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Solution of the g-equation on Non-smooth Strictly g-concave
Domains with Holder Estimates and the Andreotti-Vesentini
Separation Theorem

GERD SCHMALZ

0. - Preface

In the present paper we show that the approach from [10] can be used to
solve the d-equation with Hélder estimates on strictly g-concave domains and
to prove the Andreotti-Vesentini separation theorem with Holder estimates on
non-smooth domains,

A real-valued C? function p defined on the domain U C C™ will be called
(g + 1)-convex if its Levi form has at least ¢ + 1 positive eigenvalues in every
point on U. A domain D CC X, in some n-dimensional complex manifold X,
will be called strictly g-concave (1 < ¢ < n — 1), if there exists a (g + 1)-convex
function p: U — R defined in some neighbourhood U of 9D such that

(0.1) DNU ={o> 0}

(We do not assume that do(z) #0 for all z € dD.)
For these domains, and for all 1 < r < ¢ — 1, we prove in the present
paper the following

THEOREM 0.1. The space of forms f, for which du = f can be solved

on D by a continuous (0,r — 1)-form u, has finite codimension in the space of
all d-closed continuous (0, r)-forms on D.

If the (q+ 1)-convex function p in (0.1) can be chosen even of class C?*2,
with 0 < & < 1/2, then we prove the following

THEOREM 0.1'. The space of forms f, for which du = f can be solved

on D by an a-Hélder-continuous (0,r — 1)-form wu, has finite codimension in
the space of all d-closed continuous (0,r)-forms on D.

Pervenuto alla Redazione il 6 Febbraio 1990.
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Theorem 0.1' was published in 1976 without proof in the case that 8D
is of class C* by N. @vrelid [8]. In 1979, I. Lieb [6] proved Theorem 0.1’ in
the case that 9D is of class C*. In the case that the (¢ + 1)-convex function o
in (0.1) is of class C* and the critical points of o on 8D are non-degenerate,
Theorem 0.1’ was proved in the book [5]. The assertion of Theorem 0.1' is
there formulated under the weaker condition that p is only of class C? and with
a = 1/2. But the proof is correct only if g is of class C*. It seems to be not
clear whether Theorem 0.1’ is right for @ = 1/2 and ¢ € C2. In Section 2 we
give an example which shows that the approach from [5] and of the present
paper does not give such a result.

In Section 4 we prove a version of the Andreotti-Vesentini separation
theorem with Holder estimates. The main result can be formulated as follows:

THEOREM 0.2. Let D cC X be a strictly q-concave domain in an
n-dimensional compact complex manifold X, 1 < q < n — 1, such that the
defining (q + 1)-convex function in (0.1) can be chosen of class C***, with
0 < a < 1/2. Then the space of d-closed continuous (0,q)-forms f on D, for
which du = f can be solved with an o-Holder-continuous form u on D, is
" topologically closed with respect to the max-norm.

Theorem 0.2 was proved in the book [5] under the condition that the
(g + 1)-convex function g in (0.1) is of class C3 and has only non-degenerate
critical points on dD; the case ¢ =n — 1 and do(z) #0, z € 8D, has been
proved in [3].
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1. - Local solution of du = fy, on strictly g-concave domains with 1 < r <
qg—1

First we recall some definitions concerning g-convexity (according to the
terminology used in [5S]).

Let U C C™ be an open set, and ¢ : U — R a C? function. Then the
function

% Do 8%o(¢) L
Fy(z,¢) = 2]‘4;1 5 (¢ E Bedee (27 — )z — S),
defined for ¢ € U and z € C™, is called the Levi polynomial of p. The function

o is called g-convex on U (1 < q < n) if the Levi matrix (6zg(z)/6z]8zk)] rel
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has at least ¢ positive eigenvalues for each z € U (“n-convex” means then
“strictly plurisubharmonic™). The function ¢ will be called normalized q-convex
if, for all z € U, the matrix (Bzg(z)/azja'z"k)g w1 1S positive-definite (i.e., ¢ is
strictly plurisubharmonic with respect to zl,.’..,zq) and, moreover, there are
some constants 8 > 0 and B < oo such that, for all z,¢ € U,

q n
(1.1)  Re Fz,0)> o) —e@+8-Y |-z =B I — 2

j=1 J=g+1

DEFINITION 1.1. (see [10], Definition 2.1) A quadruple [U, g, ¢, D] is called
g-convex configuration in C" if the following conditions are fulfilled:

(i) U CCmis a convex open set, and ¢ : U — R is a convex C? function
such that @ # {p < 0} cC U;

(i) o: U — R is a normalized (g +1)-convex function in some neighbourhood
U of U;
(iii) de(z) Adp(2) #0 for all z€ {g=0} N {p=0};
(iv) D={z€U:p(z) <0, o(z) <0} and D # D # {p < 0}.
In this case, D is called the domain of the configuration, and we say that
[U, o, @] defines the g-convex configuration [U, g, ¢, D].

DEFINITION 1.2. [U, g, ¢, H, D] will be called a g-concave configuration of
class C**inC™, 0<a< 1/2, 1< g<n-—1,if [U,—p,¢] defines a g-convex
configuration in C", where ¢ € C*** and the following conditions (a)-(d) are
fulfilled:

(@ H=H(z), ze€ C", is a function of the form

(1.2) Ha=H@+M Y |zl

J=q+2

where H'(z) is a holomorphic polynomial in z € C" and M is a positive
number;

(b) (2) <0 for all ze U with Re H(2) = g(2) = 0;

(¢) D={z€U:o(z)<0, pz) <0, ReH(z) < 0} # 0

(d) dReH(2)#0 for all z € U with Re H(2) =0,
dRe H(z) A dp(z) #0 for all z € U with Re H(z) = p(2) =0,
dRe H(z) Ado(z) #0 for all z € U with Re H(z) = g(2) = 0.

In this case, D is called the domain of the configuration and we say that
[U, 0, , H] defines the g-concave configuration [U, g, ¢, H, D].
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LEMMA 1.3. Let o : X — R be a (q+ 1)-concave function (i.e., —p is a
(g + 1)-convex function) on an n-dimensional complex manifold (1 < qg<mn-1),
and let y € X be such that o(y) =0.

Then there exists a holomorphic map h, from some neighbourhood V of
y onto the unit ball, such that h(y) =0 and the following statement holds true:
We can find a function g on h(V) and a function H of the form (1.2), a number
r with 0 < r < 1 and neighbourhoods y € V) CC V, CCV such that

[h(V), & ¢ =|z* —r* H]
defines a q-concave configuration in C",

d=poh™' on RV}

has not degenerate critical points in h(V\V,).

PROOF. Analogously to Lemma 2.2 in [10], it can be shown that there exist
neighbourhoods y € V;, cC V, cc V, holomorphic coordinates A :V — C", and
a g-convex function —g on h(V), such that $ < —po h~! on h(V;), & has not
degenerate critical points in h(V\V2), § = goh~! on h(V}), k(V) is the unit ball,
h(y) = 0 and, for some r with 0 < r < 1, [R(V), -, |2|* —r?] defines a g-convex
configuration. It remains to construct the function H. Since —g is normalized
(g + 1)-convex, there are constants C < oo, 8 > 0 with

g+l n

—Re Fy(z,0) > {2)+ - Y |52 = C- Y |z’

J=1 J=q+2

for all z € h(V). Setting

H@) = -Fyz,00+C+H) Y |z

J=q+2

we obtain a function of the form (1.2) such that Re H(z) > f|z|? for all z € h(V)
with g(z) > 0.

Hence, [h(V), g, |2)> —r* H - grzl fulfils all conditions in order to
define a g-concave configuration, except for (possibly) condition (d). By a
lemma of Morse (cf., for instance, [5], Lemma 0.3 in Appendix B), for almost
all complex linear maps L : C* — C, the function

Re (}?— §r2+L(z)) zeC"

has not degenerate critical points. The same is true for the restriction of this
function to the surface {¢ = 0}.
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Furthermore, the hypersurface {g = 0} has in h(V'\V,) only non-degenerate
and, hence, isolated singularities. The neighbourhood V> 3 y can be cho-
sen small enough, so that Re H(z) # 0 in V,. Then, without loss of gen-
erality, we can assume that L(z) has been chosen such that the restriction
of Re (fI - §r2+L(z)) on {g = 0} N A(V\V2) has not degenerate critical
points either. This implies that, for almost all real numbers e, the function
H(z) :='(I~J - grz +L(z)) +¢, z € C", fulfils condition (d) in Definition (1.2).
If, moreover, L and e are sufficiently small, then H fulfils also the other
conditions in this definition. =

The set Div(p). Let [U,—p,,D] be a fixed g-convex configuration
(I<g<n-1.
Choose C! functions ajx : U — C, j,k=1,...,n, such that

8%0(z)
8zj8zk

B

2n?

1.3)

ajx(2) —

for all z € U. For z,¢ € U we define

n

E a;k(2)(Sk — 2k)

k=1

. do
Vi —
(1.4) wi(z,¢) =2 22 +

if1<j<g+1,

) ) n )
w(2,6) =227 + 3 ap(D)sk — 20+ (B+B)E; — 7))
T k=1

if g+2<j<mn, and we set w; = (w},...,w}).
Then, it follows from (1.1) and (1.3) that

(5) Re {w1(2,),¢ - 2) > 000e2) + 5 |¢ — 2

for all ¢,z € U.
Further, we define

P ()
J o -
‘ wy =w)y (2,¢) a¢,
for j=1,...,n and 2,¢ € U, and we set w; = (ws,...,wY). Since ¢ is convex

and, for fixed ¢ € {¢ =0}, {z: (w2, ¢ — 2) = 0} is the complex tangent plane
of {¢x =0} at ¢, we have the relation

(1.6) (w2,¢ —2) #0

for all ¢ € {¢ =0} and z € {p < 0}.
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The set Div(H). Let H be of the form (1.2), i.e.,

H@=H@+M- ) |5/, zecCm

J=q+2
where H' is a holomorphic polynomial and M a positive number.

DEFINITION. By Div(H) we denote the set of all n-tuples v = (v',...,v")
of complex valued C! functions v/ : C* x C® — C which are obtained by the
following

Construction: Take holomorphic polynomials v} = vj(z,¢), j=1,...,n, in
(2,¢) € C™ x C" such that

H'()— H'(2) =Y vz, ) — ),
J=1
set o/ = v} for j=1,...,q+1, and v/ = v} + M(5; +%;) for j=q+2,...,n.
REMARK. For any v € Div(H), we have the relation

('U(Z, g)a ¢ — Z) = H’(f) - H’(Z)

+ M- (g = 15 + 25652))
J=q+2
and, hence,

(1.7) Re (v(z,¢), ¢ — z) =Re H(¢) — Re H(2).

CANONICAL LERAY DATA AND MAPS 1.4. (cf. [5], Section 13.4). Let
[U,0,0,H,D] be a g-concave configuration in C*, 1 < ¢ < n — 1. Set
Y1=9, Y2=9p, ¥3=ReH and

Y;={2€U :9;=0}, D;={z€U :9; <0} for j=1,2,3.

Then D = DN D,N Ds is a domain with piecewise almost C! boundary, and
Y1,Y,,Y3) is a frame for D (cf. [5], Sect. 3.1).

PROPOSITION. Let (wy,w,, ws) be such that
w; € Div (Q)
0 0
1.8 =VCp, where V‘C=(—,...,——)
(1.8) wy ® 3 3.
w3 € Div (H).



SOLUTION OF THE 3-EQUATION ON NON-SMOOTH STRICTLY ¢-CONCAVE DOMAINS 73

Then
(1.9) (wj(2,¢), ¢ —2) #0
forall ¢€Y;, ze D; and j=1,2,3.
PROOF. This follows from (1.5), (1.6) and (1.7). »

DEFINITION. We say (w;,w,,w3) 1S a canonical Leray datum for
U, 0,0, H, D] (or for D) if (1.9) holds true.

We set
S] = },] N aD; Sz] = Si n S], (1',] = 1,2, 3)

Then, by (1.9), the following Leray maps are correctly defined

w;(2,¢)
=1z, ¢) = —
W T’] ¢ (w](za g):g - Z)
for all z€ D and ¢ € S; (J = 1,2,3). Further, let
A={ A=, M, A, M) ER : X+ X+ X+ X3=1, A; >0, j=0,1,2,3}

be the 3-dimensional standard simplex, A; = {A € A : A\ +X; = 1}, and
Agj={AEA: Xg+ A+ A, =1}. We set

Nij = Mij(2, 6, ) = Ami(2, ¢) + Am;(2,¢)
for z € D, S‘ESU, )‘GAU;
= m0j(z, 6,0 = Ao l; o7 Amite)
for ze D, ¢€S;, A€ Ay, j=1,2,3; and
$-%
Moij = 1M0ij (2, ¢, A) = Ao = 2P +Aini(z, ¢) + Ajnj(z, ¢)
for z € D, §€Si]', )\EA(),']‘.
Further, we shall use the following notations: if A = (@if)} o1 is a matrix

of differential forms, then

det' A:=

(2 o Z $gN(0) ag1),1 A ... A Gomyn,

where the summation is over all permutations o of {1,...,n}. If ay,...,a,, are
vectors of length n of differential forms and si,...,s, > 0 are integers with
si1+...+8,=n, then

! o
det; . (ai,...,an):=det (a1,...,a1,...,0m,...,amn).
[ — N, oo’
sy times sm times
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We set w=w(¢)=d¢ A... Ad¢,.

Now, for each continuous differential form f on D, we define the following
integral operators (integration over S; means integration over the regular part
of S;, which is well defined by Lemma 1.3 in [10]):

L]’f=/f(§)/\detll’n_l ('r’](ag)a 5z,§"7j('>§)) /\W(g), j= 112,3a
S]

Ll]f = / f(g) A det’l.n—l (T”i]'( 56 ’\)7 (52,( + d)\)nl]( Y )‘)) A (AJ((),

S,] )(A,j

R;f= / fO ndet) i (noj(-,¢,A), @z +dmo(-,¢,0) Awle),

S x A,
Ri;f= / )y ndety,_y (n0i(-, ¢, A), B+ Ao (-, ¢, X)) Aw(¢),
SUXA(),]

det|,,_,(¢Z,d¢ — dz)
l¢ = 2>

Bf = / fA A w(g).
D

LEMMA 1.5. (cf. Lemma 13.7 in [5]). Let [U, 0,9, H,D] be a q-concave
configuration in C", 1< q<n-—1, let Dy, D3 be as in Section 1.4, and let
n be a canonical Leray map for [U,o,p,H, D). Then, for any integer r with
0 <r < n-—2, there exists a linear operator

M, : Z§,.(D) — Z§,(D, N D3)

which is continuous with respect to the Banach space topology of Z&,(ﬁ) and
the Fréchet space topology of Z&,(Dz N D3), such that

M, f|p = Ly f

for all f e Z&,(D).
PROOF. The proof is analogous to the proof of Lemma 13.7 in [5]. ]

THEOREM 1.6. (cf. Theorem 13.10 in [5]). Let -[U,0,0,H,D] be a
g-concave configuration in C", 1 < q < n — 1. Then, for each 1 <r < q-1,
the following assertions hold true:

(i) For any d-closed continuous (0,r)-form f in D, there exists a continuous
(0,7 — 1)-form w in D with Ou = f.
(i1) Set 5
.D:={z€U:p(z)<0, ReH(2) < 0}.
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Let T := B+ Ry + Ry + R3 + Ri3 + Ry3 be the Cauchy-Fantappié operator
for the Leray map 1 on D (Ry; =0 since Sy, = 0) and

M, : Z3,(D) — Z,(D)

the continuous operator from Lemma 1.5. Then for any f € Zg’r(-D_), we
have the representation

(1.10) f=0Tf+M,f in D.

Moreover, there exists a continuous (0,7 — 1)-form g on D with M,f = dg on
D. Hence, u:=Tf +g solves the equation du = f in D.

PROOF. Part (i) is included in part (ii). For the proof of part (ii), let
f e Zg (D). Then it can be proved analogously to [5], Lemma 13.6, that
Lif = L,f = L3f = Li3f = 0, and hence the piecewise Cauchy-Fantappié
formula (cf. [5], Theorem 3.12) takes the form

f =5Tf+L23f in D.

Since Lyf = M,f on D (cf. Lemma 1.5), this implies (1.10). Since, D is
completely pseudoconvex, which can be proved analogously to Lemma 13.5(i)
in [5], and by Theorem 5.3 in [5], it follows, for instance from Theorem 12.16
in [5], that M, f = 8¢ for some continuous (0,r — 1)-form g on D. "

2. - Uniform estimates for the local solutions of the 0J-equation and
finiteness of the Dolbeault cohomology of order r with uniform
estimates on strictly ¢-concave domains with 1 <r <qg-1

EXAMPLE 2.1. The following example shows that the Leray maps used
in the present paper admit only to find solutions of the d-equation which is
Holder continuous with exponent c.

Let D be the domain of a 2-concave configuration in C? [U, g, ¢, H, D]
such that

2
(i) Forany z€ U and o > 0, 35—]—8%—1 is not Holder continuous with exponent
o,

(i) 3%89: € CV2 for (i, 7) #(1, 1).

Furthermore, let f be a continuous (0, 1)-form such that

supp f C Ge ={p < —e} N D.
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Then
0%
0210z,

where K;(f,z) € C'/2. Hence, we can choose a form f such that K(f,z) Z 0,
and therefore R,;f ¢ C* for any o > 0. Since the other operators from the
integral representation admit an 1/2-Holder estimate, it follows that the solution
defined in Theorem 1.6 is in general not Holder continuous.

R f= Ki(f,2) + Kx(f, 2),

LEMMA 2.2. (cf. Lemma 5.2 in [10]). If w(z,¢) is of the form (1.4) and
t(z,¢) =Im(w(z,¢), ¢ — 2), then the following assertions hold true:
i) |det(z, Ole=]| = l|de(2)||  for all z€ U;
(i) |lde(2)ll < n'/? ||de(z) A &t(2, §)|=l|  for all z € U;
(iii) If zj = z;(¢) are the real coordinates of ¢ € C", with

G =2;(¢) + V=1 24(¢),

then there is a constant K < oo such that

ot(z, -) ot(z, -)
oz; © - Jz;

()| <K |¢—2| foral ¢,zeD,, j=1,...,2n;

@v) If ¢ € 0D with p(¢) =do(¢) =0, then there exists a constant K < oo such
that

[t(z, )| < K (|do(¢)]| |¢ — 2| +|¢ — 2| for all z,¢ € Ds.
PROOF. The proof is analogous to the proof of Lemma 5.2 in [10]. ]

THEOREM 2.3. (cf. Theorem 14.1 in [5]). Let [U, o, v, H, D] be a q-concave
configuration of class C*** in C", 1<qg<n-1, 0<a<1/2, n a canonical
Leray map for D, € > 0, and

D.:={z€U:p(z) < —&, ReH(z) < —¢}.

Then there exist constants C, < oo such that. for all continuous differential
forms f on D

2.1 IT° flla.p. < ClIfllo.0-

Moreover, the operator T is compact as operator from C%(D) into C°_(D,)
(for a > 0, this follows by Ascoli’s theorem from (2.1)).

PROOF. The proof of (2.1) is a repetition of the proof of Theorem 5.1 in
[10] with the following exceptions:

(i) The operator T is now of the form

T=B+R+R,+R;+Ri3+ Ry
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and we have to add the remark that, since S3ND, = S;3ND, = @, estimates
(2.1) holds true also with Rz, Ry3, Ry3 instead of T.

(ii)) Instead of Lemma 5.2 in [10], we have to use Lemma 2.2 from this paper.
(iii) Furthermore, w, is only C'** with respect to z and therefore Lemma 4.1
in [10] gives the result (2.1) with the exponent .

We prove that T is compact for a = 0. Let x(z,¢) be a C*-function such
that x =0 if |z —¢| > 2¢, and x =1 if |z — ¢| < e. Set

Rif= / x f(¢) det|,,_; (vor(-,¢,N), (dze +da)vor(-, ¢, M) Aw(s).

Then, by standard arguments, the operator R; — Rf is compact. Therefore it
is sufficient to show that ||Rf f|| — O for e — 0. Analogously to the proof of
Theorem 5.1 in [10]

. lldell dS:
<
|R1f(2)l = C3“f”0,D é{q (lIm(D(Z,g')l + |§. _ Z|2) Ig _ z!2n—3
$EO)
|z—¢|<2e
ds,;
+GCs||£lo,p / =
¢ES)
|lz—¢|<2e

The second integral is estimated in [10], (3.3), by Ce (set there y = z). The
first integral can be estimated analogously to (3.17) in [10] with one exception:
since do(y) does not necessarily vanish, we get only the following estimate for
[t(y, )|

[t(y,z)| < Ce (instead of C &?).

This implies the estimate ||R§|| < Ce'/? which is sufficient to prove the
compactness of R;. .

3. - Invariance of the Dolbeault cohomology of order 0 < r < ¢ — 1 with
respect to the boundary

DEFINITION 3.1. (cf. [5], Def. 14.3). Let D cCc X be some domain in
an n-dimensional complex manifold X and ¢ an integer with 1 < ¢ <n — 1.
The boundary of D will be called strictly q-concave with respect to X if the
intersection of D with any connected component of X is non-empty, and there
exists a strictly (¢ + 1)-concave function g : U — R in some neighbourhood of
0D such that

DNU={z€U: o(z) < 0}.
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THEOREM 3.2. Let X be an n-dimensional complex manifold and D cC X
a domain with strictly q-concave boundary with respect to X such that the
defining function o€ C** 0 < a <1 /2). Furthermore let E be a holomorphic
vector bundle over X. Then

E;7°(D, E) = E§ (D, E)N Zy,(D, E)

forall 1<r<gq-1.

(Here E&,“O(B, E) is the space of continuous E-valued (0, r)-forms f on
D such that there exists on D an a-Hdolder-continuous E-valued (0,7 — 1)-form
w on D with 8u = f. EJ (D, E) is the same with D instead of D and a = 0. By
Z&,(Tf, E), we denote the space of d-closed continuous E-valued (0, r)-forms
on D).

PROOF. This follows by well-known arguments (see, e.g., the proof of
Theorem 2.3.5 in [4]) from Theorems 1.6 and 2.1 as well as Theorem 15.11 in
[5]. n

4. - The Andreotti-Vesentini separation theorem

CONSTRUCTION 4.1. Let U be a ball in C" and ¢ a normalized (g + 1)-con-
vex function defined in some neighbourhood of U.

We set
j de
w=-2-= —2 @G =), 1<j<q+l,
]
“4.1)
) ag
w = -2 52 " Z ajk(2) gk — z) +(B+ PG, — %), q+2<j<n,

where a;; are some C'! functions on U such that

2%2)| B
azj‘azk 2?’L2 ’

ajr(z) —

Analogously to (1.5), it follows that

Re (w(z,¢),¢ — 2) > o(z) — o(¢) + g l¢ — z|2 for all z,¢ € U.

This implies that (w(z,¢),¢ — z) #0 for p(¢) =0, o(z) > 0. Hence w is a Leray
datum for D =U N {p > 0}. The corresponding Leray map for D is defined by

w(z,¢) _— ¢—Z

4.2 = 737 S
(42) w02 T =P

+(1 =M.
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As in Section 1.4, we define the operators L, R and B with respect to the
Leray map (4.2) for differential forms which are continuous on D. Since we
consider special differential forms (cf. Lemma 4.2), we need not define other
Leray maps and L and R operators. Set T'= B+ R. Then we have the following

LEMMA 4.2. Let U, o, D be as above and f a continuous d-closed
(0, @)-form on D such that supp f C U’ for some U' cC U. Then Lf =0 and,
hence, the Cauchy-Fantappié-formula takes the form

(-1)if =9Tf.

Moreover, if o € C*>**, with 0 < a < 1 /2, then there exists a constant C
which depends only on U' and D such that for all f

ITfllep < C || fllo.n-

PROOF. We can find a C? function § such that $ < pon U, ¢ = g on U’ and
[U, 8, ] (where {p < 0} is some ball U" with U' cc U" cc U) defines some
g-convex configuration (cf. Definition 1.1). Therefore we have the following
Cauchy-Fantappie formula (cf. [10])

(-V)if=Lf+dTf+Tof

for all f such that f and 8 are continuous on the closure of D =U"N{a > 0},
where L and T are some integral operators with the following properties

Lf=Lf, and
Tf=Tf for all f with suppf CU'.

From Theorem 2.3 we get an estimate

ITflla,p < C || fllo,p-

It remains to prove that Lf =0. Since f is of bidegree (0, g), the kernel of the
integral defining Lf takes the form

-1 _
Ag(z,¢) = (=1)f (”q ) det, ;o1 (7,8.1,35m) Aw(s)

(here w(¢) = d¢; A ... Adg,). The Leray map n depends holomorphically on
¢ty-- - ¢ and therefore d,A, = 0 for (U\D) x D. Moreover, for fixed z € D,
A, is d-closed in some neighbourhood of (U\D) and, by Theorem 8.1 in [5],
it can be uniformly approximated on S =dD N {e =0} by a sequence (gp)peN
with g, € Z),,_,_,(C™). Then

L1 = [ 16 A MGz 0 = lim [ 16 A 00
S S
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Since f and g, are d-closed in D, it follows that f A g, is also d-closed in D.
Therefore, by Stokes’ Theorem,

/fA% /fA% ./fA% /fA%

abnau"

(since OU" Nsupp f = 0). Hence Lf(z) =0. n

DEFINITION 4.3. Let K be a closed subset of the n-dimensional com-
plex manifold X. Then we say that X is a g-convex extension of cluss C**®
of K, 0<a<1/2, 1<qg<n-—1, if there exist constants ¢, C,

—00 < ¢ < C < +oo,
and a (g+1)-convex function of class C**®, p: U — (—o0,C], in a neighbourhood

of X\K, such that KNU ={g < ¢} and {¢ < p <t} is compact for all ¢t < C.
Now we go to prove the following

THEOREM 4.4. (cf. Theorem 2.1 in [7]). Let E be a holomorphic vector
bundle over the n-dimensional complex manifold X and let Q C X be an open
(not necessarily relatively compact in X) such that its boundary in X is compact,
and X is a g-convex extension of class C*** of Q, 1< q< n — 1. Then for
each f € Zg (X\Q, E) with compact support, there exists u € C¢,_|(X\Q, E)
with compact support such that du = f on X\Q.

PROOF. The proof is analogous to the proof of Theorem 2.1 in [7]. Instead
of Lemma 2.2 of [7] we have to use the following

LEMMA 4.5. Let E,X,Q,q,a be as in Theorem 4.4 and ¢ some function
which realizes the q-convex extension. Then, for each point &€ € 9Q, there
exists a neighbourhood © of & such that the following holds: For each open
set Qo C X with Q C Qq such that the defining function gy of Qo is of class
C** and sufficiently close to the function g with respect to the C*-topology
and, for each f € Z& q(X\Q, E) with compact support, there exists a form
u € C§, 1(©N (X\Q0), E) such that du = f on ©N(X\Q).

PROOF. By [5] Lemma 7.3, there exist holomorphic coordinates
h : W — C" in a neighbourhood W of ¢ such that po h~! is normalized
(g + 1)-convex on h(W). Without loss of generality, we can assume that
h(W)=U is a ball. We fix some neighbourhoods V, ccV,ccVsccV,ccU.
Let Qy C X be a domain defined by a function g sufficiently close to g m
the C%-topology. Then X is a g-convex extension of Qy too, and gy o h~!
normalized (g + 1)-convex on U.

Now we can find a function g which fulfils the following conditions:

1) op is sufficiently close to gy such that ,g()oh‘l is normalized (q+ 1)-convex;
il)  po =g, in some neighbourhood of U\(Vi\V1);
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iii) @) < oo on V3\V,.

Then there exists a neighbourhood Q) of Qp so small that gj < 0 on
AW N Q) N (V3\V2) and therefore

(4.3) W NQy) N (V3\Va) N {gh > 0} = 0.

Let f € Z& q(X\QO,E), with compact support, be given. Since the manifold X -
is a g-convex extension of Q, by Theorem 16.1 in [5] and the regularity of 9,
we can find a form
veE N CHX\Q, E)
O<ax<l

with compact support such that f = dv on X\Qy.

We choose a C* function x on X, with x =0 in a neighbourhood of Q,
and x = 1 in a neighbourhood of X\, and set f' = f — 8(xv) on X\Qo. Then
supp f' CC Q\Q and, in view of (4.3), by

_ { (W~ f on D{yNV;
“lo on Dy\Va,

a form ¢ € Z§ q(—D-:), (h~YH*E) is correctly defined. Since (h~!)*E is trivial over
U (U is a ball), ¢ can be viewed as a vector of forms from Z& q(ﬁ:)) which
fullfils the condition of Lemma 4.2. Therefore there exists w € ngq_l(ﬁg) such

that o = dw. Let us set ® = h~'(V)) and u = xv + h*w on © N (X\Q). Then
u—wEC’&q_l(G)ﬂ(X\QO),E) and du = f on © N (X\Q). n

Theorem 4.4 implies the following two versions of the Andreotti-Vesentini
separation theorem.

THEOREM 4.6. Let E be a holomorphic vector bundle over the n-di-
mensional complex manifold X and let Q CC X be a relatively compact open
set. Suppose, for some q, with 1 < q < n — 1, the following two conditions are
Sfulfilled:

i) There exist a neighbourhood of dQ and a strictly (q + 1)-convex function
o of class C*** such that QNU = {p < 0},
i) X is (n — gq)-convex.
Then the space Zj (X\Q, E)N9C§,,(X\Q, E) is closed in Cf (X\Q, E)
with respect to the uniform convergence on compact subsets of X\S.

PROOF. The proof is the same as the proof of Theorem 2.4 in [7], with
one exception. Instead of Theorem 2.1 of [7], we have to use Theorem 4.3 of
the present paper. n

THEOREM 4.7. Let n,q be integers, with 1 < ¢q < n—1, let E be a
holomorphic vector bundle over the n-dimensional (n — gq)-convex complex
manifold X and let Q cC Q' ccC X be two open sets, where Q is defined
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by some (q+ 1)-convex function ¢ : U — R of class C**, (here U is some
neighbourhood of 02 and 0 < o <1 /2), Q is strictly g-convex and Q' is
strictly (n — q)-convex. Set D = Q'\Q.

Then the space
Z8,D,E)nadCs, (D, E)

is closed in CY q(ﬁ, E) with respect to the uniform convergence.

PROOF. The proof is the same as the proof of Corollary 2.5 of [7], with
the following exceptions: instead of Theorem 2.4 of [7], we have to use Theo-
rem 4.5 of the present paper, and instead of the local solutions with C* estimates
from Lieb and Range, we have to use the local solutions with Holder estimates
given in [10]. "
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