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Induced Representations of Completely
Solvable Lie Groups

RONALD L. LIPSMAN*

1. - Introduction

This paper is concerned with the continuing effort to describe the direct
integral decomposition of a unitary representation of a connected Lie group G,
which is induced from a connected subgroup H. Complete solutions to this
problem are known when G is nilpotent (see [4], [9]). The solution is given
explicitly in terms of orbital parameters. That is, the spectrum, multiplicity and
spectral measure that constitute the decomposition are described completely in
terms of natural objects associated to the co-adjoint orbits of G. Moreover,
strong evidence is presented in [9] to indicate that the orbital solution found
in the nilpotent situation has much wider applicability. In [10], the author has
shown that the exact same formula (which describes the decomposition when
G is nilpotent) remains valid in several important cases of exponential solvable
groups. These include: many H C G in which both are algebraic, and all H ¢ G
in which H is normal or G/H is symmetric. In this paper, we prove that these
orbital formulae are valid for any pair H C G, when G is completely solvable.

The basic technique of the proof is modelled after that for nilpotent groups.
We insert between H and G a subgroup G; of co-dimension one in G, and
then employ mathematical induction on dim G/H. In particular, this necessitates
a separate treatment of the case H = G, that is dimG/H = 1. Herein arises
the main difference from the nilpotent case: co-dimension one subgroups need
not be normal. The analysis of co-dimension one induced representations of
completely solvable groups turns out to be considerably more complicated than
in the nilpotent situation. This is carried out in section three of the paper (see
Theorems 3.1 and 3.3). The generalization to arbitrary co-dimension is then
done in section four in the monomial case — that is, for representations induced
from characters (see Theorem 4.1). This part is also much more difficult than
in the nilpotent situation — in particular we must match multiplicities in two

Pervenuto alla Redazione il 15 Gennaio 1990.
* Research supported by NSF #8700551.



128 RONALD L. LIPSMAN

direct integrals, only one of which is concentrated in a G-invariant set (in the
parameter space) (see Lemma 4.3 (iv) and the paragraph preceding it). Arbitrary
induced representations are treated in section five (Theorem 5.1). Section six
contains several examples to illustrate the main features of these theorems. The
precise formulation of the orbital decomposition of an induced representation is
presented in section two. Therein we set up the basic terminology (see Definition
2.1 and formulas (2.1) and (2.2)), recall a fundamental lemma in the subject
(Lemma 2.4), and establish the notation of the paper.

A very primitive version of our main theorem (identifying spectra, but not
multiplicity) is announced in [3]. As far as we know, no proof ever appeared.

2. - Statement of the main result

We recall the Kirillov-Bernat orbital parametrization (see [1], [6]). Suppose
G is an exponential solvable group. That means G is simply connected
solvable and its Lie algebra § has no purely imaginary eigenvalues. G is
called completely solvable if it is exponential solvable and every eigenvalue
of G is real. The symbol G* denotes the real linear dual of §. G acts on §
(resp. §*) by the adjoint (resp. co-adjoint) action. Then the dual space @, of
equivalence classes of irreducible unitary representations of G, is parametrized
canonically by the orbit space §*/G. More precisely, for ¢ € G*, we may
find a real polarization B for ¢ — that is a subalgebra, G, C B C G, that
is maximal totally isotropic for B,(X,Y) = ¢[X,Y] — which satisfies the
Pukanszky condition (B-¢ = ¢ + BY, B = exp B). Then the representation
7o =Ind§x,, x.(exp X)=e*X), X € B, is irreducible; its class is independent
of the choice of B; the Kirillov map ¢ — 7,, §* — G, is surjective and factors
to a bijection §*/G — G. Given 7 € G, we write 0, € §*/G to denote the
inverse image of m under the Kirillov map.

All of the preceding is valid for any exponential solvable group, but we
shall only deal with completely solvable groups in this paper. Now suppose G
is completely solvable, H C G is a (closed) connected subgroup. We recall [10,
Def. 2.1] (see also [9, Thms. 3.1 & 3.5)).

DEFINITION 2.1 For v € H, we say that the representation Ind$v obeys
the orbital spectrum formula if

2.1) Ind§v = / Todug g (),
p (O)/H

where p: §* — ¥* is the canonical projection and ug g is the push-forward of
the natural measure on p~1(0,). (The natural measure is the fiber measure with
H-invariant measure on the base 0, = H/Hy, 9 € 0,, and Lebesgue measure
on the affine fiber ¥+ = {p-€ §* : p(¥) =0}.)
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It follows from the work of [9, §3] that, when Indﬁu obeys the orbital
spectrum formula, we also have the multiplicity formula

D
(2.2) Ind§v = / nyTodfiG g (p),
Gp1(0,)/G

where ji¢, i is again the push-forward of the natural measure under
p(0,) = G-p7'(0,)/G,

and nY, = #H-orbits on G- o Np~'(0,).
The main result of this paper is the following.

THEOREM 2.2. Let G be completely solvable, H C G closed and connected,
v € H. Then the induced representation Ind$v satisfies the orbital spectrum
formula.

It is well known [13] that any exponential solvable group — in particular
any completely solvable group — is type I. Therefore the unitary representation
Ind§v has a direct integral decomposition

®
Indgu=/nz7rdu,,(7r).
QV

The measure class [p,] is uniquely determined; the multiplicity function nY is

uniquely determined ([u,]-a.e.); and the spectrum Q, — meaning any subset
of G in which p, is concentrated — is also determined ([u,]-a.e.). To prove
Theorem 2.2 we must verify that the triple (g y, ny, G -p~1(0,)/G) constitute
these three ingredients for the induced representation Ind§v. The scheme of
the proof will be the same as in [9]. Namely, we first handle the case that
v is a character by employing induction on dimG/H. After that, we pass
to an arbitrary irreducible v € H. The latter step is virtually identical to the
corresponding part of [9, §3]. But there is a key difference in the first step. To
explain, we remark that since G is completely solvable, we can always place a
co-dimension one closed connected subgroup G; between H and G. We prove
the orbital spectrum formula for representations induced from G; to G. Then the
induction hypothesis gives us the orbital spectrum formula for representations
induced from H to G;. The heart of the argument is to combine them to obtain
the orbital spectrum formula for representations induced from H to G. Now
in the nilpotent case, G, will always be normal in G. In completely solvable
groups, such normality can no longer be assured. This causes a greater number
of possibilities for the structure of the induced representation Indg v, v € Gi,
than exist in the nilpotent case. (In fact, when G; is not normal, five — much
more complicated — possibilities occur instead of two.) Our work in the next
section is devoted to sorting out these possibilities.
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Before beginning that effort, we cite two known results, and we establish
some notation.

THEOREM 2.3. Theorem 2.2 is true if H is normal.
This is proven in [9, Theorem 6.1].
The second fact is the following.

LEMMA 2.4. Let N C G be normal and connected, ¢ € G*,
O=ply N, y=weN.
The Lie algebra of the stability group Gy is Gy = Go+ N. Then
No-p=p+Gr.

See [12, Lemma 2] or [8, p. 271].

NOTATION. Whenever ¥ is a subalgebra of G, we write pgy : §* — ¥*
for the canonical projection, pg y(p) = @|y, @ € G*. If the algebras are clear
from the context, we set p = pg y. We denote

)(J. =p—1(0) C 9*;
if it is necessary to specify the superalgebra, we write
¥(G={peg :ply=0}

By a generic subset of G*, we mean a subset, the complement of whose interior
is Lebesgue null. More generally, for any manifold W, we say a statement
P,, we W, is true generically if it holds for all points of W except for a set
whose interior is co-null with respect to the canonical measure class.

3. - Co-dimension one

In this section, we carry out a detailed and complete description of the
decomposition of a representation of a completely solvable group G induced
from a co-dimension one connected subgroup G;. We shall give the orbital
parameters as well as related information on various stabilizers and orbit
correspondences. When (G; is normal, it has Mackey parameters and those are
specified by [7]. We shall see that even when G, is not normal — the typical
situation — there is associated a canonical normal subgroup of co-dimension
two. We shall present its Mackey parameters and relate them to the orbital
parameters.
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We start with G completely solvable, N <G a co-dimension one closed
connected normal subgroup. Let § € N*, v =~y € N the corresponding Kirillov-
Bernat irreducible representation. The analysis of Ind$, is known in great detail
(see [6] or [9]). We summarize in

THEOREM 3.1. Let 6 € N*, p € p™1() C §*, =, € G the corresponding
Kirillov-Bernat irreducible representation. Select a € N+ =p~1(0), a#0. Then
p (@) ={p+ta:t R} and there are two mutually exclusive possibilities:

(1) G- D p~1(6). Then Gy = Ny, G,=N, Ng-o=¢p+ Nt and G, = N,,.
Moreover, Ind§vg = 7, is irreducible.

(ii) The orbits {G - (p +ta) : t € R} are all distinct. Then Ny = N,,
Go¢ =G, and G, = G. Moreover,

@
Ind$~p = / Tpstadt.
R

Theorem 3.1 gives both the Mackey and orbital parameters for Ind§ .
We know by Theorem 2.3 that the orbital spectrum formula is valid, that is,

(53]
ndfo= [ m duZie).
p~'(N-9)/N

This says in particular that: in case (i), G- Np (N -0) = N - ; and, in case
(i), G- (p+ta)Np ' (N -0) =N - (p +ta), t eR.

Now we pass to the non-normal co-dimension one situation. We assume
G is completely solvable with G; C G a closed connected co-dimension one
subgroup. We assume G; is not normal in G. Let ¢ € G, vy € G, the
corresponding Kirillov-Bernat irreducible representation, and set = = Indg1 Vy.
We shall see that there are five different possibilities for the structure of =. In
order to enumerate them, we need the following result.

PROPOSITION 3.2. Let G be completely solvable, G, C G a subalgebra of
codimension one. Suppose G is not an ideal in G. (In particular, § cannot be
nilpotent). Then there exist a co-dimension one subalgebra Gy of Gi which is
a co-dimension two ideal in G, and two elements X € Gi\Go, Y € G\G1 such
that

[X,Y]=Y mod Go.

PROOF. Let N be the nilradical of §. We must have § = §; + N, for
otherwise §; D N which forces §; to be an ideal (since §/N is abelian). As

vector spaces
g _ .91 + N ~ N

.91_ g1 T ONNG
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Hence dim N /(N N §1) = 1. In particular ¥ N §; is an ideal in N (since N is
nilpotent). ,

Consid'er adg/gl' G1. Since dim G/G1 =1, a unique Lie homomorphism
p: G1 — R is determined by selecting any Y ¢ §i, so that

[W,Y] = p(W)Y mod g, W e Gi.

Note p # 0, since §; is not an ideal. Set Gy = ker p, an ideal in §;. Clearly
dimG/Go =2, and Go = {W € G : [W,G] C Gi}. In fact Gy is actually an
ideal in §. To see that, since § = G, + N, it is enough to show [N, o] C Go.
But [Go, §]1 C Gi. Hence [Go, N1 C G1 N N. We show that G N N C Go. To do
that, we must show [§; N N, §] C Gi. But once again § = §; + N and clearly
[GiNN, G611 C Gi. So it remains to prove [GiNN, N1 C ;. That is true because,
as we have observed above, ;N N is an ideal in N.
Now choose Y € N, Y & G, so that § =RY + §;. Then

W,Y]=pW)Y +7(W), W e G,

where p is as above and 7 : §; — §; is linear. Actually, [§;,Y] C N implies
TW)e N. So rW) e GiN N C Go. Choose X € §; such that p(X) =1. Then

X, Y]=Y +7(X), ie.
[X,Y]1=Y mod Go.

Note that Gy is uniquely determined by §;, but the elements X,Y are not.
We have §; =RX + Go, and we set G, = RY + Go (also uniquely determined
by G1). We write G, G, G2, Gy for the corresponding simply connected groups.
Then we have the diagram

G
Gl/ \GZ’
N/

Go

where each group is co-dimension one in any group lying on a line directly above
it. Moreover, both Gy and G, are normal in G. We denote by o, 3 the linear
functionals determined by 8 € §5(§), B(X)=1 and a € §i(G2), a(Y)=1. We
extend o to an element (also denoted o) of §i-(§) by setting a/(X) = 0.

Now we are ready to enumerate the possibilities for

T = Indglu¢, NS 9;, v=yy € él.

We have Gy and G, according to Proposition 3.2. We set 6 = 9|g, and specify
€ pgls, (1) by requiring o(Y) = 0. We set w = p|g, so that w(Y) =0, w|g, = 0.
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Finally we write v = v € Gy, ¢ =0,, € G- for the corresponding Kirillov-Bernat
irreducible representations.

THEOREM 3.3. One of the following five mutually exclusive possibilities
obtains:

(i) Gy =Go. Then G- D p X (G - ¢) and © =7, is irreducible.

(ii) G4 is a non-normal co-dimension one subgroup of G, # G1. Then the
functionals o +tB, t € R, lie in distinct G-orbits. These constitute precisely the
G-orbits that meet p~' (G - ) and

®
= / Tprtpdt.
R

(iii) Gy = G. Then the functionals ¢ +sa, s €R, lie in distinct G-orbits.
These constitute the G-orbits that meet p~'(G; - ) and

®
T = / Tp+sads.
R

(iv) G, = G\. Then, as in (i), G- D p~(G1-v) and © = 7, is irreducible.

(v) G, =G. Then there is sp € R such that p+s\a, p+sra are in the same
G-orbit <=> s, and s; lie on the same side of so. Fix a pair (s1, s2), s1 < sp < 83.
Then G - (p +s00), G- (p+s1a), G- (p+s2a) are the only G-orbits that meet
p ' (G1-¥), and

T = Mptrs,0 D Mprsa-
Moreover, in every one of the five cases, we have the orbital spectrum formula

®
7 =Indg vy = / Ty dug’G1 ().

P~ (G19)/Gh

NOTES. (1) The five distinct cases of Theorem 3.3 are determined by the
stabilizer G,. But the induced representation 7 appears to be of only three
different types: irreducible, a sum of two irreducibles, or a direct integral over
a 1-parameter family of irreducibles. But cases (i) and (iv) are really distinct;
so are (ii) and (iii). For the first pair, = is induced from Gq in (i), not in (iv).
For the second pair, = is induced by an irreducible of G, in case (ii), and that
is not so in (iii). More differences will be evident from the proof and in section
4,

(2) In every case, the induced representation Indgl vy is multiplicity-free.
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PROOF. The five possibilities for the stabilizer G, enumerated in the
statement of the theorem are manifestly mutually distinct. We handle each case
separately. In each we verify the orbital facts asserted and derive the direct
integral decomposition of w. To substantiate the orbital spectrum formula in
each case, we must identify the spectrum, multiplicity and spectral measure.
We treat the first two separately in each of the five cases. We consider the
measures together at the end of the proof.

In all cases we have G, = GyGo and G, = Go + Go.

(i) G, = Go. By the Mackey Machine [11], Indgoqg is irreducible.
But Go = Go+ Go = Go C Go = Yo = (Go). In particular, we also have
(G1)e = (§2)s = (Go)e- Now apply Theorem 3.1 to the pair (3, 6). It says that
vy = Indg(‘)'yo. Therefore

7 =Ind§ vy = Ind§, Ind ~s = Indg v
is irreducible. But (Go)g = (§2)s also says that ¢, = Indggqe is irreducible. Then
T= Indgofya = Indgzaw.

Since ¢|g, = w, it must be (again by Theorem 3.1) that 7 = 7.

Now if ¢’ € p~!(G1 %), then for some g; € Gy, we have g;-¢'|g, = 9. That
is, G- ¢' lies over 1, and so G- ¢’ lies over 8 as well. But the irreducibility of
both Indggqg and Indgzaw means that there exists a unique G-orbit lying over 4.
Hence G- is the only orbit meeting p~!(G;-%). Finally G-oNp~'(G1-9) = G1-¢.
This is because if ' =g-p € p~!(G1 - ¢), then g, - ¢'|g, =9 for some g; € Gy,
SO g1g- ¢ = o +sa for some s € R. But (Go)g- ¢ = o+ Gy (Lemma 2.4). Hence
there is go € (Go)g C G such that gig- o =go - . That is, ¢’ € Gy - . Since
the spectrum is a point, there is nothing to do to identify the spectral measure
with uggl, so the orbital spectrum formula is valid

®
Ind§ vy =7, = f Ty dug’G1 (").
p~H(G1Y)/Gy
(ii) G4 is a non-normal co-dimension one subgroup of G other than G;.
This time (§1) = (G2)s = (Go)s, but Gy # (Go)e. There exist real non-zero scalars

Zo,Yo SO that
Gy = Go+R(zoX +yoY).

Moreover,
7 =Ind§, vy = Ind§ o = Ind§ 0.,

as in (i), but this time the latter is not irreducible. Therefore,

D

T = Indgzaw = / Tpstpdt
R
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and the functionals ¢® = p +t8 lie in distinct G-orbits which meet Pg,lgz(GZ - w).
But if we write ws = w + sa, it is also true that ¢, = 0, and

®
= Indgzaw, = / Tosprsedt,  for any s € R.
R

Clearly the functionals {© +t(3+sa: s,t € R} account for all G-orbits that lie
over 0. But ¢ +t18+ s and @ + 1,8 + s, lie in the same G-orbit iff

(3.1) (51— s2)yo + (t1 — t2)zo = 0.

This can be seen as follows. Write ¢! = o +t3 + sa. By Lemma 2.4 we have
(Godo - 0 = oL + G-

We also know that

dim -2 = dim -2° o _y

Gt (Goe Gy

from which it follows that dim, §y/g,: = 1. Therefore

+2, dim

Go -0, =(Godo - 0} = 0t + G5 .
Hence the equation
9- 08 = ¢
is equivalent to (3.1).

Henceforth we let s =0 and pay attention only to ¢ = ©f = o +t3. By
what we have done, these account for all the G-orbits lying over ; since

G p=G ph=G- (go+t%§a). Moreover
G-¢'Np G1-¥) =Gy .
Indeed p~'(G, - %) D G - ¢ since there is go € (Go)p satisfying
go- p' =¥ +sa

where s = (t — Y(X ))%.}. Conversely if for g € G we have

o =g-p'€p (G V),

then g1g- |, =1 for some g; € Gi. That is, gig- ' = ©? where s must satisfy
s =tzo/yo. Then there exists go € (Go)s C G such that

g19- 0" =p)=go- .
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That is ¢’ € G, - .
Modulo our discussion of the measure (at the end of the proof), we have
derived the direct integral decomposition and the orbital spectrum formula

@ ®
Indgl vy = / Tprpdt = / T dﬂg,c. ().
R P (Gr9)/G

(iii) Gy = G,. Now we have (§1)s = (Go)s, but (G2)g g(go)o. By dimension
we obtain Gy = (§2)g. Therefore

= Indg1 vy = Indg0 o,

but this time o

Indgg Yo = / 0 wrsads.
R
Write w, = w+ sa. I assert that §,, = (G2)., for any s € R. To see this we use:
(G1)o =(Go)s, S0 0[aX+bW,G0)] =0 = a=0,
ac R, w € 90;

(G2)o XGo)e, so 0[bY + W, Gol =0
for some' b, #0, W, € Go.

Then
ws[aX +bY + W, G>1=0

= 0[aX +bY +W, Go] =0

=>6‘[aX+W—bi W2,90]=O
2
=a=0.

This proves the assertion, from which it follows that Indg2 0., is irreducible
for any s € R. Moreover, these representations are pairwise inequivalent, for if
g-ws, = w,, for some g € G, then g € Gy = (G2)g. It follows that for distinct s,
the functionals ¢, = ¢ + sa lie in distinct G-orbits. Moreover,

@ (5] (5]
7 = Indg ~ = Indg, / 0y,ds = f Indg, o,,ds = / Tp,ds.
R R R

Clearly the orbits G - o, are those that meet p~'(G| - ¥). Moreover, we have

G-psNp ' (G1-9) =G ps.
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Indeed the right side is obviously contained in the left; and conversely, if
©' =905 €pH(G1- ), then g; - ©'|g, =9 for some g, € G,. Then g -¢' = p,,
for some s;, which says g;g - @, = @, Since the functionals ¢,,p, lie in
distinct orbits unless s = s;, we have ¢' € G| - p,. Thus in this third case we
have verified that the spectrum and multiplicity portions of the orbital spectrum
formula are valid. As indicated above, we handle the measures at the end.

(iv) Gy = G,. The stabilizers of 6 in §; and G, reverse roles — we have
(G2)6 = (Go)s and (Go)s §(91)9 = Go. In this and the next case, unlike the previous
three, vy is not induced from ~4. Therefore = is not induced from Gy. We shall
analyze it by computing its restriction to G, via the Mackey Subgroup Theorem.
Indeed

7lg, = Indg, vy)le, = IndZ (vy|a,),

where we have used the facts that GG, = G and G; N G, = Gy. But the
inequality (Gi)s # (Go)e insures (by Theorem 3.1) that

VylGo = e-

Hence
TG
WIG'z - IndG; 6.

Since (G2)s = (Go)e, the latter is irreducible — it must be ¢,. Hence = itself
must be irreducible. In fact 7 = m,. To see this we reason as follows. Since 7
is irreducible and lies over o, it must be that 7 = n,,s for some t € R. We
show ¢t = 0. Let B be a real polarization for 9 which satisfies the Pukanszky
condition — so (§1)y C B C Gi, %[B,B] =0, dim §;/B = dim B/(§1)y and
B-1y =4 +B1(g1). I claim that B is also a real polarization for ¢ satisfying the
Pukanszky condition. By the irreducibility facts already established, we have

dim §-p=dim §;-w=dim Go-0+2=dim G, - ¢ +2.

We also have G, C G = (G1)s, 50 Gp C (G1)y. Since dim G/ G, = 1, it must
be that dim(§i)y/G, = 1 also. Since p|g, = ¥ (not so for '), we obtain
that B is a real polarization for . It also satisfies Pukanszky. In fact we
know B - C ¢+ B(§) [2, p. 68]. On the other hand, if ¢ € B+(g), then
¢1 =¢|g, € BL(G1). Hence there is b € B so that

b-yp=v+¢.
Suppose
b-p=p+¢.

Then ¢ — ¢' = sja for some s; € R. Set o1 =b-p, ¥1 = pi|g, 01 = oi|g,.
We have (Go)g, - 1 = o1 + G (by Lemma 2.4). Also, applying Theorem 3.1 to
Go<a Gi, we have (G1)y, = (§1)g,- So (Go)g, C (G1)y, C B (since B is also a real
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polarization for 1; by [2, p. 69]). Therefore there is g; € (G1)y, C B so that
g1 - 1 = 1 + s1a. Hence

gib-po=g1-pr=p1+sia=p+¢+s1a0=p+¢.

Thus 7 = IndgI vy = Indg1 Ind$ x = Ind§ x,, must be equivalent to .
Now we attend to the orbital spectrum and multiplicities. Suppose
¢ € p(Gy - ¢). Then g; - ¢'|g, = 9 for some g; € Gy, s0 g1 - @' = ¢ + s«
for some s. But we already saw that (Go)g - ¢ = ¢ + Gi, therefore ¢ and ¢ + sa
are in the same G-orbit. Hence G - ¢ is the only orbit meeting p~ (G, - ¢). It
remains to show
G-oNp '(G1-¥)=G1-p.

In fact,
=g pep (G- =g Olg=1, for some g, € G
=g1-¢ =p+sa, for some s € R
=g1-¢ =90, for some gy € (Go)s
=o' €G- p.

As with the previous cases, the discussion of the spectral measure is postponed.

(v) Gy =G. This is the final case. Herein the stabilizers satisfy
(G1)s XGods,  (G2)0 XGode
dim Go/(Go)s = 2.

As in the previous case
G
7(‘|G2 = Inde) Yo,

but this time the latter is reducible. In fact, since (G2)p AGos, it must decompose

&
(3.2) 7|, = IndG yp = / O wrsads.
R

Now, since (G1)s 390)9, there exist a non-zero a; € R and W; € Gy such that
0[a1X+ WI, 90] =0.

We will also use that (G2) = (§2),, ws =w +sa (which follows from Theorem
3.1 in the case (§2)s ZGo)e). Now write

[a1X+W1,Y]=a1Y+U1, for some U; 690.

Then I claim:
. oU
G = (G iff 5720

aj
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First
Gu, C Go=(G1)e +(G2)e

=(91)s +(92)u, -

So it is enough to show

. 7]
(9o N Gu, C (G2)w, iff (Ul)

Since (Go)y C (G2)s = (2w, the inclusion is completely controlled by the
element a1 X +W; € (G1)o. If s # — 0(U ) , then
wsla1 X + W1, §21 D wsla1 X + W1, Y]
=ws(a1Y +U1)
=a;s+ 60U,y #0.

If s = —Q(g—l), then wy[a; X + Wy, G2] = 0 since 92 = RY + 90- But
: : ou
g =R((11X+W1)+92, SO gw, iQZ)‘”& lf s = —le.

Thus it follows from the claim that

Uy

IndG2 0w, is irreducible <= s#-—
a

Next we must decide which of these are equivalent. Since
G =exp R(a; X +W))G,,
it is enough to examine the action of exp A(a; X+W;), A €R, on ¢,,. We have
exp a1 X +Wi) - w|g, = wslg, = 0.

Also
exp[—-A(@1 X + W] ws(Y)=ws(Y + Ma Y +Uy) +...)

=eMig+ ——0(U1) @ —1).
aj

Hence there are two G-orbits on the set of distinct irreducible representations
{aw, s#— 6)(UI)} namely

0% = {aw, WLV o}.

ay

It follows from (3.2) and [7] that

T=1"® T
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where

7t = Indg2 0w,, and s is any real number satisfying s + 2 0 (resp.).

o)
ai
We must reconcile these Mackey parameters with the orbital parameters.
To achieve that we start as usual with the observation that all G-orbits meeting
p (G -9) must pass through the functionals ¢ + sa, s € R. But the preceding
shows that only three distinct orbits occur:

G- (p+s0), G-(p+sia), G- (p+s0a),

(%) <_0(U1), s > U

S0 = — s S1 2
ay al aj

Write % = o+ 800, o~ = @+ 812, ©* = +sy0. Then only the latter two are
generic, since dimG - p* = dim Gy - 6 + 2, while dimG - ©° = dim Gy - 8. Finally
we show
G-o*Np (G ¥) =G - p*.

Indeed, if ¢’ =g-p* € p™I(G) - ), then g; - ¢'|g, =7 for some g; € G;. Then
g1-¢ =p+sa for some s €R. But o* =p+sa, 52 > _((1_11)‘ The only way
¢' and ©* can be in the same orbit is if s > so also. But the above computation
(of the orbit of exp R(a;X + W;)) shows that one can get from ¢, to ,, via
an element in (G1)s C G;. Hence ¢’ € G- p*. A similar argument works for
0.

To complete the proof of Theorem 3.3 we must prove the equality of
the spectral measure classes obtained in cases (i)-(v) — that is, the point mass,
2-point measure or Lebesgue measure on the line — with the orbital measure
(class) /‘g,al' Let us examine the latter more carefully in the co-dimension one
situation. The orbit G, -4 has its canonical G-invariant measure [2, pp. 19-20].
The manifold p~!(G; - %) can be identified as a measure space to G; -4 X Gi(§)
via the map

o' = (@'g,, ¢ V).

Its canonical measure (class) is the direct product of the canonical measure
(class) on G| -9 with Lebesgue measure. In case p~!(G - %)/G is (generically)
discrete — i.e., cases (i), (iv) or (v) — it is clear that the canonical measure
/‘g,ap being the push-forward of the canonical measure on p~!(G; - %), gives
a discrete measure concentrated on the generic orbit classes. What about the
continuous measures in (ii) or (iii)? In case (iii), it is absolutely obvious
that the parameter sa parametrizes the Gj-orbits on p~'(G; - ), and so
the push-forward is the Lebesgue class ds. As for case (ii), we know that
G- o' =p+tp, t €R, parametrize the orbits that lie over G; - . But
we also saw that G- ' = G- (p +tB) = G - (p + t(zo/yo)) also parametrizes
the orbits. Hence the push-forward of the canonical measure class from the
manifold p~!(G; - ), under the action of G, again yields Lebesgue measure
(class) dt. This completes our argument.
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We conclude the section with the remark that every one of the five cases
described in Theorem 3.3 actually occurs. Examples may be found in section
6. (See (2a) for (i), then (3f) for (ii), (2b) for (iii), (3f) for (iv) and (1) for (v).)

4. - Monomial representations

In this section we prove our main result, Theorem 2.2, in the case that the
inducing representation v is a character. Let us formulate the notation. Suppose
G is completely solvable, H c G is closed connected and x € H is a unitary
character. Then O, in ¥* is the singleton {n}, n = —idx. We shall write

e =X (@ =pgh(00={p € G oy =n}.
Theorem 2.2 becomes the statement

THEOREM 4.1. We have

4.1 Ind$ x = / Todp 1 ().
X G)/H

PROOF. The proof of formula (4.1) is by induction on dimG/H. It follows
from Theorem 3.1 (or Theorem 2.3) and Theorem 3.3 that it is true if

dim G/H = 1.

Now let dimG/H be larger than one and assume by induction that formula
(4.1) is true for lower co-dimension. Since G is completely solvable, we can
find a closed connected subgroup G; such that

HcG cG and dimG/G,=1.

The induction assumption applies and the orbital spectrum formula is valid for
Ind$ x,
@
AR
M (Go/H

If G, is normal in G, a direct application of [10, Thm. 2.2] yields that Ind$y
satisfies the orbital spectrum formula. That is, formula 4.1 is true. Therefore,
we may assume that G, is not normal (i.e., H is not strongly subnormal in the
sense of [10]).

The method from here on is based upon that of [9]. The argument is
much more complicated since more possibilities ensue for the structure of co-
dimension one induced representations. There is also one very new feature, not
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at all present in the nilpotent case, which we will explain during the course
of the proof. As in [9] we start by invoking: induction in stages, the induction
hypothesis, and commutation of direct integrals and induced representations. We
obtain

@
Ind§ x =Indg, Indf x=1nd§, [ wudi, )
Hi(Gn)/H
&
= / Indg, vydu¥ 5W).
XE(GO/H
Therefore we must prove
& @
4.2) / Ind§, vydu, z () = / moduk 5 ().
HH(Go/H WL (G)/H

To prove equation (4.2) we must show the two direct integrals are
equivalent, and as usual, that means in spectrum, multiplicity, and spectral
measure. What exactly does that require? To be precise we recall the formulation

®

in [9, paragraph after Thm. 1.5]. Let f m,dpu(z) be a direct integral of irreducible

unitary representations of a type I group G. Then T o m X - InG), is a
Borel injection. Writing z; ~ z, to mean ,, = 7,,, setting X = X/~ C G and
7 the push-forward of y under X — X, we can rewrite the direct integral as

[52]
/ nznzdn(z),
X

where nz =#{y € X : y ~ z}. To show that two direct integrals
® ®
/ mdu(z) and / o,duv(y)
X Y

are equivalent, we must show equality of spectra X =Y, multiplicity nz = ny
and measure 7z =7 — at least up to null sets. If the parameter spaces X and Y
come equipped with a Borel surjection p: X — Y which satisfies

Op) =7, and pu=v,
then equality of spectrum and spectral measure follows automatically. Equality

of multiplicity still requires separate proof. Indeed, in our proof of equality in
(4.2) we shall be able to handle the spectrum and spectral measure relatively



INDUCED REPRESENTATIONS OF COMPLETELY SOLVABLE LIE GROUPS 143

easily. The proof of equality of multiplicity is much more difficult and occupies
the major portion of the argument.

Spectrum. By Theorem 3.3 we have that, regardless of the structure of
Indg, v, the spectrum of that induced representation is

G- P, @)
Hence to deduce equality of spectrum in (4.2) we only require
G- pgg, My (GD)) =G - g (9).
This is‘ completely trivial since
Py, Hx (1) = X (§)-

Multiplicity. This is the heart of the theorem — the proof of equal
multiplicity in (4.2) is long and complicated. To begin we have already observed
that the multiplicity in the right side of equation (4.2) is

nX = #H-orbits on G - o N ¥ ().

This is because the map H - — G-, ¥ (§)/H — G- ¥,-(§)/G is surjective
with nX elements in the fiber over G - ¢ (see the discussion following Thm.
1.5 in [9]). Now in order to evaluate n¥ and relate it to the multiplicity on the
left side of (4.2), we need two auxiliary results. The first is the analog of [9,
Prop. 1.7] (although generic does not mean Zariski open here — see section 2).

LEMMA 4.2. Let H C N <G be simply connected exponential solvable Lie
groups, N normal. Fix a character x € H. Then generically on ¥;-(N), we
have

G-0n )IXL(N) has the same dimension as -0 N HH(N).

PROOF. We know the action of G on N* is exponential solvable (i.e., has
non-purely imaginary weights). Hence there is a local smooth cross section. In
fact there is an open co-null set ¥ C N* such that for every 6 € U, there is a
G-invariant neighbourhood Oy such that 0y N )(Xl(N ) is open in )(XL(N), and a
non-singular bi-analytic map

D 00 - XxV
where V is Euclidean space, X is an open ball in Euclidean space and

& '{(s,v) : v €V} constitutes a G-orbit for each fixed ¢ € Z,

@ !(0,v) and ®~!(¢',v") lie in the same orbit <= o =0'.
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The remainder of the proof is virtually identical to [9, Prop. 1.7]. Consider
F:0NHF(N) - Z

defined by
f=pzo®lonumy
and restrict attention to the dense open subset on which f has maximum rank.

f determines a foliation there on which the leaves are the orbit intersections
G o 0N H;-(N). The proof that

dim G o 6 N X (N) = dim(df)y =dim G -0 N ¥H(N)

is then absolutely identical to the end of the proof of Proposition 1.7 in [9].
It follows from Lemma 4.2 that the multiplicity on the right side of (4.2)
is generically given by

dim G - o N ¥ (§) =dim G- o N H*(G).

To relate it to the left side we need our second auxiliary result. We invoke
Proposition 3.2 and set ¥p = ¥ N Go. Xo is an ideal in X. If Xo = X, then
X C Go C G» which is a co-dimension one ideal in §. This contradicts our
assumption that ¥ is not contained in any such ideal. Hence §; = ¥ + §o and
dim ¥ /¥o = 1. Moreover, it is no loss of generality to assume X € ¥, so that
X =RX + Xp. Schematically we depict

where each slanted line connotes co-dimension one. (Of course Hp =exp Xp.)

Now for any ¢ € G* we set ¢ = plg, 0 = Y|g, 7= € Go and
Gy = Go + Go. The possibilities for G, are outlined in Theorem 3.3, ie. G, is
one of: (i) Jo; (ii) a co-dimension one subalgebra not equal to §; or G,; (iii)
G2; (iv) G1; (v) G. Using p =pg 5, wWe set

U ={pe§:6,=6} ut =p)
U ={p €5 :Gy=G2} U; = pl)
Up={p € G :G,y= 60} Uy = p(Uo)

U, ={p € §*: G, is not an ideal} U = p(Un).
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We observe that the family U, U,, Ug, U, constitutes a G-invariant partition of
G*, and their projections form a G;-invariant partition of §;. We have a further
partition

un =Up1 Ulpn u,l, = U,l,l U U,lm
where
Uni ={p € G : G=G1} uyll,l =pUn1)
un’" = {SO €lUy: 9’1 #91} ulm = p(unn)-

We note the latter partition is only G,-invariant. We also have

p—l('vl)= v .
L . for V (resp. V') =U, Uz, Uo, Uni, Upn

(resp. U', U2,U0,U,,1,U,1m).

It is the need to deal with spectra that are not G-invariant in one side of (4.2)
that is completely absent from the nilpotent situation. We deal with it in part
(iv) of the next result.

LEMMA 4.3. (i) Set xo = x|n,- Then the map

Y= 0=9lg, NG — (o) (Go)

is an H-equivariant bijection.

(ii) Equivalence of the induced representations IndG vy, = IndGl Vy,
implies v, and 1, lie in the same cell, i.e., either U! UZ,UO,U,,I,U,’,,,

(iii) For v;, j =1,2, lying in U',U}, U}, the representations IndGl Vpiy J=
1,2 are equivalent <= 0, = 1\|g, and 0, = 1|g, lie in the same G-orbit.

(iv) Suppose Un N X-(G) contains an open set in X (G) (equivalently
UrNX;(G1) contains an open set in };-(G1)). Then either U, lm(l(gl) is of lower
dlmenszon (equivalently Ul N )(l(g,) accounts for everythmg in Uln )(l(g,)
measure-theoretically) or U N )(i(gl) =UlnX L(Ql) In the former case, for
¥j, j = 1,2, lying in UL, )(l(gl) the representations IndGl v, J =12
are equivalem‘ <~ 0, and 6, lze in the same G-orbit. In the latter case, the
representations Indgl vy, J =1,2, are equivalent <= 1, and ), lie in the same
G1-orbit.

PROOF. (i) The restriction 9 — 0 = w|g, is clearly surjective and
H-equivariant. It is injective since §; = ¥ + Go.
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(ii)) Each of the representations Indg1 vy, takes one of the five forms
enumerated in Theorem 3.3. The assertion is that unitary equivalence cannot
occur between different forms. In fact, from Theorem 3.3 we see that equivalence
could only occur between cases (i) and (iv), or between (ii) and (iii). If both
Indgl vy, J =1,2, are irreducible and equivalent, then they must lie over the
same G-orbit in Gg. In particular the stabilizers §,, and §,, would have to be
G-conjugate. This is impossible if G, = Go and §,, = §;. In the second pair,
if §,, = > and §,, is a co-dimension one sub-algebra other than §; or G,
we know (from Theorem 3.3) that both representations IndG vy, j=1,2, are
induced from Go. So once again they must lie over the same G-orbit in §j.
The stabilizers §.,,, §,, must be conjugate, which is impossible since g, is an
ideal.

(iii) If for j = 1,2, 4; € U} or ; € U}, then

Indgl V'/)j = Indgo '70]', 0] = ¢]|§o'

Hence the two representations are equivalent iff the functionals 6;, j = 1,2, are
in the same G-orbit. Next, let ¢ € U, so that Indg vy =7* @7~ as in Theorem
3.3. Using the material from Theorem 3.3 part (v), we also have

®
Indgo Yo = Indg Indg2 Yo = IndG2 / oy,ds = / IndG2 0y,ds

S0® co®
= / Tp,ds @ / Tp,ds = oo(n* @ 7).
—00 S0

Thus IndG vy and IndG ~p are quasi- equ1valent But that is enough to conclude
again that for ¢; € U!, IndG vy, = IndG vy, iff G-0,=G-06,.

(iv) For ¢ € U,, 0 =p|g,, Gy = Go+ Go, we have G, is of co-dimension
one in § and not an ideal. If we set

4.3) gi=exp sY -G =R(X —sY)+ Gy,

then all such stabilizers are accounted for as s varies in R. Each of the subsets
Un and U,, is Gp-invariant, and it is obvious that

dim U, < dim Uy, dim U}, < dim 4},
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(unless they are all zero). It follows from the fact that we have local cross
sections (see the structure theory in Lemma 4.2) that either

dim Uy N X (G1) < dim Uy, N HH(G1)

or
Unn N X (G1) = D.

(Alternatively, the map ¥ — s(¥), Gyig, = Jo + R(X — s(®)Y) + Go, is smooth
on the variety U} N ¥;-(G1), and U}, N ¥ (G1) is the pre-image of zero). Now
when ¢ € U,, N ¥-(G1), we find ourselves in case (ii) so that

Indg vy =Indg s, 0=lg,.
Therefore the equivalence assertion in the lemma is immediate. When
¥ € ULy N UG,

then (by Theorem 3.3) we know Indgl vy is irreducible. If ; and 4, are in the
same Gi-orbit, then

~ G ~ G
Vy, = Vy, = Il‘ldG-l Vy, = IndGI Vy,.

Conversely, if ¥1,v, € Uy, N ¥;-(G1) and Indgl vy, = Indgl vy,, then we can say
the following. By the Mackey Machine, the representations must lie over the
same G- orbit in Gg. Hence if 0; = 1;|g,, there is g € G so that g- 6, = 6,. But
then

9 G'T: = G'Tz'

Since both G.,aj = Gy, and the normalizer of G; in G is G itself, it must be
that g € G;. Thus

Indg, vy, = Indg vy, = Indg g- vy, = Indg vy.y,.

But, again by the Mackey Machine, these can be equivalent only if vy, and
V4.4, are equivalent representations of G;. Hence 1, and g -, lie in the same
G-orbit. Since g € Gy, the same is true of ¥; and ;. This concludes the proof
of Lemma 4.3.

Next we consider a partition of }(xl(g) according to generic dimensions of
the G- and H-orbits passing through it. We distinguish two mutually exclusive
cases. Let ¢ € ¥ (§). Either

(@ dim G-pN X (§)>dimH-¢ or
4.4)
(b) dim G- N ¥E(G) =dim H - .
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Write o € X1 (§)a, Hz (G accordingly. It is standard (see Lemma 4.4 (iii)
below, or [9, §1]) that

@ dim G- oN¥HG) >dm ¥ - p<=dim G- >2 dim ¥ -
4.5)
() dim §- N ¥1(G)=dim ¥ - <= dim G-p =2 dim ¥ - .

Combining with Lemma 4.2, we see generically

@) pEXNF(§la<=>dim G- o >2 dim ¥ - p
(4.6) '
(b) © € ¥ (G <=>dim G- =2 dim X - .

REMARK. In the nilpotent situation, case (b) characterizes finite multiplicity
in equation (4.1). This is not so for exponential solvable groups — see [9, Expl.
8(ii)], although I do not have a corresponding example for completely solvable
groups. Also in the nilpotent situation, only one of conditions (a) or (b) can
occur (measure-theoretically), since generic means Zariski open. For completely
solvable groups, I imagine both conditions might constitute sets of positive
measure, although again I do not have an example. We shall prove equal
multiplicity in equation (4.2) by examining each of the eight pairs obtained by
intersecting the four sets U, Uop, U, U, with cases (a) and (b). In every example
it may be that no more than one of these has positive measure, but I do not
have any such general result. So I treat all of them independently. (Also U,
splits into U,; and U,, so actually there are ten pairs in total.)

We need one more lemma before starting the case-by-case analysis.

LEMMA 4.4. (i) For any ¢ € §*, 0 =¢|g,, we have §G -0 =(Go);(Go).
(i) dim §-80 ¥&(Go) =dim § -0 — dim ¥o - .
(i) dim § - @ N ¥-(§) =dim G- o — dim ¥ - .

PROOF. (i) We have § - 6((Go)p) = 019, (Go)o] C ¥lG,(Go),] = 0. Hence
g-oc (90)5,(90). In fact the dimensions are equal. Indeed by Lemma 2.4 we
have

(Go - ¢ = Gy
Moreover,
dim gy = dim §/(Go + Go) = dim(G/Go)/(Gs + G0)/ Go)
=dim(§/Ge)/(Go/(Go)e)-
Therefore

dim(Go)s — dim(Go),, = dim(Go)s - ¢
=dim g/gg — dim 90/(90)9
=dim § - 6 — dim Go + dim(Go)s.-
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That is
dim g - 0 = dim §o — dim(go), = dim(Go):(Go)-

(ii) Using part (i) we compute
dim G - 6 N X3 (Go) = dim[(Go)5(Go) N Xg-(Go)]
= dim[(Go),, + Hol*(Go)
=dim Go/((Go)y + o)
=dim Go — dim(§o),, — dim ¥o + dim((Go), N Xo)
= dim(§o)(Go) — (dim Ho — dim(¥),,)
=dim § -0 — dim X, - .
(iii) This is similar to (ii),
dim § - N ¥*(G) =dim G5 N ¥ = dim(G, + ¥)*
=dim § — dim(§, + ¥)
=dim § — dim G, — dim ¥ +dim ¥,
=dim §-p —dim X - .

We turn at last to the proof of equal multiplicity in equation (4.2) for the
various intersections indicated above. We combine the preceding lemmas and
observe that: in cases U, Uo,U, and U,, we must show that generically

#H-orbits on G - p N Xy (§) = #H-orbits on G - 6 N (Ho)%,(Go)s
while in case U,; we must show that generically
#H-orbits on G - p N ¥;-(§) = #H-orbits on Gy - ¥ N ¥ (G1).
Furthermore, in these varieties we also have generically that
dim G-(pn}(xl(g)=dim9~<pn)(l(9)
dim Gy - % N ¥y (G1) =dim Gy - 9 N HH(G)
dim G - 6 N (Ho)y,(Go) = dim G - 6 N H5-(Go).

Finally we keep in mind at all times both equations (4.4)-(4.6) and the fact that
all co-adjoint orbits are even-dimensional.

(Upa) Here we have dim G- > 2 dim ¥ - . Then the multiplicity is
infinite on the right side of equation (4.2). To show infinite multiplicity on the
left, it is enough to prove

dim § - 6N ¥ (Go) > dim ¥ - 6.
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But in case Uy we have the following facts:

Go=(G0)e = Go = (Go)p = ((G0)o)p =(G0)p;
dim Go/ G, = dim(Go)s/(Go), = dim(Go)s - ¢ = dim G =2;
dim § -0 =dim § — dim Gy =dim § — dim G, — 2
=dim §-p—-22>2 dim ¥ - ;
Ho =X N (G1)e =X N (Gole = (Moo => Xy
=(Ho)p = dim ¥ - © > dim ¥y - p.

Combining with Lemma 4.4 we get

dim G- 6N ¥3(Go)=dim G -0 — dim ¥p- o
>2 dim ¥ -p—dim ¥
>dim ¥ - p
> dim ¥ - 0.
(Uob) Now we have dim G- =2 dim ¥ - p. In fact we can deduce from

this that
dim G- 6N X3 (Go) =dim ¥ - 6.

But unlike the nilpotent case, neither equality guarantees finite multiplicity
(apparently — see the Remark after equation (4.6)). So there is no necessity
to derive the latter. Instead, to prove equal mulnphcny in equation (4.2), we
proceed directly to show that the sets of

H-orbits in G- pN ¥y (¥) and H-orbits in G -8 N (¥o)y,(Go)
are in bijective correspondence. In fact the map
©' = ¢©'g,
is clearly a surjective map G - ¢ N )(i(g) —-G-0Nn ()(o) ,(Go). Moreover it is
H-equivariant. Thus it takes H-orbits to H-orbits. It remains only to prove that
distinct H-orbits on G- N ¥ (g) restrict to distinct H-orbits on G-0N (¥o); (Go)-

So take p € Uo N HF(G), g - € ¥ (G), g-0="h-0 for some h € H. We must
produce k' € H so that g-p=h-p. We have

h~'g € Go=(Go)o and (Go)o- =0+ Gy =0+ Gy -

Also
h'g-plu=g-olx € (G
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since x is a character. Therefore

hlg-pe(p+Ga)NH(§) =p+Gi-
Now

Hy-p=(Ho) € Go)o o Cp+Go-
Also

Hy-ply =@y so Hy-p C p+ Gt
It suffices to preve
Hy-p=p+Gi.

If so, then h™lg-p = k' for some h' € Hy, and we are done. Well, the fact
that
P — 0, X7 (G1) — (Ho)y,(Go)

is an H-equivariant bijection implies ¥y = 5. But
2 dim ¥ -9 <dim §;-¢Y=dim o-0+2=dim G- w
=dim §-p—2=2(dim ¥ - — 1).
Strict inequality is impossible, so
dim ¥ -9 =dim ¥ - o — 1 = dim ¥, + 1 = dim ¥y = dim ¥,.

Therefore Hp - ¢ is an open and connected subset of ¢ + Gi-. The same is true
of any other Hp-orbit in ¢ + i, hence Hp - = + Gi-.

(Uza) As in (Upa) we assume dim G- > 2 dim ¥ - ¢ and deduce that
dim G - 0 N ¥3-(Go) > dim ¥ - 6 (thereby obtaining infinite multiplicity on both
sides of equation (4.2)). The salient facts this time are:

dim G-y =dim Go-0+2=dim G- w+2=dim G-
g 9o

= dim 2 =dim —=— +2

g © (9 0)0 )
Also o _

=1.
(G0)p

Goo-p=p+Gy =p+ Gy = dim

Thus, by Lemma 4.4, we haye
. . Go . Yo
dim G -0 =dim =dim —4—+1
9 (90):p (90)0
=dimﬁ——1=dmg-p—l
Ge

>2 dim X - .
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Again by Lemma 4.4 we obtain
dim G- 0N ¥ (Go)=dim G -6 —dim ¥p-
>2 dim ¥ - —dim Xy - ¢
>dim ¥ -
> dim ¥ - 6.
(Uyb) As in (Upb) we must show that the H-equivariant restriction

G- oNHH(G) — G0N Koy, (Go)

sets up a bijection of H-orbits. In fact in this case we can show that the map
itself is a bijection. To prove that we only need to demonstrate injectivity. Let
0 € b NHL(G), g-p € H(G), g-0 =0. We have to show g € G,. Well,
g-0=0, and both o and g- o in ¥ (§) says that

@9-Vlg =vlg-

Hence g - ¢ = ps = ¢ + sa for some s € R. But in case U, the functionals ¢,,
for distinct s, lie in distinct G-orbits. Thus s =0, that is g € G,,.

(Ua) The technique remains unchanged. Assume dim G- > 2 dim ¥ - p;
we prove dim § -6 N X3-(Go) > dim ¥ - . We recite the pertinent facts:

dim G, - =dim Go-0=dim G, - w=dim § - o — 2;
(Gods -0 =+ Gy =, since Gy =G = (Goo = (Go)p-

Next

dimi—2=dim So =dim Go =dim—9———2=>g¢=(go)¢.

ng (90)0 (90)¢p (90)90

Therefore by Lemma 4.4, we have

o
(gO)p

g
(90)40 -2
g

=dim = —

G
>2 dim ¥ - .

dim § - 0 = dim

=dim
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Also
Ho =X N0 Gp =X N(Go)p = Ho)y
. . X . A
#dlmﬂ-w—dlmz-dlmm
. H
> dim '(70)—;/—dlm o ©.

Therefore applying Lemma 4.4 again, we get

dim G-0N ¥ (Go)=dim -0 —dim ¥o- ¢
>2 dim ¥ - p—dim ¥y -
>dim ¥ - ¢
> dim ¥ - 0.
(Ub) In this case we establish a bijective relationship between the
H-orbits on G - o N ¥(G) and on G - 6 N (Ho)y,(Go). As in (Ugb), we take

e elUnNX(G), g-p € XL (G), g-0=h-0 for some h € H. We produce h' € H
so that g- o = h'- . But as in the cited case

hlgeGy and h7l'g-p|y = p|y = —idx,
)
hlg-p=p,=p+sa for some s € R.

Then it must be that (sg — s)sg > 0 — that is, s and 0 lie on the same side of
so — since that is the only way ¢ = ¢y and ¢, can be in the same orbit. But
now consider Hy - . We have

2dmX¥-¢p<dim§G;-¢¥=dimG-p—-2=2(dim ¥ - o — 1).

Therefore
dim ¥ -y =dim ¥ - ¢ — 1 = dim ¥y =dim ¥, + 1.
As in (Uob) we have (by the fact that )(,-(L(g) — ()(0);50(90) is an H-equivariant
bijection) that ¥, = ¥p. Hence
dim ¥y =dim ¥, + 1.
Thus
dim Hy- © = 1,
and so Hp- ¢ is an open and connected subset of ¢ + Gi-. But the same is true

of any Hy-orbit Hy - 5, (so— s)so > 0. Hence

Hy-p= {903 2 (s0 — 8)so > O}a
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and so
hlg-o=h-p for some k' € Hy,

ie.
g-eo=hb'-p.

We pass now to the subvariety U,, which requires more delicate arguments
than the previous three. The right side of equation (4.2) yields the same
multiplicity formula for any orbit meeting ¥;-(§). But in counting multiplicities
on the left we must distinguish between U,; and U,,. Lemma 4.3 (iv) helps us
greatly since it insures that both cases cannot occur simultaneously. Either the
family Uy, N ¥}(G1) accounts for all of U} N X7 (1), or measure-theoretically it
accounts for nothing.

(Unna) We assume here and in the next case that we are in the first of the
two situations of Lemma 4.3 (iv). First we take dim G- > 2 dim X - o, forcing
infinite multiplicity on the right side of (4.2). To show infinite multiplicity on
the left, we must prove (as usual) that dim G - 6 N ¥3-(§) > dim ¥ - 8. The
relevant facts are as follows:

(90)a=1,
Go)o
dim §; - =dim §o-0+2 =dim §;-w =dim § - .

(Go)a~<p=<p+9#‘¢dim

Combining these with Lemma 4.4, we obtain

. . Yo . Go . .
di -0=d =dim —+1=d p—1>2 dim ¥ - .
m § im o im Gore + im G- o > im ¥ - ¢

Applying Lemma 4.4 again, we get
dim - 0N X3 (Go)=dim § -0 —dim, ¥y - ¢
>2 dm ¥ -p—dim ¥y -
>dim ¥ - p
>dim ¥ - 4.

(Unnb) Now we have dim G- =2 dim ¥ - p. We will show (as in (U;b))
that the restriction

G- N A (§) = G- 6N (Hoy,(90)

is actually a bijection. So let € Unn N H;-(G), g+ € H(G), 9-0=0. We
shall prove that g € G,,. The argument is almost identical to that of (U3b). Since
g-0=40, and both ¢ and g- are in )()EL(Q), it must be that g-p =, = p + s
for some s € R. But when ¢ € U,,, the functionals ¢,, for distinct s, lie in
distinct G-orbits (see Theorem 3.3). Thus s=0 and g- o = .
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(Un1a) Now we pass to the second of the situations in Lemma 4.3 (iv) —
the set U,, fails to meet ¥ (G)), but UL N ¥H(G1) = Uy N HH(G1) contains an
open set in ¥;-(G;). First we take dim G- > 2 dim ¥ - p. This gives infinite
multiplicity on the right side of (4.2), but this time, to match it on the left, we
must verify that

dim G, -¢¥ >2 dim ¥ - 9.

In fact, in this case we prove directly that
dim Gy - ¥ N ¥ (Gy) > dim H - 9.
To achieve that set 2n =dim § -, m =dim X - ¢, so that 2n > 2m. Then
dim G- ¢ N ¥ (§) =dim G- N H(G)
=dim §-p—dim ¥ - p
=2n —m.

Now I claim that
G- N XL () =GC1-pNH(H).

Indeed, when U}, N ¥-(G1) = UL N H-(G1), we have
pE u,.lm(;(g) and g-p € )(;(L(g)=>geG1,
because of equation (4.3). But then the surjective projection
G-oNH(§)=Gr-oNH(§) = Gi- PN HL(G)
has fiber of dimension at most 1. Therefore
dim G-y N HF(G) >2n—m — 1.

On the other hand
dim H -9 <dim H-p=m.

Therefore
dim G, - ¥ N ¥ (G1) > dim H - .

(Un1b) We conclude by assuming dim G- =2 dim ¥ - ¢, and observing
that in this case there is a bijection between the

H-orbits in G- N ¥z (§) and the H-orbits in Gy -9 N X (G1).
The critical points already appear in the previous case. The proof that

G N HF(G)=G1 N ¥E(G)



\
156 RONALD L. LIPSMAN

still applies. Hence the restriction map
G e NHEG) — G- PN HEGD

is an H-equivariant surjection. In fact, it is a bijection of H-orbits. To show
this, we take o € Uni N X¥L(G), 91- v € H(§), g1-¥ =h -9 for some h € H.
We produce k' € H so that g- ¢ = h'- . We have h™!lg € Gy. So

hlg-po=¢, for some s €R.
We finish by showing (as in (Ub)) that
Hy-p=p+Gi.
In fact
2 dim¥- -9 <dim G, -¢Y=dim §G-p—-2=2(dim ¥ - — 1)
=dim}¥ -¢p=dim ¥ -p- 1.

As usual, we have ¥, = ¥p, so dim ¥4/h, = 1. Therefore Hp - ¢ is an
open connected subset of ¢ + Gi. The same is true of any other p,, hence
Hy-p=p+Gi.

This concludes the proof of equal multiplicity in equation (4.2). Since we
have already shown equal spectrum, it remains only to prove the equivalence
of the

Spectral Measures. Although the proof of equality of measure classes in
equation (4.2) is not nearly as difficult as that of the multiplicity, it still requires
that we look at the cases (i)-(v) of Theorem 3.3 separately. On the other hand,
we can ignore the (a)-(b) dichotomy. Now the measures under consideration are
the push-forwards — under the action of H — of Lebesgue measure on the affine
spaces ¥;(§) and ¥;-(G1). But we have a canonical H-equivariant projection

HLE(G) — X6
which factors to a Borel surjection
XH(G/H — HE(G)/H

that carries the (class of the) push-forward of Lebesgue measure on the first to
the (class of the) push-forward of Lebesgue measure on the second. Therefore
in cases (i) and (iv) — that is Uy and U,; — where Indgl vy is irreducible, the
equality of the measure classes in (4.2) follows immediately from the remarks
in the paragraph after equation (4.2). In fact, the same conclusion is true for
case (v) (that is U/) as well. There we have Indgl vy =t @n~, and we augment
the projection to
© — (b, sgn(p)), ¥ =p|g,
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h
where + p¥)> s

-1
Sgn(<p (p(Y) < 80.

The variety {¢ € }(,-(L(g) NUn 2 (YY) =350} is of lower dimension and may be
ignored. Clearly the projection factors to a Borel surjection of the parameter
spaces in equation (4.2) which moves the measure class of dug ; to §dug, 4.
where 6 is the discrete measure class concentrated on the 2-point fiber over

P = ‘Plgl € )‘(x(gl) N u'rlzl'

The remaining cases (ii) and (iii) (that is U,; and U;) require more
substantial reasoning. First take U,. Then

o
Indg vy = / Tprsads.

Now suppose C is a Borel cross-section for the action of H on yxi(gl). For
¥ € X (G1), we define oy € ¥ (§) by py|g, =% and ©y(Y) =0. Then I claim

Q={py+sa:9p€C, seR}

is a Borel cross-section for the action of H on )(,-(L(g). Indeed, for any
¥ € ¥1(G1), h € H, there is spy € R such that

h- POy = Phy t Shy.

Next for any h € H, we have a real number ), so that A -« = A\ya. Hence if
0 € X (9),%=plg and h-¢ €C, then

h-o=h-(py+p¥)a)
= ppy +snpat+eY)Aa € Q.
On the other hand if p € Q and h-p € Q, then
V=0l €C, h-p=h-(plg)=(h-p)lg, €C = h€e Hy.
But in case (iii) we have
Hy, C HyC Gy C Gy,

which implies h - a = a. Also in this case ¢, and @y + spya cannot be in the
same orbit unless spy = 0. Therefore

h-o=h-(py+o(Y)a)=phy +spya+el)o
=pyp+eY)a=p.
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Hence the restriction
pyptsa—p, Q—C

is a Borel surjection which takes the measure class of duf 5 to dsduf g-.

In case (ii), the argument is exactly the same until the point where we
concluded h € Hy. In this case we do not know Hy C G, so perhaps A, # 1.
But we still have that ¢4 and @y + spya cannot be in the same orbit unless
sny = 0. Therefore

h-p=h-(py+srya)=py+e)ia.

Once again the fact that the orbits (py), are distinct forces o(Y)A, = o(Y). So
either p(Y) =0 or ), = 1, either of which implies h - ¢ = . This concludes
the proof of equality of the measure classes in equation (4.2), and with it the
proof of Theorem 4.1.

5. - The general case

In this section we extend Theorem 4.1 to the full generality asserted in
Theorem 2.2. Namely we allow the inducing representation to be an arbitrary
irreducible instead of just a character. It turns out that, unlike in sections 3 and
4, the ideas involved in the corresponding step, in the nilpotent case, suffice to
handle completely solvable groups (see [4, §6], [9, §3]).

THEOREM 5.1. We have

(5.1 Ind§ vy, = / Todpl g (@)
p(HY)/H

PROOF. (The reader is referred to section 2 for a review of the notation
if necessary.) We utilize the fact that any irreducible representation of a
completely solvable group is monomial. In fact, given vy € H, there exists a
real polarization ¥ for ¢ satisfying the Pukanszky condition, that is a subalgebra
F of ¥ such that
HoCFCH Y[F,F1=0

dim ¥/ =dim 7/¥, K-¢y=¢+F) K=exp(¥).
Then vy = Ind¥ xy4. Therefore

Ind§ v, = Ind§ Ind% xy = Ind§ xy.
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If we invoke Theorem 4.1, we see that, to prove formula (5.1), we must
demonstrate

2] ®
(5.2) / modug g(p) = / Todu§ k(@) X = Xy
P H)/H FHHIK

Exactly as in the proof of equation (4.2), we must demonstrate equality of
spectrum and multiplicity, and equivalence of the spectral measures in (5.2).

Spectrum. We must prove that
(53) G-p\H - $) =G FHG).

One inclusion is obvious. An element from the left side of (5.3) is of the form
g, @|y =1. But then p|7 = 1|7 =idx. That is, g- ¢ is also in the right side
of (5.3). Conversely, suppose ¢ € 7;(9). Then ¢|7 = 9|7. But the Pukanszky
condition insures the existence of an element k € K such that |y = k-9. Hence
k1. is in the left side of (5.3).

Multiplicity. The multiplicity on the left side of (5.3) is
n,, = #H-orbits in G - ¢ Np '(H - ).
The multiplicity on the right side is
n} = #K-orbits in G - o N 7-(9).

The equality of nj, and n) is a consequence of

PROPOSITION 5.2. The mapping K- — H-p is a bijection of the K-orbits
in G- N FHG) onto the H-orbits in G- o Np~'(H - ).

This is precisely [4, Prop. 5] or [9, Prop. 3.2]. Both of these are proven
under the assumption that G is nilpotent. In fact, nilpotence is unnecessary —
the argument is valid in the context of arbitrary exponential solvable groups.
Here is a drastically simpler proof than that of [4].

PROOF OF PROPOSITION 5.2. By the observations made above in the
equality of spectrum argument, a G-orbit meets p~'(H - ) iff it meets ?xi(g).
So the map is well-defined. It is surjective as follows. If

0 eG-onp '(H- ),
then h - ¢'|y =1 for some h € H. That says

h-o'|7 = 9|7 = —idx.
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Hence the H-orbit H - ¢’ is the image of the K-orbit K - (h - ¢'). Finally
the mapping is injective because of the Pukanszky condition. Indeed, if for
p1,02 € G-NF(G), the orbits K -1, K-, map to the same H-orbit, then
there is h € H so that h- @, = ;. In particular h- o]y = p2|y. If we write
P1 = @i1lx, Y2 = 2|y, then since o1, @, € FL(G), we have 91, ¢ € F(H).
By the Pukanszky condition, there is an element k € K so that k- = 5.
Therefore k~'h € Hy,. But by [2, p. 69] 7 is also a real polarization for ;. In
particular Hy, C K, and so h € K. That is ¢, and ¢, are in the same K-orbit.
We complete the proof of Theorem 5.1 by examining the

Spectral Measures. The basic idea is presented in [9, Prop. 3.2]. We first
observe that h - 7;(9) = p~I(H - ¢). The latter’s canonical measure class is
determined as a fiber space

¥i(g) — p'(H - )
i)
H"‘/),

with the H-invariant measure on the base and Lebesgue measure on the fiber.
But H - 7;(9) can also be realized as a fiber space

FHG — H-7HG)
|
K\H,

where the projection sends ¢ — Kh if h- |z = —idz. Again K/H has
H-invariant measure and the affine fiber has Lebesgue measure. But these two
fiber measures are equivalent. Indeed the first fiber space is naturally identified
(measure-theoretically) to

G/H X< H [ Hy;

the latter to
G/FxH|F.

Moreover the two invariant measure classes agree with the Lebesgue measure
upon identification. But we have a canonical duality between ¥ /7 and 7/},
and it follows that the Lebesgue measure classes are the same. We observe then
that the map (composition of injection and quotient by H)

FHNG) - H-F}F00 - H-FHG)/H
factors to a bijection
FHG/K — H-FHG/H

(using the same argument as in the injectivity part of Proposition 5.2). Thus an
application of [10, Prop. 4.2] gives precisely the equivalence of the respective
push-forwards.
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6. - Examples

We give here several examples to illustrate Theorems 3.3, 4.1 and 5.1. For
each completely solvable Lie algebra g, we list generators and non-zero bracket
relations. We also list co-adjoint orbits Q and parameters for cross-sections.

(1) (az +b)-algebra. § =sp{4,X},[4,X]=X, p=pqas=ad*+£(X" € G
Q,=aA*, a€R,
Qt={ad*+£X" 0 ER, &> 0},
Q ={aA"+(X":a€R, £<0},
Gi1=sp{4}, Go={0}, ¥=ad’, x=xa=€"*, =0, Go=,
Indglxa =T @ mg-, for any a € R,
since
p (@A) = {aA*+£(X*: € €R} and
G- pox1 NP (@A) =G - po 1.
2) G=sp{A,X)Y,Z}, [X,Y]1=2Z,[A,X]1=X,[A,Y]=Y,[A,Z]=22Z,
© = Pagne=A +EX +0Y* +¢Z2* € G,
(exp aA exp zX exp yY exp 2Z) - pucne
= Pa—gerz—nery—c(eBaytes2), ed(E—yc), eX(n+ag), ¢
Q,=0aA*, a€R,
Q¢ ={@A* +r(€X* +9Y") 1 €R, r >0}, 2+n2=1,
Qi ={aA" +¢(X" +nY" +erZ* 1 o, €,m €R, r >0}, e==l1,
G1=sp{4A, X, Z}, Go=sp{X, Z},
@ =52 $#0, 0=52", Go= o,
Indgl vy, = Indg0 ~e is irreducible and equivalent to TQsgn(c)>
() Pe=£X", (F#0, 0=(X", Go=Go+RY =G,
Indg, vy, = Indg o = zmpe,,ds.

Note: For fixed ¢, the spectrum “sees only half” of the 2-dimensional
orbits.

(3) g = Sp{A’X) Y, Z}a [X9 Y] = Za [A)X] = X, [Aa Y] = _Y,
©=Pagne=0A"+EX +0Y* +¢Z" € G,
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(exp aA exp zX exp yY exp 22) " - pagne

= Pa—tetznedy+zy, et —Cy,me i H(T,()
Q. =aA*, a€eR,
Qe ={aA” +r(X* +rlgY*:a€ER, r> 0}, (&,necC,

a Borel cross-section for the action of R on R? by a - (&,7) = (e2£,e7%n),
Q(a’ £)=G'<PL¥,O,O,§, QER, g#o

the generic orbits.
@ X={0}, x=1,
® ®
Ind§ x is the regular representation = [ m,dp = 0o [ To@,dads,
g'

since the non-generic orbits account for measure zero on G*, and the
H-orbits are 0-dimensional on the 2-dimensional variety Q(e, ¢).

(b) ¥ =sp{X}, x=x¢=e",

Ind§ x¢ = [© 7, dad,

since the generic orbits lie over £X* € ¥* and

Q(0, ) N HL(G) = {Parsteass : TER} = H - oo
(© ¥ =sp{4}, x=xa=e*,
®
Ind§ xo = 2 [ T de/ds,
since the generic orbits lie over aA* € ¥*, and

Qa, ) N H(§) = {Pa,—cyms * 7y = (@ — )¢, 7,y €RY,

on which H has two open orbits — except when a = o/ wherein H has
four open orbits. The latter is measure zero so does not figure in the direct
integral.

@ ¥ =sp{Z}, x=x;=¢7,

®
00 / mende ¢=0, dc=canonical measure on C
Ind§} x; = ¢
®
00 / TQ(a,c)d ¢#0,

since in the first case we get the regular representation of G/Z; and
in the latter case the generic orbits Q(a,¢),a € R, cover ¢Z* € ¥*,
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while the H-orbits are of dimension 0 on the 2-dimensional variety
Qa, ) N HLH(G) = Qa, ¢).

X =sp{A,X}, x=Xa=e€,

()
Ind§ xa = [ mo,0ds,
since only the generic orbits Q(a,¢), ¢ #0, lie over aA* € ¥*, and

Q(a, $) N ¥ () = {Paome) : M ER} = H - ©(a00)-

Now set G, =sp{4, X, Z}, Go=sp{X,Z},

Y =0lg =ad +EX"+¢Z", 0=0p|g = X" +¢Z", Gy=Go+ G-
Then

g §=¢=0
G2 §#0, ¢=0
9'1 = _
i £=0, ¢#0
Go+R(A+EX) & #0.
Therefore
T, © Tay_, §=¢=0
®
[ragan €70, ¢=0
Indgl I/,/, =
TQ(a) £€=0, ¢#0
®
/ Taw,oda € #0.

Final Remark. One can construct examples of mixed finite multiplicity

by combining [4, Expl. 4] with [10, Thm. 5.1] — so e.g. G = AN, H = AM,
N/M as in [4, Expl. 4], A =R acting semisimply on N preserving M so that
A, ={1}, € Ny (see [10]). T suspect, but do not know for sure, that — as
in the nilpotent case [5] — the parity of the multiplicity in Theorem 5.1 must
always be constant.
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