ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

JENS FREHSE

MICHAEL RUZICKA
On the regularity of the stationary Navier-Stokes equations

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 21,

n°1 (1994), p. 63-95
<http://www.numdam.org/item?id=ASNSP_1994 4 21_1_63_0>

© Scuola Normale Superiore, Pisa, 1994, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1994_4_21_1_63_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

On the Regularity of the Stationary
Navier-Stokes Equations

JENS FREHSE - MICHAEL RUZICKA

0. - Introduction

It is an open problem whether weak solutions u of the three-dimensional
instationary Navier-Stokes equations for incompressible fluids on a finite domain
are regular provided that the data are smooth. Beside results about partial
regularity [2], [10] it is also known that u € L°(0, T; L°) implies regularity [12].
In the three-dimensional stationary case regularity can be proved by simple
bootstrap arguments.

In this situation J.B. Serrin suggested to study the stationary problem in
higher dimensions in order to develop stronger analytical methods which may
finally help in the instationary case.

In fact, the regularity problem in the four-dimensional stationary case was
solved by Gerhardt [4], Giaquinta-Modica [7], and for the five-dimensional
stationary case partial regularity is available [6], [11].

The five-dimensional stationary case has some similarity with the
instationary case N = 3. For example, in both cases u € L'? and p € L°/3,
Vp € L°/* is immediately available.

In this paper we consider the five-dimensional stationary equations

—Au+u-Vu=—Vp+f} .
. in Q
divu =0

and prove the existence of a weak solution u € WO1 ’2(9) such that, for all € > 0,
u e L7(Q)
on interior domains (Theorem 2.11). Furthermore we show for all e >0, § >0
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the Morrey condition (Theorem 2.26)
4 3 2
\Y%
/l“l |z—z|15dw<oo’ /| u| 2o | T 4% < 0o,

where ¢ is the usual truncation function.
The proof relies, among other considerations, on the construction of a
‘maximum solution’, i.e. a solution with the following property (Theorem 1.51):

2
sup (u_ +p) <cg VG CC Q.
¢ \2

u?
The maximum principle for the quantity — > +p follows (at least formally) from

the equation

u? u? Ouj Ou; 2
_.A(E_.,.p).,.u.v(_z_ﬂ;) u-f+ 92 3z, — |Vu|® = divf

which was observed in [9], [1] and pointed out to us by M. Struwe. However,
it takes some care to justify the formal argument due to the lack of regularity.
The structure of the convective term u- Vu is frequently used during the proof.

Finally, we show the full regularity for ‘maximum solutions’ assuming a
Morrey space inclusion for the velocity field u slightly stronger than what we
are able to prove, namely that for an arbitrary small § > 0

/ |u|“”€ IM dr<oo  Ve>0.

For dimensions higher than five, the authors hope to be able to treat the periodic,
stationary case for N <9 and ‘maximum solutions’ up to dimension N < 7.

1. - Existence of a maximum solution

We are interested in the regularity of solutions u = (ug,...,uy) of the
stationary Navier-Stokes equations

Au+u-Vu=-Vp+f
in Q
(1.1) diva=0

u=0 on 09,
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where Q C RV, N > 5 is a smooth bounded domain. For convenience we
assume that the external force f satisfies

.fe L®(Q,RY)

(1.2)
divf e LN*(Q).

This assumption can be easily weakened, as the reader can check at every step.
We also need the following approximation for € > 0

Au+u-Vu+eufu’>=-Vp+f
in Q
(1.3) divu=0

u=0 on 9L.

Due to the internal constraint divu =0 we need two kinds of smooth functions,
namely the space C{°(Q) of infinitely differentiable functions with compact
support in Q and the space

YV ={ueCyQ):divu=0}

We denote the closure of V in Wol’2(Q) by V. Even if we are working with
vector-valued functions we do not quote explicitely this dependence. Here and
in the sequel we use the convention of summation over repeated indices; ||+ ||mp
is the usual norm on the Sobolev space W™?.

1.4 LEMMA. Let f satisfy (1.2). Then there exists u € V satisfying for all
peyV

ou; 0p; ou;
1.5 i 9pi ~—i-¢2'=/.~
1.5) a.'l:j sz Uy dz; pj +eu |ll| pidzx fipidz
Q Q
and
ull2 < K

(1.6) .

E-”““0,4 < K,

where K is independent of e.

PROOF. Using the standard Galerkin method this is an easy result to prove.
L]

1.7 COROLLARY. For the solution of Lemma 1.4 it holds

(1.8) / |u|¥2 dz < K,
Q
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(1.9) /|u-Vu|% dz < K,
Q
(1.10) lleujul*|o/s < Ke'/4.

PROOF. This follows immediately from Sobolev’s embedding theorem
W12(Q) — L2N/N-2(Q), Holder’s inequality and estimate (1.6). .

1.11 LEMMA. Let f satisfy (1.2). Then there exists p € W 51(Q) such that
Sor all ¢ € C§(Q)

ou; 0p; ou; 2 /8p

- i 5= pj teuilulpidr = - i+ fipidz.

(1.12) /8:1:]' 9, +u B; ©j +eu;ul*p; dz Ba; ©i + fipidz
Q Q

Moreover we have the estimates

(1.13) l[ully, g, < K,
Ioll ., < K

and

(1.14) ||V2u||0,4/3 < c(e),

llpll1,4/3 < cle).

PROOF. Using Corollary 1.7 we can write equation (1.3) in the form

—Au+Vp =
(1.15) P g} in Q

divu =0

where the right-hand side belongs to L¥1(Q). Now the linear theory of the
Stokes system gives (1.12) and (1.13). Using |luljos < c(¢) one sees that u-Vu
belongs to L*3(Q) and therefore the right-hand side of (1.15) belongs to L*/3(Q).
This immediately gives (1.14). =

1.16 REMARK. (i) From the regularity proved in Lemma 1.11 it is clear
that equation (1.3) holds almost everywhere in Q and also as an equation in
L¥1(Q) (tesp. L*3(Q)).

(i) Already here one could prove that for all § >0

1V?ullo4/3-s10c < K.

Using the test function

ot (€ rotu )
(1 + [rotuj*)V/s J°
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where ¢ has compact support in Q. We do not give the details here, because
later on the result will be an easy consequence of other facts.
(iii) Note that from (1.14) and (1.6) it follows that

V(u-Vu) € LY(Q).
Indeed, formal derivation gives

0 ( 8uk> _ Ou; Ouy 8%uy,

92, \" 32, ) = 33, 95, * " dwi0s;

and both terms on the right-hand side are bounded in L!(Q) by means of
Holder’s inequality. Of course the L!(Q)-norm depends on e. The statement can
be made precise by an approximation argument.

Now we will study the properties of the Green function Gj solving

AGh —u- VGh = 6},(10) in Q

(1.17)
Gr=0 on 9Q,

where u is the solution of (1.3) and 6, for 0 < h < dist(zg, 9Q), is a smooth
approximation of the Dirac distribution satisfying

supp 6x(zo) € Br(zo)

6 >0
(1.18) n(To) >

/5h(120)d:t =1.

Q

In order to simplify the investigations we approximate u by a sequence u* € V
such that

(1.19) v >u inV.

Thus we will investigate the problem

AGpr — ut. VG = 0n(z0) in Q

(1.20)
th =0 on 9Q.

In the following we drop the dependence on h,k and z, and denote G = Gy,
u =u*, 8, = 8,(zo). The weak formulation of (1.20) reads

(1.21) / VGV dz - [ u-VGpdz = / Swpdz Vo € WP (Q).
Q Q
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1.22 LEMMA. For all h > 0 and k € N there exists a solution
G € C™(Q) NW,*(Q) of (1.20).

PROOF. The left-hand side of (1.20), defines a coercive operator on WO1 2(Q)
. Thus the Lax-Milgram theorem immediately gives the existence of a weak
solution of (1.20). The right-hand side of (1.20); is smooth and therefore from
the regularity of linear elliptic equations, we obtain the conclusion (see [8,
Chap. 8]). .

1.23 LEMMA. For all h > 0 and k € N we have

(1.24) G >0,
(1.25) I1Gllo,00 < c(h),

where c(h) is independent of € and uF.

PROOF. Inequality (1.24) is an easy consequence of (1.18), Lemma 1.22
and the maximum principle (see [8, Chap. 3]). In order to prove (1.25) we
use the Moser iteration method. Let us use the test function G|G|* in the weak
formulation of (1.20). We get

/ VGV (G|G|*)dz — / u-VGG|G| dz = / 5,G|G* dz
Q Q Q

and therefore

(1.26) /]VGIZIGI“dm+s/|VG|2 |G|3dz=/6hG|G|3dz,
Q Q Q

where we have used the fact that VGG|G|* =V (:12 |G|’+2>. Using

VG |G| = ||G|s/2VG|2 - 1 < V|G|
2
and Sobolev’s embedding theorem we obtain
(1.27) (/ |G|(3+2)‘% d:z:) §c||6h||0’°°(s+1)/ G de.
@ Q

Replacing s+ 1 by s and setting

R, = max(||6x[0,00 ||Gll0,s)
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we see that
(1.28) RE ) S c(s+ DR

Indeed, if Ry (1) = |G|l (o1 (1.28) follows immediately from (1.27),

otherwise, if R (. = [|6hllocor We get Ry (1) < Renr and thus (1.28)
holds if ¢(s+1) > 1. Now we set

sp=2

(NN
5=S\N-2

which yields

(1.29) Ren < [T e/ I] 5/ Reo-
k=0 k=0

Letting s tend to infinity in (1.29) and using the fact that the series in (1.29)
are finite and that lim s; = co, we have proved that

R < c(h)R,,

which immediately gives (1.25). u
1.30 COROLLARY. For all h > 0, and k € N we have

(1.31) IVGlloz < c(h).
PROOF. We have

/|VG|2dz+/u-VGGdz=/6thz

Q Q Q

and thus
/lVG|2 dz < ||G||0,m[5,, dz < c(h). .
Q Q

1.32 LEMMA. For all h >0 and k € N we have

(1.33) IV2Glo2,10c < c(h),
(1.34) IVGllo41oc < c(h).
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PROOF. Using in (1.21)

o (., 0
v dz; <£ dz; )

3G 8 G L 9G 9 (,0G
/ axiax]- 3:17,' <€ (9:E]) dz + 6z,~ axj (é a.’zj> dz
Q Q

=_! o (€ 5) &

After some computations we end up with the inequality

we obtain

(1.35)

/ |V2G|*¢? dx§c< / |V2G|¢|VG||V €|dz + / |Vu| |VG|*€* d.
Q Q Q

+ [ WlIGIv*G|veleds + [ lGIveIviele ds
Q Q

«f IuIIGHVGIIVd"'dz)
Q

and thus using (1.25), (1.31), Young’s and Hoélder’s inequalities we obtain

1/2
(1.36) / V2G| €2 dx < e(h, &, |ju]j12) { 1+ ( / |VG|4§4dz)

Q Q

The integral on the right-hand side can be bounded by means of the left-hand
side. Indeed

/|VG|“§4 dz < —/ |GIIAG||IVG*€* +2|G|| VG| V2G| ¢ dx
Q Q
137 - [4cIvereIve ds
Q

< e(h) / |V2G|*¢* dx + % / |VG|*¢* dz + c(h, €).
Q Q

This together with (1.36) completes the proof. L]
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Since the estimates (1.25), (1.31), (1.33) and (1.34) are independent of
the chosen approximation u* we can let k tend to infinity in (1.21)

/VGchdx—/u~VG<pdz=/6h<pdz Vo € C5° ()
Q Q Q

where G = G and u is the solution of (1.3). Of course the proved estimates
remain valid also for G}, and equation (1.17) holds almost everywhere in Q and
also in Lfoc(Q). In the sequel we will need a local version of (1.17). Therefore
we multiply (1.17) by €2,¢ € CP(Q), use the product rule and after that we
multiply the result by a smooth test function ¢ € C§°(€2) and integrate over Q.
We obtain

/ V(GEH)Vpds + / u-VoGetdsz

Q Q
(1.38) =/5h€280d1'—/U-VEZGgoda:—4/VGV£§<pdz
Q Q Q
- / A€*Gpdx
Q

which by continuity holds for all ¢ € W*3(Q). Notice that by continuity the
weak formulation (1.12) holds for all ¢ € W,(Q) N L*(Q). This allows us to
use uG¢? as a test function in (1.12), which yields

2 2
/ |Vu[?Ge? +V “7 V(GEH)+u-V “? GE +elu[*Ge do
Q

(1.39)
=—fu-VpG£2dz+/f-uG§2da:.
Q Q

On the other hand we can derive the pressure equation from (1.12) using
¢ = Vi) where 9 is a smooth scalar function. After some calculations involving
the estimates proved before and mainly (1.3), we arrive at

6u,~ au]' 2 /
- —eu-V f-Vod
/VpVgodx /8a:j azitp eu-Volu|*dz + pdz
Q Q Q

(1.40)
Vo € L®(Q) NW,*(Q)

and therefore G¢? is a possible test function. Replacing ¢ by G¢ in (1.40) and
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adding the result to (1.39) we end up with
L§ 2 u? 2 4 p2
/V 5 tP V(GE)+u-V 5 tp G¢ +e|u|*Ge¥ dx
Q
(1.41) = / (Vuo Vu — |Vu)Ge%eu - V(GE>)|uf* dz
Q
+ / f-V(GE) +f - uGe dz,
Q

where Vuo Vu = % . 9y
oz; O,

. Using

G>0, ¢2>0

/ (Vuo Vu— |[Vu)Ge?dz <0
Q

we finally obtain

u? ) u? )
/V (7+p) V(GE)+u-V (3-+p) G¢°dzx
(1.42)
< - / eu- V(GE)|u? dz + / f.-V(GE) +f uGE dz.
Q Q

2

Note that u? +p belongs to the space W43(Q) and thus we can use formula
2

(1.38) with ¢ = u7 +p. We arrive at

2
/5,,52 (“— +p) dz
2
Q
u? u?
S/u- VEG (7 +p) fdz+/VG’V§2 (? +p) dz
Q Q
2
+ / AE’Gp (“7 +p) dz — / eu- V(GEY)|u)* dz
Q Q

(1.43)

+ / f-V(GEH)+f uGedx.
Q
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Here of course we have u = u,, G = Gs.. Now let £ tend to O for fixed but

arbitrary A > 0. In order to do this we re-write the second and fourth integral
on the right-hand side as follows:

l12 l12 ll2
/ VGV (? +p> dzr = —/GA€2 (—2— +p> +GVEV (‘2” +P> dz,
Q Q

€ / [uu-V(GEHdz =€ / lufu- VGE* + |uffu- VE2G dz.
Q Q

The process of taking the limit is possible because of the estimates proved
before, in particular relation (1.10). We finally get

2
/6,,52 (“7 +p) dz
Q
2 2
5/2u-V§G’£ (“7+p> dz—4/£G’A£ (“7+p>dz
Q Q

—4/£GV£V (%2+p> dx+/A§2G (“72+p> dz
Q Q

+ / f-V(GE) +f - uGet de.
Q

(1.44)

Here u does not depend on € and solves (1.1), but G = G}, solves (1.17). For
the process of taking the limit as h tends to 0 we need some estimates on G
independent of h. We prove that for G we have the same estimates as for the
Green function for the Laplace operator.

1.45 LEMMA. For the solution Gy, of (1.17) we have the following estimates
independent of h:

(1.46) / |Gh|# 0 dz < K V6 >0
Q

(1.47) / |VGh|¥ 1 0dz < K V6 > 0.
Q

PROOF. Choose ¢ = , ¢ > 0 in (1.21). Notice that VGyp =

__G
1 +|G|9)l/a
VF(G) with a function F' which has linear growth. Using partial integration in
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the convective term this integral becomes zero. Thus

|[VG|? / G
N el B = ——dz < 1.
7 G dz bn, ED T <
Q Q

Further we have

IGlloa < IVGlo ge

2 1 3
< (/ —%dz) (/(1 + |G (+3) w=im dz)
2 1+ |G| A
.. . N-N q
This is finite for o = ———=; (1.46) follows immediately choosing ¢ arbitrary
small. Similarly one can prove (1.47). ]

148 LEMMA. Let N = 5 and let Bog C Q be a ball such that
Bi(z0) N B = 0. Then

(1.49) 1Ghlloco,Br < c(R)|Ghll 2, _s

PROOF. We will use Moser’s iteration technique again. In order to do this
we choose in (1.21) ¢ = G*¢? and s > 0, where £(z) =1 for = € Bg, &(z) =0
for £ € Q\Bg.,, and 0 < p < R. Therefore we get

3l

gl s+1)10
7 +1)2/|VG |§2dz< /G(“) dx

B R+p

and consequently, using the embedding theorem, we obtain

3 1
(1.50) ( / G“*“%dz) 500% / GO T gz | .

Bp Bpyy

But (1.50) is the starting inequality for the Moser technique, which gives the
assertion (see [8, Chap. 8]). n

We are now in a position to take the limit as h tends to O.
1.51 THEOREM. Let N =5. Then there exists a solution of (1.1) such that
2

(1.52) sup - (2)+p(@) < c(p) = <o,

z€Q,
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where Q, = {z € Q : dist(z, Q) > p}.

PROOF. We want to take the limit as h — O in inequality (1.44). Let
By(zo) be such that By,(z¢) C Q. Choose ¢ such that {(z) =1 for z € By(xo)
and &(z) =0 for z € Q\By,(zp). Then for 0 < h < p we have

2
/ 6n(x0) (u? +p> dz

B,(z0)
u? u?
< / 2uVEGHE (7 +p) dr —4 / GrEAE (-2— +P) dz
Ba,(z0) Byp(x0)
u? u?
-4 / GhEVEV (? +p) dz + / AE*G), (7 +p> dz
B,(z0) By,(20)

+ / f-V(GEH) +f-uGE ds.

BZp(zO)

In all the integrals on the right-hand side involving V¢ or V2¢ we use for Gy,
estimate (1.49); this implies that these integrals are bounded from above, as
the remainder is at least a L'(Q) function. The last integral on the right-hand
side is bounded due to the assumption on f. The limiting process as h — 0
completes the proof. "

1.53 DEFINITION. In the following we shall refer to solutions satisfying
(1.52) as maximum solutions.

2. - Regularity in weighted spaces

From now on we restrict ourselves to the case N =5. Let £ € C§°(Q) and
let o € Q, p > 0 be such that B,(z¢) CC supp§. Suppose that {(z) = 1 for
z € B,(x0).

2.1 THEOREM. Let u be a maximum solution of (1.1). Then for all zo € Q
we have

o2 2
. — <
2.2) / 2+p |I—10|3dz_K
Q
52
2.3) / lu-(z - zp))) ——=dz < K,
|z — zo|?
Q

where K = K(£) does not depend on x.
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PROOF. On account of Fatou’s lemma it suffices to prove the estimates

7] .
for almost every zo € Q. Multiplying (1.1) by 52 P - we obtain
=T
1 662 (z — zo)i 86
. 7S dr— ; d
/Au, Iz = z0] Oz dz /u uj o= zo] 6:1;, x
Q Q
- Lo (@ — 20)i(Z — To)j Lo / , &
(2.4) 3/ U U Iz — 20" Edr+ | u o= zoP dz
Q Q
(z — zo); OE* / / -"70)1
= = 0A -2 y
/p e~ 20P 02 "2 ) Pl aof F e =ap &
Q Q

Notice that all the integrals are defined for almost every z, € Q either by means
of Hoélder’s inequality or because they are a convolution of two L!-functions.
This also justifies the following partial integrations. We get

3 / u,-uj( — 20)i(T — To); € dz
Q

|z — zo
(7 2¢ (@ — m); 9€°
_/ (7 +p) o= 2oP da:—/u,u] o= o] Edz
Q Q
1 a¢ (z — zo)i O
+/Au, 'z—zol -(%dx-'-/plz—.’EoP Bz,- dz
Q
/f xO)z

Remark that the left-hand side of (2.5) is non-negative. We denote the integrals
on the right-hand side by I, ..., Is. Using the semi-boundedness condition (1.52)
together with (1.8), (1.14) and (1.2) we find

62
I §2CO/———dz§c,

(2.5)

|z — 2|3
1
Ll < u2 v 2 —  d
N S
Q\B,(zo)
< clulBal Vel | o=
: “ 1 |z — zo|? 0,oo,Q\Bp($0),



ON THE REGULARITY OF THE STATIONARY NAVIER-STOKES EQUATIONS 77

1

s [ 1609 s
|z — zo|
Q\B,(z0)
5/4
< cllull3s/41V€llo.o 1 — 20l {lo oo 00\5,20)
,00, p\Z0
I < ve d
L] < / V€| o 42
Q\B,(z0)
5/3
SC||P||0,/5/3||V£”°’°° |:::——:Eo|_2 0,00,Q\ B, ),
5,00, p(Zo0.
f & d
Is| < Teum—
| SI—/I l |z — zo|? §
Q
1 2
< efiffioo | T— | -
Ilflloom_gcou’2

Therefore we conclude that

(2.6) /
Q

which proves (2.3). Now we carry the integrals I;...Is to the left-hand side
and obtain also using (2.6)

ll2 62
/ (7 +p> |z — zo|? d
Q

This together with the crucial estimate (1.52) yields (2.2). ]

(z — zo)i(x — T0); ¢
|93 - :l:o's

UU;j dz <ec,

<e.

2.7 COROLLARY. For a maximum solution of (1.1) we have for all s € (2,3)
and all zo € Q

£2
/ || dr < K
2 |z — :co|3

2
/ﬁ 3 dz < K,

|z —zo|*  ~

2.8)

where K = K(&) does not depend on x.
] 1

3 |——Is—3 After rearrange-
T; |T — To|°™

PROOF. Again we multiply (1.1) by &
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ments similar to those of the proof of (2.2) we arrive at:

dz

3 —s)(s— 2)/

ZIJ()I

u2 2£2 a¢? 1
2(2—s)/< ) o= o] dz—/Au, B2, ——|$—$0|8 2d
Q

zO)a 652
@9) ves 3)/ ) e 52y
— Z0)i(T — Z0); .2
+s(s—2)/u, Uj Iz — 20?2 £ dx
Q
r@- s)/ @ 2 v s>ff, 2 ¢ s

The first and the fourth term on the right-hand side are bounded because of
(2.2) and (2.3), while the other terms can be treated in the same way as in the
above proof. Thus we have
2
/ D 3 dz
|z — zol*
Q

(2.10) <ec

but from (1.52) we infer that
2

u
pSp+7§co,

which together with (2.10) gives (2.8);. The estimate (2.8), follows immediately.

2.11 THEOREM. Let u be a maximum solution of (1.1). Then we have for
all r € (1,2) and all zog € Q

/ lp|"€*dz < K
2.12) @

f lu/*¢*dz < K,

Q

where K = K(§) does not depend on x.



ON THE REGULARITY OF THE STATIONARY NAVIER-STOKES EQUATIONS 79

PROOF. First, remark that ¢, given by

wo(ZO) / | |3 lplr lsgnp,,fdz

satisfies

|r—1

—Ap, = |p|"”" sgnp,é.

Using (2.8); and Holder’s inequality we obtain
1 r—1
m |p| Sgnppfdz S K
Q

and hence
(2.13) ©o € L™®(Q).

As in (1.40), we derive the weak formulation of the pressure equation:

(2.14) / VpVi dz = / Ou; a«;]: vz + / fi g;” d
Q

39:]' 15]
Q Q

Vi € CO(Q).

Inserting ¥ = (p,€),, where (g), denotes the mollifer of the function g, we
obtain

/ polp|”" " sgnp,€ dx
Q

—/gooAﬁdz— 2/ Vp,Vép,dz

Q Q
of (3) gugto- [ e g
(917]' 61,- P
Q Q

Letting p tend to 0* and using Fatou’s lemma we get

Jrédz< [ieacias+2 [ 19509 eleolda
Q Q Q
+/|Vu|2|qp,,|fdz+/ |div flj0,|€ de,
Q Q

which immediately gives (2.12);. Estimate (2.12), follows using (1.52). .
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2.15 COROLLARY. For a maximum solution of (1.1) we have

Edr < K

u2+
2 p

(2.16) |p|
/

2
(2.17) /('—‘23+p> £dz < K.
Q

PROOF. With the same methods as in the proof of Theorem 2.11, now
using a function ¢, which solves

—Ap, = <u72 +p) sgn (p <p+ u;)) 3

we easily obtain (2.16). Estimate (2.17) follows from the remark that

2 2
i
> +p) <Ip

2

v 2
2 p

. u
co—. ]
2

2.18 PROPOSITION. Let u be the maximum solution of (1.1) constructed in

Section 1. Then we have for all r € (%, %) and all o € Q

£2

|z — zo|"

(2.19) / |Vu)? dz < K,
Q

where K = K(€) does not depend on x.

PROOF. Let h > 0 be fixed and let us use in the weak formulation (1.12)
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62

the test function ¢ =u
((x — z0)? + h?)

7 Thus we obtain, denoting u = ug:

L P R —
((x — mo)? + h2)r/2 ' 9z; ((z — z0)? + hz)r/2 Oz;
H] w? 5h% + (3 — r)(z — )’
2 ((z— =m0+ h2)(r+4)/2

Q

dx
Q

u? 1 €2

— | u; —+p) — o dz
Q/ (2 ((z——xo)2+h2) /2 9z;

u? (z — T0)i 2
+r | u | = +p> - & dx
/ ( 2 ((III _ Il?())2 + hz)( +2)/2

Q

1
+s/ u! 2 dx
J ((x — z0)? + hz)‘r/2

1 2
= | fiui d
/ fiu (a2 +12) T § dx

Q

For fixed h > O the third term and the last term on the left-hand side are
non-negative. While taking the limit as ¢ — 0* in the other integrals we use

1 1
the fact that ,
© fact V& G B M (G aram) R

and the embedding W'2(Q) — L'%3(Q). Thus all the integrals can be treated
by means of weak and strong convergence. We arrive at

/ IV“|2 52 dz
) (@ - zop+ )"

du; 1 d¢2
< [won T 0
2 i ((x — zo)? + h?) ]

are L*-functions

2 2
(2.20) + / u; (u— +p> 1 7 9¢ dz
J 2 ((:1: —zo)? + hz) ox;

w (z — Zo)i 2
—r | u | = +p> - §dx
g[ ( 2 (@ — =) + h?)" /2

1
+ | fiu; €d
Q/ fiu (G —op+ hz)r/2 T
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Denoting the integrals on the right-hand side by I,,...,I; we have

3
I S/uVuV ————dz
< | WIveIve g2

1/2
1
< 2 2
< 19 €llcel V02 ( [wme dz) ,
Q

u? 3
s [ I7 | IVE] o
Q\Bp(a:o)
1 196 N0 | % +2]| Hullo.,
I:E - zOIr 0,00,Q\ B,(z0) , 2 0O,q A

where ¢ < 2 and 10/3 > ¢/(q — 1),

12
1
< 2 2
4| < c|fllo,c0 (Q/“ [z — zo 3 dx) )
e / |5

([

2
|r+1 dz

a/@-D) @-D/q : 1/q
2 2
A dz) =
Q

where g > 2. Since (r +1)g < 3 for appropriate g it is possible to choose v < 1
and s < 3 such that (r + 1)g = sy. Thus we can write

—+
2P

1 ] _
q__ 2 = I a2y g2
/I“I |z — zo[*Da {dz / [z — zo|™ u*"7¢" da.
Q Q

Due to (2.8); the first factor belongs to L!/7(Q) and the second one to
L'9/G@-20)(Q). Therefore the product belongs to L'(Q) if 10 = 3q + 4.
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4(r + 1)q
10 — 3¢q
lir? s(g) < 3 we may find s and ¢ such that this relation holds. Therefore the
q—2*

1 .
In fact this implies that v = 7 (10-3¢g) <1 and s = s(q) = . Since

left-hand side of (2.20) is bounded independently of A > 0. Taking the limit as
h tends to 0* gives the assertion. L]

2.21 PROPOSITION. Let u be the maximum solution of (1.1) constructed in

Section 1. Then for all xo € Q and all r € (%,%) and q € [1,2) we have

62
[ 1ol dz< K
2 le ol
(2.22)
2
/ |uj? L S <K,
|z — zo|"
where K = K(&) does not depend on .

PROOF. Put

- q—l Y- .

(PO(IO) C/ |P| Sgnp II — zOP dm
Q

This function satisfies (see also (2.13))

2.23) —Ap, = |p|?" sgnpé

Yo € L2(QNW(Q)  for some s = s(g) > 2

(2.24)
0o € WL2(Q) §>2,

oC

which follows from the theory of regularity for linear elliptic equations since
|p|9~! € L*(Q) and s = s(g) > 2 using simple interpolation argument between
L>(Q) and W23(Q) (see also (1.37)).

Now we use ¥ = @,

€, h> 0 in the weak formulation
((z — z0)2 + hz)r/2
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for the pressure (2.14). After some rearrangement we arrive at

1
q 4d
Q/ |p| ((z _ xo)z + h2)7/2 5 T

9p, (x — m0); 3
= —21'/ P & dx
ox; ((113 — I+ hz)(r+2)/2

9, 1 a¢

P —dz
ox; ((:t —zo) + hz) 25 oz,

5h% + (3 — r)(z — zp)?
((a: —x0)? + hz)(w")/2

- 27-/ ©oD (& = 20); —863 dzx
’ ((x — zo)? + h2)"*P/* Oz
Q

p&dz
(2.25)

1
- [ w0 AL d
/pp((z—zo)2+h2)r/2 s

Bu,- (9u]' 1 3
dz; z; £° 2 2f/25 de
2 J 1 ((.’E — x0)* + h )

afi 1 3
- ) E dz.
/ ox; $ ((z — zo)? + hz)"/2 9:

Denote the integrals on the right-hand side by Ji,...,J;. We have

1
|J1] < c/ Ip| ——lz e |Vp,|€ dz
Q

52
< C/ lp| & = oD +|pl Vo€ da,
Q

52
< v —— |V€|d
pise [ Vel g el ds
Q\B,(z0)
1
<c . ”VSOOHOﬂ,loc||p||0,4/3,loc||VE”07°°’
1z = Zo|" [|0,00,0\ B, z0)
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1
HE [ ool Il o €4

< clealloce / Pl e €4,

£2
< o Vé¢| ————d
1 = ¢ [ ol o1 1V] =g da
Q

62
N et
Q

3
Js| < 0o o d
| 5| = 6“6“2, /"P Hp‘ |93 _ zolf T

< cljéllzco Iolloco / Il g €

a:|"

sl < / Vul lol |—— & ds

zo|"

¢ dz,

S
Q

dx
zo|"

< e [ 1o oo
Q

. 1
< cllpallo 40V loz [ o €2d
Q

Thus the left-hand side of (2.25) is bounded independently of h > 0. The
assertions follow immediately. "

2.26 THEOREM. Let u be the maximum solution constructed in Section 1.

Then for all zo € Q and all r € (%, 1) we have

|Vu[?
I.’IJ — :t()l'

(2.27) Edz< K
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and for all q € (1,2)

2
/ |p|? ¢ dz < K
J |z — ol

(2.28)
52
/ fu[2 dr < K,
Q

|z — zo|"

where K = K(§) does not depend on x.

PROOF. We will show the assertions by induction, namely that for all k

1 &K1
<(v37)
the estimates (2.27) and (2.28) are true. For k = 1 this has already been proved
in Propositions 2.18 and 2.20. Thus let (2.27), (2.28) hold for all

1 &2
TE(Z,EZ—">.

n=1

and

In order to prove (2.27) we completely repeat the proof of Proposition 2.18,
2

with the only difference that we choose ¢y =u 72 for
((x = z0)? + h?)

The only resulting difference is the estimate of the integral I;. We have now

Bl / |5

f

Sc/

\ o

1
f 62 fo
[
\ [ul [z — go[+D7 -t dz |
Q

2

—x0 |r+1

(e—1)/o
o /w=1) ¢ )
———d

|z — zo|t

u2

7P

k-2

_ k-1
where t € (E E 2%) and thus the first integral is bounded by the
=1 n=1

1
2n’
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induction hypothesis. On the other hand ¢ > 2 and ¢ can be choosen such that
(r+1)0 —t(c — 1) < 3. Indeed, choosing t =r — 2%, y < 1 and 2 < ¢ < 0y,

251 4 1 44
where o( = —W we have
r+lo —tlc —1)<(r+1)og—tleo—1)=3—6
where 6 = E — — r. Thus also the second integral is bounded by
n=1

the arguments _of Proposition 2.18. Now we will show (2.28); for r €

on’

order to est1mate the integral J; we must investigate equation (2.23) a little
bit more carefully. First, multiply (2.23) by ©,&%|z — zo|~%, s < 3. After some
rearrangement we arrive at

2
/|V¢o|2 S
|z — zo®

<c / Vol ol V€

k-1 k
( 1 Z 2n>. Again we can repeat the proof of Lemma 2.21. But in

dzx

|z -Tl’

(2.29) )
2
+c/ | Vol |@ol€ ——————lz o dz

/ L e

Using (2.24) and (2.8); the first and last integral on the right-hand side can
be easily estimated. Further we have that the second integral on the right-hand
side of (2.29) is bounded by

2 2
L S +E/—£—d .
||‘Po||0,oo (€/| 990' |.’B—:to|3 T € Im_ 10|s+2 z
Q Q

For an appropriate ¢ we move the first term to the left-hand side; the second
term is bounded as s+2 < 5. Now we are ready to estimate the integral J; of
(2.25):

|| 56[ Ipl® ¢ dz
s (= — 2o + hz)"/2
¢ a/@-1) 1 Ga-9/g-1)
+ € _/ IV(‘OOI |z — xol(r(q—1)+q)/(q—1) ¢ dz.
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We move the first term to the left-hand side; the second term Jg can be estimated
as follows (by Holder’s inequality):

(r(g—1)+g)/(g—1) (s—2¢—2r(g—1))/(s(g—1))
Voo
|J8|<C(/|I zlls ) (/IVsOI”’{"’dz)
Q

q(s —2)—2r(g—1)
s—2¢—-2r(g—1)"
q € (1,2) and thus we can use (2.29) and (2.24),. This completes the proof. =

where v = but vy < 4 for all r < 1 and all s < 3 and

Unfortunately the estimates proved in Theorem 2.26 are not enough to
obtain full regularity of a maximum solution. In order to prove full regularity
we have to assume that for an arbitrary small € > 0 and all ¢ < 4

u!————dr < K
/l | Iz—zol“e o ’

which is a little bit more than proved in (2.28),.

3. - Full regularity
In this section we will show that one obtains full regularity of a maximum
solution of system (1.1) under assumptions slightly stronger than those we were

able to establish in the previous Section. First, let us give two useful results on
weighted LP-spaces.

3.1 PROPOSITION. Let f € W,"(Q), 1 < r < oo, satisfy

(32 I—z—l%gZdapgK 0<A<N,
— Lo

where K does not depend on zo and & is the usual truncation function. Then
we have for all 0 < o < N — X the inequality

alr
q9 r
(3.3) sup / ——lﬂ——afzda:SC sup / ——lYf—Imf2dz ,
ToEQ Q II - -'EOI 1oEQ Q Iz - IOI

where

(3.4)

> | =

Q| -
<[ | -
|
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PROOF. See Chiarenza-Frasca [3]. The result there is stated in the frame-
work of Morrey spaces. ]

Let v be the solution of
3.5) —Av=f a.e. in Q,

where f € LP(Q), 1 < p < oo.

3.6 PROPOSITION. Let f € LP(Q), 1 < p < oo, satisfy

P
(37 /%gzdzgff 0<A<N,
) |z — zo|

where the constant K does not depend on xo € Q. Then the solution v of (3.5)
satisfies for all 1o € Q and all 0 < a < N — )

|V2u|P
|.’II - Zola

(3.8) £ dz < K.

PROOF. See Chiarenza-Frasca [3]. Also this result is stated in the
framework of Morrey spaces. n

3.9 LEMMA. Let gy > 0 be arbitrarily small but fixed and let a maximum
solution of (1.1) satisfy for all 1 < q< 4

(3.10) / _ fm £dz < K,

|z — mo|T*e0

where K = K(&) does not depend on z,. Then we have for all 0 < a < &¢/8

|Vuf?
‘.’E _ :E()|1+0‘

(3.11) £dr < K.

PROOF. We repeat the proof of Proposition 2.18, now with r = 1 + a.
The only difference consists in the treatment of the integral I3. The following
computations become simple to understand if we assume in (3.10) that ¢ = 4.
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We have, using (3.10) and (2.8);:
52
———d
!‘ lul lpl II — zolz.,.a T
q a/(q— 1)
/ g, H/ Iple/e
|z — o[ *0 |z —zlx

) lplq(r 1)/(gr-1)—r)
<c+./| Isfdz+/ fdz,
r — X

lz - Iolﬂ

where s <3, 1 <r < oo, and

_2q9-—-1 1 q
_q—l 60q_1+aq_1,
(2q — Dr r s rq
= —€ +la—-) —m.
P a-D-4 ®rq-D—q ( )r(q—l)—q

In order to obtain the last inequality we have used the relations

9 __4 1+r—1),
g—1 qg—-1\r T

2q-1 1 q g 1 2¢-1 1 s q
— + = — 4+ .
qg-—1 qu—l aq—l sq—lr g-—1 *eo _1+(a )q—l

and Holder’s inequality with exponent r(q — 1)/q. Now the second term in the
last inequality is bounded thanks to (2.8) and for the third one we use (2.28),
which causes restrictions on s,g and r. Let us choose now a = g;/8. The
following must be fulfilled:

(3.12)

r(1~608—q) <s—1.
8¢

Choose now for 8 < 1 and 1 < 4 numbers ¢ and r as follows:

q
=4 = .
g=48, r Ly

Formula (3.12), can be re-written as

2 2-8
7<zﬁ—1‘5°4(2ﬂ—1>><3‘1
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or
(3.13) N2-8)<s—1

for some 6 = 6(eg) if B € (Bo(en), 1). Now ~ can be specified such that for an
appropriate s < 3 inequality (3.13) is satisfied. Let us now treat the integral

|uf?
[z — zo2e

|u|q 2 / 62
< | — _dr+ | ———d
‘/ |1—2o|1+€"£ 1) e —amp
Q Q

N=(+a—g)—T
.

¢ dz

where

+1+ 5.
3 gy <

Now we can complete the proof as in Proposition 2.18. .

Relation (3.11) will be the starting point for our subsequent investigations.
But before proceeding we will show that the behaviour of the gradient of the
pressure and of the convective term are the same.

3.14 REMARK. Consider the solution ¢; of

8u,~

1 —Ap; = o2
(3.15) 2 93;

uj — f; ae.inQ, 7=1,...,N.

Let us assume that

dz <c,

(3.16) / vl o =

—x0 |3°

where 1 < r < oo and 0 < sp < N. Thanks to Proposition 3.6 we have for all
0<s<sg

/ |V2<p.|' o dr<ec.

Differentiation of (3.15) with respect to z; and summation of the result give in
the weak formulation

/ v 2 Gy ds = 3“' a“f L do / fisldr Vg eCPQ).
ox; 3 ;
Q
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This and (2.14) yield

dp;
/V (a‘o —p) Vede=0 Vi € C(Q).
z;
Q
Therefore divy — p is a harmonic function and thus dive and p have the same
behaviour in weighted LP-spaces. Remark that from the representation theorem
one gets
”div§0 - p”l,oo,]oc < C“dngo - p”l,l,loc-
In particular we have for all 0 < s < s¢

(3.17) |Vp|"
[

Relations (3.16) and (3.17) show that the convective term and the gradient of
the pressure have the same regularity. Therefore we will treat in the sequel only
the convective term.

B dr<ec.

3.18 LEMMA. Let a maximum solution of (1.1) satisfy for all zy € Q and
all a < ag, ag >0

(3.19) / e _IvuP 2 dz < K.

xo l1+a

Then for all a < ag and all zy € Q

[Vu/'
|z — zo|T*e

(3.20) ¢*dz < K,

where | > 2 and K = K (&) does not depend on x.

PROOF. Let us denote Iy = 2. From (3.19) and Proposition 3.1 it follows
that for all @ < ap, 1 < ¢ < go and almost every zy € Q

q
(3:21) / ——"im dz<c,
A I.’l? - .'1:0|
where
(3.22) L l - 1

o0 l 4-a
By means of Holder’s inequality it is clear that for all 1 <r <

(3.23) / [’ [Vul” £dzr <ec,

|$—.’E0|1+a
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where

(3.24) LI U

Remark 3.14 and Proposition 3.6 imply that

2"
(3.25) / |ZIVI“||1M £2 dz<e, 1<r<r, a<ap.
0

Now we apply again Proposition 3.1 to (3.25), which yields

l
(3.26) /ijzszC, 1<r<r, a<o

for almost every zp € Q, 1 <!l <, where [, is given by

1 1 1 2 2
G20 R AL ML

Clearly, for ap > 0 and [y =2 we get
L > lo

which concludes the proof. n
3.28 THEOREM. A maximum solution of (1.1) which satisfies (3.10) has
full regularity, i.e.

ue W 29(Q)
(3.29) L
PE W] Q)

where q € [1, 00).

PROOF. From the proof of Lemma 3.18 it is clear that the whole procedure
can be repeated. We obtain recursive formulae for I, and r, given by

T 4
E—l_()-_4—0£0(2_1) fori-;>a0
(3.30)
1 2n+1 2n+2 -3 f 3
™m b 4-a o g 7 %

Remark that both ll and 1 tend to —oo, but formulae (3.30) have only sense

n Tn
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if the right-hand sides are positive. Remark further that the condition in (3.30),
is violated at first, but this means that (3.23) holds for all » < oo and therefore
also (3.26) holds for all | < co. Thus we have established:

[Vu['

2
mfdﬂisc, 15l<00

Vil
/ﬁaﬁzszC, 1<r<oo,

which is more than what is stated in (3.29). .

3.31 REMARK. Let us note that the argument of Section 3 and of the first
part of Section 2 (Theorem 2.1 - Corollary 2.15) works in arbitrary dimension.
We have used only existence of a maximum solution, integrability of o= 2]

—Zo
for r < N and Holder’s inequality. Therefore, if we replace in Theorem 2.1

u2 52
ndl <
/ 2+p lz—zol3dz_K
Q
b
y u2 52
— ———dz <
f > tP o= 2o 2 z< K
Q

all the statements remain true. Assumption (3.10) has to be replaced by

u? 2
Q

The only reason why we did not state the assertions in the general setting is
that we are not able to prove existence of a maximum solution in arbitrary
dimension.
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