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Periodic Solutions of Perturbed Superquadratic
Hamiltonian Systems

YIMING LONG

1. - Introduction and main results

We consider the existence of periodic solutions of a perturbed Hamiltonian
system

(1.1) 2= J(H'(2) + @),
. N 5 _ dz 0 -I . . .
where z, f: R — R, 2= ¥ J = I o) I is the identity matrix

on RY, H:R? — R, H'is its gradient. Let a-b and |- | denote the usual
inner product and norm on R?¥. H will be required to satisfy the following
conditions,

(H1) H € C'®R?V,R).

(H2) There exist u > 2, ro > 0 such that 0 < pH(2) < H'(2) - 2z, for every
|z| 2 T0.

(H3) There exist 0 < %Z <q1<gp<2and a;, >0, B; >0, for 2 =1,2, such
that

are" — B < H(z) < ape™™ + By, for every z e R,

or
(H4) There exist 1 <p; <pr<2p1+1, a; >0, B; >0, for s =1,2, such that

a1|z|"‘+1 - <H@< a2|z|p2+’ +f,, for every z € R,
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Our main results are

THEOREM 1.2. Let H satisfy conditions (H1)-(H3). Then, for any given
T > 0 and T-periodic function f € WII(;Z(R,]RZN ), (1.1) possesses an unbounded
sequence of T-periodic solutions.

THEOREM 1.3. The conclusion of Theorem 1.2 holds under conditions (H1),
(H2) and (H4).

Such global existence problems have been studied extensively in recent
years. For the autonomous case of (1.1) (i.e. f = 0), the result was proved by
Rabinowitz under the conditions (H1) and (H2) only ([17], [19]). His proof
is based on a group symmetry possessed by the corresponding variational
formulation. When one considers the forced vibration problem (1.1) (f does
depend on t), such a symmetry breaks down. Bahri and Berestycki [2] studied
the perturbed problem (1.1) and proved the conclusion of Theorem 1.3 by
assuming (H2), (H4) and (H!'): H € C*(R*,R). Our Theorem 1.3 weakens
their condition on the smoothness of H and Theorem 1.2 allows H to increase
faster at infinity.

Our proof extends Rabinowitz’ basic ideas used in [18], [19] and ideas used
in [12], [13]. In order to get the smoothness and compactness ef corresponding
functionals, we introduce a sequence of truncation functiens {H,} ef H in C!
and corresponding modified functionals {J,} and J ef I, where

2r
(1.4) I(2) =/ <% 5. Jz—H@Ez) - f- z> dt.
0

We make {H,} be monotone increasing to H and {J,} be monotone decreasing
to J as n increases. These monotonicities also allow us to get L*-estimates for
the critical points of J, we found. We modify the treatment of the S!-action on
W1/22(s1 R?N) by introducing a simpler S!-action on it to get upper estimates
for certain minimax values. Combining with applications of Fadell-Rabinowitz
cohomological index, we get the multiple existence of periodic solutions of
(1.1).

In §2 we define {H,}, {J,} and J. With the aid of an auxiliary space X,
we define sequences of minimax values {ax(n)}, {br(n)} of J,, and {ax}, {bi}
of J in §3, and discuss their properties in §4. §5 and §6 contain estimates from
above and below for {ax}. We prove the existence of critical values of J, in
§7. Then in §8, by showing that the critical points of J,, for large n, yield
solutions of (1.1), we complete the proofs of our main theorems. Finally in §9
we discuss more general forced Hamiltonian systems.

Since the proofs of Theorems 1.2 and 1.3 are similar, we shall carry out
the details for the first one only and make some comments on the second in
§8. For the details of the proof of Theorem 1.3, we refer to [13].



PERIODIC SOLUTIONS OF PERTURBED SUBQUADRATIC HAMILTONIAN SYSTEMS 37

Acknowledgement

The author wishes to express his sincere thanks to Professor Paul
H. Rabinowitz for his advise, help and encouragement, especially for his
suggestions on truncation functions. He also thanks Professor Stephen Wainger
and Dr. James Wright for interesting discussions on embedding theorems.

2. - Modified functionals

By rescaling time, if necessary, we can assume T = 2w. Let

E =W!/22(S' R2N). The scalar product in L? naturally extends as the duality
pairing between E and E' = W~'/22(§!,R?¥), Thus for z € E, the actional
integral § A(z) is well defined, where

2r
1) A(2) =/ z-Jz dt.

0

For k € N, write k = H{'r] , k=k-— H&], where []’5-] is the integer part

of k/N. Let ej,...,esy denote the usual orthonormal basis in R2V. We write
i =+/—1 and denete, for k €N,

Pk = (sin kt)eg — (cos kt)eg,y,
22 ifbk = (cos_ic‘a:)e,-c + (sin _Et)efﬁ N
¥ = (sin kt)eg + (cos kt)eg,y,

'l,"l/’;k = (cos Et)e,'c — (sin Et)e," N

E,, . =span{@y,ipr | m < k < n},
E, , =span{{y, it | m < k <n},
for m, neN, N<m<n.

E" = ENyitoor B = Ey,ypi00 and
E° = span{@y,ipr | 1<k < N}.

Then E = E*® E- @ E° and A(2) is positive definite, negative definite and null
on E*,E~ and E° respectively. For

z=z'+2"+2'c E*0E " ®E’=E,
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we take as a norm for E
”z||%,; =A@ - AR+ |z°|2.

Under this norm, E becomes a Hilbert space and E*, E-, E° are orthogonal
subspaces of E with respect to the inner product associated with this norm, as
well as with the L? inner product. (2.2) gives a basis for E.

A result of Brézis and Wainger [6] implies that E is compactly embedded
into LP(S',R?M), 1 < p < +oo, and the Orlicz space L}, with

n

M) = el ke
(@)=e —E 7 |z]*™,
L

forall7>0, 0<g<2 neN, ng>1, and E C Ly. Note that g =2 is the
critical embedding value (cf. [6], [10]). We shall use the following version of
their embedding theorem.

LEMMA 23. For 1 > 0, 0 < .q < 2, there exist constant C,,C, > 0,
depending only on t and q, such that

2r
| expariziit < ci exp (a6 lallen)
0

for every ¢ >0, z€ E.

PROOF. We use the notations in [6] and only prove the Lemma for
E =w1/24S',C).
For z € E, write

2(t)=Cy+ E Cn eim,
n0

Vinl

where C, € C. Then z = k * g, where

k) =Y \/lln—l e € L(2, 00),

o
o)=Y G.e™e L2,2).
neZ

By (8) of [6],

.
ot|2*)? < (eoT)s |2*]? +e T

2 .2
< (e0n)iCI1 +|log t]] ||kli e ll9lZea+e,
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for0<t<1. : .
2Ch°°SC £ = g7 (2CIklZe0 lollien) *, then from |lgllze2 < Clllle
x 2x

and [ e°"l'dt = [ ¢°7l*'I'dt, we get the lemma. O
0 0

For z € E and 0 € [0,27] ~ S!, we define an S'-action on E by
(Tp2)t) =2t +6), for all t € [0,2x].

We say a subset B of E is S!(E)-invariant if Tyz € B, for all z € B, 6 € [0, 2x].
Note that Fix{Ty} = {2 € E | Tyz=2, V 0 € [0,27]} = E°.
By Lemma 2.3 and (H3), I(2) defined in (1.4) is a continuous functional
on E and formally the critical points of I correspond to the solutions of (1.1).
Without loss of generality, we assume ro > 1. Set o9 = min H(z),

2z|=r,
Bo =P+ ‘nllgx |H(2)|, where B is given by (H3). Conditions (ng afxd (H2)
imply that, 7foor some (3 > 0,

colslt < Hz),  for every || > ro,
24

aolz|* < H(z)+ Bo < i (H'(z)-z+p3), for every ze R?V,
Choose ¢ € (0,1) such that uoc > 2. We have

PROPOSITION 2.5. Assume conditions (H1) and (H2). Then there exist a
sequence {K,} C R and a sequence of functions {H,} such that

1°. 0< Ko< K, < Ky, YVneN, and K, — +o00 as n — +oo, where

Ky = max {1, 70, ——ﬂO—};

ao(l —0)

2°. H,eC'R™,R), for every n€N;

3°. Hn(2) = H(2), for every n €N and |z| < K,;

4°, Hn(2) < Hpy1(2) < H(2), for every n€N and z € R?V;
5°. 0< poHn(2) < H,(2) -z, for every n €N and |z| > ro;

6°. For n €N, there exist a constant Ao > 1, independent of n, and C(n) > 0
such that

|HL(2)|* < C(r) (H.\(2)- 2+ 1), for every z€ RN,

Since the proof of this proposition is rather technical and lengthy, we put
it in the Appendix.
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Similar to (2.4), there is a constant §; > 0 independent of n such that
ap|z|’ < Hp(2), for all n €N and |z| > ro,

(2.6) 0!0|Z|"" < Hu(2)+ P

< ”ia (H'(2)-z+pBs), for all neN and z € R?V,

For n € N, we define
) 2r 2r
L(2) = 3 A(z) — / H,(2)dt — / f - 2dt, for every z € E.
0 0

LEMMA 2.7.
1°. I, e CY(E,R), for every n € N.
2°. I(2) < Iw(2) < I,(2), for every n€N and z€ E.

PROOF. For 1° we refer to [5], [17]. 2° follows from 4° of Proposition
2.5. O

From now on, in this section, we define 7 = %{\/3;;0 + 10.
LEMMA 2.8. There is Bs > 0, independent of n, such that

Suc +2
8

T(Buo +2)

2.9) 2(r—-1)

2n
1 1z ll2llz < f (Ho(2) + Bo) dt + s,
0

for every neN and z € E.

PROOF. By (2.6)

2r
3uc +2 T(3uo +2)
w22 [ e pa - S el
0
3us +2 T(3uo +2) -2
2 =5 ao |l=llzw - 201 1£1122@m) 5 ||| e
Since po > 2, (2.9) holds. O

LEMMA 2.10. There is B¢ > 0, independent of n, such that for any
n€N, z€E, if I'(2) =0 then

2 1/2

2
e 222 [ awspasss (5 a0) 1] o

0
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PROOF. From < I(2),z > =0, we get that

2r 27
%A(z)=% / (H:L(z)-z+ﬂ4) dt+% / f-2dt — 7Py
0 0

2r
z% / (Ha(2) + Po) dt
0

2

2.12) 1
+5 / f-2zdt —nBs, [by (2.6)],
0
2r
> 222 [ e+
0
Mo — 2 o
+ = ollllze — [Ifllzzllzllze — s — 1.
Since po > 2, (2.11) holds. O

Let x € C*°(R,R) such that x(s) =1 if s <1, x(s) =0 if s > 7, and
—T—%T < x'(s)<0if 1 <s<r, where 7 is defined before Lemma 2.8.

For n e N and z € E, we define

. ) 12
po(2) = [(5 A(Z)> +1] + Bs,

2r

/ (H(z) + Bo)dt + Bs,

0

3uc +2
8

() =

2w

/ (Ho(2) + Bo) dt + Bs,

0

¢(z)=x( P(2) ) $a(@) = X (ﬁﬁ>

3pc +2

pn(2) =

Tpo(2) Tpo(2)
1 27 2r
J(2) = 2 A(z) — / H(z)dt — ¢¥(2) / f-zdt,
0 0

2

| 2
@)= 5 AG) - f Ha(2)dt — n(2) / fozdt.
0

0
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For these functionals on E, we have
LEMMA 2.13. 1°. ¢, € CY(E,R), J, € C'(E,R), for every n € N.
2°. 9 € C(E,R), J € C(E,R).

PROOF. For 1° we refer to [5], [17]; 2° follows from (H3) and Lemma
2.3. a

LEMMA 2.14. For any m, n€N, m >n and z € E,

e, / (Hn(2) - Ho(®) dt < Jo(2) — J(2)

NI'—‘

< % / (Hm(2) — Ha(2))dt,
0

27 2r

2. 0< % f (H(z) — Hn(2))dt < Ju(2) — J(2) < % f (H(2) — Hu(2))dt.
PROOF. We only prove 1°. The proof of 2° is similar. Let supp ¥, be the

closure of {z € E | 4,(z) #0} in E.
If z & supp 4, U supp v, then by 4° of Proposition 2.5

2r
Jn(2) = Jm(2) = / (Hm(2) — Hu(2))dt > 0.
0

If z € supp ¥, U supp ¥Ym, then ;(2) < r2py(z) for j=n or j = m. By
Lemma 2.8,

73 2
0i(2) > ‘—("L) 17 Lzl 2l -
So
e T A
7—1 8 pLz
2.15) T0(2) = 212p0(2) = 2

On the other hand

2
o) = Jn(2) = / (Hon(z) - Ha(2)dt +x/(c) £ 30 (:;”‘2) / fozdt
0

where we have used the mean value theorem with a number ¢ between %(zz);
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and 'r%}%)' By the definition of oy, and o, we get

2n
216)  Ju(2) — Jue) = | 14 X G 3pot2 / f-zadt
Tpo(2) 8 )

2
IR ACR AT
Since |x'(§)| < %, for every £ €R, by (2.15) we get that

2r
1 X' () 3/w+2/

e . <
2_1+‘r<po(z) 3 f-zdt<

N W

0
Combining with 4° of Proposition 2.5 and (2.16) we get the proof of 1°. [
COROLLARY 2.17. For any neN and z€ E
Jn(2) 2 Jna(2) 2 J(2).
LEMMA 2.18. There exists 3; > 0, independent of n, such that for any
n€N, z€E and M > fs, if Ju(2) > M then o(2) > 4.
PROOF. Since po > 2 and

1
Jn(2) < 5 A@) = ol|zl|p +[|fllz2|2]] 22 +27Bo,

there exists C > 0, independent of n, such that

1/2

1 2
po(2) = [(5 A(z)) + l] + 06> Jp(2)+PBs — C

and this yields the Lemma. ‘ O

LEMMA 2.19. There exists a constant 83 > 0, independent of n, such that
for anyneN and z€ E, if J,(2) > B3 and < J)(2),z > =0, then J,(2) = I.(2)
and J'(2) = I.(2).

PROOF. For any 2, ¢ € E, we have that
(220) < JL@),¢> = (1+Th1(2) Alz,¢)

2x 2x

— (14 Th2(2) / H(2)- ¢ dt — Yn(2) f f-¢dt,

0 0
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where
2r

/ (3-Je+¢- J2)dt,

N =

A(z,¢) =

2T

0
T =y ( son(z)) A@)pn(2) / st

Tp0(2)) 21p3(2) (po(z) — Bs) J

Tap(2)=x

Tpo(2) ) 8Tpo(2)

2r
son(2)> 3uo +2 / fozdt.
0

If, for large enough B3, we have

po —2
16uc ’

po —2

(221) ITn,l(Z)' < ITn,2(Z)| <

16uc ’
then from (2.20), with ¢ = z, we get

2

/ (Ha(2) + o) dt

0

uo —2
+ =1 ollzlize = Ifllz2llzllz2Bs = 1.

3uc +2
8

S A@ >

This is (2.12). So po(2) > u(2), thus ¥,(2) = 1 and ¢, (2) = 0. This yields the
lemma. Therefore we reduce to the proof of (2.21).
If z & supp ¢, T,1(2) =Ty2(2) =0. If z € supp 9,, then

3uc +2
p0(@) 2 pa(2) 2 F= o2
Thus
T 2| ppo 1
|Tp1(2)| < —— ||fllz2 @m)wo—D/20 llzllzw < M (po(2) .
T—1 wo(2)
Similarly

|Tpa(2)] < M (po(2)# ",

for some constant M > 0, independent of n and z; by Lemma 2.18, this implies
(2.21) and completes the proof of the Lemma. O

We say J, satisfies the Palais-Smale condition (PS) if, whenever a sequence
{2z} in E satisfies that {J,(z;)} is bounded and J,(z;) — 0 as j — +oco, then
{2z} possesses a convergent subsequence.
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LEMMA 2.22. For any n €N, J, satisfies (PS) on

[Jn]ﬁg = {Z €eE I Jn(z) > ,38} )

where the constant g > 0, independent of n, is defined in Lemma 2.19.

PROOF. Since J,(z;) — 0, we may assume | < J,(z), z > | < ||z||g for
every z € E. By the assumption 85 < Jn(2;) < M, from (2.20) and (2.21), we
get

1
M"'“z]'”EZ Jn(zj)"m < J,’,(Zj), 2j >
n’ ]
1+Tosz) [ T
2(1+Tn,l(zj)) J n\<j ] J n\<j

2
1

uo —2
16u0

2r 2

1
/ H, (z)) - zdt + 3 (uo —2) / (Hn(2j) + Bo) dt
0

0

2

2
~3 1 f1lz2ll2jllz2 — 2m(Ba — Bo).

Therefore there are M; > 0, independent of n, and j such that

2r
(2.23) 212 + / (H.(z)- 2 + Bs) dt < Mi(l2i]ls + D).
0

2r
: = -1.0 G 01 ) : :
Write z; = 2} +2; +2;. Since 2} = o { z;j dt, there is M, > 0, independent

of n, j, such that
1
(2.24) 271 < ll2jllow < M, (||Zj||5 + 1)-

From (2.20) for < J,(z)), zj >, we get

2r

1 3

3 151 < (14 Tu) AGD<3 [ 1HiG) I2f1ds
0

HIF 22 ll27 |z + 1125 |-
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By 6° of Proposition 2.5 and (2.23), we get

2x 2 1/
A
/ |H,(2))] |27 |dt < ( / |H,’,(zj)|*odt) 271l ,\Ofl

0 0

< Msm) (Jlzgll5 +1),

for some constant M3(n) > O independent of j. Thus there is My(n) > 0,
independent of j, such that

51 < Macm) (I3 +1)

Similarly
=51 < Mstmy (Jlz5l5™> +1),

for some Ms(n) > 0 independent of j. Combining with (2.24), we get a constant
Ms(n) > 0, independent of j, such that

(2.25) llzlle < Me(n).
Let P*: E — E* be the orthogonal projections. From (2.20)
PEL(z) = £ (1+ Toi(zp) 23 £ Pu(zy),

where P, is a compact operator by (H1), (H2) and Proposition 2.5. Since
|To1(2)| < £k

£ 25 = (14 To(2) ™ PEJL(z) — (14 Tui(2)) ' PERu(z)).
By (2.25), this shows that {7} and {#;} are precompact in E. By (2.25),

{27} is also precompact, therefore {z;} is precompact in E, and the proof is
complete. O

LEMMA 2.26. There exists a constant By > 0 such that
2.27) |J(2) — J(Ty2)| < fo [logl/q' (17)] +1) + 1] , for all z € E,

Wwhere q is defined in (H3).

PROOF. A direct application of Hélder inequality shows that there exists
¢y > 0 such that

2r a 2%
exp ,:n (% / lzldt) ] < % / exp (r1]z|") dt +¢;, for all z € E.

0 0
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If z € supp 9,

2r 2
2
|J(z)|2(3llg1_: ~1) / (H(2) + fo)dt — ¢, / |z]dt — e3
0 0

2r
> ¢4 / exp (ri|2|?) dt — cs.
0

Here we used (H3), and ¢;’s denote positive constants. Therefore

2x 2r
|J(2) = J(Tp2)| < 2 9(2) / |f - 2|dt < csvp(2) / |z|dt
0 0

< B [logl/"‘ (172 +1) + 1] ,

for some Gy > 0, and the proof is complete. O

3. - A minimax structure

For k€N, k> N+1, we define Vi(E)= Ey,, , ® E~ ® E°. By (2.6) and
Corollary 2.17, there exists Ry, for k > N + 1, such that 1 < Ry < R, and
J(2) < Jo(2) <0 for all n €N, z € Vi(E) with ||z||g > Ri.

Let Dy(E) = Vi(E) N By(E), BW(E)={z€c E | |lz||z < Ri}.

For z =20+ z* + 2~ € E, we write

B =) aft g, 2= ) aety,

k>2N+1 k>N+1

where pi, 01 >0, &, B € [0,27].

Then we have

2l = 1% +27x ) E (o} +0}), and
k>N+1

Toz=2"+ 3 [oe ™™ v ore®,] , for all 0 € [0,2n)
k>N+1

We define a new S!-action on E by

Tyz=2"+ E [pke"“"k*") Pk + ake‘@ma&,,] , for all 9 € [0, 2],
k>N+1
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for z with expression (3.1) and denote E with Ty by X. We define an S'-action
on X x E by

Ty(z, 2) = (Tyz, Tyz), for all (z,2) € X x E and 6 € [0, 2x).

We also define S!-invariant sets, equivariant maps, invariant function-
als for X, E, X x E in a usual way (cf. [9]). Let £ (or X,%)
denote the family of closed, in E (or X, X x E) S'-invariant sub-
sets in E\{0} (or X\{0}, X x E\{0}). Then ¥ contains X x {0}
and {0} x £&. For B € X, we say a map h : B — E is S'-
equivariant if h(Tyz) = Toh(z) for all z € B and 6 € [0, 2x]. We also denote by
Vi(X), Dy(X), Bi(X) the sets in X corresponding to Vi(E), Di(E), By(E),
etc. We introduce the Fadell-Rabinowitz cohomological index theory on # (cf.
[9D).

LEMMA 3.2. There is an index theory on ¥, i.e. a mapping v : ¥ —
{0} UN U {+oco} such that, if A,B€ 7,

1°.  ~4(A) < (B) if there exists h € C(A, B) with h being S'-equivariant.
2°. 4(AUB) < ~(A) +~(B).
3°. If BC (X x E\(X°x E% and B is compact, then v(B) < oo and

there is a constant 6§ > 0 such that ~v(Ns(B,X x E)) = y(B), where
Ns(B,X x E)={z€ XX E | ||z— Bl|xxg < 6}.

4, IfSc X x E)\(X° x E®) is a 2n — 1 dimensional invariant sphere, then
(S) =n.

By identifying X with X x {0}, and £ with {0} x £, we may view that
the index theory ~ is defined on both X and €.
For x € X, z € E, we write z ~ z if 2° = 2%, pu(2) = p(z), 0k(2) =
ok(z), ax(z)=by(z) and Bi(2) = Bi(z) for all k > N +1.
Forz =2+ ¥ [pke"&*gbk +ake‘ﬁ*1/3k] € X, we define
k>N+1

0

h(z) = x0+ E [pkeiia,,¢k +0.keizﬁk,'/;k] .
k>N+1

About this map h, we have

LEMMA 3.3. 1°. h € C(X, E) and is surjective.
2°. h is S'-equivariant.

3e, h(aBp(X)nV,,(X)) = 0B,(E) N Vi(E), for all p > 0,
k>N+1.

4° hz)=z ifze X’ and z ~ 2.
5°. If {h(z,)} is convergent in E,{z,} is precompact in X.
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PROOF. 1°... 4° are direct consequences of the definition of h. Suppose
{zn} C X and h(z,) — 2z in E as n — oco. Write

Tn = (205 pr(n), ai(n); oi(n), Bi(n)).

Since 2mk (pi(n) — pr(m))? < ||h(z,) — h(zm)||%, We get that {px(n)}, similarly
{ok(n)}, is convergent for each k¥ € N. Since {zl} is precompact, and
ai(n), PBr(n) € [0,27], we can choose a sequence {n;} in N such that
{20}, {ex(nj)} and {Bi(n;)} are convergent for every fixed k € N. Then
{zn;} is convergent in X. This proves 5°. O

We name the above map h : X — E by “id”. With the aid of “/d”, we
can define minimax structures now.

DEFINITION 3.4. For j €N, j> N +1, define I'; to be the family of such
maps h, which satisfy the following conditions:

1°. heCWj(X),E) and is S'-equivariant.

2°. h=1id on (AB;(X)NV;(X))U (X° N D;(X)) = Fi(X).

3°. P h(xr) = a(x)Pid(z) + B(z), .for all z € D;(X), where a €
C (Dj(X),[1,a]), with 1 < @ < +oo depending on h, and a is S!-
invariant, 8 € C(D;(X), E~) is compact and S!-equivariant, and 8 =0 on
FX0.

4°.  h(D;j(X)) is bounded in E.
DEFINITION 3.5. For j €N, j > N+1, define A; to be the family of maps

h, which satisfy

1°. heC (Dj+1(X),E) and hlpj(x) € Fj.

2°.  h=1d on (8B;:1(X) N V(X)) U ([Bis1(XO\B;(X)] N V;(X)) = Gj(z).

3°. P h(z) = afz)P td(z) + B(z), for any =z € D;.(X), where o €
C (Dju(X), [1,8]), with 1 < & < +oo depending on h, S €

C (Dj+1(X), E‘) is compact and § =0 on G;(X), and «, f are extensions
of the corresponding maps defined in 1° via the definition of I';.

4°.  h(Dju(X)) is bounded in E.
REMARK. td € T;NA; for any j > N +1.
LEMMA 3.6. For j > N +1, any h €T; can be extended to a map in A;.

PROOF. For h € T, define h =1d on G;(X). This also extends o and # in
3° of Definition 3.4 of h, by a=1 and § =0 on G;(X). Now we use Dugundji
extension theorem [7] to extend «, B to the whole Dj,;(X). Since by this
theorem the image of the extension mapping is contained in the closed convex
hull of the original image, a € C (D;.1(X), [1,@]) and B € C (D;j.1(X), E7)
is compact and 4° of Definition 3.5 holds. We use this theorem again to extend
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P*h, P°h to the whole D;,1(X). (P°: E — E° is the orthogonal projection).
Then define h = P*h+ P~h+ P%h. It is easy to check that h € A;. O

Now for k€N, k> N +1, we define

Ak={m|j2k, hel,, YeX withfy(Y)Sj—k},
B = {RDmCONY) | 52k, he Ay, Y € X with (V) < j -k},
ak—Amf sup J(z), b= mf sup J(2)

A 2cA Bx zeB

ak(n) = mf sup Jn(2), bk(n)= lnf sup Ja(2).

A zeA B .eB

Since idd€T;NA; and 0€ AN B for all A€ 4;, B€ B,

—00 < ag, bk, ar(n), bi(n) < +oo.

4. - Properties of sequences of minimax values

We have

LEMMA 4.1. 1°. {ax} and {bi} are increasing sequences.

{ar(n)} and {bi(n)} are increasing sequences for
fixed n € N.

3°. a; < b, ar(n) < bg(n), for all n, ke N.

4°. ar < ar(n+1) < ax(n), by < be(n + 1) < be(n), for
all n, ke N.

PROOF. 1° and 2° are due to the fact that Ax., C A; and By, C Bi. For
any B = h(Dj.(X)\Y) € By, let A= h(D;j(X)\Y), then AC B and A € 4y, so
3° holds. 4° follows from Corollary 2.17. O

LEMMA 4.2. For any fixed k €N, k> N +1, we have
1°.  lim ag(n) = ag

n—00
2°, lim bk(n) = bk.

PROOF. We only prove 1°. 2° can be done similarly.

Given any € > 0, by the definition of aj, there is Ay € Ar such that
sup J(2) < ax +§ So
2€Ap

4.3) ax(n) < sup Jp(2) < ap+ s sup D,(z), for all n €N,
zE€EAo 2 z€Ay
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where D,(z) = J.(2) — J(2). Since Ay is bounded in E, by Lemma 2.3,

sup D,(2) < +oo. Thus, for every n € N, there exists z, € Ay such that
z€EAy

4.4) sup Dy(2) < Dn(z,) + =
2€Ay 3

Since E is compactly embedded into L'(S!,R?¥), {z,} possesses a subsequence
{2n;} which converges to some z in L'(S',R?"). From real analysis (cf. [14]),
{#s,} has a subsequence which converges to zy almost everywhere. We still
denote it by {z,,}.

Let

Q= {t €[0,27] |20(t)| < 00} N {t € [0,27] 2z4,(t) — 20(t) as j — oo},

then Q has Lebesgue measure 2n. For any ¢t € Q, there is Ny(t) > O
such that |z, (t)] < |20(t)| + 1, for every j > Ni(t). Choose N(t) > Ni(t)
such that K, > |z@)| + 1, for every j > Ny(t), where {K,} is defined
in Proposition 2.5. Then H,, [zn;(t)] = H [24,(t)], for every j > Na(t). This
shows that H(z,) — Hy;(2n;) — O almost everywhere as j — oo. Thus
H(zyn,;) — Hy;(20;) — 0 in measure as j — oo.

Since {zy,} are bounded in E, by (H3) and Lemma 2.3,
{H(znj) - Hnj(znj) | j € N}

are bounded in L2(S!,R?"). So by a theorem of De La Vallée-Poussin (Theorem
VL.3.7 [14]) with ®(u) = u, {H(2s;) — Hyn;(zn;) | j € N} have equi-absolute
continuous integrals.

Now we can apply D. Vitali’s theorem (Theorem VI.3.2 [14]) and get a
constant N3 > 0 such that

< %8—, for every j > Ns.

2w
/ [H(zn,) - Hnj(znj)] dt
0

Combining with (4.4) and Lemma 2.14, we get
0 < Dy (2n)) < g, for every j > N;.

Let Ny = ny,, then combining with (4.3) yields ax(No) < ar+¢. By Lemma 4.1
we get
ar < ap(n) < ar(No) < ap +¢,  for every n > Np.

This completes the proof. O
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5. - An upper estimate for the growth rate of {a;}
By (2.27), we get

G.1) J@2) S J@+fy [log™ (1) +1) +1],
for all z€ E and 4 € [0,2x].

So there is M; > 0, depending only on fy and g¢;, such that
(5.2) J(2) + B [log'/q‘ (1) +1) + 1] <0, if J(z) < — M.

We shall prove the following claim in §6: ax — +o0o as k — oo. So there is a
ko €N, kg > N + 1, such that

(5.3) ar > M, +1, for every k > ky.

PROPOSITION 5.4. Assume that there is k; > ko such that by = ay, for every
k > ki. Then there is M = M(k,) > O such that

(5.5) ar < Mk (log k)%,  for every k > ki.

PROOF. Assuming the following inequality for a moment

(5.6) inf sup (max J(Toz)> < énf sup (max J(Toz))

€Ak ze4 \9€I0,27] Bx ,ep \9€l0,27

for k > k1, we get

ar+; < inf su max J(Tpz
k1= pes, ,EE (06[0,21:‘ (To ))

For any ¢ > 0, by the definition of by, there is a B € B; such that
sup J(2) < b +€ = ar +¢€. For this B, using (5.1), (5.2), (5.3), we get

2eB

that

J(Tyz) < ag ++Bo [1og‘/'1'(a,c +te+ 1)+ 1] ,
for all z€ B and 6 € [0, 2x].

Therefore there is M, > 0, depending only on Sy and g, such that

Qi1 < ag+€+ My [1og‘/‘1' (ax +€) + 1] .
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Letting € — 0 yields

(5.7) ket < ag + My (logl/"' ax + 1) .

Write 6 = ax(k logPk) ', p= @1_ We need to prove {6;} is bounded. Now
1
(5.7) becomes

(58)  Spu(k+1)logP(k+1) < 6 k logPk
+M, {[log & +log(k log?k)]”+1}.

If 841 > 6k, We get

Tog & log 6
"k[logP(k + 1) — logP k] + logP(k + 1)

[1 + logtk log?k) | P o1
b log™? 6 < M,

If 6 > e, then

(1+log k+p log log k) +1

b 1og™" 6 < My Tog(k + 1)

Thus there is M3 > 0, depending only on p and M>, such that 6, < M;. Then,
from (5.8), it is easy to see that there is a constant M4 > 0, depending only on
M3; and p, such that 6;+; < M.

Therefore k1 < max{&, M4}, for every k > ki. So 6 < max{6,, Ms},
for every k > k;. Let M = max{6,, M4}. This yields (5.5). Therefore we reduce
to the proof of (5.6), i.e.

LEMMA 5.9. If L is a continuous S'-invariant functional on E, then

(5.10) Ainf sup L(z) < Bigg sup L(z), for every k> N +1.

€Ak eA k 2€B
PROOF. Given any B € B, by the definition, there are j > k, h; €
Aj, Y e X, with 4(Y) < j — k, such that B = hi(D;,1(X)\Y). Let
Uij(X) = {z € Dju(X) | z=2"+pjpjn, & €Vi(X), pjr1 >0
and [l < Rpa .
By the definition of h;, for any z € U;(X), P~ hi(z) = ai(z)P id(z) + pi(z),
where a; and B, are given by 3° of Definition 3.4. We define

a(z) =ai(x), Bz) =pi), for all z € U;(z)
a(Tyz) = ay(z), ,B(Taz) = TpB(z), for all z € U;(X) and @ € [0, 2m).
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Note that D;y;(X) = U ToUj(X) and, for any given y € Dju(X),

Tyz = y possesses a unia%[g’zjs%lution (z,0) in Uj(X) x [0,27). So o and B are
well defined, a € C (Dj.(X), [1,@,]) is S'-invariant, 8 € C(D;j.1(X),E™) is
compact and S!-equivariant.

Define
h™(z) =a(z)P id(z)+ B(z), for all z € D;, (X)),
h*(z) = P*hi(z), h%z)= P°hi(), for all z € Uj(),
k*(Tyz) = Tyht*(z), ho(Tyz) = hO(z), for all z € Uj(z)

and 4 € [0, 2m),

and
h(z) = k*(z) + h~(z) + h%(z), for all = € Dj1(X).

Then h € Tju1, h=hy on Uj(X), and h(Tyz) = Tyh(z) for all z € U;(X) and
6 € [0,2x]. Let A =h(D;j.1(X)\Y) then A € Ar. and we have that

sup L(z) = sup (0m0a3(] L(Tol‘)) <sup L(2).
zZEA zeh,(U,(X)\Y) €l s 2€B

This completes the proof of Lemma 5.9 and then Proposition 5.4. O

REMARK. Proposition 5.4 is a variant of Lemma 1.64 [18] in S!-setting.
Lemma 5.9 is new. The space X is introduced to get the unique expression
y = Tyz, for given y € Djy(X), in terms of (z,0) in U;(X) x [0,27), which is
crucial in the proof of Lemma 5.9.

6. - A lower estimate for the growth rate of {a;}

In this section, we shall prove the following estimate on {a}.

PROPOSITION 6.1. There are constants X\ >0, ko > N + 1 such that
6.2) ar > X k (log k)%,  for every k> k.

PROOF. We shall carry out the proof in several steps.

STEP 1. We consider a Hamiltonian system

F'(|2))

Jz
|2

(6.3) 2=JVF(z|) =

and its corresponding Lagrangian functional

2r
d)p(z)=% A(z) — / F(|z|)dt, for all z€ C'(S',R?).
0
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By direct computation we have
LEMMA 6.4. If the function F satisfies
(F1) F € C'([0,+c0),R).

(F2) Let grt) = =&, then gr(0) = 0, Jim gp(t) = +oo, and gr(®) is strictly
lncreasmg

(F3) Let hp(t) = F'(t)t — 2F(t), then hp(gz'(1)) > O and hp(t) is strictly
increasing for t > gg'(1).

Then
1°.  The solutions of (6.3) are all in E* and of the following form
cos(kt)] sin(kt).J
Zk(t) = ( . ) ks
sin(kt).J — cos(kt)]

for any v, € R?N, with |vi| = w(F), k € N and vy = 0, where ~(F) =
g7 (k) satisfies y(F) — +oo as k — +oo0 and 0 = yo(F) < 7(F) < Yk (F)
for k€N, I is the identity matrix on R¥.

2°. Let do(F) =0, di(F) = ®p(2x), for all k € N, then dp(F) = whp(yg) > 0,
is strictly increasing in k.

STEP 2. We define a function G : [0,+00) — R by

Glt) =« E 7 t’“’—a exp(tt?) — a E — t’“’

k=n+1

where @ = 203, T =T, q = q, a,7,q are given by (H3), and n 1s the
smallest positive integer such that n > [—-] +1 and Taq (—4‘1)2/(1 § kl_' (i) <1
. . . q . k=n ' q
Then it is easy to see G satisfies (F1) and (F2). Since

s
65)  he(t) = G'(Ot — 2G(¢) = ag — ™1

© Lk
+a(rqt? — 2) E 17;-'- tke,

k=n+1

2\ e .
when t > , he(®) >0 and is strictly increasing.
7q

1/
Write yx = 7(G) for k € N, we claim that v; > (,.iq) q. For otherwise,
we have the following contradiction

r* k
sem-en & iy s (§) 2 5 () <
k=n :

k=n+1
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Therefore G satisfies (F3), and we also have that

(6.6) Gt — 4Gt = ag t(”+1)"+a(1'qt‘1 4) E = t"" >0

k=n+1

1/q )
and is strictly increasing for ¢ > (Tiq) . It is also easy to see that there is
t; > 0 such that

6.7) 0<G@)<t*, forany te[0,t].
We consider the Hamiltonian system

G'd=b
NER

and write @ = ®g, dx = di(G), for all k € {0} UN. Besides properties described
in Lemma 6.4, we also have

(6.8) 2= JVG(z)) =

LEMMA 6.9. There are A\; >0, k; € N such that
(6.10) di > A1 k (log k)9,  for any k> k.
PROOF. From gg(yi) = k, we have

n .

T’ i~

Toq vy -2 exp(tv}) — ag E G0 o 2=k,
j=1 )

SO
75 > log k+(2 — g)log 4 — log(arg).
Thus there is k; € N such that

1 1/q
T > (—2-; log k) , for any k > k.

Since G(t) = [Qt(t—) — ragt™Di-2 %"r] ;1(7 279, we get

2k 5.4\ 2
di =7 (G'(v)vk — 2G(w)) > = (k’Yk - = ’71% q) = nkn; (1 T e Yk q) .
So there is k; > k, such that, for any k > ki,

4> 2 kq > A k (log k)*9,

where | = _12r_ (21?)2/4' O
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For ke N, k> N +1, we define

Cr = Amf sup ®(z).

M zeA

Since ® € C(E,R), (6.6) and 0 € [ A, we get —oo < ¢x < +oo. From
Ac4
Ak C Ak, we get *

(6.11) cr <cks1, forany k> N+1.

By (H3) and the definition of G, there is a constant ¢; > O such that
H(z)+ % |2 < G(lz|)+ ¢, for all ze R,

For z € E, by Holder’s inequality, we get, for ¢, = ¢ + % I £1122,

2n
1 1 1
J(z) > 3 A(z) — / (H(z)+ 3 |z|2> dt — 3 "f”%z > D(2) — ¢
0

So we get
(6.12) ar 2 ¢k — ¢2, for any k > N + 1.

STEP 3. Let mg = [;]+1 and define, for m > my,
G®), ifo<t<m
n®= { GJH;— t+Gm) - B G'(m), ifm<t.
Then G,, satisfies (F1) and (F2). For n < t,

el (m)

(6.13) G, ()t — 2G @) = [G’(m)m 4G(m)].

By (6.6) and the properties of G, G, satisfies (F3). So Lemma 6.4 holds for
Gy, Since

Gl(t)t — 4G (t) = '(m)

*+ (G'm)m4G(m)), for any t > m,
we get that
0<Gnt) < Gpru) <G@E), foranyt>0
and \a
0<4G,®) <G, ), foranyt>r = <E> .
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From the definition of G,, and (6.7), there is a constant o,, > 0, depending on
m, such that

(6.14) Gm(t) < omt*,  for every t > 0.

We consider
G.(2))
|2

and write ®,, = ®¢,,, di(m)=di(Gn). Then ®,, € C'(E,R) and satisfies (P.S)
condition. Define

(6.15) 2= JVGn(2)) = Jz

cx(m) = inf sup D, (2), forall k>N+1, m>myg.
A€ scA

Then we have —oo < cx(m) < +oo. To get more accurate estimates on ck(m),
we need

LEMMA 6.16. Let N+1<j<m, 0<p<R,, heTl,, and
Q = {z € Dn(X) | h(z) € BB,(E)N V- (B)}.

Then Q is compact and ¥(Q) > m — j+ 1.

PROOF. This Lemma is a variant of Proposition 1.19 [19]. Note that firstly
1d(z]) = P~id(z;) by 5° of Lemma 3.3, {P~id(z;)} being convergent implies that
{z;} has a convergent subsequence. This yields that Q is compact. Secondly,
from the definition of h € T, if we let Ex = Ey,,, ® Ey,;, ® E°, X; =
X1k © Xy, @ X° and P, : E — E; be the orthogonal projection, then
Pih(z) =z for z ~ z € X°N D,,(X) and

Ph[0 By (X) N Vin(X) N Xi] = Piid[0 By (X) N Vir(X) N Xi]
=3By, (E) NV, (E)N E.
This allows us to apply Borsuk-Ulam theorem [8]. Therefore we can go through
the proof of Proposition 1.19 [9]. We omit the details here. O
COROLLARY 6.17. Let N+1<j<m, 0<p< Rn, heTl,. For any
YeX, withy¥Y)<m-—j,
R(Dm(XONY) N 3B,(E) N V- (E) # 0.

LEMMA 6.18. cx(m) > 0, for any k> N+1, m > my.

PROOF. Fix m > my, k > N +1, by Corollary 6.17, for any A € A, and
0 < p< Ry, there is a z€ ANOB,N E*. Let C denote the embedding constant
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from E into L*, then by (6.14)
1 i 1 1
Op(2) 2 5 A2) — O f l#l'dt > 5 0~ 0mCp* = 5 p*(1 — omCp?).
0

Choose pr, = min{1, (20,C)~'/?}, we get cx(m) > % p2, > 0. O
LEMMA 6.19. For any k> N +1, m > my,

1°.  cx(m) is a critical value of ®@,,.

2°.  Any critical point of ®,,, corresponding to ci(m), lies in E\E°.

3. If ck(m) = ... = cpj(m) = ¢ and K = (@,)710) N @} (c), then
¥(K) 2> j.
PROOF. 1° and 3° follows from the standard argument, we refer to [19].
2° follows from 1°, Lemma 6.4 and Lemma 6.18. We omit details here. O

LEMMA 6.20. For ke N, k> N+1, m > mgy, we have ¢ < cg(m+1) <
cr(m) and lim cp(m) = cg.

PROOF. The Lemma follows from the proofs of Lemma 4.1 and 4.2. O

STEP 4. PROOF OF PROPOSITION 6.1.
Fix k> N +1, for any m > my, by 1° of Lemma 6.19 and Lemma 6.18,
ck(m) = d;j(m) for some j > 0. So

ck(m) = O (25) = TGy, (1) — 2Gm(¥7)]

GI(’”) 4 Tn+1 (n+1)
3 7 (.
> min {1! 3~ 7V Tagq 1 ‘)’j 3

here we used (6.5) and (6.13). Since by definition of G, %gt—) is strictly
increasing for ¢t > 0, by Lemma 6.20 we get
G'(mg) 4 71 (ﬂ+1)q}

ck(mg) = cx(m) > min {W m3 Vj» TG

So there exists M; > 0, independent of m, such that if z is a critical point of ®,,
corresponding to ci(m) with m > my, then ||z||c < M. Thus Gn(|z|) = G(|z))
for m > m,(k) = max{mo, [M;]+1}, and then there exists j(m) € N, depending
on m, such that

(621) ck(m) = dj(m), for any m > ml(k)

By Lemma 6.20, 0 < dy < dg+1, and (6.10), we get ¢; = d; for some j € N.
Therefore {ci} is a subset of {d}.
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We claim that cg.ny > ¢ for all £k > N + 1. If not, by (6.11), we get
C=cp=...=ckn. By (6.21) there exists m > my, depending on k, such that
¢ =cp(m) = ... = cran(m). Let K = (@,)~1(0) N ®@;!(c). By 3° of Lemma 6.19,
v(K) > N +1. But 1° of Lemma 6.4 and 4° of Lemma 3.2 show that 4(K) = N.
This contradiction proves the claim.

Assume cy4; = dg for some ¢ € N, then by the above discussion and

(6.10), for k > max{k;,6N},

Cr > CN+14[A=B=2]N > dl+[k—N—2]

k=N=21\, o2gf, [k-N-2
o (o [E22] g (o0 [0

k 2a k koo g (K

— — = > —_ 9 —_—
= (“N 3) log (“N 3)2 X g5 log 2N
> X k (log ky*/?

for some A > 0. Combining with (6.12), we get (6.2).
The proof of Proposition 6.1 is complete. O

7. - The existence of critical values of J,

Fix n, keN, k> N +1, we have

PROPOSITION 7.1. Suppose bi(n) > ar(n) > PBs. Let 8k(n) € (0, br(n) — ar(n))
and

B[n, 6k(n)] = {h[Dj+l(X)\Y] € Bi | Julh(2)] < ax(n) + 8k(n),
forze Dj(X)\Y}.

Let

bi[n, 6x(n)] = f sup Jyn(2).

in
BeBi[n,0c(n)] ,eB
Then bi[n, bx(n)] is a critical value of J,.

REMARK. bi[n,6ék(n)] > bk(n). By Lemma 3.6, B[n,é(n)] # 0, and
bi[n, 6x(n)] < +oo.

For the proof of Proposition 7.1, we need the following “Deformation
Theorem”, which was proved in [19].

LEMMA 7.2. Let J, be as above, then if b > s, € > 0 and b is not a
critical value of J,, there exist ¢ € (0,%) and n € C([0,1] x E, E) such that

1°. nt,2)==z if 2& J;}(b—E,b+%).



2°.
3e.
4°.

5.
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n(0,2) = 2, for any z € E.
n(1, [J,1%*¢) C [J,1°¢, where [J,)° ={z € E | J,(2) < a}.

Pn(1,2) = ai(2)z~ + B1(2), for any z € E, where oy € C(E,[1,€%]), B €
C(E,E™) and B is compact.

n(,-) is a bounded map from E to E for t € [0,1].

PROOF OF PROPOSITION 7.1. Let &= % [bi(n) — ax(n)] > 0. If be[n, 6i(n)]

is not a critical value of J,, then there exist € and n as in Lemma 7.2. Choose
B € Bi[n, 6i(n)] such that

sup J(2) < bi[n,oc(n)] + €.
2€B

Then there exist j > k, ho € Aj, Y € X, with 4(Y) < j — k, such that
B = ho[D;1(X)\Y]. Define

h(z) =n[l,ho@)],  for all € DOV = Q@
h(z) = ho(g), for all z € Bijn(X)NV;(X)NY = Q,
h(z) = id(z), for all z € dBj1(X) N Vji(X) = Q5.

Denote Q =Q; U Q2 U Qs.

Thus

(7.3)

For z € D;(X)\Y,

Julho(z)] < ar(n) + 6x(n) < br(n) — 28 < bi[n, 6(n)] — €.

h(z) = n[1, ho(z)] = ho(z), for any z € Dj(X)\Y.

For z € Q3 U {[Bjn(X)\B;(X)INV;(X)},

Jnlho(2)] < 0 < biln, 6k(n)] - &,

thus 51, ho(z)] = ho(z) = id(z). So h € C(Q, E).

For z € Q4 = [Dj(X) NV;(XD]U Qs,

P~ [h(z)] = P ho(z) = ao(z)P"1d(z) + Bo(2),

where oy, fo are defined for hg in 3° of Definition 3.5. For z € Q\Q4,

P~ h(z) = a1[ho(z)]ao(z) P~ 2d(x) + a1 [ho(2)] Bo(z) + B1[ho(z)].
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Define _ [ oo(=), if z € Qq,
o= { alho@lao(@),  if =€ Q\Qu,
B(z) = { Bo(z), if z € Qa,
ay[ho()]Bo(z) + Bilho(z)],  if = € Q\Qa.

Then a € C(Q,[1,€e%a]), B € C(Q,E™) is compact and
P h(z) = a(z)P 1d(z) + B(z), for any z € Q.

Let W = [D;jui(X) N YI\V;(X), then oW C Q, where “3” is taken
within Vj,1(X). Since o, B, P*h, and P°h are continuously defined on oW,
we may use the Dugundji extension theorem [7] to extend them to W, then
define P~h(z) = a(z)P~id(z) + B(z), and h(z) = P*h(z) + P~ h(z) + P°h(z). We
have h € A;. Thus D = h[D;,1(X)\Y] € Bi. By (7.3)

Ju[h(2)] = Ju[ho(z)] < ai(n) + 6k(n), for all z € D;(X)\Y.
Thus D € Bi[n, 6r(n)]l. Now 3° of Lemma 7.2 yields

sup Jn(2) < biln, 6i(n)] —e.
zeD

This contradicts to the definition of bi[n, 6r(n)]. Therefore the proof is complete.
O

8. - The proofs of the main theorems

PROOF OF THEOREM 1.2. We prove Theorem 1.2 by contradiction. Assume
that the functional I is bounded from above by M; > 0 on S, the solution set
of (1.1).

Since g, < 2q;, Propositions 5.4 and 6.1 show that there exists k¥ € N such
that

b > a > max{,Bg,Ml}.

Let e = % (bx — ax). By Lemmas 4.1 and 4.2, there exists n; > 0 such that
br(n) — ar(n) > 4¢ and ai(n) < ax+¢e, for any n > n,.

Let 6k(ny) = €, and 8x(n) = 2¢ for n > n;. Then by Proposition 7.1, bi[n, 6x(n)]
is a critical value of J, for n > n;.

If h[Dj.1(X)\Y] € Bi(ny,¢) then for any z € Dj(X)\Y

Jo[h(2)] < Ty, [A(2)] < ak(ng) + € < ak +2¢ < ax(n) +2¢, for any n > n;.
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So Bi(ny,€) C Bi(n,2¢), for all n > n;. Therefore for n > n,,

2x 2x
bi(n,2e) < _inf  sup [l A(z)—/ Po(z)dt+/ |f~z|dt] =b < 400,

BeBy(n1,6) LeB 2
0 0

where Py(z) = ag|2|* — B and we used (2.6).
Let 2, be a critical point of J, corresponding to bi(n,2e) for n > n;.
Using (2.6), f € WH(S!,R?Y) and the proof of Lemma 5.3 [2], we get

8.1) l|znllze < M,  for every n > ny,

where the constant M, > 0 depending on b, but independent of n. Now we
choose n, > n; such that K,, > M,, where {K,} is defined in Proposition 2.5.
From (8.1) and Lemma 2.19, we get that H; (2,,) = H'(2,,) on [0,27] and z,,
is a solution of (1.1), i.e. z,, € S. But

I(zp,) = I, (20,) = Iy (23,) = bie(m2, 26) 2 bi(n2) > ar(nz) = ax > M.
This contradicts to the definition of M;, and completes the proof of Theorem

1.2. O

PROOF OF THEOREM 1.3. The proof of Theorem 1.3 is similar. Instead
of (5.5) and (6.2), we shall have “a; < Mk®@*D/p for all k > k,” and
“ap > ak®*D/®-D” by (H4) they yield “by > a; for infinitely many k”. The
proof is rather simpler than that of Theorem 1.2. For example, the corresponding

2r
<D(z)=% Az) - (a2+ %) / |z|P2+1dt
0

is C? and satisfies (P.S.) condition. So the lower estimate for a; is quite
straightforward. For the details we refer to [13]. O

In [15], Pisani and Tucci gave a result for (1.1):

THEOREM 8.2 (Theorem 1.1 [15]). Let H satisfy (H1) and the following
conditions:

I .
(H5) im FE 2 _

lol»+0  |2]?

(H6) There are constants p > 1, ay, 1 > 0 such that

1 .
3 H'(z)-z— H(2) > ay|2|P*' = B1,  for any z€eRY;
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(H7) There are constants q € [p,p+ 1) and az, B> > 0 such that
|H'(2)| < a|2|?+ B2, for any z € R*.

Then the conclusion of Theorem 1.3 holds for given T > 0 and T-periodic
function f € LL (R,R?V).

One difficulty in the proof of this theorem is caused by the S'-action on
W1/22(81 R?N), Using the minimax idea introduced in §3, this difficulty can be
overcome as in the proof of our Lemma 5.9. Condition (H7) allows us to carry
out the proof without doing any truncation on H, so the function f can be
allowed only in L? and the proof becomes rather simpler. We omit the details
here.

We also refer readers to a related density result proved earlier.

THEOREM 8.3 (Theorem 1.5 [11]). Let H satisfy (H1) and (HS), then for
any T > 0, there exists a dense set D in the space of T-periodic functions in
L?([0,T1,R?¥) such that, for every f € D, (1.1) is solvable.

This theorem poses a natural question whether the condition (H3) or (H4)
is necessary in Theorems 1.2 or 1.3.

9. - Results for general forced systems
In this section we consider the general Hamiltonian system
9.1) z=JH,,2).

Firstly we consider (9.1) with bounded perturbations. That is
THEOREM 9.2. Let H satisfy the following conditions:
(G1) A € C'®R xR R) and H(t,z) is T-periodic in t;

(G2) There exist H : R?N — R, satisfying (H1), (H2), and constants 0 < q <
2, a, 7>0, B82>0 such that

1°. H(z) < ae™? + B, for every z € R?N;
2°. |H(t,z) — H(2)| < a, for every (t,z) ER x R?Y;

3°. |A,(t,2) — H,(2)| < a(|z|P~' + 1), for every (t,z) €R x R,
|Hy(t, 2)| < of|2|P + 1), for every (t,z) ER x R,
where 1 < p < pu and p > 2 is defined in (H2).

Then the system (9.1) possesses infinitely many distinct T-periodic
solutions.
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REMARK. Theorem 9.2 weakened conditions of Bahri and Berestycki’s
corresponding result, Theorem 10.1 [2], which required H satisfying the
following conditions:

1°. HeC*R xR¥ R) and is T-periodic in t;
2°. There exist H € C?(R?N,R) satisfying (H2), and constants ¢ > 1, o >0
such that
H(z) < a(|z|?*' +1), for every z e R?N
and .
”H - Hllclm xR?N R) < oo.

In order to prove Theorem 9.2, we let G(t, z) = A (t,z)— H(z), and consider
functionals

2 2m
' J(z)=—;- A(z) - / H(2)dt — (2) / G, 2)dt
0 0
and
2r 2n
1@ =5 40 - [ Bt -be [ 6o,
0 0

where H,, 1, are defined in Section 2, and we can go through the proofs in
Sections 2-7 with the following estimates for {a;} from above.

LEMMA 9.3. If b = ax, for every k > ky, then there is M = M(ky) > 0
such that

9.4) ax < Mk, for every k > k.
PROOF. Using 2° of (G2), instead of (2.27), we get that
|J(2) — J(Thz)| < 4wa, for every z € E.

So, as in the proof of Proposition 5.4, we get that

apy < Inf  su max J(Tpz
1S S e (oe[o,zﬂ (Zs2)

< inf sup (max] J(Toz))

~ BeB; 2€B 0€[0,27
(by Lemma 5.9)

< inf sup J(2)+4ra = b +4na = a; + 47, for every k > k.
BebB, 2€B
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Let 6 = %. If 6ks1 > 6k, then from the above inequality
(k+ Dbgs1 < kb +4ra < kbgy + 47,

SO
bre1 < 4mar.

This shows that

Ok+1 < max{6g, 4ra}, for every k > k;.
Thus

Or < max{b,, 4ra}, for every k > k.

Let M = max {%L, 47ra}, we get (9.4), and this completes the proof of Lemma
9.3. a

Now the arguments in §8 yield Theorem 9.2.
Secondly, it is not difficult to get direct generalizations of Theorems 1.2
and 1.3 for (9.1).

THEOREM 9.5. Let H satisfy conditions (G1) and
(G3) There exists H :R*N — R satisfying (H1), (H2) and o, p,q > 0 such that
|Ht,2) — H(z)| <azlP+1),  for every (t,z) €R xR,
|H,(t,2) — Hy(2)] <olz|T1+1), for every (t,z) €R xR,
|B;t,2)| < a(z]?+1), for every (t,z) R xRV,
where 0 < q < pu, and either
1°. H satisfying (H3) and 1 < p < min {2q1/qs, p},
or
2°. H satisfying (H4) and 1 < p < min {2(p; + 1)/(ps + 1), u}.

Then the system (9.1) possesses infinitely many distinct T-periodic solutions.
We omit the details here.

Appendix - Monotone truncations of H in C!(R?V,R)

In this appendix, we give a proof of Proposition 2.5.
Recall that 0 € (0,1), uo > 2, and ryp > 1 (see §2). Choose X € (s, 1) such
that u(A — ) < 1. Define K, = Ky+2, 19 =1. For n € N, define inductively

1
(A.1 T, = Mmax {'r,,_l +2, ap+ ﬁ K,sﬁg{.ﬁl H(z)} ,
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(A2) K. =max{K,,+2, (—") }
o
Here o = |min H(z) > 0. For K € R, take x(-, K) € C*R,R) such that
Z|=ro

x(s,K) =1 for s < K, x(5,K) =0 for s > K+1 and x'(s,K) < 0 for
s€(K,K+1). Then for n € N set

M, (2) = x(|z|, Kp)H(2) + [1 — x(|z|, Kp)lra|2|**, for all z € R?V.

This kind of truncation functions was used by Rabinowitz in [17]. Since the
M,’s do not satisfy 4° of Proposition 2.5, we need to modify them. Direct
computations (cf. [17]) show that

LEMMA A3. For n €N, M, € C'R*,R) has the following properties,

(A4) Ma(z) = H(2), If |2| < Kn;
(A.5) M,(2) = 1|2|**, ML(2)- 2z = ropd|2|?, if |2 > K, + 1;
(A.6) 0 < pAMy,(2) < M,(2) - 2, for |2| > ro.

Integrating (A.6) we get that
(A7) aolz|™ < My (2), for |z| > ro.

LEMMA A.8. For p > K,.1, we have that

(A.9) “;?Nx. M) (p2)-2 < rg%llvll H'(pz)- 2
and
(A.10) II;:;INXl M, (pz) -z < Iglll M., (p2)- 2.

PROOF. For any ¢, z € $?2V-1, by (H2) and (2.4)

H'(pe) ¢ > i;- H(p¢) > paop*™!

> prptlogpHY
>ppl o, [by (A.2)]
=M, (p2) - 2 [by (A.5)].

This proves (A.9).
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For any ¢, z€ S?N-1,
M1 (p¢) - ¢ = x(p, Knst)H'(p¢) - ¢
+[1 = X(0, Kns )1 Tns1 pA P + X' (0, K1) [H(p¢) — Tos19*]
> min {H'(p¢) - ¢, Twr1pde '} ‘
[by (A.1) and the definition of x]
> M, (pz)-z [by (A.9) and (A.1)].
This proves (A.10). Od
We now introduce the spherical coordinates (r,8) on R?¥. For

z=(z1,-"722N)€R2N’

write z =rz(#), r = |z|, zZ0) = ]‘—:-l-, 0=(,...,0nN_1),

z1=r cos 6;
22=T sin 01 Cos 02
(A.11) |

2N-1=T sin 01 ...sin 02N—2 COos 02N—1

AHN=T sin 01...sin 021\/__2 sin 02N—17
where r >0, 6, € [0,7], 6; €R for :=2,...,2N — 1. We also write

do = d01 .o .d02N_.1, and
df; =do,...d0;_1db;,, ...d0N_,, fori=1,...,2N — 1.

Let Q =[0,7] x R?¥-2, For € Q, p > 0, define

2N-1
UG, = (61 = my/B 01 +7 AINOAD X I 105 = /7,0 + L

Since H and M, are uniformly continuous on {K, < |z| < K,.1}, there
is a constant 4, € (0, 1] such that

(A.12) |H(z) — HZ)| + | Mo (2) — Ma(3)] < (A — 0)ao K2,

for any z, Z € {K, < |2| < K1} and |z—Z| < 6,. There is a constant €, € (0, 1]
such that

(A.13)  |rE0) — r25E)| < b,
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for any r € [K,,, K], 0 € Q and ¢ € U4, &,). Define
(A.14) Va(t) = min{v/%¢, /g,}, for t > 0.

ForneN; ¢=2,...,2N-1; k=1,2; 6 € Q; p> K, define

[ 1 1
w1001, p) = |01 — 2 O1vn(p — Ky), 0+ 3 (m — 0)vn(p — Kn)] ,

[ 1 1
wni(0;, p) = |0; — 2 vn(p — Ky), 6; + 2 Un(p — Kn)] ,

[ k
wf,’fi(ﬁl,p) =16, — 5

(o~ Ko, 01+ 5 o~ K| 010,

w0, = [0~ %

k
) Vn(p - Kn)a 0;' + 5 Vn(p - Kn)] )

and for j=1,...,2N — 1, define

2N-1
26,9 = 11 wn:p),
J=

Quj0,p)= [I  wnelle,p),
1<€<2N-1
)

2N-1
Q&k)(oyp)= l_Il wf,’f;'(ej,l’),
J:

Q¥0,0= T wnedr,p).
1<€<2N-1
/)

Then direct computations show that

wn,1(01, p) € [0, 7],

Qu(0,0) € QP0,p) C PO, p) C UG, p - Ka),
(A.15) { lwn,1(61,p)| = % Vn(p — Kn),

|wn,i(8, p)| =va(p — Kp), 1=2,...,2N — 1,

1Qn(8, p)| = g [wn(p — K12V

To simplify the notations we write V;,(p) = |Qn(8, p)|. These sets satisfy:
LEMMA A.16. For neN, 0€Q, p> K,
1°. B € Qu0,p) implies € QV(B, p).

69
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2°. B EQO,p) and v € QP (B,0) imply v € QD (O, p).

PROOF.
1°. If Bi € w,,1(01,p), We have

1 1
01 - ’i 01Vn(p - Kn) S ﬂl S 01 + E (7f - ol)Vn(p - Kn),
then

1 1
ﬂl - ’2' Vn(P"" Kn) < 01 [1 - '2“ Vn(p— Kn)] < 01
1
SO+ 5 (r—Oalp— Ka) S Bi+ % Vn(p — Kn).

Since 8; € [0,7], 6; € w()(Bi,p). Similarly B € wni(6;,p) implies
0; € wf:,z-(ﬂ.-,p) for ¢=2,...,2N — 1. Therefore 1° holds.

2°. If BE€Qu(8,p), 7€ QP(B,p), then

1 1
0 — 3 Ovn(p—K) < P1 <01+ 3 (r — 0)vn(p — K,)

and - r
B — 0 Un(p—K)) << B+ 3 va(p — Kp).
So i
01 — wun(p— K,) < 01 — 3 (m+0)vn(p — Ky)
<B- % vn(p — Ku) <1,
and

1
)| < ﬁl + 'g’ Vn(p - Kn) S 91 +7l'Vn(P - Kn) - 5 01Vn(P - Kn)

S 01 + ”Vn(p - Kn)

Since v, € [0,7], we get that v € w61, p). Similarly v € w(X6;,p) for
i=2,...,2N — 1. Thus 2° holds and the proof is complete. O

For neN, p> K,, ze SN}, define
Fo(p, %) = min {M, (0Z) - Z, H'(pZ)-Z}.

Note that F, is continuous in its arguments. Define for z = rz(§) € RV,
r=l2|, 20) = T§[

[l
Gp =/~——/ min  F,[p, Z(y)}dAd
@) Val(p) QP (B,p) LA s
K, Q. (6,p)
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and

N { H(2), if |2| < K,

H,(2)= .

Gn(z) + HIK,20)], if K. < 2.
Note that when r = |z| > K41, by (A.5) and (A.9),
Kn#l l
6= [ g [ min  FRlszenieds

(A.17) . In P , 1€QPB,p)

BA BA
+Tn (r - Kn+l) .

LEMMA A.18. For n €N, we have H, € C'R?*,R).

PROOF. Since H, M, € C'R?",R) and, in the formula of G,, all the
variables r,§ only appear linearly in the integration limits, H, is C'-continuous
on {|z| < K,} and {|z| > K,}. We only need to verify the C'-continuity of H,
at every ¢ € R?N, with |¢| =K, ¢= %

For z = rZ(9), with r = |2| > K, Z(0) = é[,

OH.(2) 9G.(2) _ 1
ar — r V()
Q,

min  F,[r, 513
(A.19) o) SO
= min Fn[r’ E.('7)]’

7€)

for some ¢ € Q,(0,r), by the mean value theorem of integration. Thus

z— e
Iel>lsl=Kn ot YESR (67
= Fn(Kn_,?) =H'(K,9)-¢
_0H(Q)
or

From the definition of G,, we get that

3Guz) _ [ 1 R
30, ‘/ %) / (1 3 vl K"))
K, Qn,100,0)

(A.20)
[gélAI,l Fn[p, '5(’7)] - EylélAI: Fn[p, 2(7)]] dﬁldp’
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where
1
Ay =) (01 + 5 (WOl — Ko, p) x Q51(8, p),

1
A = (1) (01 -3 01vn(p — Kp), P) X Qstl,)l(ﬂ’ p)-

So, for K, < r < K, +¢&,, we get that

G (2) 2 /
<Z )
250 < 2 o8, [ =g do oy A1)
=; M, \Jr—-K,—0, as r — K,,
where M, = max F,[p,Z(6)]. Thus

(01P)GQ>< [Kn,Kn+1]

lim 6Hn(z) lim BGn(z) OH[K,z(0)]\ _ 0H()
7—¢ ) 2o EYR a0, T80,
lz|>l¢|=Kn |2|>|¢|=Kn

Similarly, we have that

. OH,(2) 8H(¢)
£1_£1} 26, = 30, for:=2,...,2N - 1.

lzl>I¢|=Kn

This completes the proof.

LEMMA A21. For ne€N and z € R?N, we have
(A22) H.(2) < Hui(2) < H(z).

PROOF.

1°.  We prove that H,(2) < H(2).
If || < K,, this is true, since H,(2) = H(2).
If K, < |z|, write z =rZ(f), then

B.2) s/ ! [ min  H'{p2(1)] - Z1)dBdp
V. (p) s ¥eQP(B,0)
5P,

+ H(K,z(9)).
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By 1° of Lemma A.16, 8 € Q,(8, p) implies that 8 € QL (B, p), so

T

B.(2) s/ Vl(p) f H'[p%(60)] - 70)dBdp + HIK,7(0)]
K, " Q,(0,p)

- / H'[p3(0)] - 20)dp + HIKZ(6)] = H(2).
K,

2°.  We prove that H,(2) < Hpu(2).
If |z| < K,41, this is a consequence of 1°, since Hoi(2) = H).
If Ko < |2|, write 2z = rZ(0), then by the definition of H,,

r

A 1 ) N
H,(2) = V. (P) / min F, [P, E('V)]dﬂdp +H, [Kn12(0)]
Q,

7599 )(ﬂ )
,P)

n+l

1 e — _ N _
< / AD) / 1}11633 M, [pz(y)] - 2(y)dBdp + H,u[Kp412(0)]
Kpn Q,(0,p)

— 1 I — — ~ _
- / Vari(p) / max M, [p3(y)] - Z()dBdp + B Ko Z(O))
Kupn le(eyﬂ)

1 .
< / [ min Fplp, 21)1dBdp + HIKnnZ0)],
Vn+1(P) 1EQ
Knii Qn1(0,p)

here we used (A.9), (A.10), and 1° of this lemma. Thus
Hy(2) < Hoi(2), if Knit < 2],

and this completes the proof.

LEMMA A.23. For every n € N, we have
(A24) 0< poHn(2) < Hy(2)-2,  for every |2| > ro.

PROOF. Write z =r2(0), r = |z|, Z(0) = ]f[
If ro < |2| < Ky, (A.24) holds by (H2) and H,(z) = H(2).

73

If K. < |z|, then by the definition of A, and (A.17), H.(2)-z = T,uri.
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So

e (B,0)

A , (o1 .
Hy(2)- 2= po Hy(2) — po / = / min  F,[p,Z(y)]dBdp
2 Va(p)

(CH)]

— po HK,Z(0)] + Toprr
> po Ho(2) — po / M, [pZ(0)] - 2(0)dp
Kn

— uo HIK,Z(0)] + rppuAr (by 1° of Lemma A.16)
= o Ho(2) + Tapdr* — po7ur*?

+ po My K, z(0)luo H[K,2(0)]

> po Ha(2),

since A >0 and M, [K,z(0)] = H[K,z(0)].
If K, < |2| < Kp+1, by 2° of Lemma A.16,

IA{;(z) ez = / min F,.[r, E(’Y)]dﬂ
AN 7€Q(B,r)

T
Va(r)

> min  rF[r,z(y)]
1€QV 0.0

=rF[r,2(0)],

for some ¢ € QP(8,r), by the compactness of QP(9,r). So we get that, by 1°
of Lemma A.16,

H\(2)- 2 > po Hy(2) + rFy[r, 3(6)]

(A.25) A
—mﬂ[EMﬂmw—wHMJ@L

K,

We consider two cases:

CASE 1. F,[r,2(§)] = ML[r2(6)] - 2(6).
Then, from (A.25) and 1° of Lemma A.16,

Hi(2) - 2 > po Hy(2) + ML[rZ(6)] - r3(6)

— po / M, [pZ(6)] - 2(6)dp — po H[K.Z(6)]
K,
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> po Ha(2) + pAM,[rZ(8)] — po Ma[rZ(9)]
[by (A.4) and (A.6)]
> po Ho(2) + (X = 0 )M, [r, 2(8)1uo | M, [rZ()] — Ma[rZ(0)]|
> po Ho(2) + pO\ — 0)apKP — po |M,[rZ2(9)] — M,[rz(0)]|
[by (A.7)]
> uofI,,(z).
In the last inequality, we used (A.12), (A.13), (A.15), and that ¢ € QP(8,r).

CASE 2. Fy[r,2(§)] = H'[rZ(£)] - Z(§).
Then, from (A.25) and 1° of Lemma A.16,

Ai(2)- 2 > po H,(2) + H'[r2(6)] - 3(€)

o / H'lp#0)] - 26)dp — po HIK.Z(O)]
K,

n

> po H,(2) + pH[rz(€)] — po H(rZ(0)]

[by (H2)]
> po Ho(2) + (1 — 0)ooKY — po |Hrz(8)] — Hrz9)]|
[by 2.4)]

> uo H,(2),

here we used (A.12), (A.13), (A.15), and that £ € QP(0,r).

Thus I-AI,"(z) -z > poHu(2), if K, < |2] < Kp41.

Finally from (A.6) and (H2), H,(z) > 0 for |z| = 7o, and this completes
the proof of (A.24). ]

To get 6° of Proposition 2.5, we modify H,’s again.
For n € N, z=rz(9), from (A.17), if r > K,,,;, we get that

H,(2) = GulKpn1Z(0)] + 1o(r* — K" + H[K,3(0)].

Set
Gn(Kpe12) + H(Kp2) — T, K" | + 1.

C, = max
n 2e§2N-1 n+l

Then we have that

H.(2) < 'r,,|z|"" +C,
(A.26)
< (1, + 1)|z|“*, for every |z| > max{Kg.1,Cy},
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and
ﬁn+1(z) > Tn+1|z|w\ — Cast
> (1 + 1)|2|" + |2|* = Cpt
[by (A.1)]

> (. + D|2|*,  for every |z| > max{Kpns2, Cns1}.

(A.27)

Let K, = max{Kp42,Cn,Cns1} and define
H,(2) = x(|2|, ) Ha(2) + [1 — x(|2], Kn))(7n + 1)]2|**, for all z € R?.

Then we have that H, € C'(R?V,R) possesses the following properties,

(A.28) H,(2) = H,(2), for |2| < K,,
(A.29) H,(2) = (1, + 1)|2|*, for |2| > K, +1,
(A.30) 0 < poHy(2) < H(2) - z, for |z| > ro.

From (A.26)-(A.29) and the definition of H,, we also have that
(A.31) H,(2) < Hy(2) < Hpi1(2), for every ze R,

Now we can give the

I:ROOF OF PROPOSITION 2.5. 1°-3° are true from the definitions of
K., H,, H, and Lemma A.18. Lemma A.21 and (A.31) yield 4°. (A.30)

gives 5°. 6° is a consequence of (A.29), by letting Ao = %

The proof of Proposition 2.5 is complete. O
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