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Subharmonic Solutions for Hamiltonian Systems
via a Z, Pseudoindex Theory

GABRIELLA TARANTELLO

0. - Introduction

Let the Hamiltonian A € C! be of the form:

A

0.1) H(z,t) = %Qz -z + H(z,t)

where z = (21, ,228) ER?N | t€R, Q is a 2N x 2N symmetric matrix and
H is T-periodic in the t-variable (- denotes the usual scalar product in R2V),
We call subharmonics the periodic solutions of the Hamiltonian system:

©0.2) J5(t) = Qa(t) + Ha(2(t),8) J = [_(}N Ig]
with period an integral multiple of T.

One of the first results on subharmonic solutions for Hamiltonian systems
was obtained by Birkhoff-Lewis [5]. They show that if zero is an equilibrium
and suitable assumptions are satisfied, then near zero there exists a sequence of
subharmonics with arbitrarily large minimal period. See also [14]. Subsequently,
by means of variational methods the problem has been studied from a global
point of view. Hence somewhat global versions of the Birkhoff-Lewis result
were obtained in various situations. See [6], [7], [13] and [16].

Here we ask the more precise question whether for any given integer p > 1
there exist subharmonics with minimal period pT, and how many of them it is
reasonable to expect as p — +o0. v

A partial answer in this direction was given in [13] where the matrix
Q@ =0 and H is convex (in the z-variable) with subquadratic growth both at
the origin and at infinity.
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Using the Z ,-symmetry of the problem (with respect to jT-phase shift,
j=0,1,---,p—1), it is shown in [13] that for any prime integer p sufficiently
large, there exists an integer k, > 1, such that the Hamiltonian system
(0.2) admits at least k, N distinct subharmonics with minimal period pT, and
kp — 400 as p — +o0.

This result is here extended for Hamiltonians as in (0.1), where H might
have superquadratic or subquadratic growth at infinity and in the first case
need not be convex.

Similar results are obtained concerning subharmonics for second order
systems of O.D.E.

Again, the idea is to exploit the Z, group symmetry of the problem.
We introduce an appropriate Z, pseudoindex theory, partly inspired by the one
described in [4] for the group S*, and more generally by [2].

Needless to say, it is because of the “huge” Z ,-fixed point set that the
theories in [2] and [4] fail to apply directly. In order to handle this, one needs
a more appropriate use for the Z ,-Borsuk-Ulam theorem (cf. [12]). It would
be interesting to see the pseudoindex theory introduced here applied to other
situations.

While this work was being completed, the author learned from Benci that
he and Fortunato [19] have recently obtained a Birkhoff-Lewis type result for
a rather general class of Hamiltonian systems.

Acknowledgment

The author is happy to express her gratitude to L. Nirenberg for useful
suggestions and continuous support.

1. - Statement of the results

We seek solutions of the following problem:

() { J(t) = Qz(t) + H.(2(t),1)
71 2(0) = 2(pT)

where p > 1 is integer.

As already discussed in [5] and subsequently in [16] (in the variational
framework), there is a natural hypothesis that the matrix @ needs to satisfy so
that (1), admits solutions.

Namely, we shall require that the eigenvalue problem:

(@Q1) Qe =2AJ¢ ¢eCN

admits 2N purely imaginary eigenvalues including possibly zero.
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Notice that if (), ¢) is an eigenpair for (Q;) so it is (},€). Thus if we
denote by (A, ¢;) 7 =1,—,2N the eigenpairs of (Q;), there exist real numbers

0<w; < ZwN

such that ' .
A]‘ =1'wj ]=l,"‘,N
Aj+N = —wwj j=1,---,N
and
&Gitn =& 7=1.--,N.
Moreover we may assume that the eigenvectors &), -, £oy are normalized as
follows:
(1.2 (2T &5, &) = €656 5 k=1,---,2N
with
{ 1 ] = ]_’ ceey N
€, =
’ -1 j=N+1,---,2N
and
(1.3) (&, &) = 1,65k ik=1.. 2N

for some p; > 0 with p; = pjrny 7 =1,---,N. Here (-,-) denotes the usual
hermitian product on C2V,

We shall start by discussing solutions of (1), is case H has superquadratic
growth at infinity. More precisely, let H satisfy the following:

(H1) H(z,t) = H(2,t+T) VzeR2N vteR; He C'(R? xR,R)
(H2) there exists o > 2 such that:
a) 0< H(z,t) < 1H,(2,t) - 2 Vze RV, v,

b) there exists R > 0 such that H(z,t) > 0 for every |z| > R.

(Hs) there exist y € (%, 1) and C; > 0 such that
|H,(2,t)| < C1(H(z,t))" Vz € R*Vvi;
(Hy) there exists C, > 0 such that
|Hy(2,t)| < C2H(z,t).

(Ho) If z(¢) is periodic with minimal period ¢7, g rational, and H,(2(t),t)
is periodic with minimal period ¢T, then necessarily ¢ € N.
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REMARKS. (1) The hypothesis (H;) guarantees superquadratic growth of
H at co. In fact one can show that for any r > 0 there exists a(r) > 0 such
that

(14 Hzo > Lo ['zli - %] i VzeR™ teR
[}

and a(r) — 0 as 7 — 0, provided a < 1 ! (see (1.5) below).

-1
We shall specify later the value of 7 suitable for our purposes.

(2) The hypothesis (Hs) together with (H2) give an upper bound on the
growth of H, that is

L 1
9-1-] o |z| 1= vz e RV, vi;
07

(1.5) H(z,t) < [

and 1 > 2.

1—-19

Notice that comparing (1.4) and (1.5), one necessarily has 2 < a < 1—%——;

(3) The hypothesis (H,) shall be needed to estimate (from below) the
L'-norm of H(z(t),t) in terms of its L>-norm whenever z = 2(t) is a solution
of (1)p.

Notice that this is always the case when H(z,t) = a(t)H(z). At first the
author was only able to treat this situation.

L. Niremberg suggested the more general hypothesis (H,).

(4) The hypothesis (Ho) already introduced in [13] is a generic one, and
emphasizes the essential time dependence of H.
In order to state the results we need to introduce some notation. Set:

N
(1.6) p=_min u;, B= Zlu,- (u; as in (1.3))

J:

Tw;
1.7 = mi - J <op <
(4.7) or rrp?;lé% It 21rm|’ Ozorsd

3=1....N
2mm 27

1.8 = min —_— —w, 0<pr < —
( ) T 3,—.'* m—w,#0 T @i T = T

meZ .j=1.....N

Further assume that:

(@) St g M\{0} Vi=1,,N.
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This readily implies that
or > 0.
Let us now fix the constant 7, so that:

1
apT] 271 aor

c7 or(1+ TC;) + Ta| Q]

0<1‘0<[

(|Q|| denotes the norm of the matrix @ in the usual sense); and set

ao = a(7o) (a(r) defined by (1.4)).

Define
a—2
1 o T
. apr | 2v-1 aor 2/a

1.9 = ||—== - —
19 e “ c? ] (I TCH+Tal@] ™| #% 2
and set
(1.10) cr = J_=rll}r1.r.1’N {ér,1—1r;}, 7o = jo.i{l,N {1-r;}

where r; = % wy — [21—; w,-] ([8] = biggest integer < f).

Notice that (Q,) implies 0 < r; < 1 whenever w; # 0, while r; = 0 if
Wy = 0.

In this case we prove:

THEOREM 1. Let Q satisfy (Q1), (Q2) and H satisfy (Ho) — (Hs). For
any prime integer p > 1 satisfying

k .
— < cr for some integer k> 1
p

there exist at least kN distinct solutions of (1), with minimal period pT. O
From Theorem 1 immediately follows:

COROLLARY 1. Let Q = 0 and H satisfy (Ho) — (H4). For any prime
integer p > 1 satisfying:

1 “a
E_|j2r a1 _a T 2/
P T C? 1+TC;  ° 2r ©

for some integer k > 1, there exist at least kN distinct solutions of (1), with
minimal period pT. 0



362 GABRIELLA TARANTELLO

One can even deduce a slight generalization of the result in [10] concerning
autonomous Hamiltonian systems.

COROLLARY 2. Let H € C*(R?N |R) satisfy:

(i) 0< H(2) < %H,(z) -z for some a > 2, 3R > 0 such that H(z) >0 Yz
with |z| > R;

(i) 3y€(1/2,1) and C1 > 0 such that

|H.(2)| < Ci1(H(2))" vz e RV,

Let T > 0, satisfy

for some 1y and ag > 0 satisfying

1
2T« ] 27-1

0<1'0<a[T 02

and

H(z) 2 % o) - [_—1] o.

[o4

Then the Hamiltonian system Jz(t) = H,(2(t)) admits at least N distinct
periodic solutions with minimal period T. O

More on the minimal period problem for autonomous Hamiltonian systems
can be found in [8] and [11].
Now consider the case where the Hamiltonian & is given by H(z,t) =
Qz 2+ H(z,t) and H has subquadratic growth at infinity.

More precisely assume:
(H1)* H(-,t) is convex, H(z,) is T-periodic, H, € C(R?* x R,R?¥), and
H(z,t) >0 Vz€R2 VteR, H(0,t)=0 VteR.

(Hz2)* There exist positive constants a;,b;, 7 = 1,2 and 1 < @ < 7 < 2 such
that:
a a
— lol* ~ b < H(z1) < ;2- |2|” + by

Vz € R2N and Vt € R.
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Set

2—a

— 2/a e N a
a1 2a 2-1 2 T |2-+
) - by +b
(1.11) dr T 01] {2_a [ 2 aj pE— + 61 + 02

In this case we prove the following generalization of Theorem 1 in [13].

THEOREM 2. Let Q satisfy (Q1) and H satisfy (H,)*, (Hz)*, and (Ho).
For any prime integer p > 1 satisfying:

(1.12) > dr and S <rp

B
k(k+1)
for some integer k > 1, there exist at least kN distinct solutions of (1), with
minimal period pT. O

Next we shall be concerned with subharmonic solutions for nonautonomous
second order systems of O.D.E.
Namely let the potential V be of the form:

Py

V(z,t)=% Qz z+V(z1)
with z = (21, -+, 2,) €R"™, @ n X n symmetric matrix and

(W) [—alﬂ] =V, €C(R" xR,R"),V(z,t) = V(z,t + T)
3$1 31:"

for every z € R", VteR.
We seek solutions for the problem:

I+ Qz+ Vy(z,t) =0
z pT-periodic p > 1 integer.

(2)p

Since the quadratic term % Qz - z is most naturally thought of as the kinetic

energy for the given mechanical system, we shall assume:
(Qs) Q is a n x n positive semidefinite symmetric matrix.

Denote by 0 < w? < w? < --- < w? the eigenvalues of Q.

We start by discussing the case where V has superquadratic growth at
infinity. As in the Hamiltonian case assume:

(V2) 3a > 2 such that 0 < V(z,t) < %Vz(a:,t) -z Vz, Vt; 3R> 0: V(z,t) >0
Vz such that |z| > R.
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1
(V) Iy e [5, 1] and C; > 0 such that
Ve(z,t)| < C1(V(z,t))? Vz, Vt

(Vo) The same as (H,) with H, replaced by V.

Set
= T
(1.13) br = Z (2rm)2 — (Tw;)?
7=1 Iml>%"
and fix 7o € R such that:
1
0 a®’ N2y-1
<710 < _—_—ﬂTCfT

Hence by (V) there exists ag € R* such that

Qg pe 1 1
. > 2 g — |2 - = .

(1.14) V(z,t) > 5 |z| [2 a] 0
Finally set
(1.15) sy = max {1 —Fi+ —Tﬂ} >0 with #; = 43 _ [&’i]

J=1,.n T 2r 2w

fr = min {1-7;};
j=1,--.n
1 a=2
2/a 2 2y 1357 «
. a, 1 a -1 .

(1.16) er = min o [2%] [[_——ﬂTC’fT] ‘ro} , Fr

In this case we prove:

THEOREM 3. Let Q satisfy (Qs) and V satisfy (Vo) — (V3). For any prime
integer p > 1 such that

k
— < er for some k€ N¥,
P

there exist at least kn distinct solutions of (2), with minimal period pT. O

REMARK. As above, from Theorem 3, one can derive corollaries concerning
the case @ =0 (i.e. fr = %, s =1, r; =0) and the autonomous case.

To our knowledge, in the superquadratic case the only result concerning
subharmonics (with prescribed minimal period) for second order systems of
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O.D.E. is given in [3]. However, the point of view in [3] is rather different
from ours; there a solution for (2), with minimal period pT is obtained only

provided TT:?- is sufficiently small.

We conclude this paragraph by describing in the subquadratic case the
analogue of Theorem 2.
To this end set:

, . [Tw;1? Tw; .
(1.17) A7 = min {m® — - | |m|>T]=1,--~,m and

(1.18) Np =9 [%tﬁ; (1-;,-)] :

Moreover denote by (V;)* and (V;)* the corresponding assumptions (H;)*
and (H2)* for V and define:

(1.19) -
2 e T 2

irn [V L] ] 20 |5 2 —1——1122_7+b+b

=0 |77 ay 2—a | 2 2—~|Ar |27 1oz

We have:

THEOREM 4. Let Q satisfy (Qs) and V satisfy (Vo), (V1)* and (V2)*. For
any prime integer p > 1 such that
> dr for some k€ Nt;

k_ . p
;<rTandk(k—+1—)

problem (2), admits at least kn distinct solutions with minimal period pT. O

In particular Theorem 4 generalizes Theorem 2 in [13].

We have already noticed how problems (1), and (2), are Z, symmetric.
Namely, for any solution z(t) of (1), (or (2),), we have that z(¢t + ;T), j =
1,--.,p—1is a solution as well.

We specify however that the solutions claimed in Theorems 1-2-3-4 are
“Z p-distinct” in the sense that one can not be obtained from the other by a
jT-phase shift.

Although highly non-generic, it might still happen that, in any case, such
solutions describe the same geometric orbit.

But one can easily check that this is certainly not the case if, for example,
H is of the form:

H(z,t) = Hy(2) + Ha(2",t) with 2 = (2',2") e RZV

2 2" eRY,
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and satisfies:
dH,

8z

(',2") 2" >0 V2'#0 V2

(Ho)t If 2z # const. is pT periodic and H,(2(t),t+¢c) = H,(2(t),t) for some
¢ € R then necessarily ¢ = jT, j€Z.

In particular this guarantees that if we replace the assumption (Hy) with
(Ho)* in theorem 3, and 4, then the solutions there claimed are indeed
geometrically distinct.

As is well known, solutions of (1), and (2), are the critical points of
some suitable functional in a suitable space. Naturally such a functional inherits
the Z, symmetry. This motivates the next section where we prove existence of
multiple critical points for functionals invariant under a Z, group action.

2. - A critical point theory for Z, invariant functionals

The Ljusternik-Schnirelman theory for even functionals (cf. [17]) has
started a series of theories intended to obtain multiple critical points for
symmetric functionals. We only mention the case of $!-symmetric functionals
(under time shift) commonly arising in autonomous oscillation problems.

However, while the L.S.-theory applies naturally to bounded functionals
(from above or below), one usually deals with unbounded ones. Hence in recent
years a great effort has been devoted to combine symmetry and unboundedness.
In this direction one has the relative index introduced in [9] and [4], and the
pseudoindex of [2]. But such theories all require strong assumptions on the
fixed point set F' for the given group action. So for example in [4] one needs
F finite dimensional, while in [2] F has to be contained in a “good” subspace.

Neither of these results can be applied to our situation where the fixed
point set is “big”, consisting namely of all the T-periodic functions.

It is our task here to define appropriate index theories under no restrictions
on the size of F, which are suitable for our purposes. Although our discussion
will be restricted to the group Z, (needed for the applications), we emphasize
that by minor changes one can treat more general groups with a Borsuk-Ulam
type theorem available. To start let us recall the definition for the Z, index
map (cf. [13]).

Let E be a complex Hilbert space and

T:-E—E
be a norm preserving operator that generates a Z, group action on E; i.e.

there exisﬂts an orthonormal basis {ux, k € N} of E and integers m; such that
Tux = e‘T'""uk.
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DEFINITION. (i) The subset A C E is called T-invariant if TA = A,

(ii) the continuous map h : E — E is called T-equivariant if h(Tu) =
Th(u).
Set
Y ={AC E: A is invariant and closed}

and define the Z, index map:
ip: 2 —= NU {oo}

as follows: for A € &, i,(A) = k if k is the smallest nonnegative integer such
that there exists a continuous map

h:A—CF\{0}, h=(hy,  hi)
and integer m; # O relatively prime to p, 1 < 7 < k, such that
hi(Tu) = 65 ™ hy(u) Vu € A.

Set
1p(A) = +oo if no such map exists

and
1p(4) = 0.
The index map 2, satisfies the following properties:

(2.1) if n: A — B is a continuous equivariant map then:

ip(A) < ip(B);

2.2) 1p(AU B) < 1p(A) +1,(B);
(2.3) if G € T is compact and § > 0 is small enough then
Ns(G) ={u€e E:dist(y,G) < 6} € &

and
i5(N5(G)) = 1p(G)
(cf. [12] and [13]).
Furthermore let f € C!(E,R) be a T-invariant functional, i.e.

f(Tu) = f(u) Yue E
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and assume that f satisfies the Palais-Smale (P.S.) condition. Recall that f is
said to satisfy the (P.S.) condition in the interval [a,b] C R, if any sequence
satisfying:

Flun)"=E5°c with ¢ € [a, 8]

and
£ (un)l| 2= " =20,

admits a convergent subsequence.
Set
Ac={u€eE: f(u) <c},

and
K.={u€E:f(u=cand f'(u) =0}, ceR.

We have A, K. € ¥ and K, is compact.
The link between index theory and critical values of invariant functionals
is contained in the following:

PROPOSITION 2.1. Let f € C1(E,R) be a T-invariant functional and let
a < beR.If f satisfies the (P.S.) condition in [a,b] and V¢ € [a,b] we have
K, = ¢ then
ip (4q) = z.p(Ab)-
O

PROOF. Set ¢q = max{c € [a,b] : ip(Ac) = 1p(Aa)}. If ¢o < b then by
the deformation lemma (cf. [17] and [13] for the Z ,-version of it) we have
KCO # ¢' D

Furthermore, Proposition 2.1 even indicates how to get critical values for
bounded functionals. Indeed, if for example f is bounded from below, then

(2.4) cx = inf {c:ip(Ac) > k} k=12

is a critical value for f. If f is not bounded from below, (2.4) might only give
cp = —00.

The idea, in such situation, is to define a more suitable (relative, pseudo)
index map (depending on the functional), such that when replaced in (2.4) gives
finite cy.

From now on, we shall take E to be a complex Hilbert space with
hermitian product denoted by <,>.

In addition we take the functional f of the form:

f(u)=-;-<Lu,u>—\Il(u) uEE

(%) where:
L is a bounded, selfadjoint, T-equivariant operator,
and ¥': E — E is compact.
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Denote by F the fixed point set for the given Z, action on E, i.e.
F={ue E:Tu=u};

so F is a closed subspace of E.

We start by defining a Z ,-index relative to a given subspace of E. Inspired
by [4] we proceed as follows.

Given E~ a closed T-invariant subspace of E with LE- = E~, set
F-=E"NnF.

DEFINITION. We call the relative Z ,-index with respect to E~ the map:
7p 1 L — N U {00} () = (-, E7)

defined as follows:
7o(A) = k, if k is the smallest nonnegative integer such that there exists
a continuous map:

h:A— E™ xCFk h = (h1, hs)
satisfying:
(2.5.1) (0,0) & h(A);
(2.5.2) hi(u) = pg- e Llu+ K(u)
where

pg- : E — E~ is the usual orthogonal projection:

a: E — R is a continuous bounded, T-invariant functional (i.e. 3M > 0 :
la(u)| < M Yu € E and o(Tu) = a(u) Yu € E);

K : E — E™ is compact, T-equivariant map.

(2.5.3) (Equivariancy) (a) hy(Tu) = Thi(u)

(b) There exist integers m; # 0 j = 1,---, k relatively
prime to p such that:

h2(Tu) = (h2,1(Tu), -, hox(Tu))

- [eufiml h211(u)’ o "e'zT'mkhzzk (u)] :

(2.5.4) For every u € ANF~, a(u) =0, K(u) =0 (so hy(u) = u and by
(2.5.3)-(b) necessarily hy(u) = 0).
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REMARK. Intuitively 7,(A) measures how “big” is the component of A in
E* = (E7)L. Moreover 7, = ¢, if B~ = {0}.

Next, we define the class of maps y : E — E under which the relative
index map is invariant (i.e. 7, 0y = 7).

DEFINITION. A continuous map y : E — E is called admissible if

(2.6.1) y is a diffeomorphism;
(2.6.2) y(u) = e*(*) Ly + K(u) where:
a: E — R is a continuous T-invariant bounded functional;
K : E — E is a continuous T-equivariant compact map;
(2.6.3) both y and y~! map bounded sets in bounded sets and
(2.6.4) for every u € F~, a(u) =0, K(u) =0.
REMARK. Since L is T-equivariant, by (2.6.2) it follows that y is T-
equivariant.

Set
F={y: E— E:y is admissible}.

Hence Id € 7 and y € 7 if and only if y~! € 7. The main properties of 7, are
summarized in the following:

PROPOSITION 2.2. (a) (Monotonicity): Vy € 7, YA € ¥ we have:
7(y(4)) = 7p(4).
(b) (Subadditivity): VA,B € £
7p(AU B) < 15(A) + 1,(B).
(©) If 1,(A) > 1 then AN (E~)* # ¢.

PROOF. (a) We just need to show 7,(A) < 7,(y(A)). Assume 7,(y(4)) =
k < +oo (if k = +o0 the inequality is trivial). Hence there exists a continuous
map

h:y(A) - E- xC*

satisfying (2.5.1)-(2.5.4).

Define . . o

h:A— E~ xCk h = (h1,h2)
by .
h=nhoy.

We claim that k satisfies (2.5.1)-(2.5.4). Indeed one easily checks (2.5.1) while
(2.5.3) follows from the fact that y is T-equivariant. In order to prove (2.5.2)
and (2.5.4) notice that

h(y) = p-e* @Dy (u) + K (y(u))
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and y(u) = e#(W Ly + K*(u) with « and # T-invariant, bounded functionals and
K and K* compact operators into E~ and E respectively. Therefore

ha(u) = pg- el X W HBWILy 1 pp_eaW@DL K (u) 1 K (y(u))

that is .
hi(u) = pp-e"™ u+ K(u)

where vy = a oy + B is a T-invariant bounded functional and
K(u) = pg-e* @I K*(u) + K(y(u)) is a compact map.

(b) Since the claim is trivial for 7,(A) = +oo or i,(B) = +o0, let us
assume that 7,(A) = k and 1,(B) = ¢ By definition, there exist continuous
maps:

h:A— E™ xCk h = (hy, h3)

satisfying (2.5.1)-(2.5.4) and
f:B—C4{0}, f=f1,—: 1)
satisfying
£i(Tu) = ¢%™ f;(u) Vue B for some integers m, # 0

relatively prime to p, =1, -, £

Since BNF~ = ¢ (otherwise 1,(B) = +o0), there exists a continuous map
7:E — C¢ such that f|p = f and f|p- = 0.

Moreover, the map f = (fi,- -, fe) given by

£ 1 = -y .7 s
fiw) == 30 e T, (T )
P 8=0
satisfies f;(Tu) = ¢¢%™ f;(u) and f|lp = f, flr- = 0. On the other hand,
hy: A— E~ is given by
hi(u) = e*®Ly + K(u), with @ and K as in (2.5.2).

Call @ a bounded extension of a on E, and set
1 22 .
a(w) == > G(T7u).
p =
J=0
So & is a bounded T-invariant functional on E. Similarly construct

K:E—E"
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a continuous compact, T-equivariant extension of K and
hy: E —C*

a continuous extension of hy, satisfying the same equivariant property of h.
Set hy(u) = ¢4y + K(u) and define:

g: AUB — E~ x Ckt¢

by . ) )
glu) = [hl(u),hz(u),f(u)], u€ AUB.

Easily one checks that g satisfies (2.5.1)-(2.5.3). Finally (2.5.4) follows since
for every u € AU BN F~ necessarily u € 4, so &(u) = a(u) = 0 and
K(u) = K(u) =0.

(c) Suppose AN (E~)L = ¢, that is 0 € pg- A. The continuous map:

h:A—E" x{0}

u — (pg-u,0)

satisfies (2.5.1)-(2.5.4) and therefore 7,(A) = 0, a contradiction! O

We shall use the following notation:
S,={u€E:|u|=p}, B,={ueE:|u<p)

p>0.
If E is a complex Hilbert space, we have:

E = ?.SIEJ'@F, E,Cc E;q,
J-—_

where F is the fixed point set and the subspace E; satisfies:
(a) dim¢ E; = j, E; T-invariant;

(b) there exists an isomorphism ¢, : E; — C? such
that Tj :C? — C7 given by TJ =pjoTeo go;-l

; is a unitary representation of a Z, group

Q.7 { action on C? and:

A .2m .27
Tj(fl: .. ’,éj) — [eleJ-l 61’ .. ',e'sz”’sj]

for some integer m; , # O relatively prime to p,

s=1,--,7.
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In case E is a real Hilbert space with a Z, group acting on it, then
applying the above decomposition to its complex extension E = E + ¢E one
concludes the following for E:

E=
J

18

lEjQF, E;icEj4

and the subspaces E; now satisfies

(a) dimg E; = 25, E; T-invariant,

(b) there exists an homeomorphism ¢, : E; — C?
such that T : C7 — C7 with Ty = p;0 T o o7t

. is a unitary representation of a Z, group

Q.7 action on C? given by:

A .27 .27
Tj(&’ e 51) = [echmgl’ co, € M ,sj]

for some integer m, , # 0 relatively prime to p,

s=1,-,7.

REMARK. We have p; o T = T} 0 @,.
DEFINITION. A subspace D C E is called k-nice if D satisfies (2.7)§ in
case E is a complex Hilbert space or (2.1)k in case E is a real Hilbert space.

We state here the Z,, version of the Borsuk-Ulam Theorem needed in the
sequel.

Z p-Borsuk-Ulam Theorem (see [12]): Let Q be an open bounded
neighborhood of the origin in R™ = R® x C%, n = b+ 2a, with coordinates
z=(z,2'), 2= (21, - ,2) ER®, 2' = (21, +,2,) € C% Let T be the unitary
representation of the Z, group action on R™ given by

iZm iZm
Tz= |z,e7 ™z, -, Moz,

for some integers m; # 0 relatively prime to p, 7 =1,-.--,a. Assume Q to be
invariant with respect to such action (i.e. Vz € 1, Tz € Q).

Let f:00Q — R®xC* be a continuous map f = (f1, -, fo, fo+1, s fo+e)
with f, eR, j=1,---,b, and foq, € C, s =1, .-, satisfying the following
equivariant properties:

(1) fo4;(T2) = Ci%k’fb+,~(z), Vz € 8Q, for some integer k; # 0
relatively prime to p, j=1,---,¢

Q) f;(T2) = f;(2), Vze€dQ, Vj=1, b

(3) V(z,0) € 89, f;(z,0)==g;, j=1, b
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If £< a then 0 € f(30). O
We are now ready to prove the following:

PROPOSITION 2.3.: Set E* = (E~)! and let Ef C E* be a k-nice
T-invariant subspace.
For any § > 0 and for any y € ¥ we have:

(E” @ Ef ny(S,)) = k.
PROOF. Let @i : Ef — C* and m; # 0 integers relatively prime to p for
j=1,---,k such that ¥(&, -, &) € C*k

Toler, 1 ) & proToprl(6r, ) &)

. .27
= [eiz;&mx€la Ty C'kafk] '
Define the continuous map:
h:E- @ E}ny(S,) —» E~ xCk
27 450 — (27, ek (2))

Vz~ € E- and 2} € Ef. Since pi(2f) =0 <=> 2t =0 and y(z) = 0 <=>
z = 0, we have (0,0) ¢ h(E~ & EF Ny(S,)). Moreover, h obviously satisfies
(2.5.2)-(2.5.4), thus 7,(E- @ Ef ny(S,)) = £ < k. Arguing by contradiction,

assume that
< k.

Hence there exists a continuous map:
h:E- @ Ef ny(S,) = E~ xC*
h(u) = [pg- e Fu+ Ku,ho(u)] # (0,0)

where a is a bounded T-invariant functional, and K is a T-equivariant compact
map into E~. Moreover

hz(Tu) = [ei-:-';’!kl h271(u), iy e'.zvlk‘hzg(‘u)]
for some integer k; # O relatively prime to p, j=1,---,£ and
a(u) =0, K(u)=0 Vue F~ ny(S,).

We suppose dim E~ = +oo and dim F~ = +oo0, since the finite dimensional
case follows by even easier arguments.

Decompose: £~ = & By & F~ and F~ = & Fy where Ej C Ey,, is

j-nice and Fj‘ - Fj“+1 with dimg FJ.‘ = 7.
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Denote by PE; E — E; and PF; E — F; the canonical
orthogonal prOJectlons on EF and Fr respectlvely, and by o, : E, = C*®
the homeomorphism such that

Te(fl) ' !&8) = paoTOpsl(fl, ’66)
= [e'%mmlsls o ')e‘—"-m..ig-’]

for every (¢1,---,&) € C* with m,; # 0 integers relatively prime to

P jzll"':s
Define

h,: FT @ E; @ Ef ny(S,) - F7 @ E; xC*

as follows:
h, = (h,‘l + hy.2, hz) where
ho1(4) = pr- [u + e_“(“)LK(u)]
he2(u) = pg- [u+e WK (u)].
We claim that h,(u,) = 0 for some u, € F,” @ E; & E;f ny(S,). To this end
identify F,~ with R*® and define
{ (uy,21,22) ER® X C*Hr i ur + o7 (21) + o5 (22) € y(B,) }

Q. =
¢ 2z, €C?, 2, €C*k

Hence (1, defines a bounded neighborhood of the origin in R* x C*+k
and

30, = {(u7, 21, 22) 1wy + 9] (21) + 05" (22) € w(Sp)}-
Furthermore {1, is symmetric with respect to the Z, group action on R* x C*+¥
generated by the unitary operator:

T(ua_azl:z2) = (ua—:TazlaTkzz) =

- i’—'m 1 t’—"m
[ua y€ P Tz gy, e P T2 6
. 2r L Ax
v ™20, e"’—m"zz,k]
where 21 = (31’1, . ",21,’,) € C* and 29 = (22,1, . ",32_']3) € Ck.

Define the continuous map:
f:8Q, 2 R*xC**t¢ as follows
flug,21,22) = [he1(u7 + 07 (21) + 051 (22)), 00 © B2 (), b2l )]
where still we identify F,” with R°,

Obviously h, vanishes in F,” @ E; & Ef Ny(S,) if and only if f vanishes
on 411,.
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In addition f enjoys the following equivariant properties:

Pty 21,22)] o haa [ur + 07 (Fua) + 0 (Biza)]
= py o hoz [u] +Tp] (21) + T * (22)]
= poohyz [T [u] + 97 (21) + 05" (22)]]
=, 0T ohyo[u] +p; (z1) + o H(22)]
=T, op,0hea() = Tfa(uy,21,22);
folP(u7 21, 22)] E g [uI + o, (Toz) + PEI(Tkzz)]
= h2 [T [u] + 07 (21) + o1 *(22)]]
— [Ci%klhz,l(‘“),"‘,ei%kthz,e("‘)]

ax _ ax -
= [6' k1 s 1(uy, 21, 22), € 7 P fa o(u; ,21,22)] .

Furthermore

Al (uy, 21,22)] € by [u,_ +o; (Toz) + wil(Tkzz)]
= hoa [T [uy + 07! (21) + 9ic* (22) ]
= Thy1 [u] + 0, (21) + 0 (22)] = hasa ()
= f1(uy ,21,22).

Finally, for every u; € F,” Ny(S,) we have

f(u7) = [ho,1(u7), ho2(uy), ha(u;)] = (u7,0).

Thus applying the Z ,-Borsuk-Ulam Theorem, we conclude that 0 € f(31Q,) and
therefore that there exists u, € F,” @ E; @ Ef Ny(S,) such that h,(u,) = 0.
That is

(2.8) ha(u,) =0 and pp-gp-us + pF;eE;e-a(“s)LK(u,) =0.

Set u, = u; +u} with uy € F;” @ E; and u} € Ef.
Since | u,|| is uniformly bounded, for some subsequence, that we still call

u, we have:
lim K(u,)=v" € E7;

and §—+o0

a, = afu,) = a as s — oo.

Hence by (2.8) we get:

- —a,L —aL, —
Uy = ~Pp-gEp-€ K(us) & —e "0,
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On the other hand, since E; is finite dimensional, we can certainly assume
that u} — uf € Ef. In conclusion:

u, »u=—e Yo +uf € E- @ Ef ny(S,);
and consequently h(u) = (0,0). This is clearly impossible since, by definition,
(0,0) & h(E~ @ Ef ny(S,)). 0

REMARK 2.1. In the preceding proof the property (2.5.2) of 7, enters only
for the final convergence argument. Therefore for a finite dimensional subspace
E~, the relative index can be defined independent of the functional. In particular
in this case one does not need to require (x).

REMARK 2.2. In the previous proposition we can replace S,, p > 0, with
the boundary of any bounded T-invariant neighborhood of the origin.
To any relative index map, one can associate a pseudoindex map:

1';:2—->NU{00} 1';=1';(~,E—)

as follows.
Fix p > 0 and define

7 (4) = min 7, (AN y(5,))
for any given A € L.
We summarize in the following proposition the main properties of 7,.

PROPOSITION 2.4.

(@) If Eif is a k-nice subspace of E*, then
w(E-®Ef) =k

(b) (Monotonicity) Yy € 7 7, (y(A)) = 7, (4).
(c) (Subadditivity) 72 (AU B) < 72(A) +14,(B); A,Be€X.
(d) If 7 (A) > 1 then ANS,NE* # ¢.

PROOF. (a) follows immediately from proposition 2.3; and (d) from
proposition 2.2.(c).
To prove (b) just notice that for any ¢ € ¥

7(y(4) N %(S,)) = 7p[y(AN y o $(Sp))] = (AN ylo $(S,))

and
y loye?.

By similar considerations and the subadditivity of 7, one obtains (c). O
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REMARK. Propositions 2.3 and 2.4.(a) show that the relative index theory as
well as the pseudoindex theory introduced above are indeed consistent. Namely
that there exist invariant subsets with arbitrarily large relative (psuedo) indices.

Our next goal is to show that for functionals as in (%) one can construct
a deformation map within the family 7.

We learned the following version of the deformation theorem from
Zhengfang Zhou. It is however a slight modification of Benci’s (cf. [2]). We
give the proof here for completeness.

DEFORMATION THEOREM. Let f € C(E,R) be a T-invariant functional
satisfying (*) and the (P.S.) condition at the value ¢ € R such that
fc—eo,c+e|NF~ = ¢ for some eq > 0. Then for any neighborhood N of
K, there exist 0 < € < ¢y, and y € 7 such that for every 0 < ¢ < € we have:

y(Ac+e\N) Cc Ac—e)

and if K. = ¢ => y(Acte) C Ac—e.

PROOF. Since f satisfies the (P.S.) condition at the value ¢, we have K,
compact. Let § > 0 be such that

K. C Ns(K,)C N

where, we recall N;(K.) = {u € E : dist(u, K;) < 6}. There exist € > 0 and
B > 0 such that

[f ()l 28 Vu€ (Acyz\Ac—z)\Ns/s(Ke),

and we can always assume that

(2.9) 0 < € < min {%, Eo}-

Recall the following

LEMMA (Benci [2]): Let K : E — E be a T-equivariant compact operator.
For any v > 0, there exists K : E — E a T-equivariant compact operator such
that:

(@) K is locally Lipschitz continuous,
®) [K(4) - K(u)| <y VueE.

Hence take _
0 < 4y < min {i, ﬂ/4}
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and let b : E — E be T-equivariant compact, locally Lipschitz continuous
operator such that
[¥'(u) - b(u)[| <y VueE.

Set
8§ = [Acyz\Ac—z| \No/s(K.).

We have:
[l Lu = b(u)|| = [[f'(u) + (' () = b(u))|| = || f'(u)]| =~ 2 gllf'(u) |

for every u € S.
Set

o Lu—b(u) )
V(u) = 2W Yu € S;
thus:
8 8
2.10) IVl < 37 f'(lu)H <3 Vue S.

Moreover Yu € S
19/() = b)ll < 517(w)] < F1Eu— bla)| + 319 () - b(w)]

that is 1
19 () = b(u)ll < Sl Lu — blu).

So we obtain:

<V() fllu)>=2< HL-E_:IJ-"((:—))”? Lu— b{u) + b(u) — ¥'(u) >
=2 [1+ H—Ilu_—IIJWE < Lu — b(u), b(u) — ¥'(u) >
_[16(u) — ¥(u)]
=2 [1 [Eu—b(u)] )’
ie.
@.11) <V(u), f(u)> > ; Vu e §.

Let x : E — [0,1] be a T-invariant, Lipschitz continuous functional such that

Oifugflc—%c+eorue Ns/s
x(u) =

1ifue f e %, c+ %]\NaM.
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Set

7(u) = { ;x(u)V(u) ifues

ifugs.
The initial value problem:

dy .\ =
{ (6 = V(y(t)
y(0) = u ueE
admits a unique solution y(t, «) defined for all ¢ € R. In addition for any fixed

teR
y:E—FE ye(u) = y(t, u)

is a T-equivariant diffeomorphism, and both y, y;! map bounded sets in
bounded sets. Indeed by (2.10) we have:
Joe ) =l < 57
Set y(u) = y(¢, u). By standard arguments using (2.11) and the fact that €
satisfies (2.9) one shows that necessarily:
Y(Act+\Ns(K.)) C Ac—e Vo<e< %

Furthermore, to prove that y has the required form, set

—2x(u) .
() = { Tu-bw]? "€
0 otherwise

and let
t—s

a(t,s,u) = / R(y(r + s,u))dr.
0
Therefore y(t,u) satisfies the integral equation:

i
y(t,u) = e*Bo)ly 4 / (L2 (y(s, u))b(y(s, u))]ds.
0
Thus if we set

a:E—-R, a(u) = a(E0,u)
and K: E— E

K() [ =0 iy (s, )b, w)lds
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we have that o is a continuous T-invariant functional such that |a(u)| <
16 _ . N
Y €; K is a T-equivariant compact operator and

y(u) = WLy + K(u).

Finally Vu € F~ we have that u & f~![c — € ¢ + €, this implies V (u) = 0,
therefore y(t, u) = u, Vt, which gives a(u) =0 and K(u) =0. O
We can now apply the theory developed so far to find (multiple) critical
points for T-invariant functionals.
Notice that, since f' is T-equivariant, if u(t) is a critical point for f, so
itis T9u for j=1,---,p—1.

DEFINITION. We say that uy,u; € E are Z p-distinct if
T uy # ug Vy=0,1,---,p— L
Set
Fy = {u eF: f’(u) = 0}.

THEOREM 2.1. Let f € C*(E,R) be a T-invariant functional satisfying
(*). Assume that there exist invariant subspaces E~ and E} satisfying

(2.12) EY c EY = (E7)' is k-nice and LE~ = E~

and such that for some constants c¢o < ¢ and p > 0 we have

(f1) flu) <ceo Vue E- @ Ef;

(f2) f(u) > co Vue E*¥nS,;

(f3) f~(lco — €0,co0)) N F~ = ¢, for some ¢q > 0, with F~ = E-NF;
(fa) 7 (lcos co0)) N Fo = ¢.

If f satisfies the (P.S.) condition in [co,cc), then there exist at least
k Z p-distinct critical points uy,---,ux € E of f such that

co < fluy) < coo Vi=1, k.

PROOF. Define the numbers

¢; = inf su =1,---,k
J A€ Ap f: J 3 3 vy
rp(A)2;

$0 ¢; < ¢ £ -+ < ck. Moreover every A € L with 75(A) > 1 satisfies
ANE*NS,# ¢. Hence by (f2) we obtain c; > co.
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Since 7, (E~ @ E) = k, by (f1) follows that ¢k < coo. Therefore
c0Sc1 <2< S <Cooo
We claim that ¢; is a critical value for f, V5 =1,---, k. More generally
we shall prove that if ¢; = ¢;41 = -+ = ¢j4, = ¢ for some r > 0 then
1p(K.) > r + 1. Arguing by contradiction, assume that i,(K.) < r. Hence for

6 > 0 small enough we have i,(Ns(K,.)) = ip(K.) < 7.
By the deformation theorem, we can then find € > 0 and y € 7 such that

y(Ac+Z/2\N6 (Kc)) - Ac—?/z-

Moreover, by definition, there exists a subset A € ¥ such that 4 C A.4z/2 and
73(A) > 7+ r. On the other hand the subset B = y(A\N;(K.)) € T satisfies
B C Ac_g/g and

75 (B) = 7, (A\Ns(Ks)) > 15 (A) = ip(No(K.)) 2 j+r—r=3

which is clearly impossible since ¢ = ¢;. In addition, from (f,), it follows

that K. N Fo = ¢, Vy =1, -,k Therefore if ¢; = cj41 = = ¢4, = ¢
with r > 1, then necessarily K, must contain infinitely many Z ,-distinct critical
points of f (see [13] for details). The proof is therefore concluded. O

REMARK 2.3. By Remark 2.2. one can replace S, with the boundary of
any bounded T-invariant neighborhood of the origin.
By the proof of Theorem 2.1 and Remark 2.1 follows:

COROLLARY 2.1. If the subspace E~ in Theorem 2.1 is finite dimensional,
then the conclusion of Theorem 2.1 follows without the assumption that f
satisfies (*). |

Since the hypothesis (f4) of Theorem 2.1 is used to guarantee multiplicity
we have:

COROLLARY 2.2. Let all the assumptions of Theorem 2.1 hold but (f4).
Then f admits, at least, a critical value in [cq,co)- O

Similarly one obtains:

THEOREM 2.2. Let f € C(E,R) be a T-invariant functional satisfying

(*). Assume that there exist invariant subspaces E~ and Ej satisfying (2.12)
and constants co < coo, p > 0 such that

(f1)* flu) < o Yue E-® Ef nS,,
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(f2)* fu) > co Yue E*.

If f satisfies (f3) and (fs) and the (P.S.) condition in (co,cs), then there exist
at least k Z,-distinct critical points, uy,...,ux, of f such that co < f(u;) <
Coos VI =1,.k.

PROOF: It is completely analogous to the previous one, only now define:

* . * *
¢t = inf su ¢t <c; <.
3 Aex Ap f’ 1 2
Tp(A)23

Since 7,(A) > 1 implies AN Et # ¢, by (f2)* we have ¢} > ¢o. Moreover
(E~ @ Ef nS,) =k, so by (f1)* we get ¢} < coo. O

REMARK 2.4. The analogues of Corollary 2.1 and 2.2 and Remark 2.3
hold with respect to Theorem 2.2.
To understand what motivated Theorems 2.1 and 2.2 observe that

¢ = Alreltz’: sgpf =inf{c : 75 (A;) > 5}
g (A)2
and similarly
c; = ;22 Sgpf = inf{c: 7,(4.) 2 5}
Tp(A)21

Hence all the effort was to generalize (2.4) to unbounded functionals.

It is clear that one could extend the given arguments to other groups. We
only mention its possible exstension to the group S! where a index theory is
already available (see [1]).

Let

Ty : E— E, 6 € [0, 2n]

be a unitary representation of S! in E, with fixed point set
F={ueE:Tyu=u, V0 €[0,2n]}.

In this case we say that the subspace Ex C E is k-nice if
(i) dimc Ex = k (or dimg Ejy = 2k in case E is a real Hilbert space);
(i) Ey is S! invariant, i.e. TeE, = Ey, V0 € [0,27!‘];

(iii) there exists a homeomorphism ¢ : Ex — C* such that Tg =poTyopt,
6 € |0,2x], is a unitary representation of S* in Cx and V(¢y,..., &) € C¥

(61, &) = (€™ 081, ., ™04y

for some integers m; # 0,7 =1, ...k.
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Therefore by the Peter-Weyl theorem (cf. [18]) we have
E= @& E;oF
j=1

with E; a j-nice invariant subspace of E and E; C Ej;.
Furthermore, one has the Borsuk-Ulam Theorem for the group S! (see

[15D).
As above it is then possible to define a S* relative index and consequently
a S! pseudoindex; and so to prove the following improvement of Benci’s results

(ctf. [2D):

THEOREM 2.3: Let f € C1(E,R) be a S'-invariant functional satisfying (*).
Assume that there exist S'-invariant subspaces E~ and E} c E* = (E~)+
and constants ¢y < coo € R such that either (2.12), (f1) — (fs) or (2.12)

(f1)*, (f2)*, (fs), (fa) hold.
If f satisfies the (P.S.) condition on |[co,co), then there exist at least k
S1-distinct(") critical points uy,...,ux of f such that

co < flu;) < coo Vi=1,..,k. O

We leave the details to the reader.

3. - The superquadratic case

Solutions of (1), are the critical points for the functional:

pT
B(z) = /0 2I4(e) — Qe(e)] - 2(t) ~ H(=(e),

with 2 € HY/2 [R /prz,R?¥]. Here E = HY/2 [R /p7z,R?*¥] denotes the real
Hilbert space given by the functions

I .27 .
2(t) = Z aje'vTIt a; € C2N
Jj=—o0
with a_; = @; such that
+o0
Z (1+ [7])as]? < +oo.
j=-o0

(') Recall that in this case uy, up € E are called S*- distinct if Tpuy # ug, V6 € [0, 27].
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Naturally one defines

+ o0
Izl =T > (1+15)las %,

j=-o0

however we shall consider an equivalent norm on E more suitable for our
purposes.
Following [16] we set

Oim(t) = &em™™,  j=1,.,2N
meEZ

where £;,7 = 1,...,2N is the basis of eingenvectors of (1.1) satisfying (1.2) and
(1.3), as defined in section 1.
For any z € E, we can write

N

2(t) =) > Re(aimpim(t))

j=1 m=-—co

N +oo
Z Z a, m@j.m(t) +aj, m®;, m(t)} a;m €C.

j=1 m=-—o0

Easy computation shows that:

()% / J5(6) - Qa(t)] - 2(e)dt

_pTZ Z [@ﬁ—w,'] g 2.

Jj=1 m=—-o0

Set
N
E+ =<(z€FlE: Z(t) = Z z Re(ajlm‘Pj.m(t))
=1 gy BT
N
E- = 2€ E: Z(t) = Z Z Re(aj,mpj.m(t))
j=1 m<ﬂ
FEd
and
N

Eo={z€E:2()=)Y_. >  Re(ampim(t))

j=1 mel
m=—z

Notice that E, might be empty, and in any case it has (real) dimension at most
2N. Moreover, the subspaces E*, E~ and E, are mutually orthogonal and

E=E*®E 9E,.



386 GABRIELLA TARANTELLO

For z € E, write z = 2zt + 2~ + 2z, with 2* € E* and z, € E;, we shall consider
the following equivalent norm on E:

21 = A(=") = A(27) + [l20Z;

and denote by < , > the corresponding scalar product.
LEMMA 3.1. Let z = z(t) be a critical point for ®. We have:
(a) ®(2) > 0 and
(b) if z€ Ey @ E~, then ®(z) = 0.
PROOF: (a) Since Jz — Qz = H,(2,t) we get:

GD o) =/OPT LHalet) 2 Hzt) 2 [2 1] /OPT Hizt)

with @ > 2 and H(z,t) >0, Vz€ R?N teR.
(b) We have

T T
02/ (Jz2—-Qz2) -z= H,(z,t)-2>0.
0 0
Therefore H,(z(t),t) - 2(t) = 0, Vt € R, and consequently by (H;) we get
H(=(t),t) =0 Vt.

REMARK: Since w; > 0, Vj = 1,..., N, 2(t) = const. is necessarily contained
in Eg@ E-.

PROPOSITION 3.1: Under the assumptions of Theorem 1, if z ¢ Eo @ E~
is a T-periodic critical point for ® then:

1
1 1 apr | 27-1 aor
O(2)2 |- — - |pT | = .
@2 [3-3) [E]" crrred e

PROOF. Write z(t) = 29 + 2% (t) + 2~ (t) where

N

(@)=Y D Re(a;mpsml(t)) € E

=1 Tw;
J m>—’-,,r

z7(t) = Z }: Re(ajm©jmp(t)) € B~

tw
m< —L
<2R‘

and by (Q2):
20 = Z Re [a,-go,-go] € Ey.

Jiw,=0
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Since z ¢ Eo + E~ we have 2 # 0 which implies f(;‘r H(z(s), s)ds > 0.
Easy computations show that:

/ |J2(2) — Qa(t) *dt = TZ Z [2’"" w,-]zma,-.mlz

J=1 m=-—o0

this gives:
T 1 (T
(32) / <~ / \T5(t) — Qalt) Pdt
0 T Jo
and
T T 1 [t
(3.3) / |22 =/ 1212 < —2-/ |J2(t) — Q=(t)|?dt
0 0 ot Jo

where we set z; =zt +27.
Furthermore we have:

/OT H(z(t),t)dt < %/;T H,(2(t),t) - 2(t)dt = %/{)T(Jz‘— Qz) 2

1/2

g %/;T(Jé_Qz) < é [/OT |z+|2]1/2 [/;T lJé—Qzlz]

1 T . 2 1 T g
< — IJZ—QZI = — le(zat)l )
apr Jo apr Jo

that is:
T Cf T 2
(3.4) /; H(z,t) < ;/ (H(2,t))*"

T
Ly, [ Hew. 9%

and therefore:

1
(3.5) I (=(8), ) > [‘-"ﬂ] n-1

We now estimate from below the L!-norm of H(z(t),t) in terms of its L™

norm.
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Indeed for any ¢ € [0, T], we have

T T T
H(2(t),t) < %/(; H(z(s),s)ds+/(; IQz'z'|+‘/(; |Hy(2(s),s)|ds

< [%wz] /OT H(z(s),s)ds+/0T Qa1 5 < [%wz] /OTH(z(s),s)ds

+al [ [ w]é [ [ |z12]

Hence using (3.2) and (3.3), we obtain:

[N

T T
|IH(Z(t],t)||L°° < [%4’02]/(; H(z(s),s)dsﬁ-%‘-‘/o‘ |Jz'_Qz|2

<[3+e [ HGE, 94+ Lot f C(H(s(s), 9)ds <

[T+c + 1Ll ”Q”CI 1B (=(6), )25 IM H{z(s), s)ds.

Thus T TpTO'T”H(Z t)”2(1 ’1
/(; H(z(s),s)ds > orpn(l +TC3)
T||Q|cf + Wrr
and by (3.5)

1
ap -1 or

3.6 ds > ! .

3.6) / H{(z(s), s)ds T[cz] or (17 7C,) + Ta]|Q]

Finally, by (3.1) we conclude:

1

1 1 apn|2v-1 ao
®(z)> |- - =|pT | =L )
() 2 [2 a}p [O%} or(1+ TCs) + Ta| Q|

Set
1 1 >
apn]27-1 ap
3.7 = | = — — T T .
G o [2 a]”T[of] o2(1+ TC;) + Tal Q]
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COROLLARY 3.1. Let p > 1 be a prime integer. If z(t) is a critical point
for ® and

(3.8) 0 < ®(2) < coos

then z(t) has minimal period pT.

PROOF. Since ®(z) > 0, then z(t) # const.

Assume that z has minimal period p—,k > 1. By the assumption (Hp),
necessarily % € N. Since p is prime, either k = 1 or k = p. But proposition 3.1
rules out the second possibility. O

This reduces the problem to finding critical points for & satisfying (3.8).
The functional @ inherits the Z , symmetry of problem (1),. In fact define

the unitary operator: N
T:E—E

u—u(t+T);

we have that T' generates a Z p, group action on E and obviously:
&(T2) = 9(2) Vz € E.

Hence, to apply Theorem 2.1 we provide the required estimate on ®.

LEMMA 3.2. There exist positive constants p and co such that for every
z€EtTNS,
@(Z) _>_ Cco.

PROOF. Let z € Et. We have:

Since E Cc— LT‘17[0, pT), there exists a constant C > 0 such that

T 1 1
|7 e < clal
0

Therefore

a(2) 2 =] | 5 - |2

1
— 29-1
1 [—Cl] a C|z| - } .

1
i
Now take p > 0 small enough so that [%] ! Cp

Vze Et NS, we get:
®(2) > p?/4=co > 0. O
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Define the integers:

pT . . pT
my = [gwj] , ie. mf = largest integer < Pyt

For any k € N consider the subspace:
Ex=E @E,® E,j

where

mb+k

3.9) E} = {z(t) = Z Z [agmso,m(t) +a1msojm(t)]}

J=1 m—m”+1

Obviously E~ @ E, and E}f c E* are T invariant. Furthermore we have:

LEMMA 3.3. For every z € Ey,

o< [1-3]or (520 2]+

with u given in (1.6).
PROOF. Let

m)+k

z(t)-—z Z Re [aj,m®;m(t)]. We have

j=1 m=-oc0

m+k 2 m pT
®(2) = —pTZ Z |ty m|? [———w,]— i H(z,t)

Jj=1 m=-o0

cirf BB b2 [ o

127k mitk
ST |P TE: 2: |t m |2 ——” zl|z, + [—“—] pT1o
p Jj=1 m=-oc0
127 k1 a 1 1
< 222 - Lz)ga + |5 - 2| pT0.
< 5yl — el + [1- 2] o
Thus,
k1 11%% 11
27 Qagp a
. <———- D= a4z .
610 o) < T dtelt - 2 ] T hela+ [1- o1
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Since a > 2, the right hand side of (3.10) admits an absolute maximum bp2*
that one easily computes to be:

a 2
1 1 2nlkla=-2[1 |a-2
max—' — — — —— — — —
L —[2 a]pT [[Tﬂp] [ao] +TO}‘ -

However, for the inequality
bR < oo (ceo given in (3.7))
to hold, it is necessary and sufficient that

(3.11) S < ér (ér given in (1.9)).

Thus we conclude:

PROPOSITION 3.2: Let p > 1 be a prime integer such that (3.11) holds for
some integer k > 1.
Then for any z € E- & Eo; & EF, we have

®(2) < coo- O

Furthermore

LEMMA 3.4: Let p be a prime integer. The subspace E;t is kN-nice
provided % <r.

PROOF: Clearly dimg E;f = 2kN. Moreover given the homeomorphism:
o: Ef - CkN
with
N mj+k
P Z Z Re (aj.,mﬂoj.,m(t)) = (al,m’l’+1’ v @1,ml4ky oo aN.mfv—i-k)’

j=1 m=mi+1

define
We have:
T(els ceey gkN) = [enTﬂ(mg*-l)gl: ey eT(m{-}-k)‘fky veey elzf'(mf,+k)€kN] .

So we are done if we show that m® + £ is not a multiple of p, ¥V =1,.., N,
and V£ = 1,...,k. Arguing by contradiction, assume that m;T + £ = sp for
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some 1 <5< N,1<{¢<kandseN. Since k < p, necessarily wy 7# 0. Write
%’-ri=m,-+rj with m; = [Tzﬂﬂl] €N,0<r; <1 and %:—1=m§+r;? with
0<r? < 1. We have:
7
s> m; and m,-+r,-=s—;+?.

k L ¥ Y
But = < 1—rj, therefore 1 < s —m; =r;+ - — L <1— -L which is clearly
p P p
absurd. a
We are finally ready to give:

THE PROOF OF THEOREM 1. In virtue of Corollary 3.1 we have only
to show that Theorem 2.1 applies to ®. Certainly & satisfies (*) since
1 . .
®(z) = 5 < Lz,2> —p(2) with L given by:

T
<Lz,w>=/ (Jz— Az) w 2,w€E
0

T
p(z) = H(z,t).
0

In addition Propositions 3.1 and 3.2 guarantee respectively (f,) and (f,); Lemma
3.2 and 3.3 imply (f2) and (2.12) and finally (f3) holds since ®|g-gg, < O.
So to conclude we have to show that @ satisfies the (P.S.) condition in [cq, ¢oo)-
More generally we prove that any sequence (z,) € E such that ®(2,) — ¢ >0
and

19" (20)[ — 0

admits a convergent subsequence.
Write 2, = z;; + 2 + 2% with 2¥ € E* and 2 € E,. For n large we have

1 1 T
et = Gzl = [ Hiant) > 0
2 2 o
which gives |z, |2 < ||2}||? and by (1.4)
lzpllza < dalzf 7/ + de

for some positive constants d;, and ds.
By (H;) we have:

(3 - 2 =12 = o 17) < @) - £ < @), 20 >
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that is:
Iz} 1% = |2 || < dallznl| + da with d3, dy > 0.

It follows that T
p d d
[ A < el + 5

In addition,
pT

(3.12) lzF )% =< ®'(2,), 2F >+ H,(2q,t) - 27
0

and
pT

pT
Ho(on,1) 2+ < Cy / (H(z, )72 | <
1]

pT K
<Gt | [ Hemo)| <

< dslzt ' + de

with dg,d¢ > 0 constants and 1+ v < 2. Thus, from (3.12) it follows that
llz¥] is uniformly bounded, that is, ||2,| is uniformly bounded. Now by
standard compactness arguments it is easy to show that z,, admits a convergent
subsequence, using (Hz). The proof is therefore concluded. O

4. - The subquadratic case.

We shall prove Theorem 2 under the stronger assumption that H(-t) is
strictly convex. By the same trick used in [13] one then obtains the proof for
H(:,t) convex. In this case, to find solutions of (1), we shall use the dual
approach as introduced in [6] and subsequently extended in [4] and [11].

Hence let H* be the Legendre transform of H with respect to the 2-
variable, namely

H*(u,t) = zrerglaxw(u‘z— H(z,t), ueR?,

Therefore H* € C*(R2N x [0,T]) and the following reciprocity formulae hold:
z=Hj(u,t) & u=H,(2,t) & H* (u,t) + H(2,t) = 2 - u.

In addition, since H satisfies (H;)* and (H2)* we have:

1 . b .
ol — by S H(u) < L[ + by,
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H*(0,t) =0 Vt and H*(u,t) > 0 Yu e RZV V¢ € [0, T|, where

1 1
* ’7 * [ * 1 a—1 - 1 -1
(40) 2<’7 =—'7—:—1$a =a_1 and a1=[a] ,a2=[—] .

In the Banach space

N
E*=S{u(t)=> Y Re (ampim(t):ueL[0,T]

=1 pTwz
I m# 2x

define K : E* — E* to be the inverse of the linear operator M = J % -Q (.
its unique extension in H'/2), namely:

J%Ku-—QKu=u VYu € E*.

The linear operator K is self-adjoint and compact, moreover for any

N
W) =3 D Re(6impim(t) € B
= m i

we have:
T N 1
/ Kuu= > 3 gm——laiml*|pT.
0 j=1 2rm#pTw, »T J
Therefore in E* is well defined the fiinctional:

rT u-u
<I>*(u)=/0 H*(u,8) K2

and ®* € C!(E*,R).
Moreover if u is a critical point for ®*, there exists

N
uo € Eg =  ut) = Z Z Re (aj,me;m(t)
i=1 o 2Tu,
- 2
such that Ku + uo = H;;(u,t). Hence
4.1 z = H;(u,t)

is a solution of (1),.
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Thus we are reduced to finding critical points for ®*. Under the given
assumptions, the functional ®* enjoys the following properties.

PROPOSITION 4.1.
(a) There exists a constants a, > 0 (depending on p) such that

®*(u) > —a, Yu € E*.

(b) If u € E* has period T, then

*

vtz ([ 227 (]

2 4] |a 2nrpp

(¢) If u= const. is a critical point for ®*, then

®*(u) = 0.
PROOF. (a) Given u(t) = Z Y>> Re (ajme;jm(t)) we have:
Pom o
T T go . T . pT i
= [ - [0 By La [T - [T
0 0 it 0 0 2

2
_ ,at=2 N
1 1 2 « T 1
> gt | — v __ P § E - A, 12
= ,7* ag _PTJ “u"L,2 2 ' 2nm _ W |a.‘l-m| prT

1 ,[1] . T
2 ;:az p_T ““”Z? Z p'_rwj |ag, ml2 — — bapT.
y - Jj=1 ;5”"_"‘1. T T2m
Set r, = min [m— B&’-] > 0. We get
m>2t 2w
2%
1=1.—-.N
1 = T
. L1712 .+ pT111
o0 > o3 x| 7l - 2wl - bt
1 *
1 1 1] -2 1 172 2
> ||z-=1|= o2 T=-
- [2 ’r*] [63] [2%#] T[4 ko) pT = o

(b) Let u € E* have period T, that is:

N
uft) = Z Z Re (a5.m®5,mp(t))-

j=1 Tw,
m# 2x
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As above, we have:

*

. 1 .11 2 « T pT
®*(u) 2 PN Hu”b . Z Z T |a] rn|2 >
v pT 2m |4 = _lw, 2
Jj=1 _""L 27
2 T 11
1 1 2 *
—b > —ar | — K — bopT
o7 2 0t [ T g - L s -
and therefore
1 2t
1 1 1 -2 1 T2
| g M
2 9] |a3 2mrpp
(c) If u € E* is constant, we have:
Z Re a;P;5.0
Jiw,;#0
and hence
pT pT 1
0< H;(u,t) u= Ku~u=—pTZ —la;)% <0.
0 0 w, 20 %3
Thus
pT pT T
o= [ Ku-u= H;(u,t)‘uZ/ H*(u,8) > 0
0 0 0
that is, ®*(u) = 0. O

COROLLARY 4.1: Let p > 1 be a prime integer. If u € E* is a critical
point for ®* and

*

P17
R O R = i
2 *] [ 2mpr, as

Then z(t) = Hj(u,t) is a solution for (1), with minimal period pT.

PROOF. Since u is a critical point for ®*, there exists uo € E* such that
2(t) = Hy(u(t),t) = Ku(t) + uo(t).

In addition, 2(¢) # constant. In fact, z(¢) = const => u(t) = const => &*(u) =
0, contradicting (4.2).



SUBHARMONIC SOLUTIONS FOR HAMILTONIAN SYSTEMS ETC. 397

Hence z(t) has either minimal period T or pT . Arguing by contradiction,
assume z(t) to have minimal period T and hence u(t) = H,(z(t),t) has period
T and satisfies (4.2).

This is impossible by proposition 4.1. O

In order to see that the inequality (4.2) holds somewhere in E*, define
the subspace:

N mi+k
E;=SueE uft)= Z Z Re a;.m©;j.m(t)
J=1 m=mi+1

for some integer k > 1.
For any u € E; we have:

. at [T . T Koy u
o<l [7 e - LY b
0 0

a; . 1 [PTKu-u
< e T am - = b T
< Spriuigh -5 [ F5 o
and
N mi+k
1/2
lulee <3° Y lagmluy’
7=1 m=m;’+1
Pk 1 1
N mi+ 2 T E
1 z 2rm P
< —Z/.tj [——w,] [ Ku-u]
[pT J=1 m=m;’+1 pT Y
1
2 pT 2
S{_1_11c(k+1)ﬁ] Ku-u
pT T p 0
Therefore

a*

* — o pT 2 pT
(44) 8 (w) < LT [1‘1 lk + 1’] ? [ Ku. u] 7 Kuwtbr,
0

pT2 p 0

Since o* > 2, the right hand side of (4.4), as a function of p = (f¥ Ku-u)!/?,
achieves its absolute minimum at

1 o*
. 1 Jo =2 [pT? p 2(a"—2)
Pmm - a’{pT ﬁ’ll' ’C(k + 1)
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with a value of:

2 o
. o gE= g s 17
e [ 2 [ o]

On the other hand, for the inequality

2 *
B* . 1 1) [1)-2 T |2 +bo| pT
min < 2 y* a; 2rrrp 2| P

to hold, it is necessary and sufficient that

2 7
p mr( )_; 20* -2 [1]5-2 T %2
k(k + 1) “ a*—2 | 29+ |a} 2nr

i.e.
P

Kk+1) T

with dr given in (1.11).
Setting

P+k
1
F = {uEEk pT Z Z m Iaj,m|2=p?nin}’
7

=1 m=m?+1 T

we conclude:

PROPOSITION 4.2. Let p > 1 satisfy F(F%T)' > dp for some k € N*. Then

2 *
3 =
2 a; 2rrpp

for every u € T. O

As in the previous section, we have that the norm preserving operator
T:E—E
u—u(t+7T)

generates a Z, group action on E* and &*(T'u) = ®*(u), Yu € E*.
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Moreover E; as defined in (4.3) is T-invariant and it is kN-nice provided

%<rT and p > 1 is prime.

PROOF OF THEOREM 2. First of all, notice that ®* satisfies the (P.S.)
condition everywhere. This follows as in [13] with obvious modifications.
Now take E~ = {0}, E{f = E}, co = —a, and

2 *
1 1 117 -2 T y* -2
Coo =— |]|=—— — + bg | pT.
2 a; 2mr 1

In virtue of Remark 2.4, one easily checks that, with this choice, Theorem
2.2 applies to ®*. The conclusion then follows by Corollary 4.1. O

5. - Second order systems of O.D.E.

Since the arguments here are rather similar to the Hamiltonian ones, we
shall only sketch the proofs, emphasizing simply the possible modifications.

The Superquadratic case
Solutions of (2), are the critical points for the functional:

pT

o) = [ [ (67~ 0z-9) - V(a9)

0

with z € H' [R /prz, R"] = X. Let (&, -, &,) be a basis in R such that
Q¢ =wi; and &; - & = 65k
with 0 < w? < w2 < -+ < w?. Set
¢j,m(t)=€jei%‘mt meZ, j=1,-,n.

Hence, for any, z € X we can write:
n

z(t)=z 2 aj.m¥jm(t)

j=1 m=-oc0

with ajm €C and aj,—m = A.m-
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Define the subspaces:

zeX:z(t)= Z Z aj.m¥P;.m (t)

=1 rTw
ITT mi> ()2

X+

X =qzeX:z(t)= Zn: Z a5.m¥y.m (t)

=1 a2y

Xo={z€X z(t) = Z > imtim(t)

pTw
m2_(T;L)2

so that X = Xt o X~ @ Xo Notice that now X~ is finite dimensional.
Furthermore for z(t) = Z E a;,m¥;.m(t) € X we have:

= m=-—0o0

A(2) def/ 6 = Qz -z = pT i Z “27rm ]2] lagm -

j=1 m=-oc0

Thus it is natural to consider the following equivalent norm on X: |z|? =
A(zt) — A(z7) + ||zo]|22. where

z=1zt +27 +z¢ € X with z* € X* and z, € X,.

Exactly as for Lemma 3.1 we have:
LEMMA 5.1. Let z = z(t) be the critical point for 1. We have:

(a) I(z) >0 and
(b) if z € Xo+ X~ then I(z) =0. ]

As the analogue of Proposition 3.1 we get:

PROPOSITION 5.1. Under the assumptions of Theorem 3, if z = z(t) ¢
Xo ® X~ is a T-periodic critical point for I, then

1
27 J29-1
(5.1) I(z) > [%—ﬂ ﬂ;‘w] T
with Br defined in (1.13).
PROOF. Let us write z(t) = z*(¢) + z,(t) with 2t € X*, z; e Xo® X,
so zt # 0 which implies Z V(z,t) > 0.
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Easy computations show that:

T
13- < r [ [16¥7 - Qs" 2],
0

Furthermore:
T

T
[+ -0t ot = [(-i-qa) o
0

0

T T T
< la*ze [1-5-Qal< [/ |i—czm|} [ﬂT/ (14 - @z* - 2*]

0 0 0

that is,

T T 2
(5.2) gt 2 — Qat 2t < fBr [ | —%— Qzl} .
/ /

T
Thus we derive a lower bound for [ V(z,t) as follows:
0

T T T
/ V(z,t) < 1/V,(a:,t)-z=é/ (3- Q) =

o

T T 2
<2 [(-5-qq o< 2 [/|—£~—le}

0 (¢]

/T lvx(w,tn} <& o [/T (V(z,tn*]

0
T 2
Sﬂ—TCfTZ(l_") [/ V(m’t):l ,
a
0

_br
_a

that is
1

T

«a 1 27-1
/ V(z,t) > {_—ﬂrof ——T2(1_7)} .
0

This readily implies (5.1).

|

[N

bl

401
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COROLLARY 5.1. Let p > 1 prime. If z = z(t) is a critical point for I
such that

1 27—1
(53) 0 < I(z) < [5 _ _] [ﬁTCZT] o

then z(t) has minimal period pT. O

Once more Corollary 5.1 together with the fact that I is T-invariant
(T : z(t) — =(t + T)) reduces the proof of Theorem 3 to a suitable application
of Theorem 2.1.

In fact, in analogy with Lemma 3.2 we have:

LEMMA 5.1. There exist constants p > 0 and § > O such that for every
zeX*tns,
I(z) > 6.

Furthermore, following the footsteps of section 3, define the integers

p _ | PTw;
= |5

and for any k € N* consider the subspace:
X=X o Xoo XS
where
n ml+k
GO Xr={a)=)" Y ajmbim(n=Tm .
=1 |m|=m¥+1

LEMMA 5.2. Let k € Nt be such that % < fp. For any z € Xi we have:

oo s i3] [[Gre i G

with st as defined in (1.15).

n mP+k
PROOF. Let z(t) = z1(t)+ 3. 5 ajm¥im(t), and z; € X~ & Xo.
=

1 |m| =m;’+ 1
We have:

T < mitk 2rm? i
I(z) < =~ > [[p—T] -Wf] laaxmlz—/ V(z,1)
; . )
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(by 1.14)
n mP+k pT
1 [27]2 k& J Im|  Tw; ao/'
<_ - - b} _J . 2 Y a
_2[T] p[z > [p+21r]|a,.m|]pT = [ sl
J=1 |m|=m;+1 0
1
+ [5— ;J TopT,
that is,
12712 k aw [11° 2 11
<_ - —_ 2 _ 2 — a o
1) <3 [5] Eenlelza -2 [ L] T teliz+ [3- 2]z
o 2
11 o2r]? k| =2 a2
< |- = - bt il
12 [l = 4 (27 o)

O

Clearly X~ @ X, and X are T-invariant. In addition, comparing the
right hand side of (5.5) with the right hand side of (5.3) and using the same
arguments of Lemma 3.4, we conclude:

LEMMA 5.3. Let p > 1 be a prime integer such that % < er for some
k € N*t. Then for any z € Xo @ X~ & X, we have

o< [i-3] (@)

and Xt is kn-nice. a

Finally, since the (P.S.) condition for I in the interval (0,+oc) follows
exactly as for the functional ® of section 3, we conclude the proof of Theorem
3 by applying Theorem 2.1 (or better, Corollary 2.1) with Ejf = X, E- =
X~ @ Xo, ¢co =6 >0 (defined in Lemma 5.1) and

1
1] [P ]me
°°°“[2 a] [ﬂCfT] o

The subquadratic case

In analogy with the subquadratic Hamiltonian case, we shall approach
problem (2), by means of the duality method. Here too we will be only



404 GABRIELLA TARANTELLO

concerned with the case V (-, t) strictly convex, since the convex case then
follows as in [13].
Hence define V*(.,t) to be the Legendre transform of V(.,t), i.e.
V*(y,t) = fel%’ﬁ(x -y —V(z,1)).
We have
1 * a* *
i T R <V* < 21 a
= Gl — b <V t) < 20 T
with v*, a*, af, ¢ =1,2, given in (4.0) and
V*(0,t) =0, Vt; V*(y,t) >0.

Furthermore, in the Banach space:

Xt =Sylt)=) > @, mPjm (£); 45,—m = Gim; y € L [0,pT)

=1 s[5

2

define — K to be the inverse of the operator Edig +@ (i.e. its unique extension on

HY(R /prz,R™)). The linear operator K is therefore compact and self-adjoint.
Moreover, for every

y(t) = Z z a5.m¥Pjm(t)

n
J=1 m?# [1]_._”.1.] 2

we have:

oT n

0 b CH [%"LT'_] o
Thus on X* is well defined the functional:

T K
0

and I* € C!(X*,R).

In addition, if y(t) is a critical point for I*, then z(t) = V,*(y(t),t) is a
solution for (2),.

We have:
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PROPOSITION 5.2. (a) There exists a constant a, > O such that
I'(y) > —ayp Vy e X*.

(b) If y=y(t) € X* is T-periodic, then

2 *
1 1 11v=2 |1 [T7%]|" 2
r'y)>-Ilz-=| |[= - |=
v) 2 [2 7*] [az} lf\r [2WH e Pt

with Ar given in (1.17).
(c) If y(t) = const. is a critical point for I*, then I*(y) = 0.

PROOF. (a) and (c) follow exactly as for proposition 4.1.
(b) Let y(t) € X* be T-periodic, i.e.

y(t) = Z Z a5,m%jpm(t), aj,—m = Qjm.-

)

We have

re=[vwo-

T

* 1
W% - [ ] 5= 3IolEs - 6:Tp

AT

*

2 9 I
> - [l_i =" e i7—2+b T
= 2 ) |a 7| Ap 2| P

[

Hence, as for Corollary 4.1, we deduce:

COROLLARY 5.2. If y(t) is a critical point for I* and

*

11 1173 [1 71272
6o ro<-ili-3] [ [r [%H o

~* ag

405
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with p > 1 prime integer, then z(t) = V;(y(t),t) is a solution of (2), with
minimal period pT. O

The estimates from above for I* are obtained as follows. For any integer

k > 1, consider
m;’+k

w®=3 Y aymbiml).

=1 |m|=m?+1

We have:

pT T
a* * 1
I*(y) < a-i/lykla —E/Kyk'yk‘f‘blPT
0 0

IA
Q|8

pT
* 1
PTluels - 3 [ Kon v+ bipT:
0

On the other hand:

D=

1
T 2
/Kyk Yk
0

1 « mitk 2rm > 2
lykllze < oT > - |

Jj=1 |m]=m;’+1

and straightforward calculations show that:

- mitk 27rm 2
>y 2rm1” 2| =
5 pT J
7=1 |m|=m;’+1

S oo bt

Hence if we let the integers p > 1 and k > 1 satisfy:
5.7 k <7
p

we obtain:

i m;+k [ 2rm 2_w2 < 2_7!' 2 k(k"‘l)
oT =T T

=1 |m|=m?+1 L P

o [Tw; 1 5
where we recall nr = ) o T3 (1= #;) |- Therefore:
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* 2 2
a 27 1 k(k+1)
* <_:l — — ——
I(y) < - pT“T] T nr]

T
“'/Kyk'yk"'blPTa
0

DN | -

and the right hand 1side of the above inequality, as a function of p =
pT 2

[ [ Kykl(t) - yk(t)dtJ , achieves its absolute minimum for

0

*
a

[ 1 e L [z 2 " 1 2(a*-2)
Pmin = ajpT x| P k(k+1) nr

given by

2 a
PRSP S 0 I e o S S )
min = ~P T2 o] g 2r|  k(k+1) nr

Furthermore for the inequality

2
1 1] [1]¥v= |1 [T
r <—-l|lz-=| |= — |=
w53 [ [ [E] )
to hold, it is necessary and sufficient that

P ~ - . .
(5.8) KhT 1) > dr (dr as given in (1.19)).

Setting

m;’+k

Iy = {y(t) = Xn: Z aj.m’/)j.m(t)

J=1 |m|=m?+1
2 — 2
|a.7.<m| pT - pmin ’

we conclude:
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PROPOSITION 5.3. Let p > 1 be a prime integer such that (5.7) and (5.8)

hold for some k > 1.

Then for any y € I's, we have:

1 11593 [1 [77? 7“2
1 ¥ -2 -
+ === |= — |= by | pT.
o) < [2 7*] [GE] [AT [2W] } Thap

O

At this point, the same arguments as for Theorem 2, allow us to conclude

Theorem 4. The details are left to the reader.
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