the limit
as € — +oo of the above functionals {A.} is a non trivial translation invariant
functional on LP»*®(R).)

Indeed we shall see that there is a difference between the torus (a
compact group) and the (non compact) groups of the integers or the line.
Every translation invariant linear operator bounded on LP*°(T) which vanishes
on simple functions is identically zero. In some sense all translation invariant
operators on LP*(T) are convolutions. On the contrary, on ¢»*(Z) and on
LP°(R) there are continuous translation invariant linear operators which are
not zero, but vanish on simple functions. In some sense these operators are not
convolutions.

Let us give now some definitions, and then a precise statement of our
results.

Let (X,X, u) be a measure space. Weak-LP(X,Z,u) = LP°(X,X, ), 0 <
p < +o0, is the space of (equivalence classes of) measurable functions satisfying
sup t* - u({z : | f(z)| > t}) < +oo. See [8].
>0

LP*(X,X, 1) when 1 < p < +oo is a Banach space, and, under reasonable
assumptions on the measure space, a norm is given by

[1£llp.eo = SUP p(B)'/P~! / |/ (@)|dp().
Eex %
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Closely related to the norm || - ||p.0 We also have two seminorms,

No(f) = lim sup p(E)">! / 1 @)|du(a),
w
E

—0,

Noo(f) = lim sup p(E)"/?~! [ |f (@)|du(z).
E

W(E)—+o0

In some sense the seminorm N, measures the “peaks”, and the seminorm
N, measures the “tails” of a function. The closure in LP*°(X, X, u) of the sub-
space of simple functions is characterized by the conditions No(f) = Noo(f) = 0.

In the sequel we shall write L”»*(G) to denote the space Weak-L? on a
locally compact group G equipped with left Haar measure, and we shall write
|E| to denote the measure of a measurable set E. Through this paper we shall
use the additive notation z +y to denote the group operation. We do not use
the multiplicative notation z-y which is perhaps more common when the group
is non commutative since the groups we have in mind are the integers, the
reals and the torus R /Z. The operator of left translation 7,, y € G, is defined
by 7, f(x) = f(—y + ). We say that an operator S is translation invariant if it
commutes with left translations, that is S7, = 7,S for all y in G.

Our first problem is the extension of a linear operator defined on a weak-*
dense subspace to all the space, and then the decomposition of an operator into
an “absolutely continuous” part and a “singular” part.

THEOREM 1. i) Let S be a linear operator defined on simple functions,
such that for every simple function ||S¢||peo < c|l@|lp0r 1 < p < +00. Then this
operator can be naturally extended to a linear operator S| bounded from all
LP*°(G) into L»*(G). Moreover if the operator on simple functions is translation

invariant, then also the extension is translation invariant.

ii) Let S be a linear operator bounded from L»*(G) into LP*(G), 1 <
p < +oo. Then this operator S can be decomposed into a sum S = Sy+ S} + Soo,
where
Sof = Hm S (f-xqsizn}) »

S\f = nl_ig;S (f- X{1/n<|f|<n}) ’
Sewf = 1im S (f Xqrici/my) -

These limits exist in the weak-x topology of LP®(G) = (LP/®DY(@G))*.
Moreover, the operator S) is the extension defined in i) of the restriction
to simple functions of the operator S. The operators Sy and S, vanish on
simple functions, and are bounded with respect to the seminorms Ny and N,
respectively, ||Sof|lp0 < ¢No(f) and ||Seof|lpco < €Noo(f)-

If the operator S is translation invariant, then also the three operators
So, Si, Se are translation invariant.
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It is clear that on a compact group the seminorm N, is zero, so that in the
decomposition of an operator into Sp+.5; +S,, the term S, is absent. Similarly
on a discrete group the seminorm N, is zero, and S, is the zero operator. In
general, apart from these quite trivial cases, in the decomposition of an operator
into Sp+S; + S, it is not clear a priori which terms can be present. Indeed it is
not even clear if on LP*(G) there exist translation invariant singular operators.
The following theorems give an answer to these questions.

THEOREM 2. Let G be a unimodular group. If a translation invariant
linear operator bounded from LP*(G) into L»*°(G), 1 < p < +oo, vanishes on
the bounded functions, then it also vanishes on all L»*(G). In other words,
if G is unimodular the only translation invariant linear operator on L?*(G)
which is bounded with respect to the seminorm Ny is the zero operator.

THEOREM 3. Let G be a non compact ¢ - compact unimodular group.
Then there exist translation invariant linear operators bounded from LP*(G)
into LP*(G), 1 < p < +oco, which are not zero but vanish on the closure in
LP>(G) of the subspace of functions with support of finite measure. In other
words, if G is unimodular and non compact there are non zero translation
invariant linear operators on LP*™(R) which are bounded with respect to the
seminorm N.

THEOREM 4. Let G be a non unimodular group. Then there exist non
zero translation invariant linear operators on LP™(G), 1 < p < +oo, which
are bounded with respect to the seminorm Ny, and also operators which are
bounded with respect to the seminorm N,

All the paper is essentially self contained. However the proof of ii) in
Theorem 1 is similar to the decomposition of the dual space of Weak-L* into
an absolutely continuous part and a singular part. See [3].

We have a simple “pseudo” proof of Theorem 2, at least for compact
groups, which is based on the study of invariant linear functionals on Weak-L?,
but this uses the characterization of the dual space of Weak-L?. The proof of
Theorem 2 presented in this paper, although a bit cumbersome, relies only on
some measure theory and is quite elementary.

The proof of the Theorems 3 and 4 is in the spirit of the construction of a
“Banach Limit”, i.e. an invariant mean on L*®(G). These left translation invariant
singular operators are suitable limits of right translations. The arguments are
not constructive and rely on the axiom of chioce. It is noteworthy that the
construction of singular operators on non unimodular groups is very simple,
even simpler than for unimodular groups.

A final remark on operators on the non Banach spaces LP*(G) with
O<p<land p=1.

When p =1 it is possible to prove that for any infinite group G there
exist singular translation invariant linear operators bounded on L'*°(G), which
are not zero, but vanish on L!(G). The idea for a construction, for non discrete
groups, is essentially due to P. Sjogren (see [7]).



IS AN OPERATOR ON WEAK L WHICH COMMUTES WITH TRANSLATIONS ETC. 271

It is not difficult to prove that the operators

T.f(x) =

1
log(n) T @) - X{1/n<111<n} ()

are bounded from L'*°(G) into L'(G) uniformly with respect to n, ||T,f||; <

c(f,9) X, N
c|| 1,00, and also || T(f+9) =T f — Tuglls < fog(n)’ |TnAH)=ATnf|l1 < Tog(n)"

Then a suitable weak-x limit Tf = lirPOo T.f defines a translation inva-

riant linear operator from L'*(G) into the space M(G) of bounded Borel
measures on G. It is clear that if f is in L!(G) then Tf = 0, and also there
exist functions f in L1*°(G) with T'f = §, the point mass at the origin.

The desired singular operator on LY*(G) can be obtained by composing

the operator T with a convolution operator, e.g. Sf(z) = / T f(z + y)dy with

7V open and relatively compact. v

Consider now the case of a discrete group such as the integers Z. Then a
singular translation invariant operator bounded from £°°(Z) into £'(Z) can be
obtained as a suitable limit of the sequence of operators

1 X, .
Snf() = { l—og(n) k;l fG+EY if |j| < n,
0 if |j] > n.

See also the proof of Theorem 3.

The case of the spaces L»*(G) with 0 < p < 1 is different. This has been
proved by M. Cwikel when the group is discrete, while the general case is due
to N.J. Kalton ([4] Theorem 6.4).

In particular it has been proved by M. Cwikel in [2] that when 0 < p < 1
the dual of the space of sequences ¢7»*°(Z) can be naturally identified with
£*(Z), and, contrary to the case 1 < p < +oo, there exist no singular linear
functionals. This immediately implies that there do not exist singular linear
operators bounded from ¢7°°(Z) into £*°(Z). In fact if S is such a singular linear
operator, then for every j in Z the operator that associates to the sequence a the
number Sa(j) is a singular linear functional. Observe that in these arguments
the invariance under translations plays no role.

Indeed it can be proved that when 0 < p < 1 the continuous linear
operators from ¢P°(Z) into ¢»*°(Z) which commute with translations are
precisely the convolutions with sequences in ¢#(Z), i.e. operators of the form

Sa(j) = E b(k)a(j — k) with E |b(k)|P < +oo. See [1] and [6].

j=— Jj==o00
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Proof of the Theorems

PROOF OF THEOREM 1. To prove i) we start by observing that the operator
S can be extended by continuity to the closure in L»*(G) of the subspace of
simple functions. This subspace has as dual the Lorentz space LP/®-D:Y(G),
so that we can define an adjoint operator S* bounded from LP/®~D:Y(G) into
LP/®-DY(@G). Since (LP/®-D(G))* = LP»*(G), the adjoint of the operator S* is
the required extension of S. It is easily seen that the above construction is
equivalent to defining S;f as a weak-* limit of a sequence {Sf,}, where {f,}
is a sequence of simple functions which converges weak-* to f.

To prove ii) we first define S; as the extension of the restriction to simple
functions of the operators S, that is

Sif = Hm S (f - xqin<isi<n})
Then, for some ¢t > 0 define

Sof =(S =S (f - xqr=t) > Sef =(S =S (f - xqsi<t}) -

Since the operator S —S; is a bounded linear operator on LP»*°(G) which
kills all functions in the closure of the subspace generated by simple functions,
it is easily seen that this definition is independent of ¢. To show that the two
operators Sy and S, are linear, one has only to check that for every function f
and g, and scalar A and v, the following functions are bounded and supported
on sets of finite measure, and thus killed by S — S;:

AS +v9) - X{prwglzty — M- xqrizt) — v (9 Xqai28)) 5
A +v9) - x(arsvgi<y = A (f - Xqir1<np) = v (9 - Xqul<t)) -

Finally, since (S —S1) (f - xqy2) and (S —S)(f - xqs<sy) are inde-
pendent of ¢, and since in the weak-+ topology lim S (f “X{flsty) =
lim S (f - xqs1<) =0, one has e

Sof = lim (S = S) (£ - xqr120) = Hm S (f - xq72) »
Seof = lim (S = 80 (£ - xqs1<n) = lim S (£ - xqs1<0)) -

The proof that if the operator S is translation invariant, then also the
operators Sy, S;, S are translation invariant is immediate. O

PROOF OF THEOREM 2. Suppose that S is a translation invariant lin-
ear operator which vanishes on bounded functions, and assume that the
norm of S from LP*(G) into LP»*(G) is one. Then there exists an f with
| fllpc0 = 1, such that ||Sf]||pe =~ 1. Since S vanishes on bounded functions,
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if we define fy(z) = {f(z) ff f@I > N, then for every N we have
0 if |[f@)| <N,

Sf =Sfn, and since S commutes with translations, for every y we also have

S(fn+1yfn)=Sfn+7,Sfwn.

The idea is to prove that for all sufficiently small translations 7, one has
ISUn + 1 fllpoo = 15F + 7,5 lpoo = |2+ Sfllpo ~ 2, while for a big N
the supports of the two functions fy and 7,fy are essentially disjoint, so that
|f¥ + 7y fNllpoo = 2'/P. This contradicts the assumption that the norm of the
operator S is equal to one.

Although the idea of the proof is simple, the technical details, given in
the following lemmas, are a bit cumbersome.

LEMMA 2.1. Let g be a function in L»*(G), 1 < p < +oo, and let € > 0.
Then there exists a neighbourhood of the origin V = V(e,g) in G such that for
every y in V one has ||g + 7yg||poo > (2 — €)||g]lp,co-

PROOF. There exists an open relatively compact set E with

|E|1/p—1 / l9(x)|dz > (1 — &/3)||g]lp,c05
E

and one has

|E|1/p—1 / |g(z) + g(—y + z)|dz
E
> 2|E|'/P! / lg(z)|dz — |E|/P~! / lg(~y +z) — g(z)|dz.
E E

Let U be a relatively compact neighbourhood of the origin. Then the
function g - x_y.g is in L1(G), and if y € U,

/ lg(—y + ) — g(z)|dz < / l9(—y + 2)X_v+E(—y + ) — 9(@)X-v+£(x)|dz.
E G

By the continuity of translations in the space L'(G) the last term tends to
zero when y — 0, and the lemma follows. O

LEMMA 2.2. Let f be a function in LP*(G), 1 < p < +oo, and let € > 0.

j N
Define fyn(z) = {g(z) zjfr:ﬁ:;: Z Nj Then to almost every y in G we can

associate an N = N(g,y, f) such that

|3 + 7y fillpoo < Y2 +€)|| £ lp,c0-
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PROOF. Without loss of generality we can assume f non negative and
|| f]lp,00 = 1. Decompose the support of this function into a family {A,} of disjoint
sets, with |A;| =277, and with esssup {f(z) : ¢ € A;} < essinf{f(z): z € Aju1}.
Observe that since ||f||p0 =1 and |A;] =27/ we must have esssup{f(z):z €
A;} < 21/poilp,

2m
Fix a large integer m, and set |J Aj. = B;. Then with suitable N and
k=—2
n write "

fv@) + fu(—y+2)= Y f@xa, @)+ Y f(—y+D)x4,(~y +73)
j>n j>n
= 2 U @XanwB)(@) + F(=Y + DXy a\5, ()]
>n
+ ) [f (@)X ay0+B) (@) + F(=Y + D)X g+ ap0,(D)]
i>n
= F(aj) + G(z).

To complete the proof we only have to estimate the norms of these two
functions in LP*°(G). This is done in the following two (sub)lemmas.

LEMMA 2.3. If the integer m in the definition of the sets {B;} is large
enough we have that ||F||pe < 277 +¢/2.

PROOF. We have to estimate |E|'/?~! / F(z)dz, where E is an arbitrary
E
measurable set with measure less than or equal to the measure of the support

of F. Let 27*~1 < |E| < 27*, and split the series which defines the function F
into four pieces:

E [f@)Xa7\@+B)(®@) + (=Y + DX+a\B;(@)] = Z(2) + W (2) + V (z) + U (),

j>n

with
Z@)= Y [f@Xa7\aB)®@) + F(—Y + DXgran5,@)],
n<j<h—m
W@ = ) [f@Xare+8)@ + F(—Y + D)Xeap\5, @),
j2htm

V@)= Y, fy+DXgeaps @),

h—m<j<h+m

Uz)= Y, [@xapgs)®):

h—m<j<h+m
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Then, since |E|~ 27",

|E|/P-1 / Z(z)dz < |E|'?|| 2] < |B|'P21P N 2 < o,

E n<j<h—m

Also

|E|! /e f W(@)dz < 2|E|'/P~" ) / f@)dz
E

Jj2h+m A;

< 2|E|‘/”“ E IA].|1—1/p < c2(1/p-Dm._

j2h+m
Therefore when m is big the contribution of the two functions Z and W
to the integral |E|'/?~! / F(z)dz is small.

E
Finally observe that the two functions V' and U(= 7,V) are dominated
by f and 7,f respectively, hence ||V < 1 and ||U||pe < 1. Moreover V
and U have disjoint supports, so that ||V +U|lpe0 = ([V B + U|[B )"/? < 2!/7.
O

. 2m
LEMMA 2.4. i) Let |Aj| =277 and B = U Ajw. Given € > 0, to
k=—2m
almost every y it is possible to associate an n such that if j > n, then

|A; N (y+ Bj)| < e277.
i) Let C;(y) = [A;N(y+B)IU[(y+A;)N B;l. Then, given € > 0, to almost

every y it is possible to associate an n such that E 2j/"xcj(y) <e.

j>n

p,©

In particular, for almost every y if n is big enough we have ||G||p00 < €/2.

PROOF.
/ > 214N+ Byldy=Y 2 / X4; * X-8;(y)dy
G j>"’ j>n G
=Y |-Bj|=) |Bj <y 2™
j>n j>n j>n

Observe that for the equality | — B;j| = |B;| we need the group G to

be unimodular. Therefore E 2/|A;N(y+Bj)| ¢ is a pointwise monotone
j>n

sequence which converges to zero as n — +oo in the norm of L'(G). We can

conclude that this sequence converges to zero also for almost every y in G,

and i) follows. ii) is an immediate consequence of i). O
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PROOF OF THEOREM 3. This Theorem will be obtained from the following
simple lemmas.

LEMMA 3.1. Let {#,} be an increasing family of open relatively compact
+00
sets with |J An, =G. Then there exists a sequence of points {y,} such that for
=1
every n tZe sets A, and (Ap + Yns1), (An + Yns2), (An + Yn43), ... are mutually
disjoint.

PROOF. Observe that every y, must satisfy only a finite numbers of
conditions. Indeed it is enough to choose recursively the point y, outside the

relatively compact set [ U -4 +(Ai+y]-)]] U { §] [—Ak+ﬂk]]- O

<j<n k<n

LEMMA 3.2. i) The operator

2n
nl/p=1 f@+y)  ifzE An,
Snf(z) = k:zn-ﬂ

0 if x & An,

maps LP*(G) into LP*(G), with norm bounded by one.

ii) If g is a function in LP*(G) with support of finite measure, then
the sequence {S,g} converges to zero in the weak-x topology of LP™(G) =
(LA ®=DIG))".

iii) Let V be an open relatively compact set contained in A, and let

k—l/p ifz eV + Yk, . .
h(z) = { ] Then if z € V we have lim S,h(z) =
0 otherwise. n—+00

p—fi @!-1/p _ 1,

PROOF. Let E be a measurable subset of G. We must show that

B[/t / 1S3 F@)de < [|Fllp e
E

Since S,f(zx) =0 when z ¢ A,, we may assume that E C A,. Then by
the previous Lemma the sets {E + yx},>» are mutually disjoint, and the set

2n
U (E +yk) =D has measure n|E|. Hence

k=n+1
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g |

E

2n
n/27 N f@+ye)

k=n+1

dz

<@E S [ | = o [ f@lds < |l

k=n+1 Evye

Observe that we have used the unimodularity of the group G. This proves i).
The proof of ii) is immediate if the support of the function g is also comp-

act. In general, when the the function g is in L»*(G) and has support of finite

measure, then g is also in L'(G). Let b be a simple function. Then we have

< 127! g]11Blleo,

/ Sng(z)b(x)dz
G

and the integrals / Sng(z)b(z)dz converge to zero as n — +oo. Since by i) the

G

sequence {S,g} is bounded in L»*(G), by standard approximation arguments

we have that this sequence converges to zero in the weak-* topology of LP*®(G).
To prove iii) observe that if z € V, then when n is big,

2n

on 1 K\ [
nl/p-1 E h(m+yk)=; E (;) z/ s~V dg, O

k=n+1 k=n+1 1

Of course, the operator in the statement of Theorem 2 is a suitable limit
of the sequence of operators {S,}.

Let U be an ultrafilter in N containing all subsets of N of the form
{n :n >m}. Then for every f in LP*(G) the image of this ultrafilter under the
map n — S, f defines an ultrafilter base in a closed ball of L»*°(G). Since this
ball is weak-* compact, the ultrafilter base generated by U via {S,f} converges
in the weak-* topology to an element of LP*°(G) which we denote by Sf.

Of course we have ||Sf||pe < ||f]lp,0» and since the operators {S,} are
linear, it can be proved that also S is linear.

The operators {S,} are not translation invariant, nevertheless the limit
operator S commutes with left translations. To see this, observe that if x is
the characteristic function of a compact set and if y is a point of G, then for
every n big enough xS,7, = x7,S,. Hence at the limit xSt, = x7,S. Since this
equality holds for every cut off function x, we have that S7, =7,S. a

PROOF OF THEOREM 4. Let G be a non unimodular group and denote
by A its modular function. It is easy to verify that for every y in G the right
translation operator S, f(z) = A(y)!/? f(z +y) commutes with left translations and
is an isometry of LP*(G).
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Since the group G is not unimodular there exists a sequence {y,} of
points of G which “goes to infinity”, i.e. it is definitively outside of every
compact, and also such that the sequence {A(y,)} decreases, or increases, at
least exponentially.

Let S, f(z)=8,, f(z) = A(yn)" /P f(z +y,), and, as in the proof of Theorem
3, define the operator S as a suitable weak-+ limit of the sequence {S,}. This
limit operator S is linear and bounded on LP*(G), and commutes with left
translations.

It can be easily proved that the operator S kills all functions with com-
pact support, but nevertheless it is not identically zero. Indeed let V be a fixed
relatively compact open neighbourhood of the origin with translates {V +y,}

Aly) VP if € (V +yp),
mutually disjoint, and define h(z) = { W) ! ( Yn) Since
0 otherwise.
|V + yn| = |V|A(yn), if the sequence {A(y,)} decreases or increases at least

exponentially then the function A is in LP*(G). Also if z € V then S, h(z) =1,
so that in the limit Sh is not zero.

Observe that when the sequence {A(y,)} decreases to zero, then Sf(z) =

11m A(y,.)l/p f(z +yy) Kkills all bounded functions, and in this case the operator
%is bounded with respect to the seminorm Nj.

When the sequence {A(y,)} increases to infinity and the function f has
support of finite measure, then A(y,)- f(z+y,) is in L!'(G), and it can be proved
that the sequence {A(yn)'/?~'A(y,)f(z +yn)} converges weak-* to zero. In this
case the limit operator S is bounded with respect to the seminorm N,,. |
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