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1. - Introduction

In a previous paper [33] we have discussed the problem of the existence

of generalized equilibrium deformations in nonlinear hyperelasticity, i.e. of
mappings u from a bounded domain €1 of R", n > 2, that are one to one
and preserve the orientation, and which minimize physically resonable energies
associated to a perfectly hyperelastic material. The simple key idea, which
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made possible to prove existence theorems by the direct methods of Calculus
of Variations, was the following. We observe that, in the context of nonlinear
eleasticity it is very natural (compare section 6 and [33]) to look at the problem
in the product space R} x Ry and to regard the deformation u as a graph or
more precisely as the n-dimensional current integration of n-forms in R} xR}
over the graph of u : G,,. We therefore work in the setting of rectifiable currents
of Federer and Fleming, and we consider the weak sequential closure of the class
of graphs associated to diffeomorphisms, for which suitable LP and L?-norms
respectively of u and w~! and of the minors of their Jacobian matrices are
equibounded; we denote such a “norm” by || - ||pir.¢. It turns out that coercivity
of the energy with respect to | - ||pif».« is equivalent to the physical requirement
that the energy become large for large stretchings and large compressions. And
this allows in conclusion to minimize physically reasonable energies in classes
of deformations with various boundary conditions.

This paper is strongly related to [33] and aims to show that the same
simple idea gives a natural way, and in a sense the right way, to approach
variational problems with constraints for vector valued mappings, for instance
for mappings into a non-flat Riemannian manifold such as a sphere.

Consider for example the problem of minimizing the Dirichlet integral

D(u) := %/|Du]2dx

B3

among mappings from the unit ball B® of R® into the sphere $? c RS,
with say prescribed value uo, on 8B3. The usual approach is the following.
One considers D(u) as defined in the Sobolev space H!:2(B3,§?), thus by
direct methods one concludes at once with the existence of a minimizer in
HY2(B3,82)Nn{u : u = up on 3B%}. We believe that this is one of the
possible approaches and it is not the most suited for the Dirichlet problem.
Let us explain this claim. The class of smooth mappings C!(B3,S?) is not
dense in H1:2(B?,$?) and even empty if we restrict ourselves to functions with
boundary data uo : S? — S$2? with non-zero degree; moreover, even for zero
degree boundary values we have, see [37],

inf{D(u) | u € H"?(B®% 8%),u = uy on 8B%}

< inf{D(u) | w€ H'?(B? 8%)nC°(B?,S?), u=uy on 8B%}.
Actually if we regard u as the associated rectifiable current in B3 x $? which
is roughly the current integration over the graph of u, T, (compare section 2),
one sees that in general T, has a boundary in B3 x $% or, equivalently, the

graph of u € H2(B3,52) has holes. Thus, defining D(u) in H'?(B%,5?) in
a ’pointwise way’ is like choosing zero as value of

1
[
21
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for v =sign z and, when we minimize in H!?, we in fact allow the minimizer
to create new boundaries in the interior of B®, thus decreasing the energy.

We propose to regard smooth functions as graphs or, more precisely, as
cartesian currents and to work on the class of weak limits 7' of sequences of
smooth currents with equibounded energy. We define the energy on this class
by means of the classical Lebesgue extension formula, very roughly

D(T) = inf{lgm+infD(uk) | ux smooth, sup D(uk) < +o0,

graph of uk—‘T}.

Actually the class of weak limits of sequences of smooth graphs with
equibounded energy seems a priori not closed in general, thus we consider
the smallest sequentially closed set of currents 7' which contains all smooth
graphs and we define D(T) as the relaxed functional associated to D.

Since the smallest sequentially closed set containing the family of smooth
graphs can be obtained by successive closures (in a transfinite way), we conclude
at once that their elements have no interior boundaries.

The previous proposal can be carried on in a reasonable way if our
functional £, defined on smooth functions, “controls” the graph of u. Since, as
it is well known, a good control of T, is given by the mass of T, i.e. the area
of G,, this means that £ ought to be coercive with respect to the area of the
graph of u. By the isoperimetric inequality for parallelograms, we have

SIDuf? > [My(Du)] , w: B®— 87,

M, (Du) standing for the second order minors of the jacobian matrix Du; thus
the Dirichlet integral is coercive with respect to the area. In this respect we
are led to distinguish regular functionals, the ones which are coercive with
respect to the area, from the others. For instance, while the Dirichlet integral
is coercive, hence regular, for mappings from B2 into S?, it is not coercive,
hence not regular, for mappings from B® into S® or R3; actually, in these last
cases, one easily sees that there is lost of control on graphs with equibounded
Dirichlet’s integral.

The aim of this paper is to develop this idea, which in many respects
can be considered as classical, mainly in specific significant examples. We shall
see that the resulting problems will have minimizers which have in general
completely different features from the ones obtained as minimizers in Sobolev
classes. For example, in the case considered above of the Dirichlet integral for
mappings u : B> — S$2, which arises as a simplified model in the theory of liquid
crystals, we shall see that our minimizers have in general “line singularities”
instead of point singularities of one degree, and point singularities can occur
only with zero degree, compare [16], [14].
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In our context, minimizing in H!? is in general like a problem with
a free boundary more than a boundary value problem, in the sense already
mentioned that the minimizers are free to produce new boundaries, in that way
lowering their energy. On the other hand, such kind of problems are natural
and important both from the mathematical and the physical point of view. In
the last section we shall briefly discuss some of them and, for instance, we
shall see that they might be useful in order to give a mathematical model for
describing the fractures of an elastic body.

The paper is organized as follows.

In section 2 we shall discuss several classes of cartesian currents and
the problem of the convergence of determinants on the basis of the results
in [33], and we shall make a few relevant remarks. In particular we shall
discuss relationships among boundaries, traces and weak convergence. Results
concerning the weak convergence of determinants in the context of Sobolev
spaces have been obtained by Reshetnyak [54], [55], and Ball [4]; recently
Miiller [50] has given a simpler proof of the convergence result in [33]. Here
we shall show that actually this proof fits into a more general context and in
fact gives a more general result.

In section 3 the notion of degree for cartesian currents is discussed. As
in [30], the definition of degree is based on the constancy theorem; we shall
prove that all classical properties of the degree remain valid. This will allow us
to describe easily weak diffeomorphisms in terms of degree, extending in this
way some results in [5], [53], [61].

In section 4 we define the polyconvex extension of a general integrand,
roughly, as the largest polyconvex integrand which lies below the given one
and the parametric integrand associated to such an extension; then we shall
compute these extensions in many specific cases. In fact we shall not work with
the Lebesgue extension of a given functional, but actually with its parametric
extension, which has an explicit integral representation, and in some specific
cases we shall prove that it coincides with the Lebesgue extension. But, in
general, we can only conjecture that for regular functionals the two extensions
coincide. This will be used in order to discuss the problem of the existence
of energy minimizing maps with prescribed degree from an n-dimensional
Riemannian manifold into S™. In fact we prove existence of a minimizer for
regular functionals, for instance we prove existence of a minimizer of the
Dirichlet integral among maps from the sphere $? or the torus T2 into $? with
prescribed degree.

In section 5 we discuss several problems in which one looks for minimizers
of the Dirichlet integral, or of the more general functional of liquid crystals,
among mappings from a domain of R® into $? satisfying suitable “boundary
conditions”, and we shall prove existence.

Finally, in section 6 we formulate a few variational problems for graphs
with holes, giving conditions under which they can be solved; in particular we
formulate a setting which can be useful for a possible static model of fractures
in the nonlinear theory of hyperelastic materials.
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2. - Cartesian currents, boundaries and weak convergence of determinants

In this section we shall discuss relationships among mappings, their graphs
and the associated current integration of forms over graphs. As a result we shall
introduce a few classes of cartesian currents and of weak diffeomorphisms,
already considered in [33], and we shall make some relevant remarks on them.
In particular we shall clarify in which sense these classes have to be considered
as the natural extension of the class of smooth mappings and of the class of
smooth diffeomorphisms.

NOTATIONS. We denote the standard basis of R?”*N = R? x
Ri;’ by (e1y...,€én,€1,..., €ny) and the coordinates relative to this
basis by (z1,...,%n,¥1,--Yn) = (z,y). The dual basis is denoted by
(dz1,...,dz,,dy;,...,dyn). We use the standard notations for multiindices

I(p,n) = {a=(a1,...,ap) : o; integers, 1 < a; <...< a, < n}
and for convenience we set

I{0,n) = {0} , dz® =dy® =1,
and |a| =p for a € I(p,n). If « € I(p,n), p=10,1,...,n, then & € I(n — p,n)
denotes the complement of a in {1,2,...,n} in the natural order; we have
& =a, 0=(1,...,n). Moreover, for « € I(p,n) and 8 € I(g,n) with p+ ¢ < n,
a and B disjoint, o(a, ) denotes the sign of the permutation which reorders
naturally (o, 8). We set

dz® =dza, A...Adzqe, , €* =€o; Ao Aeta,,
in particular _
dz:=dz; A...Adz, = dz°;

if |a| = n—1, |f| = 1, we shall often write 4 instead of &, « = 1,...,n, and
J instead of f, j =1,...,n and ¢ for (1,...,7— 1,4+ 1,...,n); we shall also
use the standard notation dz; for dz* and é; for e;. With the previous notations
every r-form in R®*¥ r < n+ N, can be written as

w(z,y) = Z Wep(Z,y) dz* A dyP.
|| +|8]=r

Finally, we use in the space of r-forms the inner product induced by the
Euclidean inner product in R*+V,
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MINORS; TANGENT n-VECTOR AND AREA OF A GRAPH. Let u(z) be a
smooth mapping from a bounded domain ) of R™ into R¥. For o, € I(p, n),
1 < p < min(n,N), we denote by Mp,(Du(z)) the determinant of the
minor of the Jacobian matrix Du(z) with rows 8 = (f1,...,58,) and columns
a = (@1,...,0,), and for convenience we set Myo(Du(z)) = 1. From now on
we shall refer to Mg, (Du(z)),0 < |a| = |8| < min(n, N), as to the minors of
the Jacobian matrix Du(z).

The minors Mg, (Du(z)) are related to the Grassmanian coordinates of
the tangent plane to the graph,

Gy = {(z,9) € AXRY | y = u(z)}

of u. In fact the vectors ¢; +v;, 7=1,...,n,

D;u' (z)e

N'Mz

yield a basis of the tangent plane to G, at (z,u(z)), thus, if we set
M(Du(z)) := (e1 + v1) A... A(en + vp)
or by a simple computation

2.1) M(Du(z)) = Z o(a,a)Mgs(Du(z)) e* A €
la|+|B|=n

the tangent n-vector to G, at (z,u(z)) is given by

M(Du(m))

and its components relatively to the basis {e¢* A ¢#} are given by

o(a, a)Mps(Du(z)) .

(2.3) €ap(z,u(z)) = |M(Du(z))|

Observe that we have

|a+]8|=n o0

1/2
|M(Du( z))l-{ > Mﬁa(Du(a:))2} -1

and
&; = (1) &g Din?,
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SO

24 Sap _ o(a,a)Mgas ((—l)i—liy—> .
€00 €00
This last relation in fact, characterizes the simple n-vectors € € A,R™t¥ with
non-zero first component, &, > 0. This is easily seen since, being £ simple
and &5, > 0, the plane associated to ¢ is the graph of a linear map L, so
€= (e1+ Ler) A...A(en + Ley).
Finally we notice that the area of the graph G, is given by

/ |M (Du(z))|dz.
Q

CURRENTS AND INTEGRATION OF FORMS OVER A GRAPH. We recall here
some basic facts from the theory of integral currents of Federer and Fleming
[31] and we refer for more information to [59] and [30], [38], [48].

We denote by D"(U) the space of all infinitely differentiable n-forms
with compact support in an open set U of R"*¥. Members of the dual space
D, (U), in the sense of distributions, are called n-dimensional currents in U.
If TeD,(U) and V C U is an open set, the mass of T in V is defined by

My (T) :=sup{T(w) | we D™(U), spt w C V, |w(z)|<1in V}

where |w(z)| denotes the Euclidean norm of the n-form w.

A current T with finite mass, My (T) < +oo, extends naturally, as a linear
and continuous functional, to the space of all compactly supported continuous
n-forms with the sup norm. Consequently from the Riesz representation theorem
we deduce the existence of a Radon measure |T'|| on U, of a ||T|-measurable
function T : U — A,R™tN satisfying |T(X)| = 1, | T| — a.e, such that

7(0) = [ <w(e), Tle) > 47

that is T is representable by integration. Finally, Lebesgue’s theorem allows us
to extend T to all n-forms with ||T||-summable coefficients (in particular, with
Borel bounded coefficients) and to define the restriction of T to a Borel subset
A of U by
TLA@yi/<%T>aww
4 ,
We have
My (T)=M(TLV)=|T|(V), VcU V open

For any T € D,(U) the support of T,sptT, is defined in the standard
way, the boundary of T is defined by means of Stokes theorem as the (n — 1)-
dimensional current given by

8T (w) = T(dw).
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A sequence of currents {Tyx} C D, (U) is said to converge weakly in U to T if
it converges in the sense of distributions, i.e.

T (w) — T(w), for every w € D™(U).

We shall denote the weak convergence in U by Tp—T in U.

It is easy to prove that the mass is lower semicontinuous with respect to
the weak convergence and that from a sequence of currents with equibounded
masses we can extract a subsequence converging to a current with finite mass.
Conversely Banach-Steinhaus theorem yields that currents with finite masses,
weakly converging to a current with finite mass, necessarily have equibounded
masses. If we fix the standard basis in R**¥  so that n-forms in R™*t¥ are
written as

w(z,y) = Z wap(z,y) dz* A dyP,
la|+|8|=n

we can define the components of the current T, T, g, by considering the Schwartz
distribution given by

¢ € D(U) — Tap($) := T(4(z,y)dz* A dy”);

then

Tw)= Y. Tup(wap)

|| +]|B|=n

and clearly T is representable by integration if and only if each T,z is a Radon
measure.

An important example of current in R®*¥ is given by integration of n-
forms over an n-dimensional oriented smooth submanifold M of RtV with
locally finite area. This current is denoted by [M] and it is given by

) = [ w= [ <o)e > du

where ¢(z) = M(z) is the n-vector orienting the tangent plane T, M to M at 2
and || M| is given by the restriction of the n—dimensional Hausdorff measure
X™ to M. In this case, by Stokes formula,

SIM] = [oM]
and the mass of [M] is the area of M.

In case M is the graph of a smooth mapping u : 2 Cc R® — R, the
current [G,] is given by

2.5) [Cul(w) = / <w¢>dN"LG,
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where £ is the tangent n-vector to G, in (2.2) or equivalently by

(2.6) [Gu](w) = /ﬂ U#w

where U is the map U : Q@ —» R"*N, U(z) = (z,u(z)) and U#w is the pullback
of the n-form w by U. In other words [G,] is the image of the current [2]
under U

[Gul(w) = Ux[Q] = [Q](U*w).

A simple computation yields then

QN [Gw) = 3 a(a,a)/ﬂwaﬂ(x,u(z))Mﬂa(Du(x))dz

la|+|B|=n

and
2.8) [Gulap(®) = o(e,) [ $la, ule) My (Du(z)) do

for its components. So we see that the minors of Du define the components of
[G.] and actually [G,].

For a generic current T with finite mass there is no way of defining a
‘tangent space’ and, even if spt T is a smooth n-manifold, the n-vector T'
associated to T has not to be related in any way to the tangent space to spt
T. For this reason, Federer-Fleming [31] introduced the subclass of integer
multiplicity rectifiable currents R, (U). This class has good closure properties,
and its elements enjoy, in a weak sense, the differential properties of smooth
manifolds. Since rectifiable currents are relevant in the sequel, we shall now
describe them very briefly.

A subset M c R™*¥ s said to be n-rectifiable if, except for a ¥™-zero
set N, it is the countable union of ¥™-measurable sets A; which are subsets
of smooth n-dimensional manifolds M;

2.9) M= AN U U Nj s )‘(n(No) =0, Nj C MJ'.

j=1

For ¥™-a.e., z in a n-rectifiable set M, the approximate tangent space Tan, M
of M at z is defined as the tangent space to M, at z. Apparently Tan, M seems
to depend on the decomposition (2.9), but one can shows that this is not the
case. In fact, assuming M is a ¥™-measurable set with ¥™(U N K) < +oo for
all compact K, one can show (see e.g. [59], pag 60-66)) that M is rectifiable
if and only if for X™ — a.e. point 29 € M there exists an n-dimensional plane
P such that

tim [ f@ ) = [ eanne), viecdrm),

A—0
Nzg 5 (M)
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where 1,,.2(2) = A™1(2 — z0), or equivalently

lim X" /M FO (e - 20))dH™(z) = /P Fy)ax"(y).

A current T € D, (U) is said to be an integer multiplicity rectifiable current,
briefly a rectifiable current, if it can be expressed as

T(w) = /M < w(2), £(2) > 6(z)dN"(2)

where M is an n-rectifiable subset, 6 is an }™-locally summable positive integer
valued function, called multiplicity of T at z, and ¢ an orientation on M, that
is ¢ is an X™-measurable n-vector field on M which for ¥"-ae. 2 € M is
associated with Tan, M (i.e. £(z) can be expressed in the form 7 A ... A 7y,
where 7q,...,7, form an orthonormal basis for Tan, M). A rectifiable current T
is denoted by 7(M, 6, ¢). The important closure property of R,(U) is described
by the following theorem due to Federer and Fleming for which we refer to
[31], [59], [30] and for a simpler proof to [62].

FEDERER-FLEMING CLOSURE THEOREM. Let {Tx} C R,(U),Tx —» T, T €
D.(U). If for all V. cc U

sgp{MV(Tk) + My (8T%)} < +oo,

then T € R, (U).

Consequently, from any sequence of rectzﬁable currents satisfying the previous
sup bound we can extract a subsequence converging weakly to a rectifiable
current.

We notice that in general the boundary of a rectifiable current is not
rectifiable, and not even of finite mass, but one can show:

BOUNDARY RECTIFIABILITY THEOREM. If T € R, (U) and My (3T) < +oo,
then 8T € R,_,(U).

Finally we mention the following:

RECTIFICABILITY THEOREM. Suppose that
TeD(U) , UcRMY,

is such that My (T)+ Mw (8T) < +oo for every W CcC U, and that the measure
|T|| has positive upper density for |T| — a.e. z in U, i.e.

*" (|7, z) = 11m | sup |17 lL(B:n(Z)) >0, ||T|-ae.inU.

Then T is rectifiable.
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BOUNDARIES: THE CLASSES Cart?(Q,RY) AND cart?(Q2,R¥). We begin
by discussing relationships among mappings, their graphs and the associated
current integration over graphs for some subclasses of non-smooth functions of
the Sobolev spaces H'?(Q,R¥).

We consider for p > 1 the family of functions in H'?(Q,R¥) whose
minors are p-summable and we denote this family by AP(Q,R%),

AP(Q, RN = {u € LP(Q,RYN) : Mpa(Du(z)) € LP(Q,RYN)}.
In A we define

[[ull 45 = {/;(lul" " IM(Du)IP)dz}l/p

and we say that {ux} C AP converges weakly in AP to u € AP, u ﬁu, if and
only if

U — U,
M(Dug(z)—M(Du(z)),

weakly in LP. Notice that AP is not a linear space and || - || 4» is not a norm.
To'u € AP(Q1,R™) we associate the n-dimensional current T,, € D, (A xR¥)
with components (T,).s defined for all

#(z,y) € C=(Q x RY)
by
(2.10) (Tu)ap(4(2,9)) == a(a,d)L¢(w,u(w))Mﬁa(Du(z))dz;

of course if u is smooth: T, = [G,].

PROPOSITION 1. We have

(@) if ue AP(Q,RN),p > 1, then T, is a rectifiable current with bounded
mass in @ xRY, and ‘

M(T) = [ [M(Dw)dz

(i) suppose p > 1. A sequence {ux} C AP(Q,RY) converges weakly in AP to
some u € AP if and only if the currents T,, converge weakly fo the cur-
rent T, and we have sup llukll4» < +oo0.

PROOF. From [44], theor. 3 and 2, there exists a sequence of closed sets
Fr c Q with ¥™(Q\F) < % and a sequence of functions u, € C*(Q2,RY) with

(2.11) ug =u and Dugy = Du on Fy.
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Set Qg = G F;, and by induction define
k=1

k k-1
Hk:= UFk\UFk,
=1 i=1

Ne i = Guk n W—I(Hk),
where 7 : RN — R™ is the linear projection (z,y) — z. Clearly ¥™(Q\Qo) =
0, M := |J N is covered by a countable family of measurable subsets of

k=1
C!-submanifolds, and by the area formula
(M) = 370" (M) = Z/ |M(Duy) jdz = / |M(Du(z)) dz.
k kg, Q6

Using (2.11) we then easily conclude that T, is rectifiable
T.=71(M1,€), €&=Tan G,, on N,

moreover
M(T.) = X™(M) = / |M(Du(a)|ds < +o0
Qo

and (i) is proved. Notice that the previous argument gives a way of regarding
T, as the current “integration over the graph of u”.

Let us prove (ii), compare [33] theor 3 of sec. 3. If {ux} converges weakly
in AP to u € AP, then u; — u strongly in L? and ¢(z,ux) — ¢(z,u) strongly
in all L? and for all ¢ € C° (0 x RY). Writing (2.10) for u; and passing to
the limit, one sees at once that T,, —T,. Conversely, suppose that T, —T,
and sup ||uk|l4, < +oo. Passing to a subsequence, u; converge strongly in L?

(actually in L?,q < px, p* being the Sobolev exponent of p) to some v and
meas{z : |ux(z)| >t} — 0, as ¢ — +oo, uniformly in k. From

mwmwuwn=A¢MWWwam%amam

=L¢mwmm,

we then deduce that v = u and that uwy — u in LP(Q,R¥). Analogously,
from (Ty,)ap— (Tu)ap, one deduces, since p > 1, that Mgs(Dux)—M(Du) in
Lr ().

g.ed.

Let u be a smooth mapping from Q into R¥, say u € C!(Q,RY).
Clearly the submanifold G, has no topological boundary in Q x R¥, in fact
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its topological boundary lies in 80 x RN. The same is true also for the
measure theoretic boundary of the current [G,], [8G.] = 0; in fact, by Stokes
theorem, for every (n — 1)-form # with compact support in 2 x RY, we have
[Gu](dn) = 0. Now, if w € AP(Q,R), p > 1, and N = 1, i.e. u is a scalar
function, using the standard Gauss-Green formula, one easily sees that also
3T, =0 in Q x R. The situation changes in the vector valued case, in fact the
elements of A7(Q1,RV), N > 1, in general have boundary in 2 x R¥. A simple
example, compare [33] section 3, is given by the mapping u¢(z) = z/|z| from
the unit ball B(0,1) c R? into R2, which belongs to AP(B(0,1),R?) for all
p < 2, but for which we have

3T,, = —[{0} x 3{y e R?: |y| < 1}].

In other words the graph of uo has a hole like the function z/|z| from R
in R but, while in dimension 1 the summability of the gradient prevents the
formation of such holes, if n, N > 2, even the summability of all minors does
not exclude holes.

EXAMPLE 1. In general, consider any smooth mapping (in fact it suffices
a Lipschitz mapping) ¢ : S»7! ¢ R® — R¥ and its homogeneous extension

u:B(0,1) cR™® > R¥V,
0-o(2)

It is easily seen that u(z) € A?(B(0,1),R¥) for all p < 2. Proceeding as
in [33] example 1 sec. 3, it is not difficult to see that 8T, lies in {0} x R¥
and is given by

8T, = —[{0}] x px[S"].

This means that 8T, is the integration over the manifold ¢(S™~!) with its
multiplicity in {0} x R¥.

However, one can find functions » which have essentially the same singularity
of ]%[ at zero, but with 8T, = 0 : for example the homogeneous extension of

©(6) = (cos(2|r — 6]),sin(2|r —6])), 0 <6 < 2.

But 3T, =0 if u€ H'?(),R¥) and p > min(n, N); in fact we have
PROPOSITION 2. If u € HY“"((,RY), where n = min(n,N), then
ue AYQ,RYN) and 3T, =0

PROOF. Obviously u € A*(Q,R¥). Let ux € C*(Q,RY) n H*(Q,RYV)
be a sequence converging strongly in H!"® to u. It suffices to show that
Ty, = [Gu,]—Ty; in fact T, has then no boundary in 1 x R¥ as weak limit
of the boundaryless currents [G,,]. As in the proof of proposition 1, we get

(Tu)as(9) = (Tu)as(4)
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for all o, 8 with |a|+ || = n and |B| < n. For the last components |3| = 7, we
have

(Tur)as (¢) = o(2,) [ $(a, ux) Maa (D) o
Q
and Mps(Dui) converges strongly in L! to Mgs(Du), so Mgg(Duy) is
equiabsolutely continuous. This easily yields that (T, )as($) — (Tu)ap(9)-
q.e.d.

The previous discussion shows that there are elements in AP which cannot
be approximated weakly in AP by smooth functions, a necessary conditon for
that being that 8T, = 0. For many reasons, and especially in connection with
the Calculus of Variation where it is natural to work in classes of weak limits of
smooth functions, it is convenient to introduce the following class of cartesian
currents.

DEFINITION 1. Cart’(Q,R¥) denotes the smallest set in AP(Q,R%)
containing C*(,R") N A?(Q,R¥Y) and which is closed with respect to the
weak convergence of sequences in AP.

DEFINITION 2. cart?(Q,R¥) = {ue AP(Q,RYN) | 8T, = 0}.

From proposition 1, obviously cart?(Q,R¥) is sequentially weakly closed,
thus
Cart?(Q,RY) c cart?(Q,RY).

It is reasonable to conjecture that
Cart”(Q,RY) = cart?(Q,RY)
= {ue AP (Q,RY) [Fup € CHO,RY) N AP(Q,RY)  with u Xy
{ ) 3 ) )

but we are not able to prove or disprove such a conjecture.
The following compactness theorem, which is valid in both spaces, makes
these spaces, besides being natural, useful in the Calculus of Variations.

THEOREM 1. Let {ux} be a sequence in Cart’(Q,R¥) (respectively in
cart?(Q,R¥)), p > 1. If sup |ukll4a, < +oo and ux—u weakly in L', then u

belongs to Cart?(Q,R¥) (resp. cartP(Q,R¥)) and uy B ie

up—u,
Mps(Duy)—Mps(Du),
weakly in LP for all o, f, with |a|+ |8| = n.

The proof of this theorem is given in a slightly different context in [33]
theor. 1 of sec. 4. Here we sketch briefly the main steps for future purposes.
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LEMMA 1. Given u € H**(Q,RY) and vgs € L* (), |a|+|B| =7, |B] > 2,
consider the current S in @ x RN with components

S00(#) = [ $(a0)dz , 5,06) = (-0 [ 4o Dunida,
(2.12) a a
Sup(9) = o(ar ) / 8(z, u)vpadz, |o|+ |8 =n, |6]>2.

S is a rectifiable current if and only if vgs(z) = Mps(Du(z)) for a.e. =.

PROOF. If vgs = Mps(Du), then S = T, and proposition 1 (i) says that
S is rectifiable. Suppose now S rectifiable, then S = 7(M, 6, £). Define

Mi = {ze€ M: >0}

and denote by = the linear projection (z,y) — z.

Then, compare [33] theorems 1, 2 and remark 1 sec. 3, from the area formula
and the expression of Sg, it follows that #(M — M4) =0, 6 =1, ¥™ —a.e. on
M4, and for ae., z € m(My) there is a unique %(z) such that (z, %(z)) € My
and moreover #(z) = u(z), X" — a.e. in €1; while from the absolute continuity
of m4Sa.ps Wwith respect to Lebesgue’s measure, we get M = M4, X" — a.e..
Using again the area formula and the expression of all components but S;,, we
then get a.e. in )

i _ i-1 j

g(; = (—1) D.'U.J,

Sap

€00

Since S is rectifiable, £ is simple and as &, is positive, (2.4) reads
Vga = Mﬁa (Du)

= o(a,@)vga.

g.e.d.
PROOF OF THEOREM 1. Passing to a subsequence
ugp — u in L?,
Duy—Du weakly in LP,
Mg (Dug)—vgs weakly in LP,
for some vgs € L?, for |a|+ || = n, |B| > 2. Defining S as in the lemma, we

have
Tu,—S.

Since T, is rectifiable, 8T,, = 0, and the masses of the T, ’s are equibounded,
Federer-Fleming closure theorem yields that S is rectifiable and lemma 1 gives
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u € AP and S = T,,. This concludes the proof of the theorem for cart?(Q,R%).
g.e.d.

Finally we notice that the classes Cart”(Q,RY) and cart?(Q,R¥) are
neither linear nor convex subclasses of H!'P(Q,R¥") and that they ’coincide’
with the classes denoted by the same symbols introduced in [33].

BOUNDARIES AND TRACES. Suppose ) has a smooth boundary. As
cart?(Q,RY) c H'?(Q,RY),

for each u € cart?(Q2,R¥) the trace of u on 3Q is well defined in the sense
of Sobolev spaces. The current T, has no boundary in Q x R¥; but, since the
mass of T, in 2 x R¥ is finite, T, can be seen as a current in R™ x R¥,
simply by setting

Tu(w) = Tu(xaw), VYwe D"(R™ xRY),

xq being the characteristic function of 2. When seen as a current in R* xR, T,
has of course boundary 87T,, and a natural question is whether the trace of u
determines the boundary of T, that is if u,v € cart’(Q,R") and u = v on 81,
is it true that T, = 37T,? The answer is in general negative, as shown by the
example below, and it is positive in case u,v € cart?(Q,R¥) n H*(Q,RYV),
fi = min(n, N).

EXAMPLE 2. As in example 1, consider a smooth function ¢ : ' ¢ R? —
R¥ and its homogeneous extension to B(0,1) C R? u(z) = p(z/|z|). Denote
by v(z) the restriction of u(z) on B4 (0,1) = B(0,1) N {z; > 0}. Since v is
regular in B, (0,1),T, has no boundary in B (0, 1), and obviously v belongs
to Cart?(B*(0,1),R¥) for all p < 2. Regarding T, as current on R? x R¥, as
before one sees that the boundary of T, lies in 4B, (0,1) x RY and

oT, L_7r_1{:c2 = 0} = I“(_]'!O)! (010)”] X IH‘P(PI)}]]+
+[1(0,0), (0, 1)]] x [{e(P2)}] — b0 x px[S;i]

where S} = S* N {2z, > 0}, and P, P, are the points of S! with cartesian
coordinates (1,0),(0,1) or, equivalently, polar coordinates 0 and . If we
choose N = 2 and ¢ in polar coordinates, o(f) = (3sin26,; — 1 cos26),
ie. v(z) = (z122/|2|%, 22/|2|?), the trace of v in {z; = 0},~v, is zero,
§0(P1) = SO(PQ) = (0,0), while

OT,Lnay =0} =[Gyl - [{0} x 8B((0,1/2), 1/2))].

Of course the boundary in {z, = 0} of the current associated to the function
(0,0) is given by [G,].
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Essentially a similar situation occurs for the mapping w = (2/|z|)?* in complex
coordinates. The associated current has boundary in {0} x R? given by 2k[S!];
the boundary of the current associated to the restriction of (z/|z|)?* to Imz > 0
is given by

[Gw on Imz = 0] — k[{0} x S'].

Notice that 2(z;z2/|z|?, 22 /|2|%) can be obtained from 22/|z|? by a rotation R
of 45 degrees in the 2z plane plus a translation in the y-plane

2v(z) = w(Rz) + (0,1) , 2z =21 +122.

THEOREM 2. Let 2 be a bounded domain with smooth boundary, and let
u and v be functions in H-*(Q,R¥), N > 1, 7 = min(n, N), with the same
trace on 3Q, u — v € HY ™ (Q,RV).
Then 8T, and 8T, lie in 30 x RY and 8T, = 8T,.

PROOF. We fix some open set {1 55 0 and extend u and v as functions
in H'*(Q2) with u = v on Q\Q. Denote by u,, v the standard mollifiers of u, v
and let Q. = {z : dist(z, Q) < ¢}. Obviously

T, L7 '0-T,,
T,, L 1Q—T,,
8(T,, La~1Q,) = 8(T,, L7 1Q.),

the last equality being true, since wu.,v. are regular and ve = u. on 9fl..
Moreover, since the minors of Du. and Dv, are equiabsolutely continuous, we
have

M(T, L 1 (Q\Q)), M(T,,L7 (Q\Q)) =0, ase—0.
Therefore, for all (n — 1), form w with compact support in R™ x R¥, we have
18(Tu, L™ Q) (w) = 8(To, L™ Q) (w)] = |(Tu, — T, ) L7~ (2\Q) (w)]
< [M(Ty, L2 1(QA\Q)) + M(T,, Lo 1 (Q\Q)] sup|dw| — 0, as e—0
and this concludes the proof since

3(Tu, L7~ 10)—dT , 8(T,, L7 1Q)—3T in R™ x RV
g.e.d.

WEAK CONVERGENCE OF MINORS. As we have seen in theorem 1, bounded
sequences in Cart”(Q,R¥) or cart?(Q2,R¥) which converge weakly in L' have
minors converging weakly to the minors of the LP-limits; moreover the graphs
have no holes. Both these properties are relevant in the Calculus of Variations,
but on the other hand one can ask in general whether the minors of a bounded
sequence of mappings in AP converge to the minors of the limit function in
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L?. The answer to this question is in general negative. For instance, in [7],
counterexample 7.4, one can find a sequence of functions {ux} c H?(Q,R")
for all p < n, which is equibounded in AP for ¢ < 2, is weakly converging
in HY? for all p < n to a function u, but such that the minors M (Du;) do not
converge to M(Du). According to our next theorem, the lack of convergence
of the minors is related here to the fact that the masses of the boundaries of
the associated currents Ty, diverge to plus infinity,

M(8T,,) — +oo.

In fact a sufficient condition for the weak compactness of bounded sequences
in the AP is the equiboundedness of the masses of the 37,,, as stated by the
following theorem which has exactly the same proof of theorem 1.

THEOREM 3. Let {ux} be a sequence in AP(Q,RY), p > 1. If ux converges
weakly to u in L*(Q,R¥) and

sup [lul4» < +oo ,  sup M(3Ty,) < +oo,

then
ug—u, M(Dug)—M(Du),
weakly in LP.

Actually theorem 3 on account of lemma 1, more than on Federer-Fleming
closure theorem, relies on the rectifiability theorem. In fact, consider a sequence
{ur} c AP such that

Up—U, Duk—*Du, Mpa (Duk)—-v/;a

hold weakly in LP with |a| + |B| = n,|8| > 2, and as in lemma 1 define the
current S with components given by (2.15). As in the proof of proposition 1,
we can find a sequence of disjoint Borel sets Hj and a sequence of functions
wi € C1(Q,RYN) with

wry =4, Dwg=Du on Hg
and we can also assume that the vgs(z) are in Hj restrictions of continuous

functions. Set Qg = |J Hx, Nx = Gy, N7~ (Hg), M = Nx. Then one easily
k &
sees that T,,, —S defined in (2.12) and that

el sw= [ <u(e) 56> ds), 2= (2,9),
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where
18] = 6(z)H" L M.,
0(z) = |M(Duwi) [ (1 + [Duwgl* + To3,) 2
z € N 50 wi(z) = u(z),
@1 §e)= Y s A,

la|+]|8|=n
%0(2) = (14 |Du(a)® + Bo34(a) 712,
¢;(2) = (1) Diu? (2)¢50(2) , Sap = ole, &)vpa(z)s0(2)-

Obviously 6**(||S||,z) > 0 ||S|-a.e., so if we assume supg ||8Ty, || < +oo, which
gives M(88) < +oo, the rectifiability theorem yields at once that S is rectifiable
and lemma 1 that vgs = Mgs(Du).

Using the special structure of our currents T, and S, and essentially
repeating the simplest part of the proof of the rectifiability theorem, as pointed
out by S. Miiller [50], we can actually give a much weaker condition ensuring
the weak convergence of minors.

THEOREM 4. Let u; be a bounded sequence in AP converging weakly
in L? to some function u. Denote by ¥ the class of linear combinations of
(n — 1)-forms in R**N of the type

(2.16) ¢(z, y*') dz* Ady?, le|+|8l=n—1, i€ 5.
Suppose that
2.17) sup sup {87y, (w) | w € 7, |w| £ 1} < +o0.

Then M(Duy)—M(Du) weakly in LP.
This theorem is an immediate consequence of the following proposition.

PROPOSITION 3. Let S be the current defined in (2.12) or equivalently in
(2.14), (2.15). Suppose that

(2.18) sup{dS(w) | w € 7, |w| < 1} < 400

where ¥ is the family of forms in theorem 4. Then S is rectifiable and in
particular we have vgg = Mps(Du) for all a,p with |a|+|8|=n, B> 2.

PROOF. Using the previous notations, on account of lemma 1, it suffices
to show that, for all k and all zo € N, S(2) is a simple n-vector orientating
Tanzo Nk'

Following [59], pag 186-187, we use a blow up argument around zo. Writing
na(z) = A7 (2 — 20),
9*"(||Sl, M — Nk, z0) = 0,
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one easily sees, compare [59], that for A — 0
magS(w) — 5(20)/13 < ¢(20),w(z) > d¥™
where P is the tangent space T,, Nx of Ny at z, i.e. of G,, at zy, while
InagS(w) —0, Ywe?F.

Finally, since the masses of n,xS are locally equibounded, passing possibly to
a subsequence X, | 0, we conclude that

n,\l#S—~S°°, BSOO(w) =0, V(UE;',
where S, is given by
Seolw) = 0(a0) [ < slao)swle) > dH"(2),
P

P = the plane y = u(zo) + 7 (z — 20) ,

n = Du(zo) with the natural orientation.
We shall now prove that ¢(zo) orients P. Denote by R the linear transformation
Z=z, §g=y—u(zo) — 7 (2 — 20).
Observing that the forms of the type
$(z, 9" — u(z0) — 7 (2 — 20)) dz* Ad(y — u(z0) — 7 - (z — 20))?,
with |a|+ || =n—1 and 4 € B, belong to 7, we get
dR4S(n) =0,
for all y of the type
®(z,9')dz* AdgP, |o|+|Bl=n-1, i€8.

This, compare [59] p. 187, easily gives that Rg¢ is the orienting n-vector of
the plane R™ x {0} and therefore ¢ is the simple n-vector orienting P.
q.ed.

A condition implying of course (2.17) is

(2.19) 0T, (w) =0 VYweE 7.
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It is easily seen that (2.19) can be written more explicitly as the family of
“Green-formulas™: for all o, f,s, with ||+ |f|=n—-1, i€,

/ [Z 04,3 — 1) b, (@ 4h) Ma(a—s) (Dux)
JE@

(2.20)
+0(%, B) by (2, uk) M(p1i)a(Duk) |dz = 0

where f + ¢ denotes S U {:} in the natural order so that o(z,4) is the
sign of the permutation which reorders the indices in the normal order, i.e.
dz; A dzP = o(s, B)dzP*i. Thus, again on account of proposition 3,

PROPOSITION 4. Let {uy} be a sequence in L*(Q,R¥N) with minors in
L1(9Q). Suppose that up, — u, Mpg(Duy) — vga strongly in L and that (2.20)
holds for all elements uy. Then

Yga = Mﬂa (Du).

We remark that proposition 3 trivially implies theorem 1, and actually allows to

give a much simpler proof of it. This was indeed pointed out by S. Miiller in

a recent paper [50], where he proved in a slightly different way proposition 4

under slightly stronger assumptions. We have preferred starting with our original

approach because it extends immediately to more general and relevant situations.
Formally, the relations (2.20) can be written as

NN ;
/ 2 :U(zad - ])3 '¢(.’Z:, uk)Mﬂ(ﬁ‘j)(Duk)dx =0,
O jea Ty

since by Laplace formula

(2.21) o (i, B)M(ps1)a(Dur) = Y 0(4, & — 5) Djui Mp(a—j) (Dux),

JEa

and they yield, for ¢ = ¢(z), that “all minors have free divergence”
0
(222) —Mﬁ(a—j) (Duk) =0.
azj

Notice that for smooth functions (2.21), (2.22) hold and are indeed equivalent
to (2.20).

As one might expect, condition (2.19), equivalently (2.20), is weaker than
dT,, = 0. For the reader’s convenience we state, omitting its simple proof, the
following proposition.
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PROPOSITION 5. Let uw € H*(Q,RY) and M(Du) € L*. Then 3T, =0 if
and only if for all o, B, with |a|+ |B| = n—1, and for all ¢ in D(QAxR¥N), we
have

/ [Z o(5, @ — 7) @z, (2, u) Mp(a—j) (Du)
O ljea
(2.23)
+ Za(jaﬂ)‘ﬁy'(x’ u)M(ﬂ'H)a(Du) dz = 0.
jEB

Example 2 below shows a function u in AP satisfying (2.20), but not (2.23),
i.e. with non-zero 87T,. But first let us introduce one more family of functions.
We denote by AP(Q,R?¥) the subfamily of mappings u of A7(Q,R¥) for which
the Green-formulas (2.20) hold with u; replaced by u

AP(Q,RY) = {u € AP(Q,RY) : (2.20) hold for all |a| + |8] =n—1, i € B}.

It is easily seen that z/|z| € AP(B(0,1),R¥) does not belong to AP(Q,R¥),
thus
AP(Q,RN) ¢ AP(Q,R"™).

Moreover by the example below

cart”(ﬂ,RN)gA"(Q,RN).

However sequences in AP(Q1,R¥),p > 1, which are equibounded in AP, are
weakly compact, i.e. the minors converge weakly in L? to the minors of the
limit function; and this makes it possible to discuss variational problems in
AP(Q,RYV).

EXAMPLE 2. As in example 1, consider the Lipschitz-mapping ¢ : §! — R3
whose components in polar coordinates, z = (r,§), are given by:

©p1(f) = cos4f, a(0) =sindd, 3(d) =0,
for 0 <6 < x/2
p1() =1, @2(6) =0, s(f) =6—7/2,
for 7/2 <6 < m;

p1(f) = cosd(m —0), a(f) =sind(r—6), @s(f) = g,
; ,
for #r <8< 51:;

@1(0) =1, $02(6) =0, 903(6) =2 -0,
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for % < 6 < 2m; and consider its homogeneous extension u(z) = ¢ <|z ) As

we have seen u € AP(B(0,1),R®) and, using. our special ¢,

8T, = [0] x p[S*] =[0] x [{y : [y|* = 1,35 = O]
+[0] x [{(1,0,y3) : 0 < y5 < 7/2]

[
[
0] x [{y: 9+ 95 = 1,ys = /2]
[
[

[0]
—[o]
I[OJ]X {1 ans} 0<y3<1r/2]]
[o]

= [0] x [{y: y1+y2—1,y3—0}]] O] x [{y: 93 +v5 =1, ys =n/2}],

thus 3T, # 0. Observe now that if P is one of the three 2-dimensional coordinate
planes in R} and if =, is the orthogonal projection of R? x R® on R? x P,
then obviously 87,4 T, = mpxdT, = 0. Thus one easily sees that 3T, = 0 on
all (n — 1)-forms, n = 2, of the type

(224) w = Z paﬂi(z: yﬂl 3 yﬂz’ ey yﬂlﬂl ) yi) dz* A dyﬂ

lal+1Bl=n—1

1€R

which clearly contain the (n — 1)-form of type 7 in theorem 4, so 8T, (w),Vw €
7. We notice that the forms in (2.24) are exactly the ones used in [50] and
that 8T, (w) = 0, for all w of type (2.24), is equivalent to the relations (2.20)
where ¢ is allowed to depend on u?1,.. . uPisi,
Of course the example above extends to all dimensions, for instance a similar
example from R3 — R3 is given by the function #(z1, z2, z3) = u(z1, z2).
We observe that, if {ux} is any sequence of smooth functions converging in

L1(B(0,1),R3) to u(z) = ¢ <T£T> defined above, then

/ |M(Duk)|2dz — +o0.
ol .

Otherwise, passing to a subsequence, T,, —T,, u € cart’(B(0,1),R?), so in
particular 3T, = 0 contradicting the fact that 3T, # 0.

Finally, we observe that condition (2.17) or (2.19), (2.20) are not invariant
by orthogonal transformation in R , while the conclusions in theorem 4 or
proposition 4 are invariant.

VARIATIONAL PROBLEMS. Consider a variational integral of the type
7(u, Q) :/ F(z,u(z), M(Du(z))) d=
Q

where M (Du(z)) stands for all minors of the Jacobian matrix of a mapping
u:0 — RY, and suppose that F(z,u, M) is convex in M and, for simplicity,
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satisfies

IM|P < F(z,u,M) <c¢(1+|MP), p>1.

Of course we can extend the functional 7, naturally defined on the class of
smooth mappings, to A?(Q,R¥) in the trivial way, for u € 47(Q,R%)

F(u,Q) = /ﬂ Fl(s, u(z), M(Du(s)))ds,

so 7 is defined in each of the spaces

Cart’ (0, RY) ¢ cart?(Q,RY) - AP(Q,RY) S AP(Q,RY).

In view of the weak compactness theorems we have proved, and of a classical
theorem of semicontinuity, we can conclude, compare e.g. [33], the existence
of a minimizer with prescribed Dirichlet’s boundary in each of the classes
Cart? (2, R¥), cart?(Q,R¥), A?(Q,R"). But a few remarks are necessary.

Let us start by discussing the ’Dirichlet boundary conditions’. For the sake

of simplicity, let us fix a smooth mapping in R™ and its restriction uq in f1.
We have several possibilities of prescribing the “Dirichlet boundary condition
uo” for elements of (subfamilies of) AP(Q,RY).

(a)

(b)
©)

As AP(Q,RY) c HYP(Q,R¥), we can require that the trace of u €
A?(Q,RY) and of uo on 8Q be equal, i.e. u—ug € Hy?(Q,RY).
We can require that 8T, L (30 x RV) = 8T, L (802 x R¥).

More generally, we can impose that (3T, — 8Ty, )(w) = 0 for all (n — 1)-
forms in some family containing the forms of the type

¢($)a;i,

so that u — ug € H}(Q,R™V).

For all corresponding ’Dirichlet’s problems’ we can easily prove existence,
but the geometrical or physical situation described might be completely
different. In a sense, only problem (b), which gives the maximum of
prescriptions, should be considered as the ’Dirichlet problem.’

Secondly, and this is probably more important for the sequel, in AP(Q2,R™)

we should expect a Lavrentiev phenomenon, i.e. that

inf  F(4,Q) < inf F(u,Q).
AP(QR M) Cart?

In fact the example 2 above shows that F(u,0) in AP(Q,R¥) is not the
’Lebesgue extension’ of 7 on AP(1,R¥),

F(u,Q) := inf{lilzn inf 7 (uk, Q) : {ux} smooth, uxz—u in Ll},
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since if 3[G,] # 0, #(u, Q) = +oo and the possible occurrence of boundaries
in QxR¥ of 8T,, u € AP (Q,R¥), makes the problem, as it will be clarified in
the sequel, more like a boundary problem with free ’boundaries’ in the interior
of ) than like a real Dirichlet problem. In some situations we shall instead see
that 7 on Cart?(Q2,R”¥) is the Lebesgue extension of 7 on smooth mappings,
and we are tempted to conjecture this fact in general, but we have no proof of
it.

Lavrentiev phenomenon, related to the choice of the space and the
extension of the functional there, occurs in many contexts, for example in
elasticity in connection with cavitation (see e.g. [6] and for a discussion [33],
see also [45]) and it seems typical when considering mappings on manifolds, see
e.g. [37], [14]. In the following sections, we shall explain how this may depend
on the choice of Sobolev spaces instead of a space of ’cartesian currents’, in
the same way as for AP and cart®.

The rest of this section will be dedicated to defining briefly general
cartesian currents and discussing some of their relevant properties. We shall
refer to [33] for the proofs. The general setting, which at first sight might
appear exaggerated, is justified by the relevance of problems where one asks to
minimize integrals, for example, in dimension n = 2, of the type

1
/ [§|Du|2 + |det Dul|| dz, u:QCR2 R,
|
where one has a quadratic behaviour in |Du| and only a linear growth with

respect to the minors (or some of the minors).

CARTESIAN CURRENTS AND THE PROJECTION FORMULA. Let {1 be a
bounded domain in R%. From now on we shall denote by U the cylinder
O xRY in R**N = R? x Ry. We define the cartesian norm of a current
TeD,(U) by setting

ITllc = Mo(T) + 1Tl 21y

where

[Tl (q) = sup{Too(ly|¢(z,¥)) : 6 € D(U) , [4llc.v < 1},

Ty being the first component of T with respect to the fixed basis of R} xR ).
Finally we denote by C the Banach space of currents with finite cartesian norm

C:={T€D,(U):|T|c < +oo}.

The Banach space C is the dual of a separable Banach space and the weak*
convergence in ¢ amount to weak convergence in the sense of currents with
equibounded € norm, compare [33].

DEFINITION 3. (compare [33]). The family of cartesian currents
cart(2,R¥), is defined by

cart(Q,RY):={T € C: T € R,(U),8T =0 in Q xRY, 74T = [Q], Tgo > 0}
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i.e. as the family of rectifiable currents with finite cartesian norm which have
no boundary in 0 x R¥, project into [Q] with multiplicity 1, and carry the
orientation of R7.

DEFINITION 4. We define Cart(f2,R¥) as the smallest set in C containing
the current integrations over C* graphs and which is sequentially closed under
the weak* convergence.

The currents in cart(2,R¥) are roughly integration over graphs which
might have ’vertical pieces’, compare [33]. We shall now make that statement
precise.

Let T = 7(M, 6, ) be an n-dimensional rectifiable current in R7? xR Y with
finite mass and finite Ll-norm, and let « be the linear projection (z,y) — z.
By Lebesgue’s theorem, T is well defined on the pullback 7#w of n-forms w
with compact support in R?. Thus the projection 74T of T is defined as the
current in D"(R%) given by

14T (w) := T(r*w) = / < 7tw, &> 6dX" L M.

We shall now give an explicit formula for g T ([59] 27.2).
For ¥" L M a.e. z, = defines the linear map

dm, : Tan,M — A;R",

given by 7 = (71,...,7n4+n) € Tan,M — (74,...,7,). The Jacobian of = is given
by
Jnm(2) = | An dmz(€(2))]

and clearly J,w(z) = 0 if and only if Tan, M contains vertical vectors. The area
formula (cfr. [30] 3.2.19, 3.2.20, [59] 12) states that, given an n-rectifiable set
W in R™*¥  then n(W) is n-rectifiable in R7, the function z — ¥°(Wnn~1(z))
is ¥™ L n(W)- measurable and finite, and

(2.25) /J,ﬂrd}("L_W=/XO(Wﬂw_l(z))d}("Lw(W)(z).
Let M, be the set of points of M where dr has maximal rank
M ={z€ M: J,x(z) > 0}.

Applying the area formula, then one gets

(2.26) 4T (w) = / < w(z), |§§:;| > |¢(z)|dX" Lr(My)

where

An d""z(f(z))l

zEn—1(=z

- Y o2l
)
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Notice that And7=lélz) _ o A Ae,, and that, if T € cart(Q,RY), then
Ay dr(é(z

Inm(2) = &oo(2)

so that
My ={z € M: &(2) > 0}.

Let T € cart(2,RY). Since the constants are T,g-summable and |y| is Tpq-
summable, by Lebesgue’s dominated convergence theorem, we deduce

Too(é(z, 9)y") = /M 8(2, 9)v" €0 (2, 9)6 (2, ¥) dX" (3, ),

Top($(,9) /M 8(2,9) €as (2,9)0(2, 5) X" (2, 9),

for all bounded and Borel functions ¢ in {1 x R¥; in particular we can consider
the measures in )

du’(T) := 74 (Too L ¥") : ¢ = Too(y'9(a)), ¢ € (),
Mps(T) :=0(a,a)muTop : ¢ — oo, @)Ta p(é(z)), ¢€D(0),
for |a| + |B| = n. Moreover, we denote by
Mpa(T) = Mpa(T)"dz + Mpa(T)°*

the Lebesgue decomposition of the measure Mg, (T). Using the projection
formula and lemma 1, one can show:
THEOREM 5. Let T € cart(2,RY).

(i) The measures du?(T) are absolutely continuous with respect to Lebesgue

measure, and if we denote by ul.(z) their densities we have uj €

BV (Q,RY) and .
Diul, = M;(T).
() X"(Q\n(My))=0, (2) =1, ¥"L M4-ae., and X"L M, -ae. we have
My = {z = (5,9) s 3 € (My),y = ur(o)}.

(iii) For all a,B,|a|+|B|=n,|8] >0,

Tapl My(é(z,y)) = a(a,&)/ﬂtﬁ(z, ur(z)) Mps(T)*dz

and

Too(4(z,y)) =/(;¢(:€,ur(:c))dz.
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Moreover,
Mps(T)*(z) = Mpa((Dur)®(2)).

(V) If (mg|Tapl)® =0, then |Top|L (M\M4) = 0, hence

Top($(2,9)) = o(a, ) / #(2, ur (2)) Mpa((Dur)®(2)) da.

In particular, if (7g|Tapl)®* = 0 for all a,p,|a|+|B|=n, then
ITI(M\M4) =0, ie. M= My, "L Ma.c.. This implies up € A*(Q,RY),
and

Tos($(z,9)) = o, a) / $(2, ur () Mpa(Dur (2))dz

ie. T="T,,.
Furthermore if {Ty} C cart(Q,R%), sup |Tkllc < +oo, and Tx—T, then

ur,—ur in BV(Q,R¥), and for all a,p, Mps(Tk)—Mpa(T) in the sense of
measures if either the supports of the Ty are bounded or the ny|Tog| are
equiabsolutely continuous with respect to the Lebesgue measure. In particular
cartP(Q,RY) is weak* sequentially closed in C.

As shown in [33], the measures Mg, (T) do not fix the current T, in the
sense that for different T, S we can have

T4 (Tap) = 74 (Sap) Vo, with |a| + |f| = n;
actually we can also have

T2 (|Tapl) = 74(|Sasl),

as shown by the currents in R, x R?yl‘ v?)

To=[Rzx(0,0)] +[0x {y:9?+ (y2—1)2=1}]
So = [Rg x (0,0)] +2[0 x {y: ¥ + (y2 — 1/2)% = 1/4}];
as in [33] sec. 3, one can see that Ty, So € Cart(R,R2). While any current T in

cart(2,R¥) has density 1 in M, the density of its “vertical part” TL (M\M)
is essentially uncontrollable; for example, the vertical part of the current

T(2))a))« + k[{0} x B(0,1)] € Cart(B(0,1),R?), z€ C, ke N,

obviously given by k[{0} x B(0,1)], has density k.
Finally we recall that using the closure theorem of Federer-Fleming, one
shows the following compactness theorem (see [33]).

THEOREM 6. Let {Tx} C cart(Q,R¥) be an equibounded sequence in C,
sup ITk|lc < +oo. Then there exists a subsequence which converges weakly to

a current T in cart(Q,RY). Moreover the same result holds in Cart(Q,R%).
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PROOF OF THEOREM 5. As T € cart(},R%), we have

T = [, mle e N (0) = [ o)
On the other hand, by the projection formula we also have

/M+¢(z)sm(z,y)o(z,y)dx" -/ RCEp NI

m(M+) y€n—1(x)

hence we conclude that ¥™(Q\ n(M,)) = 0 and

(2.27) > b(zy) =1 forae zeq.
yen—1(x)
For future use, we denote by N a Borel set contained in n(My) with
¥n(x(M4+)\ N) = 0 and such that (2.27) holds for N. For each z € N
there exists a unique y = #(z) such that (z,4(z)) € M4 and by definition
Hr(My\ 7" 1(N)) =0, and 6(z) =1 ae. in M,.
From

[ #e)a(1) = Twlte) = [ $2)() ds
Q
where in the last inequality we have again used the area formula, we conclude
that du?(T) is absolutely continuous with respect to the Lebesgue measure with
density uz which agrees a.e. in Q with %/, This proves (ii) and part of (i). The
second part follows easily by considering the (n — 1)- form

w(z,y) = y'é(z) dz, #(z) € C*(Q,RY).
We have in fact

dw = y'Dip(z)dz; Adz; + $(z)dy’ Adz;

thus
(2.28) 0=93T(w) = T(dw) = (-1)*"* {/ D;¢dw’(T) + /¢(z) dM,-i(T)}.
Let us prove (iii). By the projection formula and (ii) we have

(Taﬂ[—M-l- / ¢(z)0(x y)gaﬂ( ay) ax” (z)y)

taslorur(s)
/ ¢(z) soo(z urle)) ¥
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&'a T,ur\%
. qo\%, ur (%
n4(TapL M4) is absolutely continuous with respect to Lebesgue’s measure
in Q. As 7mg(TapL (M \ My)) is concentrated over 1\ N, we therefore
conclude by the uniqueness of Lebesgue’s decomposition that 74 (Top L My) =
o(a, &) Mps(T)* dz. The first two formulas of (iii) then follows easily, while
the third one follows from (2.4). Since (74|Tap|)® = mu(|Tap| M\ M4), (V)
follows easily. Let us finally prove the last part of the theorem. The sequence
{ur,} is equibounded in BV (Q,R¥) and in particular in L (Q2,R¥), 1* being
the Sobolev exponent associated to 1; consequently {ur,} is equiabsolutly
continuous in L!(02,R?¥). From

in particular we deduce that is a summable function, and

/¢(xauTlc)uTk dm“’/ ¢($,UT)‘quZ,
Q Q

valid for all ¢ with compact support, it then easily follows that up, converges
weakly (hence strongly by the equiboundedness in BV) to ur. Similarly one
proceeds for the minors.

q.e.d.

For future purposes, it is convenient to introduce a more general class
of cartesian currents. Set # = min(n, N) and denote now by p a multiindex
p = (po,p1,...,pn) Where p; ER, p; > 1, :=0,1,...7. For T € D,(U) we set

[ Tlzo = sup{T(ly|*°¢(=,y) dz) | ¢ € D(U), sup|¢| < 1};

for an n-form w in U

w= Z Wap (2, y) dz® A dyP,

la|+|B|=n
we set /g 1/p,
P Py
folaers = { [ sso{ ¥ wmslon)?} azf
0 ¥ Laiiipi=n
1pI=k
p}, being the dual exponent of pi, pj = P_k%’ and

lwlaes = max s

Finally, for T € D,(U) we define

[Tl ag7x := sup Z Top(wap) | w € D™(U), |lw|pee <1

lal+|Bl=n
181=k
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and

and we consider the Banach space
C?* ={T e D"(U):||T|carrr < +o00}.

Observe that C? is the dual space of the separable Banach space{ w | |lw|a» <
+oo} and that the weak* convergence in (P is equivalent to the weak
convergence of currents with equibounded cart?-norm. Notice that if u €
CY,RYN), T =[G,] and M(Du) denote all minors of order k, then

1/pk
ITlese = ulroasmy o [Thoer =, _max { [ (pu(Duypeas}

and in general |T|pre is the total variation of the vector valued measure
(Tap)|a|-;|£|k=n, if pr = 1, while for p, > 1, ”THMPI: is the LP+- norm of the
vector valued Radon-Nykodym derivative of (mg|Tag|) iai+i81=n With respect to
Lebesgue’s n-dimensional measure. P

DEFINITION 5. We define
cart?(Q,R¥) := (P N cart(Q,RY)

and we define Cart?(Q,R¥) as the smallest set in CP containing the currents
integrations over C' graphs and sequentially closed with respect to the weak*
convergence in CP.

Of course cart?(2,RV) is sequentially weak* closed,
Cart?(Q,R") c cart?(Q,RY) c cart(Q,R")

and all elements of cart’(Q,R¥) enjoy the properties stated in theorem 5. For
p=(1...,1), cart’(Q,R¥N) = cart(Q,R"); notice however that |T|c.1....1)
and ||T||c are equivalent but not equal; for p = (p,...,p), p > 1, one easily
sees that the spaces of currents and of functions, both denoted Cart?(Q,RY),
coincide. Finally we explicitly remark that the compactness result in theorem 6
holds also in cart?(Q,RY), p= (p;)i=0,...n> pi > 1.

WEAK DIFFEOMORPHISMS. For future purposes we shall now recall the
definition of a few classes of weak diffeomorphisms, introduced in [33]. Let
02, 1 be respectively bounded domains in R” and R3.

We denote by 7 : R7 xRy — R and # : Rf x R} — R7 the standard
linear projection operators and by : the map defined by

i(z,y) = (y,2).
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Given a current T we denote by T the current 14 (T). If T is integration over
the graph of a smooth diffeomorphism u with inverse #, we have

——

[Gu] = [Gal.

DEFINITION 6. The class of weak diffeomorphisms dif*?(Q, ), with
p,q > 1, is defined by

ditr(0,0) = { Te car’(q,R") | T e cart(@),R")}

We say that {Tx} converges weakly to T in dif”?, if Tx—T in the sense
of currents and

”Tk”dif”vq(n.ﬁ) = ||T”cart"(n.R") +||T||canq(ﬁ.R")
are equibounded.

DEFINITION 7. We define Dif""‘(ﬂ,ﬁ), p,q > 1, as the smallest set in
dif”?(€1,€1) which contains the class of C*!-diffeomorphisms between Q1 and
€1, denoted by Diff(Q, ﬁ), and which is sequentially closed with respect to the
weak convergence in dif®?(q, ().

It is not difficult to see that Dif*¢(€,{1) coincides with the family
introduced in [33] and that both families dif’? and Diff? are closed with
respect to the weak sequential convergence with equibounded dif®*?(€, ) norms,
compare [33].

Also, theorem 2 sec.4 of [33] is valid for the elements of dif?¢((,(1), in
particular:

THEOREM 7. We have
dif"?(Q,€) = { T € Da(R?™) | Jue cart’(Q,R"),3d € cart?({l,R")

such that T =T, = j‘:}

Moreover we have

t(u(z)) =2, H"-ae ze€q, u(d(y)) =y, X'-ae ye€ Q,
[ ety = [ oluasetDu(z) ds

also almost everywhere
detDy >0, detDi>0

and

Mga(Du(a(y))

M,5(Di(y)) = ole, 8)o (8, A) = rn e
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We remark that theorem 7 says that in a weak sense u and 4 are each the
inverse of the other.

Similar definitions can be given in the case p,q = 1, or p, ¢ multiindices;
moreover, several other classes of diffeomorphisms u from 2 into u(Q2) can
be defined. But, since we are not going to use those classes in the sequel, we
simply refer to [33].

Finally we mention that in difP-? or DifP? a compactness theorem is valid,
thus variational integrals which are coercive with respect to both dif**? norms
can be easily minimized. This kind of functionals are relevant in nonlinear
elasticity, compare [33].

3. - The degree of cartesian currents

In this section we shall discuss the notion of degree for cartesian currents.
As in [30] 4.1.26, and [1] 1.7, our definition is based on the following

CONSTANCY THEOREM (see [30] 4.1.7, [59] 26.27). If Q is a connected
open set in R™ and T is an n-dimensional current in 1, without boundary in
Q, then there exists a constant m € R such that

T = m[Q];

if moreover T is rectifiable, then m is an integer.

In the second part of this section we shall discuss relationships between
local and global weak diffeomorphisms in terms of degree. And, finally, we shall
make a few remarks on the degree of generalized mappings between manifolds.

DEGREE. Let T € cart(Q},R ) where Q is a bounded domain of R}. Denote
by m,# respectively the linear projection of Ry x R} into Ry and R}. For
any Borel set A C 1, we consider the rectifiable current 74, = TL 7~ 1(A)
in R? x Ry, and its projection on R}, #4x(TLn'(A)). Finally set for
simplicity I'r, 4 := R} \sptd#4(Ta). For any y € I'r 4, we consider its connected
component C, in T'r 4 and we notice that the current #4T4 L C, has no
boundary in C,, thus by the constancy theorem

(31) ﬁ'#TA L.Cy = m][C’y]]

DEFINITION 1. The degree of T with respect to A at y, deg(T, A4,y), is
defined as the number m in (3.1).

By definition deg(T, A,y) is an integer, is constant on each connected
component of I'r 4, is zero on connected components with infinite measure,
and if w is an n-form on R? with spt w C C, and [wdy = 1, then (compare
e.g. [52])

deg(T, A,y) = Ta(#*w);
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obviously we also have

11'# TaL FT,A = Z deg(T, A, yi)ﬂoi]]

where {C;} is the family of connected components of I'r 4 and y; is a point
in C,'.

Using the projection formula in section 2, with « replaced by #, we
shall now give a pointwise expression of deg(T,A,y). As T is rectifiable,
T =1(M,6,¢) and

€)= D faplz)e® A€, H"—ae.ze M.

|al+l=n
 Set now
Mt i={ze M| [éwo(2)] >0}
(32 B(y, 4) = > (z) S00l2)
)

)
z€ER~(y)NnM*tnNn—1(A 1606(2”

recall that £y5(2)e® A€e® = And#,(€(2)). From the projection formula we get that
#(y, 4) is finite for ¥™-ae. y € #(MT Nnx~1(4)) and that for every n-form w
with support in C,

deg(T, A, v) /w = deg(T,A,y)/ <w, > d¥" = 74 Ta(w)
Cy
= / <w, > Py, A) dX™.
#(M+Nr=1(4))
Thus we conclude at once
PROPOSITION 1. Let T € cart(Q,R}). Then for almost every y in T'r 4

(3.3) deg(T, 4,y) = ®(y, 4).

Moreover if Cy is the connected component of y in I'r 4, and if deg(T, A, y) # 0,

then a.e.
Cy Cc (MY Nna~1(4));

in particular if Cy is not contained in the image of M* N n~1(A), then
deg(T, A,y) = 0.
If T € cart?(Q,RY), p>1, then §(z) =1, ¥" -ae. on M, and

&oo(2) = & detDur(z), ae. z€, z= (z,ur(z)),
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up being the function in AP so that T,, = T; thus (3.3) reads as

(34)  deg(T,A,y)= Y sign detDur(z), ae. y€Tlra.
z€uzl(y)nA

The next theorem shows that the degree defined above enjoys all properties of
the classical degree for smooth mappings (see e.g. [52]).

THEOREM 1. Let T € cart(Q,R}). We have
(i) (excision) Let A, B be two Borel sets in R? with A C B. Suppose that
y €'t 4 NT'7 p and that the connected component of y in I'r 4 NI'z.p has an
empty intersection with #(My N (B\A)), then

3.95) deg(T, A,y) = deg(T, B, y).

More generally, if {A;} is a numerable familj of disjoint Borel sets, y €
oo (o]
> 0, then

T I' » d I"|T « T
iDl 7.4, T.U and ¥ <T‘UA.n.»Dl T4
1 1

(3.6) deg(T, | 4i ) = ) _ deg(T, 4;, ).
(i) (Homology invariance) Let T, S € cart(Q,Ry) and let A C Q be a Borel
set. If

8Ty = 884

then T'p 4 =T'g 4 and
deg(T: A, y) = deg(S, A, y): Vy € FT.,A-

(iii) (Homotopy invariance) Let T; € cart(Q,R}), t € [0, 1], and let A C Q be a
Borel set. Suppose that Tys = Ty L n~*(A) is a continuous map from [0,1] into
Dn(RE xRY), ie. t = Ty4(w) is continuous for all w € D™(R™). Suppose finally
that yo be an interior point of () Tz, .4, then deg(Ti, A, yo) is independent
tefo,1)

of t.

(iv) (Leray product theorem) Let ¢ : R} — R} be a Lipschitz map and denote
by ¢ the map (z,y) — (z,é(y)). If C; are the connected components of Tt 4, A

a Borel subset of Q1 and y; are points in C;, then for any y & $(R™\I'r,4) we
have

deg(&# T) A: y) = Z deg(T1 A) yi)deg(¢: Ci: y)'

[e.°]
PROOF. (i) For ae. yeT o [((Tr.4, wWe have
T.U 4, i ’

deg(T’UAi:y) = ¢’(y:GAi) = Z¢(y1 At) = Zdeg(T, Aixy)r
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so (3.6) follows and, as (3.5) is an immediate consequence of (3.6), (i) is
proved.

(ii) Since T4 = 354, we have 8#4T4 = 3% 454, hence T'r 4 = s 4. Let
y € I'r 4 and let B be a ball around y and contained in the connected component
of y in I'p 4. If w € D*(B) with [w = 1, from the definition of degree we
have

l deg(T, 4, y) —deg(S,4,y) = 'fr#(TA - SA)((‘))‘

Now, since (T4 —S4) = 0, one easily sees that there is an (n + 1)-dimensional
current ¥ such that Ty — S4 = X (compare e.g. [30] 4.1.11); thus

deg(T, A,y) — deg(S, A,y) = #49%(w) = E(A* dw) = 0,

being dw € D"1(RY).
(iii) Let w € D™(R}) with sptw contained in some ball B(yo,r) € (] T a.
t€(0,1]
We have
deg(Tt: A, yO) =Tia (7?#(‘)) = TtA(ﬂir#w)

where n € C°(R?), n = 1 on Q. Since deg(Ti, A,yo) is an integer and is
continuous in ¢, it must be constant for all ¢.

(iv) Since y € ¢(R"\I'7 4) we can find a ball B around y, B € R"\¢(R™\I'r, 4);
moreover since ¢(R™\I'r 4) D spt®u#43T4, we can also assume that B is
contained in the connected component of y in I'; .. ,. Also, we obviously have
¢ 1(B) c 't 4 and B c R™\¢(8C;) for all 5. Hence we can write

deg(®4T, A, y)[B] = #4(4T)aL B =Dy (iyT)L B = B4 (#4TaL ¢~ (B));
on the other hand

iygTal ¢~ (B) =) deg(T, A, ) [CiL ¢~ (B)]
$0

By (4 Tal 671 (B)) = 3 deg(T, A, ) 041C; L4~ (B)]

= Z deg(T, A, y:) deg(¢, Ci, y)[B].

1

q.e.d.

The degree defined above is stable with respect to the weak convergence
of currents with equibounded masses. This is stated in the two following
propositions, the first of which is a simple rewriting of the homology invariance
of the degree.
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PROPOSITION 2. Let Q2 cc § be wo bounded domains in R™ and let
T, Ty € cart(Q2,RY)

be such that
s%pM(Tk) < 400, Tx—T.

Suppose that 3
(Te — Tw)L o~ 1 (Q\Q) =0, Vh,k,

then for all y € Ty g
deg(Tk, 2, y) = deg(T, Q,y).
PROOF. In fact for all &
T Lo Y (Q\Q) = T2 H(1\Q)
hence
ATrL 7 1)) = 8(Te L 1 (1\Q)) — (T L~ 1(\Q)) = 8(TL ()
and the result follows at once from theorem 1 (ii).

g.e.d.

PROPOSITION 3. Let T, T} € cart?(QQ,R™),p > 1, and let A be a Borel set
in Q. Suppose that
Sli:p ”Tk”cam’ < +o0, T.—T.

Then
deg(Tk, A, y) — deg(T, A, y)

provided y is an interior point of T aNNTr,.4-
k

PROOF. Let w = ¢(y)dy be an n-form with compact support in the
connected component of y in I'r 4 (N I'r,,4 With fw = 1. We have
k

deg(Tx, A, y) = &y (Ti Ln~ ' (A))(4(y)dy)

- / é(uz, (z))detDuz, (2)dz — / b(uz () Duz (2)dz = deg(T, 4, y).
A A

q.e.d.

EXAMPLE 1. Consider the current T € Cart(B;(0),R")

T = [Gy)a)] + [{0} x Bi]
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where B; is the unit ball around zero in Ry. As we have seen in [33], T is
the weak limit of a sequence of smooth diffeomorphisms which preserve the
orientation from B; into the unit ball B; in Ry with the same boundary (and
obviously with degree 1) and with equibounded masses; thus, with the notations
of [33], T €Dif(B;, By). It is easily seen that

I'r.p, =RI\3B,
1 for Yy € 31\331

de T,B, = A A
8(T. B1,9) {o for y ¢ By UdB,.

DEGREE AND WEAK DIFFEOMORPHISMS. Consider a cartesian current
T =1(M,8,¢&) € cart(Q,R")
(or a current T = T, € cart?(2,R"),p > 1). We say that T is a (weak) local
diffeomorphism from Q into 1 if

(i) &pp(2) >0, ae. z=(z,y) e M (or det Du(z) > 0, a.e. z € (),
(i) sptdT c 80 x af.

We observe that R™\(] is contained in a connected component of infinite
measure of I'r g, since 3T c 90 x 811, thus

deg(T,Q,y) =0, VygQuan,

and -
sptaT C
in particular #(M) c 1. From (3.2), (3.4) we immediately get

THEOREM 2. Let T € cart(Q),Ry) be a local diffeomorphism into Q, let C
be a connected component of I'r.q and let y € C.

i) If deg(T,Q,y) =0, then #(M)NC = .

ii)  If deg(T,Q,y) = m > O, there for almost every y € C then is at least
one and no more then m points (z,y) € M, and #(M) > C. Moreover, if
T =T, € cart?(Q,R}),p > 1, then for a.e. y € C there exist exactly m
distinct points z,,..., &y, in £ such that

{z | u(z) =y} = {z1,.. -, Zm}
and u(2) D C.

EXAMPLE 2. Identify R2 ~ R2 with the complex plane C and denote by
B, and B, respectively the unit ball in R2 and R2. Consider the map

u(z): By = By, z — 2™,



CARTESIAN CURRENTS AND VARIATIONAL PROBLEMS ETC. 431

and the current [G,m] € Cart’(B;,R?), Vp, obviously

m, yEBla

deg([G.m1, B, v) = {o y¢ By UaB,

and each non-zero point in B is the image of exactly m distinct points in Bj.
Consider now the current in Cart(B;,R2) associated to 2™ /|z|™,

T= sz/lzlm + m[[{O} X élﬂ

It is easily seen that

m, yEBla

deg(T, B,y) = N A
&1, B.y) {o, y¢ By UBB,

but every point in B; is the image of only one point in B; while the vertical
piece has multiplicity m.

In particular for m = 1, and taking into account theorem 5 (iv) sec. 2, we
deduce at once

THEOREM 3. Let T € cart(Q,R}) be a local diffeomorphism with
deg(T,N,y) =1

for ae. y in . Then Te czin(ﬁ,R”), ie. T € R,(R" x 1), M(T) < +oo,
AT =0in R? x ), #4T = [Q], and £yp(z) > 0 on M. If €x(2) > 0 on M,
then there exists a map 4 : Q1 — R? in A(Q,R™) such that T =Ty, i.e.

Tos(4) = o (B, F) / $(a(v), 9) M, 5(Di(y)) dy .

Moreover if T € cart?(Q,Ry), p > 1, then i enjoys all properties of the " inverse
function”, of u and in particular the properties stated in theorem 7 sec. 2.

An immediate consequence of theorem 3 is the following corollary which
gives a slight variant of results in [5], [61].

COROLLARY 1. Let Q1 be a bounded domain and let T, € cart?(Q,R}) be
a local diffeomorphism from Q into ) with

detDu > 0.

If 8T, = 88 where S edif?1(Q, ), ¢ > 1, then T, ecart({},R7?).
Moreover, if

[M(Du)|*

—— .
o (detDu)a— 1% = T

3.7
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then T, € dif**(Q, ).

PROOF. Since deg(S,Q,y) = 1forally € €, we conclude by the homology
invariance that deg(T,,Q,y) = 1 a.e. in {) and thus the first part of the theorem
follows from theorem 3. The second part is obvious, compare e.g. [33].

q.e.d.

COROLLARY 2. Let ) be a bounded domain with Lipschitz boundary and
let
u€ H'P(Q,R"), p>n.

Suppose that T, is a local weak diffeomorphism from Q into ) with detDu(z) >
0 a.e. in ), and that u = uo on 39 in the sense of the traces in H'*(Q},R"),
where ug € H?(1, R™) is an homeomorphism from Q1 into Q1. Then u is one
to one from ) into ), in particular there exists 4 : Q0 — Q in A such that
Ty = Tu. If moreover (3.7) holds for some q > 1, then 4 € A%(Q,R?) and

actually T € dif*?(Q, ).

REMARK 1. As it is clear from the proof of corollary 1, the almost
everywhere injectivity of u follows from the condition deg(T,,€,y) =1 in {.
This can be also written for weak local diffeomorphisms T, with det Du > 0
a.e., as

/detDu(z)dx < H™(u(Q))
Q

by the area formula (compare [18], [53]).

We conclude this section with a few remarks which will be useful in the
sequel. Since the definition of degree depends on the constancy theorem which
also holds on oriented manifolds without boundary [30] 4.1.31, we can extend
our definition of degree to currents T € cart(2,R*) with sptT contained in an
n-dimensional oriented and properly immersed submanifold N of R*. One also
sees that all properties of the degree remain true, with the exception of the
homological property which depends on the homology of Q x N. In particular
the degree is defined for mappings » : @ c R?2 — R® with u(z) € $2, or for
currents T' € cart(Q2,R>) with sptT c Q x §2, simply T € cart((Q, S?).

4. - The Dirichlet integral for mappings into S? and the parametric extension
of variational integrals

In this section we shall discuss the problem of minimizing the Dirichlet
integral among maps from a domain Q c R2 into $? with prescribed degree.
This will lead us to a natural extension of the Dirichlet integral, as a parametric
integral, to a class of cartesian currents.

For simplicity we choose as (1 the unit ball in R? and we think of $2 as
the unit sphere in R®

52 = {(y1,¥2,9s) € R3: g2 4 42 +y2 =1}.
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Also we fix a non-constant smooth map « : 30 — S2. It is well known that the
Dirichlet integral

1
D(u) = —/ |Dul*dz
2Ja
has a minimizer u (not necessarily unique) in the class
E:={ue H"?(Q,R®), u(z) € 5% ae. on 0, u=+ on 0N} .
Moreover u is a regular harmonic function, i.e. satisfies

—Au=ulDu? on 0
“4.1) u(z) € §2 on Q

u(z) = () on 4f).
In [15], [39], see also [13], the problem of finding a harmonic map @
topologically different from u is studied. One splits E into connected components
E,, by means of the degree theory and one seeks a minimizer on each E,,.
More precisely to each map u in E, in particular to each smooth map, we

associate the map
U:R% - §2

defined by gluing  in 2 and u in R™\Q

u(z) if ':cf +z2<1

U =
(zl u z _2_1:2_2_ if$2+.'£2>1
“\zf+ 28zt + 23 1 2

and if 7s denotes the stereographic projection from S2 into R2, we consider
the map
Uomg: 8% — §2.

The degree of U o g is well defined (compare [52], and [15] sec. 3) and is
given for all y in $2 by

deg(U o s, 5%,y) = i/ (Uomg)*w
47 S?

where w is the volume 2-form on $§2
w = (~1)""yidy;;

and by a simple computation

deg(U o 75,82, y) = f—ﬂ_/ U -U,, ANUz,dz = Q(u) — Q(u)
R2
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where
1
Q(w) = Z;/;w-wml A Wg,.

We notice that, if we think of u as a map from  into S2, and y ¢ u(89), then

deg(U o 15, 5%, y) = deg(U o 15,75 (02), y) + deg(U o 15, 75" (R*\Q), )

— deg(u’ Q, y) + deg (E (ﬁé‘) ,R2\ﬂ, y)
= deg(u, Q,y) — deg(u, Q,y)

where deg(u,,y) is defined for u: Q — S? as in sec. 3.

Define
Epn:={u€ E:Q(u) - Q(u) =m}

or equivalently

E,, = {u € E : deg(u,Q,y) = deg(y,N,y) + m, Vy&u(8Q)},

E= ] En.

mezZ
Now we look for a minimizer of D(u) in E,,

then clearly

@2) { D(u) — min

u€ E,,.

Notice that any smooth solution of (4.2) solves also (4.1) since the degree is a
null Lagrangian.

The main difficulty in trying to carry out this program is the following.
Suppose {ux} is a minimizing sequence for (4.2). Clearly, we may assume that
ur—a weakly in H'? and thus, by semicontinuity, we have D(a) < inf{D(u) :
u € E,,}. However in general @& does not belong to E,, since the sets E,, are
not closed under weak convergence, the degree, i.e. Q(u), being not continuous
with respect to the weak convergence in H!:2. In fact (see [15]) consider the
family of mappings

ve : €\ the annulus B(0,2¢)\B(0,¢) — S?

given by
ve(z) = u(z) in Q\B(0,2)

and in polar coordinates (r,6) by

1 r™ cos mf 0
2e™ . .
(43) Ve = m —r™sinmb | + 0 m B(O, E).

—emtl 1
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One can define v, in B(0,2¢)\B(0,¢) in such a way that v is continuous in
and

/ |Dvc|?dz = O(€?)
B(0,2¢)\B(0,¢)

thus one easily sees that for ¢ small enough v, € E,,, i.e. E,, # @; but
ve—u € Eg
and
D(ve) — D(u) + 4x|m|.

Our basic observation is now that by the isoperimetric inequality for
parallelograms: 1
§|Du.|2 > |Dyu A Dau| =: J3Duy;

thus the equiboundedness of the sequence {v.} in H'2? implies the
equiboundedness of the areas of the graphs of the v,

sup ¥%(G,.) = sup V1+ |Dve|?2 + (J2Dve)? dz < +o0.
1 ¢ o<e<i Jq

0<e< 3

Therefore the currents |G, ] converge in the sense of cart(f2,R?) to a current
T and one easily sees that T is given by

T =[Gy, ] + m[{0} x §?].

Notice that deg(T,S2,y) = m. This simple remark suggests that the natural
space associated to problem (4.1) is a suitable space of currents rather than
H'Z

THE CLASS Cart?1(Q, S?). Let Q be a bounded domain of R? and p
the multiindex (2,2,1). We define cart>!(Q, $2) as the class of currents in
cart? (2, R3) with sptT C Q x $2? (compare sec. 2).

PROPOSITION 1. Let T = 7(M, 6, £) € cart%1(Q, §2).

i) The function ur, associated to T by theorem 5 sec. 2, belongs to H'2(Q, 52%)
and by the isoperimetric inequality ur € A'(Q,R3); moreover the current
integration over the graph of ur,T,, belongs to Cart ’l(ﬂ, S2), more precisely
there exists a sequence of C®-maps {uy} with values in S? such that

[Gut] =T
ii) The singular part of T,S =T — T,,, is vertical, i.e.
Soo =0, S8i; =0, S =Tz (M\M4)

and without boundary in Q x R3.
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PROOF. Since the cart?(Q2,R3)-norm, p = (po, p1,p2),p0 = p1 = 2,p2 = 1,
is finite, M;(T) is absolutely continuous with respect to Lebesgue’s measure
and by theorem 5 sec. 2

ur(@) €5 ac.,  Too(d(a) = [ dlourla)ds

(60 9) = (-0 [ (o un)Dehds, [Tl = ( [ IDuT|2dz)1/2,

thus ur € H'2(0, S%). By the isoperimetric inequality, ur € A1(Q,R3) and we
can consider the current T,,,,. By the density theorem in [58] we can approximate
strongly in H'-2(Q,S82) ur by a sequence of C*°-maps {ux} with values in
S2; as in the proof of proposition 2 sec. 2, one then sees that

[Gu]—Tur,

thus T,, € Cart>!(Q, $2). This concludes the proof of (i). Taking into account
the definition of T,, and theorem 5 (iii), we finally get (ii).

q.e.d.

The following theorem gives the structure of the vertical part of the currents
in cart>1(Q, 52).

THEOREM 1. Let T € cart®1(Q, S2). Then there exists a finite number of
points z;,1=1,...,k in Q and k integers d; such that

k
(4.4) T =Ty + )y di[{z:} x §7].
=1

PROOF. Let ws be the volume 2-form on S$2. It is well known that every
2-form on 2, $(y)wgs, can be decomposed as

1
H(y)ws2 = (-—2/ ¢(y)d)'/2> wga +dn
52| Jg3
(see e.g. [49] chap. 7, [12] theor. 6.17); more generally, one sees that locally

in z, for every 2-form ¢(z,y)w in O x S2, w = #*wgs, there exists a smooth
1- form n(z,y) such that

@9 fle = daw+dnley) . 60 = g [ Hen) )

where d, is the exterior differentiation operator with respect to y. If d, is the
exterior differentiation operator with respect to z, we then have

#(z,9)w = ¢(z) w + dn — dgn.
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Let §:=T —T,,. Since S is vertical and boundaryless, we have
S(dyn) =0, S(dn) =0,
thus
(4.6) S(¢(z, y)w) = S(¢(z)w).
In particular we see that S L n~!(z) is boundaryless , therefore, by the constancy -

theorem, it is an integer multiple of [{z} x S2] for a.e. z € . Denote now by
4 the measure S L w, i.e.

é(z,y) — S(¢(z,y)w) = /M #(z,y) <w, &> 0dX?

and observe that < w, & >= =1, then

4.7) p=0<w, &> HLM
and by (4.6)

_ 12 oo,
(4.8) u—'zr#,ux47r)( LS4

this yields at once that m4pu is absolutely continuous with respect to ¥, so
map=d(z) ¥° in Q.
Computing the value of  on 7~ !(z) by means of (4.7), (4.8), we get
d(z) = 47 0(z,y) < w, &(z,y) > Yy € 71 (x),
i.e. d(z)/4x is integer valued; the total variation of u being finite, (4.4) follows
at once.

g.e.d.

Our next theorem deals with the approximation property of elements in
cart®1(Q, $2).

THEOREM 2. We have
cart®!(02, §%) = Cart**(Q, §?),

more precisely, for every T € cart®!(Q, S2) there exists a sequence of smooth
functions up, from §Q into S? with equibounded H':? and cart®!-norms such
that®

Gunl—T;



438 M. GIAQUINTA - G. MODICA - J. SOUCEK

moreover if

k
4.9) T =Ty, + Y dif{z:} x 5]
=1
then
1 1 :
2
(4.10) 5/(; | Dup|*dz — 5/0 |DuT|2dz+41rZ |d;].

1=1

PROOF. Suppose first that
T = T., + m[{0} x S?].
Let u. be a family of smooth functions converging for ¢ — 0 in H':2(Q1, S2)

to up. Obviously
/ |Duc|?dz — 0.
B,

Thus we can find, for each ¢, a radius r. with € < r, < 2¢ such that

4.11) 6_1/
aB,,

Define now, as in [15],

2

Jue " 11(6) — .

af

ve in B,
we = ¢ u. in Q\B,,
@, in B, \Be,

where v, is the mapping given in (4.3) and 1, is the linear transition map

A]_T + Bl
We := { Agyr+ By
\/1 - (Alr + B1)2 - (Azr + Bg)z

where A,, Aa, By, B; depend only on 4, ¢, and are determined in such a way to -
make w, continuous in 1. Because of (4.11) one sees that

/ |Dwe|?dz — 0, as e — 0,
B'E\BS

also
/ |Dw|?dz — 47|m),

€
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so we conclude that
1 2 1 2
~ | |Dwe|*dz — = | |Dur|*dz + 47|m|,
2 Jq 2 Jq
and obviously
[Guw.]—Tur +ml{0} x $7].

Repeating the same construction around every point z;,2 = 1,..., k, one easily
gets the conclusion in the general case.

g.e.d.

REMARK 1. While cart?1(Q, $2) is a strictly larger class than the graphs
of mappings in H'2(, §2), we point out that cart*!(£,R2), coincide with the
"graphs’ of H':2(Q,R2)-maps. This is easily seen from the proof of theorem
1, since in this case the vertical part should be, by the constancy theorem, a
sum of points times R2 which has infinite mass.

POLYCONVEX AND PARAMETRIC EXTENSIONS OF VARIATIONAL INTEGRALS.
We shall now extend variational integrals, and in particular the Dirichlet integral,
a priori defined on classes of smooth mappings to cartesian currents. Let G be
the matrix associated to a linear transformation G from R7 into RY endowed
with the standard bases (ej, ..., €,), (€1,...,€n); set, compare sec. 2,

M(G):= > o(a,a)Mps(G)e* AéP.
|al+|8l=n

Clearly M maps the space of N x n-matrices My ,, into A,R™*V, and

M(G)
|M(G)|

is the simple tangent n-vector of the graph of the linear transformation z — Gz.
For any n-vector ¢ € A,R™"*" we denote by &, its coordinates

£E= Z Eap e* AP

lal+|B|=n
and by X; the image of the map M in A,R"*¥
Iy :={¢ | ¢ = M(G) for some G € My .},

i.e. the class of all simple vectors in A,R™™¥ with ¢, = 1. Observe that the
map M is injective, ¥; is not convex, and obviously ¥; C A; where

A]_ = {f € /\an+N : 6(-)0 = 1}
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Set also
Ao = {€ € AR : g5, = 0}
At = {€€ AR 1 g0 > 0).
For k= 0,1,...,min(n, N), denote by Vj the linear subspace of A,R*T¥

given by the linear combinations of vectors of the type vy A ... A vp_xA
wi A...Awg with v; e R?, w; e RV,

Vi := An—kR™ A ARV

The spaces Vi are naturally orthogonal and

min(n,N

)
AR = @ v
k=0

in fact € € A,R™Y ie.

) f = Z gaﬂ Ca A €ﬂ
|a|+|8|=n
then

min(n.N)

£E= Z k, &k = Z éape“/\eﬁEVk.
k=0

laj+|Bl=n
1Bl=Fk

If ¢ = M(G), G € Myxy, and Py is the projection from A,R"*" onto
Vi, & = Pié, we set

Mi(G) = PiM(G), k=0,1,...,min(n, N),

that is
Mo(G) =e1N...Ney

M, (G) = Z(—l)“lG,-j e: A€
)

Mi(G)= > o(a,a)Mpa(G)e* AP

lel+|Bl=n
|1Bl=k

Observe in particular that M; gives an isometry between My, and V; =
An—1R™ A A;R¥ which depends only on the choice of e; A ... A e, since

M(G) = Au(idg » X Lg)(er A ... Aey)

where (idg » x Lg) : R™ — R™*N_ This allows us to associate a matrix Gg, to
each & € V; by
Ges = My (&).
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By means of the previous notations, the hecessary and sufficient conditions for
the simplicity of an n-vector ¢ with &, = 1 given in (2.4) can be stated as

Pofzel/\.../\e,,
Pkgsz(Gél): gl =P1€ 3

in particular the class X; of simple n-vectors with &, = 1 is a graph over
Vi. We observe that in general My(G),G € Myxn, is not a simple n-vector,
and actually it is easy to see that, for all k, & € Vi is simple if and only
if ¢ = Mig(L) “for an orthogonal matrix” L. Here by “orthogonal matrix”
we mean a matrix with the following property: there exist orthogonal bases

(v1y.-n), (w1,...,wy), respectively in R™ and R, such that
Lv; =0 1+1,..,n—k
Lyy=w;_px 2=n—-k+1,..,n.

Consider now a nonnegative smooth integrand f defined on the class of
N x n-matrix
f: Myyn — R+1

an important model being the Dirichlet integrand
1|G|2 = lzn:iv:g% ;
2 24 j=1 "
identify My, with ¥; by means of the map M and regard f as a map Z‘

from X; into R4

fO)= M) veesy
Then, we define for all £ € A,

4.12)  f(¢) :=sup{$(¢) | ¢: As » R affine, ¢(n) < f(n), ¥n €Ty}

and we extend f to A, = {¢& € ARV | &0 > 0} as the one degree
homogeneous function

@.13) (&) = oo ( ¢ ) VEe A,

&0

We shall refer to f as to the polyconvex extension of f (for related facts
see e.g. [17], [4], [19], [41]). Observe that f is the largest convex and lower
semicontinuous minorant of the function which agrees with f on ¥; and has

values +oo on A;\Xy, ie.

£(&) = sup{g(¢) | g: 41 — R convex, g(n) < f(n), ¥n € T1}.
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In particular, f (f) is convex and lower semicontinuous on A; (Ay4). We recall
that f : M,«n — R is called polyconvex (see e.g. [49], [4]) if there exists a
convex function g : A; — R such that f(G) = g(M(G)), VG € Muxn. Thus f
is polyconvex if and only if f = f on X;.

The function ]7 can also be seen as the convex extension of the 1-
homogeneous function on the cone ¥, over X; which agrees with f on X;.

More precisely, extend f to the cone

Sp={A | A>0, (€81} ={E€nR™"N | &, >0, £/& €1}

by

9=t () vees
00

and set

@.14)  F(&) = {(€) | 6: AaR™N LR linear, ¢(n) < F(n), Vn € 4}

Then it is easily seen that ?(5) = ?(é) for all £ € A, . Observe that —? is defined
for all ¢ € A,R™ Y and it is the so called T-regulurization (see e.g. [27]) of

the function _
f(§) €exy
+00o f € /\an+N\E+,

foo(f) = {
and it is the bipolar of f.. It is also easily seen that for ¢ € Aq

F(e) =inf {lim inf F(&) | & € Ay, & — &)

while 7(£) = +oo for € € A_ = {£ € AmR™V | £ < O}.
Since in the sequel ¢ will be the tangent n-vector to a cartesian current,
we finally denote by F the extension of f to Ay UAo given by £, or equivalently

7o if £ > 0

(4.15) Fle)=9§. . . = .
inf{lim inf 7(&k) | &k € A4, & — €} if &g =0
and, if convenient, we shall think of F as extended to +oco in A_.

Of course the previous definitions extend naturally to the case in which
the integrand f depends also on z,u, just considering z and u as parameters,
and to the case in which f is only defined on a proper subset S of My xy-
If £5 = M(S), then f will be finite on the cone over the convex hull of Ig.
Finally we observe that the function F' in (4.15) is lower semicontinuous and
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convex in A4 UAg, and if T is the segment in A, UAq with end points & € Ag
and & in A, then
F(¢) = lim F(n).
7161‘0

Given now the variational integral
F(u) :=/ f(z,u(z), Du(z)) dz
0

where f is a smooth function from Q x R¥ x My, into R, (or in general
from Q x RY x §, where S is a subset of Myxy, into R4+), we define its
extension as a parametric integral for T € cart(Q,RY), T =1(M,6,¢), by

(4.16) F(T) = /M F(mz,#z,£(2)) 0(2) dX"™(2)

where F is given by (4.15), compare [33].

We remark that in order to compute 7(T) we actually do not need to
know F in A, U Ag; in fact, since the tangent n-vector to a cartesian current is
simple, we ought to know F' only on the simple n-vectors in A U Ag. If f is
polyconvex, we trivially know F on the simple n-vectors ¢ with &5, > 0

F(nz,72,¢(z)) = 6()0’{(”21 7z, (£/&00))s

thus only the values of F' on the simple vectors with zero first component
are to be found. But in general these cannot be obtained easily from f by
semicontinuity, i.e. as

(4.17) f(€) = inf{li&gff(ﬁk) | ée €24, & — &}

since in general

fl)2F(¢), €£€ho.

A trivial but useful observation is the following: if g : Ay — R is a convex
function which agrees with f on X;, and satisfies, for all £ € Ag

a(¢) = inf {lim infg(&) | & € T, & — &) 2 F(¢),
then
(4.18) F(&) = f(9), for all ¢ € Ao.

Before we discuss some examples, let us recall the following semicontinuity
theorem which is a simple consequence of theorem 2 sec. 5 of [33].



444 M. GIAQUINTA - G. MODICA - J. SOUCEK

THEOREM 3. Let F(z,u, ) be a parametric integrand on Q@ x RN x A, U
Ao — R associated to a function f by (4.15). Suppose F is continuous on a

o o
convex set K C Ay UAq such that K ¢ K ¢ K, and K = K. Suppose that {Ty}
is a sequence of rectifiable currents T, = 7(Mg, 0k, &) which are graphs, i.e.
74Ty = [Q], écoo = 0, with equibounded L*-norms in 1 and masses in Q x RN
and which converge weakly in D™ (Q xR ) to some rectifiable cartesian current
To. Then
F(T) < li’?ligf?'(Tk).

We emphasize the fact that the currents Ty, Ty, may have boundaries in Q xRY,

EXAMPLE 1. Consider the integrand

F(Du) := [M(Du)| = {1 + Z |Mus(Du)?}? | uw:R™ S RY,
|a+|8]=n

or equivalently

,{(5) = |¢] VéeX, ie. ¢ simple and &y, = 1.

It is easily seen that
F(&) =€l VEe AL Ul

where ||| is the mass of the n-vector ¢ in the sense of Federer-Fleming, cfr.
(301,

€]l := sup{g(€) | ¢ : AnR™*¥ — R linear, |¢(n)| < |n], Vn simple}.

In fact we have for £ € A4 U Ag
F(€) = sup{(€) | ¢: AuR™ N —R linear, |§(n)| < |n|, ¥y simple 55, > 0},

and, since any simple n-vector with 5, = 0 can be approximated by simple
n-vectors in Ay and |g| is continuous,

F(¢) = sup{¢(¢) | ¢ € C1},
Cr:={¢ | ¢: AR SR linear, |¢(n)| < |n|, Vn simple, 55, > 0}.

It is now sufficient to observe that the values ¢(&), £ € Ay UAq for ¢ € Cy
or € Cqy:={¢ |p: AR™N R linear, |#(n)| < |n|, Vn simple}, coincide,
because we can realize them with linear functions which are zero on V, and
positive in Ay if &5, > 0, and with linear functions independent of ng, if
&50 = 0 and because —7 is simple if # is simple.
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Finally it is easily seen that ||¢| = |¢] if ¢ is s1mple actually ¢ is simple if
and only if | €| = |€|, so the extension of

[0+ X (Maa(Da)P] s

a|+|ﬂ|~n

is given, for example for T € cart(Q,RY), T = 7(M, 6, €), by
f@ﬁiAKWanMu)
Consider now the functional
/{;|Du|da:, u:QCcR” RV,

with integrand f(G) = |G|, i.e.

,‘[(6) = |€1‘: 51 Plé.: vé. Simple: g()O =1

We decompose every linear map ¢ : A,R**Y R as

¢=¢o+¢1+...+ bmin(n.N)

where the ¢;’s are linear maps on V; := A,_; AARY, ¢, : V; — R. Then for
all £€ AL UAg

F(€) = sup{g(€) | ¢: AR = R linear,
#(n) < |Pinl|, Vn simple ng, > 0}
= sup{41(&1) | ¢1: V1 — R linear,
¢1(n1) < [Pin|, Vn simple ny, > 0},

where the second equality follows by homogeneity.
As previously, since

sup{¢1(&1) | ¢1: Vi =R, ¢1(n1) < |m|, Vn simple} = | &,

one sees that
F(&) =&l & = P¢.

Therefore we see that the extension of fn |Du|dz is finite for currents T with
associate function ur in BV (Q2,R¥) and in this case it is given by

(1) = [ Dur|
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where the right hand-side denotes the total variation of the vector valued measure
Dup. We remark that the functional fn |Dur| should be considered, and we
shall do it, as a degenerate functional, in fact it controls only the first two
components of the current 7. We notice also that finally the extension of

/ a(u)| Dyl
0
is, for T = 7(M, 6, £),

#(1) = [ alia)lealo ain(a)

but giving an ’explicit’ expression is not easy (compare [3] for related results).
Of course if N = 1, or n = 1, we have no degeneracy and we can reread
7(T) completely and obtaining for N = 1 the representation formula in [20];
the expression being similar for n =1, N > 1.

EXAMPLE 2. Consider the Dirichlet integral

1
—/ |Du|?dz
2 Ja

for mappings from a domain  C R? into R2, that is the integrand f(p) := %|p|?
for p € M,x,. For any 2-vector ¢ € AgR*%, i.e.

6:fﬁoel/\62+77;J-6'/\€j+661/\€2,

denote by G, the matrix M~!(¢), ie. the matrix such that PyM(G,) =
Pi¢,Gy =: ((Gn)is)s (Gn)ij = (—=1)*"'n;;. Any affine map ¢ : A; — R has the
form

¢(§) =a+b-Gy+ds, €Ay,

and
$(M(G)) =a+b-G+d detG;

therefore for &€ € A,
F(&) =sup{a+b G, +d§ | a+b-G+ddetG < %IGF, VG € May2}.
A necessary condition for ¢(M(G)) < 3|G|* VG, being that
%[G[z—d det G >0, VG € M2,

it follows at once
it follows at o 2detG<1

Idlsgpw_ ;
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hence |d| < 1, since by the isoperimetric inequality for parallelograms

. 2det G -1

e T
For |[d| <1

%|G|2 ~ddet G

is a nonnegative quadratic form, hence a convex function, therefore the maximum
of a+b-G,, with the constraint a + b -G < 1|G[> — d detG, VG, is obtained
for a,b such that

a+b G, = %|G,,|2—d detG,, ,

SO
f(g)ﬂi}‘%’l{z'G"' +d(6 detG,,)}_ 5|Gnl* 46 — detGy |, VE€ AL,

A simple computation then gives
%j—"-l—cgoo + 16— ————'Ld%f | for &5, >0
F(&) =1 5] for ¢4 =0, n=0

+o0 for &, =0, n #0.

Let T € cart(f),R?), T = r(M,4, £). Since ¢ is simple and &, > 0 on M we
have

M= [ P@ar =3 [ (Dur)

In particular we deduce that 7(T) = +oco whenever ur does not belong to
H'2(Q,R?%). On the other hand we have seen that if ur € H2(Q,R?),
T =T,, € cart(2,R?), so M = M. Therefore we can conclude that the
extension of the Dirichlet integral is

2 [o|Dur2dz  if ur € H*2(Q,R?)
+00 otherwise.

F(T) = {

Consider also the Dirichlet integral for mappings from  into S! c R?,
i.e. the integrand f which is defined for each u on the subset of 2 x 2-matrix
G such that GT .n=0, n= Z . A simple computation shows that the extension
F associated to f : {G € Maxz | GT -n =0} > R, f(G) = 3|G|?, is given
for all £ = (&, &1,82) € A4 UAg by

3G, ifGY, n=0, &=0

+o0 otherwise,

Pln€) = {
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that is the parametric extension of the Dirichlet integral, for mappings from

0 ¢ R? into §!, is finite and coincide with the parametric extension of the

Dirichlet integral for mappings from Q into R2, if and only if T € H*2((1, S!).
If we instead consider the gradient integral

/ |Duldz
Q

for mappings from Q Cc R! into S*, it is not difficult to see that its parametric
extension coincides with the restriction of the parametric extension of the
gradient integral for currents T € cart’(Q,R2). This together with theorem
3 gives at once that the parametric extension ¥ is lower semicontinuous in
cart!1(£, ') with respect to the weak convergence of currents. As in theorem
2 one also easily see that

k
cart(Q,8) = {T | T =Ty + Y _di[{z:} x §'] , ur € H*}(Q,5")}

and therefore 7(T') is given by

F(T) = / Durlda+ Y ld ¥'(5).

Before we discuss the extension of the Dirichlet integral in higher dimensions
and codimensions, let us make the following remark which shows that our
extension procedure is formally the same as the procedure leading to the notions
of mass and comass and which at the same time slightly simplifies our notations.

Given a nonnegative real valued function f on a subset Xg of X, extend

f as the 1- homogeneous function f on the cone Cx, over Xg. For any linear

map ¢ : A,R"*Y — R, we define the comass of ¢ respect to f by

l¢lls == sup{¢(n) | n € Cxq, f(n) <1}

Observe that for ¥g = X;, Cy, coincides with the simple n-vectors £ with
&0 > 0, so, if also f(n) = |n|, |4y is the comass of ¢ in the sense of Federer-
Fleming. We also define the mass of any n-vector in A,R™*N with respect to
f by

1€lly = sup{¢(€) | ¢ : AR™ Y linear, ||g]; < 1}.
One sees at once that [¢|; < 1 is equivalent to ¢(n) < f(n), Vn € Cx,, and
therefore we have

F(&)=€ll;, VY€€ A4 UA.
EXAMPLE 3. Consider the Dirichlet integral ; [, [Du[?dz for mappings

u:QQCR® 5> RY
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and denote by f(p) = 2|p|%, p € Myxn, its integrand. By definition, the
parametric integrand F' associated to f is given by

F(&) = sup{g(é) | ¢: AuR™N — R linear, ¢(n) < |n:[*/2n50, Vn € B4}
and of course ¢(n) < |n1]?/2ng0, Vn € X4, is equivalent to
1
$(M(G)) < 5|G|2 VG € My xn.

if we decompose ¢ as the sum ¢g+¢1+. ..+ dmin(n.v), Where the ¢;’s are linear
maps on V;, a simpie scaling argument gives that, if ¢(n) < |n1/%/2n50, V7 €
X, then ¢3, ..., $min(n.n) Ought to be identically zero, so that

P(e) = sup{qso(eo) T a(61) + dal&a) |

¢0(€1 A A Cn) =+ ¢1(M1(G)) + ¢2(M2(G)) S |G|2, VG},

N =

and .
EIG|2 — $2(M2(G)) 20, VG E Myyxn,

which is equivalent to ||¢q|l; < 1.

As in example 2, we observe now that 1|G|? — ¢2(M2(G)) is convex, provided
l42]ls < 1, therefore for &, > 0 the supremum of ¢o(&) + #1(&1), under the
previous constraint on ¢, is taken for fixed ¢, on

oo [¢0(51 A Nep)+ ¢1(€1/§60)] = &0 [%'GEI/GO(’F - ¢2(M2(G£1/600)] )

hence

2
Fle) = ||¢2||f<1 { |2€€1(‘)|o T a2 - fooMQ(Gfl/éco))}

= EIGh/EnoF + ||€2 - €OOM2(Gfl/€no”|f1 for £ € A

Suppose now &5, = 0. Fix ¢, =0 and ¢1 such that ¢;(&;) = k > 0; clearly we
can choose ¢ so that

doles Ao Aen) + 1 (M1 (G)) < %]G[?, VG € Myxn,

thus
F(g) = +OO, for 5()0 =0 and 61 7(—‘ 0.
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Finally, for ¢ satisfying &50 = 0, §; =0, it is easily seen that
F(¢) = Sup{¢z(€) | ¢:A,R"N SR linear,

¢(M(G)) < %’G|21 VG € Man}

= sup{4a(¢) | 425V — & linear,
$2(M(6) < 2IGP, VG € M |

and, in conclusion we get

3|Gei/en, I* + 1162 — €00M2(Geyseqo)lls  if €0 > 0
F(é) =1 lléls if £ =0, &1 =0
+o00 if £oo =0, &1 #0.
Assume now that either n = 2 or N = 2. As we have remarked, every
simple n-vector in V,, i.e. every simple n-vector with &, = 0 and &; = 0,

can be written as £ = M,(L), where L is an “orthogonal matrix” (compare the
biginning of this subsection), thus satisfying

1

SILP = M3 (D).
So, if either n = 2 or N = 2, we have for ¢ with £, =0,¢; =0, °

I€lls = lI&2lly = 12l = [€2] = [¢]

and we can conclude that the parametric extension of the Dirichlet integral to
cart(l,R¥), Q c R? (respectively to cart(Q,R2),Q c R"™ ) is finite and only
if the function ur associated to T = 7(M,6,¢) is in H'2(Q,R¥), and the
singular part of T has finite mass and a completely vertical tangent n-vector,
ie. €50 =0 and & = 0 for £ € My; in this case the parametrix extension is

given by )
F(T) = 5/ \Dug Pdz + M(T - T,)
Q

or equivalently

7(T) = %/ﬂ |Dur|?dz + M(TL M\M,).

EXAMPLE 4. Finally we consider the Dirichlet integral for mapping from
2 c R? into $? c R® which was our starting point. For fixed u(z), its integrand
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is given by
1
f: {G € Max2 | GTn=0, n= u(z)/]u(z)[} -R, f(@)= §|G|2.

The associated parametric integrand is given by

%lel/eco |2 + ”52 - 560M2(G€1/€oo)||f if &5 > 0, G%‘,/eoon =0
F(n, &) = { ||l if 50 =10, & =0
+co otherwise;

we omit the details of the computations which go along the lines of the previous
examples. In particular we see that the parametric extension is finite if and only
if T belongs to cart?!(2, $2) and in this case 7(T) coincides with the value of
the parametric extension of the Dirichlet integral to cart(2, R3). Thus, in view
of theorem 3, 7(T) is lower semicontinuous in cart?:! (2, $2) with respect to the

k
weak convergence and, if T ecart®!(Q,52), ie. T = Ty, + Y. di[{=z:} x S2],
=1

we have .
_1 2 y2( a2
F(T) = 2/ﬂ|DuT| dz+§|d,|}( (52).

EXAMPLE 5. Here we collect a few more examples leaving to the reader the
simple details. Consider the variational integral

/ |DulPdz,

where 1 < p < 2 or 2 < p < +oo, defined for smooth mappings from a domain
Q of R?%, and denote by f the integrand f(G) = |GJP. It is easily seen that for
p, 1 < p < 2, the parametric integrand F' evaluated on simple 2-vectors is given
b
’ Pl Vee A, , ¢ simple
F(& =<0 Vé e Ay, £ simple with & =0
+o00 otherwise,

i.e. the parametric extension is finite for currents 7' with ur € H?(Q},R?)
and T — T,, completely vertical, i.e. with tangent vector of the form (0,0, &;).
Observe that this extension is degenerate as it gives no control on £, thus in
this sense the original variational integral is not regular. For p > 2 we have

Pl r Ve Ay, € simple
+oo otherwise,

P - {

corresponding to the fact that the parametric extension of [ |DulPdz, p > 2,
is finite if and only if T has no vertical part and, more precisely, T is the
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current T,, for some » € H*?(2,R?). In this case we can say that the original
variational integral is regular.
We shall now give the parametric extension of the variational integral

/ (IDuf? + |Ma(Du)[?) ds,  u:R® —R®,
R3

with integrand
f(G) =GP+ |Mx(G)”, G € Msxs,

where ¢ € R and ¢ > 1. In order to do that, we observe that if vq,...,v, are n
vectors in R™ and G denotes the n x n-matrix with columns v;...v,, we have,
because of the isoperimetric inequality for parallelograms,

n

n—1

jdetG{:jul/\.../\unjgnva": lZlul/\...'/\u,-_l/\v,u,l/\.../\v,ll]
H

n 2(n—-1
< pIGED [Z [t A oA YT Avigr AL A vnlz]
i=1

=30 M, _1(GQ)[7T /

and actually .
sup n?-1 |detG|

IMn—l(G)I"—‘L’ ’

the supremum being taken on the multiples of the identity matrix. Taking into

account this observation, one easily sees that the parametric extension F' of f
on simple vectors £ € Ay is given by

— 151'2 4
F(§) = ——+[&[7,  Véedy,
€00
while for & € A; we have

_J o &1=6=0 3
F(e) = {+oo otherwise for o < 2

P& bi=6=0 3

F(e) = { +00 otherwise for o=3
3
F(§)= +Ho© always for o > 2’

that is the parametric extension (or the initial integral) is regular, i.e.controls
all components of the current T if and only if o > 3/2.

Similar extensions could be computed when considering the same functional for
mappings from R2 or $° into $3, but we shall not deal with those cases; we
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observe that these kinds of functionals appear in Skyrme’s model for meson
fields (see e.g. [29] and its references).

EXISTENCE RESULTS. Let us come back to problem (4.2). As we have
seen in example 3, we can extend the Dirichlet integral to cart®!(f2, $2%) as a
parametric integral, and this extension is lower semicontinuous and it is given
by

D7) = [ |DurPds+ M(T - Tu)

k
1 2
E,/(.)IDuT| dx+47l’t_z;|d,|

for T =T,, + E d;[{z:} x S2]. Thus, we can now minimize D(T) among the

currents T in cart2 1(Q, $2) with prescribed degree.

In order to do that, we shall still confront ourselves with one more
difficulty. Given a sequence {T}} Ccart?!((1, $2), the singular parts of the T}’s
may disappear on the boundary 8 x §2, for example if z; — zo € 90, we
have

[{z:} x §2]—0 in Q.

The currents [{z;} x S2] have Dirichlet’s integral constantly equal to 47 and
degree one, and we have loss of energy and degree in the limit. We have two
ways of overcoming this difficulty. Let us describe the first possibility.

Let ) be any smooth bounded domain in R2 and let ) be a bounded
domain with € 5> Q. Suppose « be the restriction on 3Q of a smooth
function, that we call again ~, from {1 into $2, not necessarily non-constant;
for convenience we shall assume that v = u in ). For mm € Z we consider the
class

E, :={T ecart*'({},5?) | TLx"}(1\Q) = [G,]L =" (f1\Q) and
deg(T, Q,y) — deg([G,], 0, 9) =m  Vy e S2\~(30)}.

In case 1 is the unit ball, we can take as v the function { defined in the
beginning of this section, and we have E,, > E,,, but of course this is not
necessary. By proposition 2 sec. 3, E,, is closed with respect to the weak
convergence of currents, the parametric extension D(T) of the Dirichlet integral
to cart?: l(ﬂ S2) is lower semicontinuous and coercive on E,,, therefore we ge

THEOREM 4. In each class E,,,m € Z, there exists a minimizer of the
"Dirichlet integral’

D(T) = / |Dur|?ds + M(T — To,).
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Because of theorem 2, each minimizer T in E,,,m € Z, is the weak limit
of a minimizing sequence of currents [G,,] associated to smooth functions u
in {1 with ux = v on €1\, in particular

inf{%[ |Dul?dz | u€ C*({1,8?),u =~ on 01\Q,
Q

deg(u,Q,y) — deg(u,Q,y)=m, Vye 52\7(39)}
= inf{D(T)|T € En},

i.e. no Lavrentiev phenomenon occurs; moreover D(T') is the relaxed functional
of the Dirichlet integral or, in other words, it is the Lebesgue extension of the
Dirichlet integral

D(T) =inf{lim inf—l-/ |Dug|?dz : wg smooth,
k—+o00 2 /g

ux = on \Q, [[Guk]]—~T}.
In fact, more generally, we have
(T, Q) = inf{lgm_l_inf%/ |Dug* : ug smooth, [Gy,]—T in ﬂ}
—_— o0 n

for all T ecart?1(Q, $2) and the class cart?!(2, $2) can be seen as the class of
the limit points of smooth sequences {ux} with sgp% Jo |Du|?dz < +oo with

the obvious identifications.

Let T be a minimizer in E,, for some m € Z. In general, T is
not the current associated to the function ur € H'2(,S52), and it may
have a non-empty vertical part. In this case, the vertical part may also
project on the boundary of 1, and its location depends on the minimizing
sequence coxllcsidered and can be changed without changing energy. In fact, if

T="Tu + Z d;[{z:} x S?] is a minimizer in E,,, then any current S of the

form

h
Z {yl}xs2 ajez;

with " .
> di=) d  and Zldl—ZId.-l,
=1 i=1 =1

is a minimizer, too. Moreover, it is easﬂy seen that up is a harmonic map
which minimizes the Dirichlet integral and its parametric extensiorlg in the class

E,.., where m' is the degree of ur, i.e. the degree of T minus ), d;.

i=1
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In our context, the question of the existence of a minimizer in E,, becomes
then the question of whether there is a minimizer in E,, with no vertical part.
Therefore it is related to the regularity question of whether a minimizer in
E,, has a singular part or not. We shall now give some partial answer to this
question.

Set

Ak = mf{D(T) | Te Ek}
and observe that
1 2 1 2
Ao = —/ |Dul“dz + -—/ |Dvy|*dz.
2 Jq 2 Java

Trivially we have
)‘:t 1 S /\0 + 4 s
therefore we obtain, compare [15], [39],

PROPOSITION 2. Let m = *1 and let T be a minimizer of D in En.
Suppose there exists a function v € H2(Q, S2) with T, € E,, and such that

1
5/~ |Dv[2dz < Ao + 47,
a

then T has no vertical part, ie. T =T,,.

PROOF. We have

Do+ M(T=T,,) < %/ |Duz?ds + M(T - T.,)
Q
1 2
=An < = [ |Dvl]*dz < Ag + 4,
2 Jq

thus M(T.— T,,) < 4r, ie. T =T,,.
g.e.d.

.

For all non-constant v on 811, Brézis-Coron [15] have proved the existence
of such a function v for either mn = 1 or m = —1. This yields the existence of
a harmonic map which is different from the absolute energy minimizing map
u.

More generally, we obviously have
Ae < g +41l’|k—£|

for all k,£€ Z, and moreover (compare [43])

PROPOSITION 3. Let T be a minimizer in E,,. If

(4.19) Am < Ag + 4| — m|, for [£— m| < |m],



456 M. GIAQUINTA - G. MODICA - J. SOUCEK

then T has no vertical part.

PROOF. Let T be a minimizer, T = T, + T — Ty, , and let £ be the
degree of ur and, consequently m — ¢ the degree of T — T,,. The current
T, + m[{zo} x S2],z¢ € Q, belongs to E,,, hence

1/ \Duf2ds + 1/ |Dy[dz + 4xm — 4]
2 Jqg 2 Ja\a

< %/: |Dur [*dz + 4x|m — £| = D(T) < D(T, + m[{=o} x §?])
a

1 1
= —/ |Dul?dz + —/ |Dy|2dz + 47|m|,
2 Jq 2 Javn

thus we get |£ — m| < m.
Now we claim that £ = m, i.e. T — Ty, = ¢. Suppose in fact that £ # m. Since
ur minimizes with its degree, we have

Aet+4anim — £ = D(T) = A < Ag+4nim — ¢|

a contradiction.
g.ed.

Notice that (4.19) is an obvious necessary condition for the regularity of
all minimizers in E,,. Much more delicate is the question of the regularity in
dependence of the boundary datum +; for a result in this direction we refer to
[60].

Let us discuss now a second approach to problem (4.2). Let Q be the unit
ball in R? and let § be the function defined in the beginning of this section.
Clearly problem (4.2) is equivalent to minimizing

/ | Du|?dz
S2

among mappings u : 2 — S2 with deg(u,S5%) = m and u = U o 75 on S2.
We shall now proceed introducing the class cart?!(S% $2) and showing that
we can actually work essentially as before in cart?!(S?, §2%).

Let X™ be an n-dimensional oriented Riemannian manifold. Denote by
Dn(X™ x RY) the space of n-dimensional currents in X" x R¥, j.e. the space
of linear functionals on the space P™(X™ x R¥) of C* n-forms with compact
support in X™ x R¥, which are continuous (in the sense of distributions).
Because of the product structure in X™ x RY, we can define the components of
T € D,(X" x R¥). In fact, since for every z € XV and y € R¥, the space of
n-covectors A" (T, X" x T,R™) can be decomposed, as we have already seen
for the dual space of n-vectors above, into a direct sum of orthogonal factors
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as
min(n.N)

AMTX" x T,RY) = € A" *TX"AFT,RY,
k=0

every n-form w in P"(X"™ x R¥) can be uniquely decomposed as

min(n.N)

w = E Wk,
k=0

with
wi(z,y) € A" T, X" AAFT,RY;

the components of T € D,(X™ x RV) are defined as the currents T},
k=0,1,...,min(n, N), given by

Tk (w) = T(wk),

so that

min(n,N)

Tw)= Y. Ti(ws).
k=0

Having defined the components of T, it is easily seen that, exactly as we have
previously done, we can define the class of cartesian currents cart(X™,R¥) and,
for every multiindex p = (po,p1,- .- Pmin(n.n))> Pi 2 1, ¢ = 0,...,min(n, N},
the class cart?(X™,R¥), compare sec. 2.

Suppose now that Y be a properly immersed submanifold of R¥ of
dimension r. Then we define

cart?(X™,Y") := {T € cart?(X",RY) | spt T X" x Y}

for p=(n,n, 2,%,...,1) we set cart™!(X",Y") instead of cart?(X",Y").

According to the remark at the end of sec. 3, if r = n and for instance X"
and Y™ are compact manifold without boundary, the degree of T ecart(X",Y")
is well defined. Moreover if Y™ = S§™, or more generally if the n-cohomology
with compact support of Y" is R, then, with the same proof of theorem 1, we
get

THEOREM 5. Let T € cart™!(X"™, S™). Then there exists a finite number
of points z;, v =1,...,k in X" and k integers d;, such that

k
T =Ty + ) dif{z:}x S"]
i=1

with ur € H-n (X", §").
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Let us now come back to the second approach to problem (4.2). Consider
the class

E,.(8%,8%) .= {T € cart>' (5%, 8?) | deg(T, 5%, 5%)=m}, me Z,
or, for any 2-dimensional and boundaryless Riemannian manifold X2,
E,.(X?,8%) := {T € cart** (X2, 8?) | deg(T,X?,8%)=m}, me Z,

and also the class
Em’r(.X2,S2)

of the currents T € E,,(X2, S%) which are prescribed on some open set I' in
X2%, T = ¢ being admissible, for instance, if X? = §2 and T = 82, for the
currents which are given on S2. These classes are closed with respect to the
weak convergence of currents, the parametric extension of the Dirichlet integral
is lower semicontinuous and coercive on them and it is given by

D(T) := %/Xz |Dur|?d¥? + M(T - T.,,).

Therefore we get at once the following theorem which in a sense extends
theorem 4.

THEOREM 6. In each class E,,r(X2,8?) , in particular for X? = $2 or
X = the two dimensional torus T?, there exists a minimizer of the parametric
extension of the Dirichlet integral.

Of course analogous results to the ones of proposition 1 and 2 can
be stated, but we shall omit them. Let us remark that again no Lavrentiev
phenomenon occurs, i.e. for instance

inf{D(T) | T € E,.(X2,5%)}

= inf{%/ |Dul?d¥? | u: X2 — §2 u smooth, degree of u = m}.
Xﬂ

Since by the isoperimetric inequality we have

%/X | Duld¥? > ¥2(u(X?))

for smooth mappings u : X? — $2, we may conclude for X? = S2 or T? that all
currents [{zo} X S2], zo € S2 or T? , are minimizers of the ’Dirichlet integral’
in the class of mappings from $2 or T2 into S$2 with degree 1, compare [42],
[13], [26].

Finally, let us consider mappings from S"™ into S™, n > 3. In this case,
the Dirichlet integral is degenerate, in fact it does not control all components
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of the current associated to such maps, compare example 3, and in particular
we cannot expect to have any control of the degree under weak convergence.
Instead, the situation becomes exactly the same as for the Dirichlet integral if
we consider the functional

(4.20) s / | Dul"d¥".
nﬂ
Sn
In fact, given n-vectors vy,...,v, in R™®*1, denote by G the matrix which has
v1,..., 9, as columns. From the isoperimetric inequality for parallelograms we
get

“ R0 [detG|
@ M,_ (0)=

Then, as in the case of the Dirichlet integral, it is not difficult to see that the
parametric extension of the functional (4.20) is finite and lower semicontinuous
on cart™!(S™ S") (or in general in cart™!(X™, S")), coincides with the
Lebesgue extension of (4.20), and is given by

1
nn/2

@21) F(T) = / |Duz|rd¥™ + M(T - Ta,).
S?

Therefore we can state

THEOREM 7. In each class E,, r(S™,8"),m € Z, there exists a minimizer
of (4.21).

5. - Energy minimizing maps from a domain of R® into S?

In this section we shall discuss the problem of minimizing the Dirichlet
integral among maps from a domain 2 ¢ R3 into S? under various “boundary
conditions”. There is a large literature about such variational problems as they
appear both in a geometrical context (in the study of harmonic maps, see e.g.
[23], [24], [25]) and in the physical context (in the so called nonlinear sigma
model and in the theory of liquid crystals, see e.g. [16], [14], [1], [2], [28],
[34], [35], [36] and the references there). Actually, in the study of liquid crystals
one considers the more general functional

£(u) = / ki (divu)? + ka(u - curlu)? + ks|u A curlu|? + aftr(Du)? — (divu)?] dz,
Q

where ky, ks, k3, o are positive constants, which reduces to the Dirichlet integral
(apart from the factor 1) in the special case ky = k2 = ks = a.

The usual approach is to seek a minimizer in H*-2((2, $2) under boundary
and/or defect conditions. The minimizers are in general singular and, according
to the work of Schoen-Uhlenbeck [57], see also [32], the singularities are
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isolated and called defects; moreover, the minimizers map small spheres around
any singular point to $2 with topological degree plus or minus one [16].
The singularities appear not only for topological reasons (in fact there is no
continuous extension on B3, the unit ball of R3, if g : B3 — $2 has topological
degree different from zero), but because they enable to reduce the energy. Hardt-
Lin [37] have in fact shown that in general, even for zero degree boundary
maps g, we have

inf{/ |Dul?dz : uwe H"2(B®% 8%), u=g on 333}

B3

< inf{/ |Dul?dz : uwe H"?(B®% 8%)nCYB? S8%), u=g on 333},
B3

that is a Lavrentiev phenomenon occurs.

As in section 4 and with analogous motivations, we shall see in the sequel
that we are naturally led in some respects to consider the parametric extension
of the Dirichlet integral and to look for minimizers in suitable subsets of
cart>!(0, $2). In this way the feature of the problem changes much more than
in the analogous case in sec. 4. In general line singularities will appear instead
of point singularities and small balls around isolated singularities are mapped
into $? with zero topological degree. Moreover, in some specific situations no
Lavrentiev phenomenon occurs, and we conjecture that it does not occur in
general.

POINT SINGULARITIES IN R® AND THE DIPOLE. Consider first the problem,
studied in [16], [1], of minimizing the Dirichlet integral in the class of
functions with prescribed point singularities together with their local degree.
More precisely, given N-points in R3, a;...,ay, try to minimize the Dirichlet
integral

£(u) = %/R |Duda

in the class
N
E = {u ec!t (Rs\ U{ai},52> | £(u) < +oo , deg(u,a;) =d;, Vi},
=1
where the d;’s are given integers, d; € Z, d; # 0, which satisfy the compatibility
condition
N
Z d,‘ = 0,
=1

and deg(u, a;) denotes the degree of u restricted to any small sphere around a;.
Equivalently, try to minimize £ among smooth mappings from R® — {a;,...an}
to S2? which map R® minus some bounded region of R? into the south pole of
S2, and which, for each ¢, map small spheres around a; to $? with degree d;.
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The answer to this problem is the following. In the terminology of [16]
inf £ is 4x the lenght L of the minimal connection associated to the points
ay,...,ay, Or equivalently, see [1], igff equals 4n the least mass of 1-

dimensional currents 7 in R3 with
N
BT = Z d,‘ ﬂ a; ]],
=1

where [a;] denotes the zero dimensional current which maps smooth functions
¢ to p(a;). Moreover, any minimizing sequence {ux} in E converges weakly
in H'2 to zero, hence

inf(u) > inf & (u),

E E

E .= {u € H"2(R3\{ay,...,an},S%)N
C°(R*\{ay,...,an}, S?)|deg(u, a;) = d;, Vi}

and the minimum in E is not attained.

Since it is relevant for us, we shall now repeat the arguments of [16], [1]
in the special case N = 2 and d; = —1,d; = 1, which in a sense is the most
relevant one and referred as the dipole case in [16].

By construction one first proves that

inf € (u) < 4nL.
E

The construction is the following. Choose a smooth curve C connecting a; to
ag and orient C by a smoothly varying unit tangent vector ¢ which points away
from a; to a,. The length of C is the mass of the one dimensional current
S = 7(C,1,¢). Choose now two smoothly varying normal vectorfields #i, 72
along C which are perpendicular to each other and for which the 3-vector
¢(z) A n1(z) A n2(z) equals the orienting 3- vector e; A e2 A es of R3. Also,
consider the map v :R?2 — §2 which is the following slight modification of the
inverse of the stereographic projection ns : y(y) = n5!(y) for |y| < R, R fixed
and large, v(y) = the south pole g for |y| > 2R; « is a suitable interpolation in
R < |y| < 2R. Finally consider the map f: R® — $2 depending on a smoothly
varying radius function § on C with §(a;) = §(a2) = 0,6 > 0 otherwise, defined
as follows: for each point P in R® of the type z + sn;(z) + tna(z) for z € C
and s? + t2 < 62(z), we set

f(P) :’7(%y%>,

otherwise f(P) = g. Then one shows, see e.g. [1], that £(f) is nearly equals
to 47 times the lenght of C.
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The inequality
i%f E(u) > 4nL

can be proved by means of the coarea formula, see [1]. The basic observation

is that
1/ |Du|2dz2/ My (Du)| da,
2 Jra R3

thus, by the coarea formula

1 Lo
E/w IDuftds 2 / |Ma (D) d = / (a7 ) ()

= M(<R3 u,y>)d¥?
32

> X¥2(S?) inf{M(S) | 88 = [az] — [a1]} = 4rL,

where < R3 u,w > is the slice of the current R® by the map u, compare [30],
[59], or equivalently the current r(u~1(y),1,¢),¢ being the natural induced
orientation, and one sees, compare also the sequel of this section, that

r(u™!(y), 1,¢) = [az] — [aa].

The construction above gives also, for C tending to the minimal connection
and §(z) tending to zero, a minimizing sequence for our problem. Of course
such a sequence converges weakly to zero in H'2, but it is not difficult to see
that instead the currents [G;] converge to the current

L x [S?],

where now L is the least mass 1-dimensional current with 8L = [a2] — [a4].
As we shall see soon, in fact L x [S?] realizes the infimum of the parametric
extension of the Dirichlet integral among the T ecart},, (R® — {ay,az}, S?)
with finite Dirichlet’s norm and 8T = [{az} x S?] — [{a1} x S2]. Thus we are
again naturally lead to study variational problems for the Dirichlet integral in
car®1(Q, $2).

THE CLASSES H':2(f), §?),cart®1(Q, $?) AND THE DIRICHLET INTEGRAL.
We shall first write explicitly the components of a current in cart({2, $2), where
Q is a domain in R3. This, besides being useful in the sequel, will make more
evident the relationships between our computations and some of the computations
in [16].

We observe that, since spt T C 2 x S2 and T is rectifiable, T = 7(M, 4, £),
&(z,y) € T.QxT,S2, hence T(n) depends only on the projection w of the 3-form
n on D3(Q1x S2) given, for each z,y, by the orthogonal projection of n(z, y) into
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A3(T,Q x T,S?). Denote by n(y) the outer normal to S? := {y e R®: |y| =1}
at y, then we can write the 1-forms on S? as

w=w;i(y)dy; with w;(y)ni(y) =0
and the 2-forms on $2? as a multiple of the volume form on $2
wsa = (—1)' " ni(y)dy;.
Thus a generic 3-form on £ x S can be written as
51 w(z,y) =wo(z, y)dz1 A dzg A dzs + wij(z, y)@,- A dy;
oD + wi(z,y)dz; A it wsa,

where
wiz(z,y)n;(y) = 0.
Given now a 3-form
n= Z Nap dz® A dy?
|a|+]B]=3
in Q x R3, it is easy to see that its tangential part on D3(Q x S2) is given by

(5.1) with
wo(z,y) := o (2, y)

wij(x’ y) =T ﬂ{hnh(y)nj(y)
wi(2,9) == D mp(—1)"""ng(y),
|8|=2
and T(n) = T(w).
Let u: Q — 52 be a smooth function or a function in H'2(Q2, $2), and
let T be the current T, associated to u. We have

T(n) = To(no) + Ti(n1) + Ta(n2) + Ta(ns),

where T; and 7; are respectively the components of T and #, and

To(n0)=fr]wo(z,u(z))dz
Ti(m) = /r]wij(z,u(x])(—l)i_lD;uj dz
Ta(n2) = /w;(xa u(z)) dz; Autwgs = Awi(z:u(x))(_l)i—i—jnJ'Mji(Du) dz

:/ﬂw,-(x,u)D,-(:c) dz

T3(’73) = 0;
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where D; is the D-field in [16]
(5.2) D:i=wu uz, Aug, €1+ U Uz, Atg, €2+ U - Uy, AUg, €3.

Observe that for any 1-form v in Q
7y (TLA*wgs)(y) = f <,D > dz.
Q

The following theorem gives a characterization of the elements of cart®? (£, $2).

THEOREM 1. Let T = 7(M, 0, €) € cart?1(Q, S2). T decomposes as
(5.3) T=T,, +5,

where ur € HV2(Q, S2) and S is its singular part, S = T L M\M4. Moreover
there exists a rectifiable 1-dimensional current L = 1(L,~,¢) in Q such that

(5.4) S =L x [,

ie. S=171(LxS% yom, ¢AEsa) or, in other words, M\M4 = L x 52, £ = ¢ Aésa
and § = yor on M\My, where £g2 is the orienting 2-vector of S2.

PROOF. Although the situation is substantially different, the idea of the
proof and actually the proof of this theorem is the same of the proof of theorem
1 sec. 4. For future references we split it in three steps.

Step 1. We already know the decomposition T' = T,, + S, so we ought to
prove only the second part of the theorem. Contrary to the case in which (1 is a
domain of R2, in this case we cannot say that Ty, has no boundary in I x R3,
and actually, as we know and shall also see later, T,, does have boundary in
general. But we claim that

(5.5) T, (@) = 0
for all 2-forms in 1 x $2 of the type
(5.6) w = w.-jdz,- A dyj + w; E;,', (w;,-n,- = 0),

or in other words 8Ty, has only a completely vertical part. This is easily seen
by considering a smooth approximation u. of u in H*2(Q),R®). Then we have
ue — u in L2, D,, — Du in L? and My(Du.) — Mz(Du) in L! and, as dw
has the form

dw = wodzy A dzg A dz3 + @;jdz; A dy; + w;,-dx,- A @j,
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we conclude that
Ty (dw) =

/(;[(Do(x, ue) + @5 (3, ue) (—1) T Divd + wiz(z, u) (—1)° 7 My;(Due) | d

converges to T,(dw). As 8T, (w) = 0, since T,, has no boundary in  x RS,
we get the conclusion.

Step 2. From step 1 we also see that Sy and S; are zero, i.e. S is ’vertical’
and may be non-zero only on forms of the type w;dz; A 7*wgs. Consider one
such form, then, compare theorem 1 sec. 4, we have

wi(z, y)dz; A #*wga

= @i(z)dz’ A RFwgs + dz; A dy,
@i(z) :== / wi (z, y)dX?3(y),
S?

where # is a 1-form on {1 x S2. Therefore, taking into account step 1, we
deduce
S(wf(z) y)dzi A 'fr#wsﬂ) = S(G),(ﬁ) dz; A i‘r#wsz).

Step 3. We are now ready to prove that S = L x [S2], compare theorem 1 sec
4. Recalling that for || S| = 6(z,y)¥3L M we have

S(widz; A ##*wgs) = / &i(z, y)wi(z, y)d| S||(z, y),

we consider the vector valued measure with components S; = &S|, so that
S = S;e; A €52 and we define the vector valued measure on 2, (Ly, Lo, Ls), by

- ls N
L;(A) := 4WS,(A x 8§%) = 47r7r#S,(A), VA C 0,
or equivalently by
1
/go(m)dL,-(z) = E‘/p(z)d&-(z,y].

Observe that

where

1 .
(5.7) L= 4—1r7l'# (SLﬂ#wsﬂ),
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and that L is a 1-dimensional rectifiable current with density one. By step 2
we have for all regular ¢(z,y)

/ o(z,9)dS (2, ) = / o(2)dS:(z, y) = 4 / o(z, 9)d(¥2 L 5%)(y)dLi(z),

S; = L; x (¥*L §2).

In conclusion
S=Lx |[.S‘2]].

g.e.d.

Let T be a current in cart®!(Q, S2), T = T,, + L x [S?]. In general T,,
does not belong to cart?!(, $2), since it may have a non-empty boundary in
1 x $2, and in fact

8T,, = —3L x [S?].

In particular the currents 7T, associated to functions u € H2(f), S2) do not
belong in general to cart?!(Q, S2). For example if we consider the map z/|z|
from B® into S2 and the associated current T, |5 we have

BT,_./M I_7r_1(B3) = —[{0} x 52]].

Of course T|,| can be “completed” to a current T € cart®!(B?, §2), with the
property that ur = z/|z|, by simply defining

T := T,z + L x [S?],

where L is a dipole with end points {0} and any z¢ € dB%, and L is oriented
so that
0L = [0] - [zo] ;

for example L can be the segment or any smooth curve coming out from zg
and going to 0. This is actually a general fact. From the weak approximation
result in [9], in fact we know that each u € H!:2((), 5%) is the weak limit in
H'2(Q, S?) of a sequence of smooth maps uy :  — S2. The currents |Gy, ]
then converge, passing possibly to a subsequence, to some T in cart?!(, S2),
and up = u.

In general, it seems difficult to get control on the boundary of T, in #~1((2)
for w € H'2(Q, S2). However the situation drastically simplifies if we assume
that M (8T,) is finite, which is equivalent to M(8L) < +oo, if T = T, + Lx [S?]
is a current in cart?! (2, $2), which ’completes’ T,. In this case, by the boundary
rectifiability theorem in sec. 2, 3L is a rectifiable 0—dimensional current, i.e. 3L



CARTESIAN CURRENTS AND VARIATIONAL PROBLEMS ETC. 467

is a finite combination of integrations on points {a;} C Q, i.e. T, has masses
only on J{a;} x S2. And we see that 8T, L m~!(a;) is described exactly by

the “degrée of 8T, L w7 1(a;).” In fact trivially 8T, L 7~ 1(a;) is a boundaryless
current in {a;} x S?, thus the constancy theorem yields the existence of integers
m; (8T, is rectifiable) such that

AT, L7 Ya;) = m;[{a:} x S?].

We call —m; the degree of 3T, at a;. Of course the degree of 8T, is defined at
every point z €  and, for zo ¢ {a;}, degree of 8T, at z, is zero. One also sees
that the degree of 9T, at zo is the “topological degree of u|sp, : B, — 8§2”
for small spheres dB, around z¢. In order to prove that, we observe that the
“topological degree of w|gp, : dB,(z0) — S2”, denoted by deg(dTy,dB;,S?),
is given by

(5.8)  deg(dTy,dB,,52) = ﬁa(Tu Lr~1(B,)) L1 (8B,)(#Fwss),

where we compute (T, L n~!(B,)) thinking of T, L (B, x S?) as a current in
R3 x §?; the degree of 3T, at z, is given by

(5.9 deg(8Ty, z0) = —%aTuLﬂ_l(zo)(ﬁ#wsz)
s

and finally we observe that, since 8T, has no boundary in B,(zo)\{zo} for
small r, we have

ATy a Y(B,))La~Y(8B,) + 3(TuL 7 (B,)) L7 (z0)

=9(TyLn Y(B,))La~Y(B,) = 3(Tu 7™ Y(B,)) L (v~ (B,)\7 (o))
=9(Turn Y(B,)) o7 Y(B,) — 8T, L7 (B, \{z0})

= 9(TuLn"Y(B,)) 7" Y(B,).

Therefore, denoting by x4 the characteristic function of A,

deg(3Ty, 3B,, 5?) — deg(9T, 20) = ZI;B(T“ L7 (B,)) (Xnos(,) A ¥ ws)

=T, 7 (B,)(dXs-1(p,) A F*wgs) = 0.

For the reader’s convenience, let us give now a more explicit expression of
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deg(8Ty, 8B, (z0),52) and deg (87T, z¢). We have
1
deg(8T,, z0) = — 40Tl 7 (zo) (A* wga)

1 .
= —EaTu(X"—l(zo)ﬂ'#wSz)

1

an (Tu L fr#wsz)(dx,r—x(zo)).

1 N
= _ETu(dXﬂ“(mo) A ﬂ#(wsz)) = -
For a sequence of smooth functions ¢ (z) converging to the characteristic
functions of {z,}, we then obtain, compare the computations for the components
of T, 1
deg(dTy, z0) = lim —T, L #*(wg1))(pk.2, dz;)
k—oo 4T

. 1
= klglgo H/n Di(z)ok.a, dz,

where D is the field defined in (5.2). Therefore we conclude, compare [16],
that in the sense of distributions

N
(5.10) divD =47 ) deg(dTy, a:) ba,.

i=1

In case u is regular in a neighbourhood of z,, we also have
1
deg(8T,,98B,,5%) = EﬂGw]](ir#wsa),

where 1 denotes the restriction of u to 8B,. If J, denotes the 2 x 2 Jacobian
determinant of the map 4, we get the classical expression for the degree

deg(8Ty, zo) = deg(8Ty,8B,,5%) = %/ Jy dX?.
T JaB,

We observe that if (£;,&;) are normal coordinates on 8B,, from the fact that
Y e, = ¥ e, = 0 and thus e, A e, = Jy9, one deduces the following
classical expression for Jy

J’J) :1/1'1/)5, A’»béz'

The degree of 9T at z, €  is defined in the same way for
T ecart?>1(f), $?) and, in this case, it is trivially zero. The previous arguments
also show that, as in the smooth case, the boundary of T (considered of course
as a current in R 3 x §2) has degree zero (in the sense of section 3). In particular,
given a boundaryless 2-dimensional current S in 0 x $? with non-zero degree,
for example the graph of a smooth function ¢ : Q1 — S§2 with non-zero degree,
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there is no T € cart?!(Q, S%) such that 3T = S. But, because of the weak
approximation result in [9], it does exist T € cart?!((1, $2) with ur = ¢ in the
sense of traces in H!:2, For instance, as we have seen,

T ="T,)o +Lx 8% 0L=[0]—-[z], zo € 3B

belongs to cart*!(B3,5%), up = z on 8B*® (in the sense of H2),
deg(z, S%,82) = 1, but

3T = {integration on the graph of id : §2 — $°} + [{z0} x S?].

Assume still that M(38T,,) < +oco or equivalently M(8L) < +oo for
T = Ty, + L x [S?] € cart?>1(,52). We observe that defects, i.e. points in
which the degree of 87T,, is non-zero (which coincide with sptdT,,), are
always connected by line singularities, the current L. Of course up may also
have singular points, that is points in which ur is not continuous, in which
there is no boundary of T,, (compare example 1 sec. 2); on such kind of
points 3T, must have zero degree.

Let us consider now the Dirichlet integral

l/ |Duldz
2Ja

for mappings u : 2 ¢ R® — §2 ¢ R3, which has integrand f given for each
fixed n € $2 by 1|G|?, where G € {G € M3x3|GT - n = 0}. As in example 3
sec. 4, one easily sees that the associated parametric integrand is given, in the
notations of sec. 4, by

31G61/600) * + 1162 = €o0Ma(Gier/e00)) s if GE\g,, n =0
|£2I lf 6(_)0:0 and 61:0

~+o0 otherwise.

F(nz 6) =

.

Therefore we conclude that the parametric extension of the Dirichlet integral is
finite exactly on cart?!(, §2); there it coincides with the parametric extension
of the Dirichlet integral for mappings from Q c R® into R3, thus it is lower
semicontinuous (and trivially coercive) on cart?1((2, $2) and, finally, it is given
by

o(T;0) :=l/ |Dur|?dz + 4xM(L), for T € cart®>!(1Q, §?),
(5.11) 2 Ja

T =T, +Lx[S.

The dipole problem, or the more general point singularities problem in R3,
can be now formulated as follows. Given N points {a;,...ay} in R® and N
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N
non-zero integers d; with Y d; = 0, or equivalently given the two dimensional
=1
current in R3 x §2

N
S = Zd,»[[{a,»} x S2],

=1
minimize the Dirichlet D(T') in (5.11) in the class

{T € cart’:} (R3,8%)|0(T,R%) < +o0 , T = S}.
Then, taking into account the coarea formula (compare above), it is easily seen
that a minimizer is given by

L x [S?],

where L is a least mass 1-dimensional current in R® with
N
oL = Z d,' Ila,‘]].
1=1

Finally, we observe that in case of mappings into a flat manifold the
situation simplifies drastically. The proof of theorem 1 yields in fact that
cart*!(Q,R?) = H*2(Q,R2), Q c R3.

Variational problems for the parametric extension of the Dirichlet integral
in cart?!(0Q, §?)

Let 2 be a domain in R3 with a finite number of holes and, omitting a
finite number of points,

QZA\(LNJG,'UOH,‘),

where A is a smooth simply connected domain of R3, the H; are disjoint sets,
each H; equals the closure of 2 ball type smooth domain strictly contained in A,

and the q; are points in A\ |J H;. We split the family {1,...,n} as a disjoint

union of three subsets I, I;,_}3; we allow one or two of them to be empty.
In case I, is not empty, we choose, for each 2 € I, H, cc H;, I?.- equals the
closure of a ball type smooth domain, and for the other indices we set H; = H;.
We also split the exterior boundary of {1, i.e. dA, as a disjoint union of two
“smooth” subsets 34 =Ty U;‘z (one of which ~cou1d beoempt~y), gnd we choose,

when I'; # @, an open set A > A such that A > AuT;, AnT, = 0. Finally

we set N n
ﬁ:,i\ (Ua,‘UUEI,’)
i=1 =1
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and we fix a current S ecart?1({], §2). ,
We can now formulate the following variational problem P: minimize the
Dirichlet integral in (5.11) in the class E of currents cart®!(}, S?) such that

i) 8T L n~1(a;) is prescribed, or in other words the degree of 87T is prescribed
on a; (we also assume the degrees prescribed are non-zero).

ii) On 8H;,: € I;, we prescribe the boundary of T in the following way: we
require that all currents T in E coincide with S on 1r_1(H \H;); on 8H;,i € I,
we prescribe the trace of the H!? function ur associated to T, requiring that
ur = ug, and finally for s € I; we prescribe the degree of 3(T'L Q)L n~ (3 H;).
iii) On the exterior boundary of (1, i.e. on A4, we prescribe either the degree
of (TL="1(Q))Ln"1(84) or 8T on =n~'(Ty), requiring that T = S on

7~ 1(Q\A), and the trace of uz on I'y,ur = ug on I',.

It is easily seen that the class E is non-empty except when I, and T,
are empty. In this last case we must (and do) require that the compatibility
condition “the total degree of 3(TL n~1(f1)) is zero” holds in order E to be
non-empty.

THEOREM 2. Problem P has a minimizer in E.

PROOF. Since D is lower semicontinuous and coercive on cart®! and since
the traces and ’boundaries’ are preserved by weak convergence, the existence of
a minimizer follows at once by the standard methods if we prove that, if T} is a
minimizing sequence converging weakly to T, then the degree of 8(Tk L #~1({2))
on 8H; (or/and 8Q) equals the prescribed degree of 8(TxL () on 8H;
(or/and 811). In order to prove this, we choose a smooth decreasing family
of ball type domains H;(c), o € [0,¢), such that H;(0) = H; and the 8H;(o)
give a foliation of H;(e)\H;. Then we observe first that, for o sufficiently
small, the degree of 8(TxL n~!(H;(c)\H;)) on 8H;(s) equals the degree of
(T, L7~1(Q)) on 8H;, and that, compare e.g. [59] p.182, we can choose o
small such that

(T n™ (Hi(o)\H;)) w10 H;(0)—3(T L~ (H;(o)\H:)) L~ 1 (8 Hi(0)).
Since the degree is preserved by weak convergence (see sec. 3), the conclusion
follows at once.

g.e.d.

EXAMPLE 1. Suppose 2 omits N points {a;} and has no holes, and suppose
N

that E is the class of currents in cart*!(Q,52) with 8T = — 3 d;[ai],d; # 0,
=1

N
Y- d; =0, and with prescribed boundary 8T L n~1(A) equals [Gy], where v

=~
is a constant on the exterior boundary of Q. Then, compare [16], [1], [14],
taking into account the coarea formula , one sees that a minimizer of problem
P is given by Ty, + L x [S?] where L is a least mass 1-dimensional current
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in Q with 8L = — Y7, d;[a;]. If, instead of 8T on =~ !(8A), we only prescribe
up = ¢ = constant on JA, the situation changes completely and one easily
convinces oneself that a minimizer is given by Ty + L x [$2%] where this time

L solves
M(L) — min,

oL = *Zd,‘ﬂa,']], in Q.

N
Observe that in this case the compatibility condition ) d; = 0 is not necessary.

A similar situation occurs if points are replaced bSi_iloles (or we have both
holes and points), provided we compute minimal connections between holes
with respect to the metric §(a,b) in [16], compare [16], [1], [14].

Of course, if the trace and/or the boundary data are not constant, the
function ur cannot be taken as constant, and we cannot expect a simple
expression not even for the infimum of the Dirichlet integral.

N
EXAMPLE 2. Consider 1 = A\ U {a;} and let Ty = Ty, + L; x [S?],
T = Tuy, + L2 [S?] be respectivel§/=slolutions of problem

1=1 i=1

P, . { D(T) —»min, aTl_ﬂ'_l(ﬂ) = — f: d,'“a,']], g: d; =
8TL n~1(8A) = 3S L 11 (3A)

and of problem

Pz : D(T) — min, AT L=~ 1(Q) = a;], ur = us, on 1.

u'Mz

Suppose we also know that up, and ur, have a discrete set of singular points
(which would be the case for H':2 energy minimizing maps [57], [58], [40]),
and denote by :c(l ), ,x(z) and x(z) x,f respectively the singular points
with non-zero degrees d (1 and d(z) Obviously both ur, and ur, are harmonic
mappings in  (in general with no harmonic extension in A, see [46]). Then
we see that L; must be the least mass 1-dimensional current in @ with

N k
8Ly =— Y difa] + Y dM[z{M],
=1 =1

while L, must be the least mass (in 1) 1-dimensional current with

n h /4
8Ly =— Y difa] + Y dP[cP]+ 3 d¥[z®
=1 =1 i=1
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where zga) are free points on d A, with ’degree’ dfa), so that

3 (—d,' +d? + d}"") = 0.

i

We conjecture that if S is integration on the graph of a smooth function
g on 3A, then the least energy in problem P; coincides with

N
inf{%/r; |Dul*dz : u € C* (ﬂ\ig{a,»}) , deg(u,a;) =d;,u=g on 3A}.

But for that we only have a heuristic argument. One can approximate the current
L in mass by a poliedral 1-dimensional chain C, and C x [$?%] by a smooth
function in H'? (compare [1]), outside a small neighbourhood of C one should
be able to approximate up in H':? (compare [9]) and then interpolate with a
small energy map. This would give the desired approximation.

While, for the point singularities problem, our description has many points
of contact with the ones in [16], [1], [14], the situation changes strongly when
considering the problem of free singularities.

It is well known that the problem

(5.12) %/ | Du|?dz — min, u€ H"?(Q,8%), u=g on 89,
a

has a solution which is a harmonic map. But C'(Q, $%) n H2((Q1, $2) is not
dense in H*2(, S2), a necessary condition for the approximability of u in H*:2
by smooth functions being that the current T, has no boundary in #~1(f2). So
we claim that the Dirichlet integral is defined in a sense ’arbitrarily’ in H':2,
More precisely, the minimizers of (5.12) can create holes on its graphs without
paying in energy, or in other words they can create new boundaries lowering
the energy. Thus, in spite of its appearance, problem (5.12) is a problem with
a free boundary more than a Dirichlet problem.

If the degree of g is zero, we can formulate the following Dirichlet problem

(5.13) D(T) —» min, T € E := {T € cart*'(Q, §%), 8T = [G,] on =~ 1(30)};
and it has a solution. But if the degree of g is different from zero, E is empty

and no Dirichlet problem can be formulated. However we can always formulate
the following problem (regardless of any degree condition)

(5.14)  D(T) — min, T € E := {T € cart*!(Q, $%),ur = g on 80}
which is partly a Dirichlet problem and partly a free boundary problem.

We would like to point out that the solution of (5.14) or of (5.15) look
completely different from the solutions of (5.12). In fact if T = Ty, + L x [S?]
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is a solution of (5.14) (or of (5.13)), in general ur is not harmonic although,
if ur has a discrete singular set, it is harmonic outside this set. For example
if g =z on 8B, Q = B3, the unique solution of (5.12) is z/|z|, see [16]; we
claim that ur is different from z/|z|. Suppose in fact that ur = z/|z|, then
necessarily L has to be the current integration on a segment joining the origin
to a boundary point (say for simplicity (1,0,0)). Consider now a smooth family
of diffeomorphisms ¢; : B®> — B® such that ¢;(0) = (¢,0,0) and such that ¢,
equals the identity on B3, and set

Ty := Tyo(a) /e @) + Le X [S7],
L; being the integration over the segment [(¢,0,0),(1,0,0)]. Then

T; ecart>1(Q, $%), ur, = z on 8B* and, since z/|z| is an energy minimizing
harmonic map, we have
2
1
dz = - /
2 Jgs

E/D
2 Jps

hence, we deduce
1
T;) ==
P(T) =3 /;3

d
ED(Tt) = —4r < 0,

¢¢(z)

622 T olt),

DX
=|

2da: +4r(1—t) +oft)

°r

z|

and consequently

i.e. T is not a minimizer.
We conjecture that when g is smooth and the degree of g is zero

inf {D(T) : T € cart*!(Q,5?), 8T = [G,] on =~ 1(50)}
=mf{%A|Du|2dm : ueCl(ﬁ,Sz),u=g},

but we have no proof of that. Also, of course the regularity theory of Schoen-
Uhlenbeck [57], [58], as well as the estimates on the defects of minimizers in
[2], [36], do not apply to solutions of problems (5.13), (5.14), and the regularity
theory remains completely open for those problems. Finally, it is worthwhile
remarking that the discussion in this section extends with just formal changes
to the analogous n-dimensional problem of minimizing

1 n—1 n
(n_ 1)(n—1)/2 -/1‘3" |Du| d)‘(

among maps u : B® — S™~! with prescribed data. Also one could consider
integrals with homogeneity of a surface instead of a line, compare [16], [14],
[1], but we shall not do it.
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THE LIQUID CRYSTAL FUNCTIONAL. We conclude this section by giving
an explicit formula for the parametric extension of the liquid crystal functional.
We recall that the liquid crystal functional can be written as

E(u): = A [alDulz + (k1 — @)(div u)? + (k2 — @)(u - curl u)?
+ (ks — a)|u Acurl u|2]d:):

and we assume that o > 0 and k; > o, for ¢ = 1,2,3. Its integrand W (n,G)
is defined for all n € S? and all 3 x 3 matrices G satisfying GTn = 0 and,
compare [28], it is invariant under orthogonal transformations Q :

W(Qn,QGQT) = W(n,G).

As we have seen in section 4, the parametric integrand associated to W is
given, on the simple 3-vectors £, by

€00 (n, G (e1/650))  If €00 > 0, Gy, e, 7 =0
F(n, &) = 1 |&llw if 50 =10, £&1=0
+o00 otherwise,

where we recall

[é2llw = sup{4(&2) | ¢ : V2 = R linear, ¢(Mz2(G))
<W(n,G) YG with GT . n =0};
hence we ought to compute only |é&flw. Let z € Q, n € S? and let
62 € A3(Tmﬂ X TnRa).
One sees that ||&2|lw is finite if and only if & is a simple 3-vector in
A3(T.Q x T, S8?) and, in this case,
Ex=tANE NéEy

where & A&, is the canonical 2-vector on S2 at n and t € T, ). Moreover, we
also see that ||£z||w is the largest convex function below

[(é) := inf{(W(n,G) | GT -n =0, My(G) = &}.

Consider now the orthogonal transformation @ from R? into R® which

maps
P n into (0,0, 1)
pfemn into (1,0,0)

Tirny into  (0,1,0)
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and consequently

Qt = (A,0,B), with A:=+/|t]2 - (t,n)2 , B= (t,n).

Denote the matrix QGQT by H; the condition GT - n = 0 then reads as

(5.15) H=

o o« Q
o Q. o
(=

and the condition M;(G) = £; amounts to

ad—bc=B
(5.16) af —eb=0
cf —ed= A

Therefore because of the invariance property of W under the transformation @,
we get

T'(¢2) = inf{W((0,0,1), H) | H of the type (5.15) satisfying (5.16)}.

By a standard calculus computation that we omit, one then finds
T(¢) =2 {VKBZ + kks A% + (k — o) B} ,

where
k= Illill(kl, kg)

(One first minimizes on the set ad = &, bc = 5 for £, fixed and then on &, 5).
Since I'(&2) is convex we then get

[é2llw = T(&2)

and therefore the parametric extension # of £ is finite exactly on cart?1((, $2)
and, for T = T,, + L x [S?], is given by

(1) =/nW(uT,DuT)d:z:+2/;: 2'7(z){\/k2(t,n)2+kk3(1-— (¢,n)?)

x§
+ (k- a)(t,n) }d}ll(z)d}(z(n),

where L = 7(L,,t). An easy computation then gives

7(T) =/nW(uT,DuT)dz+47r\/1£ o(v)M(L),
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where

\/—_1+'7+\—/1—,710g(\/f7+\/__1+'7) if 4> 0

k 2 if y=0

Y= b p(v) =
VT + dresiny/| if v < 0.

Vil

Of course we can formulate for 7(7) the same problem P above, and in the
same way we obtain existence of a minimizer.

6. - Some extensions
Consider a variational integral
6.1) Flu) = / f(2,u, Du)dz
Q

with integrand f defined on a class of smooth mappings from a domain  C R"
into R¥. Let F be the parametric integrand associated to f and let #(T') be the
corresponding parametric integral defined for all currents 7' which are graphs,
i.e. satisfy 4T = [Q] and T, > 0. We say that #(u) is regular on a subclass
C of the currents which are graphs, if # is coercive and semicontinuous on
C. In sections 4 and 5 we have seen examples of regular variational integrals
and we have illustrated the way one can formulate and solve several “boundary
value problems” for regular integrals.

Our guiding principle was to work in the “smallest class obtained as
the set of limit points of sequences of smooth functions with equibounded
F-energy”, and this naturally led us to work with currents which are graphs
without boundary in #~1({2). But in many respects it is interesting and useful to
study also variational problems among currents which are graphs with possible
boundaries in 7~ !(€2). We have already encountered examples of this type in
section 5; another example appears in the study of cavitation [6], [33].

In order to study variational problems among graphs with boundaries or
holes in 7~1(Q2), we can proceed as follows. Set

N(T) = M(T) + M(8T),
and consider the class
carty(,RY) := {T € 0, (2 xRY) : 74 T = [Q], T50 >0, N(T) < +o0}.
Suppose 7 be a regular functional on cart, (€, R~ ). Then, in a standard way, we

can formulate the classical boundary value problems for 7(7T) in carty(Q,R¥);
but, since 7 a priori does not control the mass in #~*(f2) of the boundary of a
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minimizing sequence, so that these boundaries can become wilder and wilder,
we cannot expect existence of a minimizer. The situation can be handled instead,
and we can easily prove existence theorems, if we assume that 7(T) is also
coercive with respect to the mass of 87 on =~ 1(f2), for instance, if we replace
7 by 7+ G where § is a parametric (lower semicontinuous) functional on 8T
which satisfies

G(8T) > M(8T L= 1(Q)).

EXAMPLE 1. Consider the problem of minimizing the Dirichlet integral
(5.11) among currents which are prescribed on the boundary of 4 and may have
free boundaries in 7#=1(Q2) only in at most a discrete set of points {a;...,an},

N
with free degrees d; satisfying the constraint ) |d;| < k, k being an a priori

given constant. The previous discussion shows 'tTllat this problem has a solution.

The following two subclasses of cart, (€2, R¥) seem to be of special interest.
We denote by C (2, R¥) the class of functions u for which there exists a closed
set K in ) with ¥"(K) = 0 and such that v € C*(Q\K) and for which T,
is well defined in Q (i.e. u and the minors of Du are summable in 1) and
satisfies N(8T,) < +oc. The smaller subclass of CL(€,R¥) of functions u, for
which K is a finite union of submanifolds of 1 of dimensions less or equal
than n — 1, will be denoted by C}(Q,R¥). Of course

CHO,RYN) c C(0,RY) C carty(Q,RY).

The smallest sequentially closed sets, with respect to the weak convergence
of currents with N-equibounded norms, containing repectively C}(Q2,R¥) and
Cy(Q,R¥), will be denoted by Cart,, (€2,RY) and Carty(Q,RY). Exactly in
the same way we did in the previous sections, we can now define the classes
Cart) (Q,R") and Cart? (Q,R") for a multiindex p = (po,p1, . - -, Pmin(n,n))» and
also analogous classes in which ) and R¥ are replaced respectively by an n-
dimensional oriented Riemannian manifold X™ and by an imbedded submanifold
Y™ of RV,

EXAMPLE 2. Let ,{ be bounded domains in R® with Q cc 1 and let
D(T) be the parametric extension of the Dirichlet integral (or the parametric
extension of the liquid crystal functional). Suppose S be a given current in
Cart?1(Q2, $2). The problem

{D(T) + M(3TLn (1))
T € E := {T € Cart,, (€, $2)|T = § on =~ 1(1\Q)},

according to our previous discussion, has a solution T. The minimizer T' shows
now very interesting features. In fact for T it is not convenient to create a dipole
L x [S?], L being for example ’the segment [zg,z;]’ in £, with a connection
of large lenght, as such a dipole would contribute to the energy as 4mM (L),
while, creating boundaries at w~!(zo) and 7~ !(z;) would contribute to the
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energy as 2 -4w. On the other hand, it is not convenient to create boundaries,
for example, at points zo,z; which are too near, as the dipole [[z¢,z1]] X [S?]
would have smaller energy 4x|z; — zo| than 2-4x. Also the minimizer T' might
find convenient to ’fracture’, for example, along a 2- dimensional surface.
Therefore, in principle, many different kinds of singularities may coexist for 7.
Of course a real analysis remains to be done.

A problem, which has many points of contact with the previous one, has
been formulated by De Giorgi-Ambrosio [21]. In our approach, it could be
stated as the problem of minimizing

(6.3) D(T)+ X" Y(x(L)), OTL= Y (Q)=1(L6,¢),

in E (or in E where Cart,; is replaced by Cart,). The delicate question here
is of course the question of the coercivity and semicontinuity of the functional
(6.3), question which does not seem to have a simple answer. We mention that
problem (6.3) can be seen as a generalization of a codimension 1 problem in
the study of segmentation of images, cfr. [51], [47], [11], [22].

We think that the abstract setting described above is very convenient
to give a mathematical static model of fractures in the nonlinear theory of
hyperelastic materials. In the sequel of this section we shall discuss this idea
more precisely.

NONLINEAR HYPERELASTICITY AND FRACTURES. Let us first recall some
ideas and facts concerning the mathematical formulation of the static equilibrium
problem for perfectly elastic bodies (compare [33] and its references). A
deformation of an elastic body is described by a function u from a domain {1 in
R3, taken as a reference configuration, into R® which is orientation preserving
and globally invertible. A material is called hyperelastic if its mechanical
properties are characterized by a stored energy function W(z,G) in terms of
which its total stored energy is given by

6.4) &(u, Q) = /‘:] W (z, Du) dz,

Du being the deformation gradient. One is then interested in finding a
deformation which satisfies suitable boundary conditions and which minimizes
€. Of course one has to specify both mathematical and physical reasonable
constitutive conditions on the stored energy W. In doing that for perfectly
elastic bodies, we have a few general principles that we shall briefly describe.

1. A deformation is described modulus changes of the reference parameters.
This already suggests that our problem has a parametric character more than
an apparent non-parametric one, or in other words what is relevant is the graph
of u more than the map u, or still in other words, our problem lives in the
product 0 x R3.

2. For a perfectly elastic material it is natural to require that the stored energy
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depends on the deformations of line surface and volume elements, i.e.
6.5) W(z,G) = F(z, M(Q)).

Moreover, since the more an elastic body is pulled (or compressed) the longer
it grows (or shortens), it is natural to require that W be ’elliptic’, which might
be expressed as F(z, M) be convex with respect to M.

3. It is reasonable to require that, in order to stretch a fiber to infinite lenght
or compress it to zero, we need an infinite amount of energy. This turns into
requiring coercivity of W at infinity and at zero. At infinity we require

F(z, M(Du)) > [M(Du), p21,

and observing that compression in the reference configuration is seen as
stretching in the deformed configuration, that is coercivity at zero is equivalent
to coercivity at infinity in the deformed configuration, we are led, compare [33],
to require that

| M (Du)|?

66)  FlaM(Dw) > |M(Du) + rrmney

pg=1

In conclusion the equilibrium problem for hyperelastic materials can be
formulated as the problem of minimizing a functional of the type (6.4) (with
integrand W given by a convex function F(z,£) on the simple 3-vectors
with &5, = 1 and satisfying (6.6)), among orientation preserving and globally
invertible mappings. Actually it would be more correct to refer to (6.6) as
the energy associated to a perfectly elastic body if p,¢q > 1, and as the energy
associated to a perfectly “elastoplastic body” if p, ¢ > 1, compare [33]. Extending
£ to the class Dif?-¢((2, ﬁ) (compare sec. 2 and [33]) with prescribed “Dirichlet”
conditions, one then proves existence of a minimizer, see [33]. More generally,
we need not fix the image {2 of €, and we may work on the class Difr1(Q),
see [33], defined as the weak sequential closure (in the sense of currents) of
smooth diffeomorphisms u of (1 into u(f2) with equibounded || - ||pjfr-¢ () norms;
and again, under natural conditions, one proves the existence of a minimum
energy deformation.

By definition, the elements T of Dif?:¢(Q2) have no boundary in Q2 x R™.
But as we have seen in the beginning of this section, we may also work with
currents with boundaries. Consider in fact the subclass of C}(,R3), Dif,(Q2),
of u for which there exists a finite union K of submanifolds of Q of dimension
less or equal to n — 1 and such that » is a smooth diffeomorphism from
O\K into »(Q\K) with M(3T,) + ||Tu||pir« < +oc0, and its sequential closure
(in the sense of currents) with equibounded |T|pis« and M(87T,) norms,
denoted Diff:?(Q2). We may regard the elements of Dif},*(Q) as deformations
with fractures.

If we now introduce a lower semicontinuous functional defined on the
“boundaries”

& (BT L 1(Q))
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which is also coercive with respect to the mass of 8T L =~ (1), we can minimize
E(T) + &(8T L 1(Q))

in suitable subclasses (determined by the boundary data) of Dif}:?(f).
& (8T L 7~1(Q)) can be interpreted as the energy that should be spent in order
to produce the fracture 8T L n~1(Q).

A special case of this problem is the problem of cavitation [6], where
one looks for radial deformations which may produce a fracture or cavitation
only at the origin. For such a problem it is reasonable to consider homogeneous
bodies with stored energies of the type

W(G) = ®(v1,v2,...,9p),

where @ is a symmetric function of the eigenvalues vy, ..., v, of (GTG)'/2? and
assume that W satisfies Legendre-Hadamard condition, compare [6] (see also
[33]). Assuming the body perfectly elastic, the energy corresponding to a radial

deformation z
u(z) = U(Iﬁl)l-z—,

which is regular in B, (0)\{0} and with vertical part [{0} x B(0,%(0))], when
regarded as an element of dif(B;), is given, compare [33], by

£(u) = W (Du) dz + | B(0, U(0))| lim & (1 1).
B1(0) =0 \€ €

In this case there will be no cavitation or fracture, see [33], [45], in the sense
that for any regular stationary point in B, (0)\{0} of

/ W(Du) dz
B;(O)

with u = ug on 8B1(0), ue(z) = roz, we have

£(u) > W (Dug) dz.
B4(0)

Suppose instead that the body is not perfectly elastic and, in our model, we
decide to evaluate the energy needed to produce a fracture at zero, i.e. the term
& (8T, L n~1(0)), as

& (8T, L w~1(0)) = yM(8T, L~ 1(0))/(»—1),

then, compare [33], we conclude that the body actually fractures at zero, or

cavitates provided

l<1,
w
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where w is the isoperimetric constant

w = |B(0,1)|/|8B(0, 1)/ (=)

and the displacement at 3B, i.e. rg, is sufficiently large. In particular the body
will surely cavitate for ro large, if v = 0, i.e. if it does not have to pay in
energy in order to fracture at zero, see [6].
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