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On Singular Integrals
with Respect to the Gaussian Measure

WILFREDO URBINA

0. - Introduction

Consider the semigroup of positive contractions in LP(~,), {T; :t > 0},
defined by -

ot ]2
(TiHy) = ! /exp (—lz—e—yl> f(2) dz.

—2t\4/2 — -2t
wdf2 (1 - )" (1—-e)

This is called the Ornstein-Uhlenbeck semigroup.

The infinitesimal generator of this semigroup is called the Ornstein-
Unlenbeck operator, denoted by L, which have as explicit representation
L =A—2Iy-V. This operator has as eigenfunctions the Hermite polynomials.

The operator L plays, with respect to the Gaussian measure ~4, a similar
role that the Laplacian A plays with respect to the Lebesgue measure my, as
we are going to try to explain now.

Using the Bochner subordination formula, one can define a second
semigroup {Q; :t > 0} as '

T t 2
QN = [ (T, ) e 1285732 g
0 VT

it is easy to see that this semigroup has, as infinitesimal generator, (—L)'/?
which is the square root of L.
Now if [ f(z)e~1* dz = 0, then it can be proved that the “Riesz potentials”
Ré .
for L, (—L)™™?, can be represented as

oo

1
(=L)y™*f(y) = ) " 1(Q:f)(y) dt
0

Pervenuto alla Redazione il 7 Febbraio 1989.
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for n > 1.

From these two last expressions we can obtain, after the change of

parameter r = e,

1 z—ry|?
n (- logr)»=2/2 €Xp (_ =2 )
(=Ly"f@y) = C/ / @, TRYE drf(z) dz.
RY LO

In the classical case of the Laplacian, the Riesz Transform R; can be
defined in R% as R; = —D;(—A)"'/2, ¢ =1,---,d. Thus the analogous singular
operators for L are defined as D;(—L)" /2, i=1,.--,d, and are called the Riesz
Transforms associated to the Ornstein-Uhlenbeck operator. We also define, for
any multi-index «, the operator D*(—L)~1®/2: the Riesz Transform of order «
associated to the Ornstein-Uhlenbeck operator. It can be seen from the previous
formula that

D(—L)~172 f(y)

1

[ —logr (ol-2)/2 1 z—TyY
_ lal—1 h 1 — p2y-d/2
O"’“//T <1~r2> 1-r2 "((1—r2)1/2>( ")
Re

0
2
-exp —E——Ty—l— drf(z)dz
—

where h, is the Hermite polynomial in d variables of order «.

The main result of this work is to prove, using analytic tools and the
explicit representation, that these singular operators are LP(v;)-continuous, that
is:

THEOREM 7. Let f € LP(ya), 1 < p < co. Then D*(—L) 142 f € LP(v,)
and moreover

ID*(=L) ™21l oy < Cpall £l ocro-

A consequence of the techniques used to prove this result is that, if we
define the operator

(Kf)(w)

1
—logr (n=2)/2 1 z—ryY g
- m-1 ( —108T . _2v-d)2
o [(7F) e () o
RO

-exp (— |2 - ry[2> drf(z)dz

1—1r2

where n > 1 and P € C! is such that it and its derivatives have at most
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polynomial growth order and satisfies the condition

f P(z)e dz =0,
R

then we have:

THEOREM 8. Let f € LP(vy), 1 <p < oo. Then K f € LP(vy) and

|K fllzoen < Cpall £l oera)-

Theorem 7 was proved in the case d =1 and « =1 by B. Muckenhoupt
[Mu-2] although with a different motivation. The techniques that we are going
to use here are an outgrowth of his ideas. The result has been proved using
probabilistic methods by P.A. Meyer and later by R. Gundy. The big advantage of
their methods is that their estimates are independent of the dimension, something
that we do not obtain in our proof. This is important since the independence
of dimension allows immediately a generalization to infinite dimensions which
is the natural context where the Malliavin Calculus is developed and where the
Ornstein-Uhlenbeck operator plays a central role; for more details see [Wa-1],
[Wa-2] and [Str].

Recently we have learned that G. Pisier [Pi] has obtained a different
analytic proof for the Riesz Transform that can be extended to any Riesz
Transform of odd order (i.e. |a| is odd). His proof also gives independence of
dimension using the Transference Method due to A.P. Calderén.

Even though our method does not gives independence of dimension, it
gives a more broad class of singular operators in R¢ (see Theorem 8) than what
Pisier can obtain with his proof.

We have organized this paper as follow§1liwe give the notation needed
throughout this work. In §2 we introduce some definitions and some results
used for the proof of the main results and finally in §3 we prove the Theorems
7 and 8. This work was my PhD Thesis at the University of Minnesota. I am
grateful to my advisor, Prof Eugene Fabes, for his invaluable help, support and
encouragement.

1. - Notations

C will always denote a constant, not necessarily the same in each
occurrence. :

By z =(z1,---,z4) we will denote a point of the d-dimensional Euclidean
space R? and |z| will denote its Euclidean norm, i.e.

B 1/2
o] = (2) |
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We will also use y and z to denote elements of R€. .

By z; we will always denote the i-th coordinate of z € R¢ and by z* we
will denote the point of the (d — 1)-dimensional Euclidean space R4~! defined
as

' = (T1, vy Tin1, Tisl, -+ *  Td)

Similarly z/ € R4-2 is defined as
g7 = (21, T 1, Ty Tjo1, Tjely e, Ea)

if 7 >+ and so on.
xe Will denote the characteristic function of the set E, a subset of R¢.
~a¢ Will denote the non-standard Gaussian measure in R¢ defined by

4 12
Ye(dz) = e~lfdz = exp (— <E a:%) ) dz.
1=1

LP(vg), 1 < p < oo, will denote the set of functions f : R4 — R such that

/ lf(a:)lpe—|z'2dz < oo
R

and we define its norm as

l/p
1 £l oeve) = (/lf(w)"e“'”|2dz) .
R

my will denote the Lebesgue measure in R¢.
LP(my), 1 < p < oo, will denote the set of functions f : R¢ — R such that

/ |f(@)|Pdz < oo
Re
and we define its norm as

1/p
£ ]| zo(ma) = (/If(x)l"dx) i
Re

h, will denote the Hermite polynomial of degree n in R, i.e.

(@) = (1”3 ()
dz»
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or more explicity

[n/2] n—2k
_ Qo)
h"(z)‘"!g;( Y im

hy will denote the polynomial of degree n defined by

fn/2] n—2k
o Qzpm*
ha(z) = n! E kl(n — 2k)!

we will call h; the majorant of h,, since trivially |h,(z)| < h(z).
a = (ay, -, 0g) will denote a multi-index, i.e. o; is a non-negative integer

i=1,---,d, )
Jod = e
=1

and as before
al = (al, RPN o 73 DY 0 7% ALY ad)°

he will denote the Hermite polynomial of order o in R4, i.e.

d
ha(.'z:) = 11 ha,—(z‘i)-

2. - Preliminary definitions and results

2-1. Maximal functions

For the proof of the main result we are going to use two very specific
Maximal functions, so let us study them briefly.

DEFINITION 1. Let f € LP(y;), 1 < p < oo, and consider the function
MU defined as:

[f |f(u)|e”"2du]
(M) (@) = sup £ —
y#z [f e—“zdu]

This function is called the one-dimensional one-sided Hardy-Littlewood Maximal
function for the one dimensional Gaussian measure ~, of f.

For this operation we have the following result.
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LEMMA 1. If f € LY(1), then MUf is finite almost everywhere and
moreover

c
w ({ol (M) @) > A}) < Sl Mz

and if in addition f € LP(vy1), 1 < p < oo, then M''f € LP(v;) and

”MP]f”Lp(m) < Cp”f“L”("ll)'
PROOF. The proof of this result follows the classical scheme. For details
see [Ste] or [Ca]. O
The second maximal function that we are going to need is the following:

DEFINITION 2. Let f € LP(y;), 1 < p < oo, and consider the function
M},” f defined as

y+t
1
(M}”f) (y)= sup E[/lf(z)le}

This function is called the one dimensional truncated Hardy-Littlewood Maximal
Jfunction of f.

The interesting thing about this maximal function is that, even though
it is defined with respect to the Lebesgue measure, the truncation makes it
LP(~1)-continuous as the next lemma establishes.

LEMMA 2. If f € LP(y1), 1 < p < oo, then MU f € L?(v,) and

<, .
oy = ol Fll o)

[par's]

PROOF. The proof is essentially simple, the idea is that, in the set
[z—y| < 1A @, all the values of e~ are equivalent.
a

There is also a d-dimensional truncated Hardy-Littlewood Maximal function
which is defined as

1
(Mor)w= s 5ol [ @]

Using the Method of Rotation and the LP(y;)-continuity (1 < p < co) of M!!,

one can prove the LP(v4)-continuity of M%‘ﬂ , but since we are not going to use
this fact we will skip the details.
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2-2. Natanson Lemma

Following Muckenhoupt [Mu-1] we will use a nice result due to LP.
Natanson [Na] in the particular case of the Gaussian measure ~;.

THEOREM 1. If f,g € L'(y,) and g is non-negative, monotone increasing
until y and monotone decreasing after it, then

/f(Z)f(Z)e“szz < lgllzran (M) @)

PROOF. For the details of this proof see [Mu-1]. O

This leads to the following Corollary that is the form in which Theorem
1 will be used.

COROLLARY 1.1. Let L(y,z) be a non-negative function, monotone
increasing in z for z < y, monotone decreasing in z for z > y and
(o]

f L(y,z)e‘zzdz < B, where B is independent of y, then

—00

[ee]

[ rw @ e < B (M) @
for any f € L'(y) and furthermore

(o]

/ L(y, 2)f (2)e " dz < BGy|| fllzoyn
0 LP(yy)

for any f € LP(y1), 1 <p< oo

Moreover, the same holds for any kernel K such that |K(y, 2)] < L(y, 2)
where L is as above.

PROOF. Immediate. 0

We will give a name for the functions that satisfy the properties of L in
the Corollary 1.1.

DEFINITION 3. If L(y,z) is a non-negative function, monotone increasing
in z for z < y, monotone decreasing in z for z > y and such that

[ Ly, 2)e~"dz < B, where B is independent of y, then L is called a Natanson

kernel (with respect to «).

Since we are going to use heavily Corollary 1.1 for specific subintervals
on the real line, let us describe each case in detail:
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COROLLARY 1.2. The following kernels are bounded, in absolute value, by
Natanson kernels and therefore the conclusions of Corollary 1.1 hold for them:

1 .
) 7w fy>land 2<0
) K= Y

0 otherwise;

ii) Ky, 2) = {% ify>land0<z<%
2\Y, =
0 otherwise;
: v land y+ 1< 2
i) Ky, z) = {ye fy>landy+35<z<2y
0 otherwise;
Ko e fy>0and RyV(y+1)]<z
iv 4(y,2) =
0  otherwise;
2
al fy>vV2and $ <z2<y—-1
V) Ks(y,z)= { vy T Viand §<z<y-y
0 otherwise;
Vi)  Key,2) 1 f0<y<land|z—y|>1
6\y,z2) =
0 otherwise;
Y1 -1 - ; Oand |z—ul < 1Al
vii) Koy, 2) = {ye [1~loglyle ~yD] #fy>0and |z—y|<1nyg
otherwise;

0

12 .

eV ify>0andlz—yl<1A-=

vill)  Ky(y, 2) = (z—y> Ty le-vl<iny
0

otherwise.
PROOF. Immediate. O

2-3. The Poisson-Hermite integral and its generalizations
DEFINITION 4. If f € L'(va), then its Poisson-Hermite integral is defined,
for 0<r <1, by:

1
(Pr[d]f) )= m

20112 2 .
/ exP( ! II_erz L z) f()et dz;
Re
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and the maximal operation associated to P! is defined by:
(P2f) @)= sup |(Pf) @)
0<r<l1

We observe that { F9:0 < r < 1} corresponds to the Ornstein-Uhlenbeck
semigroup with parameter - log r. Also observe that P!¥ can be rewritten as:

1 |z = ry?
[d] — —
R
These operations are LP(v4)-continuous:

THEOREM 2. The following inequalities hold:
) "Pf[d]f"u(»yd) < I fllzetvars for 1<p<oo, 0<r<1, and
ii) "P*[d]f"um) < Cil|fl|rergs Sfor 1 < p < oo.

PROOF. For the details of this proof see [Mu-1] and [Ca]. Oa

Now we are going to define generalizations of these operations. Let us
start with the one dimensional ones.

DEFINITION 5. Let f € L!(v;), define the operation

|z — ry/™

1 oo
(@) W=7 / T =y

—1'2(|y|2 + |z|2) +2ry -z
-exp TR

) fz)e 1 dz

that can be rewritten as

17 |z = ry|™ |z — ry|?
(QM.f) ) = =y mexp <—_1j f(z)dz.

—00

1

Also we define the maximal operation associated to this operator by
(QULS) )= sup |(Q¥%f) @)|.
0<r<1

Observe that
1] _ pll
Qr,O - Pr[ ]‘

We will prove now that these operations are LP(«y;)-continuous.
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THEOREM 3. Let f € LP(y)), 1 < p < oo, then

i) “Qy‘r]nf”Lp(%) <G ”f”L"(m)a Jor 0<r <1 and

i) ||QLY, iy < Coll Fll o,

1

PROOF. i) Let us take p t ¢ = L, then by Holder’s inequality we have

Q=

X 1/q
|z — ry|™ |z — ry|?
[(QULF) | <C [ = Tz)[(m+1l)/21/2p]q exp (— — ) dz
! |z — ry|? ’
' / (1= 212 XP <_ -2 |f(2)[Pdz

- 1a
-2 [ / “mqeﬁuzd“] [(P11) )]
0

=C[(BM|717) w)]”.

Thus, taking LP(y;)-norm, we get, by Theorem 2:

1/p oo 1/p
[ / (@ f) @) e dy] <G, / (P £]P) (y)eyzdyJ
o

1/p
<c, /Ifl"(y)eyzdy} .

L —00

-

ii) Let us take 1 < py < p and go such that T ql =1, then by the same
trick done in i) we obtain

[(Q4.f) )| < Gy, [(BM1117) )] 7,

and therefore

(QL) @) < Cp, [(PM]117) )] ™.
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Now, taking L,(v1)-norm, we have

w 1/p o U
[/ l@n ) ] e ydy] <c [ / [(me!m)<y>]"“'°e—yzdy]

— 0

) 1/p
< Cp [/ lflpGAyzdyjI

by Theorem 2 ii). O

—— 00

DEFINITION 6. Let f € L'(v;), h, the Hermite polynomial of order n and
h? its majorant, we define the operator

w1 [ ( lz=ryl |z = ry]
(Hl]f)() w/hn <m exp —-l————— f(z)dz

and its associated Maximal operator:

(Hf) @) = Sup [(HS) @) -

COROLLARY 3.1. If f € LP(v1), 1 < p < oo, then
i) "H[”f"mw < Collfllzreny, for 0<r <1, and
ii) ||H£,1r]Lf||L,.(7l) < Gpll fllzoan-
PROOF. Immediate, as a consequence ‘of Theorem 3. O

Observe that
[ _ 1
Hj=P".

The d-dimensional version of these operators are defined as:

DEFINITION 7. Let f € L'(vg) and « = (ay, o, -+, ag) a multi-index, we
define the operator

& o (|27 —ryi
[1] — A I
(H f) ()= /2(1 )d/2 [ 1-]1: h’aa ((1 _ T2)1/2>
. 12

(H9f) @) = sup [(HESf) ).
0<r«l1

and its Maximal operator as
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COROLLARY 3.2. Let f € LP(qg), 1 < p < oo, then

Y ”Hr[ilf"p(',d) < GCllfllrevys for 0<r <1, and

i) "Hiﬂf”u(n,,,) < Cp”f”LP('m)-

PROOF. This is an immediate application of the previous result and
Minkowski integral inequality. O

2-4. Generalized Muckenhoupt lemmas

We are going to use extensively the following generalizations of Lemmas
2 and 4 of [Mu-2]. Lemma 2 will be generalized in two different senses, the first
one for L!(m;) kernels, that is a sort of Young’s inequality for the Gaussian
measure ~; (see Theorem 4); the second generalization will be for singular
integral operators (see Theorem 5). Lemma 4 will be generalized for any power
m using a pure absolute value argument (see Theorem 6).

THEOREM 4. If f € LP(v;), 1 < p < oo, and k € L'(m,), then

P 1/p
e o)

/ / Ky — Df@)dz| eVdy| < Collkllzimoll -

—o | |z—yl<Ing

PROOCF. Let {I, : I, = [zn, T} be a partition of R as follows.
Consider the interval [0, 2], the intervals of length 2~"*! between 2" and

2™ n €N, and the mirror images of these intervals for the negative numbers.
By construction, this partition has the following properties:

i) A compact subset of R intersects a finite number of the subintervals
I;
ii) An interval of the partition is not more than twice as long as the
adjacent intervals. Furthermore if y € I, then 1 A L is not greater than half of
, ol
the length of the interval;
sup eV
iii) The ratio ->— is not more than e!2.
infe™¥
In
Now using this partition we have

P
oo

/ / k(y — f(2)dz| ePdy

—o© |z—y|<lAh',—I
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p

ey e[| [ k- aree .

I, |z-y|<1/\|—;|

and, by properties of I,,,

4

[ / k(y - 2f(2)d2| dy

I |z4y|<1/\m
will be the same if f were 0 outside of J, =1, yUI,U I,;;. Then, by Young’s

inequality and by property iii) of the partition, we get that right hand side of
the previous inequality is bounded by

oze-zﬁ“ku’;.(ml) ( / |f(z)|sz)
n A

< CE “k”[I))(m.) ( /|f(Z)|pe_zzdz) ,
n J”

and the left hand side is then bounded by

C“k“il(ml)( /‘f(z)ll’e‘z2d2),

and this ends the proof. O

COROLLARY 4.1. Let f € LP(v1), 1 < p < oo, then for any m >0

p 1/p

(o] _ m _ )
J| L () ol

ed |z—y|<1AT;/_I

< Cpo | || o)

for any constant a > 0.
PROOF. Immediate. O

DEFINITION 8. For f € LP(q4), 1 < p < oo, and k is a Calderén-Zygmund
kernel, that is



544 WILFREDO URBINA

i) k is homogeneous of degree -n, i.e. k(Az) = A™"k(z), A > 0 and z #0,
ii) k belongs to C'(R¢ — {0}), and
iv) k has mean value zero over the unit sphere:

/ k(s)do =0,
Sd-1

define the operator
(KTf) y) = / k(y — 2)f(2)dz,
A

where A = {Z=(21,"',Zd) e -y < 1A Iyl’ 1= 1,---,d}.
We have that KT is an LP(y4)-continuous operation, that is

THEOREM 5. If f € LP(vg), 1 < p < oo, then

"KTf”L’('w) < Cp” f”LP('yd),

therefore, any Calderon-Zygmund singular operator truncated over A is strongly
LP(ng)-continuous for 1 < p < oo.

PROOF. Using the same partition of the previous Theorem in each variable
{I:; : I:, = [zi,n; 2;i,('n,+l)]} 3 = 1,2, e ,da

we can write

/ |(KT )| e M dy
Rd

= E / /k(y - z)f(z)dz e W dy
aczd
P
<c) exp< E ,a'> / /k(y—z)f(z)dz dy
acZ?d A

d
Iz,
i=1
and the last integral would be the same if f were zero outside of

d . .
[1J%, where Ji =1, UI, UL
=1

@yl *
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Now using the L%my)-continuity of the singular operation, the last
expression is bounded by

C Eexp< 2 za‘> / |f(y)|”dy

aEZ“
I,
1=1

and, by the properties of the partitions {I}, this is bounded by

Cap Y ,/ f@lPe ™ dy < Cap [ /if(y)l”e I dy] O

acZ? ,

Il
i=1

Finally let us see the generalization of the Lemma 4 in [Mu-2].

DEFINITION 9. Let f € LP(y;), 1 < p < oo, we define the operator

|z — ry|™
(L)) = / / p(r ) —r2ym))2

|z— y|>1AIvl

2|2 2 . ,
-exp( 2 (|y|* + |2)*) + 2ry z) drf(2)e"dz,

1—12

where ¢ is a bounded function on [0,1] and m > 0.
Observe that this can be written also as

(L)) = / / ‘P(T) = 2)(m‘+3)/2

|z— y|>1/\lvl

|z — ry|?
- eXp (— 2 dr f(2)d=z.
THEOREM 6. If f € LP(v,), 1 < p < oo, then

1L Fll v < Coll Fll zoey-

PROOF. By the form of the kernel, we may assume without loss of
generality that y > 0; and for a further simplification, we will work, most of
the time, only with the integral over r.

Let us divide the proof in five cases depending upon where z is located
with respect to y.
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Case 1. z<[0OA(y — D).

m=0:

in this case we split the integral in r into the sum of integrals over [0,1/2]
and [1/2,1].

The first one of these integrals is trivially bounded.

For the second integral let us consider two cases:

If y > 1/2, the integrél is bounded in absolute value by

1 00
1 y? C [ e (o]
- v <= | —=du=—<20C.
C/(l—rﬁﬂe"p( 8(1—r)>d“ y/ul/2 u=y s¢
1/2

12

If 0 <y < 1/2, the integral is bounded in absolute value by

1
1
O/(l—r)”?—“"( 8(1—r)) —(z)/ =5 <0
1/2

since —z > 1/2.
Therefore

1

1 —r2(|lyf* +|2[H +2ry - 2
[ o= mmen (FHEEEE o
0

is bounded using Corollary 1.2 i) and vi), in absolute value, by a Natanson
kernel.

m > 1: here we consider two cases again:

y>1/2.

Since (|z — ry))™ = ((—2) + ry)™ < 2™[(—2)™ + (ry)™] then in this case the
integral is bounded, in absolute value, by

(=™ (™
Cm / 1= nmar x < )dr+C / (1 — 1) /2

r2y?
-exp(—z(l_r)> dr

The second of these integrals is easy, since it is bounded by

1
Crm ry)™ [ —rry? r2y? ) rly?
7/ A—nm 2 | q=nz P (_4(1—r) ]exp (‘4(14)) dr
0
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and using that z’" 1e=%" < Cpy, for = > 0, and integrating in r, we get that this
is bounded by Cm Therefore, by Corollary 1.2 i), we conclude that the second
integral is bounged by a Natanson kernel.

The first integral is split into the sum of integrals over [0,1/2] and [1/2,1].
Now for the integral over [0,1/2], 1/2 < 1—r < 1, and then replacing it, as
required, and replacing (1 +7) by 1 or 2, as needed, we get the upper bound
Cm(—2)™. Therefore, as the part of the operator corresponding to this case is

0Ay—1)1/2

Cm / a _(_T;znﬁ)/z exp < > de(z)e z2 2,
-0 0

then it is bounded, using Holder’s inequality, b;/

[eS) 1/‘1
C’"( /!Z|""’e‘zzdz) Il £l zocyo)-

The integral over [1/2,1] can be written as

1
(2™ [ (—2)y ryz 1 ryz
" /[U—rﬁwp(ﬂl—ﬂ>]U—TWPw2%p(ﬂl—ﬂ>m
1/2

which is, by using the inequality z™ !le™® < C,,, for £ > 0, m > 1, and
integrating in r, bounded by Cpexp (%), as y > 1/2,z<0and 1/2<r < 1;
but this is bounded by a constant and therefore bounded by a Natanson kernel
by Corollary 1.2 i) and iv).

0<y<1/2.

Then in this case z < —1/2, |z — ry| < 2(—2)(2 — r), and the integral in r
is bounded by the sum

(-22)"Q2—-nr" r2z2
Cn / - nmen P (‘2(1—r>>d’

1
(22" — )" 222
1 [ S e 0 (_2(1—r) &
172

The first integral is trivially bounded by C,,(—z)™, so again, by Holder’s
inequality, the part of the operator corresponding to this case is bounded by

Conpll 1l Locy-
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The second integral is bounded by

Chm 1 (=)™ 12 — rym! 1 2r2—1) ex <_ r2z? )
(—2) (1 —r)m=0/2 | (1-r1) 41 —r1)
12
252
-exp (—4(1 — r)) dr
C

and this is bounded by =2 by using the inequality that z™ 'e=* < C,,, for
z >0, m > 1 and integrating on r. This is bounded by a constant in this range
and therefore bounded by a Natanson kernel by Corollary 1.2 vi).

Case 2. 0<z< [(y—%)/\%]

In this case y > 1 and we will work the two cases m =0 and m > 1
simultaneously. Let us use the second representation of the operator; replace
1+r by 1 or 2 as required and split the integral into the sum of integrals over

y—=z Yy—=z
[0,1— % ] and [1— T’l]'

For the first integral, since z < Y then r < % and therefore 211 <1l-r<l1.
Using this to replace 1 —r and the change of variables u = z — ry, it is easy to

see that the integral is bounded, in absolute value, by

( / lul’"e"“z/zdu)

and therefore the corresponding part of the operator, for this case, is bounded

by
[(s—3)n1]
f(2)dz

1
C
y—2z

Cons

Yy
0

which is bounded by (M) (y), by Corollary 1.2 ii).

For the second integral, using the fact that z —ry =(z —y) + (1 — r)y, we

get that ¥ ; < |z — ry| < 2(y — 2) and, using this and the change of variable
2
u= EI:EI _yl), we have the second integral bounded by
2"1 /u(m_l)/ze'"zdu
” !
1/8

and we repeat the argument given for the above integral.
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Case 3. y+%<z<2y.

In this case y > 1, again we will work m =0 and m > 1 simultaneously.
Here we can write the corresponding part of the operator as

/ eV / <p(1') (z —2)(1’1'1)+3)/2 exp <_%L) drf(z)e”*

Now split the integral in r into the sum of integrals over [0, 1- gu_—@l ,

[ 2o 2] g [1 20 1] )

b

For the first one of these integrals we have |z — ry| < 3y(1 —r) and
ly —rz| > Z—(—~—) and using this we get that this integral is bounded, in

absolute value, by

1— Az—y)
z

201 —
/ y™(1 - 'r)("'_3)/2 exp (— SR (18 r)) dr,
0

2
and now, taking the change of variable u = Z_KLS:L), we obtain the bound

0o

Cm (y)mz / u('"“3)/2e""du,
? 1/4

and therefore the first integral in r is bounded by C,,y, since z is equivalent
to y.

This means we have

129

i ' (z—ry)
2 z—ry)™
/ e!/ / SO(T)(I _ T)(m+3)/2
0

1
Yty

e ye 7 f(z)dz.

_|y—rz|2> 2
exp( 81— drf(z)e *dz < Cp,

<E\&)

To this expression we can apply now the Corollary 1.2 iii).
For the second integral in r, using that |z — ry| < 3(z — y) holds and that



550 WILFREDO URBINA

trivially |y — rz| > 0, we obtain the upper bound

.
1=

l m
/ (1 _ T)(m+3)/2(z - y) d,’-,

2z—y)
1-==

which gives immediately that the integrated less than

sz(m+l)/2(z _ y)(m~1)/2.

For the cases m =0 or 1, using that z is equivalent to y, we can use immediately
Corollary 1.2 iii). But, for the case m > 1, we need to work with the whole
expression and use a little trick. In this case the expression

Y
Cmy(m+1)/2 /(z _ y)(m—l)/2e—(z2_yz)f(z)dz

1

Yty
is bounded, from Hoélder’s inequality for 1 < py < p, plo + l =1, and the change
of variable u = (2 — y), by
y 1/po v 1/
Cmy("”l)/z e’ / ,f(2)|p°e_zzdz /e‘zyuu%(m‘l)ﬁdu

1 \ 1
yty v

Now using the change of variables v = yu we get the bound

1/po

y
Cn, yey2 / ]d(z),p"e‘zzdz
y+i
cee . . [1] 0 l/p() )
and, by Corollary 1.2 iii), this is bounded by C,, [(M[!f?) (y)] "*. When we
take LP(v;)-norm in y, this will give us Cp||f||zrcy)-

Finally for the third integral we have |z—ry| < 2(2~y) and |y—rz| > ——9
Then the integral in r is bounded in absolute value by

z—y™ (z -y
On / (1 — ryearz P (’ 3(1 - r)) &

Iz
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2
and now the change of variables u = %1;_1"—3—) gives us
[ i 1
Cm /u(m D/2gudy .
(z-v)
1/4

Thus we can use again Corollary 1.2 iii) in this case.

Case 4. 2> [2y V (y + D).

Again in this case we will work m =0 and m > 1 simultaneously. As in
the previous case, we write the corresponding part of the operator as

1
? [ e (R st

[2yv(y+1)] 0

Let us split the integral in r into the sum of integrals over [0, 1-— (iziz—@]
_(z—-y
and [1 or ,1].
In the first one of the integrals with respect to r, as z > 2y, r < % and

so L<1-r<1and |z — ry| < z. Thus replacing 1 — r by the appropriate
bound, replacing (1+r) by 1 or 2 as needed and using the change of variable

= y — rz, we obtain that this integral is bounded, in absolute value, by
Cr2z™ V. Hence, for the cases m = 0 or m = 1, we can use immediately
Corollary 1.2 iv) (as z > 1). But, for the case m > 1, we need to work. with the
whole expression and use again the little trick. Thus using Holder’s inequality,

with 1 < pyp < p, 1—,15 + l =1, we get the upper bound

oo 1/g0 oo 1/po
Chn [ey2 / z(m~1)qoe—z2 dz ey2 [ ‘f(z)lpoe~z2dz

Ryvy+1)] [2yv(y+1)]

and this is bounded by C, [(M[1f?) (y)]l/ ® by the Corollary 1.2 iv).
Now for the second integral we have that |z — ry| < %(z —y) and also

ly —rz| > ___g so using this in the integral in r and replacing (1+7r) by 1 or
2 as needed we have that its absolute value is less than

CED A
On / (1 — sy &P (' si-n)
S




552 WILFREDO URBINA

o
Using the change of variable u = Jsi(l_lglr_)’ we get that this is less than

2 (m-1)/2 ~ud
u
(z-y) / ¢
1/4
and as (z —y) > 1 and ;=2 g < 2 we can apply again Corollary 1.2 iv).

Case 5. %ngy—l.

@

In this case y > /2, and again we will work m = 0 and m > 1
simultaneously. We use the following representation of the corresponding part
of the operator:

r’ (z—ry)" |z —ry?
/ / p(r ) —r2)m)2 exp ( 1— ,2| ) drf(2)dz.
3y — Z)] i

Let us split the integral in r into the sum of integrals over [0,1 ~ =%
_3y=2 |_y-= _Yy-=z
[1 2y L 2y ] and [1 2y ’l]‘

)

In the first integral with respect to r, use that

1_
y—3—rs|z—rytsz<1—r)y

and replace (1 +r) by 1 or 2 as needed to bound this integral by

_3@-2
1 v

2
Crny™ / (1 —r)™ 3 2exp <—?;—8(1 - r)) dr
0

Making the substitution s = y*(1 — r), the above integral becomes

yz

Cmy 5m+2-5)/2 es/18 ds
3(y—2)y

and using the inequality z™*?/2¢~* < C,,, for z > 0, m > 0, this is bounded

b
Y 1

Cm Y2y — 2%

Now we can use Corollary 1.2 v).
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For the third integral we use similar arguments. In this case we have that
22 < |z — ry| < 2(y — 2) and we use this to substitute |z — ry|, again replace
(1+7r) by 1 or 2 as convenient and we obtain the following upper bound for
the integral in r:

|z — y|™ =yl
- nmar P\ "ga= )

1— Y__‘

then using the change of variable u = %—(1——|~ and the inequality z™*¥/2e~% <

Cp, for z >0, m >0, give us the bound ——7——1"———)3/—2- and therefore we can

apply again the Corollary 1.2 v).
Finally the second integral is a trickly one. We will need to work with
the whole expression corresponding to this case, which is

2 (z—ry)" |2 fyl
/ e / <p(r)———————-———(1 Y exp ( 7= ) dr f(2)e” “dz.
5 -4

What we want is to compute the LP(v;) norm of this expression and for that

let us consider g € LI(y;) with ||g||1¢y,) < 1, where —;—+ % = 1. Let us look at
oo y—-i -1
(z—ry™
l / 9®) / € / o) 1 pm2
V2 b -2

]2
-exp ol drf(z)e % dze ¥ dy|.
172
Then taking the absolute value inside and using Fubini’s theorem, it is easy to
see that this is bounded by

1-L2
2

! z—ry|™
C/ /Ig(y)l / (1|__7)(Tn?|m

_3y-2
211

.eXp< | - l )dre—y dylf(z)le—z dz,

since yjz <1-r< X%;—z), replacing 1 — r by the appropriate bound, and

using the change of variable u = (z — ry) we have that the integral in

J——
3(y—2)’
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r can be estimated from above by

V-2
6
C . 1
- / ,u["‘e‘“zdu < Cz, since % <z<y-—- "
y—=z
_Vvy-2)
6
The kernel .
K9 {zezz, if 242 <y<2z
z =
Y 0, otherwise

is bounded by a Natanson kernel using the same argument given for K3 in the
Corollary 1.2 iii) (with the roles of y and z interchanged). Therefore, the whole
expression is then bounded by

C / (MMg) (2)|f(2)|e dz

and the Holder’s inequality and the LP(y;)-continuity of M!! give us an upper
bound of Cm”f”L"(’n)~
Now it is easy to observe that the five cases considered include all values

of 2 for which |z —y| > 1A 1. 0

DEFINITION 10. If f € L'(y;), h, is the Hermite polynomial of order
n, h its majorant, then we can define the operator

o(r) |z — ry]
(Nuf)y) = / / (1 = r2)3/2 h,, ((1 _ 72)]/2)

Jz— y|>1/\

—r2(lyP +|z[H +2ry - 2
exp (LD

1
_ 1 of 2—TY
- [ [erammmn (555)
|

z~y|>1/\h17[ 0

) drf(z)e_zzdz

-exp ( I—i—_——'—> drf(z)dz,

where ¢ is a bounded function on [0, 1].
Then as a consequence of the Theorem 6, we have:

COROLLARY 6.1. If f € LP(71), 1 < p < oo, then

(N fllzoeny < Coll fllzecy)-
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PROOF. Immediate. O

Finally observe that Ny = Ly and N; = L;.

3. - Proof of the main result

We are going to prove Theorem 7, that is the LP(~y,)-continuity of what we
call the Riesz Transform of order o, D*(—L)~!®/2, associated to the Ornstein-
Uhlenbeck operator L, which is the main result of our work. As a consequence
of the techniques used in its proof, we can obtain a whole class of singular
operators with respect to the Gaussian measure, which is the result given in
Theorem 8.

3-1. Proof of Theorem 7

Let us remember that the Riesz Transform of order o associated to the
Ornstein-Uhlenbeck operator L is defined as:

(D=L *2f) @)

. .

=Cy / / ey (logr\ P 1 2oy
“* 1-r2 1—r27%\ (1 - r)l/2
RO

200012 2 .
exp( r*(ly| +[z|2+2ry z)

1—r
a- ,,.2)d/2

drf(z)e“lzlzdz,

where f € LP(qy).
We observe that this can be rewritten as

(D*-D)21) @)

1
[ o (22 L (e
“ 1—1r2 1—-r27%\ (1 = r)1/2
R O

exp | — lz—ry?
1—r? g 4
. T -dr f(2)d=.
First of all observe that if we define, for any ¢ =1,2,---,d, the operation

(T,‘f)(Z[,Zz,"',Zd) = f(zl,' Cy 21, '._Ziazi-fl)' o ,Zd),
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then it is easy to see that, due to the properties of the Hermite Polynomials,

we have
7(D*(=L)71/2 ) = (1) [D*(~ L)1/ (r; f)1,

where ¢ depends on « and 7; and therefore it is enough to work for

y=(y1’y2)""yd), where ) 20,1}2 20,"')yd 20

A second remark is that, as can be easily proved, for any « multi-index,

the function
o(r) = rla-D —logr (al-2/2
1-12

1
is a bounded, increasing function in [0, 1] and such that j ‘p(? : f(l) dr < oo.
0

Now for a y = (y1,¥2, -, yq) fixed, we can write R¢ as a disjoint union
AU(UBy), where A = {z =(z1,+,24) |z —yi| < 1A _I i=1,- d} and the
1

By’s are such that, for at least one coordinate z;, we have |z —y| > 1 A m
1
In order to prove the LP(v4)-continuity of our operator we are going to
divide the proof in two cases.
Case 1.

In this case we are going to work the corresponding part of the operator
over a given By. This is going to be a pure absolute value argument and for
that reason we may assume without loss of generality that there exists one and
only one coordinate z; such that |z —y;| > 1A L.

il

In this case the operator is bounded in absolute value by

/ / (e (logr\ 2 1 Ja -y
1—¢2 a- ,,.2)3/2 @i a- ,,.2)1/2
ls—wil21Ag O
|2 — ril? |2 — ry5
- €Xp ( 1— 72 ) / H o <(1 — r2)if2

2 —TY; 1 o
- exp (_| 11 — ]I ) q ~1'2)1/2|_f(z,-,:g)Idz drdz;,

r2

and this is bounded by

/- / (ad-1) —logr (Je|-2)/2 1 3/2ho lzi —‘I'y"l
1-1r2 (1-72) "“\q-rp2

li—yil21n5 O
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2
2 — 1Y 1 :

P <—‘ ]1 - 1'2]| ) 1 —r)l/2 (Hida‘”lfl(z,;, .)) y)dz.
But this is just L (H,Eda,nl fC, y‘)]) (y;) and then the result in this case follows
by Corollaries 3.2 and 6.1 and the Minkowski integral inequality.

Case 2.

In this case we are going to work the corresponding part of the operator
over A. We are going to make a series of reductions using standard techniques,
mainly the Mean Value Theorem, until we get a singular part.

Without loss of generality we may assume that «; > 0. Then we start by
dividing the integral in r into the sum of integrals over the intersections of

[0, 1] with the intervals (—oo, 1-— J—Z‘T;”—yl—l] and (1 — Jz—lzﬁy‘l, 1] and therefore

we decompose the operator into the sum of two corresponding terms.
We can bound the absolute value of the first term by

|21 — 71| |21 — 1y |?
c | / T ((1 2)1/2> P (_Tﬂ—>

|Z| - l<1/\—-

zj —1Y; zj —ry;|? 1
| Ik <| ] 2)1]/l2> P (—I = )(1 — e e, 2)ldz"drdz,

2
, 7>l T

and this is less than

~lyoul
|21 — 1] |21 = ryn |
/ / a— ,,.2)3/2 he, (( — )12 P\~ 1 dr

l21 -1 |<1/\—-

(H1 1)) e

Since z"e~% <C,if £ >0, n>0, and replacing 1+r by 1 or 2 as convenient,
this last expression is bounded by

_1‘_VL
/ / ,.2)3/2 (H,Edanl”f |(z1, - ) )) (yHdz:.

lZ1 - |<1/\—

We integrate in r and use Corollary 1.2 viii) and the Definition 2 to obtain as
an upper bound

c [Mf (HE)716,90) | @+ € (M (HE f1c,4h)] @
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Now we have to deal with the second term, which corresponds to the integration

in r over (1— JZ_12:_T.1_11_L 1]. In this case we cannot use simply an absolute value

argument as before, instead we will make a series of reductions. First, we will
eliminate the function . To do this let us write it as

1

1 z—ry
] [ (20

A lz1-yql
2y

|2
.exp(—lz ry| drf(z)d=

1
1—12 ) (1 — r2)d/2

1
1 —
i [ [so(r)—so(l)]l_rzha((lz_rl)y,ﬂ)

A _ lz1-w1l
1 291

|z — ry|?
- exp (- =2 ) 1=y

Now using the properties of ¢, we obtain that the second integral is bounded
by

drf(z)d=.

C (1) @
The first integral can be written as

1
1 21—y
C/ / (1- 72)3/2ha' (\/5(1 - T)l/2>

cexp (- |21 — w1 Il & 2= TY;
21 =7 / jsi BACETOYE

|zj — ry;|? 1
-exp (_ 7 j a- rZ)I/Zdrf(z)dz

1—1r2
1 b Z1 — Ty
(1- 1.2)3/2 a a- ,,.2)1/2
|

_|=|2—y1
|21 — ry1|? 1 21—
. - — P
€xXp ( 1—r2 23/2(1 — r)3/? 1 \/2(1 — )i
|21 =y zj — 1Y
. AT AL b [ =L —21
exp ( 2(1 _ ’I') jl;[l ' (1 _ ,'.2)1/2

l2; — ry;|? 1
-exp (— i Tz)l/zdrf(z)dz.

1—172

1

+C’/
44
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Using the Mean Value Theorem the integrand in the second term is bounded
in absolute value by

{[ lzl — Syll e |21 - sy1I
G-n' a=n | = \a=nr
lz1 — syilyr |21 — syi]? 1 o [lz1— 891|> }
[ e o (G55
N A O A Ae ]
exp ( 20 =1) ]-I>11 b \ T2

|27 — ry;|? 1
- exp (_ ]1 - 727 a7 |f()|

for some s such that r < s < 1.
Observe now that, by using the inequality z*e=/» < C, z > 0 and
k>0, n=1,2, and the fact that in A we have

21 — s |? |21 — w1
Y L H g = I
cxp ( wion ) SO\ "Ha=ny )
the above integral is less than the sum
1

1
© / . / -

1 —
|21—y]|<1/\ﬁ 1,_]:12;1!1_‘

|21 - yl|2 [d—1] 1
- €xp <—ﬁ> (H,,an |fl(z1,- )(y )dz

/ / )1/2 ( H | f |, )(yl)dzl.

|Z|—y‘|<1/\— 1— _‘;’LL

Concerning the first of these integrals, we observe that

1
1 |21 I
gt / =, SXp ( W—)) dr < Cy1 [1 - log(ly: — z1ly1)] -

1=zl
2y

Corollary 1.2 viii) then implies that the first integral is bounded by

[M (HI V111G, 9D)] )
For the second integral, integrating in r and using the Corollary 1.2 vii) and
the Definition 2, we obtain as an upper bound

c [M? (HE 1116, h) | @o+© (M (B4D1716,90) ] @o.
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Now the integral
z2i— Y =l
C/ / Tt (f(l—r)lﬂ) Xp( 2(l—r)>
-

—ry; |zj — ry;|? 1
1 ha, <—'r_2)1]/2-) exp <_ ]1 - r2} ) = 72)1/2d'rf(2)d2

7>1

can be rewritten as the difference of two integrals, the first one with the integral
in r over [0,1] and the second one with the integral in over [ V’Ty‘y‘l]
This last integral can be bounded in absolute value by

|21 — 1] |21 = y1|2>
c | / Tt (ﬁ(l _r)1/2>exP <— - )&

|21 — y1|<1A—

(HE1,0) @z

Thus using again the inequality z"e~* < C, if z > 0 and n > 0, this is bounded
by

1ol
1
c / / a—ont ( HS) £, ))(y )z,
la—wl<ing- 0

and so we integrate in r and use Corollary 1.2 viii) and again the Definition 2
to obtain the upper bound

C [MFJ (H,Ed,,nulfl(-,y’))] w)+C [Mi” (H,[da"]lfl_(-,y’))] )

The first term, which has the integral in r over [0, 1], can be rewritten as
o 21— wil?
Z1— N z21 — Y1 2 — T
C he ——== h,
// (1= rpr2 (\/ia - r)l/Z) exP( 2= ) <(1 r2>1/2>
40
_.ZZ — ry2|2 1 — ryj
e (-7 ) Ay L ( =)

 —ryj 1
-exp (_ |zj — ry;|? > a _Tz)l/zdrf(z)dz

1—-1r2

and for this integral we repeat the argument just done for the variable z; but
now for the variable z,; that is, we divide the integral in r into the sum of
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integrals over the intersections of [0, 1] with the intervals <—oo, 1- th_;;/ﬂ]

and |1 — J%;I_?IZ[,I and therefore we decompose the integral into the sum

of two terms. In thi§ case, nevertheless, the argument is going to be a little
different, in it we will use strongly the Corollary 4.1.
The first term is bounded in absolute value by

zZ_VL
|21 — 1]
¢ / / / )2 & <(l—r)1/2
lzr—wal<1ng o y1|<1/\——

lzi =i\ o (|22 =Tyl
xp < 2i—n ) he\a=n

|-l gld-2 12
exp( i) o (HEE e 2,0) 01z das

Using again the inequality e % < C,if z >0 and n > 0 for 2, taking

LP(44_1)-norm in yi,3,---,yqs and using the Corollaries 3.1 and 4.1, we get
the bound
I_E%Ql 1/p
dr 2
c f / A= / |f (22, 1P)Pe W dy? | dz.
|z2—y2|<1/\$ 0

Integrating in r, using the Corollary 1.2 viii) and the Definition 2, we get as
an upper bound

1/p
c{ MM / |f<-,y2>|"e-'y2'2dy) (¥2)

1/p

+C { Mp! ( / 1fCyP)Pe W dy ().
Re-1

Now for the second term, which corresponds to the integration in r over

|22 — 2| ]
- —=1],
< 212

as in the previous case, we cannot use simply an absolute value argument.
Again, as before, we will make a series of reductions using the Mean Value
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Theorem. We write the second term as

2 — Y
C/ /(l—r)., “‘(ﬁ(l—r)'ﬂ)

_2‘_VL
E7)

. '25 — yi|2> 1 . ( 2j — 1Y )
exp <— 20 -7 ) 20 = n)i2 ]I;I3 ha, (1 —r2)1/2

z; — ry;|? 1
-exp (_| J1 _T?/21| ) T —Tz)l/zdrf(z)dz

1

21— Y
+C/ / g —r)3/2 e (ﬁ(l - r>'/2>
A Itz—vzl
( |z1—y1|2) b ( 2 — 1Y )
2(1—1) 2\ - r2)l/2
. =l 1 < 2 - )
P ( e ) A=z~ "=\ = i
<—|z2—y2|2> 1 T he ( ' — TY; )
20=r) ) V200 —r)12] sy — r2)1/2

|z; — ry;|? 1
- exp <_ 11 — 1'2] TR dr f(2)dz.

Now using the Mean Value Theorem, the integrand in the second term is
bounded in absolute value by

1 o (|21 —u|
h
C(l — ,,.)1/2 a) ((1 _ ,,.)1/2

e —wmf? v lz-syl],. (lz-swl

exp ( 1_r a-n* a=n |1 \aor
-z - sl |z — syf? 1 <|22 ~ sy

lTaoor Tasor taone) e \Goan

|22 = sys| [d-2] 12
- exp (“2(1—_1_)> (H,, a12|f|(21,22,')) @)

for some s such that r < s < 1. ,
Thus using again the inequality z¥¢=*/* < C, £ >0, k>0 and n = 1,2, and
the fact that in A we have

‘22 — 31/2|2 |22 - yz|2
_=g2 70921 ) - _Ie2 7 g2l
exP( 20-n ) SC 5= )
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we bound the LP(v4_;)-norm in y;,ys,-- -, yq of the second integral with the aid
of Corollaries 3.2 and 4.1, by the sum

1
dr |22 — 12|?
¢ / v / (1—r)e"p<'4(1—r))

lz2~y2|<IA g 1- ol

1/p
[ [ If(Zz,y2)|”e"”2'2dy2] dz
Ri-1

1

dr
0 / / a-nir

_ L \z212]
|22 yzl<1/\y2 1__2722_

1/p
[ f |f(22,y2)|”6_'y2|2dy2:| dz,.
Ré-!

For the first one of these integrals, we estimate the integral in » and then
use the Corollary 1.2 vii) to get that it is bounded by

1/p
Cc{ MM (/lf(-,yz)l”e_"’z'zdf) (12).
Ré-1

For the second integral, integrating in r and using the Corollary 1.2 viii)
and the Definition 2, we get as upper bound

1/p
Cc{ M ( / |f(~,y2)|"e“'”2‘zdy2) (%2)
Ré-1

1/p
+C { Mf! ( / If(~,y2)|'°e"”2"dy2) W).

Ré-t

Finally we have to deal with the integral

z Yi ) <_|Zi—yi|2) 1
C/ / (1—r>r=11 <f(1 02 ) P\ 20 =7y ) 2 = nn

_lzm-ul
7

' — TY; |z — ry;|?
T ha, (—?2)77/3> exp (—— ]1 — ,.2] ) iz 2)1/2drf(z)d2:

j>3
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This can be rewritten as the difference of two integrals the first one with the
integral in r over [0, 1] minus one with the integral in r over [0 1- ng;y_z[]
This last integral can be bounded in absolute value by

1_ ol
2y

1 2, |2 — il )
© / / / (l—r)gh"“(\/i(l—r)lﬂ

_ 1 — L 0
|22 y2|<1/\yz |21 y|]<1A’/1

|zi — wil? 1 [d-2] 12
exp (— 2i-n) i T)I/Zd (H* 2| fl(z1, 22, )) (y*)dzdz,.

Again, use the inequality e < C, if z > 0 for z,. Taking LP(vy4—1)-norm in
Y1,¥3, - ,ya and using the Corollaries 3.2 and 4.1, we obtain the bound

1-l2-w

2y

; dr 1/p
© / / —r)p2 [ / |f (22, yZ)Ipe—ly P dy ] dz,.

1
[22—y2|<1/\ n 0

Integrating in r and using the Corollary 1.2 viii) and the Definition 2, we obtain
as upper bound

1/p
c MM ( / IFC yPlPe 'yz'zdyz) W)
Ri-1

’ 1/p
Ri-1

Finally it remains to work with the first term which has the integral in r
over [0, 1]. This can be written as

2 — Y
ho | —————
C// (1—-7) i H ' <\/§(1 —'r)l/2>
. _,zz'“yi|2> 1 ( 23— TY3 >
eXp ( 20 ) Ga—nr = \a=pn
|23 — ryslz) 1 ( zj — 1Y;
"CXp (_ 1-72 ) A=) '],1;[3"%' (1= )i

|2 — 1y, 1
. exp <_ J J (1 — 72)1/2 d'rf(z)dz-

1—r?
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It is clear now how the argument follows. We iterate the argument just
done for z, to the 23, z4,--- and z4-variables until we obtain at the end of this
process the integral

1
: 2=y |z =y )
O! 0/ a =i (ﬁ(1_r)1/2>exp( 2 n) drf@

and we can rewrite it as

1
! z -y |z - 1)
(j//kl~ﬂﬂ“ﬁh<vﬂ1—nw>mm< 20— ) /=
A 0

Now using the change of variables u = TL%——_?I—L— gives us

21 —n)!/?
C[ —IE / u?h, ( 279 u) e % du f(z)dz
|z =yl lz -yl
A lz-yl

7
and this can be written as the difference of the same expression but with the
integral in u over [0,00) minus the same with integral in u over [0, Lz%;’d]

This last expression can be bounded, using the inequality z"e~=" < C, if z > 0
and n > 0, and integrating in u, by C [|f(2)|dz, and this is immediately
A

bounded by
C (Mf? (Mf? - (MP'FO)) @a)-++) ) (@)-

The first expression is nothing but the singular part of the operator, which
. can be written as
Qy —

) -

P 22 e,

where

Q(ZI}) = C/ ud_lha <_| u) e_“zdu = C("l)d / 'U:d_lha‘ (l_zI’U') e"uzdu'
e T
0 . 0

Now Q is clearly homogeneous of degree zero and by the orthogonality
of the Hermite polynomials we have

[e o]

/ ‘/ud'lha(au)e‘"zdu:l do = / ha(z)e_|z|2dz =0
Re

sd-1 Lo
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Thus ﬁg(z) is a Calder6n-Zygmund kernel and so by Theorem 5 this is
T
L?(~4) bounded and this finishes the proof of Theorem 7. O

3-2. Proof of Theorem 8

We observe first that if P is a polynomial, the result is immediate since
the Hermite polynomials form an algebraic base for the polynomials.

Now for the general case, remember that the fact that P and its first
derivatives have at most polynomial growth order means that there exist
Co, Ny, C;, N;,2=1,---,d, such that

|P(z)| < Co(1 +|z[Y),  for any z € RY, and
|D;P(2)| < Ci(1+|z|™), for any z€R%i=1, --,d.

As in the proof of Theorem 7, we will consider two cases.

Case 1. There exists one coordinate z such that |z —y| > 1A 14 .
1

In this case we use the condition over P and essentially repeat the argument
given in Case 1 of Theorem 7.

- 1
C 2. Forallz=1,.---,d, we have |z, —y;| < 1 A .
ase ) w |z — yil Tl
In this case we repeat the argument given in Case 2 of Theorem 7 and
the inequalities for D;P. O
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