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Corner Mellin Operators and
Reduction of Orders with Parameters

B.W. SCHULZE

1. - Introduction

This paper is part of the program to establish a calculus of pseudo-
differential operators (4 DO’s) on manifolds with singularities. The singularities,
in our context, may be generated successively by ‘conifications’ and
‘edgifications’ of given geometric objects, starting with R4 and a closed
compact C* manifold X. The conification of X is then X" := R4y x X
(geometrically it is thought as a cone \{vertex} with base X). A ‘manifold’ M
with conical singularities is intuitively defined as a compact topological space
with exceptional points vy,..., vy, so that M\{v;,...,un} is a C* manifold,
and M may be identified locally, near any vertex v;, with R} x X;\{o} x X;,
for some closed compact C*° manifold X,;, where we also keep in mind the
local R actions A(t,z) = (M, z), (t,z) € Ry x X;, A € Ry. A precise
definition may be found, for instance, in [S2]. Now we can pass to a further
conification M"= R 4 x M which is the local model of a corner, so that we can
define manifolds with corners globally and so on. The edgification is defined by
R? x M, where M is a manifold with conical singularities. This gives rise to
an evident global definition of manifolds with edges. In particular, a manifold
with corners always has outgoing edges of dimension ¢ = 1. We also can talk
about manifolds with boundaries and boundary value problems. From the point
of view of edges, they are included anyway, since R? xR, as the local model,
is the edgification of the cone with zero-dimensional base. The program is
now, parallel to this geometric picture, to realize function spaces and operator
algebras with symbolic structures for studying the solvability for natural classes
of differential operators on the underlying spaces with singularities.

It is custom (and well motivated, cf. e.g. [S2], [S4]) to say that the
operators of Fuchs type (= the ‘totally characteristic’ ones) are natural for the
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cone. In the coordinates (¢,z) € . x X, close to a vertex, they are of the form
(1) A(t,, 8¢, D,) =;0A,-(t) (—t a) ,

with A;(t) := A;(t,2,D;) € C= (R4, Diff* 7 (X)), where Diff(X) denotes the
space of all smooth differential operators on X of order v (smooth means with
C®> coefficients in local coordinates).

Let us denote by Diff#(M) the class.of all (smooth) differential operators
on M\{vy,...,un} of order u, M being a manifold with conical singularities
v1,...,un, Where any A € Diff*(M) admits, close to v,, a representation of
the form (1), with respect to the corresponding base X,, p = 1,...,N. For
the corner M"=R_ x M, we define Diff“(M") as the space of all differential

operators on M"\ (R4 X {vy,...,vn}) of order u which are, close to r = 0, of
the form

[ 8 k
) A= I;Ak(r) <—r 'a_r) ,

with certain Ag(r) € C® (R, Diff*~*(M)), and similarly close to r = co.
Let us also mention the form of the natural operators over R? x M (cf.
[S4]). We say that A € Diff*(R? x M) if we have locally, close to R4 x {vp},

3) A=) Aa(y)(tDy)",

|a|<p

with certain A,(y) € C(RY, Diff*"1*/(X;)), X, being the base of the
cone belonging to v,, p = 1,...,N. The variable y runs along the edge
R, a=(aj,...,a) is a multi-index.

An analogous definition applies for any open subset {1 C R?, which yields
the class Diff# (2 x M). It is then easy to see that the operators (2) also belong
to Diff*(R; x M), in the sense of the interpretation of R, as open subset of
R?, considered as edge of dimension ¢ = 1.

The explicit expressions (1), (2) and (3) show that the operators degenerate
close to the singularities in some typical way. In other words, apart from the
geometric picture, we could talk as well about the solvability for classes of
degenerate operators. Another point of view is to emphasize the non-compactness
of space \{singularities} and to perform a calculus on a non-compact manifold
with a special Riemannian metric, for instance, R™ or a space with ‘cylindrical’
exits.

Many authors have studied such problems under the different aspects and
motivations (such as applications in physics and technical disciplines, but also
in index theory, geometry, topology) with very different degree of generality.

Let us mention, for instance, Kondrat’ev [K1], Plamenevskij [P1], Grisvard
[G1], M. Dauge [D3], Teleman [T1], [T2], Briining, Seeley [B1], Melrose,
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Mendoza [M1], Rempel, Schulze [R1], [R2], [S2], Unterberger [U1]. Further
references were given in [K2].

The goal of the present paper is to develop the tools for a systematic
calculus of 4 DO’s on manifolds with corners including the asymptotic properties
of the solutions. This is a very complex program and of independent interest.
It yields a deeper insight into the structure of cone algebras and further useful
properties, such as reductions of orders and the parameter-depending theory.
The calculus for the corner itself will be subject of a forthcoming paper (cf.
[S5D).

The present paper is organized as follows. In Chapter 2 we investigate
pseudo-differential operators with operator-valued symbols, based on the Mellin
transform. It may be considered as a pseudo-differential calculus, where the
symbols are totally characteristic with respect to several variables. The behaviour
near the corners both of the distributions and of the symbols is controlled.
Chapter 3 contains the material on parameter-depending cone % DO’s. In
particular we establish a result on reduction of orders for the cone. This is,
in Chapter 4, the starting point for the corner Sobolev spaces and the corner
Mellin operators. The structure of the cone algebra shows the scheme how to
generate a corner algebra with the analogous Mellin operators.

2. - Mellin Pseudo-Differential Calculus on (R.)™ with ¢DO-Valued
Symbols

2.1. Symbol Spaces and Continuity in ¥*((R4+)™, E)

This section presents the material on Mellin pseudo-differential operators
on Q™ := (R;)™ that we need later on in the case m = 2.

The calculus for m > 2 has analogous applications for corners of higher
orders, whereas the case m = 1 corresponds to conical singularities.

Let us first introduce some notations on the Mellin transform on R . Let

(1 (Mu)(2) = / -1 u(t)dt, z€C,

be its Mellin transform. Then the inverse is given by

) (M0 = 5 [ ol
T
3

where T, = {2z : Re z = Re p}. It is well-known that « — Mu|r, extends, by
2
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continuity, to an isomorphism
.72 2
M:L*R;)—L (I‘%),

where the inverse is an extension of (2). In virtue of M~ 1zM = —t % defined

on the subspace of all u € L2(R ) with ¢ % u € L%(R4), we are motivated

to introduce Mellin ¥ DO’s by
oppm(a)u= M la(t,z) My,

where a(t,z) runs over some space of symbols. It will be defined below in
more detail.

We are interested in a generalization of this idea in two directions. First,
we consider ¢ as a variable on Q™ = (R)™ and deal with the m-dimensional
analogue of the Mellin transform. Moreover we admit the symbols to have
values in a space of operators which also has a symbolic structure, in our case
L#(R™), the space of ¥ DO’s over R™ of order u, defined by means of the
Fourier transform. In Chapter 4 we shall also deal with the cone algebra instead.

In addition we study the behaviour up to ¢t = 0, which is a specific novelty
compared with the standard calculus of ¥ DO’s.

In order to unify the different versions for the calculus we want to give
an axiomatic description of the generalities.

Let E be a Banach space and {x), : A € R4} be a group of linear
continuous operators on E, x,x, = x,, for all A\,p € R4. Denote by
7 = (r1,...,7m) the covariable in R™ (dual to ¢t = (¢y,...,tn) € Q™) and
let [r] be a strictly positive function with [r] > %, [r] = |r|, for |r| > 2. Then,
we set

x(r) = X7, TE R™.

1. DEFINITION. Let E, E be Banach spaces a.nd~ x, and X, be fixed
groups of linear continuous operators on E and E, respectively. Then
S#(Q? xR™; E,E), u€R, denotes the space of all

a(r,7) € C* (Qp xR™, L(E, E‘)) ,
for which

© |

#(r)~}(DFDEa(r, 7)) x(r)| ;) < clre e,

L(E.E

for all multi-indices o € NP, f € N™ and r € K CcC Q°, 7 € R™, with a
constant ¢ = ¢(a, #, K) > 0.

We consider S#(...) in the Fréchet.space topology, given by the best
constants in the estimates (3).
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Next we want to introduce Sobolev spaces of vector valued distributions

on Q™. We identify the variable r with a point on I'P =T 1 XX r 1 Then
. . 2
the m-dimensional Mellin transform

(Mu)(2) =/.../t§1*‘...tfnm‘1 ulty, ..., tpm)dty ... dty,,
0 0

z=(z1,...,2m), u € C§°(Q™), extends to an isomorphism
M:L*(Q™) — LZ(I"%").

It is a simple exercise to check that the one-dimensional standard formulas for
the Mellin transform have the corresponding analogue in higher dimensions.
In particular (2) extends to the m-dimensional case. Write, for a(t,¢',7) €
SH(Q?™ xR™; E, E),

opm(a)u(t) = M2, My, a(t,t', r)u(t').
Then
) opum(a) : C(Q™, E) —» C=(Q™, E)

is continuous.

2. DEFINITION. Let E, x) be as above, and s € R. Then ¥°(Q™, E) denotes
the closure of C§°(Q™, E) with respect to the norm

B

[ 1 )M utl dr}

RmM

[ullys(@m.e) = {

Point out that the interpretation of x~!(7)Mu(r) is that x~1(7) acts on the
values of Mu in E, for every fixed .
Let us consider a typical example which is a motivation of our definition.
Let F denote the Fourier transform in R", and let ¥°(Q™ x R"™) be the
closure of C§°(Q™ x R"™) with respect to the norm

®) {/([712 +[€1)° |(Memsr Famsgu) (7, €)[* dr dé}%-

Then a straightforward calculation shows that (5) equals

{/ 7™ { a2y (Mpa s plg P dﬁ}df}

[N
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Write (x)v)(z) = A3v(Az), v defined on R". Then xyFv = Fxj'v, for all
A € R,; in other words, our norm expression is equivalent to

i

{/[T]za | x~1(r) Mu(r, ‘)|ip(1v-)df}2

Thus, in this case, E = H*(R™), x, is a homothety up to a power of A, and
X*(Q™ xR"™) = ¥*(Q™,H*(R™)). This also is an example for the following
property. There are constants o and ¢ so that

(6) Ix(r)llcezys ™ () lece) < clrl?,

for all r e R™.

It can be proved that (6) is equivalent with |x,|zz) < L, for all
A € [e7%, €], with certain constants L, a > 0. This is satisfied, in particular,
when x, : R4 — L(E) is continuous in the strong topology.

In our applications, we also have the following property.

X*(Q™,E) is a C$°(Q™)-module, and ||My||z(xe(qm,5)) — 0 as ¢ — 0
in C$°(Q™). Here M,, is the operator of multiplication by ¢.

In the abstract setting, we shall suppose once and for all that this module
propesty holds. In addition, we assume (6) with o = o(E, x,).

Let us mention the following general result (cf. [S6]).

3. THEOREM. Let E,E° be Hilbert spaces and E — E° dense, x) €
L(E)NL(E®), and x a group of unitary operators on E°. Then, ¥*(Q™, E) is a
Cs° (Qm™)-module and M, — 0 in L(X*(Q™, E)), for ¢ — 0in C(Q™), s€R
arbitrary.

The proof is based on similar considerations that are used for proving
the continuity of pseudo-differential operators in Sobolev spaces (cf. e.g. [R3],
Section 1.2.3.5.). In the action of M, the covariable disappears.

Denote by ¥ (Q™, E) (Xeomp(Q@™, E)) the space of all u € D'(Q™, E),
with pu € ¥*(Q™, E), for any ¢ € C(Q™) (u € ¥*(Q™, E) with compact
support with respect to ¢t € Q™).

For notational convenience, it is useful also to consider the symmetry of
the spaces ¥*(Q™, E) induced by the transformations

(L) (t1y s tm) =85 ults, .5 b)),
j=1,...,m. In view of
(MIju)(21,...,2m) = (Mu)(z1,...,1 = 2j,...,2m),
then follows (up to equivalence of norms)

lullxs(@m.E) = [[Lyullys(@m E)-
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In other words, I; induces isomorphisms
L:X(Q™ E)— X (Q™, E),

for all s eR.

4. DEFINITION. S*#(QP x R™; E,E), p € R, denotes the space of all

a(r,7) € C®(QF xR™, L(E,E)) for which

@) ||%(r)"*(DFDLa(r, 1))x(r)ll o (g5 < clr]*~1#l for all multi-indices a €
NP, B e N™ and r € K cc QP, for every compact set K, and all 7 € R™,
with a constant ¢ = ¢(a, 8, K) > 0,

(i) aj(r,r) = -a(rl,...,rjfl,...,rp,r) € C®(QF x R™; L(E, E)), and q;
satisfies the estimates of (i) for j =1,...,p.

S4(QP xR™; E, E) is a Fréchet space with natural semi-norms that follows
immediately from the definition.

5. REMARK. Let E, E be Banach spaces, L = £(E, E) the space of linear
continuous operators in the norm topology, and x, and ¥, groups of operators
on E and E, respectively. Then,

LA Xy i=6A, AeR,

is a group of linear continuous operators on L, and (6) implies an analogous
estimate for §(r) = §j,). In particular, we also can define the spaces
¥ (@™, L), seR.

It is clear that, for §(r) := §,,

@) I8(r)Allg (g5 116() 7 Allg(e.5) < calr]”*?,

with a constant c4 > 0 and 0,5 given by (6), for x(r) and X(r), respectively.
The spaces S*(QP x R™; E, E), in Definition 1, depend on the groups
X, X, which are usually kept fixed. Sometimes, it will be useful also to consider
the trivial actions, i.e. when the groups only consist of the identity. Denote the
corresponding space by S("l) (Q° xR™; E, E). Then we have the following simple

6. LEMMA. For every u € R, we have continuous embeddings
SH(QP xR™,E, E) — s‘““’*’(qp xR™ E, E),
S("l)(Q” X R™ E, E) — §#+°13(QP x R™; E, ).
In particular,

87*(Q® xR™; E, B) = S3§°(Q° x R™; E, E).
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An analogous statement holds for the symbol spaces over @QP. The proof is
obvious.

7. PROPOSITION. Let a; € S*1(QP x R™ E,E), j € N, be a sequence
p; — —oo, as j — oo. Then there exists an a € S*(Q°P x R™;E,E), p =
max{u;}, such that

N
ord (a—Zaj) — —o0, a8 N — co.

=0

If & is another such symbol in S¥, then a —d € S§™%(QF x R'";E,E‘).
An analogous statement holds for a; € S#/(QP x R™;E, E), then a €
S4(QP xR™;E,E), a—ae€ S (QF xR™;E, E).
As usual, we write a ~ Y a;. If x is an excision function, i.e.
j=0
x € C®(R™), x(r) =0 close to 7 =0, x(r) =1 for |r| > const., then

[oc]

®) at,r) = x(c;'r)a;(t,7)

J=0

converges in S#(Q? xR™; E, E) (8#(QP xR™; E, E)), for ¢; — oo, sufficiently
fast, and thus a ~ ) a,. The proof of the convergence is completely analogous
as for scalar symbols.

Remark that the excision of a symbol, by means of y, is a rather brutal
procedure in connection with operator-valued symbols. It may be compared with
the excision of a standard ¥ DO symbol a(z,¢) € SH(R™T" x R™mtn) ¢ =
(¢',¢") € R™*", by an excision function with respect to ¢ only. In other
words, the negligible symbols in §=°°(...; E, E) have no particular regularity
with respect to the operation E — E. In our applications, such a regularity
is very essential. So we shall replace, later on, (8) by another more precise
method of obtaining asymptotic sums.

An operator function

a(t,7): Q° xR™ — L(E, E)
is called homogeneous for |7| > ¢ of order p, if
a(t, A1) = M Zya(t,7) x5,

for all ¢,7,|r| > ¢, A > 1. Denote by S (Qr x R™; E, E) the space of
all a € C®(Q? x R™, L(E, E)) which are homogeneous of order u for
|r] > ¢, ¢ = c(a). Analogous notations will be used with respect to Qr.

By S4(Q” x R™; E, E), we denote the subspace of all a(r,7) € S¥(...) for
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which a ~ Y a,_;, with a,_; € §®#~4)(...). Analogous notations will be used
with respect to Q.

In our applications we often have the following situation. £ is a Hilbert
space and there is another Hilbert space E° (considered as a ‘reference space’),
such that E — E° is dense and the E°-scalar product (-,-)o extends to a
non-degenerate pairing

(',‘)otEXE'H(C,
E' being the dual of E. Moreover x, is a group of unitary operators in E°,
which induces the corresponding actions in E, E' (the actions in E, E' are not
unitary in general). It can easily be proved that then x(7) is in E' of the same
growth with respect to 7 as in E.

Let us use the abbreviation {E, E°, E';x,}, for the couple of data with
the mentioned relations, where we also admit the converse orders of the spaces,
and call the couple, like that, a Hilbert space triplet with unitary action.

Now let {E, E°, E';x,}, {E,E° E';%,} be Hilbert space triplet with
unitary actions. Then we have the following

8. THEOREM. Let a(t,t',7) € S#(Q?™ x R™; E, E), then opp(a) extends
to a continuous operator

op(a) : ¥*(Q™, E) — ¥*~#(Q™, E),
for all s eR. If a € S#(Q?*™ x R™; E, E), then
opa (a) : Xoomp(@™, B) — ¥ (@™, B)
is continuous, s € R.
PROOF. There is a canonical isomorphism
SH(QP xR™ E,E) = F, ®, F;,

where F; is the subspace of all 7 independent elements, F, the subspace of all
r-independent elements, both in the induced topologies. For p = 2m, r = (¢,¢'),
we have in addition F; = Fy ®, F§, where Fy(F(}) is the space of all ¢’
independent (¢ independent) vectors. By a well-known theorem of projective
tensor products of Fréchet spaces, every a(t,t',7) € S#(Q?™ x R™; E, E) can
be written as a converging sum

a(t, t',7) = Zka'fj(t)gj(t')hj(f),

with Y |Aj| < o0, f; — 0 in Fy, g; — 0 in F§, h; — 0 in F,. Applying
Theorem 3, we get

Mg, — 0 in L(X*(Q™, E)), My, — 0 in L(¥*~*(Q™, E)).
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Moreover it is trivial that opas(h;) € L(X*(Q™, E), ¥*~#(Q™, E)) also tends
to zero, for 7 — oco. Thus

opn(a) = D A My, opn(hi) My,

J=0

converges in L(¥*(Q™, E), X*~#(Q™, E)). From this, we obtain immediately
also the second statement of the theorem. O

From now on, we assume that all occurring spaces E,E,... belong
to Hilbert space triplet, with unitary actions. To every continuous operator
a: E — E, we then have the ‘formal adjoint’ a(*), defined via the reference
scalar products, i.e. (au,v)zo = (u,a(*)v)go, for all u € E°, v € E°, for which
the scalar products are finite. Then a(*) induces a continuous operator

a®) B — E', with Ilallﬂ(E,f}) = ”a(*)”c(é',E')-
The point-wise formal adjoint a(r,7) — a{*)(r, 7) leads to isomorphisms
(*) : S#(QP x R™; E, E) — $*(QP x R™ E', E')

with (*)? = ¢d, and the same over QP. Moreover, we have a non-degenerate
sesqui-linear pairing

(.’ '))(O(Q"‘,EO) : )(’(Q'",E) X )'I_O(Qm,E') — (C,

so that ¥~*(Q™, E') = ¥*(Q™, E)'.
For every operator

A: X (Q™ E) — H Q™ E)

which is continuous for all s € R, we obtain a formal adjoint A* which induces
continuous operators

(9) A* . X’(Qm,E') N }(’_“(Qm,E'),

for all s eR. .

Our next objective is to study the distributional kernels of the operators
opm(a). Let us deal with amplitude functions over Q2m. The case Q2™ is
completely analogous. L

First, we perform the calculations formally. If a(t,r,7) € S#(Q?*™ x
R™; E, E) is an amplitude function, t,r € Q™, then

r

(10) opse a)u(t) = 7 K (1nt)u) £,
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we O (Qm), where £ = (&,...,tm), 4 .= 9 dra ang

: oy PR r =TT,
(11) K(t,r,p) = (2m)™™ / p T a(t,r,r)dr,
primin s AT i,
) . d
(12) a(t,r,7) = /p‘zl‘*" K(t,rp) =

0

The integrals have a classical interpretation for u sufficiently negative. In general,
they are to be taken in the distributional sense. In particular (11), (12) are inverse
to each other, in the sense of the Mellin transform which extends to operator-
valued distributions on @™, in the same way as in the scalar case. We shall
tacitely treat the integrals as converging ones. The precise justification follows
by oscillatory integral arguments for the Mellin ¥ DO’s. Instead of (11), we
also can write

a3 K(tre) = (‘P "_%)‘I(ZW)_"1 / pE (%+z’1> aa(t,r,r)dn

— o0

. . al
for ever}é mgltl -index o = (o1,...,2m), ( p 3—) = ( p1 m)
(—pm 3_/5—) . This enables us to reduce (11) to a converging integral which

is then to be differentiated in the distributional sense.
For every M € N, there exists a v such that

(14) K(t,r,p) € CM(Q* x Q™, L(E, E)),
whenever a € S* and M + u < v. This follows immediately from

' 3 * -m r —L—ir 1 . *
(<o 2) &Kena=@n [ 3 (J4ir) attnnar

— oo

and the convergence of the integral on the right for |a|+ u sufficiently negative.
Let us also express the distributional kernel of the formal adjoint operator
of opas(a). From

[ ([x(ens)un T v(t)) dt
= [ (s [ 5 (ung) 0 —) dr,
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we obtain

(15) K*(t,r,0) = p7t K®)(rt,07Y).

A Mellin ¥ DO opps(a) is called properly supported if K (t, r, %) has a proper

support in Q™ x Q™.

9. DEFINITION. M L*(Q™; E, }.77) is the space of all operators A+ G, where
A = opp(a) is a properly supported Mellin ¥ DO with an amplitude function

a(t,r,7) € 84(Q?™ x R™; E, E) and G an operator which induces continuous
mappings .
G:X°(Q™ E) —» X=(Q™, E),

G* }("(Qm,El) - )(oo(Qm,El),

for every s € R (cf. formula (9)). Moreover M L*(Q™; E, E‘) is the space of
all A+ G, where A = opp(a) is properly supported, a(t,r,7) € S#(Q*™ x
R™; E,E), and G an operator which induces continuous operators

G: )‘(éomp(Qm’E) - y]%oc(Qm,E);
G": )(éomp(Qma E') - 'l(l‘(’)oc(Qm’E'):

for every s € R. In an analogous manner, we define the spaces ML (...) over
Q™ and Q™, respectively, where the amplitude functions are assumed to be
classical.

Set A, =— ) 25, v(p) = > log” px. Then
k=1 Ok k=1
w(p) ™V AN pEIT = pmdi

Integration by parts in (11), yields

[o o]

(16) K(t,r,p) = v(p)~ N (22)™™ / p~ 17 AN a(t,r, 7)dr,

— 00

for every N € N. Since AMa € S#~2N the integral on the right side becomes
smoother the larger N is. Thus

17) K(t,r,0) € = (@ x (Qm\{1,...,1}), L(E, B)) .
Set L =L(E,E) and fix t = to, r = ro. For

(18) f(p) := K(to,70,p),
(19) a(z) = a(to,t0,7), Re zj =15, j=1,...,m,
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we have a = M f, with the Mellin transform M applied to L-valued distributions.
Then (16) gives

flp) =v(p) N (2m)™™ / p~ 17 ANg(r)dr = vV M~1(AVa).

Choosing N sufficiently large, we can deal with converging integrals, since
1a¥a(r) L = [#(r)E™ (1) AN a(r)x(r)x~ (7)]|

< el @) gy llx (Dl e(my (772N < efr]pm2NH2e

and o is a fixed constant, only depending on E, E. Now assume for a moment
a(r) € S~. Then the symbol estimates and (6) show that

l7*DZa(r)llz < cap,

with constants cg, for all multi-indices a, 3, i.e. a(r) € S(R™, L) (the Schwartz
space of L-valued functions). Conversely a € §(R™, L) implies a € $~*. Set

X (Q™, L) =M1SR™, L).

Then
a(r) € 7 (R™; L) implies f(p) € ¥*°(Q™, L)*™.

The space §(R™, L) can also be characterized by the condition

{/ ”"o‘Dfa(T)”idT}7 < oo, for all ,p.

Then f(p) € ¥*°(Q™, L)* is equivalent to

(20) {/ H (—p ;—p)a log” p f(p)

10. PROPOSITION. a(t,r,7) € S¥(Q?™ x R™; E, E) implies

2 3
dp} < oo, for all «, 8.

L

1) (1—(p))K(t,r,p) € C®(QZ™, H™(Q™, L(E, E))*™),

for every ¢ € C§(Q™), with ¢(p) = 1 close to p = {1,...,1}. Moreover,
aft,r,7) € S7°(Q?™ x Rm;E,E‘) is equivalent to

2) K(t,r,p) € C°(Q™, ¥ (Q™, L(E, E))™).

An analogous statement holds for Q2™ instead of Q2m,
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PROOF. The equivalence of (22) with a € S~ is just the result of the

preceding discussion applied to C* functions over Q2™, with values in the
considered spaces. It remains to verify (21). For simplicity, we also will assume
independence of the variables t,r € Q™. By definition of ¥*(Q™, L), it is clear
that, for every s € R, there is an N € N such that

[ee]

W) 1(0) = 2m) ™ [ A a e e He(@m, D),

- 00

The same is true of

(—p a%)a v(p)V 7 (p) = (27)7™ 7p"*"’(1+if)“Aiva(f)df,

— 00

for every given o, provided N is large enough. This remains in force, if we

replace f(p) by (1 — ¥(p))f(p) =: f°(p), which belongs to C*(Q™,L). In
particular for s = 0, it follows

(23) / “ (—p %)a v(p)Y °(p)

It remains to show that (20) holds for f°, for arbitrary §. To this end, we choose
another function 4, (p), with analogous properties as ¥(p) and ¥; = ¢;. Then

F2p) = (1= %1(p)) (1 — %(0)) f(p)

2
dp < 0.
L

and
v(p)V log™" p =1log’ p,

for every fixed @8, with appropriate large N and another multi-index ~. Now
a\* B 0 a\* -7 N 0
0 5,) g )= (-r 5 {(1=91(p)) log™" p} ™ (p)£°(p)

and

< const.,

‘(—” ai,,)n {(1 - ¢1(p)) log™" p}

for all p € @™ and all n € N™, shows that (23) indeed implies (20), for all 8.
O

11. REMARK. Let K(t,, p) be associated with some a(t,r, ) € S#(Q2™ x
R™; E, E), via (11), and ¢(p) € C(Q?*™). Then K(t,r,p) := p(p)K(¢,r, p) is
associated with some a(t,r,7) € S#(Q?*™ xR™; E, E).

For notational convenience, we now replace for a moment 7 by y and
write the symbols in the form a (t, 7, % + z'y).
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12. PROPOSITION. For every a !t, 7, % + iy) € SH(Q?™ xR™; E, 173) there

exists a function ay(t,r,z) € C®(Q?™ xC™; L(E, E)) which is holomorphic in
z € C™, for every fixed t,r, so that

24) a <t,r, % +iy) —a (t,r,% | +iy) € S¥~1(Q?m x R™; E, E),

for every v € R. An analogous statement holds, if we replace Q3™ by QP or
QP, for any p, or for classical symbols.

PROOF. Fix a function y(p) as in Proposition 10. From

(o]
K(t,rp) = / p‘%“ya (t, 7, 3 + zy) dy,

— 00

we can pass to another symbol
[} . dp
al(tar: z) =P ¢(p)K(t’ r,p) 7:
0

which is an entire function in z € C™ and C* of (t,r) € Q?m. For v = 0,
we obtain (24) from Proposition 10. The difference is even in S~°°. Now, let
7= (y1,...,7m) be arbitrary. First, assume vy, = ... = «,, = 0. Then

a<t,r,%+'iy> —a <t,r,%—'7+iy)
=a<t,r,l+iy) —ay (t,r,1+iy)

2 2}
+a (t,r,%-{—iy) —a (t,r,%—‘y—i—iy)

equals, modulo S—°,

(25) pEH(1— pT ") () K (2,7, p) d7p

o0 rei d
=/p;+y¢(p) log le(t,r,p) 7pa
0

with §(p) = (1—p; ") log™ py9(p). The function §(p) belongs to C(Q™).
From ilog p1K(t,r,p) = [ p~1-W3, a (t, r,%+z‘y) dy, we know that log
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p1K(t,r, p) is the kernel of a symbol in $#~1. Applying Remark 11, we obtain
that (25) belongs to S#~!. For 4 = (v1,...,7m), We can proceed inductively,
by writing the difference (24) as a sum of differences, where in every item
only one v, is changed. Modulo §~°°, the difference equals

1 1 .
aj (t,ﬁE‘Hy)—al (t,T,E—"Y'H?/)
1Y 1 .
=ay |t sty —a tiry_—7(1)+7'y
2 2
1 . 1 .
+ay tar3§_7(1)+zy —ay t,r,5—7(2)+zy

1 . 1 .
+.oootay (t,r,'z'—’ﬂm—l)‘”y) —a <t,r,§—'y+zy),

where Y1y = (’hloa“';o)i T2 = (’711'72)0"":0)1"':’7(m—1)‘ =
(V1y--+sYm-1,0). For the single terms, we can proceed similarly as before.
This yields our assertion. O

13. REMARK. As in the standard calculus of ¥ DO’s, every A = opp(a),
with a € S#(Q?™ x R™; E, E), can be written as A = Ay + G, where Aq is
properly supported and G € ML~ (Q™; E, E). An analogous assertion holds
over Q™.

The formula (11) defines a space of distributional kernels belonging
to amplitude functions a € S#(Q?™ x R™; E, E) that will be denoted by
T*(Q?™ x Q™; E, E). In other words, we have, by definition, an isomorphism

(26) M~ S¥(Q?™ x R™, E, E) — T*(Q?" x Q™ E, E).
In an analogous sense, we also use the spaces
TH(QP x Q™ E, E), TH(Q® x Q™ E, E),...,

equipped with the corresponding locally convex topologies induced by the spaces
in the preimages under M~!. Denote by T{,)(...) the spaces which are image
of S(“])(. ..) under M~!, equipped with the corresponding topologies.

Choose a function ¢ € C§°(Q™), +¥(p) = 1 close to p = {1,...,1}. Set
Yi(ecp) =9 (1 —c(l—p1),...,1—¢(1 = pm)), ¢ >0 a constant, and

[o0)

@7) K(@)(t:rp) = @n) ™ [ o alen r)er,

a € §4(Q?™ x R™; E, E). Note that a consequence of Proposition 10 is

a-— M¢1(CP]K(a) € S_oo(sz X Rm;E’E):
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for every ¢ > 1.

14. THEOREM. Let a; € S*1(Q*™ x R™; E, E‘), j € N, be a sequence,
pu; — —oo, as j — oo. Then, there are a sequence of amplitude functions
a,o € S‘°°(Q2"‘ x R™; B E) and a sequence of constants c; such that

E Y1(cjp) K(a; — ajo)(t,r,p) converges in the space TH(Q*™ x

Q™ E, E) p = max {u;}. If a denotes the amplitude function belonging
to K, via (26), then a ~ ), a;. An analogous statement holds if we replace
JR—— —_— ]’:0
Q2™ by QP or QP, for any p.

PROOF. By Lemma 6, we have the continuous embeddings

u+o+ao u +o+6
T" — T(1) , T(1) — THToTI,
To prove the asserted convergence, it suffices to consider the semi-norm systems
in the spaces with subscript (1). Indeed, we may write

K=Y ti(e0) K(aj)+ i ¥1(c;p) K(d;) = Kv + Kn,

7=0 j=N+1

&; = aj — ajo. If Ky converges in T/\Y, uny = gnﬁl{pj} then it also

converges in T#~+9%3 and hence also in T*, for N so large that uy +o+6 < .
Thus we may ignore, in the definition of the semi-norm systems, the group
actions. Without loss of generality, we assume that uy; < un. Next, observe

that, for any given semi-norm # on the space T("l’)v , it suffices to prove that

(28) (¥1(cp) K(&;)) — 0, as ¢ — oo, for 5 > 5y(n),

after the appropriate choice of ajo. Then, we can ensure the convergence of
our sum with respect to w, for ¢ — oo sufficiently fast. Since n runs over a
countable system, a diagonal argument then yields a sequence ¢, which fits for
all semi-norms. From (14), we obtain a sequence M; € N, with M; — oo, as
7 — oo, such that K(a;) € CM; (Q2m x Q™, L(E, E)), for 5 > j, w1th some jo
large enough. Let ¢( ) be in C§°(Q™), Jp = 4. For abbreviation, consider for
a moment the case of ¢, r independent amplitude functions. By Taylor expansion
of K(a;) at p= {1,...,1}, we can write

[oe]

K@= Y (-9 [ Palda0)dr + K.

|a|<N,—1 —o0

Here P,(r) are polynomials in 7 of order |a|, and N; is chosen in such a way
that b,; = [ Py(7)a;(r)dr converges in .C(E E), for 0 < |a| £ N; — 1, but
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Nj — oo, as j — oo, and K7 (p) at least continuous in p. These conditions can
obviously be satisfied. From Proposition 10, we get

|a|<N,-1

aj,0(1) = Mp—, {1[;1(/’) Z (1 - p)%baj ES_OO(---;E,E‘),

and K(a;)(p) is flat at p = {1,...,1} of order N;. Now we have to show that,
for an appropriate choice of constants ¢;, the sum Y 41 (c;p) K (,)(p) converges
in T#. As mentioned, we always may remove a finite partial sum, such that it
suffices to deal with T("l), with v so negative as we want.

Let us fix a semi-norm « in T(”l) and prove the convergence of the

remaining sum with respect to = under the corresponding choice of ¢; =
¢;(n). For abbreviation, we want to discuss amplitude functions with constant
coefficients. The general case is completely analogous. The symbol estimates
for S("l), in the case of constant coefficients, are

D7 a(r)llz < elr} =1,
for all @ € N™, ¢ = c¢(a) constants. This can be replaced by
[7°Dfa(r)[ < Clr]***,
for all o, € N™, with |a|+ vo > |B| and any fixed vy € N. In particular,
(29) a—sup [7°Dfa(r)]z,

form a semi-norm system for S(”l) (...)const. and v = —yg, where a, 8 runs over
the indicated set of multi-indices. We want to pass to semi-norms of the form

g
30) @ {/ ||TﬂD;'a(f)||idr} ,

and show that they are equivalent to (29) up to a fixed loss of order, only
depending on m. Observe that in (30), (29), we can interchange the order of
application of 7#,D, up to equivalence. Let f(r) be an operator function of
the form

f(r) = r7*DI? £73D)¢ ... f"MDIM* g(7),
with certain multi-indices v; € N™, and f of sufficient decrease, for |r| — co.
Then
f(r) = im / (Ds...D f)(7)d7,

<7
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D, = —43/d7;, and hence

1£(7)]le < / IDy...Dmfllz d7 < / IDy...Doufllz dF.
Rm

<t

Thus
sup 7)< [ 1+ 7)1+ [7)¥ Py ... D f (). 47
< [ I+ FPD . DRI 0,
for N so large that [(1+ |7]?)"2Nd7 < oo, i.e. —4N + m < —1. It follows

6D swlfls e [ [0+ FRND: - DRI o

By inserting f(7) = 'rﬁDf‘a(f), we see that the system of semi-norms (30), for
|a|+vo+2N > ||, is stronger or equal than the system (29), for |a|+vo > |B].
Conversely, we have

[1#p2atnizar = [+ 1)@+ 1) #Dza)] ar
<o sup [[(1+ i) *Dia(r)]].

with the same N as above. Thus the expressions (30), for |a|+ vo + 2N > |4,
constitute a semi-norm system on S(‘l')’ o—4N (.- )const, stronger or equal than
that induced by S(‘IS’ °(...)const-

From a(7), we pass to K(a)(p) and use

B
K(*D2a)(p) = (p 6%) log® p K(a)(s).

In virtue of an analogue of Parseval’s equation for the Mellin transform, we
can replace (30) by
2 3
dp}
L

(32) a— {/

Note that Parseval’s equation can be applied, since we talk about operators

between Hilbert spaces. After composing with isomorphisms R : B — E° R:

(+ aip)ﬁ log® p K(a)(p)

E — E° to a standard Hilbert space E°, the norm of A is equivalent to
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|A°(A%)* £(B9) > A° = RAR™!. As mentioned, we fix a,4 and get a semi-
norm « for which we want to show the convergence

> $1lesp) K (G5)(p),

J=a5

71 = 71(=) chosen sufficiently large. According to (28), we show that, for large
Ve

(33) /

as ¢ — oo, 1,51 was defined above. Let us ‘consider, for a moment, the case
m = 1. For every F € N, there is a 7 such that

2
dp — 0,
L

B
F1(0) (p aip) log® 5 1(cp) () (o)

$1(p)(1—p)"F K(d5)(p)
is continuously differentiable S-times in p. Let first 8 = 0. Then
$1(p) log® p 1(cp)K(a;)(p)
= $1(6) log” p 1(cr) (1= p)F {B1()(1 - 0) T K (@) (s) }
= ¢1(cp)(1 - p)" K (a;)(p), _
K(a5)(p) = 91(p) log*(p) $1(p)(1—p) T K(d;)(p).
Thus 2
[5166) 108" 6 v(caIR (@) )] o
= [weaa-p*P &K@, 4

< sup ”ff(&j)(p)”i / [#1(co)(1 = o)7 " do.
For p' = (1 - p), we obtain
[lwtena=pf 1 do= [l #7 a5
- / ‘¢(1—Fp)pF ?

¢l dp—0, as ¢ — oo.

In an analogous manner, we can deal with the p derivatives, where the arising
powers of ¢, in the derivatives of ; (cp), are compensated by ¢=F, when F > 8.
The case m > 1 is analogous as well.
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Thus we obtain (33) which was the remaining point in the proof. a

2.2. Further Elements of the Calculus

The standard calculus of % DO’s contains further relations between
symbolic and operator level, in particular composition rules and so on. The
present section gives analogous results for Mellin ¥ DO’s.

First, we want to compare the Mellin calculus in the interior of the ¢ space
with the calculus.of ¥ DO’s with respect to the Fourier transform. -

If 0 € R? is an opén set, we can define the symbol spaces S*(2 x
R™E, E) in an analogous manner, as in Section 2.1., with respect to the
group actions x(¢), ¥(¢), € e R™. Set

opr(a) = F~! aF, a€ S¥(R*™ x R™ E, E).

Then
opr(a)u(z) = (27r)_m/ei(“_y)€ a(z,y, &)u(y)dy dé.

If @ € R™ is open, u € C(Q,FE), we may admit, as usual, a €
SH(QAx QxR™ EE).

The considerations of the preceding section have a classical analogue in
the setting of the Fourier transform. In particular, we can define the classes of
$DO’s L*(Q; E, E), L%(Q; E, E), for every open set 2 C R™. For L*({); E, E),
we shall use tacitly the common rules; for instance, the behaviour under
diffeomorphisms.

We also have the notion of a complete symbol of an operator A in L¥
which is defined as an amplitude function a(z, §) € S#(Q x R™; E, E), with
A —oprp(a) € L~°(O; E, E).

1. PROPOSITION. Let b (t, 7, % + ir) € SH(Q?*™ xR™;, E, E), u € . Then,

oprm(b) € L#(Q™; E, E), and every complete symbol a(z, &) of opm(b), in the
sense of the class L*, satisfies

a(z, §) = b(z, z,—1z€) mod S¥~1(Q™ x R™; E, E)

(here —izé = (—1z1€1, —12282,. .., —1ZmEm)).

PROOF. Let u € C§°(Q™), then

opnm(b)u(t) = (2n)™™ / ¢~ (3+ir)log b(t,r, % +17) /e(%“’)l(’g ru(r)ﬂ dr
r
e 0

«

= (2m)™ / / illog ¢-log r)& p(z p _i¢)u(r) e,
r
—oco O
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Here we have substituted —z¢ = 7 + ¢7. The transformation z = log t defines
a diffeomorphism x: R™ — Q™, x(z) =t = ¢*. We obtain

opu(b)u(t) = (&) em) ™ [ [ e ber,ev, —ig)xru)w)dy e

— 00 — 00

Thus opp(b) = (x*)"'Ax*, where A is a ¢DO on R™, with the
amplitude function b(e®,e¥,—:&). Since the push forward of a ¢ DO, under
a diffeomorphism, is a ¥ DO, again, we obtain the first part of the assertion. It
remains to express the complete symbol of opps(b).

A standard formula says that A has a complete symbol b(e®, e*, —1£) mod
Su=1(R™ x R™; E, E). Thus

a(t,r) — b(t, ¢, —ix'(z)7) mod S*~H(Q™ xR™; E, E),

where x'(z) is the diagonal matrix with the diagonal elements e* = ¢,
1 = 1,..., m. The latter relation is a consequence of the behaviour of complete
symbols of ¥ DO’s, under coordinate transformations. O

This calculation can also be performed in the converse direction, in other
words,

) L“(Q™ E, E) = ML*(Q™, E, E).

The difference, between the theories for L¥ and ML* over Q™, consists in
the operator convention. The ways to associate, with an amplitude function in
SH(Q?™ x R™; E, E), operators in L¥ or M L* are completely different. So we
have to establish the symbolic rules for M L# regardless of (1). Moreover, as
already emphasized in the beginning, we also want to control the behaviour for
the subclass ML*(Q™; E, E) up to Q™.

By a simple modification of 2.1. Theorem 8, we get the following.

Let a(t,r,7) € S#(Q?*™ x R™; E, E) and opas(a) be properly supported.

Then opas(a) induces continuous operators

C5°(Q™, B) — C°(Q™, E), 0=(Q™, B) - C=(Q™, E),
)(éomp(Qm:E) - comp(Qm E)» }(IOC(Q"' E) — X]Lc“(Qm;E"‘)-

Set L
f-(t) = t_(’+") reR™ fixed.

Then f,(t)e € C°(Q™, E), for every ¢ € E (expressions like o(tle, ¢ €
C>®(Q™), e € E, are understood as tensor products). Let A € ML#(Q™; E, E)
be properly supported. Then, it can be applied to f,(t)e. Define

) ' oalt,r)e = f7H(t)A fr()e.
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Then,
3) Au(t) = opp(oa)u,

for every u € C°(Q™, E).

2. DEFINITION. An amplitude function a(t,7) € S¥(Q™ x R™; E, E), with
A — opr(a) € ML= (Q™; E, E), is called a complete Mellin symbol of Ae
MLH#(Q™; E, E). Similarly an a(t,7) € S#(Q™ xR™; E, E) is called a complete
Mellin symbol of A € ML#(Q™; E, E) if A — opa(a) € ML™ *©(Q™; E, E).

A complete symbol is never unique. The constructions in 2.1. Proposition
12 show that every choice of some #(p) € C§°(Q™), with ¢(p) = 1 close to
p=(1,...,1), gives rise to a complete symbol. But we shall see that they are
equal modulo S~.

3. PROPOSITION. Let A € ML*(Q™; E, E) be properly supported. Then,
(2) is a complete symbol of A.

PROOF. We may assume that A is given in the form A =
opm(a), alt,r,7) € S¥(Q?*™ x R™; E, E). Then
opm(a)u=M"'a Mu=®&""1 F~! ap Fou,

with ap(z,y, &) = a(e®, ¥, —¢) (cf. the notations in the proof of 2.1. Lemma
15). Since (®fe)(z) = e7**¢, frl(t) @7 =@ ! 7%, we get

filopm(a)fe h=@"1 {e*% F~! apF e7**¢h},

h € E. On the right side, we have (except of the substitution $~1) the standard
formula of a complete symbol of a standard 4 DO. So it is an amplitude function
in our class. This was the point to be proved, since we already have the formula
3). O

Clearly every A € M L*(Q™; E, E) has a complete symbol o4 (¢, 7), since,
by definition, A equals a properly supported operator modulo ML~ (Q™; E, E)

As a consequence of (1), we obtain

4. REMARK. If q;(t,7) are complete symbols of an A € ML*(Q™; E, E),
i=1,2, then ay(t,7)—az(t,7) € S~ (Q™ xR™; E, E). Further A — 0, induces
an isomorphism

ML*(Q™; E,E)/ML™® (@™ E, E)
= SH(Q™ xR™ E,E)/S™ (Q™ xR™; E, E).
The analogous statement holds with the subscripts cl.

5. THEOREM. Let 04 (t,7) € S#(Q™ x R™; E, E) be a complete symbol of
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A = oprp(a) € MLH(Q™; E, E), a(t,r,7) € S#(Q?*™ x R™, E, E). Then,

@ oalt,r) ~ 32 DY (18" alty )b

a

aq am —_ ~
Here (—78,)* = (—r1 3%) (—rm %)__. If A e MIX@™E,B),
then there is a complete symbol o4 (t,7) € S¥(Q™ x R™; E, E). An analogous
statement holds for the subspaces of classical objects.

PROOF. First, we shall prove the following statement. For every a(t,r,7) €
S#(Q?" x R™ E,E) and given N € N, there exist symbols by(t,7) €
SH(Q™ x R™; E E) an(t,r,7) € S¥~N(Q*" x R™; E, E) such that

opm(a) = opm(bn) + opm(an),
where

bnler) = 3 = DR (r8,)° altr7)

|a|SN—1 r=t

Applying the Taylor expansion near the diagonal r = ¢, we obtain

altrnr)= Y S (=0 (8faltnr)l,n) + flnDanolrt7)

|a|<N-1

with some f(r,t) € C*°(Q*™), which is flat of order N at r = ¢, and
an.o(rt,7) € SH(Q?™ x R™; E, E). Let u € C°(Q™), A = opar(a). Then,

r

Ault) = (27r)_m/ (Z)%”’a(t,r, r)u(r ) T gr= 3 Awu(®) +Ryult),

la|<N-1

where

—m ry3tit 1 —a /T « o
Aqu(t) = (2n) /(2) L 10g™ (5) (r—9°(-D,)
(87 alt, r,'r”r t)u( ) — dTa
and Ry is the operator associated with ay ¢. The formula for A, follows from

o ()1 e () (7)1

and integration by parts. By analogous considerations, as for standard ¥ DO’s,
it can be proved that Ry corresponds to an operator with an amplitude function

in $#~N_ Now we set
P () (1)
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and

)
r=t

a 1 a a “
Tn0 =% (0 (2) ben
for any function &(¢,r). Then A, has the amplitude function
ao(t,r,7) = F*(r, t)(T*D;a) (¢, 7).
We can write

Aa = OPM(aa) = Z OpM(aaﬂ) + RN;
[B|ISN-1

with another remainder Ry of analogous structure as the above one and
aap(t,r,7) = FP(t,r)TPF* DA (Ta)(¢, 7).
The procedure can be iterated and we then obtain

A = oprlag) + Z opm (@a0) + Z opm (aapo)

1<]a[<N -1 1<]al |BI<N -1
+...+ § : opM(aalmaNO) +RN-
1<|a?|<N -1
1=1..... N

Here the 0 in the last subscript means o *! = 0. The remainder Ry has again
an amplitude function in S#~¥ and the amplitude functions ag, aqo,... are
independent of r. We have

ao(t, 7) = aolt,t, 7),
aao(t,7) =Dy (T*a)(t, 7),
anpo(t,7) = TP R D‘:+ﬂ(T°‘a) (¢, y)

gt ang(t,7) =T Fo’ " pa" T patT?
2 1 1 N 1
T Fe D? +..ta (Ta a)(t, T),
ol =(a,...,al,) EN™,
Since F'® depends of %, the expressions T? F* are constants. Thus
1 N
aal...aNO(t:'r) = calu.aND(r] o (Tala)(ta T)a

with certain constants c,1_,~. In view of

a )d a ﬂ
@) pe )
ar 1<[87%]a ar
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with certain constants dg, our result can be summarized as follows. There is
a system of differential operators p, (D,, —r %), where p,(n,p) denotes a

polynomial which is homogeneous of order v in (n,p) € R2™, such that, for
every N, there is an N' with

N' P
v Dra - 37 t) )
) opMm gp < r 37‘) a(t,r,7) r=t)

= opar(a) mod ML*N(Q™; E, E).

These p, are independent of a and u. They are uniquely determined by the
relations (5) if we insert all polynomials

a(t,r,7) = Z ay(t,r)77, a, € C=(Q*™).

Then an elementary calculation shows that p,(n,p) = ) EIT n%p®, v €N,
lajl=v 7

Together with Remark 4, we immediately get (4). In order to prove the second

statement, we remember that a(t,r,7) € S#(Q?™ x R™; E, E). Then

o)
Pv <D1'1 -r E) a(tar: T)

By 2.1. Theorem 14, the asymptotic sum in (4) can be carried out within the
class S#(Q™ x R™; E, E). This proves the existence of a complete symbol in
S#(Q™ x R™; E, E). O

e s#I!l(Qm xR™; E, E).

r=t

6. REMARK. There is a canonical isomorphism
ML“(_QH; E, E)/ML_OO(_Q?: E, E)
Z SH(Q™ xR™; E,E)/S™°(Q™ x R™; E, E)
and the same with the subscripts cl.
Indeed, from Remark 4, we know that two different complete symbols of

A€ ML*(Q™;E, E) are equal modulo S~ (Q™ x R™; E, E). They are then
also equal modulo S~ (Q™ x R™; E, E). Thus

ML*(Q™;E, E) - S*(Q™ x R™ E, E)/S~°(Q™ x R™, E, E)
is correctly defined. Moreover, it is obviously surjective.
By Remark 4., the kernel consists of ML~ (Q™;E, E) which is the
intersection of ML~>(Q™; E, E) with ML#(Q™; E, E).

Remember now that we have formal adjoints of operators in the scales
(indicated by (%)) and in the associated spaces over @™ (indicated by #).
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7. THEOREM. A € ML*(Q™; E, E) implies A* € ML*(Q™; E', E'). For
the associated complete symbols we have

1 a a *
oas (1) ”‘ZJ D2(—18,)* oa(t,7)™).

The proof is a straightforward generalization of the corresponding method for
standard ¥ DO’s and of the asymptotic formula in Theorem 5. In a similar way
we obtain

8. THEOREM. Let A € ML*(Q™;E. E3), B € ML¥(Q™; E, E.)
(ML*(Q™; E5, Es), ML*(Q™;Ey, E2)) and A or B be properly supported.
Then,

AB e ML"+"(Qm;E1,E3)(ML"+”(Q_m; E,, Es))

and 1
oAB(t,T) ~ o D7 oa(t, 7)(—t8:)* o2, 7).

a

2.3. The Scale Axiom

In the applications of our calculus, we do not have spaces E which are
fixed, but scales {E*}, where s runs over a parameter space, for instance, s € R.
It may also happen that every E° contains subspaces {E% .}, where P runs

over a system of ‘asymptotic types’ and A over a system of ‘weight intervals’.

The operator-valued symbols are then assumed to have extra properties with

respect to such scales of spaces. In the abstract version, we restrict ourselves to

the case of scales {E*},ecr. If the spaces, in a concrete situation, are enriched

with more ‘regularity data’ P, A, the constructions admit adequate modifications.
We assume that

(i) E* is a Hilbert space, s € R, and E* < E* continuous, when s’ > s
(i) E° =()E° is dense in every E°
]

(iii) the E°-scalar product (-,-)go extends to a non-degenerate pairing E* x
E~* - C, for every s €R

(iv) {E*,E°,E~*;x,} is a Hilbert space triplet with unitary actions, for all
s€R,

(v) if {E°}, {E'} are two scales and a € [()L(E® E**), then
Ha”uEs;E,,_,‘) _<_ [4 max{“a”uE,/’Es:_“), ”a”I:(E’”,E‘”'"")}’ when ¢’ <
s < 8" c¢=c(s' s") being a constant.

The interpretation of (v) is that, whenever we consider two scales, we
suppose (V). . .

From now on, we assume that all occurring scales £ = {E*}, £ = {E*},...
satisfy the conditions (i)-(v). The space E* = (| E* is a Fréchet space in the

38

system of norms {|| - ||gs : s €R}.
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We consider subspaces of operators

A(E,E) c N L(B®, En),

9€ER

given for every pair of scales £, € and any u € R, with the following properties

(@) A*(€, &) is a Fréchet space,

(b) Ax~1(&,&) C A#(&, &) with continuous embedding

() Ae AH(E, &), Be A~(&', E) implies BA € 4417 (&, ), T € A°(¢, €) for
all €,

(d) A e 44(&,€) implies A* € A#(€,£), A* being the formal adjoint with
respect to the o-scalar products

(e) A~<(£,8)= N A#(&, &) = QR L(E*, E>)

HER

) if Aj e .4"1" (£,8), j €N, is an arbitrary sequence then there exists an
A € A# (€, €) such that, for every N € N\{0},

N-1
A=) Ae amN(EE)
7=0

(clearly A is then unique modulo A=),

(8) Ae A#(¢, &) implies ¥, 1A x5 € A#(€, &), for all A eR .

Note that we also might modify the conditions to the scales and the
operator spaces by making a difference between the scales and the dual ones. For
simplicity, we omit this more general case, but it occurs in certain applications.

We suppose that, for every £, £, the choice of A#(&,¢) is fixed once and
for all.

In the applications that we have in mind, the properties (a)-(g) are fulfilled.
In addition, the operators have a symbolic structure which is involved in the
Fréchet space structure of A#(&,¢&). It will also be employed in abstract terms.

(a;) For every A#(€, &), there is a space of ‘principal symbols’ Symb# (¢, &)
with a Fréchet space structure and a surjective linear mapping

ot A#(€, &) - SymbH(€, &),

with 44=1(&, &) = ker o*,
(by) there is a linear mapping

op" : Symb“(é‘,f) — A*(€, f),

with o#op* = identity, and op* is continuous, with respect to the topology
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induced by N L(E®, E‘““‘) (op* is called an operator convention)

(c1) there is a bilinear mapping Symb* (€, ¢’') x Symb” (&', &) — Symb**”
(6,€), and A € A#(£,€"), B € A*(&', &) implies o#t*(BA) =
o’ (B)o*(A),

(dy) there is an involution * : Symb* (€, f) — Symb*(£, £), with o#(A*) =
ot (A)*,

(e1) the Fréchef space structure of A*(¢, & ) is compatible with that of
Symb#(&, £), with respect to the choice of the operator conventions.

The last requirement needs a definition. Let A = Ay € A*(¢, & will
be omitted for abbreviation), then in view of (a;), (b;), we have unique
decompositions

Ag=A; + Opu(O'u(Ao)), A, € .4“_1,
Aj=Aju + Opu_]h(oy_j(Aj))’ Aji1 € Au_j_l’

for all § € N. Thus the fixed choice of the op*~7, for all j, gives us a
well-defined sequence of linear mappings

R A* — nﬂ(EsaEs-u+j)’ Oy - A — Symb”_j)

X;(A) := A, o;(A) := o#77(4,). They induce a countable system of semi-
norms in A#. The compatibility in (e;) means, by definition, that the Fréchet
space structure in A* coincides with that induced by the sequence of A;, o;.
In the applications, we have many explicit possibilities of choosing operator
conventions and the Fréchet space structures are then independent.
Let us finally strengthen the property of establishing asymptotic sums by
the following axiom.

(f1) Let A;(p) € C=(R™, A#~7(£,£)) be a sequence, j € N, supp A;
contained in a fixed compact subset of R™, which is independent of j.
Moreover, let c; 3 be an arbitrary sequence of constants, 7 € N, g€ N™,
Then, there is a sequence of 4;(p) € C®(R™, A*~7(¢€, £)), satisfying the
same support condition, and A;(p) — 4;(p) € C®(R™, A== (£, &), for all

o) B . x

7, such that 'Zo ;.8 (aip) A;(p) converges in C®°(R™, A#(€, €)), for all
]:

B.

Note that the convergence is a condition only to those semi-norms of
A#(&,&) which are induced by the above mappings M. In fact, of : A* —
Symb““k vanishes over 447, for § > k. The condition (f;) looks a bit strong,
but it is natural in all examples that have to be considered in connection with
the corner operators.

From now on, in this section, we assume that all the mentioned objects
are given and have the corresponding properties.
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1. DEFINITION. S#(Q?™ x R™; ¢, ¢ ) is the subspace of all

a(t,r,7) € C®(Q?™ xR™, A¥(¢, &),
with
(i) D DPa(r,7) € C°(Qm x R™, A#~1AI(£, §))

t.rT
ﬂsu—lﬂl(sz xR™: E, Ee—u+|ﬂ|)’

for all s € R and all a € N?2™ g € N™, and the same for the functions
a;, as in (ii) of 2.1. Definition 4,

(ii) for every ¢ € CP(Q™), ¥ = 1 close to p = {1,...,1}, we have
(1-(p))K(a)(t, 7, p) € QR C®(Q2m, X (Q™, L(E*, E*))>) (1), where
K(a)(t,r,p) is defined by 2.1. (27).

In an analogous way, we also define the spaces over @7, QP, for any p.
The condition (ii) will also be called the scale axiom. For simplicity, we

now mainly consider the spaces over Q?m, the other cases are analogous.
The definition gives rise to a system of natural mappings

to.ap t SH(QFm X R™; €, €) —
o= (@2 x R™; 42~ 1Al e, é)) N §#IAl(Q2m x R™; E, E*~#+IAl)

and similarly for the a;, called ¢,,4,4,;, further
Wk : SH(QF™ x R™; €, &) - C®(Q2m, ¥ (Q™, L(E*, E®))™),

where w, is defined by a — (1 — %;(2¥p))K(a), 41 as in the proof of 2.1.
Theorem 14, ¢ > 1 a constant, k € N.

§4(Q2m x R™; &, &) is a Fréchet space, in the projective limit topology,
with respect to the system of these mappings, since a countable set of real s
suffices. Moreover, it is independent of the choice of the function ;.

Note that the conditions in Definition 1 are preserved under natural
operations such as point-wise compositions.

2. DEFINITION. ML#(Q™;¢&,£) is the space of all operators A + G,

A = opp(a), with a(t,r,7) € S#(Q?™ x R™; €,&), and G induces continuous

operators .
G:X*(Q™, E*) - ¥=(Q™, E%),

G*: }(a(Qm,Ea) N ){w(Qm,EOO),

for all s € R. In an analogous way, we define M L#(Q™; &, £), cf. 2.1. Definition
9.
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3. THEOREM. Every A € ML*(Q™; £, &) induces continuous operators
A: ¥ (Q™ E*) — ¥H(Q™, B H),
and every A € ML*(Q™; €, )
A Hoomp(Q™, E*) — M H(Q™; E*m),

for all s eR.
This is an immediate consequence of 2.1. Theorem 8.

4. THEOREM. Let a; € S*~3(QP x R"‘;f,i), J € N, be a sequence,
p = 2m or p = m. Then, there exists an a € S*(QP x R™; £, ) such that, for
every N € N,

N
a—Za,-ES“_(N“)(@XR'";C,Z).

3=0
If @ is another such amplitude function, then a — G € S~ (QP x R™; £, ).
An analogous statement holds over Q°.

PROOF. Denote by T#(QP x Q™; ¢, &) the space of all K(r, p) belonging
to amplitude functions in S#(QP x R™; ¢, £), equipped with the Fréchet space
structure from the bijection a «— K. Then, it suffices to justify the method of
the proof of 2.1. Theorem 14 for the kernels in the present situation.

The point is that we have to check the convergence of the sum over
1(c;p) K (@;) and 5 > 7y (), for any choice of a semi-norm 7 on T#, ¢; = c;().
In addition, we also have to discuss the amplitude functions a;;¢ which cannot
be neglected now. For simplicity, let us discuss again the case of constant
coefficients. The generalization to variable coefficients is trivial.

The proof of the convergence of Y 4;(c;p) K (D?4,), with respect to the
semi-norms of S4~181(QP x R™; E*, E*~#+I81), is practically the same as that
in 2.1. Theorem 14. The only change concerns the space L which is now to
be replaced by L(E*, E*—#+1Al), according to the order of differentiation. Here
we may deal again with relaxed smoothness along the fibre spaces by removing
first finite sums. Moreover, it suffices to consider a countable set of pumbers s,
because of the condition (v) for the scales. Then, a diagonal argument applies
again.

For interpreting the Mellin image d(r) of the resulting kernel

> wilesK(E) = K@), -

we have to be careful, since the differentiation of d(r), with respect to r, does
not necessarily lead to the required gain of regularity along the fibre spaces.
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This got lost in the modification a; — @;, since the remainders a; o(7) are not
of this sort. On the other hand, we have K(a, o) € C(Q™, A#~7(¢&, £)), and
we can choose these kernels in such a way that supp K(a,o) is in a fixed
compact set containing p = {1,...,1}, for all j.

Then, it suffices to show that we can choose another sequence d;o €
cee(Qm, Ar—3(€, £)), with aj o — ;.0 € CF(Q™, A~ (€, £)), for all 7, and an
analogous support property, such that

> ¥uleip) {K(a;) + K(dj0)}

also converges in the system of norms of () £(E*, E*~*#), as well as

B
Z (p 6%) log” p $1(c;p) {K(a;) + K(a5.0)}

in the system of norms of N L(E*, E*~#+171), for all multi-indices 8,7, with

analogous relations to each other as in the proof of 2.1. Theorem 14. The kernels
Y1(c;p) {K(a;) + K(dj0)} have certainly the property to become smoother
along the fibre spaces, after multiplying by log”p, because of the scale axiom,
and since the change a; o — @, only contributes a smoothing kernel.

Inspite of the fact that the kernels K(&; o) are not of this sort, it suffices
to choose them in such a way that

> (v aip)ﬂ log” p 1 (e;e) K (30)

converges in () L(E®, E*~#*1l), since we may remove again finite partial
sums and the remaining terms have any fixed smoothing property that we
want. But then, it suffices to employ the axiom (f;). Summing up, we get
a sequence al(r) € S#~9(...; &, &) with a,(f) - a,(r) €87®(..;¢, £), and
)" a'; converges, with respect to those semi-norms in S#(...; &, £) that rely on
the operator norms along the fibre spaces.

Now we see that we get even convergence in the space C°°(QP X
R™, An=1Pl(€, &), since the contributions to the topology of A#~IAI(€, &) from
the symbol spaces (apart from that of ﬂ L(E®, E*~#+181)) are relevant only for

finitely many summands, on every symbollc level, cf. the remarks after (f;).
The convergence of (1—4(p)) > ¥1(cjp)K(af) in the topology of the space in
(1) is also clear, since (1 — %(p))¥1(c;p) = 0 for all sufficiently large ;. O

5. REMARK. 2.1. Proposition 10 and 2.1. Proposition 12 have obvious
analogues in the case of the scale axiom.

6. THEOREM. Every A = opps(a) € MLH*(Q™; €, &) has a complete symbol
oalt,7) € SH(Q™ x R™; €, &) which admits the asymptotic expansion 2.2.(4).
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The mapping A — o, induces an isomorphism

ML*(Q™; €,E)/ML™=(Q™; €, £)
—»S“(@HXR"‘;&f)/S—w(—Q—HxR"‘;f,E)

An analogous assertion holds over Q™.
This follows in an analogous manner as the corresponding statements in
Section 2.2.

7. REMARK. 2.2. Theorems 7 and 8 have obvious analogues for the classes
in the present section.

2.4. The Formalism with Reductions of Orders

Let us now introduce another variant of a calculus of Mellin ¥ DO’s with
operator-valued symbols which is based on families of reductions or orders. In
order to motivate the definitions below, we assume for a moment that, for the
scale £ and every u € R, there exist symbols with ‘constant coefficients’

b(r) € 8(Q™ xR™; £, €), b7#(r] € STH(Q™ xR™; €, €),
®
for which b#(r) : E®* — E*# is an isomorphism and 6~#(r) : E*~# — E° the
inverse, for every fixed s€R, 7€R™.
We then talk about order reducing symbols for the scale £. Let us mention
some simple properties which follow immediately from the-definition.
The point-wise composition of amplitude functions induces an isomorphism

g":S“(@xR”‘;E, f) — §utv(Qr xR™; €, ),

b being an order reducing symbol of order v, for the scale &, and similarly
with composition from the right side by . In particular, ’

§#(@ xR™; €, 8) = {Pa0 : ag € S°(Q7 x R™; £, )}
ey
= {aob" tag € 8°(QF xR™; €, g)} .

An analogous statement holds over QP.

The symbols b#(r) can always be chosen to be formally self-adjoint, i.e.
(#(7))*) = b#(r), for all 7 € R™ and all u €R.

Indeed, if we are given a system b#(r), for all 4 € R, then

H(r) = b8 (1) (0 () )

is formally self-adjoint, and it is again of the desired sort.
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1. PROPOSITION. Let b#(r) be an order-reducing symbol of order u, for
the scale €. Then, B* = opp (b*) induces isomorphisms

B¥ : H°(Q™, B°) — XN*TH(Q™, E*TH),

for all s € R. Moreover,
1
2

JGII O dr}

Rm™

() [ullxe(@m Be) ~ {

(~ means equivalence of norms).

PROOF. By 2.1. Theorem 8, the operators B# are continuous, for all s € R.
Moreover,

1= opa(b¥6™H) = opar(b*) opae(b™*),

i.e. B¥ is invertible with the inverse B™¥. In particular,
B? . }("(Qm,E") — }(O(Qm’EO)

is an isomorphism with the inverse B™°. Thus |B°u|yo(gm £o) is a norm on
the space ¥°(Q™, E*) which is equivalent to the original one. O

The existence of order reducing symbols b#(r) is not an immedigte
consequence of the general calculus of the preceding sections.

On the other hand, we may use the system of b#(r) to define the spaces
independently and to perform a calculus that does not refer at all to x,.

In order to suggest the identification between corresponding objects, in the
cases when we have group actions and order reductions at the same time, we
will use the same notations, both for the symbol classes and the distribution
spaces, although it may happen that the group actions do not exist.

The scales of spaces & = {E£°} are assumed to satisfy the conditions (i)
- (iii) and (v), formulated in the beginning of Section 2.3. The condition (iv)
will be dropped from now on.

Moreover, we assume that we are given the operator and symbol spaces
An(€, &), Symb* (€, &), with the properties (a)-(f), (a;)-(f;) from the preceding
section. Set

[7]#, for v > 0,
[rjp=¥,  for v <0,

3) plu,v,7) = {

wveER,v>pu 1€R™.

2. DEFINITION. A family of operator functions

B4 (r) € C®(R™, A4(E, £))
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is called a system of order reducing symbols, for the ecale £ = {E°}, if it has
the following properties

@)
(i1)

(iii)

@iv)

v)

C)
)

Dfb(r) € C(R™, A#—I8I(£,£)), for all e N™,

b#(r) : B* — E** is an isomorphism, for every s € R, 1€ R™, u€R,
and b7#(7) = (b#(r)) 72, O(r) =1,

for every v,6,v,s €R, EN™ v > pu:=~v+6— |B|, we have

|2 ()], . 5., <€ P17,

<
e(grme) S ° p(u,v, 1),

| (D2e(r)|
¢ =c(s,u,v) > 0 a constant,
b#(r) satisfies the scale axiom (cf. 2.3. Definition 1, (ii)) for the kernel
K(b¥)
let £, be two scales and {6}, {b#} be associated families, with
the corresponding properties (i)-(iv). Then, the parameter-depending
norms |ullgs = [[6°(r)ullge, ||dllee = ||&(r)ullgo satisfy, for all
a€L(E*, E*—H),

"allﬁ(E:,E:-#) < ¢ max {“a“L(E;’.Eg'—u): ”a”‘c(Eg”,E':"—u)}l

for all s,s',s" €R and s' < s < s", for a constant ¢ = ¢(s', s") independent
of r € R; here the operator norms are taken parameter-depending (cf. also
Remark 5 below). '
The existence of b#(7) is required for every occurring scale & = {E°},¢r .
Note that (iii) implies, in particular,

”ba(T)”c(EagEO) < c¢|r])® for s >0, <c for s <0,

||b-"(T)||£(Eo’Ee) <cfors>0, < c[T]—" for s < 0.

3. DEFINITION. S#(QP x R™; &, &), p=m or p = 2, denotes the space

of all a(r,r) € C(QP x R™, 4#(€, £)) with

@)
(ii)

)

D2DPa(r,7) € C®(QP x R™, A+~ 181 (&, £)), for all @ € NP, f € N™, and
the same for the functions a;, as in (ii) of 2.1. Definition 4,

for all s € R, we have

[B+=#+161(5) (D2DE a(r, 7)) 5 (1) g0, 0) < ©

for all multi-indices « € N?, € N™, and all (r,7) € K x R™, for every
compact K cc QP, with a constant ¢ = ¢(a, 8, K) > 0, and the same for
the aj,
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(iii) a(r,7) satisfies the scale axiom, in the sense of 2.3. Definition 1, (ii).
Define §#(QP x R™; &, £) by analogous properties over QF.
4. REMARK. From (6) and Definition 2, (iii), follows
b=+ A=A (r) (DD a(r, 7)) (1)l g (go,50) < elr] ™,

for all A > 0. The estimates (6) may be replaced by

—_

[pr2 421yt ) 6] 5

without changing the symbol spaces. It also follows that
b4 (r) € S*(QF x R™; €, ), for all ueR.

5. REMARK. The parameter-depending norms on the spaces E° and Ee,
respectively, give rise to parameter-depending operator norms c(a,s,r,7) =
To—u —8
[0 atr,7) & (r)}qujo).Then,
latr, 7)ull gy < 15°~#(r)alr, T)ull o

E““(T)a(r,'r) b"('r)b‘(*r)|

Eo
< c(a,s,r,7) ||b°(r)ulgo = c(a,8,7,7) |u|E:.

Thus the symbol estimates in (6) are estimates of the parameter-depending
operator norms.

The best constants, in the estimates (6), form a semi-norm system dén
SH(QP xR™; ¢, ¢ ). Together with those from (i) and (iii) in Definition 3, the
space S#(QP x R™; €, & ) is Fréchet. Here we have used Definition 2, (v).

6. PROPOSITION. a; € S#(QPxR™; €', £), ap € S¥(QPXR™; €, ') implies
(7 ajag € SHTY(QP xR™; €, ).
In particular, we have the identities (1). Moreover,
®) SH(@QP xR™; €,8) C 8¥(QF xR™; &, ) for v > u,
© , DID7sH(@ xR™; €, &)  s4PI(@F xR™; €, 8),
for all o € NP, B € N™, Analogous assertions hold over QP.

The proof is straightforward and left to the reader.

7. DEFINITION. ¥*(Q™, E*), s € R, denotes the closure of C§°(Q™, E*)
with respect to the norm ||B*u|yo(gm,go), B* = opa(b*), where ¥°(Q™, E°)
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is defined as the closure of C§°(Q™, E) with respect to

1

||unmm,Eo)={ / uMMu(f)n%odr} .

Rm™

The spaces ¥°(Q™, E*) admit analogous constructions as those in Section 2.1.,
H*(Q™, E*) is a Hilbert space with a natural scalar product. We have continuous
embeddings ’

X (Q™ E”) & H*(Q™, E*), for &' > s.

(' )uo(@m, go) extends to a non-degenerate pairing
(-, ‘))(O(Qm’EO) : }(S(Qm,Es) X )(—"(Qm,E_") —C

such that ¥~*(Q™, E~*) = (¥*(Q™, E*))".

8. THEOREM. X*(Q™, E*) is a C{°(Q™)-module. Moreover,
My — 0, in L(H*(Q™; E?)),

for ¢ — 0 in C(Q™).

The proof is simple, so it will only be sketched. First, it is rather elemen-
tary to see that ¥°(Q™, E*) is closed under multiplication by w(¢;), 1 =1,...,m,
where w € C§°(R ) is a cut-off function with respect to the variable ¢;. We
also can multiply by functions in ¢ € C°(R), ¢(0) = 0. The arguments
are analogous, as in the proof that ¢ DO’s, with symbols that have variable
coefficients, act continuously in the Sobolev spaces, here applied to symbols
independent of the covariable, where the proof is based on the Mellin transform.
More details may be found in [S6], Section 1.1.2., in particular, that M, — 0,
as ¢ — 0. Then a tensor product argument yields the case in m-variables.

' The spaces )(c"omp(loc)(Q”',E") will be defined in an analogous manner,
as in the x, setting.

An immediate consequence of Theorem 8 and of the continuity of

{10 opae(a) : N°(@T, BY) — ¥omH(Qm, B* ),

for a(r) € S#(Q™ x R™; &, &), with constant coefficients (where the operator
norm tends to zero as a — 0), is the continuity of (10) in general, i.e. when
a€ SH(Q2™ xR™; €, ).

For a € S#(Q?™ xR™; ¢, £), we get continuity between the corresponding
comp, loc spaces. .

9. DEFINITION. ML#(Q™; £, £) is the space of all operators A +G, where
A = opps(a) is a properly supported Mellin ¥ DO, with an amplitude function
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a € SH(Q2m xR™; &, ), and G an operator which induces continuous mappings
G: X(Q™, E*) — X™(Q™, E>),
G": ¥°(Q™, B*) — ¥™(Q™, B%),
for every s € R. In an analogous manner we define ML*(Q™; ¢, ).
Now we want to check the analogue of 2.1. Proposition 10 for the classes

defined with reductions of orders. We mainly consider the closed quadrants.
The open case follows in an analogous manner.

10. LEMMA. Let a(t,r,7) € S*(Q?" x R™;€,&) and K(t,r,p) be
associated with a by the formula 2.1.(16). Then, K(t,r, p) restricts to a function
€ C>(Q?™ x (Q™\{1,...,1}), L(E®, E>®)), for all s eR.

PROOF. First, remind of the identity
an K(t,r,p) =v(p)"N(2r)™™ / p_%—"A,l,Va(t,r, 7) dr,

for every N € N, cf. Section 2.1.. From (9), we obtain ANa(t,r,7) €

C®(Q?™ x R™; L(E*, E*~#*N)), for all s € R. Moreover, for every v with
s + v > 0, there exists an N such that

oo

Ky(t,r,p) = (27)™™ / p~ 3 AN gt 1, 1) dr
-0
converges in the usual sense and
(12) Kn(t,r,p) € C*(Q2™ x Q™, L(E*, E**)),

for all s € R. Indeed, let us choose r-independent isomorphisms &7 : E° —
E°, b} : E* — E° seR. Then,

1Ay alls,ere = 185+ AYa 7[00
N S L V. PSR FT I
<c [|Bgt BetENlo o (1667 l0,0s
with a constant ¢ from the symbol estimates. Using (4), we get
16°63 *]l0,0 < ¢[7]* for s >0, > ¢ for s <0,
and (5) implies, for 0<s+v<s—u+ N,

g b=+ Nloo < ¢ B4 fo,e4s

< C[T]e+u+(—a+u—N) — c[T]u+u—N’
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with different constants ¢. Choosing N large enough, we obviously obtain (12).
The formula (11) then implies the assertion. O
11. LEMMA. a(r) € §~%(...; ¢, £) implies
K(p) € X™(Q™, L(E*, E>))™,
for every s € R, cf. the notations in Section 2.1. for L = L(E*,E*'), s' €R
arbitrary.

PROOF. By analogous arguments as in the proof of the preceding Lemma,
we can show that ||[7*D?a(r)||L < cap With constants c, g, for every couple
a, B. O

Combined with the proof of 2.4. Proposition 10, we easily obtain

12. PROPOSITION. a(t,r,7) € S#(Q2™ x R™; £, &) implies
(1- $(p)) K(t, 1, p) € C=(Q7™, ¥ (Q™, L(E*, E*'))™),

for every ¢ € C§°(Q™) with ¢(p) = 1 close to p{1,...,1}, and all s,s' € R.
Moreover, a(t,r,7) € S~ (Q2™ x R™; &, ) is equivalent to

K(t,r,p) € C°(Q%™, ¥=(Q™, L(E*, E*))™),

for all s,s' € R. An analogous statement holds for Q™ instead of Q2™.

13. COROLLARY. Let K(t,r,p) be associated with some af(t,r,7) €
SH(@> xR™; €, €) and o(p) € CP(Q?™). Then, K(t,r,p) = p(p)K(t,r,p) is
associated with some @(t,r, p) € S#(Q?™ x R™; £, f)

14. COROLLARY. Every A = opp(a), with a € S#(Q?™ x R™; ¢, §),
can be written as A = Ag + G, where Ay is properly supported and
G € ML~>°(Q™; ¢, ). An analogous statement holds over Q™.

As an immediate analogue of 2.4. Proposition 12 we also obtain
15. PROPOSITION. For every a(t,r,3 + iy) € S*(@¥ x R™;¢,§),
there exists a function ay(t,r,z) € [1C®(Q?™ x C™, L(E*, E*~#)) which is

holomorphic in z € C™, for every f;xed t,r and s € R, such that, for every
yE€R,

a; (t,r,%—7+iy> € SH(Q2*m xR"‘;é‘,f)

and

1 S .,
a <t,r,§ +'iy> —a (t,r,—;- —'y-l-iy) € SF~1(Q2m xR™; £, £).

An analogous statement holds over Q*™.
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The formula 2.1.(11) defines a space of distributional kernels T#(Q2?™ x
Q™; €,€&), when a(t,r,7) Tuns over S#(Q?™ x R™; ¢, ). In other words, the
Mellin transform M,_,, induces an isomorphism

M : TH(@Q™ x Q™ €, &) — 5#(@%™ x R™; €, §)
and T*(...) will be considered in the induced Fréchet space topology.

16. THEOREM 2.3. Theorem 4 holds in the analogous form also in the
present setting with reductions of orders.

PROOF. To simplify notations, let us set again £ = £. As in the proof of
2.3. Theorem 4, the main point are the arguments for amplitude functions with
constant coefficients. The general case is then a trivial generalization and may
be dropped.

It is obvious that also in the present situation the semi-norms of the
amplitude functions, that refer to the symbolic structure of A*(£, €), can be
neglected. In other words, we have to look at the symbol estimates and the
kernel cut-off.

Remember that an argument, for proving 2.1. Theorem 14 and 2.3.
Theorem 4, was to drop finite sums and to consider remaining sums of terms
of very negative orders. Also here we can proceed in this way, for every fixed
semi-norm, by starting the sum with the terms of sufficiently negative order. It
may be necessary to fix the order of the starting terms, lower and lower, with
increasing number of semi-norms that are involved. But then, we can apply
again a diagonal argument and obtain convergence for all semi-norms. In other
words, it suffices to consider a fixed semi-norm for S#(Q? x R™; ¢, &) and to
assume that then ord a; < p— N, for all 5 and every fixed N € N. Denote the
norm in L(E*, E*77) by || - [ls.s—~-

Set for a moment p = Df a. Let us choose r-independent isomorphisms
b : E* — E°, for all s €R. For every v,v,u— N <4 <v < pu, we have

6248 pb=l0.0 < 18 #]l0,0 [16*7* 1Pl pb*||0.0
< efr 7 oo A pbm0 0,0,
16°= 418l pb=2lg.0 = B~ +IAL B * Y B3V pbT 636 0,0

< b= A BT o0 (167 pb*[lo0 (18367 llo.o-

Note that [|b7°"” pbT*|lo.0 = ||plle.s—~- Since we can choose v so negative as
we want, we may fix v = v(s,|f|) in such a way that s —» + |3| < 0 and

68 *1BL 57+ lo.0 (1835 *]l0,0 < ¢, for all 7.
Thus ||b*~*+1Plpb=*||0.0 < ¢||p|ls,s—, and consequently

“ba—l.l"'lﬂl pb”” S c[T]u_"”P”e.,a—’V'
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Conversely, the estimates of the type, as in the proof of Lemma 10, show that
Y Z
[71°1lplls,s—y < cl|b* ™A1 pb=* 0,0,

for any given p > 0, v negative enough as well as A.
Now analogous conclusions, as in the proof of 2.1. Theorem 14, show
that it is allowed to replace the considered semi-norm by

1
2 2
a—»{/ “'réDEa’LdT} ,

L = L(E*,E*~"), where § runs over all multi-indices, with || — || + k > O,
for some k € N. This reduces the proof to the scheme of that of 2.1. Theorem
14 with the extra arguments of 2.3. Theorem 4. It is then clear again that the
semi-norms of Definition 3, (iii), do not affect the procedure. |

Our next objective is to extend the considerations of Section 2.2. to the
classes based on reductions of orders. First, remark that the approach of the
present section has a straightforward generalization to the Fourier transform,
instead of the Mellin transform. In other words, we have an obvious defini-
tion of the symbol spaces S#(Q xR™; ¢, £), 0 C RP open, satisfying the scale
axiom. For every a(z, 7', £) € S4(Qx0QxR™; €, £), 0 € R™ open, we then have
opr(a) = F~1aF. This leads to the spaces of ‘standard’ ¢DO’s, L¥(f; €, &).
In particular, L= (€; £, &) consists of all operators G for which

G : Weomp (), E°) — Wi (9, E),
G": é’omp(an”w) - wl‘();c(ﬂa E*),

are continuous, for all s € R. Here the spaces wc“’omp(loc)(ﬂ, E*) are the obvious
analogues of the }(gomp(loc)(Qm’ E*) spaces, now based on the Fourier transform.

We then have in particular
ML*Q™; €, &) = LH(Q™; €, €)

and an analogous result as 2.2. Proposition 1. a4 (t,7) € S#(Q™ x R™; ¢, &)
is called a complete symbol of A € MLK(Q™; &, ), if A — opp(oa) €
ML-°(Q™;&,&). Similarly, we define complete symbols in S#(Q™x
R™; €, &), for A€ MLF(Q™; &, ), namely that A — opar(04) € ML~ (Q™ x
R™; &, & ). The method of proving 2.2. Theorem 5 can obviously be applied
also in the present situation.

This yields an immediate analogue of the theorem. Note, in particular,
that Theorem 16 is very essential again. From this we get

17. THEOREM. A € ML*(Q™; &, &), B € MLY(Q™; &y, &) imply
AB € ML#tY(Q™; &1, E3) and, for the complete symbols, the asymptotic
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formula as in 2.2. Theorem 8. An analogous result is true over Q™. Moreover,
A € ML#(Q™; E,€) implies A* € ML*(Q™;€,&) and, for the complete
symbols, the expansion as in 2.2. Theorem 7.

3. - The Cone Algebra with Parameters

3.1. Cone Operators with Continuous Asymptotics

This section deals with the concept of parameter-depending cone operators,
where a parameter is involved in such a way that it can be considered in the
corner calculus as an additional Mellin covariable. The parameter-depending
theory is useful also to treat spectral problems for operators on manifolds
with conical singularities and we have a natural notion of parameter-depending
ellipticity, cf. Section 3.2.

First, we want to remind of the parameter-depending ¥ DO’s L#(X;A)
A()) on a closed compact manifold X, depending on the parameter A € A.
Here A is a closed subset in a finite-dimensional vector space with metric |- |.
The operators may be generated locally in coordinate neighbourhoods U, by

Fl, Fa_e ay(z, o', € \)u(z') = Ay(N)y,
with amplitude functions a = ay, satisfying the symbol estimates
(n) IDZ .0 D a(z,2', & M) < e(1+ (] + A+,

for all multi-indices o, and z,2' € K cc U, (£,)2) € R® x A, (n = dim
X). The differentiation, with respect to A, refers to extensions of D ,. D‘g a
to an open neighbourhood A of A (the extensions are always assumed to be
smooth in A). The derivatives are then to be restricted again to A. This is the
interpretation of (1). A partition of unity argument, then yields the operators
A()) globally. In [S1] it was studied a variant without differentiations in A.
The role of the differentiations here is that, in the applications below, A plays
the role of an extra covariable. The main conclusions of [S1] may be carried
out also here, with obvious modifications. The smoothing parameter-depending
operators in L*(X;A) form the subclass L~ (X;A).

They consist of operators with kernels g(z,z',A) in C*°(X x X x A), with a
strong decrease of D] g(z, z', A), for |A| — oo, in the C* (X x X)-topology. Then,
as in the standard ¢y DO calculus, A(A\) € L#(X;A) can be described by z'-
independent amplitude functions modulo L~*°(X;A). Let us give an equivalent
description of the negligible operator class L~>°(X;A).

An operator G has a kernel in C®(X x X) iff it induces continuous
operators

G,G" : H*(X) — H'(X), for all s,t €R.



CORNER MELLIN OPERATORS AND REDUCTION OF ORDERS WITH PARAMETERS 43

Here G* denotes the formal adjoint of G with respect to a fixed L%(X)-
scalar product; H°(X) is the standard Sobolev space over X of order s.
L(H*(X), H*(X)) is a Banach space in the operator norm || - |/, and

L(H*(X), H=(X)) = (] L(H*(X), H'(X))

a Fréchet space with a corresponding countable norm system.
9(X):= N L(H*(X), H*®(X)) also is a Fréchet space with a countable
8ER

norm system {»n?};ez. Then, L=°°(X; A) consists of the set of operator functions
G(A) for which
G()), G*()) € C=(4, §(X))

and, for every N € N, 7 € Z, 1, there exists a constant ¢ = ¢(N, 7, ) such that
' (DYG(A)), 7/ (DJG* () < c(1+[A)~Y

for all A € A.

1. REMARK. Incidentally, we also have the situation that A is not closed.
In that case, we require the estimates in every closed subset. This yields the
definition of L#(X;A) also in this case.

Similarly, we proceed for parameter-depending cone operators below.

Another well-known property of the parameter-depending class L#(X;A)
is that every A(A) € L#(X; A) satisfies the estimates

A(X) ”sﬁa—u < e(s,v)p(p, v, A),

for every v > u, s € R, with a constant ¢(s,») (also depending on A) and p
the function of 2.4. Definition 2. A proof of this result may be found in [S1]
(Theorem 2.1.). Remark that we also can define the class L% (X;A) of those
operator families for which the amplitude functions in the local expressions
admit asymptotic expansions into functions that are homogeneous of order p—j
in the variable (&, ), for |£|2+ |A|? > const. Here we tacitly assume that A € A
implies rA € A, for all r > 1. For every u € R, there exists an operator family
b#(A) € LY (X A) (with parameter-depending homogeneous principal symbol
(1€2 + |A|2) ) which is order reducing for the scale H*(X), in the sense of
2.4. Definition 2 (with A instead of 7).

Thus, we can apply the results of Section 2.4. in the special case of the
scale ¢ = {H*(X)} of Sobolev spaces over X and ¢ DO symbols over Q™
with values in L#(X). For our applications, we are interested in the case m = 1.
In other words, we have the class of Mellin ¥ DO’s ML*(R ;; ¢, €).

Remember that the latter class of operators is an essential step in the
definition of the space of cone operators N#(X"), X":= R4 x X. We denote
by NE(X")s, 6 = (k,k), k €N, the subclass of all A € ML*(R5; €, ) which
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have (locally) classical symbols as $DO’s over R, x U, for any coordinate
neighbourhood U on X, and which induce continuous operators

2) AA": H(X) — }(”“’"’(X‘);

for all y € R, —k < y < k. Here ¥°(X") := ¥*(R4, H*(X)) in the sense of
the definitions in Section 2.4., and ¥*7(X") :=¢t7¥*(X"), ¢ being the variable
on R,. The subscript F indicates flatness of order k (at ¢t = 0 and t = o0).
Note that, for k = 0, the condition (2) is automatically satisfied.

The operator-valued symbols of corner Mellin operators have values in
the space of cone operators. The calculus of the preceding sections shows that
they are needed in the adequate parameter-depending form. In particular, we
have to introduce the class of parameter-depending flat operators N (X";A)o.
They will be a subspace of the corresponding parameter-depending class
ML*[R; €, E;A), A a parameter set as above. The remarks, in the beginning
on the definition of L#(X;A), give a scheme for the analogous definitions here.

We already have mentioned an order reducing system b#()) for the scale
& = {H*(X)}. Now we replace A by A’ =R, x A which is also an admissible
choice of a parameter set. This gives rise to an order reducing system b*(r, }),
depending on the parameter A’ = (7, A).

Remark that the essential aspect for us is the behaviour for |A\| — oo. Since
A will play, later on, the role of a covariable (may be of higher dimension), we
suppose once and for all

(3) A=R'Y I>1
Define the parameter-depending classes of amplitude functions
SH(Q2 x R; €,&;A) = S¥(Q2 x (R x A); €, €),

& = {H*(X)}.er, as the space of those
a(r,7,)) € C® (@ xR x A,N L(H*(X), H""(X)))

for which the symbol estimates hold, now for the A-depending system of order
reductions. In other words, the conditions are

“

b*~#*8l(7, 1) (DED?  a) (r, 7, A) b_°(T”\)”o.o <e,

for all multi-indices o € N2, g € N'*! (I =dim A) and all (r,7,)) € K xR x A,
for every compact K cc (R4)?, ¢ = ¢(e, 8, K) > 0 a constant, and the same
for the functions with r; replaced by rj‘l, jJ = 1,2. Moreover, we assume
the scale axiom to be satisfied, now including A which is treated as a Mellin
covariable.
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From the latter definition, we can easily read" off the adequate definition

of the class ML=°(R; ¢, €;A) of parameter-depending smoothing operators.
First, we have the parameter-depending kernels

(5) K(T:P:)‘) ‘r_—vp a(r: T:’\)

They also satisfy the scale axiom for every fixed A. Then, a c@t-off with a
function ¥ (p) € C°(R4), %(p) = 1 close to p =1, gives rise to a family

Ko(r,p,A) = (1 - 9(p)) K(r,p,A) €
c* <@ X Ry x A; ,,QR £(H"(X),H°°(X)))
or, more precisely,
Ko(r,p,X) € C [Q7 x A, X™ (Q, L(H'(X), H" (X)),
for all s,s' € R, cf. 2.1. Proposition 10. We can even say that
©) M, Korp,)) € C= [@2, =@, L(H*(X), B (X))°)],

for all s,s' € R. Here 7 € @' is the Mellin preimage variable, A € R! = A
being the dual variable (cf. (3)). (6) follows by a simple reinterpretation of 2.1.
Proposition 10.

Let

§(X7) = ) LX), XH*=(X7)

be equipped with a countable system of norms {n’},cz, similarly as for §(X)
above.
If G()) is the operator family belonging to Kq(r, p, A), then

(7 G(}),G*(A) e C=(4, §(X"))
and
®) n’(DYG(N), n’(DG"(A) < e(1+[A)~Y

for all N e N, j € Z, multi-indices 8, with constants ¢ = ¢(N, 7,8) > 0, for all
A € A. This a consequence of (6).

Now the class ML~ ®(R,;€,€;A) is just defined as the space of
all operator families G(A) for which (7) and (8) holds. Furthermore
MLH#(R,;€,€;A) is the space of all

© A(X) = opa(a)(A) + G(A),
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where a(t,t',7,1) € S*(Q% x R;&,€;A) and G(\) € ML ®(R4; &, &;A).
Remark that the theorem on the existence of a complete symbol (cf. 2.2.
Theorem 5) has a straightforward generalization to the parameter-depending
class. In other words, every A(A) has a complete symbol

oA(t;T,A) € S¥(R4; €, €5 4),
in the sense that
A(X) — opm(oa)(A) € ML™®(R; €, E;A).
2. DEFINITION. Ny (X";A)e, 6 = (k,k), k € N, is the subspace of all
A(A) € ML#(R4; €, €; A) such that

@i A()), A*(}) induce continuous operators

(10) Ho(X7) = Hemm (X7,

for all seR and —k <~y <k;

() A(N)|r, € L5 (R4 x X;A), ie. A()) is a classical parameter-depending
Y DO over Ry X X;

(iii) A(A), A*(A) have complete symbols
a(t,7,A), a*(t,7,)) € S* (R4 xR;E&,E;A)
with values in L*(X;A), for every (t,7) e R4 x R, and

w(t)t *a(t, 7, 2), (1-w(t))tka(t,,)),
w(t)t % a*(t,7,2), (1—w(t))tka*(t,7,A),

are of the same sort (i.e. in S#(R4 x R; €, E;A) and LY (X; A)-valued).

In (i), we have used the obvious definition of parameter-depending
standard ¥ DO’s over non-compact manifolds, cf. the analogous notations in
the beginning of this section.

Let us explicitly describe the negligible operators G(A) € N7 *(R+;¢,
E; A). Set

9(X")e = JQR LK (X7), H=7(X7),

—k<a<k
§ = (k,k), k € N, equipped with the natural norm system {n’"};jez,—k<,<k-

Then, there is a countable subsystem that also defines the topology. Thus G(X")e
is a Fréchet space.
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Then, Nz*°(X";A)g, 6 = (k,k), k € N, is the subspace of all G()) €
ML= (R4; €, E;A), with

G(3), G*(A) € C=(A, §(X")o)

such that ‘
777 (DYG(N)), n*7(D5G*(A)) < c(1+[A) 7,

forall NeN, j€Z, —k<~y<k, B, with constants ¢ = ¢(N, 7,v,8) > 0.

3. REMARK. Every A()) € NE(X";A)g can be written in the form (9),
where a; (t, % + 47, /\) € S#(Ry xR;E,E;A) is a complete symbol, with the
properties as in (iii), and a; extends to a holomorphic function a(t, z,A) in z,
with .

a1 (t,% —'7+'i'r,/\) € S* R4+ xR; €, E;4),

for all v € R, further G()) € Nz (X";A)e.

This follows by the same constructions as in the proof of 2.1 Proposition
12, where we start with a complete symbol azt, % + &7, /\), as in (iii). We
then preserve the mapping property with the weights in the image, since the
complete symbol a has the form

thw(t)a <t, % + 17, ,\) +t7F(1-w(t) & (t, % +1r, /\) 5

with &,a' € §#(R4; &, E;A), which is unchanged under the manipulations with
the p-variable in the Mellin preimage. In other words,

ai(t, 2, A) = tFw(t)as (¢, 2,0) + 75 (1 — w(t))@' (¢, 2, A).
Note that, for any cut-off function w,
w(t)tkopM(&l)()\) u = w(t)opm (61)(/\)tku,

for all « with bounded support in ¢, and analogously for &j. This is a
consequence of Cauchy’s integral formula and the holomorphy of @,,d) in
2.

4. REMARK. The same constructions may be performed, of course, not only
over the ‘infinite cone’ X", but also for any stretched manifold C, associated
with a ‘manifold’ with conical singularities. That means C is compact, with
boundary 8C = X, and if V £ [0,1) x X is a collar neighbourhood of 8C, then
V/({0} x X) is locally the model of the given conical singularity. For more
details, cf. e.g. [S2].

If we C§°(V) is a function with w = 1, close to 3C, we get the class
NE(C; A)e, by the condition

WNE(C;A)p w=wNE(X"A)p w,
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(1-w)NE(C;A)e(1—w) = (1—w)L¥ (int C;A)(1—-w), with a fixed identification
V =[0,1) x X.

The parameter-depending flat operators form subclasses of the parameter-
depending cone operators. Let us return now to X" and pass to the definition of
the parameter-depending Green and Mellin operators over X" Then we easily
get the operators also over C.

For reasons that become clear below, it is natural to deal with the cone
operators with continuous asymptotics. The non-parameter-depending theory was
elaborated in [S2].

First of all, we need the scales of spaces ¥ (X")a, s € R, with continuous
asymptotics.

Let us briefly remind of the definition. If f(z) is an H*(X)-valued function,
defined on I'y = {z € C : Re z =Re p}, p€C fixed, we set

110 = { / IIb’(z)f(2)||i=¢x)ld21} -

Here b°(2) is a parameter-depending classical ¥ DO on X of order s, with

the parameter-depending homogeneous principal symbol (|¢| + [Im 2|2)%, and

b*(2) : H*(X) - H°(X) = L%(X) an isomorphism for every z € T,.
Remember that ¥*(X") is the closure of C§°(X") with respect to the norm

lullye(x) = [ Mull,,4,

and ¥°7(X") = ¢ ¥°(X") the closure of C§°(X") with respect to |[Mul|, 1_,.

For V C C, we define V_° = C\Q, where 1 is the union of all unbounded
connected components of C\V. For any system of subsets V; CC, j € J, we

c
set 2 V; = (U V,-) . Moreover, we use the notation
j J

(11) o(V)=sup {Re z:2€V}, 7(V)=inf{Re z: 2 €V},

V CC.

A function xy € C*(C) is called a V-excision function if xy = 0 in a
neighbourhood of V, xv = 1 outside another neighbourhood of V, |xv| <
const.

Let YV ={V cC:Vn{a <Re z <} compact for all o, ER, V¢ =V,
and

vi={vev:var,, =9}

Denote by I the set of all couples A = (6,6'), where 0 < § < 0o, 0 < §' < o0
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or 6§ =6"=0. Set
1 1 , '
Sa = E—6<Rez<§+6 , for §,6' > 0,
Sy =T7"Sp={2—7:2€ 8,5}, yeR.

5. DEFINITION. Let V C C, A € I finite, A # (0,0), VN 3Sx = 0,

V NnSa €Y. Then, A (X)a is the subspace of all h € A(Sa\V, H*(X)) for
which

(@) [Ixh|ls., < oo, for every V-excision function x uniformly for all p € Sa:
for all A’ with Sa: C Sa,

(ii) for every f € A(C), we have

<clhl f> = = [ h(z)f(2)dz € C(X),
271 A

for every curve C C Sa\V, surrounding Va :=V N Sa clock-wise.

¢ defines a linear operator
(12) ¢ AV (X)a — A'(Va) ®x C(X).

Ay (X)a is a Fréchet space with respect to the norms |xh||s,,, together with
those from (12). Let us describe an adequate choice of a countable system
of norms on A'(K), K c C being a compact set with K¢ = K. Let
C; c {z: 27U+ < dist(z,K) < 277} be a smooth curve surrounding K
and L2(C;) the space of square integrable functions on C; with respect to the
measure |dz|. Then, we have < ¢,(w—2)"! > € L2%(C,) as a function of 2
(pairing of ¢ with respect to w). Further

(13) ¢— | <¢ (w=2)"1> e,

is a norm on A'(K). If j runs over N, then we get the Fréchet space topology
of A'(K).
AP (X)a is a nuclear Fréchet space. Moreover,

(14) AV (X)a = A5(X)a + A7 (X) a,

in the sense of sums of Fréchet spaces. In general, this means that, when E;, E>
are locally convex vector spaces, with the systems of semi-norms (e,).,e; and
(Bx)xex, respectively, and if E;, E, are vector subspaces of another vector
space E, then E; + E; = {u; +us : u; € E;, 1+ = 1,2} is a locally convex vector
space, with the system of semi-norms

Yx(u) = inf ] (ce(u1) + Br(u2)), t€ I, x€ K.

u=u;+u
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In our applications, we mainly have Fréchet spaces with countable systems of
norms.

Incidentally, we also need intersections E; N E, with the corresponding
semi-norm system, namely

6ux(u) = max(a,(u), Px(u)), t€ 1, x€ K.
The inverse Mellin transform defines an injective operator
(15) M= 4 (X)a — X (X, for V.NTy =0.

The space ¥ (X")a is defined as the image of A{(X)a under M~1. It is a
Fréchet space with the norm system induced by that of 4{, (X)a. For A = (0,0),
we set ¥*(X") = X5 (X")a, this is then independent of V.

Now we want to introduce the spaces Xy (X")a, for arbitrary V € V°. We
use the following ‘decomposition method’. First, observe that Vo = V NS can
be written as

Va=Vi 4+ Vs,
where V; = |J Vi; with compact sets V;; € V0, V;; € Sa, 6(Vij) < 7(Vij+1)s
JEZ
and o(V;;) — % -6 for j — —oo, 7(Vij) — 21-+5' for 7 — 400, ¢ = 1,2
(cf. (11)). It is then obvious that there exist sequences A;x € I, A;x finite,
keN, i=1,2 with Sn = U Sa,,, V;N3Sa, =0, forall ke N, i=1,2.

kEN
The above construction yields the spaces X (X")a,,. Then,

Ho (X%)a = lim X5 (X")a,,

keN

is a Fréchet space which is independent of the concrete choice of the sequence
A;r. The sum

(16) W (X%)a 1= X5, (X7)a + X9, (X)a

is also a Fréchet space, and it only depends on V, but not on the concrete
choice of the V;;, A,x. Then,

an o (X)a = X5 (X)a + P (X)a

We can also define the space XJ(X")a, with respect to closed (or half

open) weight intervals A = [6,6'], 6,6' € Ry (A = [6;8'), 6§ e Ry, §' €

Ry; A= (6,68, 6§ €Ry, 6 €Ry). For instance, ¥3(X")a for A = [6,6']

is the subspace of all u € ¥*(X") for which Mu(z) extends to a function

h(z) € A3(X)z A = (6,6'), with lim [[h(z)[|s,y < oo, 11m R (2)][s.y < o0
y—g—6 v
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For A = [6,6') (A = (6,6']), only the first (second) limit has to be finite.
For non-empty V € V°, we only need the variants

X7 (X j0,6n) := Ho (X )j0.61) + ¥ (X ) (e.60)
Ho (X (5,0 = Ho (X7 (5.0) + 77 (X (6.6)

for arbitrary ¢ > 0 (these spaces are then independent of ¢).
We also can define spaces with asymptotics and weight v € R, namely

W (X%)a =187 Hp-ay (X7)a,

V €V (then T-7 V € V9).
Set

(18) Gv(X)a = ,QR LN (X7), *7(X7)a),

V € V9, A € I, considered in the natural Fréchet space structure, defined as
follows. First, £(¥*(X"), ¥5(X")a) is a Fréchet space, for every s,s' € R.
Then,

AL (X7), ¥ (X7)a) = LOE(XT), WP (X7)a)

is also a Fréchet space, since a countable subset of s’ suffices.
For a similar reason, the space (18) is Fréchet with a system of norms
that we denote by {n{ };ez, A being fixed.

6. DEFINITION. A family of operators G(A) € ML~ (R 4; €, £; A) is called
of the class Ng(X;A)s, 0 = (k,k), k€N, if
@ G(A) € C=(A, Gy (X)o), G*(A) € C=(A, Gw (X")s), for certain V,W €
V0 depending on G,
(i) nf (D{G(A), 7% (DFG* (X)) < c(1+[A)~N, for all N € N, j € Z,

multi-indices A, with constants ¢ = ¢(N, 7, 8) > 0.

Na(X"; A)g is just the class of parameter-depending Green operators over
X" with respect to the weight in terval 4. Note that, for Kk = 0, we get

ML~=(R; &, &;A). If C is the stretchted manifold, as in Remark 4, we define
Ne(CiA)o = wlNa(X™A)ow + (1 —w) Ly*(int C;A)(1 - w)

with the canonical identification of objects on X" and on a collar neighbourhood

o ac;imilarly, we obtain the Sobolev spaces over C and those with asymptotics.

We set

19 H*(C) =wH*(X") + (1 - w) H{(int C),
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with an obvious identification of a collar neighbourhood of 8C with [0,1) x X,
(20) ¥e(C) = g"¥*(0),

g7 being a non-vanishing C* function on int C, with g7 = ¢7 close to
8C, v € R. The spaces with asymptotics are defined as the sums

21 _}(“,’"’(C)A =wHy " (X")a + (1 — w)Hj (int C),
where here A runs over the set of all half-open weight intervals
(22) I ={(60]:6>0}.

Then V belongs to
(23) B’={V€V7:V§{Rez<%—7}}.

The topology of the sums is as usual. We might first pass to the closure of the
spaces wX*7 in ¥*7(X")(¥;"(X")a), and (1 —w)H} (...) in HY (...) and
then take the sums of the corresponding Fréchet spaces.

Let us set

(24) Xz (C)a = lim X7 (C)a

ves?

and X:,(C)a = H2%(C)a. Note that ¥:7(C),a, as an inductive limit of the
nuclear Fréchet spaces X;°'7(C)a, is nuclear.
Incidentally, we use the fact that },;”(C)a can be written as a projective
limit A
Xy (C)a =lim¥p7(0)%)
7€N

of Hilbert spaces. We choose this system in such a way that there are continuous
embeddings . ‘
%7 (@F = %))

for every j.

7. REMARK. It can be proved that the spaces with asymptotics ¥;/”(C)a
are invariant under pull back with respect to diffeomorphisms C — C, provided
V € V7 satisfies the ‘shadow condition’ T—7 V C V, for all j§ € N (for details,
cf. [S5D).

Now we want to introduce the parameter-depending Mellin operators. They
are based on the parameter-depending Mellin symbols that may be introduced in
an analogous manner as the above Sobolev spaces with continuous asymptotics.
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Let V€V, A = (56) e I be finite, A # (0,0), V N3Ss = 0, and
p € R. Then, M{;(X;A)a denotes the subspace of all

(25) a(z,A) € A(Sa\V, L¥(X;A)) n LE (X (Sa\V) x A)

belonging uniformly to these spaces for all A’ with Sa: C Sa, for which

(26) <(¢la], f> = %7: / a(z,A) f(z)dz € L™*°(X;A),
B

for all f € A(C), B c Sa\V being a curve surrounding V N Sa.

The spaces on the right side of (25) are interpreted as follows.

L¥#(X,A) is a Fréchet space in a natural way. We also can endow
LY (X;T(V,€) x A),

T(V,e) = {z:%+e—6§RezS%—e+6'}\{z:dist(z,V)<e},

e > 0 sufficiently small, with a natural Fréchet space structure (analogous
constructions in the non-parameter-depending case were given in [R1]). Then,

LE(X;(Sa\V) x A) := ego LE(X;T(V,€) x A)

is also a Fréchet space. (25), as an intersection of two Fréchet spaces, is again
a Fréchet space. (25) defines an embedding of M{; (X; A)a into the latter space.
Moreover, (26) defines a linear mapping

27 ¢ MY (X54)a — A'(Va) ®x LT°°(X;A),

Va =V N Sa. We consider M{;(X;A)a in the Fréchet space structure defined
by these mappings. For A = (0,0), we set

ME(X;M)a = MPO(X;A) i= LY [X; (Re = %) v A] .

This is then independent of any V.

The decomposition method, applied above to the ¥ (X")a spaces, may
easily be adapted to Mellin symbols. In other words, we get the space
MY (X;A)a, for arbitrary V € ¥, A € I finite. Then, (similarly as in the
non-parameter-depending version, cf. [S2])

28) VXA ) A+ MY (X508 = MY, 4y, (X5 A) a,
29) ME(X;A)a = ME(X; M)A + My ®(X;5A) A,

where 0 indicates V = §. For A = (o0,00), we set MY (X;A)(c0,00) =
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v (X;A) :=lim M{; (X;A) o, where the projective limit is taken over all finite
A € I. The formulas (28), (29) are then true also for A = (o0, o0). Incidentally,
we use the notations

MG, (X;4) = lim My (X;4).

VG'V

Moreover, M%7(X;A), v € R, denotes the subspace of all a(z,A) for which
the correspondmg V = V/(a) belongs to V7.
For every a € M4,7(X;A), we define

opis(a)(A) = tTopa (T "a)(A)t7

where (T%a)(z,A) = a(z + 6, A). Further, set I u(t,z) = ¢t~ tu(t™!, ).

8. DEFINITION. N#(X";A)g, 6 = (k, k), k € N\{0}, consists of all operator
families of the form

A(X) =S(\) +S'(A) +F(A) + G(N),

where F(A) € Ni (X" A)s, G(A) € Ng(XA)e, and

k—1
S =D D wlt)t’ opjy (ai)(A) w(e),

i=1,2 j=0

with arbitrary a;; € M4 (X;A4), -5 <7, <0, and §'(A) = I? S(A)1, with
some S(A) of analogous structure as S(A). For k = 0, we set N#(X";A)p =
MLY% ([R; €, €;A). Moreover, for C as in Remark 4, we set

(B0)  NH(C;A)p = wN* (X5 A)p w + (1—w) L4 (int C;A)(1 - w)

(cf. the analogous definitions of Ng(C;A)e and Ng(C;A)).
For A =@, we use the notations N#(C)s, NE(C)s,....

9. REMARK. N#(X")p C ML*(R4;¢E,€), 6 = (k, k), consists of the sub-
space of those operators A which have a complete Mellin symbol a(t,2), z =
5 +ir, (cf. Section 2.2., Theorem 5) with A = opy(a) +G, G € Ng(X"), the

Taylor expansion of a(t,2), at ¢t = 0, is
k_l . .
at,z) = Za;j (A)(2)t + ar(t, 2),
J=0

ie. ]—1|§;7 a(t,z)‘t=0 extends to an operator function in M~ (X), for
J=0,...,k—1, ap(t,2) being flat of order k at ¢ = 0, and an analogous

property holds for ¢ — oo.
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Note that X" corresponds to a special manifold C;, namely C; = [0,1]x X.
Then, we have a canonical isomorphism

©

(31) Nu(cl;A)o = N”(XA;A)(;.

We mainly consider in the following the case of general C.
It is clear that we have a canonical embedding

NH(C;A)g, — N¥(C;A)g,, for 61 > 0,

(i.e. ky > kp). Set
NE(C;A) = N NH(C;A)s,
6

where the intersection is taken over all 6 = (k, k), k€ N.

The calculus of cone operators with continuous asymptotics of [S2]
extends, in a natural way, to the present parameter-depending version. We
do not repeat here everything. Let us restrict ourselves to some typical elements
that are needed for references below.

Assume 6 = (k,k) and k € N\{0}; the case k = 0 is trivial and may be
added by the reader.

First, it is clear that A(A\) € N#(C;A)s induces a family of continuous
operators

(32) A(X) 1 ¥7(C)e — Hy “(C)e,

for every V € B9, with some W € B° depending on V and A.
For every A(A) € N#(C;A)g, we have a well-defined sequence of Mellin
symbols _
oa (A)(2, ) € ME,(X;4), 7=0,...,k—1,

namely o3/ (A)(2,A) = a1(2,A) + az;(z,A). In particular, o9.(4)(z,1) €
M&0(X; A). This gives rise to the space of Mellin symbols

k=1
Yiro = MEC(X54) x TT ME,(X;4)
8. =
and a Mellin symbol map

OM.6: N"(C; A)G - yl‘\"f,o-

Here
ker OM6 = NI‘;+G(C; A)o = N#(C, A)g + Ng(C; A)g.

Furthermore, we have

NE(C; A) ying o © L4 (int C; A),
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ie. a map o} to the parameter-depending homogeneous principal symbol of
order u. This induces a map

(33) ok s N#(C;A)e — SIM((T*C x A)\0).

Here Slf“)((T*C x A)\0) denotes the space of all p(v, x,A) € C°((T*C x A)\0),
which are positively homogeneous in (x,A) of order u ((v,x) being local
coordinates on T*C) and induce locally close to 3C in the coordinates v =
(t,z) €[0,1) x X =V, x = (r, &), functions py(t,z,7, & A) 1= p(t,z,t7 17, &, Q)
which are smooth up to ¢ = 0. (33) is surjective, and ker 05 = N#71(X;A).
Denote by

g <SP (T C x A)\0) x Yhy

the subspace of those couple (p,h), h = {hq,... hk—1}, for which oare(A) =
h, o%(A) = p, for a certain A € N¥(C; A)e. The space Yy’ can be characterized
by a compatibility condition between p,h (cf. [S2] in the analogous non-
parameter-depending case).

The kernel of the symbol map

(0h:0Mm0) : N#(C5A)e — Yy

consists of N&75(C;A)e. .

10. THEOREM. A € N#(C;A)s, B € N¥(C;A)e, p,v € R, imply
AB € N#*¥(C;A)g and

oi (AB)(2,0) = > 03F(A)(z - q,)) 037 (B)(2, ),

J=p+q

aﬁ“’(AB)(u,x,)\) = 04 (A)(v,x,A) 0 (B)(v, x, A).

Moreover, the formal adjoint A* of A belongs to N#(C;A)e, the symbolic rules
are analogous to those without parameters, cf. [S2], §5, Theorem 10.

The obvious modifications of the proof, compared with the case without
parameters, are left to the reader.

It is necessary also to have a locally convex topology in the spaces
N#(C)g, NH(C;A)p. First, remark that Ng(C)e has a natural topology, by the
identification

(34) Na(C)e = {H°(C) ®x HZ(C)a} N {XZ(C)s ®x ¥°(C)},

cf. the notation (24). Moreover, Nf(C)g can be equipped with a natural Fréchet
space structure. The procedure is completely analogous to the construction for
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L (X), given in [R1], Section 2. So it may be dropped. Then, we also get a
locally convex topology on the sum

NE1c(C)s = Np(Co + Na(C)s.

Denote by N#(C)3(N*(C)5) the subspace of those A € N#(C)s for which
837 (A)(2) € M&O(X) (M&A(X)), for all j = 0,...,k — 1 (remember that
§ = (k,0] and, without loss of generality, k € N\{0}). We may set, for instance,
B= —%. Then,

(35) N#(C)o = N*(C)g + N*(C);.

Set fo = 0,6, = B and Y45 = one N#(C)5’, j =0,1. Then,
0 N, 6(C)o — N*(C) 248 Yiify — 0

is exact and splits. Thus, we have algebraic isomorphisms

(36) NE(@)) 2 Neic(Cle @ yMo y J=0,1

Yhi'e 41 has a locally convex topology from the spaces of Mellin symbols. Thus,
we also have a topology on the right hand side of (36) and hence also on the
left side. (35) then yields, as desired, a natural locally convex topology on the
space N#(C)q. Remark that we consider

N¥(C) = lim N*(C)o,

[}

in the topology of the projective limit over all k € N (6 = (k,0]).
For N#(C;A)e, N#(C;A), we can proceed in an analogous manner.

11. REMARK. A()) € N#(C;A)e implies A(A) € C(A; N#(C)p) and
(DA) () € N#~1P1(C; 25,
for every multi-index S.

This is an immediate consequence of the definitions.

12. REMARK. A()) € N°(C;A)p represents a bounded set {A(A) : A €
A} C N°(C)s. In particular, the norm of A(A) in L(X°(C), ¥°(C)) is uniformly
bounded for all A € A.

3.2. Cone Operators with Point-Wise Discrete Asymptotics

This section gives some more comment on the notion of asymptotics in
the cone distribution spaces and cone operator classes.
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It is a standard observation, in the context of differential operators on
manifolds with conical singularities, that the solutions have ‘discrete conormal
asymptotics’

oo m,
(1) u(t,z) ~ Y > gu(a) t7% logh ¢, ast— 0.

7=0 k=0

Here we talk about differential operators on C (cf. 3.1. Remark 4) that are in
the coordinates (¢,z) of a collar neighbourhood of 8C of the form

) A=Z":A,-(t) (_t %Y’

A;(t) € C=([0,1), Diff*"(X)). Under the natural ellipticity condition, for
totally characteristic operators (cf., for instance, [K1], [M1], [R1], [S2]), the
solutions u admit asymptotic expansions (1), where p; € C, Re p; — —o0,
as j — oo, mj € N, and the ¢ belong to a finite-dimensional subspace
Lj c C*(X), 0<k<m;.

It is convenient to talk about discrete asymptotic types

P= {(pj: my, Lj)}jEN'

Let P7(X) denote the system of all those P with Re p, < % — 1, for all 5. If

we set mc P = [J{p,}, then we have the space }(;CP(C)A, for every A € I,
J

with ¢ P N 3Sa = @. It is natural to speak about the subspace ¥3(C) of

those u € X3 p(C)a for which Mwu is meromorphic in S, with poles at p;

of multiplicities m; + 1 and coefficients of the Laurent expansion near p; at
(z—p;)~*+Y in L;, 0 < k < mj;. Then, we also have the projective limits

¥3(C) = lim¥3(C)a

over a system of weight intervals with length tending to infinity. In an analogous
manner, we can introduce discrete asymptotic types for the Mellin~symbols.
Denote by R(X x X) the set of all sequences

R= {('J" nj, Mj)}jGZ;

with r; € C,Re r; » + oo, as j — + oo, n; EN, M; C C*®(X x X) a
finite-dimensional subspace. Further, let R7(X x X) be the subset of all R with
mc RN I‘%_,, =@, nc R :=U{rj}

Then M%(X), # € R, R € R(X x X), denotes the subspace of all
a € Mﬁc g(X) which are meromorphic, with poles at r; of multiplicities
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n; + 1 and coefficients of the Laurent expansion near r; at (z — r;)~(k+1)
in M, 0< k< n;. '

If we are given a parameter-depending cone operator A = A(A), A € A, like
(1), then we may expect a parameter dependence of the discrete asymptotic types
for the solutions. But there is, in general, so smooth behaviour of the p;, m;, L,
with varying A. For every fixed ¢ € A, we have a P()o) with individual
numeration of the triplet p;(Xo), m;(Ao), Lj(Ao). In [S4], this phenomenon was
studied in detail for analyzing the ‘branching of asymptotics’ for solutions of
elliptic operators on manifolds with edges, where the variable on the edge plays
the role of a parameter.

One of the main motivations of the notion of continuous asymptotics is
to give a precise description of the nature of the branching behaviour of the
asymptotics. Let us explain this in the case of the spaces M{; (X;A) introduced
in Section 3.1. A consequence of the definition is that we have

v (X;A) € C=(A, My (X)).

The parameter-depending Mellin symbols appear in the symbolic structure of
corner operators. As announced in the beginning, they occur in the form 1.(2).
Let us write down this operator more explicitly. We have, close to the comer

r=t=20, u p x
e] a
A= Z Ajk(t, T) (—t —3_2) <—1’ —a—f—) s

7+k=0

with 43 € C* ([0,1) x [0,1), Diff*~("+*)(X)). Assume, for the moment, that
Aji is independent of ¢, r.
Consider the Mellin symbol of two complex variables z, w, namely

I
a(z,w) = Z Az wk.
J+k=0
In the applications for the corner calculus, the ellipticity condition implies that
(3) a(z +1y, v+i)): H(X) - H7#*(X)

is bijective for |y|2 + |A|? > ¢, with a constant ¢ = ¢(z,v) > 0 sufficiently large.
¢(z,v) can be chosen uniformly in finite z and v intervals. The points z(v, }),
where (3) is not bijective, for given v, A, belong to a set V € V for all A € R
and v varying in a finite interval. That leads in the parametrix construction to
a (v, )-depending family h(z,v +¢)) of cone symbols, where

h(z,v +1X) € M,*(X;A),
for every fixed », and moreover

hlz,v +iA) € Mgl 5)(X),
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for every fixed v, A\, R(v,A) € R(X x X).

In the case of proper r,¢ dependence, we have to discuss this behaviour
for the Taylor coefficients at r = ¢ = 0. The complete discussion, including the
global effects from the base C of the corner R4 x C = C", will be given in
[S5].

For the moment, we have explained why it is justified to deal with the
parameter-depending classes of cone operators, as introduced in the preceding
section. Furthermore, we have observed that we are in fact in subclasses with
point-wise discrete asymptotics, with respect to A (and also v). In other words,
we may expect that our parametrix constructions, for the corner that employ
the operator families N#(C;A)g, lead automatically to the subclass

NH(C; )3,

consisting of such operator families which belong, for every fixed ), to the
cone operator classes based on spaces, Green operators and Mellin symbols with
discrete asymptotics. This can be described locally in open neighbourhoods of
given points A = Ag. The precise definitions of C* families of cone operators,
with point-wise discrete asymptotics, were given in [S4].

Remember that the typical behaviour comes from C* functions of the
parameter with values in the analytic functionals that are point-wise discrete
and of finite order. In particular, from 3.1. (27), we can extract a mapping

¢ MU (X;4)a — C™ (A, A'(Va) ® L™(X))

which has the mentioned property for the Mellin symbols in the dotted subclass.
In [S5], we return to this discussion once again and give a simpler version of
the dotted subspaces of cone operator families.

Let us conclude this section with a brief description of the parameter-
depending ellipticity of cone operators.

1. DEFINITION. An operator A(A) € N#(C;A)g, 6 = (k,0]; k€ N\{0} is

called parameter-depending elliptic if

(i) oy(A) € S,‘,")((T*C x A)\0) does not vanish for all |x,A| # 0 and
[t=17, & A # 0, including ¢ = O (here x = (r,¢) close to ¢ = 0, cf. the
notations after 3.1.(33)),

() o%(A)(z,2) : H*(X) — H* #(X) is bijective for all z € I'y and all
A €A

Parameter-depending elliptic operators may appear, for instance, as
operators depending on a spectral parameter. Consider as an example

A\ =A -2,

where A is a differential operator over C of order y which is totally
characteristic, in the sense of the form (2), close to 8C.
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We can easily construct examples, where the condition (i) of Definition 1
is satisfied, for instance, for u = 2 and A = g?A (g* being a non-vanishing C*
function on int C, with g = t* close to ¢ = 0), A the Laplacian with respect to
a Riemannian metric, associated with the conical structure. The bijectivity of
(i) is satisfied for s € T 1t+p for almost all p € R, i.e. except of a countable
set {p;}jez with p; — + 00, as j — * oo

Now a small shift in the operator which turns ¢$,(A)(z, ) to 0% (A)(z +
€,1), € >0, yields an operator which satisfies both (i) and (ii) of Definition 1.

Other examples of parameter-depending elliptic cone operators will be
obtained in the following section, cf. 3.3. Remark 3.

2. THEOREM. Let A()) € N#(C; A)g be parameter-depending elliptic. Then,
there is a B(X) € N™#(C;A)g which is also parameter-depending elliptic and
a parametrix of A(}), in the sense A(A)B(A) — 1, B(A)A(X) — T € Ng(C; A)e.
Moreover, there is a ¢y > 0 such that

A(N) : H*(C) = ¥*#(C)

defines an isomorphism for all |A| > ¢y and all s € R.

PROOF. The proof of the first statement is straightforward. So we only
sketch the idea. The parameter-depending symbolic structure admits to pass
to a parameter-depending operator By(A) € N7#(C;A)p such that Ry()) =
A(A)B1(A)—-I € N71(C; A)p and the conormal order of Ry (}) is < —1. Then, the
power R; ()7 belongs to N~7(C;A)e with the conormal order < max{—k, —j}.
Now there exists an operator

T()) € N°(C;A)e

such that
N

T(A) = Y _(-1) R{(A) € N-WNFI(C;A),,
§=0
for all N € N. For N large enough, we have even that the difference belongs to
Nria (N+1) (C;A)p, since the first k — 1 Mellin symbols then necessarily vanish.

This gives us

G(}) = A(N)B,(NT() -T€ n Ny B (G5 M) € Ne(C; A)s,

i.e. By(A)T(A) =: B()) is as desired. Now by analogous arguments as in [S1],
§9, we see that I + G(}) is invertible in ¥°(C), for |A| > ¢ with some & > 0,
and that x(A)(I+ G(X))™! = x(A) (I + G1(})) for another operator family
G1()) € Ne(C; M), x being an excision function which equals 1 for |A| > 2¢,
and vanishes for |A| < ¢.
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Thus B(A)(I+G(A))~! x(A) € N~#(C;A)e is a right inverse of A()), for
|A| > ¢1 = 2¢. In an analogous manner, we can argue from the left. This proves
the second statement. O

3.3. Order Reduction for the Cone

The abstract approach of Section 2.4., for a Mellin ¥ DO calculus, suggests
the following application. We insert the scale

@) €(C) = {¥*(C)}ser.

C being as in 3.1. Remark 4, and look for a system of order reducing symbols
for (1) with the properties of 2.4. Definition 2. For the comer calculus, we also
need N#(C)-valued order reducing symbols. If we want to apply the construc-
tions of Section 3.1. for a ‘cone’ C" = R4 x C, with the base C, we also
need symbols that depend on a complex parameter w outside some carrier of
asymptotics, where the growth properties, with respect to the parameter, refer
to parallels to the imaginary axis. We shall see that it is also essential to ensure

holomorphy in a strip Sa = {% —6<Re w< %—f 6’} that can be chosen so
large as we want.

1. THEOREM. For every p € R and K = (x,x') € I finite, there exists a
family
b*(w) € A(C, N#(C)),

with b*(B + in) € N*(C;R,,), for all B € R, such that b*(B + in) has the
properties (i), (iii), (iv) of 2.4. Definition 2 with respect to the scale (1), for

every fixed v, 1l _x< B < L4 % (here n plays the role of 7).
2

PROOF. First, remember that the mapping 3.1.(33) is surjective.

Let (v,x) be local coordinates on T*C, x being the covariable of wv.
Close to 3C, we have a splitting v = (t,z), t € R4, z € X, and x = (r, £).
Let w € C§°(C) be supported by a collar neighbourhood V' = [0,1) x X of
8C, w = 1 close to t = 0. We then look for a system of order reductions
for which the corresponding homogeneous principal symbol, in the sense of
3.1.(33), equals

w(v)(tr[* + [ + [n2) % + (1~ @) () (X + In[*) .

In a first step, we construct the order reducing family over R; x X which
corresponds to the case C; in the notations of 3.1.(31). In the second step, we
get an analogous family over int C in the setting of standard ¢ DO’s. Then,
by the partition of unity 1 = w + (1 — w), we shall obtain the desired order
reductions over C. Let A € [1,00) be an additional parameter and consider the
amplitude function

() h(r, & m,2) = (I7> + |2 + [n* + /\2)“/2.
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For any coordinate neighbourhood U on X with the local coordinates z, we
have a ¥ DO ay, depending on the parameters 7,7, A, namely

ay(r,n, M) u(z) = (21r)""/~‘3““°""e h(r, & n, A)u(a)dz'd¢.

Let {Uy,...,Un} be an open covering of X and {¢1,...,on} a subordinated
partition of unity. Further, let ¢,; € C§°(U;), with ¢,p,; = p; for j=1,...,N.
Then, we get an operator family

N

1 .1 .

a ('2' + 7, ) +"7:"‘> = ZSOJ'GUJ (T:’?:)‘)¢j € L::‘l (X5R, x Ry x [1,00))
J=1

(the notation % =+ 21, % + ¢ has only technical reasons).
With a(r,n, ), we associate a family of distributional kernels

K(p,m,)) = (ZW)'z/P—%‘”W'%“"a (% + 17, % +in,/\) dr d,
cf. 2.1.(11), here depending on A. Applying the constructions in the proof of 2.1.
Proposition 12 (in the obvious parameter-depending version), we get another
operator family a;(z, w,A) which is holomorphic in (z,w) € C2 and

(€)) ai(o+1ir, B+in,A) € L (X;R, xR, X [1,00)),

for all 0 = Re 2, § = Re w, where a; has the same parameter-depending
homogeneous principal symbol of order u as a (% + 27, % + 21, /\) namely (2),
independently of o, .
Remember that the operators g(r,n,A) in L¥(X;R2, x [1,00)) satisfy the
estimates
o Nalmn Al e@ex),m-+x)) < ¢ plu,v,7),

for all s € R, v > u, with p as in 2.4. Definition 2. For the derivatives in 7, 5, A,
we get analogous estimates with the corresponding lower orders (g € L“(...)
implies DY, , g€ L#-lel(..)).

Moreover, L#(...) is closed under compositions.

Our next observation is that ay(o + 47,8 + i, A) is parameter-depending
elliptic for all ¢, 3, i.e. the homogeneous principal symbol (2) does not vanish
on the sphere |7]2 + |£]2 + |92 + A2 = 1.

A standard result on parameter-depending elliptic ¥ DO’s says that there
is a constant ¢; such that

“4) ai(o+ir,f+1n,2) : H*(X) - H*~#(X)

is an isomorphism for all s € R and all |r,n,A| > ¢;. For every ¢',c" > 0,
we can choose ¢; = ¢;(c’,¢"”) in such a way that this is true for all o, 8, with
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lo| < ¢', |B] < ¢". In particular, for A > ¢;(c',c"), we obtain that (4) is an
isomorphism for all 0,7, 8,7 and || < ¢, |B| < ¢". Let us set

b (o +1ir, B+1in):=ai(o+ir, B+in, A1), A 2> cifc,c").

From the definition of the parameter-depending Mellin symbols for the cone
in Section 3.1, we see that b/(z,w) € M{(X;R,), n = Im w, for every
B =Re w € R. Now remember that

opa (67) (w) : ¥*(X7) = X*7(X7)

is continuous, for every v > p and every fixed w.

Let us derive an estimate of |opas(by)(w)|s,s—v, Where || - ||, denotes
the norm in £(¥*(X"), ¥*(X")). To this end, we fix a parameter-depending
reduction of order b°(z) for the scale £ = {H*(X)},er, With the parameter-
depending homogeneous principal symbol (|¢|2 + |7[?)%, 7 =Im 2. Then,

ey = [ 16°(2) Mu(a) |2l
Iy

2

5
O lopa @)@l = [ 167 oy ) M) 2 ]

= [ 18 a)rta, ) Mu(a)
with r(z, w) = b~¥(2)b% (2, w). We have

©) (=, w)”.ﬂ(L’(X).L’(X)) < ¢ p(u,v,n),

where ¢ is a constant which only depends on y, v and the bound ¢” for |Re w]|.

This follows by the same arguments as in Subin’s monograph [S1], §9.2, in
particular, from the inequality
(1+~)#, for v >0,
sug(l +e+N)H(1+¢)7V <
§2 C;w'yy_ua for v <0, v2> 'YO(I“: V):

for arbitrary reals u, v, with u < v.
From (5), (6), we get

llopae (67) (w)ls,0-0 < ¢ p(u,v,1),
with a constant ¢ as mentioned. It is obvious that we also have the estimates
I1(D opas (67)(w)) opar (55)(w)lls,o-v

llopas (57) (w) D opas (65) () la.e-v < ¢ pl1v,m),
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for every v,e, s€R, § €N, v > pu:=v-6+e¢, cf. 2.4. Definition 2.
Now we can perform an analogous construction over int C. To this end,
we first take the double 2C and construct an operator family

b3 (w) € A(C, L¥(20)),

with b5 (8 + in) € L% (2C;R,), for all B, by starting with the homogeneous
function (2). The kernel construction is precisely as before and we also can
apply the arguments on the parameter-depending ellipticity which yield that

b4 (B +1n) : H*(2C) — H*™(20)
is an isomorphism for all |3| < ¢". Moreover,

165 (w)|l 2(ae(2¢), mo-v(2¢)) < ¢ plB,vy7).

Then, we can set
M b (w) = wopar (b7) (w)w' + (1 — w)by (w) line (1 - "),

where w’,w" are also cut-off functions supported by a collar neighbourhood of
9C, with w'w = w, w"w = w". It is a simple exercise to check the corresponding
assertions for (7) and the spaces ¥°(C), cf. 3.1.(19). [

The family of reductions of orders consists, by definition, of a sum where
the part which refers to a collar neighbourhood of 4C is just a Mellin operator
BY = wopp (b7)(w)w. For every 4y € R, we can choose A so large that it also
induces an order reducing family for the scale

®) E7(C) = {H*"(C)},er -

We simply have to replace Bj by wt?opps (T~ 7b%)(w)t~"w. Applying Cauchy’s
integral formula and the holomorphy of &4 in 2z, we obtain that the latter operator
is only an extension of Bf from C§°(int C), by continuity, to ¥*:7(C). In other
words, from Theorem 1, we get the following

2. COROLLARY. There is an order reducing family b*7(B + in), in the
sense of Theorem 1, also with respect to the scale (8), for every fixed B in a
Strip % —x<p< % +x' and x,x' fixed as large as we want.

3. REMARK. Let #(w) be as in Theorem 1. Then b#(8y + 2)), %— x<
Bo < % + x', is parameter-depending elliptic, in the sense of 3.2. Definition 1.

4. PROPOSITION. Let a(n) € N*(C;A)g, n € A =R, and consider n as a
Mellin covariable. Then, a(n) represents an element in S*#(R 4 xR; £(C), £(C))
(with constant coefficients, since it does not depend on the variable on R ;).
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PROOF. Denote by b#(n) the order reducing family for the scale £(C)
which follows from b#(w) in Theorem 1, by replacing w by 3 +1n. From 3.1.

Remark 11 follows D} a(n) € N#~%(C; A)g, for all 5. Moreover, Remark 3 and
3.1. Theorem 10 show that

b=+ (n)(Dja(n)) b= (n) € N°(C; A)s.

Then the symbol estimates follow from 3.1. Remark 12. O

For purposes below, it is useful to mention a slight modification of the
notion of parameter-depending cone operators. If we replace A by K X A,
where K is a compact set with a C* structure, then we also can introduce
N#(C; K x A)g, by analogous definitions as before. The only minor novelty
is that for the definition of homogeneous or classical symbols, we impose the
condition that the parameter space is closed under homotheties only for A, i.e.
as earlier A € A implies pA € A, for all p > 0.

In particular, we can set K = R, x R, where R, = {compactification
of R; by 0 and oo}, A = R. Then, we get operator families a(r,r’,n) which
can be interpreted as amplitude functions in $#(Q2 x R; £(C), £(C)) based on
the order reducing operators constructed above.

5. DEFINITION. An amplitude function a(r,r',5) € S#(Q2 xR; £(C), £(C))
is called N#(C)q-valued if it may be interpreted as an element in N*(C;R; x
R4 xR)y in the mentioned sense.

Let us give some more interpretation of the properties of N*(C)g-valued
amplitude functions.

First, we have the abstract theory of the space ML*(R 4; £(C), £(C)) of
Mellin operators for the scale 3.3.(1), based on the reductions of orders. There
is an immediate extension of this concept to the more complicated scales of
the sort '

€5(C)o = {X5(C)5 Yaer jen,

B € B (cf. the notations in Section 3.1. before Remark 7). The dropped
subscript 4 means 4 = 0. The amplitude functions a(r,r',n) of order u belong
to

NLiB()7, ¥ ),

B,D € B, where m(j) — oo, as j — oo, and the correspondence j — m(y)
may depend on a. The symbol estimates, based on the reductions of orders, as
in Section 2.4., refer to the operator families

(D2, DEa)(r, ', n) : ¥5(C)) — X5 ()™,

It is clear that we may fix the reductions of orders in Theorem 1, and the
Hilbert spaces X3 (C’)f,’ ) in such a way that they induce isomorphisms

b (B +1n) : ¥5(C)F) — ¥57v(0)Y,
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for every B € B®, s € R, any fixed A in the weight strip, as indicated in

Theorem 1. If necessary we change the Hilbert spaces X g(C)(‘,’ ) in such a way
that it becomes the image of X3 (C)Y) under 5-°.
Now let M be the set of all § — m(j), with m(j) — oo, as 7 — oo and

£D) = (H5(C) baer, 0D = (H5(C)™ ) }er.
Then, we have, by the abstract calculus, the Mellin opereitor space

MLI*R 4;E8(C)o, €0(C)o)m
® = | MI#(EL; €W, Em),
JEN
m € M fixed, and we define

ML*(R +; E8(C)s, €p(C)o) = U MI*(R4;€8(C)s, €p(C)o)m,

MLI*(R 45 €as(C)o, €as(C)o) = BIEJE ML*(R+;€8(C)es €p(C)o)-

In an analogous sense, we use the notations
5#((R+)" xR;€5(C)es €n(C)e), S* ((RC)’ X R; €as (C)o, &,,(C)o)

1=1,2.
Then, we obtain that the N#(C),-valued amplitude functions belong to the
latter symbol spaces and define Mellin ¥y DO’s in ML*(R 4; £44(C)e, €as(C)o).

4. - Mellin Operators for the Corner

4.1. The Corner Sobolev Spaces

The results of Chapter 3 enable us to perform an iteration of the
conification, based on the Sobolev spaces and operators over C.

In [S5], we shall present the analogue of N#(C)y, for C* = R4 x C,
which is a program on its own. Here we study the elements of the Mellin
operator calculus.

1. DEFINITION. Let C be the stretched object associated with a manifold
with conical singularities, cf. 3.1. Remark 4. Let s € R, v = (p,0) € R?, and
b9 (w) be the family of order reductions of 3.3. Corollary 2, w = v +1in €C,
with K = (x,x') € I fixed and sufficiently large (depending on p). Then,
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X*7(C") denotes the closure of C§°(int C*) with respect to the norm

2

lulbvenicy = § [ 16 () My ooy 0l |
I'%_p
M being the Mellin transform on the real r axis with the dual variable w.
Clearly the definition is independent of the concrete choice of the order

reducing family.
Let us state a number of simple conclusions from the definition.

Write ¥°(C") = ¥*(%9)(C"). Then, ¥°(C") is a Hilbert space with the
scalar product
1) (4, v)y0(c") = /(quwu,M,qu);(o(c)|dw|.
1
It extends to a non-degenerate pairing
¥&(C) x H~*77(C") - C,

for all s € R, 4= (p,0) € R?(—y = (—p,—0)). This admits the identification
(X7 (C™) = H~*~7(C"). Moreover, we obviously have

}(%(Pa”) (C") =P }(5,(0.0)(0"),

for every p € R.

Remember that, when ¢° denotes a function in C* (int C) which is non-
vanishing and equals ¢ in a collar neighbourhood of 8C (in the coordinates
(¢, z)), then ¥*°(C) = ¢g°¥*(C). From this, we obtain '

¥ (09 (C7) = rPg7H*(C).
In fact, we have (up to equivalence of norms, uniformly in w)
6% (w) M u(w)lxo.c(cy = lg7 78" (w)M u(w)|xe(c)
= ||g'°b°"’(w)g°Mg""u(w)||yo(0).
Since g~95*?(w)g° may be used as an order reducing family, for the definition
of ¥°(C"), we obtain u € ¥*(%?)(C") implies g~“u € ¥*(C"). The converse
follows in the same way.
Thus, we can pass by weight shifts to the spaces ¥*(C").

The scalar product (1) will be used below to define formal adjoint
operators. If we are given an operator A € (| L(X*(C"), ¥*~#(C")) for some

¢ €R, then the formal adjoint A* also belor:gs to Y L(¥*(C"), X*—#(C")).
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In Section 3.1, we gave the definition of the spaces ¥z ?(C)z over C,
associated with a weight interval £ = (A,0] € I and a carrier of asymptotics
B € B°. That are Fréchet spaces, with a norm system that we denote by
” ' ”J',M;"’(C)za JEZ.

These norms are rather complex objects. They may be defined via sums
of the sort

——

X (C)s = Xy’ (C)s + X5 ? (C)s + B, ° (O),

where B = B; + By is as in the decomposition method, cf. 3.1.(16).
Remember that the key contributions come-from )(g;’(X‘)g (cf. 3.1.(21))
which are projective limits of the spaces of the type

Hg (X)z, = A0°(X)s, © A'(Bjx)

with an increasing sequence of weight intervals 3; ~ ¥ and By, = B; N
Sg., B;naSg =@ for all k. The topology of Ay°(X)s, was given in 3.1.

Definition 5 and that of A’(B,x) in 3.1. formula (13).
For every fixed ¥ € I, the order reducing isomorphisms b#:(w), of
Section 3.3, can be chosen in such a way that they induce isomorphisms

847 (w) : H57(C) — X547 (O)s,

for all w in an arbitrary fixed weight strip K and all B € 89, s € R. This
is an immediate consequence of the holomorphy of the Mellin symbol in the
z-variable.

2. DEFINITION. Let s R, v = (p,0) eR2, A= (K,Z)elIxI, W=
(V,B) € V* x B%, VN384 =0 (& := T~* Sk). Then 45" (C)a = A3 5(C)a
denotes the subspace of all h e A(SE\V, ¥*?(C)) such that

(i) for every V-excision function y, we have

7
@ { [ w) x(w)h(w)lliovu(o]lde} < oo,
Ty
for all € S%, uniformly in every closed substrip,
(i)
1 0,0
) <slb £ > = 50 [ Bz € XF7(O)s,
L

for every curve L c SZ\V surrounding Vx = V N S clock-wise, and
every f € A(C).
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Note that, for V = @, the condition (ii) disappears. In this case, we write
0 = (@,*) where * stands for any B and denote the corresponding space by
Ay (C)a, A =(K,X) with any X € ]. Different B, X lead to the same space.
¢ defines a linear operator

@ ¢: Ayp(Ca — A'(Vk) &« 5" (C)s.

Ay 5(C)a is a Fréchet space with respect to the norms (2) together with those
induced from (4) (in the sense of the projective limit with respect to the mapping

4).

Let us set

) AV 2 (C)a = lim 4y75(C)a.

BEB?

For v = (0,0), we omit the corresponding subscript. Similarly, as in Section
3.1, we have

(6) AvB(C)a = 47 (C)a + A5 (C)a,

in the sense of sums of Fréchet spaces, where the 0 stands for the empty set.
The inverse Mellin transform M1, defines an injective operator

N M~ A (C)a — X (C).

3. DEFINITION. Let s € R, v = (p,0) € R%, W = (V,B) € V*? x 8°,
A= (KX)elIxI, VnaSg = 0. Then, ¥z (C")a = Xy'5(C7)a denotes
the image of Ay”(C)a under (7). For general V € V?, the space ¥y'5(C")a

is defined by means of the direct analogue of the decomposition method of
Section 3.1. For V = @, we denote the corresponding space by ¥y'”(C")a.

4. PROPOSITION. Let W = (V, B) € V* x B°, then
® Hi" (C)a = Hg"(C7)a + Xy "(C7)a
and for Vi,Vo € VP, with V =V, + Vy,
©®) Hp"(C7)a = X9 (C7)a + Xy 5(C7)a.
X" (C")a can be written as a projective limit

¥ (€)= lim X5 (0

1€Z
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of Hilbert spaces )(‘;’V"’(C‘)X). The choice of such a system of Hilbert spaces
is not canonical, but we keep it fixed in every concrete case. This can be done
in such a way that we have natural continuous embeddings

¥ (0 = MR,

for every j € N.

A slight modification of the definitions yields spaces of the type X" (C”)a
also for half open or closed weight intervals as components in A (cf. the
corresponding definitions for the cone). Let us mention, in particular, the variants

A=((x,0,%), A'=([0x)5).

Let ¢ > 0 and A, = ((x,¢),XZ), A% = (&,x'),X). Choose & so small that
vns? )= §. Then, we define

(e,
¥ (C7)a = X" (C)a + ¥ " (CT) e
W (C™)ar = Ho " (C)ar + X" (C)

as sums of Fréchet spaces. They are then independent of the choice of e. We
also need the case when K = [x,x'] and V =4, i.e.

(10) ¥o' " (C)(jx.x1).z)

which is defined in the Mellin image by the conditions that the norm expressions
(2) are finite also for n € 3S;. Remember that ¥ is meaningless for V = §. It
may happen that A = (K, [0,0]).

In that case, we get the spaces that we denote by

¥ 1(C)a

For A = ([0,0], X), it follows simply ¥*7(C").
It is convenient to introduce the abbreviations

H7as(C)a = lim ¥y 5(C7)a,
BEB?
Ha'(CY)a = lim ¥y3,(C7)a,

veve
A= (K,X), v=(p,0) and

HoB(C)a=XE(C)as X9as(C)a = ¥y 0e(CT)a,
Hoo(C)a = HPo(C) A for 0 := (0,0).
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For simplicity, we mainly shall discuss the case of vanishing weights. We
often will assume that K = (k,k), X = (,,0], k,! € N (where, by definition,
[0,0] = (0,0) = (0,0]). In that case, we write § = (K, X).

6. DEFINITION. An operator A € [ L(¥*(C"), ¥°°(C")) is called a Green
8ER

operator of the class Ng(C")a, A = (K,X) € I x I, if it induces continuous
operators
AA* : X(C™) — K2 (C)a,

for all s € R (where the resulting asymptotic types depend on the operator but
not on s).

4.2. Corner Mellin Operators

Now we come to the investigation ef the Mellin operators in the ‘corner
algebra’ N (C")e. They are related to the subclass Np(C")e of flat operators.
Remember once again that we always use the notation § for the couple K,X
of weight intervals, when K = (k,k), £ = (,0], k,l € N.

1. DEFINITION. Np(C)e, ¢ = (K,X), pu € R, is the subspace of all
A e ML#(R4; €(C), £(C)) with the following properties

(i) A,A" induce continuous operators
He(C?) = X ~H(C)er

for all s € R and ¢’ := ([k, k], *) (that is flatness of order k at r = 0 and
r = 00), * stands for any weight interval in the ¢-variable, cf. 4.1.(10),

(ii) A,A* may be defined by N#(C)x-valued amplitude functions, in the sense
of 3.3. Definition 5,

(iii) A,A* have complete symbols a(r,n), a*(r,n) which are N#(C)g-valued
as well as w(r)r=*a(r,n), (1 — w(r))r*a(r,n), w(r)r~*a*(r,n), (1 -
w(r))rka*(r,n).

The condition (ii) means that the operators may always be written as
opm(h), h(r,r',n) being N#(C)g-valued. We do not necessarily require flat-
ness of h in r,r' of order k at r =0, ' =0 and r = oo, r' = co. The flatness
of the operator is expressed by (i). Note, in particular, that also the operators
in Nz*(C")g have N~°°(C)z-valued amplitude functions (N~>(C)s is not
equal to Ng(C)z!). Further, observe that the conditions (iii) mean, in particular,
smoothness of w(r)r~*a(r,n),... up to r =0 and r = oo, respectively.

Examples of operators in N5(C")g will be obtained below in calculations
with Mellin operators.

2. REMARK. A € NA(C")s, B € NE(C")s imply AB € NEYY(C™)s,
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»

A" € NE(C")s. An analogous property have the classes
Ni1(C)e i= Np(C™)o + Na(C™)e, nER,

where AB € Ng(C")s, when A or B belong to Ng(C)e.

3. DEFINITION. Let u € R, A = (K,Z) € I x I, K = (x,x') finite and
non-trivial (i.e. x,x' > 0), £ = ([,0], ! € N. Further, let V. € V, VN38Sk = 0.
Then, MY (C)a denotes the subspace of all

¢)) a(w) € A(Sk\V, N¥(C)s) N N¥(C;Sk\V)x=
for which
1
2) <¢la,f>= Py / a(w) f(w)dw € Ng(C)s,
L

for every f € A(C), L c Sk\V being a curve surrounding Vx =V N Sk.

For V € V arbitrary, we define M{; (C)a by the obvious analogue of the
decomposition method (cf. the constructions of Section 3.1.).

In particular, we also get the space

©) My (C)z = lim My (C)(k.5)-

Kel

They will play a major role here, whereas the Mellin symbol spaces for finite
K are only of auxiliary character. (¥ on the left side of (3) is an abbreviation
for ((oo, 00}, X)).

Remember that in Definition 3 we have employed the natural locally
convex topology of the spaces N#(C)z and N#(C;Sk\V)g, cf. the end of
Section 3.1. This gives rise to a locally convex topology of the space on the
right side of (1), namely the intersection topology. Moreover, (2) leads to a
linear operator

@) ¢ ME(C)a — A'(Vi) ®x N (O)x.

The space Mj;(C)a is considered in the projective limit topology, with respect
to (4), together with the embedding into the space on the right side of (1).
Then, the definition extends to arbitrary V by taking sums.

By the usual methods, we prove that then

Q) My (C)a = My, (C)a + My, (C)a,

for arbitrary V;,Vo € V, with V =V; + Va.
By definition, we have for V € Y°

©6) ML (C)a c SH(R4 xR;E(C), €(C)),
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i.e. we talk about special Mellin symbols in the setting of Mellin ¥ DO’s. They
have constant coefficients.

Remark that the corner Mellin symbols a(w) € M}, (C)a have a rich
internal structure which is induced from the structure of the operator spaces
over C (cf. 3.1. Definition 8 and formula 3.1.(30)). In particular, we can talk
about the subclasses

v.r(Cla = My (C)a N Np(C; Sk \V g,
\,:';G(C)A = My (C)a N Ne(C; Sk \V)s.
It is clear that
My .c(C)a = My (0)a.

The property (2) of Definition 3 implies
) My (C)a = MG(C)a + My E(C)a

which is then true also for arbitrary V and K = (o0,00). Remark that, as a
consequence of (5),

®) My&(Ca = Mya(C)a + My%(C)a,

V=V+V,.
Let us write, for abbreviation,

ME,(C)z = lim Mt (C)z.

vey

4. REMARK. The operator family b#(w) of 3.3. Theorem 1. belongs to
M§(C)sx, for every L € I.

5. PROPOSITION. Let 6 = (K,X) and p,v € R, then g(w) €
£(C)o, h(w) € My (Clo imply g(w)h(w) € MEH4(Cls, o1 — ) €
M. (C)o, where the x at g denotes the point-wise formal adjoint in the class
NE(C)g, V* = {1—w : w € V}. For every finite K,%, the order-reducing
symbol b#(w) can be chosen in such a way that the point-wise composition
induces isomorphisms

b(w) : Miy (C)o — Myp™(C)o,

forall veR, W €Y, and the inverse is given by (b*(w))~1.

The proof is a straightforward generalization of that of [S2], Proposition
7, in Section 3. )

For every a(w) € M} (C)a, with V € VY0, we can define the associated
Mellin ¥ DO opps(a) (cf. the formula (6)). We now assume that the couple of
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weight intervals is of the type 6 (the case of more general first components may
easily be added by the reader).

6. THEOREM. Let a € M} (C)g, p € R, V € V°. Then opum(a) induces
continuous operators

opm(a) : X3 44(C™)o — ¥p as(CT)es

for all s €R and every B € V°, with some D € V° depending on a and B.

PROOF. Applying (7), we can write a = ag + a;, ag € M§(C)s, a1 €
My %(C)e. In view of the formula 4.1.(8), it suffices that opas(a;) has over the
spaces

Eo = ¥5(C")o, Er = Xgu(C)e

the desired mapping properties, U € B°. In virtue of the decomposition
arguments in the definition of the spaces, we may assume that V,B C Sk
(K is the first component of ). The action of opas(a;) means, in the Mellin
image with respect to w, that we have to apply the action ‘along’ C, point-wise,
for every w. Clearly for u; € E;, f; = M,_yu;,

ao(w) fo(w) € A(Sk, ¥°™#(C)),

ao(w) f1(w) € A(Sk\B, ¥*(C)),
a1(w) fo(w) € A(Sk\V, ¥>=(C)),
a1(w) f1(w) € A(Sk\(V + B), ¥=(C)).

We have to show that even

aofo € Ay *(C)a, aofi € A% 4.(C)a,

a1fo € Av,as(C)a, a1fi € &Y B.as(C)as

(cf. the notation 4.1.(5)). For ao fo, we have to check the norms in 4.1. Definition
2(i), i.e. to derive the norm estimates for the continuity. To this end, we fix
order reducing symbols b?(w) related to the given couple 6 of weight intervals,
q € R. Write

b#(w) ao(w)fo(w) = do(w) b*(w) fo(w),

do(w) = b*"*(w) ao(w)b™*(w).

Among the norms that have to be checked are those for the continuity
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X*(C") — ¥*~#(C"). This follows from

[ 15 w)aow) fo(w) oy dul = [ lo(w) () o(w) e c)
r; T,

2

< cfao)? [ [18#(w) olw) e ldwl,
Ty

c(ao) = SUP{||6o(w)||ux°(c)) :weI‘%}. For the other weight lines in the

complex w plane, we can argue in an analogous manner.

The norm expressions in the other combinations a;f;, ¢+ 7 > 1, can be
estimated in exactly the same way. In virtue of the strong decrease of one factor
for Im w| — oo, we obtain the same for the product. It remains to verify the
relations 4.1.(3) for the functions in the products. For the combinations with f;
this is obvious. For a, f it follows, since a; is Ng(C)xs-valued, cf. (7). O

7. THEOREM. Let a € My (C)g, p € R, ¥ = ([,0], | € N, and
V € Y°NYV P, for some B > 0. Then, for arbitrary cut-off functions w(r), wy(r),

9) wrPopps(a)wy — woppr (TP a)rPw, € Na(C)gs

with § = ((c0,00),%), (T?a)(w) = a(w + B). Moreover, a € Mi(C)g, V €
VoNnYVY-#, >0, keN\{0}, a=k—p >0, implies

(10) wropa(TPa)rPw, € NE(C™)o + Na(C)e,

for 6 = ((k,k),Z).

PROOF. Applying (7), we can write a = ag+ay, where ag € ME(C)xz, a1 €
M7 (C)s. Denote by A the opetrator in (9). Then, A = Ag + A;, where A;
is associated with a;. Now let u € C° (R4 X (int C)) and set v = (271) 1wy u.
Then,

A.-u=wrﬂ/r_"’a.-(w) Mu(w)dw—w/r_"’a.-(w+,B)Mv(w+ﬂ)dw

r T
3 3

B / = g5 (1) Mov()dw — / r a(w) Mo(w)dw
Ty Tits

Applying Cauchy’s integral formula, we obtain

*

an Aju= wrﬁ/r_'”a,-(w)Mv(w)dw,
L
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where L is a smooth curve surrounding V N {% <Re w< % + ﬂ}.
Here we have used that a;(w)Mv(w) is holomorphic in {% <Re z
< % + ,H} \V. Since ao(w)Muv(w) is holomorphic in the whole strip, we

obtain Agu = 0. Since CP(R4+ x (int C)) is dense in X¥°(C"), it fol-
lows Ay = 0. The function A;u obviously belongs to X¥5,,(C%); U =

TV n {% -B<Rew< %} Of course, it extends to a continuous operator
Ay X*(C) = T, (C);, for every s €R.

For the adjoint, we can argue in the same way; in other words, we have
obtained (9), cf. 4.1. Definition 6.
For proving (10), we write again a = ag + a;, as above, and show that

(12) Ar = wr®opm(TPag) rPw; € NE(C)s,
(13) Ag = wraopM(Tﬂal) rPuw, € Na(C)e.

By the arguments that lead to (11), we get
Ap = wrkopM(ao)wl.

For the adjoint, we can do the same and it is then obvious that (12)
holds, cf. Definition 1. The Mellin symbol a; belongs to M %(C)s.
Choose ¢,6, 0 < e < § < B, and write V = V(e) + V(§), for certain
Vi) € VenV=P V(§) € V" n VP In virtue of (8), we can write
a1 =f+g, fE€M).c(C)z, 9€ My).6(C)s and then,

Ag = wr"‘opM(Tﬂf)rﬂwl + wr“opM(Tﬂg)rﬁwl.

Similarly, as in the proof of (9), we can write Ag = A + As + G, with some
G € Ng(C")s and
A, = wr¥ Copp (T¢ f) réwy,

k—

As = wr 5opM(T5g) row.

In view of Theorem 6, we get continuous operators
Ae: X2 (C%) = H5®(Co,
As : X2 (C7) — A2 (C)ey,
where 6 = ((k — A, 00), X).

Here we also have used that f and g are Ng(C)g-valued. Since e < 6,
we can apply the continuous embedding

X5°(C™)e, — X5°(C)o,
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and thus
Ac: ¥*(C7) = ¥2(C)a

is continuous. Since §, 0 < § < g, is arbitrary, we also get the continuity
Ag: H*(C") = X3 (C ey, s ER.

We have used that ¥2°(C")g, is the projective limit of all ¥2(C")e;, for § — 0.

8

For the adjoint, we can do the same.
Thus we obtain (13) as desired. O

8. REMARK. Let w,w;,&,d; be arbitrary cut-off functions and a €
MY (C)s, V € VO. Then,

wopp (a)wy — Dopu(a)dy € NE(C)g,

with 6 = ((c0, 00), X).
The proof is obvious.

9. PROPOSITION. Let w,w; be arbitrary cut-off functions and a €
MY (C)g, V € VO. Then,

woppm(a)(1l —wy) € Np(C™)o + Na(C)s,

0 = ((k,k),X), where k € N is arbitrary.

PROOF. Using (7), we can write a = ag + a1, ag € M§(C)z, a1 €
My &(C)s. Let u € ¥°(C") and supp u bounded. Then, (1 — w;)u € X§(C").
From the definition of a;, it follows that

OPM(al) : )‘(5 (CA) - }(fao (Ch)ei

§ = (o0, 00), X); in other words, wopps(a1)(1 — wi)u € ¥j%,,(C")s.

If we drop the condition that supp u is bounded, we only obtain that
(1 - w1)u € X3 (C")(o0,0» Where (oo,0] refers to the asymptotics in the variable
r. Now for the same reason as above,

opM(al) : )(5 (CA)(oo,O] - N&,ae (Cﬁ)((oo.,O],E)

and
Mu : #9406 (C™) ((00,01,.2) = H5as (C7)((00,00).£)-

Thus, we get a continous operator Ag := wopp(a1)(l — wy) : X¥*(C") —
¥%,,(C)g. For the formal adjoint, we may argue in an analogous manner.
From 4.1. Definition 6, we then obtain that Ag € Ng(C")s. For Ap =
wopm(ag)(1 — wy), we can argue as follows.

Since ag is holomorphic in the complex w-plane, opps(ao) preserves the
asymptotic behaviour of the argument function, separately, for r — 0, r — co.
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For u € ¥*(C"), we have (1 — wi)u € H{(C*)n, I = ((o0,0],%), ie.
opm(ao)(1 — wi)u € ¥y *(C)n.

From M, : ¥; *(C")n — Xy *(C")n,, with Iy = (o0, 00), %), it follows
that Ar induces continuous operators

Ap X (C") — X3 H(C)m, -
The same can be done for the formal adjoint, cf. (i) in Definition 1. Since
w(r)r'ku, (1- w(r))rku, e X 7H(C),

for u € ¥;7#(C") and every k € N, the complete symbols of A and A* satisfy
the conditions (iii) of Definition 1. The condition (ii) is obviously also fulfilled.
Thus Ar € N;;‘(C“)g O

10. THEOREM. Let a(w) € MY (C)g, V € V°, and assume that a(w) is a
Fredholm operator X°(C) — X*~#(C), for every w € C\V, s € R, and induces
an isomorphism a(w) : ¥°(C) — X*~#(C), for every w € 'y and s € R. Then,
a~!(w) extends to an element a~'(w) € My,*(C)x, for another V; € V°.

PROOF. The operator-valued Mellin symbol a(w) is a parameter-depending
elliptic family of cone operators, cf. 3.2. Definition 1, first on I' 3 and then on
every I',, p€R for [Im w| > ¢, where ¢ may be chosen umformly in every
strip ¢; < Re w < ¢s.

Thus, for [Im w| sufficiently large, we can form a~!(w). It belongs to
N7#(C)g, for every w, cf. [S2], 6. Proposition 4, and it is holomorphic in
w, by standard arguments on vector-valued holomorphic functions, for |Im w|
sufficiently large. Thus, there is a V; € V° for which

a~1(w) € A(Sk\Vi, N=*(C)g) N N=H(C; Sxc\Vi)z,

for every weight interval K. It remains to check (2) for a=!, when V;N3Sk = 0,
and in general that a=! = h; + hy, where h;, hy are of this sort for appropriate
weight intervals K, K.

From (7), it follows that a = a¢ + a; for certain ag € M§(C)g, a1 €
My % (C)s. Since the order of a; is —oo, we obtain that a, alone also is
parameter-depending elliptic in the desired sense. We want first to invert ag.
By abstract functional analysis of Fredholm families (cf. e.g. [S4]; Section
3.3.), we obtain that ag(w) : ¥*(C) — X*~#(C) is bijective for all w € C,
except for a countable subset {w;};cz € C with Re w; - 4+ oo as
J — 4+ oo. The arguments of [S4], Section 3.3, also show that ag!(w) is
meromorphic with poles at the w; of finite orders, where the Laurent coefficients
at (w—w;)~*+1 k=0,1,2,..., are finite-dimensional operators in Ng(C)z.
Here we employ the elliptic regularity for cone operators which asserts that the
kernels of elliptic operators are finite-dimensional subspaces of ¥2°(C)gz, and
the same for the adjoints (cf. [S2], 6. Theorem 3). Thus, ag!(w) is already of
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the sort that we want to establish for a~!(w) in general. Now let us multiply
a = ag + a; from the right by ag!. Then, aag! = 1+ ajag! = 1+ h. By
Proposition 5, we know that h is a Mellin symbol in our class of order —oo.
It even belongs to Mp°%(C)x, for some W € V°, since the Green operator-
valued Mellin symbols form an ideal under compositions. If we show that
(1+h)"! = 1+g for some g € Myp2:(C)x, then ag'(1+g) = a™! is as
desired. But g is certainly what we want, for the point-wise inverse of 1+ h(w)
gives us Green operator-valued g (cf. [S2], 6. Proposition 4) and a vector-valued
Cousin problem argument gives the decomposition according to (8). O
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