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On the Stationary Motion
of Compressible Viscous Fluids

PAOLO SECCHI

1. - Introduction

In this paper we continue our study, see [5], about the stationary
motion of a compressible, viscous and heat-conductive fluid in a bounded
domain Q of R? in the presence of self-gravitation, with the velocity field
satisfying a slip boundary condition instead of the usual adherence condition.
The corresponding Navier-Stokes equations for the unknown velocity field
u(z) = (u1(z), u2(x), u3(x)), density p(z) and absolute temperature O(z) are

— pAu — vV divu+ Vp(p,0) = p[f — (u- V)u — VU],
(1.1) div(pu) = 0,
— xAO + c,pu - VO + Opg divu = pg + a(u) in Q.

Here the pressure p = p(p, ©) is a known smooth function of p and ©; U is the
Newtonian gravitational potential given by

(12) U(@) = — / pW)
Q

Y
|z —y|

where ~ is the constant of gravitation; u is the shear viscosity and v = p+ 4/,
where p' is the bulk viscosity; x is the coefficient of heat conductivity and ¢,
is the specific heat at constant volume. In order to avoid technicalities we will
assume that the coefficients p,v,x,c, are constant. In general, p and p' must
satisfy the physical constraints p > 0, 2u + 3y’ > 0; the latter implies v > p/3.

Since the fluid is viscous we will assume p > 0 and also v > %, x>0,¢,>0

Pervenuto alla Redazione il 24 Marzo 1992 e in forma definitiva il 27 Ottobre 1993.
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(see Remark (iii) at the end of Section 3). Finally, f denotes the given external
force field, g the given heat supply and o« = a(u) the dissipation function

a(u) = 2uT(w) : T(w) + (v — p)(div u)?

1 . .
where T'(u) = = (D;u; + D;u;)1<; j<3 is the deformation tensor and
) J jUi)1<i, <

3
T : T =5 3 (i + DyuiDivy + Dyvy)

1,j=1

. 0 . S .
with D; = Ee Since the total mass of the fluid is given, we impose the
condition

1
(1.3) @Q/p(m)da,':mo

where mp > 0 is given. On the boundary I" = 9Q, instead of the usual adherence
condition u =0, we impose for u the slip boundary condition

u-n=0,
(1.4)
t;T(w) -n=0 onTl, :=1,2,

where n is the unit outward normal vector to I' and ¢;,t, span the tangent
plane. For ® we impose the Dirichlet condition

(1.5) 0=0, onI

(for other boundary conditions for ©® see Remark (ii) at the end of Section 3).

In our previous paper [5] we proved the existence of a unique solution
(u, p,©) in the Sobolev spaces W7*2P x Wi+lp x W7*2P_ for any integer j > 1
and real p > 3, provided that the data (f,g,0,) € WP x W/? x W/*~ 32T
belong to a suitable neighbourhood of (0,0, 0,), ©, = const > 0, and that « is
sufficiently small. The purpose of the present paper is to cover also the case
7 =0, that is we prove the existence of a solution (u, p, ®) in WP x WP x W2»
for small enough data (f,g,0, — ©g) € LP x LP X Wz‘i"’(l") and small enough
~ (for a different regularity of the temperature © see Remark (i) at the end of
Section 3).

As in [5] the core of the paper is the study of the linearized system (2.1)
for (u,0), ¢ = p— pp, wWhere pgy is the equilibrium state. In order to solve it
we introduced an equivalent formulation of (2.1). Such a formulation, in the
present context of a solution (u,0) in W%P x WP, looses its meaning because
of the lower regularity (see in particular (2.24), (2.25) in [5]). We overcome
this difficulty by introducing a different approach which gives us the density as
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solution of a linear transport equation, obtained in turn as solution of a Neumann
problem. The result is obtained without resorting to weak formulations of the
equations for o.

Moreover, this new approach applies as well to the case j > 1 already
considered in [5], without additional difficulties (see the Remark at the end of
Section 2).

Before stating our main result let us introduce some notation. By
¢,C,C;, kiyt > 0, we denote positive constants depending at most on Q,j,p,
unless explicitly stated otherwise.

We denote by W/P, j a positive integer, 1 < p < +oo, the Sobolev space
W7P(Q), endowed with the usual norm || - ||;,. For real s > 0, W*? denotes the
Sobolev space W*?(Q) of fractional order s with norm |||, , (for the definition
see [1]). The norm in LP = LP(Q) is denoted by |- |,, 1 <p < +oo. If p=2 we
write W72 = H’ whose norm is simply denoted by || - ||;; the norm of L% = H®
is denoted by ||-||(= |- |2).- On the boundary we use trace spaces Wj‘%”’(l")
with norm || - ||]-_;77p‘r. For convenience we use the same symbols for spaces

of vector-valued functions. We denote by W/P the space of scalar functions
{c e Wi?:7 =0} where 7 is the mean value of ¢ over Q. We denote by W/*
the space of vector-valued functions u in W7® such that u-n =0, t;-T(u)-n =0
on I,s=1,2 (here j > 2). Let us introduce the space H={u€ H! : u-n=0

3
on T'} endowed by the norm |ju||} = ||Vu|? = E | Dius||>. In H this norm is

1,j=1
equivalent to the H'-norm since

lu|| < ko||lu||a for all uw € H,

see [8]. Let us denote by H' its dual space with norm || - ||z
Associated to the linear problem

pAu — vVdivu=f in Q,
(1.6) u-n=0 on T,
ti-T(uw)-n=0 onT,2=1,2,

let us consider the following variational problem: find » € H such that

(1.7) a(u,v) :=2p,/T(u):T(v)+(v—;4)/divudivv:/ f-v
Q Q Q

for any v € H. Observe that the bilinear form a(u,v) is bicontinuous in H.
To obtain the coerciveness in H of a(u,v) we must exclude the rigid body
motions

S={ueH:Tw)=0}={u=bA(z—1x0):u-n=0onT}
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from H provided that S#0, i.e. Q is a body of revolution around its axis of
symmetry b€ R3. If S#@ we let H denote the subspace of vectors in H which
are orthogonal to rigid motions. If S =@, then H = H. For each u € H we have
Korn’s inequality

(1.8) llull? < ks / T(u) : T(w),
Q

see [8]. For the sake of simplicity we assume in our main Theorem 1 that
S = (. Partial results in the case of domains Q with symmetry can be obtained
as in Section 4 of [5].

Let us now introduce the equilibrium solutions. By an equilibrium solution
we mean a regular solution (u, p, ®) of (1.1)-(1.5) in the case f =0, g =0 in £,
such that 4 =0 in Q, ® = @y = const > 0 in Q and p > 0 in Q. Hence p solves

pVU + Vp(p,0) =0 in Q,
oY)
|z -yl

(1.9) U(z) = —v dy z€Q.
From [5] we have:

PROPOSITION 1. Let p > 3 and assume that T € C?, Pp(p, ©) > 0 for
p > 0. Then, given € > 0 there exists ~y > 0 such that Jor any 0 < v < o there
exists a solution py € WP of (1.9) such that py > 0 in Q and

(1.10) Vo0l < e

Let us state now our main result.

THEOREM 1. Let p > 3. Let us assume that T’ € W*5? and that Q has
no axis of simmetry, i.e. S = 0. Let p € C* with Pp(p,©0) > 0 for p > 0. Let
(f,9,0,) € LP X LP x W s P(T). There exist positive constants cgy, o such that if

0<v <0, |[flo+1glp+ 1€ = Goll-1 1 < co,

then there exists a unique solution (u,p,®) € W*P x WP x WP of problem
(1.1)-(1.5).

Let (po, ®p) be an equilibrium solution with g, = mg and let Uy denote the
gravitational potential corresponding to po; define 0 = p — pp, 8 = © — ©. Let
us write

p(p, ©) = p(po + 0,00 + 6) = p(py, O) + 7o + w0 + w(c, d)

where 7 = P,(p0;©0) > 0, mo = Po(po, ©9), w(0,0) =0, w(s,0) = 0o |> + 10> as
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|o| +10] — 0. Problem (1.1)-(1.5) can be written as

pAu — vV divu +V(ro) = F(u,0,60) in Q,
div(mg +0)u = E(u) in Q,
XA0 = G(u,0,0) in Q,

(1.11) u-n=0 on T,
ti-T(w)-n=0 onI,z=1,2,
0=20, on I,
7 =0,

where, by definition

F(u,0,0)=(po+0)[f — (u-VI)u— VU] +pyVUy
— V[l + w(e, 0)],

U(z)z_pyf Mdy’
Q

|z -yl
(1.12) ) E(u) =div(mo — po)u,
G(u,0,0) =—cy(po+0o)u-Veo
QO o+ 0,00+ 00 V(oo +0)
po+0
+(po+0)g + a(u),
\ 0. =0, — ©,.

Observe that (1.11), is used to deduce the expression of G.

The plan of the paper is the following: in Section 2 we study the linearized
system (2.1) while in Section 3 we consider the nonlinear problem (1.11) and
prove Theorem 1.

2. - The linearized system

In this section we study the linear system

Ay —vVdivu+V(me)=F in Q,

divimou+ov)=FE in Q,
(2.1) u-n=0 onT,
t;-T(u)-n=0 onT,2=1,2,
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Here we assume that the given vector field v satisfies
2.2) v.n=0 onT,

and that the given function E satisfies the necessary compatibility condition
E=0.

THEOREM 2. Let p > 3, T € W*#? C C%, 5 =0, p(p,0) € C. Assume
that py € WP with py >0 in Q, Fe€ LP, Ec W' and let v € W2 satisfy
(2.2). There exist positive constants kj, ks such that if

(2.3) IV pollip < ka2, lv]l2p < ks,

then there exists a unique solution (u,0) € W,,2 P x WY of problem (2.1).
Moreover

24 l[ullzp + llollip < Co (IFp+ | Ell1p)

where Cy depends on Q,p, p,v,, ||po||2p-

PROOF. We prove this result by the continuity method. The first step
consists in proving an a priori estimate for a solution (u,c) in H' x L2,

LEMMA 2.1. If v is sufficiently small, see (2.11), then a solution (u,c) in
H? x H' of (2.1) satisfies

(2.5) lulle < A(I1F2 +IE)
6 loll< il Q1+l
where
A=%max{%+%,ﬁ0ﬂr|ﬁo % 1} +m((?:t. 7] oo % o

|
e = k—mln{2p,3v—p,} > 0.
1

PROOF. We first multiply (2.1); by » and integrate over Q. Integrating by
parts and using Korn’s inequality give

Q.7 u*||u||%15/ F-u—/ V(ro)-u

where / denotes integration over Q. Using (2.1), gives

(2.8 /V(mf) ‘u= % /(7('0)2 div <L> - | g

Tmo my



ON THE STATIONARY MOTION OF COMPRESSIBLE VISCOUS FLUIDS 137

hence from (2.7), (2.8) we obtain

Px 1 1
(2.9) ) lJullf < ™ | F\ + 3

. v 1
aiv (2| o+ 2 18]
mo / | oo mo

Since from (2.1); we have

o divy
o||=sup L— 1
o= 228 e
(2.10)
1 /F.tp_a(w)u) 1
<|-| su : <ot aFi + |
<Ja. 0 ey <05 0l

which gives (2.6), from (2.9), (2.10) we obtain (2.5) if

d1v ( )
T™mo

(see [5] for details). O

< B

(2.11) 2cl2|7r|3° <3

The next step consists in proving an a priori estimate of a solution in
W2vp X Wl»p.

LEMMA 2.2. If v is small enough, see (2.23), then a solution (u,c) €
WP x WP of (2.1) satisfies (2.4).

PROOF. Since for the below computations at least one more derivative is
needed, we apgrommate u,0, F, E by more regular functlons First of all we
observe that WP is dense in W;*. Indeed, for u € W}? let w,, € W be such
that w,, — u 1n the topology of WZ»P We solve the following trace problem:
find 2, € W3? such that

Zm M =Wy N

ti - T(zm) - n=t;-T(wy) -n, 1=1,2,
on I. We have

”zm”j,p S C("wm ’ n“j—l/p,p,l" + E ”t, ' T(w""') * n”]'—l—%,p,l")v ] = 2a 3,
1=1,2

which implies z,, — 0 in WP, Hence u,, = Wy, — 2zm € W , Um — U in W2P,
Moreover, WP is dense in W'P. Indeed, for o € Wl*" let 7, € WP be

such that 7,, — ¢ in WP, Then o, =T — Tm € W>P and 0,, — 0 in WP,
Given F,E, v as in Theorem 2 and a solution (u,0) € W2”J x WP let us

consider u,, € W;? with u, — u in W??, g,, € W? with 0, — 0 in W'?,
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F,, € W'? with F,, — F in L?, E,, € W*? with E,, —» E in W'? as m — +oo.
For F, F,, let us consider the decompositions F' = ¢+ V1, ¢ € LP with divp =0
inQ, o-n=00nT, py € W', F, = ppm + Vb, ©m € WP with divep,, =0 in
Q, om-n=0on T, ¥,, € WP, we have t,, —» 1 in W' as m — +oo. From
(2.1), we deduce that div(sv) € W'?; let a,, € W>? be such that a,, — div(sv)
in W', For these approximations let us introduce the differences 6,,, €, defined
by

2.12) wAUy, — vV divu,y, + V(roy) = Frp + 6,
2.13) div(mouyy,) + am = B, + &,
bm € WP, ¢,, € W?P, 6, — 0 and €, — 0 in L? and W'? respectively as
m — +oo. Applying the div operator to (2.12) and the laplacian to (2.13) give

respectively

w + wAdiv uy, + A(ro ) = Ay, + div by,
2.14)
moAdiv u,, + Aay, = A(E,, + €n).

We eliminate Adivu,, from (2.14) and obtain

(2.15) AW, =div (6 +— Vsm) in Q,
mo

where W,, = no,, + vrae (am — E,;,) — ¥n,. Taking the scalar product on T" of
(2.12) times n and appfymg the normal derivate 8/8n to (2.13) give

Ym

. 7]
AUy -m — vV dlvum+%(1ram)— 3 + 6y - n,

an
2.16
(2.16) 9.,

div Uy, + —67

mo = % (Em +Em).

on

Now we observe that the boundary conditions (2.1);4 imply that Au,, - n —

a .. . . . .
%dlv u,, does not contain second order derivatives of wu,,; indeed if the

boundary is flat this difference is equal to zero, and in the general case this
fact can be proved with a long but straightforward computation. Hence we can
introduce a vector function h; and a matrix function h; such that

2.17) AUy, -1 = u%divum +hy-uy+hy:Vu,, onTl.

h; contains at most second order derivatives of n,#,1,, hence hieW!- ""(l")
h, contains at most first order derivatives, hence h, € W? =5 »P().
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From (2.16), (2.17) we obtain

oW,
on

v+

(2.18) =hy - Uum+hy: Vu, + (6m+ # Vsm) -n onT.

mo

We multiply (2.15) by ¢ € W9, %4-11) =1, integrate over Q by parts and use

(2.18). Passing to the limit as m — +oo gives

(2.19) [ vw-vqs:/(m cu+hy:Vu)p  for any ¢ € W,
r

v+pu
mo

where W = wo + (div(ev)E) — ¢y € W' and / denotes integration

r
over I'. Both sides of (2.19) define a linear continuous functional on W4,

The norm of the functional ¢ — / VW - V¢ is |VW|,. Given s,;) <s<l,
u € W2 C WP gives hy-u+hy : Vu € W #2[) C LP(I). Hence the
norm of the functional ¢ +— / (h1-u+hy : Vu)é can be estimated by c||u||1+s,p-

T
Then equality (2.19) implies
(2.20) VW |, < cf|u|14s,p-

From the Poincaré inequality and the fact that div(cv), E,1 have mean value
zero we deduce

Wio < W =W, + W], < (| VW], + 7o ]lo |-
Then from the above inequality and (2.20) we obtain

(221 IWllie < elllullivsp + [7leollo |-

Consider now the linear transport equation

VIR Givowy =p+ 2P E+w=A inQ.
0

mo m

(2.22) wo +

From [3], see in particular Theorem 2.3 and part (i) of the proof of Theorem
1.1, we have that, since p > 3, if

v

(2.23)

+ v 1
“of, <3
mo wllzp 2
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where C, is a suitable constant depending only on Q, p, then for any A € W1»?,
there exists a unique solution 7o € WP of (2.22) and

I7oll1p < 2[|Al-
Using (2.21) we obtain

(224) ||7|'0'||1,p S c (|F|P + V+“
mo

nEmmﬂwmmfwﬂawD.

Consider now the elliptic system

pAu — vVdivu=F — V(ro) in Q,
(2.25) u-n=0 on T,

t;-Tw)-n=0 onT,i=1,2.
The weak formulation of (2.25) is (1.7) with f = F — V(no), where a(u,v) is
a bilinear form, bicontinuous and coercive in H. The boundary conditions are

complementing in the sense of Agmon, Douglis and Nirenberg [2]. Hence the
solution u belongs to WP if F — V(wo) € LP and moreover

(2.26) lull2p < c(|Flp +||7o||10)

holds. From (2.24), (2.26) we obtain that |jul|,, can be estimated by the
right-hand side of (2.24). Now, from W?P ¢ W'+ c H, since in particular
the first imbedding is compact, we deduce that for any positive € there exists
a constant c(e) such that

ullivsp < €llullzp + c)ljulla-
For £ small enough, taking account of (2.5), (2.6), we then obtain

v+pu
mo

immWSchb+ Bl + 4+l

1
;' ¢! +A)> (|F||g + IIEID]

and from (2.24)
1

T

v

lollp < e

+p
Elip+ A+
L B+ (4+ el

ll (1+A)>
T (o]

mHMmeﬂ

DF“+
1p

which gives the thesis. O

The rest of the proof is as in [5]; we briefly recall the main steps, see
[5] for details.
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(i) We first prove the existence of a solution of (2.1) in the particular

1 .
case of u/v sufficiently small. We define ¢ = ;(ma — vdivu) where

T = p:,(mo,Go) > 0. Then (2.1) is transformed in the following Stokes problem
and linear transport equation

Au+Vgq= 1 [F+V(r —w)] in Q,
7
divu=# (Zr—la—q> in Q,
2.27) vV \K
u-n=0 on T,
ti-T(w)-n=0 onI,z=1,2,
7=0,

(2.28)

We solve (2.27), (2.28) by finding a fixed point of the map ¥y : (¢*,¢") — (0,9)
in the square Zo = {(c*,¢*) € W'? x W' : ||o*|l1, < B, |lg*|l1, < B} where
(0, q) is the solution of (2.27), (2.28) for (¢*,¢*) € Xy inserted in the right-hand

side and B is chosen large enough. If |Vpg|, > c||7 — m1|1p, —_ ||v|l2p and
071
©

— are small enough the map W, is a contraction in X;. Then, there exists a
v

unique fixed point, that is a solution of (2.27), (2.28), with u solution of (2.27)
corresponding to the fixed point ¢* =0, ¢* =q.

(i) Secondly we consider the general case, with no restriction on the
viscosity coefficients u and v; we prove the existence of a solution of (2.1) by
the continuity method. Choose pg, v such that uo/vp is so small that the result
proved in (i) holds. For 7 € [0, 1] define

pr=A =Dpo+7p, vr=(1-"7o+10,
L,(u,0)= (—pAu — v,V divu +V(re), div(mou + o v)),
X=W>* x Whe Y=LP x WP,
Consider the set
T ={r €[0,1] :for each (F,E) € Y there exists a
unique solution (u,0) € X of L.(u,0) = (F, E)}.

Since 0 € T, T is not empty. Using (2.4) we prove that T is open and closed,
i.e. T = [0,1]. Then for each (F,E) € Y there exists a solution (u,0) € X of
(2.1). From the linearity of the problem and (2.4) the uniqueness of the solution
follows. This complete the proof of Theorem 2. O
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REMARK. The same approach can be followed also for obtaining solutions
(u,0) € W7*2p x W/*lP, j > 1. In that case the proof is simplified since it
is not necessary, due to the higher regularity, to introduce the approximations
Um,Om, ... and in (2.20) (and below) it is sufficient to consider ||ul|;+1, instead
of a norm of fractional order. In particular, (2.21) can be substituted by
W llje10 < ellulljorp+ Irlasllo ) (see also [SD.

3. - Proof of Theorem 1

Since the proof is essentially the same as in [5] we give just a sketch of
it. We solve (1.11) by finding a fixed point of the map ¥ : (v,0*,8*) — (u,0,0),
where (u,0,6) is the solution of (1.11) with F(v,c*6*),G(v,0* 6*) in the
right-hand side and the equation div(mou+ov) = E(u*) instead of div(mo+o)u =
E(u).

We consider the set

== {(,0,0) € WP x W' X W : ullzp +|lo |1+ [6ll2p < ke },

1 .
where k4 < k3 is such that |o|e < cllo]|ip < cks < 3 min po(z). The first step
Q

consists in proving that W(X) C X. This follows using Theorem 2, estimate

(2.4) and a well-known estimate for the Dirichlet problem (1.11)3¢ under the

requirement that o, | f|p, |9lp, [|©e — Ooll,_1 , 1 ks are sufficiently small. Observe
p’ 9y

that the requirement that ~, is small implies, by Proposition 1, that Vg, is small.
The second step consists in estimating the difference (u; — up,01 — 02,0, — 65)
for (ui,04,60;) = Y(vy,07,0;),(vi,07,0;) € Z. For such differences we consider
the norms ||u; — uz||a, |lo1 — 02||, ||61 — 62||; which we estimate using (2.5), (2.6)
and ||0; — 611 < ¢||G1 — G2||-1 where G; = G(v;,0?,67) and || - ||-; denotes the
norm of the dual space H~!(Q) of H}(Q). Again, provided that ~g, |f|p, |g]p, ks
are sufficiently small, we prove that ¥ is a contraction in X with respect to a
suitable norm in H x L? x H'. Hence there exists a unique fixed point in X of

the map ¥, i.e. a solution of (1.11). This completes the proof. O

REMARKS. (i) If in thec;rem 1 we assume (g,0,) € WP x W3‘5"’(1")
(instead of (g,©,) € LP x W2 »?(I')) we obtain © € W3».

(ii) Results similar to Theorem 1 can be obtained if we consider for
the temperature O, instead of a Dirichlet boundary condition, either a Neumann
b.c. g(—: =0, on I', or an oblique b.c. % =hO, —0) on I, h >0, where in
each case O, € W“:l"”(l"). In the case of the Neumann b.c. the total amount of
temperature is also assigned. A different regularity, as in (i), can be obtained
also with such boundary conditions.
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@ii) If p > 0, v = p/3 the operator —uA — vV div is elliptic, but the

coerciveness of the associated bilinear form, under the boundary conditions
(1.4), fails. For this reason our method does not apply. The same difficulty
was met in [4] for the stationary problem and in [7] (see also [9]) for the
gvolutionary problem with free boundary.

The fluid is viscous even if we assume that the shear viscosity p vanishes

and the bulk viscosity u' is strictly positive, namely if g =0, v > 0. In this case
the correct boundary condition is w-n =0 on I'. The motion of a viscous flow
under these assumptions on the viscosity coefficients has been studied only in
the evolutionary case in [6].
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