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Stochastic Viability and Invariance

JEAN-PIERRE AUBIN - GIUSEPPE DA PRATO

Introduction

The main aim of this paper is to extend to the stochastic case Nagumo’s
Theorem on viability and/or invariance properties of closed subsets with respect
to a differential equation.

Let us consider a closed convex subset K of X := R™ and a stochastic
differential equation

d¢ = f(E@®)dt + g(£@)dW (¢)

the solution of which is given by the formula

t t
€)= £0) + [0 F(e(s)ds + [0 9(E(e)dW (s)

where f and g are lipschitzean functions defined on K.

We want to characterize the (stochastic) viability property of K with
respect to the pair (f,g): for any random variable z in K, there exists a
solution £ to the stochastic differential equation starting at = which is viable in
K, in the sense that

Yt € [0,T], for almost all w € Q, &,(t) € K,,.

To that purpose, we adapt to the stochastic case the concept of contingent
cone to a subset. Let us consider a %-random variable z € K (see Section 1.1
below).

We define the stochastic contingent set Tx(t,z) to K at z (with respect to
%) as the set of pairs (v,v) of %-random variables satisfying the following
property: There exist sequences of h, > O converging to 0 and of Zp -
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measurable random variablc_:s a™ and b" such that
D E(a"]) -0
i) E()"[H) -0
iii) E@®") =0
iv) b" is independent of %

and satisfying, for almost all w € Q,
Vn >0, z,+v,(W,Et+h,) — W(@) + hnyo + hnal, + Vhb, € K,,.

Then we shall prove essentially that the following conditions are
equivalent:
1. — The subset K enjoys the viability property with respect to the pair

(f,9)-

2. — for every %-random variable z viable in K,

(f(@),9(2)) € Tk(t, ).
This condition means that for every 7%-random variable z viable in K

f@)eK & giz)e K

when K is a vector subspace,

1
(2,9(2)) =0 & (z,f(@)+3 llg(@)|* =0

when K is the unit sphere

1
(2,9(2) =0 & (,f@) + 5 llg@)|* <0
when K is the unit ball.

One can, for instance, deduce that a vector subspace K of the state space
X is (stochastically) viable or controlled invariant by a linear stochastic control
system
dz(t) = (Az(t) + Bu(t))dt + gdW (t)

(in the sense that for any initial process & € K, there exists a solution &(-)
which is viable in K) if and only if

AK)c K+Im(B) & g € K.

(The first of these conditions is the necessary and sufficient condition of
controlled invariance for linear systems. See [9] for instance).

We shall devote the first section to the definition of the stochastic
contingent and tangent sets to a random set-valued variable and we shall
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generalize the result we mentioned by giving necessary conditions for viability
and sufficient conditions for invariance. The other sections will be devoted to an
elementary calculus of stochastic tangent sets to direct images, inverse images
and intersections of closed subsets.

1. - The Main Theorem

1.1. - Stochastic Tangent Sets

Let us consider a complete probability space (2, 7, P), an increasing family
of g-sub-algebras % C ¥ and a finite dimensional vector-space X := R".
The constraints are defined by closed subsets K, C X, where the set-
valued map
KweQ—oK,CcX

is assumed to be F%-measurable (which can be regarded as a random set-valued
variable).
We denote by K the subset

K:={ue LA(Q, 7, P)|for almost all w € Q, u, € K, }.

For simplicity, we restrict ourselves to scalar %#-Wiener processes W (¢).

DEFINITION 1.1 (Stochastic Contingent Set). Let us consider a F-random
variable z € K (i.e., a F-measurable selection of K).

We define the stochastic contingent set Tx(t,z) to K at x (with respect
to %) as the set of pairs (y,v) of %-random variables satisfying the following
property: There exist sequences of h, > 0 converging to 0 and of F.p, -random
variables a™ and b™ such that

D E(a"|»)—0

i) E(p"»H—0

iii) E@®")=0

iv) b" is independent of %

Y]

and satisfying
2) Vn>0, 2+v(Wt+h,) — W(E)+ hyy + hpa™ + v/ hed" € K.

The stochastic tangent set Sk (t,z) to K at x (with respect to %) is defined
as the set of pairs (4, v) of %-random variables satisfying the following property:

There exist adapted continuous processes a(s) and b(s) converging to 0 when
s — t such that, for h small enough,

t+h t+h
3 T+ / (y+a(s))ds + / (v +b(s))dW(s) € K.
t t
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It follows readily that
SK(t, 1) C TK(t, T).

Indeed, we set
1 t+h
at = 7 /t a(s)ds

and

A 1 t+h
b" = ﬁ./t b(s)dW (s)

and we observe that

a2 1 t+h 2
E (o)) = S E (|| [ o )
1 t+h 2
<i/ E (@)

2
converges to 0 because E ("fot <p(s)ds” ) < tfot E(||¢(s)”2)ds.
In the same way,
2>

1 t+h
E (||p*|]°) = - E ” / b(s)dW (s)
(1) - 3= (|
1 t+h ’
- E/t E (|lps)|1) ds
2
converges also to 0 because E ("fot <p(s)dW(s)” ) = [LE(|le(s)]*)ds.
The expectation of b" is obviously equal to 0, and b* is independent of
#. O

We see also that

if (v,7) € T(t, o), then E(7) € T, E@))

where Tg ., (E(z)) denotes the contingent cone to the integral of K at E(z),
because, by taking the expectation in both sides of formula (3), we infer that

E(z) + h, E(7) + h,E(a™) € E(K)

where E(K) denotes the subset of expectations E(K) of random variables z € K.

Let us denote by K; := E(K|#%) the conditional expectation of the set-
valued map random variable K (i.e., the projection of K onto L*(Q, %, P)). By
taking the conditional expectation in both sides of formula (3), we deduce that

if (v,v) € Tk(t,z), then v € Tk, (z)
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because E(z) =z for any %-measurable random variable.

1.2. - Stochastic Invariance

We consider the stochastic differential equation

(C) d¢ = f(£@)dt + g(£(E)dW (1)

where f and g are lipschitzean.
We say that a stochastic process £(t) defined by

t t
5) €)= £0)+ /0 F(Es)ds + fo 9(£(5)dW (s)

is a solution to the stochastic differential equation (4) if functions f and ¢
satisfy:

for almost all w € Q, f(£(-) € L'(0,T; X) and g(£(-) € L*0,T; X).

We refer to [7] for instance for more general sufficient conditions on f
and g implying the existence of such solutions.

DEFINITION 1.2. We shall say that a stochastic process z(-) is viable in K
if and only if

(6) Vte[0,T], zit) e K
i.e, if and only if
vV t € [0,T], for almost all w € Q, £,(@) € K,,.

The random set-valued variable K is said to be (stochastically) invariant
by the pair (f,g) if every solution £ to the stochastic differential equation
starting at a random variable r € K is viable in K.

When K is a subset of X (i.e., a constant set-valued random variable)
and when the maps (f,g) are defined on K, we shall say that K enjoys the
(stochastic) viability property with respect to the pair (f,g) if, for any random
variable z in K, there exists a solution £ to the stochastic differential equation
starting at x which is viable in K.

Since K,, and ¢,(0) are % measurable, the projection map Ilk, (£,(0)) is
also %-measurable (see [2, Theorem 8.2.13, p. 317]). Then there exists a %-
measurable selection y,, € Ik, (£,(0)), which we call a projection of the random
variable £(0) onto the random set-valued variable K.

THEOREM 1.3 (Stochastic Viability). Let K be a closed convex subset
of X and (f,g) maps be defined on K satisfying the assumptions of the



600 JEAN-PIERRE AUBIN - GIUSEPPE DA PRATO

existence theorem of a solution to the stochastic differential equation (4). Then
the following conditions are equivalent:
1. — The subset K enjoys the viability property with respect to the pair

(f,9)

2. — for every %-random variable x viable in K,

) (f(2), 9(2)) € Tk (¢, 2)

3. — for every F-random variable x viable in K,

®) (f(2),9(z)) € Sk (¢, ).

We shall deduce this theorem from more general Theorems 1.4 and 1.5
dealing with set-valued random variables instead of closed convex subsets.

1.3. - Necessary Conditions

Let K be a set-valued random variable.

THEOREM 1.4. We posit the assumptions of the existence theorem of a
solution to the stochastic differential equation (4). If the random set-valued
variable K is invariant by the pair (f,g), then for every #-random variable x
viable in K,

9 (f(2), g(2)) € Sk (¢, x).

PROOF. We consider the viable stochastic process £(t)

h h
(10) ¢hy =z + /0 F(E(s))ds + / 9(E(s)AW (5)

0

which is a solution to the stochastic differential equation (4) starting at z.
We can write it in the form

»

h h
&(t) = €(0) + hf(£(0)) + g(£(0)W (h) + /0 a(s)ds + /0 b(s)dW (s)
where .
{ a(s) = f(&(s)) — f(£(0))
b(s) = g(&(s)) — g(£(0)

converge to 0 with s.
Since £(h), belongs to K, for almost all w, we derive that the pair
(f(z), g(z)) belongs to the stochastic set:

(f(z),9(x)) € Sk(t,y)
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and thus, that
(f(@),9(2)) € Tk(t,y).

Hence the Theorem ensues. ]

1.4. - Sufficient Conditions

THEOREM 1.5 (Stochastic Invariance). We posit the assumptions of the
existence theorem of a solution to the stochastic differential equation (4).

Assume that for every %-random variable x, there exists a #-measurable
projection y € llg(z) such that

(11) (f(@), g(®)) € Tx(t,y)-

Then the set-valued random variable K is invariant by (f,g).

REMARK. Observe that the sufficient condition of invariance requires the
verification of the “stochastic tangential condition” (11) for every stochatic
process y, including stochastic processes which are not viable in K. O

In order to prove Theorem 1.5, we need the following:

LEMMA 1.6. Let K be a random set-valued variable, £(0) a %-adapted
stochastic process.

We define

t t
£t) = £0) + [0 F(€(s))ds + /0 9(£(5))dW (5)

and we choose a Fy-measurable projection y € g (£(0)).
Then, for any pair of Fy-random variable (v, v) in the stochastic contingent
set Tg(0,y), the following estimate

{ lim_inf (E(dk (¢(ta)) — E(d%(£0))) /tn
< 2E ((£0) — v, f(£(0)) — 7)) + E([lg(¢(®) — v||"

holds true.

PROOF. Let us set z = £(0), choose a projection y € Ilx(z) and take (v,v)
in the stochastic contingent set Tx(0,y). This means that there exist sequences
t, > 0 converging to 0 and % -measurable a™ and b" satisfying the assumptions
(1) and

¥n >0, for almost all w € Q, y, +V,W,(t,) + Yoln + taa” + VE,0" € K,,.
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Therefore
d% (Etn)) — d%(£(0)

<

tn tn
o [ rends s /0 9(£(s))dW (s)

— ||z — |

I UW(tn) - 'Ytn - tnan - \/t_nb"l

ta tn
(z-y+ S (f(&(s)) = v)ds + S (9(&(s)) — v)dW (s)

2

—tna" — V&' |z ~yl®
=17
The latter term can be split in the following way:
1=2(z—y, [(9(€() — VW (5)) I
42 (o = , Jy(f(&(s) = Dds ) L
| fo" (@& — v)dW (o)]]? I
+ Jo" (F(&(s) — ds|? I,

2(fy @) — VAW (o), [ (FE) - Dds) I
2 <z —y+ [ (f(E&(s) — yds

+ [7(G(Es) — VAW (5), tua”) Is
=2 - y+ () = 1ds

+ [ (9(€@) — v (3), yEab") I
+|taa™ + /2,02 Iy

We take the expectation of this inequality in both sides and estimate each
term of the right-hand side. First, we observe that

tn
E ((1 - (g(&(s) — v)dW(8)>> =0
0
so that the expectation of the first term I; of the right-hand side of the above

inequality vanishes.
The second term I, is estimated by 2¢,a, where

1 [
o, :=E ((z B A (f(&() — 'v)ds»



STOCHASTIC VIABILITY AND INVARIANCE 603

converges to
a:=E((z -y, [0) - 7).
The third term I5 is estimated by ¢,08, where

1 tn
fui= 1 E (u [ (9(€(s) — v)dW(s))llz)
n 0

1

tn
- 1 ["Eloteton —olP)
n JO

converges to

B = E(||g(£(0)) — v||»)

2
because E <" fg p(s)dW (s)“ ) = fot E(||<p(s)||2)ds. The fourth term I, is easily
estimated by t,6, where

1 tn
b, = . E (ll/o (f(&(s)) — '1)d8||2)

tn
< [0 E (||f(€Gs) —|*) ds < cta

2
because E <|| st <p(s)ds|| ) <t [LE(|o(9)]P)ds.
By the Cauchy-Schwarz inequality, the term s is estimated by 2¢nnn ‘where

1

Tt

tn tn
o E(( [ gteton -~ vaw) /0 (f(s(s»—q)ds»

1 tn tn
< ~E(| /0 (g(&(s)) — v)dW (s)|[ )2 E (|| fo (F(£(s)) — y)ds|H)/?

1 tn 1/2 tn
=?( /0 E(llg(s<s>>—v||2ds>) E(l | (6= sl

n

1 in 1/2
< Vi (; / E (|g(¢(s)) — vn2>)

tn 172 .
(t,. /0 (E(Ilf(E(S))~7||2)> < et}

We now estimate the three latter terms involving the errors a” and b".
We begin with Ig. First,

E ((z - 3,0") <E(lz - 9l?)* (E(la"IP)’
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which converges to 0 by assumption (1)i).
Then, Cauchy-Schwarz inequality implies that

E (( /0 (F(&(s)) — pds,a ))

2\ 3 1
5E< > E (o)}

Eventually the stochastic term is estimated in the following way:

tn
A (f(&(s)) — v)ds

tn
E (< | (g(§(s)) — v)dW (s), a">)

tn 2 % 1
SE<|| | (9(&(s)) — v)dW (s) > E (|la"|]*)?

1

" }
=(0 E(ug(s(s))—v)nzds) E ([la"]?)*

which obviously converges to 0.
We continue with I;,. We have

E<x—y, -\/lTb">=0

since b" is independent of z — y and E(b") = 0.
Cauchy-Schwarz inequality implies that

iy 1 n
E (< | (f(€(s)) — 1)ds, ﬁb >>
2\ 1 1 1
n|2
) (1)

E ([l5") .

tn
<E <|| A (f(&(s)) — v)ds

-

1
Vi

tn
(tn i E(Il(f(f(s))—v)llz)ds>
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Finally, the worst term of I; is estimated in the following way:

tn
E (( [0 (9(E(s)) — V)W (5), \/lt_ b>>

1
Vi

<

ta
\IE <l| A (9(&(s)) — v)dW (s)

2) E (/jo"|?)

1 t, % 1
(— /O E(llg(as»—v)lfds) E (||6"))*

tn

which converges to 0 by assumption (1)ii).
It remains to estimate the last term of I3. There is no difficulty because

%E (twa” + V") = E (|| VEna™ +57[")

converges to 0.
Taking all these statements into account, we deduce the inequality of the
lemma. O

REMARK. If we denote by Var(K) the subset of variances Var(z) when z
ranges over K, we deduce from the proof of the above Lemma that

cov(z,7) + ||[v|* € Tyarx,(Var(z)) O

PROOF OF THEOREM 1.5. Since the solution to the stochastic differential
equation for any h > 0 can be written as

t+h

t+h
cerhy=e0+ [ f(Es)ds + [ 9(E(e)dW (s)
t t

we deduce from Lemma 1.6 that
lim inf (E (di (&(t + b)) — E (di (6@)) /h
{ < 2E ((£®) - y(®), g(€@®) — 7)) +E([lg(€®) — |1
for any %-measurable selection y(t) of Ix(£(t)) and any (v(t),¥(t)) € Tk (t, y(t)).

Since there exists a selection y(t) of Ilx(&(t)) such that we can take
v(t) == g(£(t)) and ~(t) := f(€(t)) by assumption, we infer that setting

o) := E (d% (1))

the contingent epiderivative D;p(t)(1) is non positive.
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This implies that o(¢) < 0 for all ¢t € [0, T]. If not, there would exist T > 0
such that ©(T') > 0. Since ¢ is continuous, there exists  €]0, T'[ such that

VtelT —n,T1, o) > 0.
Let us introduce the subset
A:={s€[0,T]|Vt€ls,tl, o) >0}

and tg := inf A.

We observe that for any ¢ €]to, T], #(t) > 0 and that ©(tp) = 0. Indeed, if
©(to) > 0, there would exist ¢; €]t;,to[ such that p(t) > 0 for all t €l¢y, 0], i.e.,
t; € A, so that ¢y, would not be an infimum.

Therefore, D;p(t)(1) < 0 for any t €lto, T] and thus, we obtain the
contradiction

0 < (I =p(T) - et <0

by [1, Chapter 6].
Consequently, for every t € [0, T], we have

E (d% (&) = /Q d% (£,t)dPw) =0

Since the integrand is nonnegative, we infer that, almost surely, dx, (¢,(t)) =0,
i.e., that the stochastic process £ is viable in K. O

PROOF OF THEOREM 1.3. The necessary condition following obviously
from Theorem 1.4, it remains to prove that it is sufficient. To that purpose, we
extend the maps f and g defined on K by the maps f and § defined on the
whole space by

f(@) = frx(@) & §z) = g(nk(z)).
Then the pair (f, 9) satisifies obviously condition
(f(@),5(2) € Tx(t, 7k (z))

so that K is invariant by (7,%) thanks to Theorem 1.5. Since these maps do
coincide on K, we infer that K is a viability domain of (f,g). O
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2. - Stochastic Tangent Sets to Direct Images

PROPOSITION 2.1. Let us consider a random set-valued variable K, i.e., a
F-measurable set-valued map

K:weQ— K, cX.
Let o be a C®-map from X to a finite dimensional vector-space Y. If
("/, 'U) € SK(ta 22)

then

1
<<p'(m)'1 ) ©"(z)(v,v), @'(z)v> € Sp(t, p(2)).

This result follows from the following consequence of the It6’s formula:

LEMMA 2.2. Let ¢ be a CP-map from X to a finite dimensional vector-
space Y. Consider two continuous processes a(s) and b(s) converging to 0 when
s — t. Then there exist two continuous processes a(s) and bi(s) converging to
0 when s — t such that

t+h t+h
© (a: + / (v+a(s))ds+ / (v + b(s)) dW(s))
t t

t+h
=¢u»ﬁ[ (duﬁ+%¢%mwmwwm®>ds
t

t+h
+ / @' (@) (v + by (s))dW (s)
t

where
a1(s) := ©'(€(s))a(s) + (©'(€(s)) — ¢'(@))y
+3 @' E) - ¢ @)
+ % ©"(£(3))(b(s), b(8)) + " (£(8))(v, b(s))
and

bi(s) := ' (€())b(s) + (©'(§(5)) — ' (@)v.

PROOF. Let us take t = 0 and set &h) = z + t”" (y+a(s))ds +
ft”h (v + b(s)) dW (s). By Itd’s formula, we have
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p(&(h) — p(z)

h 1
= /0 (90'(6(6))(7 +a(e)+ 5 ©"(€(s)(w +b(s),v + b(S))) ds
h
+ /0 (£ (€N + b(s)) dW (s)
1
h (<P’(z')’7 +3 o"(z)(v, v)) +W(h) (£ (z)v)
h
+ /0 (@' = @' @)y + @' (E(s))a(s)) ds
h 1
¥ /0 ( 2 @EE) ~ " @)

1
+3 ©"(£())(5(3), b(s)) + " (€())(v, b(S))) ds

h
+ /0 (('(&(s)) — ' (@ + ' (E(s)b(s)) AW (5)

So, the proof of the Lemma ensues. O

. PROOF OF PROPOSITION 2.1. If (y,v) belongs to Sk(t,z), then there exist
adapted stochastic processes a(s) and b(s) such that

t+h t+h
T +/ (y+a(s))ds +/ (w+b(s))dW(s) e K
t t

and thus, thanks to the preceding lemma,
t+h t+h
© (z + / (y+a(s))ds +/ (v + b(s)) dW(s))
t t

t+h 1
= p(z) + / (‘P'(-’E)"Y +3 ©"(z)(v,v) + a1(8)) ds
t

t+h
+ / (©' @)@ + bi(s))) dW () € p(K)
t

where a;(s) and b;(s) converge to 0 when s — t. This means that

1
(w’(x)ﬁ ) ©"(z)(v,v), sO’(z)v) € Sou0)(t, p(x)) O
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3. - Stochastic Contingent Sets to Inverse Images

Let ¢ be a C®-differentiable map from X to Y and M : X — Y be a
random set-valued variable. We deduce from Proposition 2.1 that if

(7: v) € s(p“(M)(t, z)

then
1
(sp’(z)'v *+3 " (z)(v,v), 30’(z)v> € Sm(t, ().

We shall prove the converse inclusion under further assumptions.

PROPOSITION 3.1. Let ¢ be a C®-differentiable map from X to Y and
M : X — Y be a random set-valued variable. Assume that for almost all w € Q
and for every x € 0K, the map ©'(x) is surjective. Then (y,v) € S,-1ar)(t, )
if and only if

1
(so’(x)v +3 ©"(z)(v,v), w’(z)v) € Smu(t, p(z)).
PROOF. It remains to assume that
1
(<p’(a:)’1 +3 ©"(z)(v,v), w’(w)v) € Sm(t, p(x))

and to infer that (v,v) € S,-1a(t, z). Let us take ¢t = 0. We know that there
exist continuous processes a;(s) and b(s) converging to 0 with s such that

t+h 1
o(z)+ / (so’(z)'v +3 ©"(z)(v,v) + al(s)> ds
t

t+h
+ / (¢’ @) +b1(5))) AW (s) € M.
t

We observe that if u(s) is a 7-measurable random variable, so is

©'(£(s)) u(s)

where ¢'(£(s))* denotes the orthogonal right-inverse of ¢'(£(s)). Indeed, by [2,
Theorem 8.2.9, p. 315], the random set-valued random variable ¢'(£(s))~ (u(s))
is F-measurable. Then [2, Theorem 8.2.11, p. 316] implies that the Banach
constant

llvll

is measurable and that ©'(£(s))*(u(s)) is also measurable.

inf
' (£()v=u(s)
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This being said, we associate with a,(s) and b;(s) the F-measurable
processes defined successively by

b(s) := —'(£(s)* (b1(s) + (©'(€(s)) — ©'(@))v)

and

a(s) = —p'(€(s)* (a1(s) — (©'(€(s)) — ©'(2))y

1
+3 (©"(€(3) — ¢"(@),v)

1
+3 ©"(£())(b(3), b(5)) + 0" (E()(v, b(s))).

By Lemma 2.2, we infer that

t+h t+h
© (z +/ (v +a(s))ds +/ (v +b(s)) dW(s))
t t

t+h 1
= p(z) + / (<p’(z)7 +3 ©"(z)(v,v) + al(s)) ds
t

t+h
6 +/ (go’(z)(v + bl(s))) dW(s)e M
t

and thus, that

t+h t+h '
z+/ ('y+a(s))ds+/ (w+b(s)dW(s) e o' M) O
t t

COROLLARY 3.2. We list here examples of stochastic tangent sets:
e When K is a vector subspace, then

Skt,z)=Kx K

e When K is the unit sphere, then, for all z € K, (v,v) € Sk(t,z) if and only
4 1
(2,0) =0 & (z,7)+5 [lvl* =0

e When K is the unit ball, then, for all z € K and fbr almost all w such that
lzo|l = 1, (v,7) € Sk(t, ) if and only if

for almost all w such that ||z,| =1
1
(z,0) =0 & (z,7v)+ 3 llv|* < 0.

EXAMPLE: Viable or Controlled Invariant Linear Control Systems. Let us
consider a stochastic control system

dz(t) = (Az(t) + Bu(t))dt + gdW (t)
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and a vector subspace K of the state space X. Then K is (stochastically) viable
or controlled invariant (in the sense that for any initial process & € K, there
exists a solution £(-) which is viable in K) if and only if

AK)CK+Im(B) & g€ K

(The first of these conditions is the necessary and sufficient condition of
controlled invariance for linear systems.).

Indeed, the proof of Theorem 1.4 shows that such condition is necessary.
To prove that it is sufficient, we consider the regulation map Rk defined by

Rk(z):0 {uecU|Bu€ K — Az}

(which has nonempty values by assumption) and the feedback control R defined
by
17l = ueU|§3£K—Az sl

Therefore it is clear that
(Az + BRz,9) € K x K = Sk(t, x)

so that Theorem 1.3 implies that K enjoys the viability property with respect
to the pair (A + BR,g), and thus, that K is controlled invariant. |

3.1. - Stochastic Contingent Sets to an Intersection

We shall prove that another class of stochastic tangent sets is stable by
intersection.

We introduce the subsets T}(t, z) as the set of pairs (vy,v) of %-random
variables satisfying the following property: For all sequences h, > 0 converging
to 0, there exists a %, -random variable a" such that

E(|a"|>) =0
and
V>0, z+vW(@E+h,)— W)+ h,y+hpa” € K.

It follows readily that
T, 2) C Tk(t, )

THEOREM 3.3. Let X and Y be finite dimensional vector-spaces and A
be a linear operator from X to Y. Let L C X and M be closed subsets and
define K .= LN A~'(M). Assume that the transversality condition

for almost all w € Q, A (Cy,(z.)) [ |Cum.(Az,) =Y
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holds true. Therefore

{('y, v) € TM(¢t,2) & (Av, Av) € Ti(t, Az)
if and only if (y,v) € T,E(t, ).

PROOF. The first condition following obviously from the second one, let
us take any (y,v) € TL"(O, z) such that (A, Av) € T,&(Az). Hence, for any

sequence h, > 0 converging to 0, there exist sequences ~, and §, converging
to v and A~ respectively such that, for all n > 0,

z+ oW (hy) + by, € L & Az + Av, + hy6, € M.
We now apply [2, Theorem 4.3.1, p. 146] to the subsets L, x M, of X x Y

and the continuous map A ©1 associating to any (z,y) the element Az —y. It
is obvious that the transversality condition

A (CL,(zu)) NCum,(Az,) =Y
implies the surjectivity assumption of [2, Theorem 4.3.1, p. 146]. The pair
@y + v Wy (hy) + hoyn,, Az, + Av,W,(hy) + huby,)
belongs to L, x M, and |

(A S} 1)((zw + v, W, (h,) + hnqnua Az, + Av W, (h,) + hn6nw))
= hn(A'Yn,, - 6n,,)-
Therefore, by [2, Theorem 4.3.1, p. 146] and the measurable selection

Theorem (see [2, Theorem 8.1.3, p. 308]), there exist [ > 0 and a %-measurable
solution (Z,,,%s,) € L, X M,, to the equation

(A © 1)(?5\%) ynu) =0
@i.e., Yn, = AZ, ) such that

“zw +v,W,(h,) + hn’Ynu - au,,,”
+|| Az, + Av,W,(hy) + hnbpn, — Gn, ||
< Uhnl|Avn, — 6, |-
Hence ,, := (Z, — 2o — vuW,(hs))/h, converges to v, and for all

n > 0, we know that z, + v,W,(h,) + h,i, belongs to L, N A~'(M,) because
Iy — vwWw(hn)) + hnan = En and A(zw - vwWw(hn)) + hnan) = .i/\n- D
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