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Symmetrization of Hyperbolic Systems
with Real Constant Coefficients

TATSUO NISHITANI

Dedicated to Prof. J. Vaillant

1. - Introduction

Let L(¢) be a mxm matrix of real linear forms in ¢ € R**!. The dimension
of the linear subspace spanned by the linear forms in L(€) is called the reduced
dimension of L(§).

In [6], Vaillant proved the following interesting result: assume that L(&) is
diagonalizable for every ¢ with real eigenvalues and that the reduced dimension
of L is not less than m(m + 1)/2; if the difference of any two diagonal forms
does not belong to the subspace spanned by non-diagonal forms then L(£) is
symmetrizable by a non-singular constant matrix, that is the coefficient matrices
of L(¢) are simultaneously symmetrizable (Proposition 3 in [6]).

In Section 3, we improve the above result and show that if L(&) is
diagonalizable with real eigenvalues for every ¢ € R*! and the reduced
dimension of L is not less than m(m + 1)/2, (which will be referred to as
“maximal dimension”) then L({) is symmetrizable by a non-singular constant
matrix (Theorem 3.4). The same result remains valid under less restrictive
assumptions on the reduced dimension. Indeed, in Sections 4 and 5, we show
that if L(£) is diagonalizable for every ¢ with real eigenvalues and the reduced
dimension of L is not less than m(m + 1)/2 — 1, then the same result holds
(Theorem 4.1).

Recently Oshime [4] has completely classified 3 x 3 strongly hyperbolic
systems with real constant coefficients and he has listed up all possible forms
of strongly 3 x 3 hyperbolic systems (see also [5]). By a result of [4] there is
a 3 x 3 hyperbolic system which is diagonalizable (at every point), of reduced
dimension 3(3 + 1)/2 — 2 = 4 which is not symmetrizable by a non-singular
constant matrix.

Pervenuto alla Redazione il 24 Settembre 1992 e in forma definitiva il 5 Novembre 1993.
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It would be interesting to determine the minimal reduced dimension
d(m) such that every diagonalizable m x m system with real eigenvalues is
symmetrizable by a constant matrix. The results mentioned above imply that
d(3) =5 and d(m) < m(m+1)/2 — 1 in general.

The interest in hyperbolic systems with constant coefficients of maximal
reduced dimension comes on one hand from the fact that hyperbolic systems with
variable coefficients are smoothly symmetrizable if m =2 and the localizations
have maximal reduced dimension (see Proposition 1.2 in [2]); on the other hand,
diagonalizable systems with real eigenvalues appear naturally as the localizations
at multiple characteristics of a class of strongly hyperbolic systems with variable
coefficients ([3]).

2. - Preliminaries

Let L(D) be a first order differential operator on C®°(R™!,C™):

L(D)= Dol + ), A;D;,
Jj=1

where I denotes the identity matrix of order m and A; € M(m,R), the set of
all m x m real constant matrices. Let L(£) be the symbol of L(D):

L&) = &I+ Ajg.

J=1
Denoting £ = (§o,¢"), &' = (&1,--., &) we write L(£) as
L(&) = (45(8)

where ¢}(§) denotes the (7, j)-th element of L(¢) so that ¢i(¢) = & + ¥:(¢') and
$3(&) = ¢;'-(£’) if 1#7. We say that L(£) is diagonalizable if L(€) is diagonalizable
for every ¢ € R™!. As in Vaillant [6] (see also [1]) we introduce the following
definition.

DEFINITION 2.1. Let d(L) = dim span{¢j(§)}. We call d(L) the reduced
dimension of L. In other terms d(L) = dimspan{I, A;,..., A,}.

REMARK. Assume that L(€) is diagonalizable with real eigenvalues; then
it is clear that
d(L) < m(m +1)/2.

Let us set
h(&) = det L(§).
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DEFINITION 2.2. We say that ¢€° € R*! is a characteristic of order r of h
(or of L) if
dhE)=0, j<r, dh(E)#0
where d’h is the j-th differential of h.
Recall that a linear change of coordinates ¢ preserving the & axis is
induced by a linear change of coordinates z preserving the z, coordinate and

a similarity transformation of L by a constant matrix is induced by a change
of basis for C™. Note that the following holds:

LEMMA 2.1. Under a similarity transformation and a linear change
of coordinates £ preserving the &, axis, the reduced dimension and the
diagonalizability of L remain invariant.

Note that if L(¢) is diagonalizable and £° is a characteristic of order m —r
then every minor of order r + 1 of L(£°) vanishes.

LEMMA 2.2. Let L(§) be diagonalizable. Then we have

span{¢}} = span{g}|i > j}.

In particular .
d(L) = dimspan{¢j(§)| > j}.

PROOF. If the assertion were not true, we could find p < ¢ and ¢° € R*!
such that

$5(€)=0, i > j, $H(E)#0.

Since £° is a characteristic of order m, L(£°) would vanish and hence a
contradiction. O

LEMMA 2.3. Suppose that there is a non singular constant matrix T such
that

T LT

is symmetric for every ¢ € R**! and assume further that there is £€° € R™! such
that

$i(€) =0, $i(E) — B #0 for i#j.
Then one can find a diagonal matrix D = diag(d,,...,dy) with d; > 0 such that
D 'L(&)D

is symmetric for every £ € R,

PROOF. Since T~'L(£)T is symmetric, it follows that

2.1 L(&)H = H'L(§)
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with H = T'*T where !T denotes the transposed matrix of 7. Writing H = (hj.),
(2.1) implies that . ) '

($:(€°) — #i(ENR; =0
because ¢j~(§°) =0 for ¢#j. Hence hj» =0 if ¢#j and then

H = diag(h},...,hT)

where h! > 0 because H is positive definite. Since T-! =*TH~! the assumption
implies that *TH-'L(§)T is symmetric and hence H~'L(¢) is also symmetric.
We now define D as

D = diag <\/;},...,\/hm) .

-1 -
Then it is clear that D~'L(§)D = < ki #%(&) hﬁ) is symmetric since the

condition that H~'L({) is symmetric means that h;'¢%({) = h}l¢f(§). This
completes the proof. O

3. - Case of maximal reduced dimension

The first step to prove the results stated in the Introduction is to transform
L(¢), by a similarly transformation, to another L(£) = (¢5(£)) in which &, i#j
are independent of diagonal forms. For later reference, we study a slightly more
general case. Let us consider the following upper-triangular m x m matrix:

$1(x) ¢y Pi@) ... ... (@)
0 ¢o(@) $3@) ... ... L@
A(:::): 0 0 ¢3(:B) qﬁf’n(z)
0 0 0 o v (@)
where ¢;(x), ¢%(z) are linear functions of z = (z1,...,%).

LEMMA 3.1. Assume that A(x) is diagonalizable for every x. Then one
can find a non singular T € M(m,C) such that

T 'A@@)T = diag(¢1(2), .. ., dm(2)).
PROOF. We first show that

¢§+1 = cp(¢p - ¢p+l)
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for some constant ¢, € C. Consider

detO\I + A@@) — gpn (@D = [[ A + 6j(2) — (@) + (@)

j=1

where 9(z) = ¢p(x) — dpi1(x). Let J(z) = {j|¢j(z) = $p(2),j #p,p + 1} and note
that A = 0 is an eigenvalue of A(z) — ¢pwi(x)] with multiplicity |J(z)| +2 if
¥(z) = 0. Observe that the (m — |J(z)| — 1)-th minor of Al + A(z) — ¢ps1(2)],
obtained removing the i-th rows and columns for z € J and the (p + 1)-th row
and p-th column, is equal to

#a@ [ O+6i@ - dpu(@)

J@J(z).j#p.p+l

up to the sign. Since this must vanish when A = 0 and ¥(z) = 0, and we
conclude that

z.,.l(z) =0 if op(z) = ¢p+1(z)-

This proves the assertion. Now let us denote
TP(c) = I +Q2(c)

where every element of Q%(c) is zero except for the (p, g)-th element which is
¢ € C. Considering

T Yem-1) - T () L&) T (—c1) - - - T H(—em-1)

we may assume that ¢§+1 =0 for 1 <p<m— 1. We proceed by induction on
t—j=r.Let g=p+r+1 and suppose that

¢i=0fori<j<i+r.

Set J(z) = {j|¢;(z) = ¢p(z), ] #p,q} and consider the (m — |J(z)| — 1)-th minor
of AT + A(z) — ¢4(z)I obtained removing the ¢-th rows and columns for ¢ € J
and the g-th row and the p-th column. By the inductive hypothesis this is equal
to

#@ [ O+i@) - dpl@) + (@)
JjEJ(z).j#pq
up to the sign where 9(z) = ¢,(z) — ¢,(z). The same argument as before proves
that
¢g = Cpq(d’p - ¢q)

for some constant c,,. The rest of the proof is clear. O

Recall that _ .
L(&) = (4j(8)), (&) = &0+ (€.
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PROPOSITION 3.2. Assume that L(€) is diagonalizable with real eigenvalues.
Then there is a non singular T € M(m,R) such that

T'LOT = ()
verifies:
i) eV =span{ili>j} forp<g;
i) @i—(bo+P)EV for 1<i<m.

PROOF. Let J; C {(1,/)i > j} be such that ¢i, (5,7) € J; are linearly
independent and span span{d)' i > j}. Adding suitable ¢, s € J,, J, C {1,...,m}
one can assume that ¢' (,7) € Ji and @i, i € J, are linearly independent and
span span{qS‘ |t > 7} To simplify the notations we write

L&) =i, G, E T, ¢i&)=yi, 1€ T

so that
#5(8) =L (y) + mi(z), p< g,

P& =mi(z), G, ) &1, i> 7],
$i(&) = li(y) + mi(z), 1 & ]
where z = (:t,'j)(."]')ejl and y = Yies,- Then one can write

L(¢) = Gi()) + (m’(z))

where li(y) = y;, 1 € Jy, m}(z) = z;;, (4,7) € Ji and lj- =0 if ¢ > j. Since (l}(y))
is diagonalizable for every y there is T € M(m,C) by Lemma 3.1 such that

T~ Uy)T = diagdi®), ..., In®)).
On the other hand, setting
T?(c)(mi(@))TP(—c) = ((z))
it is clear that

span{rj|i > j} = span{z;|(G, /) € J1}

provided if p < q. Since T is a product of several T?(c) with p < ¢, T'L(§)T
verifies the asserted properties. O

PROPOSITION 3.3. Assume that L(§) is diagonalizable with real eigenvalues.
Suppose that d(L) = m(m + 1)/2k(k + 1)/2 and ¢' =0 for i > j+m—k. Then

there is a non singular constant matrix T such that T'L(&)T = (¢' (&)) verifies
that

i) () eV =span{gi|i > j} for p< ¢
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i) ¢i— (ot eEV;
iii) ¢i=0fori>j+m—k

PROOF. From Lemma 2.2 and the assumptions it follows that qu., 1<i<m
and ¢, j+m — k > 1 > j are linearly independent. Let us set

GO =zij, j+m—k>i>], (O =y, 1<i<m.
As in the proof of Proposition 3.2 one can write
L(&) = (5@)) + (m(z))

where m} =0 if ¢ > j+m — k. Note that with
TP (c)(mi(@)TP(—c) = (1}(z))

we have mi(z) =0, 1 > j+m — k and rhj«(x), i+m —k > 1> j are linearly
independent provided that p < q. Then the same argument as in the proof of
Proposition 3.2 proves the assertion. O

Throughout this note we denote by

i e ik
(T M)e
o Tk
the minor of order k of L(£) composed of rows 7; < --- < 4, and columns
Ju<eee < Jge

THEOREM 3.4. Assume that d(L) = m(m+1)/2 — k(k+1)/2 and ¢j~ =0 for
1 > j+m — k. Suppose that L(£) is diagonalizable with real eigenvalues. Then
L(¢) is symmetrizable:

T~ LT = S(6)

where T is a non singular constant matrix and S(€) is real symmetric for every
5 c R"”.

COROLLARY 3.5. Assume that d(L) = m(m+1)/2 and L(§) is diagonalizable
with real eigenvalues. Then L(§) is symmetrizable by a constant non singular
matrix.

PROOF OF THEOREM 3.4. From Proposition 3.3 it follows that we may
assume that ¢} € V = span{¢}|i > j} for u < v and ¢} =0 for ¢ > j+m — k.
Then we can follow exactly the same argument as in Vaillant [6, pp. 411-412].
Recall that

guEh= D, Curgueh)

ptm—k>q>p
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for u < v. The same induction on ¢ —p(m —k > ¢—p > 1) as in [6] shows that
Cr? >0 and
Y(u,v), u<wv, (u,v)Hp,q) = C;F =0.

In particular, we have
dy=0ifu+m—-k<wv.

Thus we get
¢y =Cres, Ciw >0, p<g<p+m—k, ¢;=0, p+m—k<gq.

We apply again the same reasoning as in [6, pp. 413-414]. Then we conclude
that there is a diagonal matrix D = diag(d,...,d,) with d; > 0 such that

D™'L(§)D = 5()

is symmetric for every ¢ € R™!. This completes the proof. O

4. - Case of less reduced dimension (1)

In this and the following sections we shall prove the following result.
THEOREM 4.1. Assume that L(§) is diagonalizable with real eigenvalues
and d(L) =m(m + 1)/2 — 1. Then L(€) is symmetrizable:
T LOT = S()
where T is a non singular constant matrix and S(§) is real symmetric for every
E e R"+l.

To prove the theorem, we may assume that non diagonal forms are
independent of the diagonal forms by Proposition 3.2. Then we look for
characteristics of order m — 2 so that every 3-minor is zero by assumption. We
choose suitable 3-minors to conclude, again after a similarity transformation,
that ¢f depends only on ¢} for p < g:

¢g =Clhéy, CF>0.
Repeating again a similar argument we will show that
1rp _ ol
C,Ci=C, for 1<p<yq.
Then it is easy to find a symmetrizer following [6].

As noted above we assume, in what follows, that non diagonal forms of
L are independent of the diagonal forms. We divide the cases into two:
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(a) }j, ( > j) are linearly independent for every T € M(m,R) which
exchanges some rows and the corresponding columns, where T-!L(¢)T =
(56,

(b) qS"Tj, (@ > j) are linearly dependent for some T € M (m,R) which exchanges
some rows and the corresponding columns.

We study case (a) in this section and case (b) in the next section. From
our assumptions we have
i
E cj$; =0.

=

m
Assuming (a) it is clear that cfg#O, cjg;éo for some j,#1, because E ct=0.

) . i=1
Then exchanging columns and the corresponding rows we may assume that
'io = 1, j() =m.

Therefore d)f, 2<1<m, j, 1 > j are linearly independent and the same is

true for ¢}, 1 <i<m—1, ¢%, i > j. Set

V = span{¢}li > j}.
The following two lemmas are easily verified.
LEMMA 4.2. We have
dim span{¢} — 8;a(&")li > j, G, H A1, D} =m(m + 1)/2 - 1,
dimspan{¢}; — 6;a(€")[i > j, G, j) Hm,m)} = m(m +1)/2 — 1
for any linear form a(¢'), where 6} is the Kronecker delta.

LEMMA 4.3. Let p#q and assume that either p, g <m —1 or p, ¢ > 2.
Then we have

¢p— 1l V.
Recall that for u < v -
gi=1 CJl¢:.
>]

LEMMA 4.4. Let w>2 and u <v. For p > 2 we have

Cops1 = 0 unless (u,v) = (p,p+ 1)

Let v<m—1 and u <v. For p<m —2 we have

Cops1 = 0 unless (u,v) = (p,p+1).



106 TATSUO NISHITANI

PROOF. We may assume that 1, = 0 as before. We follow Vaillant [6]. Let
p>2 and take ¢' so that ¢3(€)=0, > j, (4,/))Hp,p+1) and ;(¢") =0, © > 3,
1#p, p+ 1. Then it is clear that

(&) = (6o + Yp) (€0 + Y1) — 57 B0, (&0 + ¥1)ET >

Note that ¢§+1(£’) = c¢§“(£’) with some ¢ > 0 which follows from the
hyperbolicity of h. We show that ¢ > 0. Assume ¢ = 0. Take & so that

Yp(€) = Ppr1(€') = 0, #B1(€)#0. If 1(€') =0, then (0,¢') is a characteristic of
order m and hence L(0, ¢') = 0 by the diagonalizability which gives an obvious
contradiction. If 1;(§')#0 so that (0, £') is a characteristic of order m — 1, taking

the 2-minor,
1 p+1
L 0,)=0
1 p

we also get a contradiction.

We now take 9,(€') = 1, ¢pu(€') = ca?, ¢8*1(¢') = o so that (0,¢) is a
characteristic of order m — 1 (resp. m — 2) if 9;(§') =0 (resp. ¥:1(¢')#0). When
$1(€") = 0 every 2-minor of L(0, ¢') is zero. Since a« is arbitrary we conclude
that

Copi1 = 0 unless (u,v) = (p,p+1).

When 9;(£')#0 every 3-minor of L(0, £’') must vanish. Since
1
v(y " Poer-wer(? ®)oo
1l ¢ @ a @

every 2-minor of the (m — 1) x (m — 1) right-lower submatrix of L(0,¢") is
zero and the proof is reduced to the preceding case. The second assertion can
be proved by the same argument applied to the left-upper (m — 1) x (m — 1)
submatrix. O

PROPOSITION 4.5. Let u > 2 and u < v. For q > p> 2 we have
Cy3 =0 unless (u,v) = (p,q).
Let v<m—1and u<wv. For p<q<m-—1 we have

C,7 =0 unless (u,v) = (p, q).

PROOF. The same arguments as in [6, pp. 411-412] with the modifications
indicated in the proof of Lemma 4.4 show the assertions. a
By Proposition 4.5 we can write for u >2, u <v

(4.1) gu=Cuign+)  Cudi
=2
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and
m-—1 )
(4.2) gu=Clgl+ Yy Clgm
j=1

forv<m-1, u<wo.

LEMMA 4.6. There is a non singular matrix T € M(m,R) such that
T'L(ET = (65(8)
verifies
Ci=0, Cim™' =0 for G,j)=(1,m—1), (1,m), (2,m),

where @ = E C’;‘f 95; Furthermore T 'L(¢&)T verifies the conclusion of
i>]
Proposition 4.5.

PROOF. Without restrictions we may assume that i, = 0. We divide the
cases into two: ¢} —¢™ €V and ¢! — " € V.

Case ¢! — ¢m ¢ V. This assumption implies that either 8vp,/d%i#0 for
some k, 3<k<m-—10r Yn/dYr=0,3<k<m-—1 and 9y, /d¢; #1. Let
us assume the former case. Then 1, is a linear combination of i,...,¥k-1,
Prsl, .-, Ym and ¢, 1> j. Take ¢5(6) =0, ¢ > 7, (1, /)#2,1), ¢1(¢) = a and

set 3
— ’ +4ca?
/\i= ;/)1 + ¢1 2ca , C= 21%

Take 9; so that o; = —A*, 3 <i<m, 1#k. Then (A%, ¢') is a characteristic of
order m — 2. Note that

A+ Y = Biy + Bz)\i + B3«

with some constants B;. Take the 3-minor
ca 0 Cla
12 k\ .,
4.3) L<2 L )(A NIEILS 0 C%al|=0
m
0 X+¢p Cka
where C; stand for Cjj for simplicity and we have used Proposition 4.5 to

conclude that ¢¢ is independent of ¢? when 1 < v < m, u < v. Assume that
B; #0 and recall that (4.3) is equal to

cC’,angoz3 - (cC’,anz - C',l,,B3)012/\:t - cC,an,azz/)l
+C,LBza()\i)2 + C’,lnBla)\iz/)l =0.
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Since A\* — 0, A*p; — ca?/4 as 9 — oo we obtain that C% = 0. Then (4.3) is
reduced to
ClB3a*)* + C} Bya(0*)* + CL Biad*y; =0

and hence we see that C} = 0. If B; = 0, B,#0, noting that [A~| — oo as
¥ — —oco we get C} =0 and then C% =0. If By = B, =0, B3#0, a similar
argument shows that C}, = C2 =0.

Let B; = B, = B; = 0. This means that (A%, ¢') is a characteristic of order
m — 1. Then taking the 2-minor

1 2 £ o
(! 2o

we conclude that Cl, = C2 =0. ‘
We turn to the latter case. We take ¢%(¢) =0, © > j, (1, )#2,D),
(2, /)#Hm,m — 1) and ¢}:_, = . Hence

1
ca CrLa
£ (M
A Cha

h(€) = (éo(éo +¥1) — ady)
X ((Go+ Ym0 +¥m) —Bon ) [[  Go+vp.

j#12m—-1m

Recall that ¢} = Clla+C)™~!4 and ¢! = C™ M +Cm1m-13. Here it is clear
that CJ™~! = ™" = 0 from the hyperbolicity of h because {%1,%3,...,Ym-1}
are linearly independent and so are {¢3,...,%,}. Note that

Pm =61 +aa +bf

with 6#1, a=Cm, b=Cmm1. Let ¢ _, solve the equation

m2°
(’\i +¢7:::;_1)()\i + 6¢1 +aa + bﬂ) = C1,32

which is a linear equation in ¥ _, where ¢; = C™,!™~!. Taking ¢; = —\*, i#1,
2, m—1, m, (A%, ¢) turns out to be a characteristic of order m — 2. Consider
the 3-minor
M4y, CL B Cla,p)
1 2 m I
“4.4) L ( ) 58 = o 0 C%(a,B)| =0
1 m—-1 m
0 B A+,

where C}_, =CIm ]l Cl(a,B) = Clha+Clm-'B and C2(a, B) = C2La+C2m 1.

Here we have used Cll |, = 0, C2 ,, = C*™;! = 0 which follows from
Proposition 4.5. Note that (4.4) is equal to

(6CL,_ 10 + C2(a, B)B)y1 — (CL,_ af + C2(a, BB

4.5)
+C} (o, B)aB — (aa+bB)C},_ a3 = 0.
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As before it follows that
1 2 _ 1 2 -
6C,,_1aB+Cr(a,B =0, C,_af+C(a,B)=0.

Since 6#1 we see that C!_, =0, C%(a,B) = 0. Hence C}(a,B) = 0. Thus we
have proved that
Gl = 02 =0.

Repeating an analogous argument, exchanging ; and %,,, and noting that we
may assume that 1,,_; = 0 instead of ¢, =0 we conclude that

Com ! =Cmp, = 0.

m—1lm —

Case ¢\ —¢™ € V. Noting that 39y, /09 =0, 3 < k < m—1, 0% /091 =1,
we take the same ¢’ as in the second case of ¢! — ¢™ & V. Then (4.4) turns
out to be

B(CL_ o+ CL(a, A1 — BCL,_ a + Ci(a, BIAE
+aB(CL (e, B) — CL_(ac +bB)) = 0.
Hence it follows that
(4.6) C2i(a,B) = —CL_,a, Cl(a,B) = (ac+bB)Cp,_;.

Now we take T =TL(-CL _,) and set

T L(OT = ($4(&)).
Then it is clear that
@ $i = b — Crut (s — 1) — (Cro_ )87
$r1 = Pt — Cro1Bmts B = 60 + Cp_1 1.

It is easy to see that Ci} = Cin~! = 0 for (i,5) = (1,m — 1), (1,m), (2,m) by
(4.6) and (4.7). ~Note that q~5]1 1<j< m— 2, differs from ¢J1. only by a constant
times ¢7", and ¢;,, ¢ > 3, differs from ¢;,% by a constant times ¢%. This implies
that Proposition 4.5 remains valid for (65(8)). O

In what follows we assume that the original L({) verifies the conclusion
of Lemma 4.6.

LEMMA 4.7. For 2< q¢<m—1 we have
1 _ .
C:-:;q_O lfu<m9 u’#la “?éq,

Clm=al =0 if 1 <v, v#m —q+1, v#m.
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PROOF. Without restrictions we may assume that 1, = 0. Take ¢’ so that
¢i=0,1> 7, (4,7)#g,1), ¢{ =« and ¢; =0, « > 2. By Proposition 4.5 we have
#t=0if u<v, v<m-—1, (u,v)#1,q). Hence

h(&) = (bo(&o +91) — BIE

As before, we easily see that ¢; = c¢! with some ¢ > 0. Then (0,¢') is a
characteristic of order m — 2. Take the 3-minor, assuming for instance g < u,

$1(€) ca Cla
1 ¢ u
L 0,h=| « 0 Cia|=0
1 ¢g m
0 0 Cha

where Ci = Cii. Then we have C, = 0. Similarly we can prove the second
assertion. 0

COROLLARY 4.8. We have for u < v
,‘)‘21 =0 unless (u,v) =(1,2),

C*m=! =0 unless (u,v) = (m,m — 1).

PROOF. The assertion easily follows from Lemmas 4.6 and 4.7. O
LEMMA 4.9. Let 2< q < m — 1. Then we have for u <v
Cy =0 unless (u,v) =(1,9),
C’,’,‘,',,"“"+1 =0 unless (u,v) =(m — q+1,m).
PROOF. If g = 2 this is Corollary 4.8. Let ¢ > 3. Take ¢} = 0, i > j,

(#,/)#g,1) and ¢ = . Then from Proposition 4.5 and Lemma 4.7 it follows
that for u < v

¢, =0 unless (u,v) =(1,q), (1,m), (g, m).

Without restrictions we can suppose that i, = 0. We first study the case where
OYm /09 #£0 for some k, k#1, g, k <m — 1. Since

h() = (€o(&o +¥1) — cad)&o+9e) [ Go+¥p
J#l,gk

with ¢ = Cp}, we can follow the same arguments proving Lemma 4.6 choosing
¥; = =A%, i#k, 1, g. Assuming g < k for instance, take the 3-minor,
) P ca 0 ClLa
L( 1 )(A*,g’): A0 Clal=o.
g k m
0 M+ 0
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The same reasoning as in the proof of Lemma 4.6 proves that C) = C% =0
where Cj, = C),, C4 = CZ,. We treat the remaining case 99p/d¢r = 0,
Vk#l k<m- 1 We ﬁrst study the case ¢ < m — 1. We take ¢‘(£’) =0,
1> 7, (6,))#Hg, 1), (m,m — 1) and ¢{ =, ¢}»_, = . From Proposmon 4.5 and
Lemmas 4.6, 4.7 it follows that

¢: =0 unless (ua v) = (1, Q), (l,m)y (q, m)a (m—1,m)

and
¢; - C'“a, ¢m— = Cz;zlm lﬂ +Cm——ll
#h=Clha, 41, =Cla

Since

h(€) = (&o(bo + 1) — ady)
X (b0 +Pm-1)Co+Pm) =B [ (Go+9)

j#laqﬂn_l,m
if follows from hyperbolicity that Cp I = 0. Choosing %= _, and ¢;, j#1, g,
m — 1, m as in the proof of Lemma 4.6 we consider the 3-minor

M4 0 Cla

L (1 ! m) 0 Ctla |=0
1 m—-1 m) | * me® |7
0 B A+,
Here we have used C’,‘""‘}m =0 which follows from Lemma 4.6. Repeating the

same arguments as in the proof of Lemma 4.6 we obtain that C‘I1 =0 and

C’,‘,,‘q = 0. Exchanging v; and %, and repeating the same reasoning we conclude
that

Im—q+l _ Im—g+l _
C, =0, Clme+l =,

m—g+lm —
When ¢ =m — 1 we take ¢} =0, i > j, (¢,/)Hg, 1), (2,1) and ¢f = a, ¢} = 8.
Without restrictions we may assume that 1, = 0. It is easy to see that

h(€) =(&o + Ym){(€0 + Ym—1)(Eo(€0 + 1) — Bb))
—Cr?ty I G+

j # 1)2)m_1;m

with CL,_, =C! | .. Note that 1,,#0 by Lemma 4.2. Take t,,_; such that
WPm-1 = Pm)Pm1 = Ym) + B$2) + Cp_1pma’ =0

and ¥; = ¢¥m, j#1, 2, m — 1, m so that (—¢m, §') is a characteristic of order
m — 2. We consider the 3-minor

c Cl a Cla
1 2 m—1 g m-1 m
L( =Yy, 0 0 =0.
2 m-1 m
0 Ym1—Ym O'r"n—la
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This gives that C}, = CL._, = 0, C»! = Co!' = 0 because ¢}#0,

mm—1 mm—1
ClL_,=Cl, 40 and B, 9 are arbitrary provided (¥ — Pm) + BL £0.
Working in the (m — 1) X (m — 1) right-lower submatrix, similar arguments show
that
cl2 -2 -0
which completes the proof. O
LEMMA 4.10. We have C)f, =0 for 1 <p<gq<m.

PROOF. Let ¢ < m — 1. Take ¢§ =0,7> 7, (1,/)Hg,p), (m,m—1), ¢ =a,

m-1 = B. From Proposition 4.5 and Lemmas 4.6, 4.9 we see that ¢}, = CI2,¢¢

and ¢! — Cm'm=lgm_ . Without restriction we may assume that 4, = 0 and
hence 1, #0 by Lemma 4.2. Then it is clear that

h(€) = (o +Y1)(&o +$p)éo — CPa?)
X (fo+Ym-)o+¥m) —Cn'p [  (G+vp

j#lpgm-1m

where Cf = O, C~! = Cpi'™=1. Recall that 9, = li(s;) + lo(a, B). Let tp,
¥m—1 solve the equations

—(tbp — YY1 = CPQ?, (Yt — $1)(Wm — 1) = C1 ' B2,

With this choice of v, and o,,_1, (=41, &) is a characteristic of order m — 2
choosing ¥; =41, i#1, p, g, m — 1, m. Observe the 3-minor

1 K 0 Cla
L( pom ):cga 0 0 =0

g m-—1 m )
0 Yma—-9v1 CoL'B

where Cy, = C,?. This shows that C}%, =0 because CP#0 if 9, — 1, #0. When
Ym — 11 =0 taking ¢™_, =0 we get
(4.8) h(&) = (bo+ 1) (o +¥p)bo — CPa®) [ (&0 +9))

Jj#1pgm

Choosing 1,, ¥; such that

_(d)p - 1/)1)’¢’1 = Cga27 1/)]' = 1[’1’ ]#1’ b, g m
(=11, &) is a characteristic of order m — 1. Thus taking the 2-minor
1 0 C!
“Gom)lo o
p m "/’p -1 0
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we conclude that C., = 0.
When ¢ =m — 1 it is clear that

R(€) =(€o + 1) {(€0 + Yp)(&0 + Pm)Eo — Cm ™' %)
—Cr o+ [T G+

j#Lpm-1,m

where C?_, =C™

m—1lm—1°

Then if v, — 1 #0, choosing ¥m_1, ¥, ¥; so that
Wp = $1)(%m — Y101 + Cp ™' %) + O 102 — 1) = 0

and ¥; =9y, j#1, p, m — 1, m it is enough to take the 3-minor

0 Cla

1 m—-1 m O

o( )=la $mi-wi Cpg| =0
m—-—2 m—-—1 m 0 5 " "
m — Y1

to get CL=C®  =0. If ¢, — 9 =0, taking 8 = 0, h(£) coincides with (4.8)
and then the proof is clear. O

By (4.1), (4.2) and Lemma 4.9 it follows that
¢Y = CHgl + CELOT, (u,v)H1,m), u < v
and from Lemmas 4.9 and 4.10 we see that
S = Crum®T".
LEMMA 4.11. We have
C,',‘,ln =0 unless (u,v) = (1, m).

PROOF. Recall that ¢ = C¢P + CU ¢ for u < v. Since C** > 0 we
choose ¢' so that ¢T =, ¢_, =p and

49)  gu=—Cm

u>2, (u,v)HAm—1,m), ¢} =0, 2<v<m-—1.

Without restrictions we may assume that 1,,_; = 0. It is clear that

h(€) ={€o(0 +$1)(60 + $m) — BC(ex, B)(&0 + 1)
+a(Cp_1Cle,Pa— Chat)}  [[ (Go+vp

jFLm-1m
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where Crln—l = Crlnl-lm’ Crln = Cr]nlm’ C(a, B) = Cr’nnr:;lla+cv")1nr;lm_]ﬁ' Take ¢j ==Y,

j#1, m — 1, m and let ¢,, solve the equation
(4.10) Y@y +91)@ +¥m) — BC(a, B)y + 1) + Cp,_1Cla, B’ — Cpa’y = 0.

Then clearly (y, £') is a characteristic of order m — 2. Note that y and ; are
arbitrary provided that y(y + 1) #0. Let us take the 3-minor 2 < ¢<m -—2)

1 m—-1 m v+ ¢; Cn1®
L ( ) =l 0 o1 y =0.
1 q m—1 e
a o7 B

Since y, 91, B, a are arbitrary and
$g=Cpma, ¢y~ =—-CL_,,a/CH . |, ¢7 =—C8,a/CL,
by (4.9) it follows that
(4.11) Con=CH,=C8 =0,2<g<m-2.
Take ;= —y, j#1, m — 1, m and let ¢, = 9;(¥m,y) solve equation (4.10). In

this case y and v, are arbitrary provided that y(y+1,)—B8C(a, 8)#0 and (y, &)
is a characteristic of order m—2 again. Consider the 3-minor 2 < p < ¢ < m-2)

¢ 0 0
g m—1 m
L( )= ¢y Ca,p)|=0.
p m—1 m
¢;’n B y+vm
Hence ¢¢ = —CELa/CP =0 and then
(4.12) Cr =0,2<p<g<m-2

We next choose ¢ such that ¢7* = @, ¢? = 8 and
Cila
¢z =- Cvuu ’
v
o7 =0, 2<u<m-1.

u<v, 3<v<m-1,

Then similar arguments as above prove that

Cﬂ,,lm=C;,1n=Cq2,1n=0 for3<g<m-1,

4.13)
crL=0 for3<p<g<m-1.

From (4.11), (4.12) and (4.13) we get the desired assertion. O
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PROPOSITION 4.12. There is a non singular T € M(m,R) such that
T~'L(&T = (§5(5)
verifies for u < v that

Cu? =0 unless (u,v) = (p,q)
where ¢ = E Cul d;}
i>F

To simplify the notation we set
Cl=Cl, p<gq
which are positive. By Proposition 4.12 we know that

¢h = Ch¢f for p<gq.

We recall some facts.

LEMMA 4.13 (Oshime [4]). Let m = 3 and d(L) = 3(3+1)/2—1 = 5. Suppose
that L(§) is diagonalizable with real eigenvalues. Then L(§) is symmetrizable
by a non singular constant matrix.

Let us consider the matrix
P(x) azy T4
A@) =] = 0 Pz
T4 T3 T
where (z) is linear in z = (z1,..., T4).

LEMMA 4.14. Assume that A(z) is diagonalizable with real eigenvalues
for every z. Then we have a, B, v > 0 and af3 = 1.

PROOF. The assertion that o, 3, v > 0 is easily verified. Recall that
zol + A(z) has reduced dimension 5 and hence is symmetrizable by Lemma
4.13: there is T such that T-!A(z)T is symmetric for every z. As in the proof
of Lemma 2.1, setting H = T'*T, we have

A(@)H = HA(z).

From this we easily see that H is diagonal with positive elements. Then a
simple observation proves that af = ~. O
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We next consider the matrix
#(z) azz 7zs
Ax) = T3 0 PBxy
s T4 T
where ¢(zx) is a linear function in z = (zy,...,zs) and d¢/dz; #0.

LEMMA 4.15 (Vaillant [6]). Assume that the eigenvalues of A(x) are all
real. Then we have a, B, ¥ > 0 and aff = 1.

PROOF. It is easy to see that o, B, v > 0. We take z; =0, z3 = 1/\/a,
z4=1/y/B, z5 = 1/,/7 and z; so that ¢(z) = 0. Then it is clear that

detO + A(x) = A3 = 3) + vVaB/y+\/v/ap.

The discriminant is
27 {——4 + (\/aﬂ/"y + \/7/&,@)2}

which must be non positive. Hence a8/ = 1. O

PROPOSITION 4.16. For 1 < p < q we have
1p _ il
C,CY =C,.
PROOF. Let ¢ < m. Take &' so that

$i=0, i>j, G,HHp, D, (¢,1), (4,p)

Without restriction we may assume that ¢, = 0. Since L(£) has only real
eigenvalues it is clear that

¥i Gl Cpéf
¢ b Cidp
¢ % Y
has only real eigenvalues. Since ¢ < m we can take ¢, g, ¢, ¢{, ¢¢ as

independent forms and then we apply Lemma 4.15 to get C;C;’ = C’;. When
g =m we take ¢ so that

¢;=0, i>j, G, )HHp, D), (m,1), (m,p).
Consider the 3 x 3 matrix
Y1 Cl¢i Chov
A=| 4] ¥ Chep
T by Um
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where we may assume that 1, = 0. Note that, after an exchange of rows and of
the corresponding columns, L(¢) becomes a direct sum A@® B where the diagonal
forms of B are & +1; (¢#1,m,p). Then it is clear that A is diagonalizable
with real eigenvalues since 9; (i #1,p,m) are independent of %1, ¢, ¢f, ¢T,
¢y Thus applying Lemma 4.14 we obtain C,CE, = Cj,. 0O

THEOREM 4.17. Assume that d(L) = m(m+1)/2—1 and that L(¢) = (¢;'.(§))
is diagonalizable with real eigenvalues. Suppose that qS}, i < j, are independent
of diagonal forms and that L verifies the property (a) stated at the beginning
of the present section. Then there is a non singular matrix T such that

T LT

is symmetric for every ¢ € R,

PROOF. Using the same notation as in the proof of Proposition 4.16 we

di=1, dg= 1/‘/0‘} for ¢ > 1.

Then with T = diag (dy,...,d,) we have T7'L(§)T = (di‘lde-d,'). When 7 < j
we see that

set

d7'¢id; = d; ' ¢ld;

which proves the assertion. O

5. - Case of less reduced dimension (2)

In this section we study the case (b) described at the beginning of the
previous section. Recall that

50 _ 0] 41
sh= > Cile
©>],(3,5) #(t0,J0)
with some 15 > jo. The following lemma is easily verified.

LEMMA 5.1. We have
dim span{¢; — 8ia(¢")|i > j, (G, 7) #io, o)} = m(m + 1)/2 — 1

for every linear form a(£').

If d);g = 0 then exchanging rows and the corresponding columns we may
assume that ¢7 = 0. Then we can apply Theorem 3.2 with k = 1 and hence
T-'L(&)T becomes symmetric for every ¢ for some non singular T'. Thus in what
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follows we assume that ¢;g#0 Again exchanging rows and the corresponding
columns we may assume that (zo, Jo) = (2,1). Set

and note that ¢} =0, (z,7) € I, implies ¢} =0.
PROPOSITION 5.2. Assume that L(§) = (¢j~(£)) is diagonalizable with real
eigenvalues. Then we have

cyr

o1 = 0 unless (u,v) =(1,2), (p,p+1).

To prove this proposition, without restriction, we may assume 1, = 0. We
first establish some lemmas.

LEMMA 5.3. Let ¢} =0, i > j, (5,)#3,1), 3,2) so that ¢} is a linear
combination of ¢; , (2,7) =3, 1), (3,2). Then

Y1 ¢y @)
An=1¢2 0 ¢3
B ¥

is diagonalizable with real eigenvalues.

PROOF. Let ¢ =0, i > j, (1,/)A3,1), (3,2) and set

L= ( An AIZ) .
O Ap
Then a,...,%n are eigenvalues of Ay. Since s,...,%,, are independent of

Y1, ¥3, ¢3, ¢35 one can separate the eigenvalues of Ay, from those of Aj;. Then
it follows that A;; is diagonalizable with real eigenvalues. ]

Slightly changing notations we consider the following matrix:

T b(z3,z4) d(x3,24)
A(z) = | a(z3,x4) 0 c(x3, z4) |, = =(z1, 22, T3, Ta).
T4 T3 s}

LEMMA 5.4. Assume that A(x) is diagonalizable with real eigenvalues.
Then we have

b(z3, T4) = ca(z3, T4), c(T3,34) = Pz3, d(23,24) =VT4

with positive constants o, B, v > 0 such that off = .
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PROOF. It suffices to repeat the proof of Lemma 4.14. O

PROOF OF PROPOSITION 5.2.

First step. Take ¢' so that ¢} =0, (1,) € I, (i,7)#3,2) and ¢3 = 1. Then
from Lemmas 5.3, 5.4 it follows that

¢i=a, ¢y=ca, $j=P, ¢;=0
with @, # > 0 and a € R. Then it is clear that

R(€) = {(&o + P1)€o(€o +¥3) — aa®(&o + 1)
- B& +vn} [ o+

i>4
Taking & =y we consider the equation
(.1 @ + 1y — a3+ @ — P +y° — ad’y’ — By =0.

For every v, y with y?+4,y — aa®#0 one can solve equation (5.1) with respect
to 13, that is 3 = 3(y, 91). Take 9); = —y, 1 > 4 so that (y, £') is a characteristic
of order m — 2 and hence every 3-minor is zero. Recall again that

¢y =Ci, u<v.

We divide the cases into two; a =0 and a#0.

Case a#0. Let v > 4. Take the 3-minor

+¢; aa C!}
1 23 y+d
L =| a y C%|=0
1 2 v 3
0 1 Cj

where CJ = C’2. Since y, ¥, are arbitrary provided that y? + ¢y — aa?#0 it
follows that
Cl=C?=C3=0 for v > 4.

When v > u > 3 we take the 3-minor

a Cc?
2 3 u y M
L =10 1 03 =0
1 2 v
0o 0 cCy

with C} = C}3 to conclude that

(5.2) C% =0.
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We turn to the case a = 0. In this case it is clear that
h(€) = (&o(&o+¥3) — B ] (bo+0).

i#23

Take 13 so that 1+13 = and 9; = —1, 1#2, 3. Then (1, ¢') is a characteristic
of order m — 1 and every 2-minor is zero. This shows that

(5.3) C¥ =0 unless (u,v) = (2,3).

V.

By (5.2) and (5.3) we obtain the desired assertion when p = 2.

Second step. Now we study C,”,,, p > 3. Take ¢&*' =1, qu- =0, (1,5) e I,

vp+l?
@G, /)#Hp+1,p). Recall that

2
¢1=a, ¢y =Cp,

and ¢} = aaq, = (3. Then it is clear that

P
p+l

h(€) = (€o(éo + 1) — aa’)
X (Go+ )+t —B) [[ (Co+e0)

1#1,2,p,p+1

where o, f > 0 which follows from hyperbolicity. Before going further we
have:

LEMMA 5.5. Let a#0. Then we have

a>0, >0

PROOF. We first show that g > 0. If 8 =0 we take 9, = Yp1 =0, ¥; =0,
1#1, 2, p, p+1 so that (0, ¢') is a characteristic of order m —2. Take the 3-minor

¥ aa C)
1 2 p+1 P
L =la 0 C?|=0
1 2 p P
0 0 1

with C; =CP? .- This means that a =0 and hence (0,¢') is a characteristic of
order m taking 1; = 0. This gives a contradiction. We next show that a > 0.
If a =0, taking ¢; =0, 1#2, (0,¢’) is a characteristic of order m — 2. Take the

3-minor
a Cg C§+1
2 p p+l
L(1 1):0 0 B |[=0
+
pop 01 0
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which gives # =0 and hence a contradiction again. O

We continue to study C,%,,. We first investigate the case a#0: Recall that,
taking ¢5*' = p,

h(€) = (&o(&o + 1) — aa®p?)
X (&0 + )b+ ¥ — 88D [ Co+vo.

i#1,2,p,p+1

2 2
+ Py Y1 +4aap
=4 ‘/.___.—

A 2 4

and note that \* — 0 as 1, — co. We take 9T = 1—X*, ¢, = Bu? — A* so
that

Let us set

OF +95H)AE +92%) = B,
Taking ¢F = —\*, i#1, 2, p, p+1, (0,¢) will be a characteristic of order m —2.
When u > p+1 we take the 3-minor

2 CL, 7
2 p+l1 u " Y
L( >= 0 Bu? cr=0
2 p+l1 v
0 cy

v

with C} = C;fm to conclude that Cy?,, =0. When u=p and v#p+1 or u=p+1
we take the 3-minor

* Clayp Clu

>= 0 pBp Chu|=0.
0 By Cpu

Since u is arbitrary we get C,?,, = 0. Similarly we get Cy?,1 =0 when u <p.

L<2 p max{u,p+1}
2 p+1 v

Case a =0. It is clear that
h(6) = Eo{(bo +bp)Eo+¥pr) — B?} [T o+ 0.
1#2,p,p+l

Taking 1); as in the proof of the first step, (0,¢') is a characteristic of order
m — 1. Then every 2-minor is zero. Thus it is easy to see that

Cyr,; =0 unless (u,v) =(p,p+ 1).

This completes the proof of Proposition 5.2. ]

LEMMA 5.6. Assume that

¢1]:'=0, ’b>2, l#q, j=1) 2’ ¢§=0, 1'>q’ ¢f1=0’ 2<1’<q
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s 3 . . s ' - Pl
and the other ¢}’s (i > j) verify ¢; = a;¢]. Then

sl ¢ &
An=|¢ # 4
¢ 4 ¢
is diagonalizable with real eigenvalues.

PROOF. Interchanging the third and g¢-th rows and the corresponding

columns we arrive at
L) = ( Ao )
0 Axn/’

Since the diagonal forms of Ay, are ¢, i#1, 2, g, the same argument as in the
proof of Lemma 5.3 proves the assertion. O

PROPOSITION 5.7. We have for u < v that

Cu? = 0 unless (u,v) =(1,2), (p,9).

PROOF. We proceed by induction on ¢ —p = r. When ¢ — p = 1 this is
Proposition 5.2. Assume that for p < ¢ < p+r we have

Cyg =0 unless (u,v) =(1,2), (p,9).

Let ¢g=p+r+1. We may assume 3, = 0 without restrictions.

First step. Let p=1. Take ¢} =0, ¢, =0, ¢ > 2, i#q and ¢;1 =0,17>7,
1 > q. Recall that

du=Cudl+Cuidy for 3<u<v<gq
by the inductive hypothesis. We take ¢% so that

_cugt

T e .
( Yuu
v

(5.4) gL =
Thus ¢% =0 for 3 < u < v < q. Applying Lemmas 5.5 and 5.4 we get

¢y = adl, ¢;=4{, ¢; =P}

with @, 8, v > 0. Take ¢! =1, ¢3 =0 and hence ¢? =a € R. Then it is easy to
see that

h(€) = {(€0 +$o)(&o + 1) — aa® (o + ) —véo} [ (bo+0).

i#l,2¢
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Setting £ =y we consider the equation
(5.5) @ + 1y — ca®ypy + Y’ +9° — (@@’ + )y =0
with respect to 1,. For every given y, 9; with 32 +;y — aa®?#0 we can solve

(5.5) with respect to 1, : ¥, = ¥,(y,¥1). Taking 9; = —y, i#1, 2, g, (y,£) is a
characteristic of order m — 2.

Case a#0. A repetition of the argument in the proof of Proposition 5.2
shows that

(5.6) CZ =C,i =0 for v>2.
For 2 < u < v < q take the 3-minor

y+¢1 aa ¢l
L(l 2 v) ¢2 0
12 «)° ¢ Y %E
0 4y

to conclude that ¢¢, = 0. Recalling (5.4) we get
5.7 Ci=0for2<u<v<gq.

When g < u < v, arguments similar to those in the proof of Proposition 5.2
(first step, case a#0) prove that

Ciy =0 unless (u,v) =(1,2), (1,9).
With (5.6) and (5.7) this shows the assertion in the case a#0.

Case a =0. In this case we have

h(&) = &o{(o+ P +v1) -7} [I Go+v0).

i#1.2,9

Taking v; =0, 1#1, 2, ¢ and 9, =1, ¢, =1, (0,¢') is a characteristic of order
m — 1. Hence every 2-minor is zero. This shows that

Ciy =0 unless (u,v) =(1,2), (1,9).

Second step. We study the case p=2, g=p+r+1. Take ¢ =0, ¢5 =0,
i>2i#q and ¢; =0, i > j, i >q. Recall that

1 2
¢y = Cug ¢l + Cogds + Co'bu
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for 2 < u < v < ¢ by the inductive hypothesis. Choose ¢., so that

q9

Cw

and hence ¢% =0 for 2 < u < v < ¢. It follows from Lemma 5.6 that

)
& ¢ ¢
o] ¢ ¢2

is diagonalizable with real eigenvalues. Then by Lemma 5.4 we see that
¢1 = adl, &, = B3, ¢, =4
with a, B8, v > 0. Thus choosing ¢3 = u, ¢] =0 we have

R(E) = {(€o + Pg)€0(Eo + 1) — (&0 + Yo)aa’y?
- B +v0} [ Go+v).

i#12q

The rest of the proof is almost the same as in the first step.

Third step. We finally treat the case p > 3, ¢g=p+r + 1. It follows from
the inductive hypothesis that

¢t = Clrgl + Clugy for p<u<v<g.

We take
up 4q
(5.8) ¢z=—ﬁ@£forp<u<v§q

so that ¢2 =0 unless p<u <v < g, (v,u)=(2,1), (g,p). Then it is easy to and

h(€) = (bo(éo + 1) — ¢16)
X ((Go+ )&+ ) — 28D [ o+

i#1,2,pq

We first establish the following implication:

$1=0=¢,=0.
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Assume that ¢7 = 0. Take ¢; =0, 1#2, p, ¢, ¥p = 1, Py = ¢3¢% and ¢7#0. If
¢b = 0 then (0,¢’) is a characteristic of order m and hence a contradiction. If
¢5 #0 then (0,¢') is a characteristic of order m — 1. Take the 2-minor

L(l p>=¢é o)
2 p

0 1
which gives ¢; = 0. Take ¢¢ = p. Since ¢} = ag} we have

=0

&b =Bu, ¢ =au, ¢ =ap

with some a, B, a € R. By hyperbolicity of h(¢§) we have a > 0, 8 > 0.
Arguments similar to those proving Lemma 5.5 show the following:

LEMMA 5.8. Assume that a#0. Then we have

a>0, 3>0.

N P? + daa?p?
SRy L i
2 4

Let a#0. If u < p or u > ¢ then a repetition of the arguments in the proof of
Proposition 5.2 (second step) proves that

Let us recall that

cr =0,
When p < u < v < ¢ we take the 3-minor
A Cu C?
2 p v 2 Clu
L ( ) =lo 1 ocrul=0
2 p u v )
0 ¢, ¢
with C; = C’;‘;. This shows that ¢° = 0. Recalling (5.8) we get
Cih=0forp<u<v<yg.
For v > ¢ it is enough to take

At Clu Clu
2 p u
L =0 1 CPu|=0
2 pow
0 0 Ciu
to conclude that C} = CyP = 0.

We also have
CP=0foru<v
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when a = 0 by the same arguments as in the proof of Proposition 5.2 (second
case). Thus we have for u < v, g=p+r+1 that

C,? =0 unless (u,v)=(1,2), (p,9).

Now the proof follows from induction on r. a

LEMMA 5.9. ¢? and ¢} are collinear, that is there is k > 0 such that
$2 = k1.
PROOF. It is enough to show that ¢? = 0 implies ¢3 = 0. Let
¢i= 3 Cl4).
G.eh

Since ¢}#0 there is (i,j0) € I with CP#0. Hence we can take ¢ as an
independent form so that ¢% is a linear combination of the other ¢;'.’s @ > 7).
After exchanging rows ancfo the corresponding columns we may assume that
(%0, Jo) = (2,1). We denote by (JS;'-) the resulting matrix. Note that this operation
acts on the diagonal as a permutation and transforms a symmetric pair with
respect to the diagonal to another symmetric pair. Repeating the same reasoning
as in the proof of Proposition 5.7 we conclude that

¢ = Créy, for u < v, (u,v)K1,2).

This proves that ¢? =0 => ¢} = 0 and hence the assertion. ]

To simplify the notation we write C¥ = C%* which are positive. Then from
Proposition 5.7 and Lemma 5.9 it follows that

(5.9) ¢y =Cié, p<q.

We now prove that
C;C;’ = C;, p<q.
We first show the following lemma.
LEMMA 5.10. Let
z oaf() O 0
¢z) 0  PBzs bz

A(z) =
0 Z4 T2 qZs

0 Te Ts5 x3

where ¢(z') is a linear function in z' = (z4,2s5,26) and a, B, v, 6 > 0. Assume
that the eigenvalues of A(z) are all real. Then B~ =6.
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COROLLARY 5.11. Assume that
. ad(x') Prs bzs
d(z) 0 0 0

T4 T2 Ts

A(x) =

Te 0 Ts I3
has only real eigenvalues and a, B8, ~, 6 > 0. Then B~y =6.

PROOF. Interchanging the first and second rows and the corresponding
columns the proof is reduced to that of Lemma 5.10. O

PROOF OF LEMMA 5.10. Set h(), z) = det(\] + A(z)). Then it is easy to
see that, with z, =23 =0,

RO\, z) = (A +2){A® — (B2 + yzk + b))
+ (B + 8)zaz536} — ap(z') (N — ya3).

Here we take z, =1//B, zs = l/f, Tg = 1/\/3 so that h(), ) turns out to be
h(,\,m)=(,\+m,){,\3 - 3)\+\/ﬂ)\/6+\/6/ﬂ~/}
2
—a¢ (1/V/B,1/yA,1/V6) 32 = 1.

We divide the cases into two.

Case ¢(1/\/,3,1/\/77',1 /\/5) = 0. The same arguments proving Lemma
4.15 show the assertion.

Case ¢ (l/ﬂ, 1/, 1/\/3) #0. Let us set

FO = +z)N =3x+4), gl)=CO*-1)

where A = \/Bv/6+/6/By =2, C = a¢ (1/\/3, 1/\/4, 1/\/3)2. Recall that
A =2 implies the assertion. Assume A > 2 and hence f()\) =0 has only two
real roots. Let A%(z;), A\~ (z1) < A*(z1) be the real roots of f"(A) =0 so that
A*(zy) | 0 as z; — +oo. Since f'(1)= A —2 > 0, taking z; so that A\*(z)) < 1,
it follows that f()) is increasing in A > 1. Thus

FO > f)=>0+z)(A-2), 1<A<2
For A > 2 we see that f'(\) > 1A > 2C)\ = ¢’'()\) taking z; > 2C and hence
f(XN)g() is increasing in A > 2. Noting that f(1) > g(2) for z; large we conclude
that

(5.10) FA) —g(A) >0 for A>1.
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On the other hand the two real roots of f(A\)=0 are —z; and k < —1. Then it
is clear that f()) is increasing in the interval (k,—1) and f(A) > 0 for A > k.
With (5.10) we can easily conclude that f(A) — g()) =0 has only two real roots
taking z; large enough. This contradicts the assumption. O

LEMMA 5.12. Let
I aaxs 0 5:):6
aTy4 0 0 Y5
0 0 Ty P4

Te Ts T4 I3

A(z) =

where o, B, v, 6§ > 0. Assume that all eigenvalues of A(zx) are real. Then we
have ay = 6.

PROOF. We first exchange columns and the corresponding rows so that the

resulting matrix is
T, owazy bz O

azxy 0 yzs 0
Ze Is I3 T4
0 0 Bxs 1z

Taking z; =23 =0, z4 = 1/a /o, 25 = 1/\/_ T = 1/\/5, the same reasoning as
in the proof of Lemma 5.11 proves that a8 = 6. O

LEMMA 5.13. There is p > 2 such that
C,C2=G,.

PROOF. Recall that ¢?#0 and hence there is p > 2 such that 9¢%/8¢; #0
with some k < p. When k =1 or 2 we take ¢’ so that ¢} =0, ¢ > j, (2, /) #p, 1),
(p,2). Recall again that ¢} = C}¢?, ¢2 = Cadh, ¢}, = Cié} and ¢; is linear in
¢}, ¢5. Note that

ol b &)
# &
o 5 ¢

is diagonalizable with real eigenvalues by Lemma 5.6. We apply Lemma 5.4
to get
C;C: =C,.

When 8¢?/0¢% = 8¢%/d¢5 = 0 and ¢7/d¢%#0 with some 2 < ¢ < p we
take £’ so that

$i=0, i>j, G,)#p, 2, @ 1), 2.
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Then it is clear that

P & 0 ¢

P4 0 4

0 0 ¢f ¢f

# o ¢ 4
has only real eigenvalues. Note that ¢? is linear in #5. From Lemma 5.12 and
(5.9) the assertion follows easily. O

LEMMA 5.14. We have
2 2
C,Ct=C,, 3<p<ygq, CiC,=C:, 3<q.

PROOF. Take ¢’ so that ¢} =0, (z,7)#p, 1), (g, 1), (g,p). Then it is clear

that o 8 8 8
o ¢ 0 0
¢ 0 45 &}
&0 g1 g

has only real eigenvalues. Noting (5.9) we apply Corollary 5.11 to get the first
assertion. We turn to the second assertion. Take £’ so that ¢; =0, (z,7) #3,2),
(¢,2), (g,3). Then the eigenvalues of

¢i ¢ 0 O
% # H 4
0 ¢ 4 ¢
0 ¢ 45 ¢f
are all real. Then the assertion follows from Lemma 5.10. O

LEMMA 5.15. Assume that
C;C. =C,, C3C) =C? for ¢>3

and
C’leg = C; for some p > 2.
Then we have
C,Cl=C,, ¢>2.
PROOF. Since Cj = (Cp)™'C2, C} = (CH7'C, it follows that C,C =
(C)H7'C) = C} and hence

C;Cl =CyC3C = C3CE = C. O
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From Lemmas 5.13, 5.14 and 5.15 it follows that:

PROPOSITION 5.16. We have
1p _ 1
C,C=C, for 1<p<aq.

THEOREM 5.17. Assume that d(L) =m(m+1)/2 —1 and L(§) = (¢j-(£)) is

diagonalizable with real eigenvalues. Suppose that ¢, (i < j) are independent
of the diagonal forms and L verifies (b). Then there is a non singular constant
matrix T such that

T LT

is symmetric for every £ € R*1,

(1]

[2]

(31

(4]

(5]

[6]

PROOF. The proof is a repetition of that of Theorem 4.17. O
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