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Integral Formulas for the 5-Equation
on Complex Projective Algebraic Manifolds

TELEMACHOS HATZIAFRATIS

Introduction

This paper deals primarily with integral formulas for the &-equation
on domains in algebraic submanifolds of the complex projective space P™
which are complete intersections. We consider p homogeneous polynomials
hi = hi(20,...,2n), 1=1,...,p ((20,...,2,) € C™! are homogeneous coordinates
on P™) and we let

M={[z]eP":hi(z)=0,i=1,...,p}.

We assume that dhA...Adh, #0 on M so that M is a smooth manifold. Suppose
D c M is a domain on M with smooth boundary 8D. If U; = {[2] : 2; # 0},
0 < j < n, is the standard cover of P", let O(¢) be the line bundle with
transition functions

gjk:anUk—bC,

£
gir((2]) = (’—") :
2j

£ being an integer. Let C(o,q)(D O(£)) denote the set of (0,q)-forms whose
coefficients are continuous sections of O(f) over D. The version of the 8-
equation, we are concerned with, is the following: given an f € C(o,q)(D 0w®)),
with 3f = 0 (in the sense of distributions), find g € Cy4-1) (D,0(¢)) so that
dg = f. If the domain D is s-pseudoconcave (see §I1.3 for the definition), then
we show, in a constructive manner, that the above d-equation is solvable if
g<s-—1and £ <0. In fact an explicit solution is obtained. If ¢ =s and £ < 0,
then we obtain a necessary and sufficient condition for the solvability of that
d-equation. This follows from the integral formula of Theorem 3 which is one
of the main results of the paper. Theorem 2 is, in a sense, a more general
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integral representation formula for differential forms from C(O,q)(ﬁ, O(®)); on it
(in fact on its proof) the proof of Theorem 3 is based. Theorems 2 and 3 are
our main results. The method we use, in order to prove Theorem 2, is via
the 3,-equation (the tangential Cauchy-Riemann equations) on 7~!(D) N §2+1,
where 7w : C™! — {0} — P" is the natural projection and S?**! is the unit
sphere of C™*!, that is S*"*! = {¢ € C™! : [¢| = 1}. The map = is used to
bring results back and forth between S?**! and P™ and between appropriate
submanifolds of domains on them. The study of the d,-equation is carried out
in part I; in fact we work in a slightly more general setting in which the sphere
S2+1 is replaced by a strictly convex hypersurface {¢ € C™*! : p(¢) = 0} and
the homogeneous polynomials Ay,..., h, are replaced by holomorphic functions
is some neighbourhood of the hypersurface (there is no complication, at this
point, to work in this setting; in fact we could have worked with a strictly
pseudoconvex hypersurface in place of S$?**!). The main result of part I is
theorem 1 which is an integral formula for the 8,-equation; this formula is, of
course, of independent interest. Let us point out that some other versions of the
above results are possible to obtain by replacing the space of Cgq-forms by
other spaces of forms, for example L(lo’q)-fonns or spaces of forms with measure
coefficients; in fact one can even prove estimates for the operators involved in
various norms; we found, however, the space of continuous forms a reasonable
space to carry out the constructions and to explain the main ideas. Finally we
point out that the presentation in this paper has been influenced by the papers
of Henkin [5] and Henkin-Polyakov [6] (where we also refer for background
material as well as for references on related topics); we think, however, that this
paper is justified by its main results, theorems 1 and 2 and especially theorem
3 which generalizes [6, theorem 2.2, page 562] from concave domains in P "
to pseudoconcave domains on complete intersection algebraic submanifolds of
Pn
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Part I: The 3,-equation
L.1. - Notation

This notation is to be used throughout part I. Let p be a strictly convex
function and let Q ¢ C™ be a neighbourhood of the strictly convex hypersurface
{p=0}. Let h = (hy,...,hpy) : Q — CP be a holomorphic map, p < n, and let
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hi;(¢, z) be holomorphic functions in (¢,2) € Q x Q, so that

D hij(e, 2 — 2) = hi(§) — hi(2), i=1,...,p,
j=1

and h,-]-(g, 2)= h;j(z, g) for (g,z) € Q x Q.

Let V={2€Q:h(z)=0} and M = {¢ € V : p(¢) = 0}. Assume that
dpAdhiA...Adh, #0 on M; thus V is a smooth complex manifold of (complex)
dimension m :=n — p (we may have to shrink Q for that); also M is a smooth
manifold of (real) dimension 2m — 1. Let us also fix a domain D c M with
smooth boundary 4D.

Let C(o,q)(ﬁ) denote the set of (0,q)-forms whose coefficients are
continuous functions on D; two forms f,g € C4(D) are considered equal

if
/fA¢=/gA¢
D D

for every (m,m — q — 1)-form ¢ with C* coefficients in a neighbourhood (in
V) of M with ¢ =0 on a neighbourhood of M — D (the role of such ¢’s will
be that of test forms; call them (m,m — g — 1)-test forms). If f € C 4 (D) we
say that 8, f € C(q+1)(D) if there exists g € Cgg+1y(D) with

/9A¢=(—D“{/fA5¢
D D

for every (m,m — q — 2)-test form ¢; in that case we write 9, f = g.

1.2. - A calculus of Cauchy-Fantappie forms on V

In this paragraph we collect some background material from [2] and [3] and
obtain some consequences of them which we will be using. Let v = (y1,...,7,)
be a smooth map defined for (¢, 2) in a subset of Q x Q so that

(,¢—2):= E(s‘j -z =1
j=1
Consider the differential form

m—1
—_—
(1) 4 det[H’ ’7) (a§ + az)“/]
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where H = H(¢,z) stands for the matrix

hy ... hpl
hin .. hpm

M

and v (inside the determinant) is written in a column form v = ( : ); also
the column _ Tn

(0 +9:m
(55' + 5:)'7 =

(5g + 5:)’71:
in the determinant (1) is repeated (m—1)-times so that (1) is an nxn determinant;
(for properties of such determinants see [1, p. 8]); also ¢ is a constant

m(m-1)

_ D™

©= M)’

this is a normalizing constant for proposition 5 below.
Let ay(v) = ag(7)(¢,2) be the part of (1) which is (0, ¢)-form in z and
(0,m — q — 1)-form in ¢, i.e.

qg m—q-1

m-—1 &
aq('v)=c< q )det[H,%az% 0], 0<q<m-1

also define a_1(7) = an(y) =0.
Now if 4! = (v},...,4)) and 4% = (4?,...,742) are two maps so that
(7', ¢ — 2) = (72, ¢ — 2) = 1, consider the differential form

m—1

n = cdetlH, (1 — \y' + A2, B, +dy +3,)(1 — Ayy! + M)

and let n, = n4(¢, 2, A) be the part of n which is (0, g)-form in z and (m —g— 1)-
form in d¢;,...,d¢,, dA 0< A < 1), ie.

q

Ng=¢ (m‘; 1 ) det[H, (1 — \)y' + )\’72,(1 - 03"+ )‘52'73’

m—q—1

zl - ,\)5(11 + /\53.72 + ('72 - '71)d;].
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Then n = E ne and (B, +dy +9,)n = 0 (for the proof of this see [2, p. 88];

from now on differential forms are restricted in (¢,2) € V x V' wherever they
are defined); it follows that

2) 5("’4 + gznq—l + d,\flq =0.
If #, is the part of n, which contains d), then (2) gives

5§ﬁq + 5:"7«1—1 + dX'Iq =0

fos (/)

which implies

but

/ dang = Mglr=1 — Ngla=0 = ag(¥?) — ag(yh).

Thus setting

1
g1, %) = ag(Y, 1), 2) = / iy 0<g<m-—1,
0

and
a1y, = am(y',7H) = 0,

we have proved

PROPOSITION 1. With differential forms restricted in ¢ and z to the manifold
V, we have

(V) — ag(¥) = 3cag(Y', ) + 9,041(71, 7)
for 0< qg<m.

Similarly let

0 =cdet[H, (1 — X — p)y' + 2% + p’,
m-1

B, +dyu +3)((1 = X — ' + A% + py)]

where 73 = (3,...,42) is a third map with (y*,¢ —2)=1.
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Let 6, = 04(¢,2,A,u) be the part of § which is (0,¢)-form in z and
(m — q — 1)-form in dg,,...,d¢,,dA, du, ie.

0,=c <mq_ I)det[H,(l ) o e . k. a o

q

/N

El -A- p,)ngyl + Agz'YZ + “52:’73,

m—q—1

(1= X = wdA" + A0y + by’ + (7 — yNdA + (7 — yN)dul.

m—1 — —
Since 6= ) 6, and (9, +d) ,+9,)0 =0, it follows that
q=0

(3) Egaq + 5z0q_1 + d,\,#aq =0.

Let , be the part of 6, which contains the term dA A du and , be the part of
6, which contains dA or du. Then (3) gives

4) 8.0, +0,0,_1 +dy,0,=0.

Integrating (4) over A= {(A\,u) ER?: X >0,4>0,)+pu < 1}, we obtain

Q

gg / oq +5z / 0q_1 = — / d,\,,,eq = — / 0q.
(A,WEA A,p)EA (A,pEeA A,wedA
Since -
0 = g1, ) + a7 + ag( Y
(A,pw)edA
setting
g, o) = ar, P )6, 2) o= / 5, 0O<qs<m-—1,
(A,weA

and

a 17,77 = am(y', 7477 =0,
we have proved
PROPOSITION 2. With differential forms restricted in ¢ and z to the manifold

V', we have

oy, ) + (VP ) + ag(V AN = —8ca (Y A ) — Baag-1(7, AR YY)
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for 0<¢g<m.

Next, computing the integral which defines ay(y',v%), we obtain

k. g-ki  ky m—g—k-2

st Wedh W N

S oy = Y ek, k) detlH, 4", 4%, 89", 8.7, 0", 97 ]
0<k; <g
0<ky<m—g-2

where

c(k1,k2)=c<mq—1> (:}) (m q- )/(1 A)kitk L ymeki—ka=2q)

Similarily, computing the integral which defines a,(v!,42,4%), we obtain

k1 k2
g Weegh
(6) aq(71a727’73) = E c(kl’kZak3ak4) det[H, 71,72a 73,6271,8,,'72,

0<ky+kp<q
0<k3+kg<m-—g-3

where

(m—1)!

cller, Kz, ks, ka) = X oV kal(q — k1 — k)(m — q — k3 — ko — 3)!

X / (1 _ A _ Ijl)k|+k3Akz+k4um—kl—kz—k;—k43dA /\ d“‘

(A,me

Now we consider the more general case in which the maps ' and ~? satisfy
simply (y!,¢ — 2) #0 and (4%, ¢ — z) #0; then define

oy, ) = a3, 5

1 ~2 1 2
where § and = .
(el TEH—]

Similarily define

o747 = a3 ALY and  ag(y) = ().

Now parts (i), (ii) and (iii) of the following proposition follow from (5), (6)
and properties of determinants; part (iv) follows from propositions 1 and 2 and
the relevant definitions.
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PROPOSITION 3. If (7,¢ — 2) #0 and (v',¢ — 2) #0, i=1,2,3, then

q m—gq-1
~ -

. m—1 1 = =
@) aq(’Y)—C< q ) wdet[H,% 9:, 97 ]

ky q—ki ky m—q—ky-2
1 290 323941 a2
det[H"Y i ,61'7 ’azfy 13(7 ’ 3;’7 ]
(,71, ¢ - z)kl+kz+1 . (,72, ¢ - z)m—k.—k;—l

() (v, =) clhi, k)

ki, k2

& is as in (5))

(i) a1 = Y ok, ke, ks, ka)
k1,k2,k3,ka
ky ky  gq-ki—ky ks ks m—g—ky—ks—3
0392 3.3 39,0792 3 .3

det(H,~',4%,7%,8:1',8:7%, 84" ,8:4',90% 8¢y ]
(,yl’ g- _ z)k1+k3+1 . (72’ g — z)k2+k4+1 . (,-73’ g — z)m—kl—kz—kg—k‘—2

3 as in (6)).

(iv) The identities of propositions 1 and 2 are valid for the above forms.

Next define
oh ah ~=
- -2 1
B(¢) = ||dhy A ... A dhy||™* det [ag] X e dg,]
where

o(hi,..., hp)

dhiA...Adhy||® = E — P

" ! pII a(gjn' ’g]p)

1<5 <...<jp$7l

The following proposition follows from a result in [2, p. 76].

PROPOSITION 4. (i) If 5(%——’;(&) #0 for some point ¢° € V, then

B(¢) restricted to V locally at ¢° can be written as

A(hy, ..., hp)

—_ dg A... Adgn.
a(fm-b-l’ a§n)(g)> 2 g

B(¢) = (constant) (

In particular d@ = 0.
(D) If p € CG, (V) then there exists ¢ €CE (V) so that p=F Ap.

The following proposition is a special case of [3, Theorem 1, p. 336]; it
is a version of the Bochner-Martinelli-Koppelman formula on V.
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PROPOSITION 5. Let U be an open subset of V with smooth boundary. If
9€ClnU) and z €U then

(=1)g(2) = / 9(0) A ag(d) A B(S)

¢edlU

- / 3g($) A agd) A B(¢) + 8 [ / 9(¢) A ag-1(b) A ﬂ(s‘)]

¢eU celU

where b=¢ —Z and o,(b) = a,(b)(, 2).

L3. - A Bochner-Martinelli type transform and its jump behaviour

Let V¥ ={¢ €V :p(¢) <0} and V- = {¢c € V : p(¢) > 0}. If f € Co(D)
define f*(z), z€V*, and f7(2), z €V, as follows:

ffz) forzeV*

/ ) A agb)s,2) A B() = { f(2) forzeV-.

¢eD

For ¢ > 0 small, let M, = {¢ €V : p(¢) = —€} and M® = {¢ € V : p(¢) = €}.
With this notation we will prove the following Plemelj type formula.

PROPOSITION 6. If f € Cq(D), with 8.f € Coq1y(D), and ¢ is an
(m, m — q — 1)-test form, then

g%(lf*A¢~lf‘Aw) =(—1)qi[fA¢-

For the proof we will need the following
LEMMA 1. The integral
do (¢)dv(2)

l¢ — 2>
(¢,2)EM xU,
where do and dv are the volume elements of M andV and U, = {z €V : —e <
p(2) < €}.
PROOF OF PROPOSITION 6. By definition of f* and f~ and Fubini’s
theorem, we have s

\

) [rne-[rne=| / F(6) A ag(®) A B) A pl2)
M,

Me ¢€eD zedU,
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(since OU, = M* — M,).
Now recall that

g m-g-1
@ b)) = (~De (mq‘ ! ) l—g—_l—zl—ﬁ det[H,% — 7, dz, 05 1.
Since H(¢,z) = H(z,¢), we obtain from (2) that
3) ag(b)(¢, 2) = (= 1) am—g-1(b)(2, ¢).
On the other hand, by Proposition 4(ii), we may write
“) p(2) = §(2) A B(2)

for some smooth (0, m — q¢ — 1)-form . It follows from (3) and (4) that

) / F©) A ag(d)s,2) A BEG) A p(2) = (=)™ D= 1™ £(¢) A B()

2z€0U,

N SISO YY o)
2€0U,
But, by Proposition 5 applied to the domain U, and the (0,m — ¢ — 1)-form
P(2), we have (for a fixed ¢)

©) / B(2) A g1 (B)(2, ) A B(2) = (~1)™135(¢)

zedU,

+ / 03(2) A Am—q-1(0)(2,¢) A B(2) — B, [ / P(2) A am—q-2(b)(2,$) A B(2) | .
2€U; zeU,
Substituting (6) into (5) we obtain, in view of (1) and (4),

@) /f*Aw—/f”/\<p=(—l)q/f(g)/\w(c)+r1(8)+rz(6)
M, Mt ¢eD
where
rie) = / / 1) A B A BB A tm—g1B)(z,¢) A BE)
¢eD z€U,

and

ra(e) =+ / F©) A B A D; [ / B(2) A am—q-2(0)(2,¢) A B(2) | -

¢eD zeU,
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Since (do x dv)(D x U;) — 0, as € — 0, it follows from lemma 1 that
®) limr(e) = 0.

e—0
Similarly, integrating by parts, we see that

r(e) =% / 3-'rf ABA / GA am—q—Z(b) AB

¢eD 2€U,

+ / fAﬂ/\/gZ/\am_q_z(b)/\ﬂ.

¢€dD 2€Ue

Therefore, by lemma 1 again,
® limr,(e) = 0.
e—0

Now the proposition follows from (7), (8) and (9).

PROOF OF LEMMA 1. We have to show that

lim do (¢)dv(2)
§—0 |S~ _ z|2m—1
{(¢,2)EM xU:[¢—2|>6}

(since (do x dv)(M x M) =0).
But the above limit is equal to

(10) tim [ 45147
CEM

where do(z)
v(z
95() = W

2eU,—B(¢,6)

and B(¢,6)={z€C": |z —¢| < 6}.
Furthermore

dv(2) du
OSgﬁ(f)S/k—_—W=0 / [Pt < o0
2€U, 1 ueC mn(compact)

uniformly in 6 and ¢.
Hence the limit (10) is finite; this completes the proof of the lemma.

89
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I.4. - An auxiliary integral formula for the 3,-equation

Now we will use the strict convexity of p; set P; = Pj(¢,2) = gf‘.(f)’
j=1,...,n; by the strict convexity of p it follows that ’

P=P(¢,2):=) Pi-(G—2)#0

=

provided that ¢ and z satisfy p(¢) =0, p(z) < 0 and ¢ # z. Also denote by
=(Py,...,P,) (P will play the role of a «). Slrmlarly, setting Q; = Q;(¢,2) :=

3-3(2'), j=1,...,n, we have that Q = Q(,2) := EQ](S*] —2;) #0 for ¢ and 2

with p(¢) =0, p(z) > 0 and ¢ # 2; also set Q := (Ql, ., @Qn). (We use here P
to denote two different objects but it will be clear from the context which one
we mean in each case; similarly for Q).

Now for f € C(o,q(D) define

Tef)(2) = / fQOAag1(b, PYABG), if zeV™.

¢eD

(here ag_1(b, P) = ag_1(7*,7))(¢,2) with 4! =b=¢—Z and v’ = P = (P,..., P)).
Notice that (T,f)(z) is well-defined and T,f € Coe-yV *). Similarly we
define

(S,)(2) = / FOAagib,QABE), ifzeV

¢eD
then S,f € CF,_H(V 7).

PROPOSITION 7. For f € Cog(D), 1 < g < m —2, with 3,f € Cge1y(D),
we have

@ (=D2f* = 8(Tyf) + Ty (B f) — / FQ A agb, PYAB(), on VT

¢edD

@) VY =BEN+8m@D -~ [ JOAab @A, on V.
¢€dD
PROOF. (i) Fix a z € V*. By Stokes’ theorem

0 / F6) A ag(b, P) A BG) = / @:1)(6) A ag(b, P) A B(¢)

¢€dD ¢eD

K1y / 1) A Bgexg(b, P) A B).
D
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But by Proposition 1

(2 -a_gaq(b’ p)= _gzaq—l(b, pP)+ aq(P) - aq(b);
furthermore
3) ag(P)=0

since ¢ > 1 and 9, P; = 0.
Now (1), in view of (2) and (3), becomes

f £(6) A aglb, P) A B() = / @,)¢) A aglb, P) A BC)

¢€dD ¢eD

+H=1! / F©) A8saq-1(b, P) A B(Q) + (=)™ f*(2)

¢eD

which is equivalent to (i).

The proof of (ii) is similar; here we use the fact that ag,(Q) = O since
g <m~—2 and 3,Q; =0. Next we extend the definition of T,f(2) and S,f(2)
for z € D; since these integrals become singular at ¢ = z, we have to examine
their singularity; and this is done by using a version of Levi coordinates which
we describe next.

First it follows from the strict convexity of p and Taylor’s theorem that

2 Re P(g,2) > p(¢) — p(2) + Col¢ — 2
for some constant ¢, > 0 as long as ¢ and z are sufficiently close to each other;

this, together with the assumption dp A O0hy A ... A 3h, #0 on M, gives the
following lemma (for its proof see [4, p. 299])

LEMMA 2. Fix a point z € M. Then

(i) There are (real) coordinates t,...,ts, for points ¢ € C" close to z so that
1+t = (p(¢) — p(2)) +1 Im P(¢, 2)

Lo(mek)—1 + Uomaeky) = he(¢) — he(2), 1<k <p;

moreover
|P(¢,2)| = | Re P(5,2)|+| Im P(,2)| > [ta| + 5 +... + 83,

|§—z|2,~vt%+...+t§m, do(¢) = dt,...dto,

uniformly for ¢ € M, z € M and ¢ close to z.
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(ii) There are (real) coordinates sy, ..., sy, for points ¢ € C™ close to z so that
s1+152 = (p(¢) — p(2)) +¢ Im Q(¢, 2)

S2(m+k)—1 + 1852m+k) = he(¢) — he(2), 1<k < p;
moreover
I2

|QC¢, 2)| > [sa| +s3+...+8%,, [¢—2*~st+...+5% , do(¢) ~ds,...dsyn

for ¢,z € M, ¢ close to z (uniformly in ¢ and z).

PROPOSITION 8. Let f € C(o,q)(ﬁ). Then the integrals which define T,f(z)
and S, f(z) converge absolutely for z € D defining forms (denoted by T,f and
S,f again) which belong to C4-1)(D). Moreover

/quAp—»Zqu/\ga

M,

/Sqf/\so-+/3qf/\so
Me D

as € — 0* for each (m,m — q)-test-form .

and

For the proof we need the following lemmas.

LEMMA 3. (i) For a continuous function g on R?, we have

g(z1, [zlz)dxl ...dzy = (constant)
{zeRV:z,>0,|z|<6}
§ w2
/ / g(r cos 0,7r)r¥I(sin )Y ~2dadr.
00

(ii) For a continuous function g on R, we have

/2
g(z1)do.(z) = (constant) | g(e cos 0)e¥'(sin §)N~2de,
0

{z€R¥:2,>0,|z|=¢}

where do. denotes surface area element on {|z| = e}.

The elementary proof of it is omitted.
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LEMMA 4.

. 1
0 [l Pidots) =0 (5108 5)
¢EMNB(2,6)

as 6 — 0% uniformly in z€ M.

(ii) / jorg-16, @Ido ¢) = O (6 log %)

cEMNB(,6)
as 6 — 0% uniformly in z€ M.
PROOF. (i) Taking into account the fact that |P| > l¢ — z|? (for ¢,z € M),

we obtain from proposition 3(ii) that

¢ — 2|

b, P <
log-15, P)| |P(¢,2)| - |¢ — 2|2

uniformly in ¢,z € M.
Hence, using the t-coordinates of lemma 2(i), we obtain

dty...dto,
|2m-3 . [|t2| + |tl|2]

218, PYldo ) < f 7
(€MNB(z,8) i<

where t' = (t3,...,tm,) and |t'| = (t3 +...+13,)'/?; therefore, by lemma 3(i),

r2m— 2
b1t P)do 6) < / / s =0 (105

r2m=3(rcos @ +r?)
¢EMNB(z,6)

This proves (i); the proof of (ii) is similar, using the s-coordinates of lemma
2(ii). This completes the proof.

LEMMA 5. We have

. do (2) _
o) [e (e+|¢ - z|)2'"‘1] =0
zEM

uniformly in ¢ € M.
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PROOF. We have

/ do(2) - / dt,...dty,
(e + k _ Zl)Zm—l ~ (e + ItlIZ)m—%
2EM [t']<1
1 1
,’.2m~2dr ,r2m—2 d
~ / @+ryni ) (e+r)m-! 4
0 0
1 1
JELCH
0

PROOF OF PROPOSITION 8. For g € L (M), let

this implies the lemma.

(To9)(2) = / g A ag1(b,P)AB(), z€V™
¢EM

It is clear that Tyg € Cg, ;,(V*) and that the integral converges absolutely
for z € M, by lemma 4(i). Also for € > 0, let

T, 9(2) = (Tyg)(w(z, —¢€)), z€ M,
where w(z, —¢) is the point on M, “closest” to z (closest on V). We claim that
@) lim 1 Tg — Tyglleo =0.

Indeed, setting k(¢, 2) := ag_1(b, P)(¢, 2) A B(¢), we obtain

(Tég — Tyg)(2) = / 9(0) A [k(c, 2) — k(c, w(z, —e)]
¢EM
and

I1T59 — Teglleo < llglloo sup / |k(¢, 2)k(¢, w(z, —€))|do (5).
2€
¢EM

But it follows from lemma 4 (i) that

=0 | zeM
¢EM

lim [sup / |k(¢,2) — k(g,w(z,—e))ldo(g)]

This implies (4).



INTEGRAL FORMULAS FOR THE 5-EQUA110N 95

Now, since T;9 € Cq—1(M) for € > 0, (4) implies that Tyg € C(og-1y(M).
It also follows from (4) that

/T.fg/\so—vaqg/\so, (e = 0%,
M M

for ¢ € CG, ju_gy(M).
Now observe that

®) / Ty Ao = / (Tyg) [w(z, ) A p(w(z, —e))]
2eEM
- [ @@ ne@+ [ @owe,-en A lpwe -o) - e
2eM 2EM
But

p(w(z, —¢)) — p(2) = O(e).

Moreover

Tapwte,-en= [ o6) Ak, wiz, —e).

¢EM
Since 2 Re P(¢,2) > p(¢) — p(2) +co|¢ — 2|%, it follows that
|P(¢, w(z, —e)| > — p(w(z, —)) +cols — w(z,—e)|*  (for ¢ € M)
> l¢ — w(z, —e)|2 ~(E+|¢— z|)2.

Hence, by the definition of & and proposition 3(ii),

1

|k(s, w(z, —€))| < Crlc— T

uniformly in ¢,z € M.
Therefore, in view of lemma 5,

(6) ‘151_13;1) / (Te9)(w(z, —€)) A [p(w(z, —€)) — p(2)] =

zeEM

Now (5) and (6) imply that
lir%/quAgo=/quA<p.
£

M, M

Applying the above results to the form

_(f on D 0
-"“{0 on M—DESE
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we obtain the part of proposition 8 about the operator T,; the part about the
operator S, is proved similarly (using lemma 4(ii)). This completes the proof.

PROPOSITION 9. Let 6, = 04(¢,2) = oqb,P) — ag(b,Q). Then for

fe C(o,q)(ﬁ), 1< q<m-2, with 3,f € C(O,q+1)(-D—), we have the following
decomposition of f, in Cpq(D):

£ =BT+ @D = [ 16N NBG)

¢€dD
where (J,f)(2) = [ f(¢) A 8g-1(¢,2) A B().
¢eD

PROOF. By proposition 6

@) (—1)“!fA¢=l§r5(M/EfW\so—Alf‘/\sa)

for an (m,m — q — 1)-test-form . Substituting the expressions of f* and f~
given by proposition 7 (i) and (ii), into (7) we obtain

/f/\(p:}si_l.‘% [(-1)4/qu/\5¢—(—1)‘1/5qu5¢
D Me

&

+/ Tq+1(5.,-f) Ao — / Sq+1(5rf) Ao
M, Me

[ | [ rnane|ne]

2€D ¢€dD
Gy prop-8) =11 [N AT+ [ Tm@DAe
D D
- / / FASAB] A
zeD ¢edD

This proves the formula of proposition 9 in the sense of distributions. It follows
now from proposition 8 that all the terms in this formula are (at least) continuous
forms on D; hence the proof is complete.
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L.5. - The integral formula for the 9,-equation

For f e C(o’q)(ﬁ) and z € B, let

(Rof)) = / £ A a1 (P, Q) A BGC)

¢eD

(we do not know yet that this integral converges); here ag 1(P,Q) =
ag-1(P,Q)(¢, 2), i.e. ag_1(7',4%) with 4' = P and 42 = Q. Since 9,P; = 0
and 8,Q; =0, it follows from proposition 3 (ii) that

m—q—-1 g¢-1

d P,Q, 8.P,d
et H’ b b b 4
y-1(P, Q) = (constant) [ PmQ_q : 22‘1 Q].

Since P; — Q; = O(|¢ — z|), it follows that

¢ — 2| (Ic—zl |§—zl>
o, 1(P,Q)| < —=——+ <max s
201 P < [ppaign TR

for ¢,z € M, ¢ # z. Therefore, using the ¢- and s-coordinates of lemma 2, we
see that

It'ldtz ...dtom

|org-1(P, @)ldo () < 6 Tl + ™

¢EMNB(z,6) [t'|<

(recall t' = (t,...,t2,)) uniformly in 6 > 0 and 2 € M. Now estimating the
above integral, using lemma 3(i), we obtain

) / g1 (P, Q)ldo (¢) = O6)
¢EMNB(2,0)

as 6 — 0, uniformly in z € M.
Also if p(z) > 0, small (i.e. z€ V™ is sufficiently close to M), then

P, = P(6,2) + 3p@) 40 and ¢ € M.

Hence we may define

Rf@= [ 1O A (POASG), for 2 with pe) >0, small,

¢eD

where o |(P,Q) is obtained from o, 1(P,Q) by replacing P (in the de-
nominator only) by P*. Then R,f is a C{,_j-form in {z : p(z) > 0}.
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Now if € > 0 and z € M, let w(z,¢) be the point on M*¢ “closest” to z. Then
R f(2) =t Ryf(w(z,¢)) is a well defined C*-form in M (for sufficiently small
e > 0). Now using (1) and the operators RS, we prove (in the same way we
proved proposition 8):

PROPOSITION 10. Let f € Cq)(D). Then, for z € D, the integral (R,f)(z)
converges absolutely defining a continuous (0,q — 1)-form in D.

Now we can state the main result of part I.
THEOREM 1. Let f € Cp (D), 1 < g < m —2, with 3,f € Cge1)(D).
Then f can be decomposed, in Cq4 (D), as follows:

f=EwdHRm@J%-/fmA%@QMJAmQ

¢edD
For its proof we need the following lemma.
LEMMA 5. Let 1< qg<m— 1. Then
) | et P.QYGs, 210 = 0
¢EMNAB(z,)

as € — 0, uniformly in z € M, and

(ii) / lag(8, P, Q)(c, 2)|doe(z) = O()
2EMNIB(¢,e)

as € — 0, uniformly in ¢ € M. (Here do. denotes the appropriate surface area
element; also ay(b, P,Q) is a,(y',7%,7%) with v' =b,4> =P and v* = Q).

PROOCF. (i) It follows, from proposition 3 (iii) and the fact that P; — Q; =
O(¢ —2|), |P| > |¢ — 2% |Q| > |¢ — 2|* for ¢,z € M, that

1 1 1
aq(b, P, Q)| < < max{ s } .
log(®. P Q)] < IPl|Qlls — z[>™S |P[2|¢ = 2[>™=¢" |Q[?|¢ — z[m~6

Now using lemma 2 we see that

|ag(b, P, Q)| < for |¢ — z| =e.

(62 + |t2])2 . 62m—6’
Hence by lemma 3(ii) we obtain

/2

laq(b,PaQ)Idae(f)S /(
0

e 2sin 6do
€2 +gcos 0)2.g2m—6

= O(e);

¢EMNIB(2,€)
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this proves (i).

(ii) This follows from (i), since by interchanging ¢ and z in ag4(b, P, Q)(s, 2),
we do not change essentially its singularity.

PROOF OF THEOREM 1. We have to show that, for an (m, m — q — 1)-test-
form ¢,

/f/\go (- 1)"/ /f/\aq_l/\ﬂ/\ago+/ /Bf/\aq/\ﬂ/\tp

zeD ¢eD zeD ¢eD
- / / fAagABAp,
zeD ¢edD

where we have set oy = au(P,Q); all the integrals in (2) are absolutely
convergent by the remarks preceding proposition 10. Let us also point out
that, in the right side of (2), f = f(¢), ag = aq(g,z),go o(2), 8f = 9f (),
dp = 0p(2), ag-1 = ag-1(¢,2) and B = B(¢) (i.e. this is how the various forms
depend on ¢ and z).

But, by proposition 9,

/f/\go—( 1)‘1/ /f/\6q 1/\,3/\6<p+/ /af/\6 ABAp
zeD ¢eD zeD ¢eD

—/ /f/\&,,/\ﬂ/\(p.
2€D ¢€dD

On the other hand, by proposition 2,
4 5q = 0q — [-a—gl-llq +-a-zllfq—1] and 6q—1 =0g-1 — [ggl‘q—l + 52/-"41-2],

where we have set
l-‘q = aq(ba P, Q)(ga Z).

Substituting (4) into (3), we see that in order to prove (2) it suffices to show
that

5) liI‘{)l[If+If]+I3 =0,
e—0*
where

Ils = (—l)q / / f A [—a—gﬂq—l +52Nq—2] A ﬁ A -5<P
zeD ¢e D—B(z,e)

I = / / 3 A Bstiq +Bbig-11 ABA
z€D ¢e D-B(z,¢)
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I3=—/ / f/\[gg/.l'q*’gzﬂq—l]/\ﬂ/\‘P-

zeD ¢edD

Let us consider first the part of I{ which involves the term 8,u,»; this term
is equal (up to a sign) to

/A fABg 2 NBANBp =% f / fABapg2 NBABp
z€D ¢eD—B(z,e) ¢€D zeD—-B(¢,e)

=+ / / fApg2 ABABp
¢€eD ze DNOB(¢e)

which tends to zero by lemma 5; (the first of the above equations is by Fubini’s
theorem and the second one is by Stokes’ theorem since ¢ is zero on dD).
Thus

IE=T+r(e)

where
If=(—1)‘1/ / fAOpg—1 AB A
z€D ¢eD—B(z,€)

and ri(e€) — 0 as ¢ — 0*. But by Stokes’ theorem again (in the variable
¢ € D — B(z,€)) we have

Tf=/ / fAuq-lAﬁA5¢—/ / Of A tig—1 A B A3 +1(e)
zeD ¢€dD zeD ¢eD-B(z,€)

where

ra(e) = — / / fApg_1 ABA dp — 0 (by lemma 5).
2eD ¢e DNIB(z,€)

Similar computations, based on Stokes’ theorem (integration by parts), Fubini’s
theorem and the fact that ¢ =0 on 8D, give

I§=(“1)q+1/ /5fANqAﬂA¢+/ / Of Apig—1 ABAIp +r13(e)

zeD ¢€dD 2€D ¢€D—B(z,¢)

where

r3(e)=:i:/ / gf/\uq/\ﬂ/\go:l:/ / nguq_l/\ﬂ/UpHO
2€D ¢e DNAB(z,e) ¢€D 26DNIB(¢,€)
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and

L =(-1) / / Of NugABAp — / / I A g1 ABABp.
2€D ¢€dD zeD ¢edD
Hence
Ile + IZE + I3 = T](E) + Tz(E) + 1‘3(6).

This proves (5) and completes the proof of the theorem.

Part II: The §-equation

IL.1. - Notation and preliminaries

First we establish notation for Part II which is slightly different from the
one established in §1.1 and used in Part I. Let P" = CP " be the n-dimensional
complex projective space, its complex structure introduced as usual by the open
cover:

P*"=UpUlU,U...UU, whereU;={[z]€P":z2 #0}

and the maps:

20 Z-1 Z %
Uj - C" [2]— (—,...,—,— e, =

b )
2j 2 % Zj

((205---,2,) € C™! — {0} denoting homogeneous coordinates on P"). Let
m:C™! — {0} - P™ be the natural projection z — [2] and let O(£), £ being an
integer, denote the line bundle over P" with transition functions:

[4
git :U;NU; = C, anUka[z]ngk([z])=(§’%> ecC.
]

Let hy,...,h, be homogeneous polynomials in z,...,2, of degree ry,...,rp.
Setting
1 1 oh, 1 oh,
== - (] —
hij(¢,2) : 3 [ 32, (A =t)z+te)dt + 92; 1 t)g+tz)dt]
0 0

we have that h;j(¢,2) are homogeneous polynomials of degree r; — 1 in
€0y« - -5 $ns 20y - - - » Z2n; INOTEOVET

D i, 2 — 2) = hi§) — i), i=1,...,p
j=0
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(this follows from the fundamental theorem of calculus) and
hij(¢, 2) = hyj(2,¢).

Let

M={[C1€P": hi(¢)=...= hy(¢) =0}

and assume that dh; A ... Adh, #0 on M so that M is a smooth projective
algebraic variety which is a complete intersection.
Let D C M be a domain on M with smooth boundary D and set

D={¢ceM:[c1eD}

where -
M={¢ce 8™ h(¢)=...=hy() =0}

(82! is the unit sphere {¢ € C™!: |¢| = 1}). Also let
V={2eC™ —{0}: hi(2) =... = hy(2) = 0}.

Thus V is a complex manifold of (complex) dimension (n+1)—p:=m+1 (i.e.
m =n —p) and M is a smooth manifold of (real) dimension 2m + 1 (notice
that, by homogeneity, V meets S?*! transversally, i.e. d3pA 8hy A ... A Ohy, #0
on M, where p(¢) = |¢|2 — 1 is the usual defining function of S2*1),

Now we discuss differential forms in P " with coefficients in O(£) and their
pull-backs in C™! and S?**!, Let f be a (0,¢)-form in an open set U c P"
whose coefficients are continuous sections of O(£). This means that in each
UNnUj, 0<j<n, we are given a (0, ¢g)-form f; so that

Zfj=zfi onUNU;NUk.
Thus if 7*(f;) is the pull-back of f; via = : C**! — {0} - P ™", then
2 (f) = 2kn*(fi)  on 7' UNU; NV

hence, setting f =: z"rr“(f,) in #~Y(U N U;), we define a (0, g)-form f with
continuous coefﬁments on n~!}(U). This defines a map ~: C(0,q){U,0()) —
Cog(m~ oy, f— f the image of this map can be described as follows:

(%) ft2)=t'f(2), teC - {0}
(xx) L:fv =0
where

Lf= (Ez,-%) Jf  (see [6, p. 556)).
j=0 J
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In other words a (0, g)-form g(z) in 1r~‘1(U) admits descent to a (0, g)-form in
U with coefficients in O(¢), i.e. g = f for some f (as above), if and only if
g(tz) = t'g(2) and Lg = 0. Analogously, if U C M is an open subset of M and
[ is a (0,9)- -form with coefficients continuous sections of O(¢) over U, then
f is a (0, q) -form on 7~ !(U) (Wthh is an open subset of V') which satisfies

f(tz) = t*f(2). Finally we may view f as a differential form on =~'(U)N §2n+l
and then we have the equation (3f)= 0 f

IL2. - The integral formula for the -equation

Using the defining function
PO =P -1=) ¢%; -1
j=0
for S2%*1 let
290 = L R
IJ] - ag'](g)_f] and QJ = afj(Z)_zj, J _0,1""""'
(notice the slight change in notation from part I since we use C™! instead of
C™). Recall from §1.2 the differential forms (notice the change from n to n+1)

m—g-1 ¢

S o Nt
det[hlj(§,2),---,hpj((,Z),s'j,Zj, dg] ) de ]05]'5"

m—q g+l
(E $i(si — zﬂ) : <E Zj(g — z]')>
J=0 J=0

0g(P, Q)(¢,2) = €1

(c; a constant) and

-1 m+l1
6(h1 e ) ahl oh,
ﬁ(g): E ______p_ det _’”',__—p’ d§]
0< i <<jp<n s+ s‘;,,) 9 % 0<j<n

Notice that, by the homogeneity properties of the functions involved, we have
for t € C — {0}:

og(P,Q)(t¢,tz) =t" 1. % . =D o (P, Q)(¢, 2)

and
Bte) =t~ M=D =D gmHl g(ey,
Hence

1 - ag(P,Q)(t¢, t2) A B(t¢) = ag(P, Q)(¢, 2) A B(§).
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Now let f € C(o,q)(ﬁ, 0()), ie. a (0, q)-form whose cgefﬁcients are continu-
ous sections of O(¢) over D, 1 < ¢ < m—1, and let f be the corresponding

(0, ¢)-form in D. We define

R Jj@= / 7 A ag_1(P,Q)¢, 2) A BE)

¢eD

and
B J) = - f ) A ag(P, )6, 2) A BCC).
geaf)

Notice that the above integrals converge absolutely for z in a neighbourhood
(in (C_"“) of D (this follows in part by proposition 10). Assuming furthermore
that 8 f € Coq4+1)(D, 0(£)), we obtain from theorem 1:

(2) f= 5r(iqf) + §q+1(51f) + Eq.fy in C(O,q)(ﬁ)-
On the other hand, we claim that ﬁ.,f(z) admits descent to D. Indeed if t € C,

with |t| =1, then

R ftz)= / F©) A a1 (P, Q)¢ t2) A B

¢eD

- / F(t0) A cig1(P, Q) 12) A L)
¢eD
- ¢! / F©) A g1 (P Q)6 ) A B() (by (1) and (x)
5
=t'R, f(2).
Hence ﬁ,f satisfies (x).

Moreover it follows from the definitions of a,_1(P,Q)(¢,2) and of the
operator L that, for a fixed ¢,

L(g1(P,@Q)(¢,) =0 (L acts in 2);

therefore -~
L(qu )=0;

thus ﬁqf satisfies condition (**) too, which proves the claim.
Therefore there exists R,f € Coq-1)(D, O(£)) so that

(Rofy=R.f.
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Similarly Bq f admits descent to D, i.e. there exists Byf € C,o(D,0()) so
that (B, f)'= B f Hence, in view of (2), we have proved the following

THEOREM 2. For f € Co,pD,0®), 1 < ¢ < m — 1, with of €
Co,q+1)(D, O(8)), we have the following decomposition of f in Ciq(D,0(£)):

f = 3_(qu) + Rq+l(5f) + qu-

IL.3. - The 3-equation in s-pseudoconcave domains

Following Henkin and Polyakov [6, p. 560], we call a domain Q C P"
s-concave if for every point z € Q there exists an s-dimensional complex
projective subspace A(z) C Q which passes from z and which depends smoothly
on z.

With notation as in §II.1, D is called s-pseudoconcave if there exists an
(s + p)-concave domain Q C P" so that D = M N Q. From this point on, we
assume that D and Q are such domains. For 2° € Q there exists a neighbourhood
U(z% c P™ of 2° and smooth functions a;;(z) defined for z € U(z°) so that if

A(z) = {[w]GP"ZEa,'j(z)wj=0,i=1,...,m—s}

Jj=0

then A(z) is a (p + s)-dimensional complex projective subspace with A(z) C Q;
moreover we choose a;j(z) so that

u _ 1 if i=k
) ai(2)a;(z) = { 0 ;f : k.

=0
n

Let Ai(w,2) =) aij(2)w;,i1=1,...,m — s, and
=0

m-—s

'Vj(w, z)= Ea,‘j(Z)Ai(‘w, 2), ] =0, q,...,M

=1

Also set v = (y0,...,7) and T'(w, 2) = E(w, —zj)7;(w, ). Then ~ is independent

of the choice of U(z%) and a;;(2) and thus ~ is well-defined for z € Q and
w € C™!; moreover I'(w,2) #0 for z € Q and w € 7~1(0Q) (see [6, p. 561]).
Now we will use ~ to obtain an integral formula for the 9-equation in
D. With v =1(¢,2) as above and P and Q as in §I1.2, we have the differential
forms a,(y, P, Q)(¢, 2) (introduced in §1.2). For f € G(qu)(D O()), let f be the
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corresponding form in C(O,q)(B). Define

Gof@) = Bof(2) + (—1)¢ / 76©) A agor(r, P, )6, 2) A BCC).

geaﬁ

If 8f € Cio441)(D, O(¥)), then

() Goi@ D@ = Boui@, ) + (— 1 / 37) A gl P, @) A BC)

geaﬁ

= B @. D) + / F(6) A Beag(r, P, Q) A B,

¢edD
and, by proposition 2,
Q) 927, P,Q) = —8.041(7, P, Q) — ag(7, P) — ag(P, Q) — ag(Q, ).
But
€)) F=0.RH+Reu@hH+B,f

(see the discussion before theorem 2). Substituting (2) into (1) and then taking
into account (3), we obtain

~

@) F=Gi@: N +3.G N+ & ]

where
qu(Z) =-— / foA [ag(, P) + ag(Q, )] A B(¢).

¢edD

Moreover G,f = (G,fY for some G.f € Coq-1D,0®) and G(@.f) =
(Ggn1(BN)); also & f = (E,f) for some & f € Cogq(D,0)). Thus (4) proves
part (i) of the following

THEOREM 3. Let D be an s-pseudoconcave domain on M.

(i) For S C((),q)(ﬁ, 0W), 1< g<m-— 1, with 5f (S C((),q...])(ﬁ, 0O(®)), we have
the following decomposition of f in Cq(D, O(¥)):

f=G@f) +3Gf)+E,f.

(ii) If £< 0, then £,f =0 for g<s—1 (g<m-—1).
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(iii) If £< 0 and g=s <m — 1, then a 0-closed form f from Ci5(D,0(®)) is
0-exact if and only if

® | Fora@ueanse=0 forzeb.
¢edD
PROOF. It remains to prove (ii) and (iii); here £ < 0. First we claim that

for ¢ < s—1 we have

5) / F©)agr, P, 2) A Be) = 0

g€85

and

®) / F(6) A a1, Q)6, 2) A B(g) = 0
¢€dD

for z e D.
To prove (5), apply Stokes’ theorem to obtain

™ / A,1F A agly, P) A Bl = [ FAagr, PYAB

©~1@D)n{1<(¢|<r} 8D

-~ [ FAa (v, P)AB.
r-1@D)N{l¢l=r)

But by degree reasons the left side of (7) is zero (see [6, p. 563]). Furthermore
for ¢ with |¢| =r, r large positive number,

(1 Pl _ 1) 99| _ (1
I"l_o(r)’ P —O<r ’ r =0 T
3¢vj| 1 9P| _ (1

%ul-0(5). [B2[-0(%) e ts.p. 560,

Moreover Vol(x~'(8D) N {|¢| = r}) = O(*™) (notice that #=1(@D) N {|¢| = r} is
a smooth manifold of real dimension 2m for each r).
Also by homogeneity

|hij(¢, 2)B()| = O(1)

and

If©)| = 0@t
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for [¢| =r.
Therefore, using the expression for a4(vy, P) as given by proposition 3(ii),
we obtain

FAay 1, PYAB =0 -0, as r — oo, since £ < 0.

= @D)N{¢|=r}

Thus, letting r — oo in (7), we obtain (5).
To prove (6) recall that, by proposition 3(ii) again,

m—q—1 k —k

g det[H,Q 54 8,Q Eq ]

et ) PRIE) 1 v 02,0275

®) a1 @ =3 k) G

k=0

for some constants c(k). Recall also that

m-—s

V= E a;j(2)As;

=1

hence

m—s

® 3y = Y aij(2)0. A;

i=1

and consequently _ _
Oy A+ NONjp iy =0

for 0 < j;1 < ... < jm—ss1 < m. Thus for ¢ < s—2, we have m —q¢—1 >
m—s+2—1=m—s+1 and therefore

m—q-1
—~—
det[H, Qj,"y]', ag'yj ,...]=0.
Ifg=s—1,then m—q—1=m—s and

m—s

i i
det[H, Qj,7;,0¢7;j,-..] = det [H, Qj, E a;jAi Q15 ... Qm_gj, .. ]

1=1

NO AL A ... A O¢Am_s =0 (by (9)).
This proves, in view of (8), that
(10) aq(’y,Q)=0 for CIS s = 1)

and (6) follows.
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To prove (iii) notice that

/ans(fv,P)Aﬂ=0

aD

(this is (5) with ¢ = s which is also valid; the same proof works). Thus condition
(*) is sufficient (by part (i)).

To prove that (x) is necessary suppose that f = dg for some g €
Co,q-1(D, 0(®)). Then integrating by parts we obtain:

(1) / 35 A as(r, QAP = / AT, @ AB

8D Y]

~

oD

=—/?i/\gzas_n(%Q)/\ﬁ+/§/\as(Q)/\ﬂ—/ﬁf\as(v)/\ﬂ
8D D

(the last equation in (11) follows from proposition 1).

But o,(Q) = 0 (since 5§Qj =0 and s < m — 1), a,(y) =0 (this follows
from proposition 3(i) and (9)), and a,_1(y,Q) =0 (by 10); thus all the integrals
in (11) are zero; this proves that (x) is necessary and completes the proof of
the theorem.

REFERENCES
[1] I AzENBERG - A. YUZHAKOV, Integral representations and residues in
multidimensional complex analysis, Translation from Russian by Amer. Math. Soc.,

58, 1983.

[2] T. HATZIARRATIS, Integral representation formulas on analytic varieties, Pacific J.
Math. 123 (1986), 71-91.

[3] T. HATZIARRATIS, An explicit Koppelman type integral formula on analytic varieties,
Michigan Math. J. 33 (1986) 335-341.

[4] T. HATZIAFRATIS, An explicit extension formula of bounded holomorphic functions
from analytic varieties to strictly convex domains, J. Functional Anal., 70 (2) (1987),
289-303.

[5] G.M. HENKIN, H. Lewy’s equation and analysis on a pseudoconvex manifold I, Uspehi
Mat. Nauk., 32 (3) (1977), 57-118, Russian Math. Surveys, 32 (1977), 59-130.



110 TELEMACHOS HATZIAFRATIS

[6] G. HENKIN - P. POLYAKOV, Homotopy formulas for the 8-operator on CP™ and the
Radon Penrose transform, Math. USSR-Izv., 28 (1987), No. 3, 555-587.

Department of Mathematics
University of Washington
Seattle, WA 98195

Current address:

University of Athens
Department of Mathematics
Panepistemiopolis, 157.84 Illisia
Greece



