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Time-Delay Operators in Semiclassical Limit,
Finite Range Potentials

XUE PING WANG

1. Introduction

In this paper we consider the semi-classical approximation of time-delay
operators in quantum scattering theory. Let us recall briefly some related aspegts
of scattering theory. Let V be a C* real function on R™ so that for some € > 0
and all « € N", one has:

(1.1 182V (3)| < Ca(1 + |a])~lI=17e,

For h > 0 a small parameter proportional to Planck constant, set:
H} = ——’2‘-A,H" = H{ + Vi where Vy(z) = V(h'/?z). Define the unitary
groups UZ(t) and U"(t) as:

Ul(t) = exp(—th~'tH}), U"(t) = exp(—ih~tH"), t€R.
Then the wave operators 24 (h):
Qx(h) =s— lim Uh(t)* Uk(1) in LZ(R")
exist and are complete, that is to say, the ranges of 1, (h) and 1_(h) are both
identical with the continuous spectral subspace of H". The scattering operator
S(h) is defined by: S(h) = Q4(h)* Q_(h). S(h) is a unitary operator in
L%(R™). We denote by Fj : L?(R") — L?(R4; P), P = L?(S"~1), the spectral
representation for Hf : F, HEF;! = ). For f € L?(R 4, P), one has:

FnS(R)Fy ' f = S(A\h)f

where S(), k) is a multiplication operator in A with values in B(P). Under
suitable assumptions on the potential V', one knows that S(A, k) is continuously
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differentiable in A € R,. (See Jensen [14]). Then the Eisenbud-Wigner time-
delay operator T'(h) is defined by:

(1.2) FaT(R)E f = —i S(\h)* ds(’\ h)

— f

for f € Co(R4;P). For fixed h > 0, the existence of T'(h) as self-adjoint
operator in L2(R") has been studied in [14]. Various expressions for T'(h) have
been obtained (see [8], [15], [16] and [23]). For a more extensive review of
time-delay in scattering theory, we refer to Martin [18]. However, we would
like to mention the definition of time-delay put forward by Narnhofer [22]: the
operator T'(h), which we will call modified time-delay operator, is defined by:

(13) < f,H"T'(h)g> = Jim < £, UMe) UG (6) A(R) UG (8)* U (¢)g >

- ,1121 < f,UR() UL () A(R)UL(t)* U (t)g >

if the limit exists. Here A(h) = h(z-V, +V, -z)/2: is the generator of analytic
dilation group with parameter h and < -,- > is the scalar product in L%(R").
Recall also the definition of classical time-delay. Consider the trajectory

I ¢
(z(t, zo, &0), €(t, 70, &)) for the Hamiltonian p(z, ¢) = %— +V(z):

dz

=¢ ,  z(0) =z¢
(1.4) éié
gt =-VV(z) , £(0)=¢

A scattering trajectory (z(¢; zo, £o), (¢, zo, &0)) is the solution of (1.4)
satisfying: |}im |z(t; o, §0)| = +oo. For R > 0, put: Bg = {z;|z| < R}
t|— o0

and Sg = {z;|z| = R}. For a scattering trajectory (z(t, zo, &), £(t, Zo, &0)),
denote by ¢_(R) (t+(R)) the time at which the particle enters (leaves resp.)
Sg. The sojourn time Tr of the trajectory in the region Bg is given by .
Tr = t4(R) — t_(R). We denote by Tp the sojourn time in Bg for the free
particle with the same initial data (zo, &). Then we can define the classical
time-delay 7 by:

(1.5) 7(z0, &) = _lim (Tr — TR).
R—+4o00
For the potential V satisfying (1.1), we can easily check that:

(16) (0, &0) = oz (,Jim_(alt) — t6(8) - €(0) — Jim _(z(e) — t€(6)) - €(t)

[

where [¢_[2 = 1lim [¢(¢)* = 2p(z0, &), p(y,n) = J%E +V(y).



TIME-DELAY OPERATORS IN SEMICLASSICAL LIMIT, ETC. 3

The main purpose of this paper is to study the asymptotic behaviour
of T(h) and T'(h) when h tends to 0. The study of time delay operator is
closely related to that of the scattering matrix. We notice that there is a large
literature on the semi-classical approximation of scattering quantities, such as
scattering amplitude ([3], [4], [41]), scattering phase ([30], [31]) and scattering
matrix ([40]). For classical wave scattering by an obstacle, there are also papers
concerning the relations between time-delay, sojourn time and scattering matrix
(see [7], [17] and [24], for instance). Seeing the definition (1.2) for T'(k), one
might think it easy to get the semiclassical result for T'(k) using the known
results for scattering matrix S(A, k). But it is not the case, for the known
results for S(A, h) are of complicated forms (see Yajima [40]), it is difficult to
establish the connection between quantum and classical time-delay. The method
we will use is based on the results of [38], roughly speaking, the results on
the correspondence between quantum and classical dynamics (see also [2], [11],
[33], [34]). To show that a direct study of time-delay operator is preferable,
let us indicate the following fact: if V satisfies the assumption (1.1), U"(¢)
can be approximated only by Fourier integral operators. But if B is a pseudo-
" differential operator, we can approximate U"(¢)* BU"(t) by pseudo-differential
operators when ¢ is fixed. This makes our work easier.

In this paper, our general assumptions on V are:

(A) V is a C* real function with compact support;

(B) (non-trapping condition) there exists an open set J C R, such that for
any interval I cc J and for any R > 0, there exist positive constants C
and tg:

|z(t; 9, m)| 2 Clt| for |¢] > o

p(y,n) € I and |y| < R, where (z(t,y,n), £(¢,y,n)) is the solution of (1.4)

with initial conditions z(0) =y, £(0) = ».

The main results of this paper may be summed up as follows: let
Wh(zo, &) be the Weyl operator exp(th~/2(&y - & — o - D,)). For (zo, &) €
P~1(J), take a function ¢ € C§°(J) and ¢ = 1 in a neighbourhood of p(zo, &).
For f € L?(R") define f, by

fn = o(H")Wh(0, &) f.
Then for modified time-delay operator 7'(h), one has:
(1.7) Jim < o, T(h) fi >= 2r(z0, o) £,
For Eisenbud-Wigner time-delay operator T'(h), we set f, =
Y(HE)Wy (20, &) f Where 4 is C$° function and equal to 1 in a neighbourhood

of |¢y|?/2. Then one has, for (zo, &) € R?", |&|?/2 € J,

(1.8) Jm < £, T(k) o >= 700 (20, &0) 1]
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where ¢ is the classical wave operator (see Reed-Simon [26]). We also
obtain a semi-classical expansion for modified time-delay operator in terms
of pseudo-differential operators in class T} (for the definition, see section
2). Notice that 7(zo, &) is the classical time-delay for scattering trajectory
(z(¢; %o, €0), &(t, 20, €0)) Whereas 70Q°% (20, &) is that for a scattering trajectory
(£(¢, zo, £0), £(t, 20, €0)) Which behaves like (zo + t&o, &) as t — —oo. Since
p o 0%(z0, &) = po(zo, &), (1.7) and (1.8) show the difference between T'(h)
and T'(h): the modified time-delay operator is the quantization of two times the
classical time-delay function 7 while the Eisenbud-Wigner time-delay operator
is the quantization of 7o Q¢, or in other word, the quantization of time-delay
function applied to incoming data.

The organisation of this paper is as follows. In section 2, we establish
some results which are important to this work.

We introduce also a class of pseudo-differential operators with symbols in
T;.'g . This class of pseudo-differential ‘operators appears naturally in the study of
time-delay operators. It seems interesting to study the composition and continuity
properties of these operators. But we have not had time to do this. In section 3,
some properties of classical time-delay are studied. Since the function 7 is only
constructed for each fixed (z, £) in phase space, global control over the increase
of 7 seems difficult. We only arrive at showing that if V is of compact support
and if we localise 7 in some nontrapping energy interval, the truncated classical
time-delay is in class T?. In section 4, we prove the semi-classical expansion
for modified time-delay operator. We use a semi-classical version of Egorov’s
theorem (see [38]) and the results on the local energy decay for wave functions
in weighted L2-spaces ([42]). The difficulty we encounter here is that usually
we have to work out estimates uniform with respect to the large parameter ¢
and the small parameter h. We believe that the remainder estimates obtained
here are not the best possible and can be improved by studying the continuity
of pseudo-differential operators with symbol in the class T}. In section 5 we
prove (1.7). As a matter of fact, the uniform continuity of time-delay operators
localized in non-trapping energy interval enables us to only prove (1.7) for a
dense subset of functions in L2. In section 6, we prove (1.8).

The proof is similar to that for (1.7). But since we are only concerned
with the first term in the semi-classical limit, it suffices to give approximations
uniform in h €]0,1] and A~N < |¢t| < A=V~ for some N large enough. Once
these approximations are obtained, we use the Weyl operator Wy (zo, po) to get
classical limit as in section 5 (see also [11], [33] and [38]).

Finally we should remark that the proof of our results is rather technical
and could be considerably simplified if one had a nice result on the continuity of
pseudo-differential operators with symbol in the exotic class mentioned above.
In this connection, a recent work of Bony-Lerner [44] might be useful.

An abstract of this work has been presented in [39] and [43].
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2. Some preliminaires

Assume V to be a C* real valued function on R" satifying (1.1) for some
e > 0. Let J be a non-trapping interval defined by (B). Let U"(t) and UZ(t)
be the unitary groups associated with H" and H} respectively (see §-1).

Let A(h) be the generator of analytic dilation group with parameter
h: A(h) = h(z -V, + V, - z)/2i. Then we have the following estimates which
are useful in the study of time-delay operators by time-dependent method.

THEOREM 2.1. Under the above assumptions, let ¢, and po be C$° (R 4)
functions and supp @2 C J. Then there is C > 0 so that for every u, 0 < u <1,
one has

Q1 [[(A(R)® + 1) 20y (HE)UG (r) U (s) o2 (H") (A(R)? + 1) 7#/2|
<C+|r—s|)7*

uniformly in r,s € R and h € |0,1]. For every u, 1< pu <2, there is p> 1 so
that

22)  |[(A(R)? +1)# 0 (HG)UG (r) U ()2 (H) (A(R)* + 1) #/2|
<C'(1+|r—s|)"*

uniformly in r,s € R and h € 10,1].

The proof of Theorem 2.1 is rather technical and will be given in Appendix.
Introduce the space B™(h) by: B™(h) = {f € L?(R");z*DPf € L?(R")
for all |a| + |8| < m}, equipped with the norm | - |5

flmn={ D_  Ih*2a)*(R2Da)? P32, f € B™(h).

|a|+]8|<m

It is known that U"(t) is a continuous mapping of §(R") onto §(R") and may
be extended to a bounded operator on B™(h) (see [6] and [38]):

(23) ”Uh(t)f”mh S Cm“f“mh ] for f € Bm(h)
uniformly in h € ]0,1]. Thus as operators from § to §, one has:
(24)  AWUL(t) = UL (t)A(R) + 2tHLUR (¢)

(2.5  A(R)UM(t) = UR(t)A(h) + 2tH"U" () +/Uh(t—s)VhUh(s)ds
0

where V), = V(h/2g), V =2 VV -2V,

LEMMA 2.2. For any g € CP(R), [g(H™), A(h)] is a bounded operator
in L2(R") ||[g(H"), A(R)]|| < Ch.
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More precisely, one has:

(2.6) [9(H™), A(h)] = h g:(H") + h Ry(h)

where gy(s) = 2sg'(s) and Ry(h), 0 < h < 1, is uniformly bounded as operators
of L?*(h) to L%***(h), for some p > 1. Here L2*(h) is the completion of S(R™)
in the norm || - ||(s).5:

1l oyn = {/(1 + ha?) | f Pz},
Rﬂ

PROOF. Notice that since g € C°(R), we can define g(H!) =
(211)~! [exp(isH")§(s)ds where § is the Fourier transform of g. Using a
commutator relation similar to (2.5) and the results on functional calculus (see
[10] and [28]), one gets (2.6).

Under the assumptions of theorem 2.1, one knows that for every ¢ > 1/2,

.7 (14 k|z[?)"?/2R(A £10,h)(1 + hlz[?)"°/?| < Ch™Y, he0,1]
uniformly in A in any compact of J (see Robert-Tamura [31]). By (2.7) one
can easily prove the following result.

PROPOSITION 2.3. Let ¢ be a C*® function with compact support in J.
Then there is C > 0 so that:

+oo
/ | < (H")UR (), Vap(HM)U(8)f > |t < C|[f|?,  feL*(R")

uniformly in h € |0,1], here < -,- > is the scalar product in L?(R").

PROOF. By (2.7) and the results on smooth perturbations (Theorem XIII.25
and Theorem XIII.30 [27]), one gets:

+ oo
f (1 + ha?)=/2e~H" g(H") £||2dt < Ch™1| f|

— 00

for f € L2(R™), uniformly in k € ]0, 1]. Since U*(t) = ¢=*»""t#" | the proposition
follows from the Cauchy-Schwarz inequality.
The following result is important in this work.

THEOREM 2.4. Let V be a short-range potential satisfying (1.1) and (B).
Let ¢ € C§°(J). Then for every s > 0, one has:

(1 + Rlz[?) =/ (HM)UR () (1 + hla?)*/2) || < O(1 + J¢])

uniformly in h € 10,1] and t € R.
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Theorem 2.4 is proved in [42]. Comparing with the free evolution, we see
that the decay rate obtained in Theorem 2.4 is the best possible. By commutator
techniques we are able to show that for every u, 0 < u <1,

(2.8) [I(A(R)? + 1) #2o(HM U (t)(A(R)? + 1)"#/2| < C(1 + [t|)™*, teR.
For every u, 1 < u <2, there is p > 1 so that
2.9) [(A(R)? + 1)~/ 2p(H")U(8)(A(R)* + 1) /2| < C(1+[¢) ™7, tER.

The estimates (2.8) and (2.9) are uniform in h € |0, 1].
From Theorem 2.1, we get the following.
COROLLARY 2.5. Let Q4 (h) denote the wave operators. Then for ¢ €
C§°(J), one has:
(2.10) I(A(R)? + 1)U ()24 () (HE) (A(R)? + 1)/
<C+t)™ 0<u<1

uniformly in h € |0,1]. For every u > 1, there is p > 1 so that:
@.11) [(A(R)? + 1)"H/2UM ()04 (h)p(HE) (A(R)? + 1)74/2] < C(1+ [¢])~*.

Using (2.9), one gets also:

COROLLARY 2.6. For every u > 1/2, one has:
(2.12) [(A(R)? + 1)~*R(X £ i0,h)(A(R)? + 1)7#|| < Ch~*

uniformly in h € 10,1 and X in compact subset of J. Here R(z,h) = (Hh—2z)~?!
for z ¢ o(H").

Notice that (2.12) may be compared with the known results of uniform
resolvent bounds (see [30] and [31]). For fixed h > 0, (2.12) is proved in [21].

Recall also the following expression for Eisenbud-Wigner time-delay
operator T(h). Let Fj, be a spectral representation of H, that is to say, Fj,
is a unitary mapping of L?(R") into L?(Ry, L2(S™~!)) so that FR HRF;* = ).
Then for all f; € L?(R") so that Fy f; € C&(Ry; L2(S™"1)), j = 1,2, one has:

(2.14) < f1, HXT(h) f2 >= —1/2 < f1,8* (k)| A(h), S(h)]f2 > (see [14]).

PROPOSITION 2.7. Let h > 0 be fixed. For ¢1,¢p2 € C°(Ry), w2 =1 on
supp ;. Set:

Q(t, h) = U ()" UG (£) A(R)Ug (£) U™ ()
S(t, h) = Ug (t)p2 (H")U" (2t) Ug (t) A(R)Ug (¢)* U™ (2t) 02 (H") U (2)*.
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Then for f € L?(R") so that A(h)f € L%(R"), Q(¢, h)pi(H")f and
S(t,h)p1(HE)f are in L%(R") and one has:

(2.15)  Jim o1(HM)Q(t, k)1 (H?) f

= o1 (H*)Q (h) A(R) Qs (h)* 01 (H")
2.16)  lim o1(Hg)S(t h)es(Hg)f

= p1(H$)S(h)* A(R)S(h)e1(HG)f  in L*(R).

PROOF. By the definition of wave operators and scattering operator, it is
easy to check that (2.15) and (2.16) are true in weak topology of L2(R").

In order to show (2.15) and (2.16) are true in L2-norm we use the following
estimates:

sup [| A(h) o (H™)Q(t, )1 (H") (A(R)? + 1) || < +oo
sup .4 (k)1 (HG)S(t, k)1 (HE)(A(R)? + 1)} < +o0

These estimates may be proved by the same method as that used for proving
theorem 2.1. (cf. Appendix).

For a symbol a(-,-) on R?", we denote by a® (h'/2z, h!/2D,) the associated
pseudo-differential operators defined by:

Q17 (a®(h'/%z,h*/?D,)f)(2)
- / / exp(i(z — y) - €)a(hV/?(z +9) /2, €) f(v)dydé, f € S(R")
R2n

Sometimes we note also opya instead of a* (h'/2z, h'/2D).

DEFINITION 2.8. Let p,6 € [0,1] and s,r € R. We denote by T,; class of
C* functions on R?™ which satisfy:

8288 a(z, €)| < Cap(L+ [al)* Pl (1+ (€)M, aeTy;

for all multi-indices a,p € N™. We note also: T, = QR T,);.

In comparing with the usual classes of symbols, we see that the class T,y
is worse in that we lose the control over the increase of symbol each time we
derivate it. But the study of such symbols is of interest in itself. For example
if f € C*(R) with bounded derivatives, the principal symbol of f(A(k)) may
be regarded as in 7).

For a € T*], we can define an operator a®(h'/2z,h!/2D,) : §(R") —
C*(R") by formula (2.17). If p,6 < 1, we can easily check that
a®(h'/?z,h1/2D) is continuous from S(R") to S$(R"). In general case, we
have the following result.
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LEMMA 2.9. There exists a constant k depending only on n such that if
a€T;,0<p<1, a(h'/2z,h}/2D) is a continuous operator from L**+°(h)
into L>~*=%(h) and one has:

(2.18)  [a®(h*22, k2 D,) f||(=k-o).n < C| fll(k+s).n for all h € ]0,1].

Lemma 2.9 is an easy consequence of L2-continuity result of h-pseudo-
differential operators ([28]). We omit the proof.

3. Properties of classical time-delay

The classical time-delay is closely related to the classical particle scattering.
Suppose condition (1.1) to be satisfied. Let ¢* and ¢} denote the interacting
and free dynamics respectively. Then we can define the wave operators QY by:

Q% (y,n) =, lim ¢7* o 44 (y,7) for (y,7) € X* = R"\{0};

Q;’ are C* canonical maps. (See [26], [32]). Let I, be the set of all bounded
trajectories in R?",

We put G = Ran Q¢ N Ran Q¢ NR2"\X,. Then G is the set of all points
(y,n) € R2" for which there are (y_,7n-) and (y+,7n4+) € R2" so that ¢*(y,n)
behaves like (y- +tn-,n-) at —co and like (y4 +tn4,n4+) at +oo. If we write
#(y,n) = (z(t,9,7), £(t, 9, 7)), (y,n) € G, there exists a constant C(y,n) > 0
such that:

|z(t,y,n)| > C|t]

for |t| large enough. We note: d(z, £) = z- €. The classical time-delay 7 defined
in (1.6) may be written as:

1 . _ . _
G 1y = W{t_lgr_rlwdosiﬂo‘ o¢'(y,n) -, lim dodg*o¢'(y,m)},
(v,n) €G
where |¢_|2 = tlim |€(t,¥,m)|2 = 2p(y,n). Notice that 7 is invariant by
— — 00

¢t :7(y,n) = 7o ¢*(y,n) for t eR.

LEMMA 3.1. Let Gy = (Q%)7'G. Let 8¢ : G- — G4 be the S-trans-
formation defined by:

5y, n) = (QF)710%(y, n).

Then for (y,n) € G_, one has: 10 Q% (y,n) = lf—fTﬁ(d(y, n) — do S (y,n)).

The proof of the lemma is quite easy and we omit it.
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LEMMA 3.2. Let E C R?" be an open set so that ( in)f o p(y,n) > 0 and
y.n)€
for any R > 0, there are C and ty > 0 so that

(3.2) |z(¢, y,m)| > Clt], It > to

for (y,n) € E with |y| < R. Then one has:

(3.3)  18588x(t,y,n)| < Cap.r(1+ [t]), 18580€(t,y,n)| < Cap.r, tER,
for (y,n) € E with |y| < R.

PROOF. For (y,n) € E, we can write (z(t,y,n), £(t,y,n)) as:

( +oo
z(t,y,n) =y + / sVV (z(s))ds
0

+o0
+(n- / UV (a(s))ds)t - /(s—tVV 2(s))ds
+oo

£ty uin) =n— / YV (a(s))ds

34 S

+ [ VV(z(s))ds, t>0;

e&-'\_é.

L

(3.3) follows from (3.4) by an elementary argument.
Now introduce the functions 74 by:

74(y,n) = lim do¢gt o ¢*(y,n), (y,n) € E.
t—+oo

By definition, 7(y,n) = (- (y,n) — 7+(y,n))/2p(y,n). Using lemma 3.2,
one gets easily:

LEMMA 3.3. Under the assumptions of lemma 3.2, o are C* functions
of (y,n) € E. For R > 0, one has:

1850474+ (y,n)| < Cap.r(1+ n)

for (y,n) € E with |y| < R.

It is not clear how to control the increase of 74 (y,n) for large y, since
one has no knowledge on the behaviour of ¢*(y,n) in large ¢t and y. However
if the potential V' is of compact support, we do have some control over the

increase of 74 (y,n) in (y,n). This is sufficient for the present paper, for in the
following we will always assume V of compact support.
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More precisely, one has:

LEMMA 3.4. In addition to the assumptions of lemma 3.2, suppose V to
be of compact support. Then one has:

(3.5) 1028274 (y,1)| < Cap(1+ [y)) HPI(1 + |n))
and
(3.6)  [85887(y,n)| < Cap(1+ [y)PI(1+ |n]), for (y,n) € E.

PROOF. Take R, > 0 so that supp V C {|z| < Ro}. Put Ry = Ry + 1. By
lemma 3.3, (3.5) is true for (y,n) € E with |y| < R;. Now define W c R?" by
W = {(y,n) € E; |y| > 2 Ry}. Let W; and W, be two subsets of W defined

by:
W1 = {(y,n) €W; |z(t;y,n)| > Ry, for all t € R},

Wa={(y,n) €eW; 3 TeR so that |z(T;y,n)| < R1}.

For (y,n) € W1, ¢'(y,n) = (=(t;y,7n), £(t;y,n)) will behave just as the
free dynamics ¢%(y,n). Thus for (y,n) € Wy, 74(y,n) = 7—(y,n) = y - n. For
(y,m) € W2, one sees easily that y - n # 0 and there exists a unique T, so that
|z(t;y,m)| > Ry for |t| < |To| and |z(To;y,n)| = Ry - To is determined by the
equation:

In?T?+2 y - nT - R} +|y|* = 0.

Since we must have T, >0 if y-n <0 and T, <0 if y-n > 0, we get:
To=(~y-n+sgny-nlly n* - [nP(ly|* - B}))/?)/In]?
To is a C* functions in W; and we have:
(3.8) 18288Ty(y, n)| < Cap(1+ |y[)t-leD+
(y,m) € W2 and o, € N™. Now, one has:
rx(y,n) = lim (a(t,y,n) - t€(t, 9, m)) - €(t,y,m)
= 72 (y0,n) + To(y,n)[éx (v, n)[*  for (y,n) € W2

where yo = y + Ton and &s(yo,n) =, lim &(t;y0,n). Thus 7(y,n) = 7(yo, 7).
Since |yo[?> = R?, from lemmas 3.2, 3.3 and the estimate (3.8), we conclude

that:
185857+ (y,m)| < Cap(1+ |y) 1P (1+ |n))

185957y, )| < Cap(1+ [y))* (1 + |n]) for (y,n) € Wa.

The lemma is proved.
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From now on, we will always assume that conditions (A) and (B) be
satisfied. We remark that condition (B) is equivalent to the usual non-trapping
condition used in the literature. (See [30], [35]).

PROPOSITION 3.5. Suppose conditions (A) and (B) to be satisfied. Let ¢
be a C* function on R with compact support in J. Put:

(3.9 1o(y,m) = 0o p(y,n) 7(y,n).

Then 71, is in T?, that is to say, we have the estimates on 7,:
(3.10) 102887, (y,n)| < Capn(1+ )P L+ n))™N, (y,m) €R*"

where N > 0 is arbitrary.

PROOF. By lemma 3.3, 7, is a C* function on R2" and the estimates
(3.10) follow from lemma 3.4.

Using the non-trapping condition (B), one sees easily that p~(J) C
Ran Q% N Ran Q¢. Define G_ c R?" by: G_ = (Q%)~(p~1(J)). Since the
support of 7, is contained in p~!(J), we can define the function 7, 0%, which
is C* and supported in G_:

Ty © ﬂc_’(x, &) =p10po(é)(z-E—T14 0 SC'(z, €)), for (z,€) € G_,

where ¢ (t) = t~1p(t). By the method used in the proof of Lemma 3.4, one
can show that (3.10) is also true for 7, o Q.

4. Semi-classical expansion of modified time-delay operator

Suppose conditions (A) and (B) to be satisfied. We will consider the
asymptotic behaviour of modified time-delay operator T'(h) (see Narnhofer [22],
[23]) defined by:

4.1) < f,H"T(h)g> = Jim <, UR(e)* UL (t) AW UL (8) U (t)g >

- dim < £, UM(0)" US () A(R)UZ () U™ (t)g >

By proposition 2.7, (4.1) is well defined for f,g € D(A(h)) so that there
is pe C(Ry), p(H?)f = f and p(H")g = g. One has:

< f,H"T(h)g >=< {, (2 (h) A(R)Q-(R)* — Q4 (R) A(R)Q+ (h)")g > .

Put as before Q(t, h) = U"(t)* U (¢) A(h)U§ (t)* U™ (¢). In order to obtain a semi-
classical expansion for T(h), we will study the asymptotic behavior of (¢, h)



TIME-DELAY OPERATORS IN SEMICLASSICAL LIMIT, ETC. 13
with respect to ¢t and h. For this purpose, we have to localise €2(t,h) in the
non-trapping interval. Let ¥ be a C* function on R with compact support in
J. Define Q(t, h; x) as:

42 Q(t, b x) = x(H")Q(t, h)x (H").

Let x; € C°(J) and x; = 1 on the support of x. Put: xo(z, &) =
X1 © p(z, €). Since UL (t)A(h)UL(t)* is an operator of symbol z - & — t£2,

G(t,h) < x§ (h'/%2, h*/2 D) UG (t) A(R) UG ()"
is a pseudo-differential operator with Weyl symbol g(z, ¢;t, h):
4.3) 9(z, &t,h) = go(, &1t) + hoi (3, &;¢) + h?ga(a, ;1)

where

go(z, &t) = xo(z, €)(z - £ — t€?)
12, 1) = 5-x4 (o5, ) (€72 — (2 — 268) - 9V (2)
02(2,&1) = §(2tAex0(z,€) + Ve - Vexolz, €)).

It is clear that the symbol g(z, £;t, h) satisfies:
@4)  1870¢9(z,t,h)| < Cap (14 [¢) (14 €)™V (14 [a]) =1

and the support of g(-, ¢, k) is contained in supp xo for all ¢ and h. Now let
R(t, h) be defined by:

R(t,h) = Q(¢, h; x) — x(HM) U™ (t)*G (¢, h)U" (t)x (H™).

LEMMA 4.1. With the above notations, R(t,h)(A(h)+1:)~! is a bounded
operator in L?(R™) and one has:

4.5) IR(¢, h)(A(R) +19) "] = O(h™)
uniformly with respect to t € R, that is to say, for every N > 0, one has:
| R(¢, h)(A(h) +1)~ | < CyAY, teR.
PROOF. Using the commutator relation (2.5), one sees that

(4.6) lIx1(H")(A(R) — 2tHG)U™ (8)x (H")(A(R) +5) 7} < C < +o0
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uniformly in ¢t € R and h € ]0,1]. We write also:

(1— x1(H™))(A(R) — 2tHG)U™ ()
= (A(h) — 2tH})U(t)(1 - x1(H™))
+ [A(R), x1 (H®)|UR () — 2tx1 (H®) VAU (t).

Noticing that y and 1 — x; are of disjoint support, we obtain:

(1 = x2(H"))(A(h) — 2tHG)U (t)x (H")(A(h) +2) Y]]
< [|[A(R), x1 (H®)]U" (¢)x (H")(A(R) + )71
+2tlllx1 (H")Va U (6)x(H")(A(R) +4) 71| < C,

for all t€R and h € ]0,1];

4.7

here we have used lemmas 2.2 and 2.4. Notice that by results on functional
calculus (see [10], [28] and [29]), one has:

Ix(H")(1 ~ x§ (h*/?2, B/2D))|| = O(h™);

(4.5) follows from (4.6) and (4.7).

By lemma 4.1, we are reduced to study the asymptotic behavior of operator
Uh(t)*G(t, h)U"(t) with respect to ¢ and h. Applying a semi-classical version
of Egorov theorem (see [38]), we get:

PROPOSITION 4.2. As continuous operators of §(R") into §(R™), one has:
(4.8) U (t)* g¥ (h*/2z, h*/2D; ) U™ (2)

N
= Z Rk g% (h1/2z; 12 D5 t) + hNTLR; N (8, h)

for 3 =0,1,2and N € N, where g,i(t) may be calculated and Ry (t, h) may be
extended to a bounded operator on L?(R") : sup |Rjn (¢, h)|| < 400, 7 =0,1,2,
for every t eR.

Our main technical result in this section is to get some uniform estimates
on the remainders with respect to ¢t € R.

THEOREM 4.3. Under conditions (A) and (B) there is k € N depending
only on n such that for every N > 0, one has

4.9) (1 + h*/2|z]) ~*x (H") R;n (¢, B)x (H") (1 + h/2[z]) 7%|| < Cn < +oo,
71=0,1,2

uniformly in t € R and h € ]0,1].
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PROOF. We only prove (4.9) for 7 = 0. The other cases can be treated in
the same way. Let:

9(z, &t) = (z- € — t€%)x1 o p(z, £).

Let ¢* be the hamiltonian flow associated with p = [£]?/2 + V (z).
Since Uh(t) is continuous from $(R") to §(R"), we have:

(4.10) U™ (2)* g% (h/?z, h*/2 D; t) UM (¢)
t

=Opﬁg(qﬁt,t)+h2/Uh(s)*B(t,s;h)Uh(s)ds
0

where
Blt,53h) = K= {11 H", ol o(#*~*, )] — 0B} {V, 9(¢"~*, )}}.

Here we have denoted by opya the operator with Weyl symbol a,{:,-} the
Poisson bracket. By an easy calculus we get an expansion for the symbol
b(t,s; h) of B(t,s;h):

N
b(t,s;h) = thjaj(t, s) + h2N*1y (¢, 5; h)
=0

with
aj(t,s) = Y CadsVogg(¢'™"t), 5=0,1,--,N.
|a|=25+3

Since the symbols in consideration are not in the usual classes, we have to be
careful with the remainder estimates.

LEMMA 4.4. Under the assumptions of Theorem 4.3, for every M > 0,
one has:

18505 9(¢"™* (2, €),8)] < Cap(1+ [s])(1+ |a])! P+ (1 + €)M,
for (z,€)eR?", uniformly in t,s € R.
PROOF. Put ¢* = (y(t),n(t)). Then we can write
9(¢*7°,t) = g(¢'*,t — 8) — sxa(p) In(t — 8)[*.
By Lemma 3.3 we get for every R > O:

@D { 19285 9(¢7,7)| < Cap(1+ €)™
|3:3?ﬂ(7‘,$, £)| S Ca.ﬂ



16 XUE PING WANG

for (z,€¢) € R?" with |z| < R, uniformly in reR. For |z| > R, we use the
argument of Lemma 3.4. Take R > 0 so that supp V C Bg_;. If y(¢; z, &) does
not enter into Br, ¢%(z,&) = ¢f(z, €). It is clear that the result is true for
(z, €) in such region. If y(¢;z, ¢) enters into Br at some time T, we can use
the translation in time

¢ (z,6) = ¢" T(z+ T, ¢€)

with T = T(z, ¢) determined by |z + T¢| = R. See Lemma 3.4. Then Lemma
4.4 follows from (4.10) as in the proof of Lemma 3.4.

Return now to the proof of Theorem 4.3. Let R > 0 so that the support
for V is contained in Bg_;. Take % € C§°(R"™) so that ¢ = 1 on Bg. Put:

91 (x’ &ty s) = ¢(z)g(¢t—e(z’ f)at)
92(z, &¢,8) = (1 - ¢(x))9(¢t_a(za €),t)

91(t,s) is a compact support in (z, ¢) € R?". By Lemma 4.4,
16282 91(2, &8, 8)| < Capuae(L+ [sf) (1 +]2]) ™™ (1+ |€)) =

uniformly in t,seR. Since %(z) = 1 on the support of V the symbol of
h‘z{%[Vh,op;fgl(qS“’,t)] — op¥{v,9(¢*~*,t)}} has the same expansion as
b(t,s; h). Hence we get an expression for the remainder ry(¢, s; h):

opry(t,s;h) = opPryy(t, s;h) + A~ 2N ~44|Vy, op¥ ga (452, t)]
where r; 1(t, s; h) is a symbol satisfying:
412)  [878Fr1a(t, 5 k)| < Capaa(1+ [s|)(1+ [al) ™ (1 + €)™
for every M > 0, uniformly in ¢,s € R and h € |0, 1|. Take p € C§°(R") which

is equal to 0 on the ball Br_; and to 1 outside Bgr. Then for every M > 0,
we have

p(h*/2z)op} 92 (6' 1) = opiy g2(#' 7, t) + RM ¥ Ry (¢, 53 h)
where R (t,s;h) is an operator defined by

Ru(t, s;h)f(z) =
— (2rh)"" / / SV ST = azan(# (2 (z + 1) /2, h128), )

la|=M+1

[ =) azohil2((a+ )2+ o(a - v)/2)do ) dyde.
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Since V and p are of disjoint support, we have:
VaopY ga (¢t ™, t) = —hMF 1V, Ry (t, 5; R).
Let ra(t, s; h) be defined by:
ra(t, s;h) = Vifae(t, 55 h)

where #a(t,s;h) is the symbol of Ras(t,s;h). Then on the support of
ra(t,s;h), h1/2|z| < R —1 and h'/?|y| > 1. Taking notice that for || > 1,
1
[ (=) azohi2((a+ 1) + ol — v))/2)do < CUH2y) ™M
0

for (z,y) € supp rum(, -, &;t,8; h), by Lemma 4.4, we obtain:
10398 (3, ¥, €5t 83 h)| < Capae(1+ k12 a| + K2(E) ™M (14 R2|y )P

uniformly in ¢,s € R and h € ]0,1]. By Lemma 2.9, there exists k depending
only on n such that for every N > 0:

(1 + A/ |2])Y Viopi g2 (¢°7°,8) (1+ A/2[a])*| < CAMFH (1 + )
uniformly in ¢,s € R and h € ]0,1]. In the same way, we can prove:

(1 + h*/2|z]) " op}y g2 (s t)Va (1 + B2 |2}V || < CuAM*H (1 + |s)).

On the other hand, we can prove by induction that for every j > 0:

U () x(H™)|| (223 (h):z2(n)) < Ci(1 4+ [E])?

for t € R, uniformly in h € |0,1]. Applying (4.12) and Theorem 2.4, we get
for y=k+3:

t
||x(Hh) / UM (s)*opiri(t, s; h)Uh(s)x(Hh)dsHuu.;(h);m,-:(h))
o ,

<0l [+ Jo) 41+ s)*as] < ©
0

uniformly in ¢t € R and h € |0,1]. By (4.10), we have:
U™ (t)* 9" (h*/%z, k12 D;t) U (t) = opy g(4", ¢)
N t
(4.13) + Zh%‘?/U"(s)*op;fa,.(t,s)v"(s)ds
j=0 0

+ h2N+3R, (¢, h)
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with Ry (t, h) satisfying:
Stug HX(Hh)Rl (t, h)X(Hh)||£(L2Alc(h):L2.—k(h)) < 4o00.

The constant & depends only on n.

Recall that a;(t,s) = ) C,33V3agg(4'~°,t) satisfies
|a|=25+3

(4.14) 10205 a;(t, s)| < Caupna (14 [s[)(1+ || + )™

uniformly in ¢, s € R. Applying Egorov’s Theorem, we get:
1 i
(4.15) /Uh(s)*opfaj(t,s)Uh(s)ds = /op',:’aj(tﬁ‘;t,s)ds
0 0
i
+h2/Uh(r)*B1(r, t; h)UP(r)dr
0
where
t .
—_ 2 w 8—r w a—r
Bl(r;t;h) =h 2/(Z[Hhaophaj(¢ ;t’s)]_—oph {p’a.‘i(‘ﬁ ;tls)})ds'

By the non-trapping condition (B), we deduce from (4.14) that for every
M2>1,
(4.26) |65 8¢a;(¢°7"5t,8)| < Cap(+Irl)(1+ s —r| + €)™
for (z,¢) € R?™ with |z| < R uniformly in s,r,¢ in R. Put:

t

£67) = [ a8t 5)ae.

r

By the argument used in the proof of Lemma 4.4, we can get from (4.16) that
18388 £(t,7)| < Cap(1+ |)P1+(1 4 |r])

uniformly in ¢,r in R and (z,¢) € R?". This shows that f(¢,r) has the same
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properties as g(¢*~*,t). Now repeating the arguments used before, we get:
i t
/Uh(s)*op:aj(t,s)Uh(s)ds =/Op2a,-(¢";t,s)ds
0 0

N t

+ Zh2k+2/Uh(r)*opfc,-k(t,r)Uh(r)dr
0

+h2N+3RJ‘N(t;h) ‘

where ¢, (t,r) is given by:

i
crltr) = Y caa;;'Vag’/aj(qS"";t,s)ds, k=0,1,---,N
|a|=2k+3 r

and R;n(t, h) satisfies:

Ix (H")Rjn (¢, )X (H")|| £ £3#" (n): £2-# () < C

uniformly in ¢t € R and h € ]0,1]. k¥' is an integer depending only on n.
Consequently we have proved by (4.13) and (4.15) that:

U (t)*opy g(t)U"(t)

t
= opy g(4*,t) + th]ﬂ/ol)h a;(4°,t,s)ds
0

7=0

+ Z Z h27+2k+4 / Uh(r)*opﬂcjk(t, r)Uh(r)dr

J=0k=0
+ h2NH3 R, (8, h)

where Ra(t,h) = Ryi(t,h) + E h%*2R;n (¢, h) satisfies the same estimate as

Ry (t, k) (see (4.13)). Notice that c;k(t, r) satisfies also (4.14) with r instead of
s. We can use an induction to prove that for every N > 0,

N
Uh(t)*opyg(t) UM(t) = > h*opPbi(t) + k2N 1Ry (t, h)
k=0

with Ry (t, h) satisfying the same estimate as R, (¢, h). This finishes the proof
for Theorem 4.3.
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We can give an expression for bx(t), £k =0,1, .. Put:

1 _ .
criltt) = Y. —8zv Dgg(¢t~t,¢)  for j>1
|a|]=25+1 :

Cm.j(tatla o '1tm)

1 —
= 3 Y 95V Dfemovedd Tt b t)
ttk=j |a|=2k+1

for 7 > m. Then we have:
bo(t) = g(¢t:t)
t

4.17) bet) = i /

m=1

i tm—1

‘/Cm.k(d’tm;t:tl:”'stm)dtmdtm-—l"'dtl
0 0

for k> 1.

LEMMA 4.5. For every j > 0, the limits p; 4+ = tligl p;(t) exist in
—Ico

C>(R?") and p; 4 is in the class T}. In particular,

(4.18) po.+ (2, &) = x10p(z, €) 7+ (z, §).

PROOF. We only prove that . lig bj(¢t) exists in C*(R?") and the limiting

functions are in the class T}. Notice that this result for 7 = 0 has been proved
in Lemma 3.4. Since po(t) = bo(t), (4.18) follows from (4.17) and Lemma 3.4.
For 7 > 1, V being of compact support, by condition (B), we have:

1658 c1,(t,1)] < Capaa(1+ |2l + €)1+ [ta])
|a:agcm3(t) tl: te ltm)[
< Capar (142 +[€]+ [t = t2| + -+ [tm = tma) T (1 + [tm]),

for 2 < m < j. These estimates are uniform in (¢,¢1,---,t,,) and (z, ) € R?".
For fixed t;,t3, - ,tm, We can prove that tlilin tm.j(t;t1, - tm) exists in
— T 00

C>(R?"), since g(¢%,t) is so. From (4.17) we deduce that by (t) converges in
C>(R?"). By the methods used in the proof of Theorem 4.3, we can show
that the limits are in the class Tj. This proves Lemma 4.5.

Define p, € T} by

pi(z, €) = pj— (2, &) — pj.+(z, €).
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According to Lemma 2.9, the operator p¥ (h!/?z, h'/2D) is uniformly continuous
from L2*(h) to L?~*(h) for some k depending only on n. Now we are able
to prove the main result of this section.

THEOREM 4.6. Unler assumptions (A) and (B), let x,x1 € C§(J) so

that x; =1 on supp x. Then the modified time-delay operator T(h) defined in
(4.1) admits a complete semi-classical expansion in terms of pseudo-differential
operators:

N
(4.19) H"T(h) = > k¥ p¥(h'/*z,h*/2D) + KN *! Ry (h)
3=0

with the estimate on the remainder:
Ix(H")Rn (R)X(H")|| £ (2 (h):L2-%(n)) < Cn AN TE

where k depends only on n. For 7 > 0, p; belongs to the class T{. In particular,
po = 2px1op 7, T being the classical time-delay function defined in §3.

PROOF. With the notations of Proposition 2.4, we have for f € §(R"):
x(H") B (R)x(H")f = lim (T(~t, k) - T(t, b)) .
Applying Lemma 4.1 and (4.10), one gets an expansion for T'(t, h):
N .
(4.20) T(t,h) = x(H") Y Wop}p;(t)x(H") + kN Ry (¢, )
J=0

with the estimate:
sup | Bn (¢, h)|| £ (L2-%(n):L3-~*(n)) < Cn,

(4.19) follows by taking the limits in (4.20).

5. - Classical limit for modified time-delay operator

The semi-classical expansion for modified time-delay operator given in §4
is not so satisfying in that the expansion depends on the truncating function
X, even the principal term. However it gives clearly a correspondence between
quantum and classical time-delay. Using this result we can find the classical
limit for modified time-delay operator T'(h).
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Suppose assumptions (A) and (B) to be satisfied. Let (z¢,&) € R?",
p(zo, &) € J. The function x used in §4 is chosen to be of compact support
in J and to be equal to 1 in some neighbourhood of p(zo, &).

Introduce the Weyl operator W, (zo, &) by:

(51) Wh(z'o,gg) =exp(z’h‘l/2(£0 T — X9 .Dz))

(see [11], [33] and [38]). Then Wj(zo, &) is a pseudo-differential operator with
symbol exp(—ih~1(& -z — zo - £)). For every temperate weighted symbol b, one
has:

(52) Wi (20, £0)* 8% (h/2z, h*/? D)Wy (20, £0)
= b (h*2z + o, KD, + &) f for f € S(R).

For f,g € L2(R"), we put;
frn = x(HMYW; (20, &) f and gn = x(H")W4 (20, £0)9,

where (z¢, &) and x are chosen as above. In this section, we will prove the
following result.

THEOREM 5.1. Under assumptions (A) and (B), with the above notations,
one has:

(5.3) lim < fu, T(R)gn >= 27(20,&0) < f,9>

for any f, g € L%(R").

REMARK 5.2. Notice that 7(z¢, &) is the classical time-delay for a scat-
tering trajectory (z(t),&(t)) passing through (zo, &), (5.3) shows that the

modified time-delay operator 7'(h) introduced in [22] is a quantization of 27.
Before proving theorem 5.1, we need some preparations.

LEMMA 5.3. For ¢ € C$°(R), $(H™) is continuous of L?*(h) into L**(h)
for every s € R and one has:
W S0P, IO 3220y L20(m)) < Hoo.
PROOF. It suffices to use the results on functional calculus for h-pseudo-
differential operators (see [10], [29]).

LEMMA 54. For s >0, 0< p<1, let b be a symbol in class T,. Then
there is an integer k depending only on n, so that for f,g € L?****, one has

Jim < Wy (o, §0) £, 6 (h/2z, h*/2 D)W (20, €0)g >= b0, &0) < f,9> .
—U+



TIME-DELAY OPERATORS IN SEMICLASSICAL LIMIT, ETC. 23

PROOF. Notice that for every s € R, Wy(zo,&) is uniformly
continuous in L?%°*(h). By lemma 2.9, there is an integer k = k(n) so that
W; (20, €0)b% (h}/2z, h1/2 D)Wy (20, &) is uniformly continuous of L2*+k(h)
into L2~*=k(h). Thus by an argument of density, it suffices to prove the lemma
for f,g € S(R™). Then it is an easy consequence of (5.2). Lemma 5.4 is proved.

LEMMA 5.5. Let ¢ € C{°(R). For every s € R, one has:

(W5 (o, &) o (H")Wh(z0, £0) — ¢ © p(z0, &0) fll(s).n < Ch|fll(s).n

for f e L%*(h).

PROOF. It is sufficient to use results on functional calculus for h-pseudo-
differential operators which say that o(H") is a pseudo-differential operator
with h-principal symbol ¢ o p. The result follows from (5.2).

The following result enables us to only prove Theorem 5.1 for a dense
subset of functions in L2(R").

LEMMA 5.6. Let xeC{(J). Then x(H")T(h) is uniformly bounded on
L%(R"):
MT(h)| <
WS, IX(HA)T(R)]| < C < +oo.

PROOF. For f,g € §(R"), define f1,g, by fi = x(H")f and g; = ¢(H")g,
where $eCg§°(J) is a function so that (s) = s~! on the support of x. By the

definition of 7'(h),
[ d
< f,x(H")T(h)g >= lim /E < f1,T(s,h)gy > ds
—t

where T(s, h) = U (s)*Ul(s)A(h)UL(s)*Uk(s). By a simple calculus, we get

t

d
/E.; < fl,T(S,h)gl > ds

-t
i

= / < UM(8) f1,VaU"(s)g > ds
-t
—2t(< f1, UR(&)* VaUR(t)g1 > — < f1, UR()VR U ()* 91 >)
where V = 2V + z - VV. Applying Theorem 2.4, we have:

+co
(5.4) < f,x(H")T(h)g >= / < UM(s) f1,VaU"(s)g1 > ds.

— 00
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This is Lavine’s formula for time-delay. By Proposition 2.3, we deduce from
(5.4) that x(H")T(h) is uniformly bounded on LZ2.

PROOF OF THEOREM 5.1. Making use of Lemma 5.6, one sees that it
suffices to prove (5.3) for f,g € S(R"). Then it is an easy consequence of
Theorem 4.3, Lemmas 5.3, 5.4 and 5.5.

6. - Classical limit for time delay operator T'(h)

In this section, we study the classical limit of Eisenbud-Wigner time-delay
operator T'(h). Since the method used here is similar to that used for modified
time-delay operator T'(h), we shall be brief in the details.

Let x,x: and x2 be in C§°(J) such that x,; = 1 on the support of x,_;
for 7 = 1,2. Here we take xo = x. Put:

S(t,h) = Ug (U™ (26)" x1 (H")UG (£) A(R)UG (2)" UM (2t)x1 (H") UG (8)*

For g» = x(H})g, fn = x(HE)f with f,g € D(A(h)), we put: F(t,h) =
< gn,S(t, h) fn >. Then by proposition 2.7, one has:

(6.1) < gn, HET(h) frn >= 1/2(< gn, A(R) fr > = lim F(t,h)).

As is seen in §4, op¥x2(p)Ul(t)A(R)UL(t)* is a pseudo-differential
operator, which we denote by G(t,h). G(t, h) may be written as:

2

6.2) G(t,h) =D K g¥(h*/?z,h*/2D;1)

j=0
with g;(t) given by (4.3). We define Sy(t, h) by:
(6.3) So(t, k) = U (6)U™(2t)* x1 (H?)G (2, R)U™ (2¢) x1 (H*) UL (2)*.

By Theorem 2.1 and the result on functional calculus ([10], [29]), we

obtain:
(6.4) |F(¢,h)— < gn, So(t, h) fn > | < C hlg|| - [[(A(R) + ) f]
for h € |0,1], uniformly in ¢t € R.

LEMMA 6.1. Put Fy(t) = go(¢%,t). Then for all f,g € S(R"), N > 0,
one has:

6.5) | < fn,So(t,h)gn > — < fn, UL (t)x1(H") op¥ Fo(t)x: (H*)UL(t)* g > |
<Cn h

uniformly in |t| < A=V, he ]0,1].
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PROOF. We first notice that by the expression of g;(t) (see (4.3)), we can
prove:

(6.6) | < fu, UL(t)U(2t)* x1 (H")op} g;(t)x1 (H") U™ (26) U (8)* 9n > |
<C | fll I(A(R) +2)gll 7=1,2

uniformly in h € ]0,1] and ¢t € R. As a consequence, it suffices to prove (6.5)
for So(t,h) defined by (6.3) with G(t,h) replaced by g¥(h'/?z,h'/2D;t). As
in §4, we have the formula:

U" (2t)*op}y go(t)U" (2¢) — op}y Fo(t)
2t

= hszh(t)*osz(t,r, R)UM(r) dr
0

6.7)

where R(t,r,h) is a symbol admitting an asymptotic expansion: R(t,r,h) =
N

3> A% (t, r) + ANV tldy (¢, 1, h). Here c;(t,r) can be computed as in (4.13). In
=0
particular, by the assumptions, we see that c,(t,r) satisfies for every M > 0:

19205 ¢;(t,7)| < Capar(1+ [t —r)(1+ || + €)™,

This shows that op¥c;(t,r) is continuous from L2%~¢(h) to L2?*(h) for
every s > 0 and

(1 + /2 |z]) opie;(t,r) (1 + A'/2[a])* | < C(1+ [t - r])

uniformly in ¢,r € R and h € |0,1]. By Theorem 2.1, for every u > 1/2, there
exists p > 1/2 such that:

[ ICAGY? 1172w (e 7 mopes e, )W (7 (AQKY? + 1) ar

(6.8)

1

/(1 1t — r])"tet dr

0

<cC

<cC

uniformly in t,r in R and h € ]0,1]. Here we have set W(t,r;h) =
x(HE)UL(t)UR(r)x1(H"). For the remainder dy (t,r;h), we can apply the ar-
gument used in the proof of Theorem 4.3 to show that there is an integer k
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dependending only on n.such that:

t
/ (1 + hY/2|z|)~*W (¢, r; R)opl dn (¢, r; R)W (¢, 75 h) (1 + h/3|z|) | dr
]

(6.9)
<c(1+e)*

uniformly in ¢t € R and h € ]0, 1. For fixed N', take N > kN'+ 1. Then we
get Lemma 6.2 for |t| < A~V from (6.8) and (6.9).

LEMMA 6.2. Under the assumptions (A) and (B), let p be in C§°(J).
Then p(HE)T(h) is uniformly bounded on L*(R"):

h
oSup  llo(Ho)T(R)]| < +oo.

Lemma 6.2 follows easily from Lemma 5.6 by noticing that T'(h) and
T(h) are related by: T(h) = %Q_(h)*T(h)Q_(h). Now we can state the main
result of this section.

THEOREM 6.3. Under the assumptions (A) and (B), let (zo, &) € R2" so
that po(&o) € J. Take x € C§°(J) and x = 1 in some neighbourhood of po(&o).
For f,g € L%(R") define fy, and gy, by

frn = x(HE) Wi(zo, &) f, 9n = x(HE) Wh(zo, é0)g

Then one has:
(6.10) Jim < gr, T(h) fr >= 70 Q%(20, &) < f, 9>
-0+

where Q¢ is the classical incoming wave operator.
According to Lemma 6.2, we need only to prove Theorem 6.3 for

f,g9 € S(R"). We divide the proof into several steps. Put:
S1(t, h) = UG (¢)x1 (H")opy, Fo(t) x1 (H")Ug (¢)*.
LEMMA 6.4. For all f,g € §(R"), N > 0, there exists C > 0 such that:

| < fn,81(¢,R)gn > — < fa,0py Fo(d5* t)gn > | < Ch

uniformly in |t| < k=N, h € ]0,1]. Here fy and gy, are defined in Theorem 6.3.

Lemma 6.4 can be proved by the same argument used in Lemma
6.1. We omit the details here. Now we can apply (5.2) to approximate

< fh:opxF0(¢6t: t)gh >.
LEMMA 6.5. For f,g € §(R"), we have

(6.11) | < fn, 0D} Fo(dg*,t)an > —Fo(dg*,t)(z0,€0) < f,9>| < C h'/?
uniformly .in t € R and h € |0, 1].
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PROOF. Let R > 0 so that supp V is contained in the ball Bg. For
(z,€) € R?" with |z| < R and [¢|?/2 € J, there is T = T(z, ¢) > 0 such that:

Fo(¢5%,t) = xal|é[*/2)d o ¢g T 0 6*T 0 457,
for |t| > T. Then it is easy to check that for (z, &) in such a region:
|3535F0(¢Et,t)| < Cap.R;
uniformly in ¢ € R. By the tﬁethod used in the proof of Lemma 4.4, we get
(6.12) 10288 Fo(¢5*,t)| < Cap(1+ |z) 1A (1 + €))7,
for (z,6) € R?" and t € R. This shows that op} Fo(¢g?, ¢t} is uniformly
continuous from L%*(h) to L%~*(h) for some k = k(n). Now Lemma 6.5

follows from (5.2).
We observe that x2(]£]?/2) = 1 and

(6.13) Jim  Fo(¢5 (20, €0),8) = d 5% (20, &o).

Now we can finish the proof of Theorem 6.3.
PROOF OF THEOREM 6.3. By Lemma 6.2, it is sufficient to prove (6.10)
for f,9 € S(R"). Applying (2.22), one gets:
< fn, HET(R)gn >=1/2 < fn, (A(h).— S(h)* A(h)S(R))gn > .

Set p(s) = s~ x(s),¥n = p(HE)Wh(=zo,&)f. Let S(t,h) be defined at the
beginning of this section. Put: S'(t, h) = U (t)U(2t)*x1 (H?)UR(2).
Then S(t, h) = S'(t, h)A(h)S'(t, h)* and we have:

6.14) < fa, T(h)gn >=1/2 <, (A(h) = lim_S(t,h))gn > .

By Theorem 2.1, there exists v > 1 so that:

+o0
< 9n, (S(8) = (6, W)gn > = | < ¥, [ 5o"(o, R)dsan > |

t
<ChM1+t)iY, t>0.

where C > 0 depends on f and g but is independent of h € |0,1] and ¢t > 0.
Taking N' > 1 large enough, we deduce from (6.14) that

| < fa, T(h)gn > —1/2 < ¢n, (A(R) — S(t,h))gn > | < Ch
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uniformly in h € ]0,1) and ¢t > h=¥'. By Lemmas 6.1 and 6.4, we get
(6.15) | < fa, T(h)gn > —1/2 < ¢, (A(h) — op} Fo(do*,t)gn > | < Ch
uniformly in h € ]0,1] and h™¥" <t < A"¥'~1, Lemma 6.5 shows that

| < ¢h:0sz0(¢(_)'tat)gh > _p(|€0|2/2)F0(¢Et(z0’SO):t) < f2g > I S Ch1/2
for h € ]0,1] and ¢t € R. Consequently from (6.15), we get:

(6.1§) | < fos T(R)gn > —1/2(< ¥n, A(h)gn >
~ p(1€[?/2) Fo(45" (30, 0),¥) < f,9 > | < Ch'/?

for h€ ]0,1] and =¥ <t < h~N'~1, Notice that p(|£&[2/2) = 2/|& 2.
Applying Lemma 3.1 and (6.13), taking the limit A — 0 in (6.16), which
implies ¢ — +oo, we get

lim < fy, T(h)gn >= 10 0% (0, &) < f,9>

7 being the classical time-delay function. This proves Theorem 6.3.

Notice that the remainder estimates obtained in this paper are closely
related to the continuity of h-pseudo-differential operators with symbol in T}.
We believe that by improving Theorem 2.1 or Lemma 2.9, one could get better
results. The methods developed here could also be applied to general short
range potentials. The main difficulty therein is to establish a result similar to
Proposition 3.5 for classical wave operators and time-delay. Unfortunately there
are few litteratures in this direction (see however [13] and [32]).

REMARK 6.7. We denote: (yo,n0) = Q% (20, &). Then by the definition
of classical wave operators (see [27]), ¢*(yo,m0) behaves asymptotically as
#% (20, €0) when t tends to —oo. 7 o (2, €) is the classical time-delay for
the scattering trajectory (Z(t, Yo, '70)1 f(tl Yo, ’70))1 I(ta Yo, 'lo) =zg +t&o + 0(1)
€(t, yo,m0) = € +0(1) as ¢ tends to —oo. Since’ po(&o) = p(yo, mo), comparing
with theorem 5.1, we can say that the Eisenbud-Wigner time-delay operator
T(h) is the quantization of classical time-delay function applied to incoming
data, while the modified time-delay operator is the direct quantization of two
times the classical time-delay function.

REMARK 6.8. It is interesting to notice -that in the proof of theorem 6.3,
we have in fact obatined that:

hl_i}& < gn, S(h)* A(R)S(h) fr >
=do 8%(20,%0) < g, f > for f,g€ D((4%+1)*)

where d(z,¢) = z- ¢ and S is the classical scattering transform (see [26]).
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More generally, we can show that if b is a bounded symbol on R?", under
the conditions of theorem 6.3, we have:

(6.17)  lim < g, S(h)"b" (h/%z, K12 D)S(h) fr, >=bo S%(z0, &) < g, f >
-0+

for f,g € L%(R"), where f, and gj, are the same as those in theorem 6.3.
(6.17) may be considered as the classical limit for scattering operator S(h),
which gives a close relationship between quantum scattering operator and
classical scattering tranisform. (6.17) can also be compared with the known
~ results on semi-classical approximation of scattering operator (see [40]).

Appendix

In this appendix, we will give the details of the proof of theorem 2.1. We
will use commutator techniques. Let us prove first (2.8) and (2.9).

PROOF OF (2.8) AND (2.9). Using (2.5) and proposition 2.3, we can easily
get (2.8) just as in the case of h > 0 fixed (see Jensen [15]). In particular, the
uniformity in A in (2.8) follows from that in Proposition 2.3. To prove (2.9),
we apply A(h) to (2.5):

(A.l)  A(R)2UR(t) = A(R)U™(t)A(R) + 462(H™)2U™(t) + 2tU™ (¢t) A(h) H"
+2t R(t,h)H" + A(h)R(t, h)

t ~
where R(t,h) = [ U"(t — s)V,U"(s)ds. (A.1) is valid as operators from §(R")
0
into §(R"). For ¢ € C§°(J), take ¥ a C* function so that supp ¥ c J and
¥ =1 on supp ¢. Put ¥;()) = A~2¥(}). We have:

O(HMUM(0) = 7501 (H?) {A(R)UM(1) — A(R)UM (1) ~ ARU" (2) A(R)

— 2tU™(t) A(h)H" — 2tR(t,h)H® — A(R)R(t, h)}o(H").

From lemma 2.2 and (2.8), it follows that in the norm of operators on
L?(R") on has:

(A2)  [(A(R)* + 1) o(HMU(e)(A(R)* + 1)
< CJt[7*(C1 + Calt(1+ t) 7
+ [tlll(A(R)? + 1)~ 0a (H®)R(t, h) H o(H*)(A(R) + 1)
+[[(A(R)? + 1)1y (H) A(R) R(t, h)o(H") (A(R)? + 1))

for ¢t # 0, (A.2) is uniform with respect to h € ]0,1]. Using the assumption
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(1.1), for 1 < p < 1+ ¢, one has:

I(A(R)? + 1) s (H") R(t, h) H" o(H")(A(R)? + 1) 71|

<c

t
/(1+ 1t — s)=P12(1 + [s|)~*/2ds| < C'(1+ [t)*", if p< 14 <2.
(0]

Using (2.8), we obtain that:

I(A(R)? + 1)~ Wy (H") A(R) R(t, ) (H")(A(R)* + 1) Y|
< C log(1+ |t]), for ¢t # 0.

Thus it follows from (A.2) that:
(A3)  [[(A(R)? + 1) o(HM)UM(t)(A(R)* + 1)1 S C(1+[¢) 7, if p< 2
This proves (2.9) by interpolation.

We notice that if € > 1, we can show that (A.3) is also true for p = 2.
Thus we get:

(Ad) [[(A(R)*+1) 42 p(H" U () (A(R)*+1) 7/ < C(1+]t) ™, 0< p <2

uniformly in k € ]0, 1.

PROOF OF THEOREM 2.1. We put: U"(r,s) = Uf(r)*U"h(s). Using (2.5)
one has:

(A.5) A(h)U"(r,8) = UM(r,3)A(R) + 2(s — r)HEU"(r, ) + R(r, s; h)

where
R(r,s; k) = 2sUR(r)* Vo UP(s) + UZ(r)* R(s, ).

From (2.9), it follows that for every u > 1/2, one has:
(A.6) [|(A(R)2+1)! /20y (HE)U (r, )2 (H®)(A(R)2+1)7#| < C(1+|r—s|) 7"

In order to get (2.1), we take ¢ € C§°(J), ¢ = 1 on supp @, and we
write:

(A.7) A(R)U"(r, s)p(H™) = 2(s — r)HEU"(r, s)$(H?)
— Uk(r)*[$(H"), A(R)|U"(3) + U™ (r, s)p(H") A(R)
+ 2sUL (r)* VR U (s)p(H™) + UP(r, s)$(H") R(s, h).

From lemma 2.2, (2.9) and (A.6), one gets:

I(A(R)? + 1) 721 (HE)U" (r, 8)pa(H") (A(R)* + 1) 7H/2| S C(1+ |r — o)~
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This proves (2.1). Applying A(h) to (A.5) and using (A.7), one has:

(2(s - r)Hé‘)2Uh(r,s)¢(Hh) = A(h)zUh(r, s)¢(Hh)

— A(R)U"(r,s)A(R)$(H") — A(R)R(r,s; h)$(H")

— 4(s — r)HEU (r, )¢ (H") — 2(s — r) HEUR (v, s) ¢ (H") A(R)
— 2(s — r)HEUR (r)* [¢(H), A(R)]U(s)

— 4 s(s — r)HRUR (r)* ViU (s)$(H?)

—2(s — r)HAU"(r,s)$(H")R(s, h).

(A.8)

We write (A.8) as

(2(s — r)H2)U(r,s) (H") = Pi(r, s; h) + Pa(r,s; h)
+ P3(r,s;h) + 4(s — r) Py(r, s; h)

+2(s — r)Ps(r,8;h) + 2(s — r) Pe(r, s; h)

+ 4s(s — r)Py(r, s; h) + 2(s — r) Ps(r, s; h)

with the obvious definitions for P;(r,s; k). Using lemma 2.2, lemma 2.4 and
(2.1), we can estimate the P;(r,s;h)’'s as follows:

[(A(R)? + 1) 7" f(HE) Ps(r, s; R)pa (H") (A(R)* + 1) 7Y
<C<+4o0, 1=1,2,3

[(A(R)? + 1)* f(HG) Py(r, s; h) 2 (H") (A(R)? + 1) 7|
<C(1+r—s))7t 7=4,5

where f is defined by f()A) = A~2p;(A). Using (2.1) and (2.6), one has:

I(A(R)? + 1)1 f(HE) Po(r, 53 k) o2 (H") (A(R)? + 1) 7|
<C(+|r—s)™" +min(1+]r) 7, (14 [s)71).

By the assumption (1.1), for p = 1+ ¢, one has:

I(A(R)? + 1)~ F(HE) Pr(r, s; ) p2(H")(A(R)? + 1)1
< C min(1+|r])7*, (14 |s|)~°.

Just as in the proof of (2.9), one has:

I(A(R)? + 1) £ (HG) Ps(r, 5; A)pa(H") (A(R)* + 1) TH| S C(1+ |r — s|) 77+
All these estimates are uniform with respect to h € ]0,1]. Since |s —
rimin((1 + |r)7%, (1 + |s|])7!) is bounded for r,s € R and |s(s — r)|min
((L+r])7?, (14 |s])7?) < 2(1+ |r — s])?7*, it follows from (A.8) that

I(A(R)? + 1) o1 (HG)U" (v, s)pa (H")(A(R)? + 1) M| S C(1 + |r — s])7*
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uniformly in A € ]0,1]. Since p > 1, this proves (2.2). Hence theorem 2.1 is
proved.
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